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1 Introduction

Iteration occurs in many parts of mathematics. For example, many algo-
rithms of numerical mathematics are based on it. Given a set D and a func-
tion f : D — D the iterates f* of f are defined by f! = f and f* = fo f*!
for n > 2. The main problem in iteration theory is to study the behavior of
the sequence (f™) as n — co. For example, one may ask for which z € D the
sequence (f"(z)) is convergent or periodic. Of course, the theory developed
heavily depends on the assumptions that are made about D and f.

In this course, we shall study the case that D is a domain on the Rie-
mann sphere C = C U{oo} and f is meromorphic in D. It turns out that the
limiting behavior of (f™) is relatively simple if C\ D contains more than two
points. We shall mainly consider the remaining cases which, after a normal-
ization, are D = C, D = C, and D = C* = C\{0}. We shall see that here,
after exclusion of certain trivial cases, the domain D divides into two sets,
the Fatou set F' and the Julia set J, such that the limiting behavior of (f™)
is relatively tame in F' while it is “chaotic” in J. These sets turn out to be
quite complicated, with a beauty also appealing to the non-mathematician.
Computer graphics of Julia sets can be found in [30] and many other places.
Much of these notes is devoted to a study of the various properties of Fatou
and Julia sets.

Good introductions into the subject are the books by Beardon [6], Car-
leson and Gamelin [11], and Steinmetz [40], as well as the lecture notes by
Milnor [27]. We also mention the articles of Blanchard [10] and Lyubich [26].
All of them are, however, only concerned with the case that D = C so that f
is rational. We shall consider this case as well as the two other cases D = C
and D = C* mentioned above. Surveys of the case D = C are given in [17,
§4] and [8]. In [8] the more general case that f : C — C is also considered,
where f™ may not be defined at certain points. We shall not consider this
case here.

We finish this introduction with a few historical remarks. The iteration
theory of rational functions was created by Julia [24] and Fatou [18], who
wrote long memoirs on the subject between 1918 and 1920. Earlier work
on iteration had mainly been concerned with the behavior of the iterates
near fixpoints (§9 of these notes). In 1926 Fatou [19] extended some of the
results to entire functions. The case of holomorphic self-maps of C* was first
considered by Radstrom [33] in 1953.



One can say that there was comparatively little work on iteration in the
sixty years following the fundamental papers of Fatou and Julia, but some
important contributions were made in this period. We mention the work
of Cremer [13, 14] and Siegel [39] (recently completed by Yoccoz [43, 44])
on the “center problem” left open by Fatou and Julia as well as the many
contributions by Baker (e. g. [3, 5]) and his students.

Around 1980 there was an explosion of interest in the subject. This was
partially due to the already mentioned beautiful computer graphics related
to it, but also to new mathematical methods introduced by Sullivan [41],
Douady and Hubbard [15], and others.

2 Preliminaries

We shall assume some familiarity with complex analysis of one variable, but
recall some results that are of particular importance for our purposes. Besides
the results presented in this chapter we shall also need some results from
Nevanlinna’s theory on the distribution of values. These will be given in §6.

When dealing with convergent sequences of iterates we shall often use the
following results.

Theorem 1 (Weierstrafl) Let (fi) be a sequence of functions holomorphic
i a domain D C C and suppose that fr converges to a function f: D — C
as k — oo, locally uniformly in D. Then f is holomorphic in D and fj
converges to ' as k — oo, locally uniformly in D.

Theorem 2 (Hurwitz) Let (f;), f, and D be as in Theorem 1 and a € C.
If fi(2) # a for all z € D and all k € N, then f(z) # a for all z € D or

f=a.

A consequence of Theorem 2, also referred to as Hurwitz’s Theorem, is that
if, under the above hypotheses, all f; are univalent, then f is univalent or
constant.

In the usual versions of these two theorems, the topology that defines
terms like “convergence” is the one induced by the Euclidean metric, where
the distance d(z, w) between two points z, w € C is given by d(z,w) = |z—w|.
When dealing with subsets of C and meromorphic functions (with poles) it



is more appropriate to use the chordal metric y given by

2|z — w|

x(z,w) = NEapEN

for z,w € C, x(z,00) = 2/4/1+z]2 for z € C, and x(oo,00) = 0. Re-
call that if z,w are mapped by stereographic projection onto z',w' € S =
{(w1, z9, w3) € R® : 22 + 22 + 23 = 1}, with oo being mapped to (0,0, 1), then
X(z,w) is the Euclidean distance in R® between 2’ and w'.

We note that if a sequence converges with respect to the Euclidean metric,
then it also converges with respect to the chordal metric. The converse also
holds, except when the limit is oo.

From now on, if we do not specify the metric, we will always consider the
chordal metric. We write fr — f if fi converges to f (with respect to the
chordal metric) as & — oo, locally uniformly in the domain D where the fj
and f are defined (or in a subdomain of D if one is specified).

Weierstraf}’s theorem now takes the following form.

Theorem 3 (Weierstraf3) Let (fx) be a sequence of functions meromorphic
in a domain D C C and suppose that fr, — f for some function f: D — C
as k — oo. Then f is meromorphic in D or f = oco. If f # oo, then f;, — f'
as k — oo. If all fi are holomorphic and if f # oo, then f is holomorphic.

One of the main tools used in complex dynamics is Montel’s theory of normal
families.

Definition 4 Let F be a family of functions meromorphic in a domain D C
C. Then F is called normal in D if any sequence in F has a subsequence
which converges locally uniformly in D and F is called normal at a point
2o € D if 2y has a neighborhood U such that F is normal in U.

It is not difficult to show that F is normal in D if and only if F is normal
at each point of D. We note that the limit functions of the convergent
subsequences need not be in F. In particular, co is a possible limit function.
By Weierstrafl’s theorem, limit functions are meromorphic and they are even
holomorphic if all functions in F are, unless the limit is oco.

By f! we denote the spherical derivative of f; that is,

)
&) = T 50p
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if 2 # oo and f(z) # oo, and f*(2) = lim,,_,, f*(w) otherwise.

Theorem 5 (Marty) Let F be a family of functions meromorphic in a
domain D C C. Then F is called normal in D if and only if {f*}er is
locally uniformly bounded in D.

The main results that we need are the following two theorems of Montel.

Theorem 6 Q\/Iontel) Let F be a family of functions holomorphic in a
domain D C C. Suppose that there exists M > 0 such that |f(z)| < M for
all z € D and oll f € F. Then F is normal in D.

Theorem 7 (Montel) Let F be a family of functions meromorphic in a
domain D C C. Let a,b,c € C be patrwise distinct and suppose that f(z) #
a,b,c for all z € D and all f € F. Then F is normal in D.

Note that Theorem 6 is a special case of Theorem 7. The proof of Theorem
7 is, however, considerably more difficult than that of Theorem 6. We shall
refer to Theorem 7 as Montel’s theorem, although Theorem 6 is also due to
him. A consequence of Montel’s theorem are the theorems of Picard.

Theorem 8 (Great Picard Theorem) Let D C C “be a domain, z € D,
and let f be meromorphic in D\{z}. Let a,b,c € C be pairwise disjoint
and suppose that f(z) # a,b,c for all z € D. Then f has a meromorphic
extension to D.

It follows that if z; is an essential singularity of f, then one of the equa-
tions f(z) = a, f(z) = b, f(z) = c has infinitely many solutions in each
neighborhood of zy. In the special case D = C and ¢ = Zg = 00 we obtain

Theorem 9 (Little Picard Theorem) A non-constant entire function as-
sumes every finite value, with at most one exception.

We shall not give the proofs of Theorem 5 — 9 as those can be found in many
books on function theory, for example in [12]. That Theorem 8 (and hence
Theorem 9) follows from Theorem 7 is due to Montel and can be found in
[12, p. 300f] or [36, p. 60].

It is perhaps not so well-known that Theorem 7 can in turn be deduced
from Theorem 9. This was done by Zalcman [45] using his Lemma 34 below.
As we shall develop the Nevalinna theory (which immediately gives Theorem
9) later in §6, this yields an alternative approach to Theorems 6 — 8. After
Lemma 34 we shall sketch the argument how Theorem 7 (and hence Theorems
6 and 8) follow from Theorem 9.



3 The case where the iterates are normal

Theorem 10 Let D C C be a domain and let f D — D be meromorphic.
Suppose that {f"}nen is normal in D. Then ezactly one of the following
possibilities holds:

(i) there exists a € D such that f(a) = a and f™ — a as n — oco. If
a # oo, then |f'(a)| < 1,

(i) dist(f™(2),0D) = 0 as n — oo (locally uniformly in D),
(iii) f 4s a conformal automorphism of D.

Here, by definition, a conformal automorphism of D is a bijective meromor-
phic self-map of D, and dist(z, S) denotes the (chordal) distance of a point
z to a set S; that is, dist(z, S) = infyes x (2, w).

Remarks 1. In view of Montel’s Theorem, the hypothesis that {f"},cn
be normal in D is always satisfied if @\D contains more than two points.

2. In case (ii) one can, in general, not conclude that f™ — a for some
a € 0D. The theorem of Denjoy-Wolff says that this is the case if D is the
unit disk. As we shall see later in §10, this conclusion can also be obtained
with suitable hypotheses concerning the extendability of f to dD.

3. In case (iii) one can show that if D is not simply or doubly connected,
then there exists n € N such that f™ = id|p; that is, f"(z) = z for all z € D.

Proof of Theorem 10. We first suppose that the family {f"},cn has a
non-constant limit function, say f" — ¢ # const. Passing to a subse-
quence if necessary, we may assume that my = ngy1 — ny — o0o. There
exists a subsequence (my,) such that f™*3i — 1) for some function 1. Since
frett = fr o fMk = ™ o ™ we have ¢ = ¢ o) = 1) o ¢ so that ¢ = id|p.
Hence f™ — id|p and this implies that f is injective. By Hurwitz’s Theo-
rem, f is also surjective and we have case (iii).

Now we assume that all limit functions of { f"},cn are constant. Suppose
that (ii) does not hold. Then there exist a € D and a sequence (ny) such that
f™ — a as k — oo. It follows, with z € D, that f(a) = f(limy_ e f™(2)) =
limg o0 f™(f(2)) = a. Assume first that a # oo. Then (f™)" — 0 by
Weierstrafi’s Theorem. Thus [(f™)'(a)| < 1 for large k. But (f")(a) =



f'(a)™ by the chain rule since f(a) = a. Hence |f'(a)|] < 1. We deduce
that there exists § > 0 such that |f'(z)| <1 —¢ for [z —a|] < §. It follows
that [f(z) —al = |f(2) — fa)] = [ 7 f'(t)dt| < (1 — &)z — a] and hence
|lf"(z) —al < (1—0)"z—al for |z —a|l <J. Hence f* — a in D(a,d) = {z:
|z —a| < ¢}. From the normality of {f"},en in D we can now deduce that
f™ — ain D so that we have case (i).

Assume now that a = oco. We consider g(z) = 1/f(1/z) and note that
g™ — 0in D' ={z:1/z € D}. As above we find that ¢g(0) =0, |¢'(0)| < 1,
and ¢" — 0 in D'. Hence f® - ocoin D. &

4 Fatou and Julia sets

In view of the results of §3 we shall assume from now on that |C\D| < 2. Here
and in the following |S| denotes the cardinality of a set S. There is no loss of
generality in assuming that D € {C, C, C*} where C* = C\{0}. For example,
if f: C\{a,b} — C\{a, b} where a,b € C, we consider T(z) = (z—a)/(z —b)
and g=To foT . Then g:C* — C* and ¢" =T o f* o T ! so that the
dynamics of f can be described by those of g.

By Aut(D) we denote the group of conformal automorphisms of D. The
following lemma is well-known.

Lemma 11

~

(i) Aut(C) ={T : T(2) = %2t a,b,c,d € C,ad — bc # 0}

cz+d?

(ii) Aut(C) ={T:T(2) =az+b,a,be C,a # 0}
(iii) Aut(C*) ={T:T(2) =azorT(z) = $,a € C*}

The iteration of conformal automorphisms of D is relatively simple, see e. g.
[6, §1.2]. The iteration of constant functions is trivial. Thus, from now on,
we shall always make the following

Assumption: D € {@, C,C*}, f : D — D is meromorphic, f ¢ Aut(D),
f # const.

We note that f is rational if D = C and f is entire if D = C.
The basic definition of the theory is the following
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Definition 12 The Fatou set F = F(f) is the set where the family { f"},en
is normal. The Julia set J = J(f) is the complement of the Fatou set; that
is, J = D\F.

We begin with some simple properties of F' and J.

Lemma 13

(i) F is open and J is closed.

(ii) F and J are completely invariant; that is, z € F if and only if
f(2) € F and z € J if and only if f(z) € J.

(iii) F(f™) = F(f) and J(f™) = J(f) for alln € N.
(iv) If g=T o foT™! where T € Aut(D), then J(g) = T(J(f)).

If f and g are as in (iv), then we say that f and g are conjugate (by T'). The
map T is called the conjugacy.

Proof of Lemma 13. (i) This is so by definition.

(i) If U is a neighborhood of zy € D, then V = f(U) is a neighborhood
of f(zo). Conversely, if V' is a sufficiently small neighborhood of f(z), then
there exists a neighborhood U of zy such that f(U) = V. The conclusion
now follows since (f™|y/) converges if and only if (f™T!|;) converges.

(iii) First we note that F(f) C F(f™) because {f*}ren D {(f™)*}ren.
To prove that F(f™) C F(f) let zop € F(f") and let (f™) be a sequence
of iterates of f. There exists [ € {0,1,...,n — 1} and a subsequence (1)
of (ng) such that ny, = nm; — [, m; € N. By assumption there exists a
neighborhood U of 2, such that a subsequence of (f™)™ converges locally
uniformly in U. Without loss of generality we may assume that (f™)™ |y, —
¢; that is, fT™i|, — ¢. If $ = a € C\D, then dist(f™i(z), C\D) — 0
as j — 00, locally uniformly for z € U, and hence some subsequence of
(f™) converges in U. If ¢ # const or if $ = a € D, then we have either
again dist(f™i(z),C\D) — 0 as j — oo, or some subsequence of (f"*)
converges to a function ¢ satisfying f!(y)) = ¢. In any case we find that
some subsequence of (f") converges in U so that zg € F(f).

(iv) This (simple) proof is left as an exercise. B



Definition 14 For zy € D we call Ot (2y) = {f"(20) : n € N} the forward
orbit of zg, O™ (z0) = Uny f™(20) = Usi{z : f"(2) = 2} the backward
orbit of zg, and O(zg) = O™ (20) U {20} U O~ (20) the orbit of zy. For S C D
we define O®F)(S) = U, OF)(2).

With this definition, Lemma 13 (ii) takes the form O(J) = J and O(F) = F.

Definition 15 A point zq € D is called exceptional point if O~ (z) is finite.
The set of exceptional points is denoted by E = E(f).

It is easy to see that if f and g are conjugate by T, then E(g) = T(E(f))-
Quite generally we can say that most dynamical properties are preserved un-
der conjugation. We will use this principle often without always mentioning
it explicitly.

Theorem 16

(i) If D = C, then |E|<2and EC F. If |[E| =1, then f is conjugate
to a polynomial, with the exceptional point being mapped to oo by the
conjugacy. If |E| = 2, then f is conjugate to g(z) = 2% for some
d € Z\{0, £1}, with the exceptional set being mapped to {0,000} by the
conjugacy.

(ii) If D =C, then |E| < 1. If |E| = 1, then there exists m > 0 and an
entire function h such that f is conjugate to g(z) = z™e"?) | with the
exceptional point being mapped to 0 by the conjugacy.

(iii) If D = C*, then E = 0.

It follows that |[C\D U E| < 2 in all three cases. The theorem says, in
particular, that f may also be considered as a self-map of D\ E.

Proof of Theorem 16. (i) Let d = deg(f), the degree of f. For simplicity
we assume that oo ¢ FE(f) because this can be achieved by conjugation.
Each point in C has d preimages under f, counted according to multiplicity.
It is easy to see that f’ has at most 2d — 2 zeros, again counted according to
multiplicity. We conclude that for any finite set S C C we have |f~1(S)| >
d|S|—(2d —2) = d(|S| —2) +2. Applying this to f”, which has degree d", we
find that |f~"(S)| > d"(|S| — 2) + 2. We deduce that if |S| > 3, then there
exists zyp € S such that |O~(2)| = co. Hence |E| < 2.

9



Assume now that |E| = |E(f)| = 1. A suitable g conjugate to f then
satisfies F(g) = {oo}. Clearly g7'(E(g)) C E(g). We deduce that g(z) = oo
only if z = co. Thus g is a polynomial. It is easy to see that oo € F(g) for
any polynomial g. Hence E(f) C F(f).

Assume now that |E(f)| = 2. Then we can find g conjugate to f such that
E(g) = {0,00}. Again we have ¢g~'(E(g)) C E(g) and thus either g(0) = 0
and g(o0) = oo or g(0) = oo and g(o0) = 0. In the first case g is a polynomial
whose only zero is at the origin so that g(z) = cz¢ for some ¢ € C*. In the
second case we find similarly that g(z) = cz¢ for some ¢ € C*. In both
cases we may assume that ¢ = 1 because this can be achieved by a suitable
further conjugation. Again it is not difficult to see that {0,00} C F(g) and
thus E(f) C F(f).

(ii) We may assume that f is transcendental as the case of rational func-
tions is covered by (i). Picard’s Theorem says that |f~!(a)| = oo and hence
|O~(a)| = oo for all @ € C with at most one exception. Thus |F| < 1. If
E(f) ={a}, then E(g9) ={0}ifg=To foT ! and T(z) = z — a. It follows
that g(z) # 0 for z # 0. It is not difficult to deduce now that g has the form
stated. Vice versa, any function g of the above form satisfies E(g) = {0}.
If m = 1, then g(0) = 0 and ¢'(0) = €. Tt will follow immediately from
the results of §5 (Theorems 21 and 23) that 0 € F'(g) and 0 € J(g) may be
achieved by a suitable choice of h.

(iii) Again we may assume that f is transcendental so that 0 or oo is an
essential singularity of f. By the Great Picard Theorem, |f *(a)| = co and
hence |0~ (a)| = oo for all a € C*. Hence E = (. B

Theorem 17 If zy € J and zy ¢ E, then J = O~ (2).

By Theorem 16 the hypothesis that zy € F is always satisfied if zy € J and
D=CorD=C.

We shall see in the next section that in many cases a point zg € J\FE
is easily found. Thus Theorem 16 leads in an obvious way to an algorithm
to produce computer pictures of Julia sets, at least for functions where the
inverse function is easy to compute, e. g. for polynomials of low degree. Some
difficulties do occur, however, see [30, §2] for a discussion.

Proof of Theorem 17. We have O~(z,) C J since J is closed and com-
pletely invariant. To prove that J C O~(2), let z; € J, U a neighborhood of
21, and suppose that UN O~ (z) = 0. Then f*(z) Zwforalln € N, z € U,
and w € O (%). Because |O~(2)| = oo, Montel’s Theorem yields that
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{f™}nen is normal in U, contradicting the choice of z;. Thus UNO™(zg) # 0.
It follows that z; € O~ (20) so that J C O~ (z). B

Theorem 18 Let U C D be open, UNJ # 0. Then O*(U) > D\E and
Ot(UNJ)DJ\E. If D=C or D=C*, then Ot (UNJ)=J.

Proof. If zy ¢ OT(U), then O (z9) N OT(U) = 0. Since {f"|v }nen is not
normal, |[C\O*(U)| < 2 by Montel’s Theorem. Thus |0~ (z)| < 2 and hence
2o € E. Tt follows that OT(U) D D\E. Since J is completely invariant this
implies that O+ (UNJ) D J\E. The last claim follows since E C F if D = C
and E=0ifD=C. 1

It follows from Theorem 18 that if K C D is compact and K N E = (),
then there exists N such that K C U)_, f*(U) and KNJ C U, f~(UNJ).
If f is rational, then we may take K = J and obtain J = U_, f~(UNJ). A
stronger result will be proved in §8.

These results can be considered as an explanation of the “self-similarity”
often found in Julia sets.

Theorem 19 FEither J = D or J has empty interior.

Proof. If the interior of J is not empty, then we may take U C J in Theorem
18 and obtain J D O*(U) D D\E and thus J = D because J is closed. B
We mention that the case J = D can actually occur. Rational functions
with this property can be obtained from the multiplication theorems of ellip-
tic functions. Another example is f(z) = (2—2)%/22, see [6, §11.9] for a fairly
elementary proof that J(f) = C. The first example of an entire function with
J = C was given by Baker [4]. Actually the exponential function has this
property. This was conjectured by Fatou [19] and proved by Misiurewicz [28].

5 Periodic points

Definition 20 We say that zq € D is a periodic point of f if f™(z9) = 2o for
some n € N. The smallest n with this property is called the period of z5. Let
2o be a periodic point of period n. We say that {zo, f(20), ..., " '(20)} is a
cycle of periodic points. If zy # oo, then A = (f™)'(2) is called the multiplier
of zg. If zy = oo, then the multiplier is defined by A = £1/f"(1)|,_,. We say
that zy is attracting, indifferent, or repelling depending on whether |A| < 1,
Al = 1, or |[A] > 1. If A = 0, then 2, is called superattracting. If z, is
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indifferent, then A = €™ where 0 < a < 1. We say that 2z is rationally
indifferent if « € Q and irrationally indifferent if o € R\Q. Finally, periodic
points of period 1 are called fizpoints.

We note that it follows immediately from the chain rule that all points of
a cycle of periodic points have the same multiplier. We also note that if f
and g are conjugate by T and if 2, is a periodic point of f, then T'(2p) is a
periodic point of g, with the same period and multiplier. (For zy = oo and
T(z) = 1/z this is part of the definition of the multiplier.)

Theorem 21 Repelling and rationally indifferent periodic points are in J.

Proof. Because of Lemma 13 (iii) it suffices to consider fixpoints. Thus
let zy be a fixpoint and assume without loss of generality that z; # oo.
Suppose that f™ — ¢ in a neighborhood of z;. Then ¢(z) = 2o and thus,
in particular, ¢ Z oo.

If 2o is repelling, then |[(f™)'(z0)| = |f'(20)|™ — oo. But (f™)'(z9) —
@' (z9) by Weierstrafi’s Theorem, a contradiction. Thus f™ — ¢ is impossible
and zg € J.

If zy is rationally indifferent, then we may assume that f’(z9) = 1 because
otherwise, again by Lemma 13 (iii), we can replace f by a suitable iterate.
We have

f(z) =24 an(z—20)™+ 0O ((z - zo)m+1)

as z — zg, where m > 2 and a,, # 0. Induction shows that
[M(2) =24+ nan(z —2)™ + O ((z — zo)m+1)

as z — 2. It follows that |(f™)™ ()| = nglam|m! — oo as k — oco. But
(f™)™)(z) — ¢™(z) by WeierstraB’s Theorem, a contradiction. Thus
20 € J.

Definition 22 Let z; be an attracting fixpoint of f. Then we call A(zy) =
{z : lim, 0 f™(2) = 2z} the basin of attraction of z,. More generally,
for an attracting periodic point zo of period p we define A(z) = {z :

limy, o fP"(2) = 20}-

Theorem 23 Let zy be an attracting periodic point. Then A(z) is open,
20 € A(z9) C F, and 0A(z) = J.
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If f has three attracting periodic points 21, 29,23, then J = 0A(z) =
0A(z2) = 0A(z3). If we think of the basins of attractions as countries on
a map, the result says that all countries have the same border. This shows
that J must have a complicated structure in this case.

Proof of Theorem 23. Because of Lemma 13 we may assume that zy is
a fixpoint and zy # co. As in the proof of Theorem 10 we find that there
exists 0 > 0 such that f"|p(, — 20 so that zp € D(z,d) C F. Since
A(zp) = O~ (D(2p,0)) and since F' is completely invariant we conclude that
A(zp) C F and that A(z) is open.

In order to prove that 0A(zg) = J, let z; € 0A(zp). Then z; ¢ A(z)
because A(z) is open. Let U be a neighborhood of z; and suppose that
J™|u = ¢. Then @lyna,) = 2 and thus ¢|y = z. But ¢(21) # 2o because
z1 ¢ A(zp). This is a contradiction. Thus f™|y — ¢ is impossible and we
deduce that z; € J. Hence 0A(z) C J.

Let now 2z, € J. Then z; ¢ A(zp). Suppose that z; ¢ 0A(z). Then z;
has a neighborhood V' such that V' N A(z) = (). This implies that O+ (V) N
D(zy,0) = 0, with § as above. We conclude that 1/|f™(z) — 2| < 1/6 for
all z € V and n € N. By Theorem 6 the family {1/(f" — 2o) }nen and hence
the family {f"},en is normal in V| which is impossible since z; € J. This
contradiction shows that J C 0A(z;). Altogether we find that J = 0A(z,). B

So far we have not proved that yet that J # (). Of course, this follows from
the previous results if f has a repelling or rationally indifferent periodic point
or if f has at least two attracting periodic points. But, with the assumption
that f ¢ Aut(D) and f # const being made, this is true in general.

Theorem 24 |J| = cc.

In this section, we will prove Theorem 24 only for the case that D = C so
that f is rational. For transcendental functions we will base the proof on
some results of Nevanlinna theory developed in the next section.

Proof of Theorem 24 for rational f. Tt suffices to prove that J #
because if once a point zy € J is found, then O~ (25) C J by Lemma 13 (ii)
and |O (z)| = oo by Theorem 16 (i).

One way to prove that J # () is as follows. Suppose that J = () so that
F'=C. Then f™ — ¢ in C for some sequence (f"*) and some function ¢
which is meromorphic in C and hence rational. It follows that deg(f™) —
deg(¢). But deg(f™) = deg(f)™ > 2™, a contradiction. B
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Another way to prove that J # () is to combine Lemma 21 with the
following

Lemma 25 A rational function has a repelling fixpoint or a fixpoint of mul-
tiplier 1.

Proof. Suppose that the conclusion is false. We may assume that f(oco) #
oo so that if f = p/q with relatively prime polynomials p and ¢, then
d = deg(f) = deg(q) > deg(p). As the fixpoints of f are the solutions
of p(z) = zq(z) we deduce that f has d + 1 fixpoints 21, 29, ..., 2441. From
the assumption that no fixpoint has multiplier 1 we can deduce that the z;
are pairwise distinct. Now let R > max; |z;|. Then

1 dz d+1 1 d+1 1
i Jon = 1) 2 ( - f(z)’Zj) “LT )

by the residue theorem. On the other hand, because f(o0) # oo,

i)

1 dz
%/z:RZ-f(Z) B 1‘ -

S e,
o /z:R (z — f(z))zd
|f(2)]
- Py ]
= o)
as R — oo. Thus
d+1 1
! :jgl 1= f'(z)

A simple computation shows that |f'(z;)| <1 and f'(2;) # 1 is equivalent to
1 1
R (W) Z 3¢ Hence

d+1 1 d+1
1=Y"R > ,
; (1—f'(zj)) 2

which is a contradiction since d > 2. R
Once Theorem 24 is known, the following stronger result is not difficult
to deduce.
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Theorem 26 J is perfect.

Recall that a set is called perfect if it is non-empty, closed, and does not
contain isolated points.

Proof of Theorem 26. We only have to prove that J does not contain
isolated points. First we show that there exists a point z; € J which is
not periodic. To do this we note that because |J| = oo and |E| < 2 there
exists zg € J\E. Hence |O~(z)| = oco. If 2 is not periodic, we may take
21 = z9. But if zy is periodic, then |O%(2)| < co and we can choose z; €
O~ (20)\O™(20). It is easy to see that z; has the desired properties. From the
choice of z; it follows that z; ¢ O™ (z1). Since z; € J = O~ (1) we deduce
that z; is not an isolated point of J. Since J = O~(2;) we conclude that no
point in J is isolated. W

We discuss the theory developed so far at three

Examples 1. Consider f : C — C defined by f(z) = 22. There are three
fixpoints: 0, 1, and co. We see that 0 and oo are superattracting while 1
has multiplier 2 and is thus repelling. We have A(0) = {z € C : |z| < 1},
A(oo) = {2 € C: |z| > 1} U{oc}, and J(f) = 0A(0) = 0A(c0) = {2 € C:
|z| = 1}.

2. Newton’s method of finding the zeros of a polynomial p consists of
iterating the function N(z) = z—p(2)/p'(2). If 2o is a zero of p of multiplicity

m, then z is a fixpoint of f of multiplier 1 — =. Thus z, is an attracting

fixpoint of f. If p(z) = 2°—1, then N(z) = 5 (z + %) To determine J(NN) and
the basins of attraction A(£1) we note that N =T o foT~! with T'(2) = 21
and f(z) = 22. It follows that J(N) = T(J(f)) = {iy : y € R} U {oo},
A1) ={2 € C: Rz > 0}, and A(—-1) = {2z € C: Rz < 0}. Theorem 23
shows that for polynomials of degree greater than two the Julia set of the
corresponding Newton function is much more complicated.

3. Let f : C — C be defined by f(z) = 2% — 2. The fixpoints are —1, 2,
and oo. Again oo is superattracting, as it is the case for any polynomial. The
other two fixpoints are repelling. Now f maps [—2, 0] bijectively onto [—2, 2]
and also maps [0, 2] bijectively onto [~2,2]. Thus 2z € [-2,2] if and only
if f(z) € [-2,2]. Hence f(C\[-2,2]) € C\[-2,2] and hence, by Montel’s
Theorem, C\[-2,2] € F(f). We conclude that F(f) = C\[-2,2] = A(co)
and J(f) =[-2,2].

15



6 Nevanlinna theory

We shall give the basic definitions and results of Nevanlinna theory. For more
details and complete proofs we refer to [20, 23, 29].

Let w : C — C be a non-constant meromorphic function. By n(r, w) we
denote the number of poles of w in |z| < r, counted according to multiplicity.
We use the notation 7(r, w) if multiplicities are ignored. We call

dt + n(0,w) logr

N(r,w) = /7" n(t,w) —n(0,w)

0 t

the counting function of the poles of w. Note that N(r,w) = [y n(t,w)/t dt
if w(0) # oo. Analogously we define N(r,w) in terms of n(r, w).
Next we put log" z = logx for > 1 and log™ = 0 for z < 1. We call

1 2T 3
[ 1 + 0
m(r, w) o /0 og” |w(re")|do
the prozimity function and
T(r,w) = N(r,w) +m(r,w)

the Nevanlinna characteristic of w. If w is a rational function of degree d,
then T'(r,w) ~ dlogr as r — oco. If w is transcendental, then

T
lim L) _ (1)
r—oo  logr
For further use later we also note that if w;, ws are meromorphic in C, then
T(r,uwe) < T(r,w) + T(r,ws) (2)

and
T(r,wy + we) < T(rywy) 4+ T(r,we) + O(1). (3)

Jensen’s formula says that if a; are the zeros and b; are the poles of w, then

1 2 ; T r
log |w(0)] = %/0 loglw(reé®)|dd — 3 log— + ¥ log —,

agier 1%l e bl
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with a modification if w(0) = 0 or w(0) = co. Using integration by parts we
find that

roor
1 = [ 10g!
> log — \b | | log tdn(t, w)

[bj|<r
r r
= —/ n(t,w)dlog -
0 t

= /r n(t,w)dlogt
0
= N(r,w)

and
1

Z log (7" —) .
laj|<r | | w

+1

Using this and the identity logz = log™ z — log™ L we obtain from Jensen’s

formula 1
logw(0)| = T(rw) =T (1, ).

again with a modification if w(0) = 0 or w(0) = oco. From this identity the
following result is not difficult to deduce.

Theorem 27 (First Fundamental Theorem) For a € C we have

T (r, ” 1_ a) =T(r,w)+ O(1)

as T — OQ.

The theorem says that N(r, L) + m(r, ) does, apart from a bounded
term, not depend on a. Noting that N(r, ﬁ) is measure for the frequency
of the a-points of f while m(r, --) measures how close w(re”?) and a are,
Theorem 27 can be considered as a quantitative version of the statement that
if w has “few” a-points, then w is “close” to a. For example, the exponential
function has no zeros and is close to zero in the left half-plane.

The First Fundamental Theorem does not say which of the two terms
in the sum N(r, —-) 4+ m(r, =-=) is dominant. The Second Fundamental
Theorem says that for most values of a it is the term N(r

’w a)
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Theorem 28 (Second Fundamental Theorem) Let ay,...,a, € C be
pairwise disjoint. Then

J

o) ) <270 - o+ 0

w—a]-

where .
Ni(r)=N (r, _/> +2N(r,w) — N(r,w') >0
w

and S(r,w) = o(l) as r — oo, r ¢ E, for some set E C [0,00) of finite
measure.

> +m(r,w) < (24 0(1))T(r,w) — Ny(r), r¢E.

’LU—CLj

)+ N

’U)—U,j

q
>N (r,
i=1

on both sides and using the First Fundamental Theorem we obtain

(4=1—o())T(rw) < N <r, 1 ) +N(rw) = Ni(r), ¢ E.

j=1 w — a;
The term Np(r) counts the multiple points. Using this we can conclude that

1

’U)—U,j

(g—1—=0(1)T(r,w) < iﬁ (r, > +N(r,w), r¢E. (4)

It is convenient to define N(r,a) = N(r, ) for a € C and N(r,00) =

T w—a

N(r,w), with an analogous definition of N(r,a), a € C. Then the value co
does not play a special role anymore and instead of the previous inequalities
we obtain

(4= 2 o(W)T(r,w) < 3 Niray) = Nu(r), r¢ E (5)

=1
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and
(g—2—0(1))T(r,w) < ;N(T, a;), r¢6FE, (6)

ifay,...,a4 € C are pairwise disjoint.

If the equation w(z) = a has only finitely many solutions, then N(r,a) =
O(logr). Hence, if w takes the values a1, as, az € C only finitely many times,
then we deduce, choosing ¢ = 3 in (5), that (1 — o(1))T(r,w) = O(logr),
r ¢ E, a contradiction to (1) if w is transcendental. Thus we obtain the Little
Picard Theorem. We may view the Second Fundamental Theorem (and the
inequalities deduced from it) as a quantitative version of Picard’s Theorem.

The Nevanlinna theory also gives information about the multiplicities
with which the values are taken. Suppose that only finitely many of the
a;-points are simple for j = 1,...,¢q. Then N(r,a;) < $N(r,a;) + O(logr).
We obtain

M=

(g—2—-o0o1)T(r,w) < N(r, a;)

1

i N(r,a;) + O(logr)

<.
Il

<

DN | =

< (g + 0(1)) Trw), r¢E,

if w is transcendental, which implies that ¢ — 2 < £ and hence that ¢ < 4.

We say that a € C is perfectly branched if only finitely many of the a-points
of w are simple. Then the above consideration may be written as follows.

Theorem 29 A transcendental meromorphic function has at most four per-
fectly branched values.

A similar consideration yields

Theorem 30 A transcendental entire function has at most two finite per-
fectly branched values.

The Weierstrafl p-function has the perfectly branched values ey, e, 3, 00 and
the sine function has the perfectly branched values +1. Thus the numbers
four and two in the preceding theorems are sharp.

In §8 we shall need the following
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Theorem 31 A transcendental holomorphic self-map of C* does not have
perfectly branched values.

Proof. Let f : C* — C* be transcendental holomorphic and suppose that
b is a perfectly branched value of f. Then f has infinitely many b-points
a1,0s, ... and there exists p € N such that f'(a;) = 0 for j > p. We apply
the Nevanlinna theory to w(z) = f(e*). We have N(r,1/(exp —a;)) ~ r/z
as r — oo for each 7 and thus

V()2 o () - G

= exp —a; T

for each fixed ¢ so that

We also have

=
—
=
g
| =
o
N
IN
DO |
=
—
=
g
| =
o>
N
+
[~
=
—
=3
@
o]
o)
| =
£
~

IN
| =
/N
=
—
N——
+
—~
3
_|_
S
—~
—
~
~
=
—~
N
~—

= (% +0(1)) N (T’ wl—b)

Applying the two fundamental theorems we obtain

N(r,w1_b> < T(r,w)+0(1)
< (Ho(l))(ﬁ(ﬁwﬂw(“l)+N(T’ : >)
= (1+0(1))N(r,w1_b);

which contradicts (7).

We mention that there are connections between Nevanlinna’s theory on
the distribution of values developed in this chapter and Montel’s theory of
normal families given in §2. The interested reader is referred to [16] and [36,
§84.4-4.5].
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7 Fixpoints of iterates and the proof that the
Julia set is not empty

We shall use the Nevanlinna theory to prove Theorem 24 (|J| = oo) for
transcendental f. A preliminary result (of independent interest) is

Lemma 32 Let f be entire transcendental. Then f? has infinitely many
fixpoints.

Proof. We assume that f? has only finitely many fixpoints cy,...,c,. Then
f has only finitely many fixpoints. Thus

and
— 1

N (r, m) = O(logr).
If f2(2) = f(2), then f(z) = ¢; for some j. Hence

- 1 P 1
Nlr,———| <) N|r, <pT(r,f)+O(1
() < B () <o vow
by the First Fundamental Theorem. We define

)= 5=

and deduce from (6) that

—

1 — o()T(r, h)1 1
)N () + N (5 2)

V(e s =) Y ) Y e )
< pT(r,f)+O(ogr), r¢E.

2l
>

< N(rn,

IN
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Here and in the following F always denotes a set of finite measure, not
necessarily the same at each occurence. (There should be no confusion with
the set E introduced in Definition 15.) From (2) and (3) we deduce that

T(r,f?) = T(r, f*(2) — z) + O(logr)
= T(r,h(2)(f(z) — 2)) + O(logr)
< T(r,h)+T(r,f)+ O(logr)

so that
T(r,f) < (@+1+0)T(r,f), r¢E.

Let now b be a value taken infinitely often by f and let ai,as,... be the
b-points of f. For fixed ¢ we have

iw(r,f_la') SN(T, ﬁ) ST(T,f2)+O(1)

On the other hand, by (4) and since N(r, f) =0,

Z (r 2 ) 2 - 1-eyrn, re B

The last three inequalities now yield that p + 1 > ¢ — 1, which is a contra-
diction if we choose ¢ =p+ 3. 1

A similar proof shows that f™ has infinitely many fixpoints if n > 2, see
[35]. It can also be shown that f has even infinitely many periodic points of
period n if n > 2 [7].

If we apply Picard’s Theorem instead of Nevanlinna theory to the aux-
iliary function h used in the above proof, then we can only deduce that f?
has at least one fixpoint. This does not suffice for the following application.

Proof of Theorem 24 for transcendental f. If f is transcendental entire,
then f? has infinitely many fixpoints by Lemma 32. Since J(f?) = J(f) by
Lemma 13 (iii) we may assume that f has infinitely many fixpoints. If f is
a transcendental holomorphic self-map of C*, then h(z) = f(z)/z is also a
transcendental holomorphic self-map of C*. Thus h(z) # 0, co for z € C* and
0 or oo is an essential singularity of h. By the Great Picard Theorem h takes
the value 1 infinitely often which implies that f has infinitely many fixpoints.
Thus, in both cases, we may assume that f has infinitely many fixpoints. If
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infinitely many of the fixpoints are in J, then we are done. If F' has more
than one component, then we are also done because any path connecting
two components of F' must meet J. There remains only the possibility that
F' is connected and contains infinitely many fixpoints. Theorem 10 now
implies that f|r is a conformal automorphism. But this is impossible for
transcendental f because F'is completely invariant. l

8 The set of repelling periodic points

We have seen that repelling periodic points are in J. One of the basic results
of the theory is

Theorem 33 J is the closure of the set of all repelling periodic points.

We remark that Julia [24] based his whole theory on the closure of the set
of repelling periodic points, while Fatou [18] started with the set of non-
normality as we did. Both obtained Theorem 33 which says that these two
sets are actually equal, but their proofs were different. Both proofs do not
apply to the cases D = C and D = C*. For the case D = C the result was
proved first by Baker [3] and the case D = C* was settled by Bhattacharyya
[9], using Bakers’s method which is based on Ahlfors’s theory of covering
surfaces [1]. Here we shall give a new proof due to Schwick [38].
We start with the following lemma due to Zalcman [45].

Lemma 34 Let F be a family of functions meromorphic in a domain U such
that f : U — V C C for all f € F. If F is not normal at zy € U, then
there exist a sequence (fy) in F, a sequence (z,) in U, a sequence (p,) of
positive real numbers, and a non-constant meromorphic function h: C -V
such that z, = zg, pp — 0, and fn(zn + pnz) — h(2) locally uniformly in C
as n — oo.

Proof. By Marty’s Theorem, there exist f, € F and z; € U such 2z} — 2z
and K, = fi(2}) — oo as n — oo. Define r, = max{2|z} — 2|,1/vVK,}-

Then 7, — 0 as n — oo and thus we may assume that D(zq,7,) C U. We
choose z, € D(zy,7,) such that

M= max (1-E20) o - (1- B2l e

|z—20|<rn T L
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Then
|25 — 2o

M, > (1 - ) i) > UK,

so that M,, — co. We define

1 1 |2 — 202
f’ﬂ(zn) Mn rn

Then p, — 0 as n — oo and

VK, T+ 20 — 20| o — |20 — %0
V Knpn =

M, Tn Tn
wWE,

< Mo (rn — |%n — 20])

< D ([ — )

-~ 3\/}-an” n n 0
8

< g(rn - |Zn - ZOD

We deduce that if |z| < 3/K,, then
|2n + pnz — 20| < |20 — 20| + Pnl2| < |2n — 20| + (T — |20 — 20]) < T

and hence z, + p,z € D(29,r,) C U. Thus h,(2) = fu(2n + pr2) is defined
for |z| < 3\/K,. For |z| < £+/K, we have

hfl(z) = pnffl(zn—i—pnz)

M,
2

_ T2 — |2, — 20/?
12— |zn+ prz — 20/
< T2 — |2 — 20/
— 17— (lzn — 20| + palz])?
_ rn+‘zn_'z0| Tn_|zn_30|
a Tn + |20 — 20| + pnl2] T — (J20 — 20| + pul2])
< Tn_|zn_'z0|

T = (|20 = 20| + 5(rn — |20 — 20))
= 2.

24



Thus {h} },en is locally uniformly bounded in C and hence, by Marty’s The-
orem, {hy, }nen is normal in C. Restricting to a subsequence if necessary we
may assume that h, — h as n — oo for some function A meromorphic in
C. Because hf(0) = 1 by construction, we have h*(0) = 1 and thus A is
non-constant. Hurwitz’s Theorem implies that h: U — V. R

Remark As already mentioned, Lemma 34 can be used to deduce Mon-
tel’s Theorem from the Little Picard Theorem. In fact, if a1, a9,a3 € C are
pairwise disjoint and if we suppose that the family of all meromorphic func-
tions f : U = C\{ay, as, as} is not normal for some domain U, then Lemma
34 yields a non-constant meromorphic function A : C — @\{al, as, az}, which
is impossible by the Little Picard Theorem. Thus the above family is nor-
mal. Using the same argument we can deduce Theorem 6 from Liouville’s
Theorem.

Proof of Theorem 33. If f is rational, we may assume that deg(f) > 5
because otherwise we can consider f? instead of f. Let A be the set of all
a € D\{oo} for which the function f(z) — a has less than 5 simple zeros.
In the case that f is rational let in addition oo, f(oo) € A. Then A is fi-
nite. This is clear if f is rational and follows from Theorems 29-31 if f is
transcendental.

As J is perfect it suffices to show that each point in J\A is limit point
of repelling periodic points of f. So let zy € J\A. Applying Lemma 34 to
the family { f"},en We obtain sequences (™), (%;), (p;), and a non-constant
meromorphic function i : C — D such that h;(z) = " (z; + pjz) — h(z)
locally uniformly in C as j — oo. We define g;(z) = f%*(z; + p;z) and
deduce that g; = g = f(h). Since zy ¢ A there exist uq,...,us such that
f(ug) = 2o and f'(ug) # 0. Theorem 29 now implies that if A is transcen-
dental, then there exist k € {1,...,5} and wy € C such that h(wy) = ux and
b (wg) # 0. It is easy to see that such k and wy also exist if A is rational. It
follows that g(wo) = f(h(wo)) = f(ux) = 20 and ¢'(wo) = f'(ux)h'(wo) # 0.

Since fmit(z; + p;z) — (25 + pjz) = g(2) — 20 as j — oo and g(wg) = 2o
but g # zp, Hurwitz’s Theorem implies that for j large enough there exists
¢j such that f™*'(z; 4+ p;¢;) — (2 + pj¢;) = 0 and ¢ — wy as j — oo. It
follows that &; = z; + p;(; is a fixpoint of f"*! and hence a periodic point
of f. Moreover, §; — 2 as j — 00.
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From Weierstra}’s Theorem we can deduce that ¢7(¢;) — g¢'(wo) # 0.
Since g'(¢;) = p;(f**1)'(§;) and p; — 0 this implies that |(f"+")"(§;)] — oo
as j — oo. Hence §; is repelling if j is large enough. W

After Theorem 18 we remarked that if K C D\FE is compact and U C D is
open and satisfies UNJ # (), then there exists N such that K ¢ UY_, f*(U).
Theorem 33 can be used to show that there even exists n such that K C
f™U). In fact, let zg € U be a repelling periodic point of period p. Then
there exists a neighborhood V' of z; such that V C fP(V) and V C U. We
thus have UL, f7*(V) = fPN(V) for all N and hence K C UY_, f/(V) =
fPN(V) C fPN(U) if N is large.

One can even show that K C f™(U) for all large n. This can also be done
without using Theorem 33, see [6, Theorem 4.2.5].

9 Local theory near fixpoints

We have seen already that the periodic points play an important role in
complex dynamics. In this section we study the behavior of the iterates near
such a point. Clearly it suffices to consider fixpoints.

Theorem 35 Let zy € C be a fizpoint of multiplier X = f'(2). Suppose
that A # 0 and |\ # 1. Then there exists a function S holomorphic in a
neighborhood of 0 such that S(0) = z, S'(0) # 0, and

f(5(2)) = S(Az2) (8)

for all z sufficiently close to 0. The function S is unique if normalized by

S'(0) = 1

Because S'(0) # 0, the inverse function ¢ = S™! exists in a neighborhood
of zy and (8) may be written as f(z) = S(AS™!(2)) near 2z so that (in an
obvious sense) f is locally conjugate to the map g(z) = Az near 2. In terms
of ¢, (8) takes the form

¢(f(2)) = Ao (2). (9)
The functional equations (8) and (9) are named after Schréder [37], who
studied them first, but the theorem is due to Keenigs [25]. For the validity
of the theorem it is not necessary that f is meromorphic in D, but only that
f is holomorphic in a neighborhood of the fixpoint z,. The assumption that
f is meromorphic in D is needed, however, for the following corollary.
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Corollary 36 Let f, zy, and X be as in Theorem 35. If |A| > 1, then there
exists a meromorphic function S : C — D satisfying (8).

To prove the corollary we only have to observe that (8) permits analytic
continuation to the whole plane if |A| > 1. B

It follows that S'is entire if f is entire and S is an entire function without
zeros if f is a holomorphic self-map of C*. For example, if f(z) = 2% and
20 =1, then A =2 and S(z) = €®. If f(z) =222 — 1 and 2y = 1, then A =4
and S(z) = cosy/z. These examples are somewhat misleading, however,
because the function S can be expressed in terms of elementary functions
only in exceptional cases, see [34].

Proof of Theorem 35. First we consider the case that |A\| < 1. We may
assume without loss of generality that zy = 0 so that f(z) = Az + O(z?)
as z — 0, say |f(z) — Az| < K|z|? for |z2| < r. Given § > 0, we may
also assume that r is chosen such that |f(z)] < (JA| + 0)|z| and therefore
lf™"(2)] < (A 4+ 6)™|z| for |z| < r. Hence

/77 2) = A (2)] = £ (F7(2) = A" (2)] < KIf*(2)* < Kr? (|A] +6)™
for |z| < r. It follows that

[z f(E)
A+l An

Kr? (A +6)™  Kr? ((m +5)2>”
- AL Al Al

for |z| < r. Choosing ¢ such that (JA| + 6)? < |A] we find that f™(z)/A\"
converges locally uniformly for |z| < r, say f*/A" — ¢ in D(0,r). Then

8(f(2)) = tim LU _y iy I77C)

n—oo P\ n— 00 )\n—}-l

= A\p(2).

Thus ¢ satisfies (9). Since %fiﬁf) |,—0 = 1 we have ¢'(0) = 1. Hence S = ¢!
exists in a neighborhood of 0 and S’(0) = 1. We have already noted that (8)
is equivalent to (9).

Now we consider the case that |[A] > 1. Then g = f~! exists in a neigh-
borhood of zy = 0 and ¢'(0) = 1/A. We obtain S satisfying g(S(z)) = S(52).
It follows that S(Az) = f(g(S(X2)) = f(S(A32)) = f(S(z)) and we have (8).

It is clear that if S(z) satisfies (8), then so does S(cz) for all ¢ € C*.
Suppose now that S; and Sy satisfy (8) and S7(0) = S4(0) = 1. Then
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g = Sy o S satisfies g(A\z) = Ag(z) and ¢’(0) = 1. A look at the power
series of g now shows that g(z) = z so that S; = Sy. B

We shall use Theorem 35 to connect attracting periodic points to the
singularities of the inverse function f=! of f.

Let ¢ be a single-valued branch of f~! defined in some domain U. Let
v : [0,1] = D be a path with v(0) € U such that ¢ can be continued
analytically along + into the point (t) for each ¢ € (0, 1), but not for ¢t = 1.
Then a = (1) is called a singularity of f~'. It turns out that this can occur
in two cases:

(i) @(y(t)) = 20 € D ast — 1. Then f(z)) = a and f is not univalent in
any neighborhood of z,. We call this an algebraic singularity and say
that a is a critical value and zy is a critical point of f. If z5,a # oo,
then zp is a critical point if and only if f'(zy) = 0.

(ii) @((t)) = 2 € C\D as t — 1. We call this a transcendental singularity
and say that a is an asymptotic value of f. Equivalently, with T'(¢) =
©(v(t)), we have I'(t) — zo and f(T'(t)) — a.

Clearly case (ii) cannot occur if D = C.

Earlier we had defined the basin of attraction A(z) of an attracting
periodic point zy. The immediate basin of attraction of an attracting periodic
point zg is defined as the component of F' that contains 2y and it is denoted by
A*(2p). Clearly, we always have A*(zy) C A(2) and we have A*(z) = A(zp)
if and only if A(zy) is connected.

Theorem 37 Let zy be an attracting periodic point of period p. Then

U 4" (P (=)

j=0
contains a singularity of f=1.

Proof. For simplicity we consider only the case that p = 1 so that z; is
a fixpoint. The general case can be reduced to this case. Without loss of
generality we may assume that z; = 0 and also that oo € J and hence
oo ¢ A(0) if f is rational. If f'(0) = 0, then 0 is a critical value (as well
as a critical point) and we are done. Thus we may assume that A = f’(0)
satisfies 0 < |A| < 1 so that Theorem 35 is applicable. From (8) we deduce
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that if S(A\z) € A(0), then S(z) € A(0). Hence S(D(0,r)) C A(0) if S is
defined and holomorphic in D(0,7). As S(D(0,7)) is connected, we even
have S(D(0,r)) C A*(0).

If S were entire we would obtain S(C) C A*(0) C D\J, contradicting
Picard’s Theorem because |J| = co. Hence S is not entire and there exists
r > 0 such that S is holomorphic in D(0,7), but not in D(0, R) for any
R > r. Hence there exists a singularity ¢ of S satisfying || = r. Since
S(z) = f7'(S()\z)) and since S(\z) is holomorphic at z = ¢ we see that
a = S(X() is a singularity of f~. As noted above, a = S(X\) € S(D(0,r)) C
A*(0). &

As an example we consider the iteration of quadratic polynomials. Any
quadratic polynomial is conjugate to a polynomial of the form f.(z) = 22 +¢
and thus it suffices to consider the dynamics of such polynomials. The func-
tion f;! has two critical points: 0 and co. As oo is a superattracting fixpoint,
we deduce from Theorem 37 that if f. has a cycle of finite attracting peri-
odic points, then the corresponding cycle of immediate basins of attraction
contains the critical value c. (The proof of Theorem 37 actually shows that
it also contains the critical point 0.) In particular, there is at most one cycle
of attracting periodic points. We define

H = {c: f. has a finite attracting periodic point}

and
M ={c:|f0)] 4 oo as r — oc0}.

The set M is called the Mandelbrot set. The above considerations yield
H C M. It is a major open question whether H equals the interior of M.

Similarly one may analyze the dynamics of fy(z) = Ae®. Here fi(z) #0
so that there are no critical values. Clearly 0 is an asymptotic value because
i) = 0asz — —oo, z € R It is easy to see that there are no other
asymptotic values so that 0 is the only singularity of f~*. (Of course, this
follows also immediately from the explicit form fy'(w) = log(w/A).) As
above we deduce that f) has at most one cycle of attracting periodic points.
It is conjectured that the set of all A for which this is the case is dense in C.

We now consider fixpoints with multiplier A which do not satisfy the
hypotheses of Theorem 35; that is, A = 0 or |[A| = 1. We will only briefly
sketch the results without going into the details of the proofs.
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First, if 2z is irrationally indifferent, so that |A\| = 1, but A is not a root
of unity, then there still exists a formal power series S(z) = 2o + 2 + bp2? +
bsz® + ... which satisfies (8). If this series converges in a neighborhood of 0,
then 2y € F' and the component of F' containing z; is called a Siegel disk.
The name is chosen in honor of Siegel [39] who first established that this
case can actually occur. If 2y is contained in a Siegel disk U and D(0,r) is
the largest disk around 0 where S is holomorphic, then S : D(0,r) — U is
a bijection and (8) holds for all z € D(0,r). Before Siegel’s work, Pfeifer
[32] and Cremer [13, 14] had shown that the series for S does not always
converge. Given a function f with an irrationally indifferent fixpoint zy, say
of multiplier A = €?™® 0 < o < 1, the question whether the formal power
series solution S of (8) converges or not is rather delicate and depends on
number theoretic properties of &. We refer the interested reader to the papers
cited above as well as to the recent work of Yoccoz [43, 44] and the surveys
22, 31].

Next we consider the case that A is a root of unity. Replacing f by a
suitable iterate we may assume that A = 1.

Theorem 38 Suppose that
f(z)=2+a(z—2z)""+0 ((z - zo)m“)

as z — zy, where m > 1 and a # 0. Define 0; = —ﬂ%%i, j=0,...,m.
Then there exist m domains U; C {z : 8; < arg(z — 20) < 0j11}, 7 =
0,...,m—1, with 2y € OU; and with piecewise smooth boundaries tangent to
the rays arg(z — z9) = 0; and arg(z — 29) = 0,41 such that f(U;) C U; and

J"lu; = 20 as n — oo for each j € {0,...,m —1}.

Sketch of the proof. We may assume that z; = 0 and consider for fixed
j € {0,...,m — 1} the function h: {2z : 0; < arg z < 6,41} — C\(—00,0]
defined by h(z) = —1/maz™. We define g = ho f o h™! and find that

1

as |z| — oo. From this we can deduce that for a suitable domain G of the
foom G ={z=xz+1iy : x> a— f|z|7} where o, > 0, v > 1, we have
g(G) C G and ¢"|g — oo as n — oo. It follows that U; = h™'(G) has the
desired properties. l
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The domains U; in Theorem 38 are called Leau petals of f at zy. Clearly
they are contained in F. A component of F' containing a Leau petal is
called a Leau domain. (If zo is a rationally indifferent periodic point of f,
then there exists n such that zy is a fixpoint of f" with multiplier 1. Thus,
more generally, we call a domain a Leau petal or a Leau domain of f if it
has this property with respect to some iterate of f. Analogously we define
Siegel disks to periodic points of period greater than one.) Again there is
a functional equation related to the behavior of f in a Leau petal. This is
usually expressed in terms of the function ¢ introduced in the above proof.
The result is that, for a suitable domain G as above, there exists a function
A satisfying

Ag(z)) = A(z) +1 (10)

for z € G. The equation (10) is known as Abel’s equation. Similarly as we
deduced Theorem 37 from (8) we can deduce the following result from (10).

Theorem 39 A cycle of Leau domains contains a singularity of f=*.

Finally we consider the case that A = 0, say
f(2) =20+ am(z — 20)" + O ((z — zo)m+1)

as z — 2, where a,, # 0 and m > 2. Clearly f® — 2, in some neighborhood
of zy. Again there is a functional equation related to this case, namely
Bottcher’s functional equation

¢(f(2)) = ¢(2)™. (11)

If "' = a,,, then (11) has a solution ¢(z) = by(z — 2) + ba(z — 2)> + ...
holomorphic in a neighborhood of z,. In fact, if we restrict (without loss of
generality) to the case zg = 0, then we have ¢(z) = lim,_,o, ™/f™(z) for a
suitable branch of the root.

Because of the functional equations (11) and (8) an immediate attrac-
tive basin is also called Bottcher domain or Schroder domain, depending on
whether the attracting periodic point contained in it is superattracting or
not.

31



10 The classification of the periodic compo-
nents of the Fatou set

Definition 40 We say that a component U of F is periodic if fP(U) C U
for some p € N and the smallest p with this property is called the period of
U. If p =1 then U is called invariant. If f*(U) is contained in a periodic
component for some n, then U is called preperiodic. Otherwise U is called
wandering.

So far we have met four types of invariant (or periodic) components, namely
Bottcher domains, Schroder domains, Leau domains, and Siegel disks, al-
though we have not proved that Siegel disks do actually exist. A further
possibility is that of a Herman ring. This is, by definition, an invariant dou-
bly connected component of F' such that (8) holds for some conformal map
S from an annulus {z : 1 < |2| < R} onto U and some A satisfying |A| = 1.
That these do actually occur was shown by Herman [21, p. 138], extending
earlier work of Arnol’d [2]. Another possibility of an invariant component is
that of a Baker domain. This is, by definition, an invariant component U
of F with the property that f"|y — 20 as n — oo for some zg € C\D. An
example was already given by Fatou [19] who showed that f(z) = z+1+e™?
has a Baker domain U containing the right half-plane. The (simple) proof is
left as an exercise. So far we have defined Herman rings and Baker domains
only in the invariant case. Analogously as before, a periodic component of
period p is called a Herman ring or a Baker domain of f if it has this property
with respect to fP.

In this chapter we shall classify the periodic components of F'. Of course,
it suffices to consider invariant components. Most of the work has already
been done in §3. In fact, let U be an invariant component of F' and apply
Theorem 10 to D = U. If we have case (i) of Theorem 10, then U is a
Bottcher or Schroder domain. It can be deduced from Remark 3 (which we
did not prove) after Theorem 10 that if we have case (iii) of that theorem,
then U is a Siegel disk or Herman ring. Using this and considering case (ii)
in more detail we obtain

Theorem 41 A periodic component of F' is a Bdéttcher domain, Schrider
domain, Leau domain, Siegel disk, Herman ring, or Baker domain.
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Proof. As mentioned above, it suffices to consider case (ii) of Theorem 10,
applied to D = U, where U is an invariant component of F'.

Without loss of generality we assume that oo ¢ U. Choose wy € U and
let V. C U be an open connected set whose closure is in U and that contains
wo and f(wp). Any limit function of {f"|y} is constant and the set of limit
functions of {f"|y} is equal to NF_; Uy f*(V) and thus connected. We
deduce that if no limit function is in D, then U is a Baker domain. If there
exists a limit function in D, say f™|y — a € D as k — oo, then we can
deduce as in the proof of Theorem 10 that a is a fixpoint of f. Because the
fixpoints of f are isolated we conclude that there are no other limit functions
of {f"|v}. Thus f*|y — a as n — oo, and a € OU. We may assume that
a # 0.

We will show that U is a Leau domain; that is, f'(a) = 1. It is clear that
|f'(a)] > 1 because otherwise a is an attracting fixpoint and we are in case
(i) and U is a Schroder or Béttcher domain. Also, it is not difficult to show
that we have |f'(a)| <1 because f"|y — a as n — oc. Hence |f'(a)| = 1.

There exists 6 > 0 such that f is univalent in D(a,d). For N sufficiently
large, W = Uy f*(V) satisfies f(W) C W C D(a,d). Hence f is univalent
in W. For fixed zy € V we consider ¢,(2) = (f"(2)—a)/(f"(20) —a). Because
a,00 ¢ U and hence a,00 ¢ W we have f"(z) # a,00 and ¢,(2) # 0, 00 for
z € W. Since the ¢, are univalent in W and ¢,(z) = 1 we have ¢,(z) #
0,1,00 for z € Wy = W\{z0}. Thus {¢,}nen is normal in Wy. Suppose
that ¢,, — ¢ in Wy. By the maximum principle, any fixed circle around zq
contains points u; and v; such that |¢,, (u;)| < |¢n,(20)| =1 < [¢n,(v;)| and
thus points v and v such that |¢(u)| < 1 < |¢(v)|. In particular, ¢ Z 0, co.
For 2z, € Wy we consider ¥;(2) = ¢n,(2)/bn,; (21) = (f"(2) —a)/(f" (21) —a).
As above we see that 1; # 0,1,00 in W; = W\{z1} and hence {t;};en is
normal in W;. We deduce that {¢,, } jen is normal in W; and hence normal in
W =Wy UW;i. It follows that ¢,; — ¢ in W, with ¢(z0) = 1. By Hurwitz’s
Theorem, ¢ is either constant (and hence ¢ = 1) or univalent.

Since f(a) = a and f"|y — a as n — o0,

o) = tim 1 =I@ oy SUT@) e f7E) —a

z—a Z—a n—00 fn(Z) —a n—00 fn(z) —a

and hence

¢(f(2)) = lim ¢n;(f(2))
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_ i DU(E) —a fY(z) —a
n—00 fnj (Z) —a fnj (ZO) —a

= f(a)o(2).

If =1, then f'(a) = 1 as claimed. If ¢ is univalent in W, then we obtain
from (12) that ¢(f™(z)) = f'(a)"é(z) and in particular that ¢(f™(z0)) =
f'(a)™. Since |f'(a)] = 1 there exists a sequence (m;) such that f'(a)™ —
1= ¢(z). Thus f'(a)™ € ¢(W) for large j. We deduce that ¢~ (f'(a)™) —
¢ (1) = 20. But ¢ 1(f'(a)™) = f™i(2) — a # 2¢, a contradiction. W

Theorem 41 is of particular importance in view of the following result of
Sullivan [41, 42].

(12)

Theorem 42 Rational functions do not have wandering domains.

In other words, if f is rational, then each component of F' is preperiodic.
The proof of Theorem 42 is, unfortunately, too complicated to be included
in this introductory course.

The last two theorems give a complete description of the possible limiting
behavior of the sequence (f™) in components of F if f is rational: every
component of F'is mapped by some iterate onto a Bottcher domain, Schroder
domain, Leau domain, Siegel disk, or Herman ring.

Using Theorems 37 and 39 one can, in principle, determine the cycles
of Bottcher, Schroder, and Leau domains by looking at the forward orbit of
the singularities of f ! (which in the case of rational functions are just the
critical values). There is also a relation between Siegel disks and Herman
rings and the singularities of f~!: the boundary of a Siegel disk or Herman
ring is contained in the closure of the forward orbit of the singularities of
.

On the other hand, there do not seem to be simple relations between
Baker domains and the singularities of f~.

The major difference between the dynamics of rational and transcendental
functions, however, is that for transcendental entire functions and holomor-
phic self-maps of C* the conclusion of Theorem 42 does not hold; that is,
wandering domains can occur. The first example of an entire function with
a wandering domain is due to Baker [5]. It is not well understood yet which
types of limiting behavior of (f™) can occur in wandering domains. For ex-
ample, it is unknown whether for a wandering domain U there always exists
a sequence (f™) and zy € C\D such that f*|; — z as k — co.
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