THE GROWTH RATE OF AN ENTIRE FUNCTION AND THE
HAUSDORFF DIMENSION OF ITS JULIA SET

WALTER BERGWEILER, BOGUSLAWA KARPINSKA, AND GWYNETH M. STALLARD

ABSTRACT. Let f be a transcendental entire function in the Eremenko-Lyubich class B.
We give a lower bound for the Hausdorff dimension of the Julia set of f that depends
on the growth of f. This estimate is best possible and is obtained by proving a more
general result concerning the size of the escaping set of a function with a logarithmic
tract.

1. INTRODUCTION AND MAIN RESULT

Let f be a transcendental entire function and denote by f™, n € N, the nth iterate of f.
The Fatou set, F(f), is defined to be the set of points, z € C, such that (f"),en forms a
normal family in some neighbourhood of z. The complement, J(f), of F(f) is called the
Julia set of f. An introduction to the basic properties of these sets can be found in, for
example, [5].

The Hausdorff dimension of the Julia set of an entire function f was first considered
by McMullen [14] who proved that dim J(f) = 2 if f(z) = Ae®, where A € C\ {0}.
Taniguchi [24] extended this result to functions f of the form

(1.1) f(z) = /OZ P(t)e?Mat + c,

where P and () are polynomials and ¢ € C.
There is a close relationship between the Julia set and the escaping set

I(f)={z: ["(2) = 0 as n — o0}

which was first studied for a general transcendental entire function f by Eremenko [8].
Among other results, Eremenko proved that the Julia set is always equal to the boundary
of the escaping set.

An important role in complex dynamics is played by the Eremenko-Lyubich class B
consisting of all transcendental entire functions for which the set of critical values and
finite asymptotic values is bounded. This class contains the functions considered by
McMullen and Taniguchi mentioned above. Eremenko and Lyubich [9] proved that, if
f € B, then I(f) C J(f). Thus, for such functions, a lower bound for the size of the Julia
set can be obtained by estimating the size of the escaping set. An alternative method for
obtaining a lower bound for the size of the Julia set of a function in the class B is given
in [3].
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The goal of this paper is to relate the Hausdorff dimension of the Julia set of a function
in the class B to the growth rate of the function. Recall that the order of an entire function
f is defined by

log log M
o(f) = lim sup 28108 M (. f)
r—c0 log r
where M (r, f) = max..—, |f(2)|. An entire function f has finite order if and only if there
exists p(f) € [0,00) such that, for each € > 0, there exists 7. > 0 such that

|f(2)] < exp (|2[VFF) for |2] > 7.

Note that, if f is of the form (1.1), then the order of f is equal to the degree of Q).

Baranski [2] and Schubert [20] proved that dim J(f) = 2 for any function f of finite
order in the class B. The hypothesis that f has finite order cannot be omitted since it is
known [21] that, for each € > 0, there exists a function f € B for which dim J(f) < 1+-e.
In fact, for each d € (1,2) there exists a function f € B for which dim J(f) = d; see [23].
On the other hand, it was shown in [22] that dim J(f) > 1 for any f € B.

We now state the main result of the paper. We note that the examples in [23] show
that this estimate of dim J(f) is best possible.

Theorem 1.1. Let f be an entire function in the class B and let ¢ > 1. Suppose that,
for each € > 0, there exists r. > 0 such that

(1.2) |f(2)| <exp (exp ((log |z|)q+5)) for |z| > re.
Then ]

Our result shows that dim J(f) = 2 for f € B not only if f has finite order, but more
generally if

=1.

(1.3) lim sup loglog log M(r, /)

00 log log r
It thus strengthens the results of Baraiiski [2] and Schubert [20]. Examples of functions
in the class B can be constructed, for example, by using contour integrals; see [15], [21]
and [23]. This technique yields examples of functions f € B which have infinite order
but satisfy (1.3). For any ¢ > 1, examples of functions f € B which have infinite order
and satisfy (1.2) were constructed in [19]. These examples have the additional property
that all the path-connected components of J(f) are points.

Next we note that, if f € B, then p(f) > % This observation seems to have appeared
first in [13], [6]; see also [18, Lemma 3.5]. This implies that a function f € B cannot
satisfy (1.2) for some ¢ < 1.

Finally we note that the hypothesis (1.2) can also be written in the form

log log log M
lim sup 28108108 (r, f) <
00 log log r
Such limits or, more generally, limits of the form
. log™* M(r, f)
lim sup ————
r—00 IOg r

)

for certain i, k > 0, have been considered, for example, in [11, Chapter IV].
The main tool used by Eremenko and Lyubich to study a function f in the class B was
a logarithmic change of variable. Choose R > |f(0)| such that Agp = {z € C: |z|] > R}



HAUSDORFF DIMENSION OF JULIA SETS 3

contains no critical values and no asymptotic values of f. Then every component D
of f~1(Ag) is simply connected and f : D — Ap is a universal covering. Now let
H ={z € C: Rez > logR}. The map exp : H — Apg is also a universal covering
and so there exists a biholomorphic map G : D — H such that f = expoG. We define
F :exp (D) — H by F(z) = G(¢*) so that exp F(z) = f(e*). We say that F is the
function obtained from f by a logarithmic change of variable.

In many applications of this method it is irrelevant how f behaves outside D, or
whether f is even defined outside D. This leads to the following definition.

Definition 1.1. Let D C C be an unbounded domain in C whose boundary consists of
piecewise smooth curves. Suppose that the complement of D is unbounded. Let f be a
complex-valued function whose domain of definition contains the closure D of D. Then
D is called a logarithmic tract of f if f is holomorphic in D and continuous in D and if
there exists R > 0 such that f: D — Ap is a universal covering.

If D is a logarithmic tract of f, then
I(f,D)={2z€ D: f*"(z) € D for all n € N and f"(z) — oo as n — oo}.

In fact it was shown in [16, Theorem 2.4] that I(f, D) always has at least one unbounded
component; see also [7] for a generalisation to the case when D is a direct tract.

Note that, if f € B, then f has a logarithmic tract D. Clearly I(f, D) C I(f) and
so I(f,D) C J(f) by the result of Eremenko and Lyubich [9] mentioned earlier. Hence
Theorem 1.1 follows from the following general result.

Theorem 1.2. Let f be a function with a logarithmic tract D. Suppose that, for each
e > 0, there exists r. > 0 such that (1.2) holds for z € D. Then dimI(f,D) > 1+ 1/q.

In order to prove Theorem 1.2, we work with the function F' : exp~*(D) — H obtained
from f by a logarithmic change of variable. For each p > ¢ — 1, we construct a set
E, C exp (D) such that

Re F"(z) — oo for z € E,
and |
dim £, > 1+ T
We note that exp(E,) C I(f,D). Since E, and exp(£),) have the same Hausdorff di-
mension and p can be chosen to be arbitrarily close to ¢ — 1, this is sufficient to prove
Theorem 1.2.

To construct the sets FE,, we use a generalisation of the method used by McMullen
in [14]. As in [14], the sets exp £, that we construct consist of points that ‘zip to
infinity’; that is, they belong to the set

Z(f,D) = {ze](f,D) : %loglog|f"(z)\ —>ooasn—>oo}.

In our situation, however, more sophisticated arguments are needed to construct such
points. The machinery required for this construction is set up in Section 3 where we
introduce the notion of an ‘admissible square’ — a square where F' grows regularly in a
certain sense. The sets £, consist of points whose forward iterates all lie in an admissible
square. We estimate the dimensions of the sets E, in Section 4. Our calculations are
based on ideas similar to those used by McMullen in [14] — again, more delicate arguments
are needed as we do not have uniform bounds on the quantities involved.
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We note that in contrast to Baraniski [2] and Schubert [20] we do not use Ahlfors’
distortion theorem.
2. PRELIMINARY LEMMAS

We begin with the following lemma about real functions. It is very similar to [4,
Lemma 3], but we include the proof for completeness.

Lemma 2.1. Let a, (3 : [c,00) — R be continuous and increasing. Suppose that [ is
differentiable, that o is absolutely continuous, that a(z) < [(x), that lim, . f(r) = 00

and that §'(z) > 0. Define ¢ : [3(c),00) — (0,00) by ¥(t) = §'(67'(t)) = 1/(B71)'(t).
If K > 1, then

(2.1) o (z) < Kip(a(z))
on a set of x-values of lower density at least (K —1)/K.

Of course, the inequality (2.1) makes sense only for values of  where « is differentiable,
but absolutely continuous functions are differentiable almost everywhere. Thus, if Ly
denotes the set where (2.1) holds, then the points where « is not differentiable are in the
complement of L.

Proof. For y > ¢ we define

Cy =A{z € [c,y]: o/ (x) > Kip(a(r))}-

/
K / dr < / a (x)
c, c, (G Oé(x
/
< / o (x) da:
e V(a(z)
/ a(y)  Ju
= /. o)
= B ( () — 87 (a(0))
< y— B (ale),
and we deduce that the set of z-values where o/(z) > K («a(x)) has upper density at
most 1/K. The conclusion follows. O

Then

We next recall the following classical result. Inequalities (2.2) and (2.3) are Koebe’s
distortion theorem and (2.4) is Koebe’s }L—theorem. Here, and throughout the paper,
B(a,r) denotes the open disk around a of radius 7.

Lemma 2.2. Let g : B(a r) — C be univalent, p € (0,1) and z € B(a, pr). Then

p /
(22) Al @l < la(2) — g(a)l < 7Ll @)
1— P / / 1+ p /
(2.3) mlg (a)] < lg'(2)] < = p)glg (a)]
and

(2.4) 9(B(a,r)) > B (9(a), 119 (a)lr) -
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Remark. If p = 5 then (2.3) takes the form

5719’ (@)] < 19'(2)] < 12]¢'(a)]
and so, if z,w € B(a, 37),
1
— <
81 —

/
g (2) ‘ <3l
g'(w)
The following result is a simple consequence of Koebe’s distortion theorem.
Lemma 2.3. Let g : B(a,r) — C be univalent, p € (0, %) and z,w € B(a, pr). Then
19(2) — g(w) — ¢'(a)(z — w)| < 26g'(a)|p|z — w].
Proof. 1t follows from (2.3) that if ¢ € B (a, 37), then
19'(¢) = g'(a)l < |g' (O] +19'(a)] < 13]g'(a)].

Schwarz’s lemma yields

9(0) o) < 26lg ()] <=2

for ( € B (a, %7’) Hence

l9(2) — g(w) — g'(a)(z — w)| =

| 610~ gt i < 20l @plz -~ ul,
for z,w € B(a, pr). O
We shall also need the following version of Vitali’s lemma [10, Lemma 4.8].

Lemma 2.4. Let {B(z;,1;) : i € I} be a collection of balls in R™ whose union is bounded.
Then there exists a finite subset E of I such that B(x;, ;) N B(xj,r;) =0 fori,j € E,
i # 7, and

UB(%‘,H) C U B(x;,4r;).

iel icE
3. ADMISSIBLE SQUARES

Let f and D be as in Theorem 1.2. We may assume that R = 1 in the definition of the
logarithmic tract and that 0 ¢ D. Let H = {z € C: Rez > 0} be the right half-plane
and let F : exp~'(D) — H be the function obtained from f by a logarithmic change of
variable, as described in Section 1. Note that F' is 2wi-periodic and the restriction of F
to a component of exp~!(D) maps this component bijectively onto H.

We now fix e > 0 and p > ¢ — 1 + . Recall that we are aiming to construct a set
E, C exp~ (D) such that

Re F"(z) — oo for z € E,.

In order to do this, we let zp = inf{Rez : 2 € exp~ (D)} and consider the function
h: (zg,00) — (0, 00) defined by

h(z) = max Re F(z + iy).
yeR
Note that h is increasing by the maximum principle. Moreover, h is convex by analogy
to Hadamard’s three circles theorem. Thus h has left and right derivatives at all points.
If z, = x + iy, is a point such that h(zx) = Re F(z,), then F'(z,) is real and lies between
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the left and right derivative of h at x. Except for the countable set C' where h is not
differentiable, we thus have

(3.1) h'(x) = F'(z.).
We now obtain estimates for the size of h and 7'.

Lemma 3.1. Let h: (x9,00) — (0,00) and the countable set C be defined as above. Then
there exists xc > xo and a set L C (xg,00) \ C of density 1 such that

(3.2) h(z) < exp (z77%)  for x € (2., 00),
(3.3) Z,(%) <a? forzel,

(3.4) ];L/((j)) > % for x € (zg,00) \ C,
(3.5) hz) > exp (152)  for z € (z., 00),
and

(3.6) W(z) > exp (f5z) forz € (z.,00) \ C.

Proof. The upper bound (3.2) for h follows directly from hypothesis (1.2).

To obtain an estimate for A’ we note that it follows from (3.2) that we can apply
Lemma 2.1 with a(z) = h(z) and B(x) = exp (z77°). We have 371(t) = (logt)'/(a+e),
B'(x) = (q+¢)B(x)x"""" and

gte—1

U(t) = (g + )t (log ) ¥
so that
(3.7) W(2) < K(q+2)h(x) (log h(2)) 57 < K(q -+ e)h(w)as™"

on a set of lower density at least (K — 1)/K. Since p > ¢ — 1 + ¢, the right hand side
of (3.7) is smaller than h(x)z? for large z, if K > 1 is fixed. The upper bound (3.3) for
R’ /h now follows.

Now recall that z, = = + iy, is a point such that h(x) = Re F(z,). It follows from
Koebe’s 1-theorem (2.4) and from (3.1) that if ¢ is the branch of F~! that maps F(z,)
to zg, then ¢(B(F(z;), h(z)) contains a disk around z, of radius r, where

P (F))  ha)  h)
4 AF'(z,)  4h'(x)
(F

On the other hand, ¢(B(F(z,),h(z)) C exp ' (D) and exp~'(D) does not contain disks
of radius greater than 7. The lower bound (3.4) for A'/h now follows. Integrating (3.4)
and noting that 47 < 13, we obtain (3.5). The lower bound (3.6) for A’ follows from (3.4)
and (3.5). O

for x € (xg,00) \ C.

We are now in a position to define the key idea of an admissible square.
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Definition 3.1. For z € C and r > 0 we consider the square

We call z the centre of S(z,r). We say that S(z,7) is admissible if 100 < r < £ Rez and

where length(-) denotes the one-dimensional Lebesgue measure and L is the set of den-

S(z,r) ={C€C:|Re(—Rez| <r|Im{—Imz| <r}.

length([Rez —r,Rez +r|NL) > Ir,

sity 1 from (3.3).

The following result is the main tool that we use in the construction of the set E,.

Lemma 3.2. Given 7 > 1, there exist positive constants cg, c1, Ca, c3 with the following

properties:

If S(z,r) is an admissible square and x = Re z > ¢y, then there exist m € N with m >
c3rxP, compact subsets Ay, Ag, ..., Ay of S(z, ;llr) and points ay,as, . .., ay in S(z, %r)
such that F' maps A; bijectively onto an admissible square centred at F(a;),

(3.8)

(3.9) B (
and

(3.10)

forj=12,...

(3.11)

forj=1,2,...

Proof. Let
(3.12)

Q. ——
0 P

B0 2) €480 2) Bt 5[0,

)C{CEC:|ReC—Rez]§ir,|1m(—lmz|§7r+1}

Re F'(a;) > exp (%x) > ¢
,m. Moreover,
TC2
Re Aj+1 > Re a; + F

,m— 1.

U'=[z—ir+1lz+ir—1]nL.

Since S(z,r) is admissible we have

length(L') > 1r —2 > ir.

We apply Lemma 2.4 to the intervals

(u—3£((1;))u+3§(&)>> wel

We obtain uy,us, ..., u, € L' such that if we put

(3.13)

then
(3.14)

and

h(ug)

T = —h/(uk)’

(u; — 3rj,uj + 3r;) N (ug — 3rg,up + 3ry) =0 for j #k,

L' C | (ux = 12rp, up, + 12ry).
k=1
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It follows that
(3.15) D ri = gy length(L) > H5r.
k=1

Now let wy = z,,; that is, Rewy = uy and h(ux) = Re F'(wy). Since F' is 2mi-periodic,
we may choose wy, such that

(3.16) | Imwy, — Im z| < 7.

We denote by ¢y the branch of the inverse function of F' for which @i (F(wy)) = wy.
Then

(3.17) h(F () = F'(lwk) N h,(zk)
by (3.1) so that

(5.18 Pl (Fl) = i

Let

Since ¢y, is univalent in the right half-plane H and

B (F(wg), h(u)) C S (F(wy), th(uy)) C B (F(wk), $h(w)),
we deduce from Koebe’s distortion theorem (2.2) and (3.18) that

(3.19) B (wk, %Tk) cwW,cCcB (wk, QTk).
Now let 6 be a small positive number to be fixed later. We put
h/
(3.20) my = [0rgz?] and  p = (zk).
x

Note that if 0 <1 < my and § < %, then, for large z,
For 0 <1 < m; we now define
vkt = ox (F(wy) 4+ 10pr)
Ska =S (F(wy) + 16pk, 6°pr.) |
Vk,l = @k (Sk,l)
and
JkJ = {U cR: ‘U — (h(uk) + l(;pk)l < 62pk} .
The interval Jj,; is thus the projection of Si; onto the real axis. If § is sufficiently

small, the intervals Ji; are pairwise disjoint, and so the same holds for the squares Sy ;.
By (3.21) the squares Sy, are contained in S (F(wy), 1h(uy)) and thus

(3.22) Vg, € Vk,l C Wi

We want to show that S; is admissible for at least one half of the indices [, provided
co is sufficiently large. In order to do so, we first note that (3.6) yields

52

52 52
2
if ¢y and hence z is sufficiently large. Also, by (3.21),

8°pr. < Yh(ug) = L Re F(wy).
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This means that each square Sj; has the size required to be admissible. Denoting by I
the set of all I € {0,1,...,my} for which Sy, is admissible, we thus have

]k = {l : length(Jk,l N L) Z ;—iéka}

With I;, = {0,1,...,mg} \ I we obtain length(Jy,; \ L) > 16%py, for k € I;. Now suppose
that [I| < 3(my + 1) so that |I;| > 3(my + 1). This implies that

length ([3h(uk), Sh(up)] \ L) > Z length (Jy; \ L)

=0

> length (Ji,; \ L)

lery,

|1} i(SQPk
%(mk +1)0%pe
%5rkxp52pk

L8 h(uy,).

Y

(AVARAVARLV,

Since L has density 1, this is a contradiction if ¢y and hence wuy is sufficiently large. Thus

As already mentioned, it follows from (3.21) that the squares Sy; are contained in
S (F(w), 2h(uy)) and thus, in particular,

(3.24) F(wy) +16p, € S (F(wg), th(ur)) C B (F(wy), $h(ui))
for 0 <1 < my. Koebe’s distortion theorem (2.3) now yields

1 < 0% (F;(wk> + 10py)| <81
81 |0, (F'(we))]

and hence, by Koebe’s distortion theorem (2.2),

Vi © B (us, 41, (F(wg) + 18p1) | 82x) € B (ur1, 3241, (F())] %01
Using (3.17) and the definition of py in (3.20) we obtain
32452)

Via C B (Uk,h
Similarly, it follows from Koebe’s -theorem (2.4) that

(52
B — .
Vil D (Uk,l, 324147)

With ¢; = §2/324 and c; = 32452 we thus have

C C
(325) B (UkJ, x—;) C VkJ C B (Uk,la :L'_f’) .
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Next we note that it follows from Lemma 2.3 together with (3.24) and (3.20) that
J

Vk,l+1 — Ukl — ﬁ

= or (F(wy) + (1 +1)dpr) — @i (F(wi) + 10p) — @, (F(wg)) dpy]
< 2l (Flu)] o

266%(1 + 1)p?

R (i) h(uk)

260°r,xP pi

W (g ) h(u)

2643

xP
for 0 <! <my — 1. It follows that

) 2663
Revgit1 —Rewvgy 2 —

xP
For sufficiently small § we have § — 266% > 32476% = T¢y. Hence

(3.26) Revgi1 — Revg > .
X

If kK e{l,2,....n}, k# K ,l € I, and ' € Iy, then Revy; € (ux — 2ry, ugx + 2ry) by

(3.22) and (3.19). On the other hand, Rewvy y & (uy — 3rg, ux + 3ry) since, by (3.14),
(uk — 3T’k, Ug + 3Tk) N (uk/ — 37"k/, Up + 3rk/) = @

Since uy, € L' C L, it follows from (3.3) that

hug) . 1 _ [4\" 1
R — R rpr| > = > > _ _
[Re vy, evw | 2T h'(ug) — upy — \b/) P
and thus
TC
(3.27) |Rewvg; — Rewvy p| > :c_p2

if 0 and hence ¢, is sufficiently small.
We also note that it follows from Koebe’s distortion theorem (2.2) together with (3.17),
(3.20), (3.13) and (3.4) that

|or (F(wr) + 16p1) — i (F(w))]

|0, (F(wy))| 416 pi
4my0 py,
W (ur)
45%r 2P py,
W (uy)
= 4(527’k
16702,

|Uk,l - wk’

IN

IA

IN

IN

For small § we thus have
TCo

B (Uk!,l? ﬁ) - B(wk, 1)
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Recall that Rewy, = u; € L' and so it follows from (3.12) and (3.16) that
w, € {(€C:|Re(—Rez| <ir—1,|Im¢—Imz| <7}.
Thus
(3.28) B(vkl, )C{CE(C |Re¢ —Rez| < ir,|Im¢ —Imz| <7 +1}.
Finally we note that it follows from (3.22) that
F(vgg) € F(Vig) € F(Wi) = S (F(wg), $hu)) -
Also, since uy € L', it follows from (3.12) that
Re F(vk;) > Re F(wy) — h(uk) 3h(uk) > %h (J: — }17’) >
Using (3.5) we obtain

LY

h (gx) .

(3.29) Re F(vg;) > exp (),
if ¢y and hence x is sufficiently large.
We now put
X = {Uk,l ke {1,2,...,?1},[ S Ik}
Then
= |X| :Z|Ik| > %(hpZTk F1502PT
k=1 k=1

by (3.23) and (3.15). Thus m > czaPr for ¢z = 6/240. By (3.26) and (3.27) we can
write X = {ai,a9,...,a,} with Rea; < Reay < --- < Rea,, and, putting A; = V}, if
aj; = vk, we deduce from (3.25), (3.26), (3.27), (3.28) and (3.29) that, if § is chosen to
be sufficiently small, then (3.8), (3.9), (3.10) and (3.11) hold. Finally, it follows from the
construction that F' maps A; bijectively onto an admissible square centred at F'(a;), for
j=1,2,...,m. 0

4. PROOF OF THEOREM 1.2

We now use Lemma 3.2 to construct the set £,. Let ¢y be the constant obtained from
Lemma 3.2 for fixed 7 > 1. (The condition for 7 will be specified later.) Let @)y be an
admissible square S(zg,79) such that Rezy = xg > ¢o. For each n € NU {0} we will
define a finite collection &, of compact, pairwise disjoint subsets of ()o with the following
properties: for each @ € &,, the set F((Q)) is an admissible square, each @) € &, contains
at least one element of £, and each @' € &, is contained in a unique @ € &,.

We start by putting & = {Qo}. Now suppose that &, has been defined and let Q) € &,,.
Let Ai,..., A, be the sets obtained by applying Lemma 3.2 to the admissible square
S(z,r) = F™(Q). For k € Z and j € {1,..,m}, we put

Aj,k: = {C + 27'('2]{3 . C - AJ}
Now let ¢ be the branch of the inverse function of F™ that maps S(z,r) to Q. We define
Enn(Q) = {(Ajp) : Aj € S (2,57) }

n+1 U 5n+1

Q€eén
Then &,,11 has the required properties.

and
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We define B
gn = U Q
QEeén
and .
E,=()E.
n=0

It follows from the construction and (3.10) that, for each z € E,,
lim Re F"(z) = 00

as required. In fact it follows that exp(z) belongs to the set Z(f, D) defined in Section 1.
We estimate the Hausdorff dimension of E, using the following result which is part of
Frostman’s Lemma; see, for example, [10, Proposition 4.9].

Lemma 4.1. Let E be a compact subset of C. Suppose that there exist a probability
measure (. supported on E and positive constants ¢, and t such that, for each z € E and
each r € (0,7),

w(B(z,7)) < cr'
Then dim(FE) > t.

Following [14] we construct a sequence of probability measures on (). Let 1 be the
Lebesgue measure on @)y rescaled so that 1o(Q) = 1. Then we construct the measure p,
supported on &£, inductively. Suppose that the measure y, on £, has been defined and
let @, € &,. The measure ju,.1 is defined as follows. If A C 2n+1 N @, then

B area(Q)
(4.1) ) = = (4

and, if A C Qo \ Epy1, then
Hn+1 (A) =0.
Note that
fini1(Ens1 N Qn) = 11 (Qn)
and that, for every k& > n,
11 (Qn) = f1n(Qn).

Thus there exists a unique measure p supported on [, such that

Q) = pin(Qn)

for each set ,, € &, and each n € N.

We now let z € E,. Our aim is to estimate p(B(z,r)) for r sufficiently small. Let
Qn(z) be the unique element of &, that contains z. Then, for each n € N, we have
Qn(2) C Qn_1(2) and, by construction, F"(Q,(z)) = S(z,, r,) for some admissible square
S(znyTn)-

Let x, = Rez,. Then, by (3.10),

(4.2) Tp > €xXp (11—5:1:”,1) )
We put

dn(2) = diam @ (2)
and denote the density of &,,1 in Q,(z) by

A, (2) = Q@) 02
" area (Q,,(z)
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We now estimate the quantities A, (z) and d,(z). In order to do this, we first prove that
there is a uniform bound for the distortion of F™ on each set @ € &,. (Recall that if a

function f is univalent on a set S then the distortion of f on S is sup, . Bi,g §|| )

Lemma 4.2. There exists K > 0 such that, if n € N and Q € &, with F"(Q) = S(', 1),
if @ is the branch of F~" that maps S(2',7") to Q and if Q = ¢ ( (2, \/§r’)), then
) (u

SupI( "()\<K'

u,veQ |( ) ( )|
Proof. Since the branch of F~!' that maps F"(Q) to F"'(Q) is univalent in B(2’,2r'),

it follows from Koebe’s distortion theorem (2.3) that the distortion of F on F"1(Q) is
bounded by the constant
(V2+1)!

(V2-1)*
Also, by construction, there is an admissible square S(z ,7") such that F' "‘{(Q) C
S(z",4r") and F"71(Q) C B(2”,4r"). The branch of F~"~Y that maps F"~(Q) onto

K =

14

@ is univalent in B(z",7") and so7 by Koebe’s distortion theorem (2.3), the distortion
of F"~! on () is bounded by the constant K, = 81. The result now follows by putting
K=KK,< 10%. O

We now use the result of Lemma 4.2 to obtain estimates for the density A, (z) and the
diameter d,(z).

Lemma 4.3. There exists a constant cs > 0 such that, forn =0,1,2,...,

An(z) > =2

n

Proof. 1t follows from Lemma 4.2 that

A (Z) > LZQ@E‘TH—I(QH(Z)) arca Fn(Q)
A ¢ area F(Q,(2))

By construction,

rloUJooe)= U A

Qegn+l(Qn(2)) AjkaS(Zn,rn/4)

where A, = {(+2mik : ( € A;} and A; is one of the sets obtained by applying Lemma 3.2
to F™"(Qn(2)) = S(zn,rn). Note that there are at least cs3r,a® such sets A; and, by (3.8),
each of these sets satisfies

‘i

7

Also, for each j, the set {k: AjpCS (zn, Tf)} has at least 7> — 2 elements. Since
r, > 100,

areaA; >

TTZ T?’l
47 8
and so )
cyeg 1
A, 1= -
()2 B
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Lemma 4.4. There exist constants cg,c; > 0 such that, forn = 0,1,2... and for each

Q € En1(@n(2)),

Ce . Cr
(4.3) — < diamQ < ——.
|(F) ()| (£ (2) |
In particular, for Q = Qn41(2) we have
(4.4) o < dy1(2) € ot

|(F)'(2) |2 — |(Fm)'(2) |
Proof. Since F™(Q)) is one of the sets A, in S(z,,r,), it follows from (3.8) that F"(Q)
contains a ball of radius ¢; /2? and is contained in a ball of radius ¢y /2? which is contained
in S(zp,7,). Hence
201 1 . 202 1
—— < diam Q@ < —-- .
Tn SUPyeq |(F7)'(u))] w0 infueq |(F")'(u)]
It now follows from Lemma 4.2 that
201 1 . 202K
— e Jdiam @ < —————.
K an|(Fr)(2)] an|(F7)' ()]

We now obtain an estimate for the derivative |(F™)'(z)| in terms of .
Lemma 4.5. For each § > 0, there exists ng > 0 such that, for n > ny,
x
FY(2)] > ==.
()] = 2

Proof. 1t follows from Koebe’s i—theorem (2.4) that if ¢ is the branch of F'~! that maps
F(2) to z then
Re F(z)
©(B(F(z),ReF(z))) D B (z, —) :
4[(F"(2)]

Since ¢(B(F(z),Re F(z))) contains no vertical segments of length 27 we obtain

, Re F(z)
Pz

As Re F(z) is much bigger than 47 for i = 1,...,n and Re F™(2) > x, — 1, > ,,/2, it
follows that )
n Re F"*(z T

((F")(2)] 2 ———F = —

4t T 8w
0J
It follows from (4.4) and Lemma 4.5 that, for large n,
87TC7
(4.5) dpy1(2) < preey

so lim,, .« d,(2) = 0 and
n=1

Since Qn11(z) C Qn(z) we have d,11(2) < d,(z). Thus, for r sufficiently small, there
exists a unique n such that

(4.6) dni1(2) <1 < dp(2).



HAUSDORFF DIMENSION OF JULIA SETS 15

Now fix 6 € (0,1). We may assume that r < 1 is small enough to ensure that n > nq,
where ny is defined as in Lemma 4.5. Before we estimate the measure p of B(z,r) we shall
show that, for 7 sufficiently large, the ball B(z,7) meets exactly one set in &,, namely
the set @,(z). We now fix 7 > 2K + 2.

Lemma 4.6. For eachn € N, if Q, Q" € £,(Qn_1(z)) then dist(Q, Q) > diam Q.
Proof. Let Q, Q" € £,(Qn-1(2)). It follows from Lemma 4.2 that
diam Q < diam F"71(Q)

dist(Q, Q") —  dist(F"~1(Q), F*~1(Q"))’
It follows from the construction, (3.8) and (3.11) that

2 -2
diam F"1(Q) < =2 and  dist(F"(Q), F" (@) > (Tp—)@
xn—l xn—l
and so
diam @) 2K
- < .
dist(Q, Q') — 7 —2
The result now follows since 7 > 2K + 2. O
Now let

Un ={Q € Ea1(Qn(2)) 1 QN B(z,1) # 0}
Note that it follows from Lemma 3.2, Lemma 4.2 and (4.6) that, if Q € &, and
QN B(z,r) #0, then Q = Q,(z). So, by (4.6), (4.1), Lemma 4.3, and (4.3),

w(B(zr) = p(B(z,r)N@n(2))

< > @

Qe
= Z Nn+1(Q)
QU
n -1 Q
area
< Az
- Qezun <j0 i )> area ()
p 2
< (o .. Tp_1) s

h|(F7) (2)]2 it area Q-
If n is sufficiently large, then

(11 ... 2 )Pl |

| (F7)'(2)?

W(B(zr) < ] 20

and so, by (4.2),

(4.7) u(B(z,1)) < Un| 2 P|(F"Y (2)| 25

In order to get an upper bound for |U4,,| it is sufficient to estimate the number of sets A;
in S(z,,7,) which meet F™*(B(z,7)). By Lemma 4.2,

(4.8) diam (F™(B(z,7)) N S(zp, 1)) < 2K|(F™)(2)|r.

It follows from (3.8) and (4.8) that there are at most K|(F™) (z)|ra?/c; values of j for

which F"(B(z,r))NA; # 0 for some k € Z. Also, for each such j, the maximum number
of values of k for which F"(B(z,r)) N A;y, # 0 is at most £|(F")'(z)|r + 1.



16 WALTER BERGWEILER, BOGUSLAWA KARPINSKA, AND GWYNETH M. STALLARD

Now we consider two cases.
Case 1:

(4.9) §|(F”)’(z)|r <1

Then
K

Un| < —|(F") (2)|rah,
(&1

n

and hence, by (4.7),

K l’eré
(4.10) w(B(z,r)) < —r——21
o )
It follows from Lemma 4.5 and (4.4) that
P 1/(p+1) p\ 1/(p+1)
() ()] — \am|(F7)'(2)] Co

By (4.9), Lemma 4.5 and (4.2),

T 872 1

r < < < .
n — 6)/6
K|(F")(2)] = Kxy, gt/

(4.12)

It follows from (4.10), (4.11), (4.12) and (4.6) that there exists a positive constant cg
such that

u(B(z,r)) < cgr' 0,
Case 2:

(4.13) §|(F”)’(z)\r > 1.

In this case, it follows from the discussion after (4.8) that

2K?
U] < W—QI(F")’(Z)IQT%Q,

so, by (4.7),
2K?
W(B(zr) < gy,

m™C, "

It follows from (4.6), (4.4) and Lemma 4.5 that

Cr 87TC7
r<dp(z) < <
" ah ([(Fr=1)(2)] = abt]
and hence
pts

+1
T, 1 < ( " .

Thus there exists a positive constant cg such that
w(B(z,r)) < Cgrl+ﬁi%.
In both cases, since r < 1, we have

u(B(z,r)) < max{cs, CQ}THﬁ_J,
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so, by Lemma 4.1, for each ¢ € (0, 1),
1
dim(F,) > 1+ —— — 4.
(B2 14
Letting ¢ tend to 0 we obtain that

1
dim(E,)) >14+ ——.
1m( p) - _'_ 1 +p

This completes the proof of Theorem 1.2.

5. CONCLUDING REMARKS

1. The Hausdorff dimension of the set E), constructed in the proof of Theorem 1.2 is
in fact equal to 14+ 1/(p 4+ 1). To see this, consider the cover of E, by the sets in &,.
Let @, € &,. Then there exists an admissible square S(2/,7’) with r’ < %x = %Re z' and
Fr(Q,) = S(2/,r"). It follows from Lemma 4.2 and Lemma 3.2 that, for each s > 1,

2@t (diam Q)° KSZQeen+1(Qn>(diam Q)"
(diam @Q,,)* - (diam F™(Q,))*

K* v rixP (2c2>8
(2\/57"’)8 T C TP

S CT/(Zfs) xp(lfs)

< CI2_5+p(1_8)7

where ¢ > 0 is a constant that is independent of n € N and of the choice of @), € &,.

Now suppose that s =1+ fp + ¢, for some 6 > 0. Then

2—s+pl—s)=1-0———————pd =—=6(1L+p).

Thus, if n and hence x is sufficiently large,

20t (diam Q)°
(diam Q,)"
Since max{diam @ : Q € &,} — 0 as n — oo, it follows that dim E,, < s. The result now
follows by letting 6 — 0.

2. The examples in [23] of entire functions in the class B which show that the estimate
in Theorem 1.1 is sharp for ¢ > 1 have a logarithmic tract similar to the region

X
Q: XTIR > 1 > .
{“W vy <logm>q1}

< 1.

The region 2 also appears in [12] where it is shown that, for E\(z) = Ae®, the set of
z € I(E)) for which E}(z) € Q for large n has Hausdorff dimension 1+ 1/q.

3. Rempe [17] has recently shown that, if f,g € B and there exist quasiconformal
homeomorphisms ¢, : C — C such that ¢ o f = g o), then there exists R > 0 and a
quasiconformal homeomorphism 6 : C — C such that §(f(2)) = g(0(z)) if | f*(z)| > R for
all n > 0. Since quasiconformal homeomorphisms map sets of Hausdorff dimension 2 to
sets of Hausdorff dimension 2, this implies that dim /(f) = 2 if dim I(g) = 2. Choosing
g = \f with sufficiently small A\ we see that, in order to prove that dim I(f) = 2 for all
functions of finite order in the class B, it is sufficient to consider such functions for which
the Fatou set consists of a single attracting basin.
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Note that this kind of reasoning does not extend to the case where the dimension is
less than 2, since then the Hausdorff dimension is not preserved by a quasiconformal
homeomorphism. The sharp bounds for the distortion of Hausdorff dimension under
quasiconformal mappings are given by a famous result of Astala [1].

In general, it is open as to whether two quasiconformally equivalent functions f and g
can have escaping sets of different Hausdorff dimensions. It is known, however, that this
cannot happen when the maps ¢ and v can be chosen to be conformal.
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