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ABSTRACT.  We survey various mathematical aspects of the uncertainty principle, including
Heisenberg’s inequality and its variants, local uncertainty inequalities, logarithmic uncertainty
inequalities, results relating to Wigner distributions, qualitative uncertainty principles, theorems
on approximate concentration, and decompositions of phase space.

Introduction

The uncertainty principle is partly a description of a characteristic feature of quantum mechan-
ical systems, partly a statement about the limitations of one’s ability to perform measurements on a
system without disturbing it, and partly a meta-theorem in harmonic analysis that can be summed
up as follows.

A nonzero function and its Fourier transform cannot both be sharply localized. 0.1

When translated into the language of quantum mechanics, as we shall do in §2, (0.1) says that
the values of a pair of canonically conjugate observables such as position and momentum cannot both
be precisely determined in any quantum state. Therefore, it leads to mathematical formulations of the
physical ideas first developed in Heisenberg’s seminal paper {51] of 1927 and widely promulgated
thereafter.

However, the uncertainty principle also has a useful interpretation in classical physics. Namely,
if f(z) represents the amplitude of a signal (a sound wave or light wave, perhaps) at time ¢, the
Fourier transform ftells how f is built from sine waves of different frequencies and (0.1) expresses
a limitation on the extent to which a signal can be both time-limited and band-limited. This aspect
of the uncertainty principle was already expounded by Norbert Wiener in a lecture in Gdottingen
in 1925. Unfortunately, no written record of this lecture seems to have survived, apart from the
nontechnical account in Wiener’s autobiography [119, pp. 105-107], so one can only guess at what
precise versions of (0.1) it might have contained. Whatever influence this lecture might have had on
the physicists in the audience, however, the uncertainty principle did not really sink into the minds
of signal analysts until Gabor’s fundamental work [40] in 1946. Since then, it has become firmly
embedded in the common culture.

On the mathematical side, there were sporadic developments relating to the uncertainty prin-
ciple in the fifty years after the initial work in the 1920’s, followed by a steady stream of results in
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the last two decades. The purpose of this paper is to give an overview of this work. We shall have
nothing to say about the purely physical or epistemological aspects of the uncertainty principle or
the applications of the mathematics to particular problems in physics or engineering, and our refer-
ences to the mathematical physics literature are less than comprehensive. Moreover, the uncertainty
principle impinges directly on some other areas of analysis with a large literature, notably, (i) the
study of the properties a function implied by restrictions on the support or the decay properties of
its Fourier transform, (ii) the construction of orthonormal bases or frames for L2 whose elements
and their Fourier transforms are well localized (wavelets, etc.), and (iii) the body of analytic results
relating to signal analysis and communication theory. To do justice to the ramifications of the uncer-
tainty principle in any of these subjects would require a book by itself. Fortunately, such books have
already been written—notably Havin and Joricke [48] and Daubechies [28]—as well as a number of
good expository articles such as those by Benedetto [10} and Benedetto, Heil, and Walnut {13] and
the collections in Price [92] and Benedetto and Frazier [12]. On these matters, therefore, we shall
be brief.

To begin, let us fix some notation and terminology. The reader may wish to proceed to §1 and
refer back as necessary. Dym and McKean [32] is a good reference for the relevant background on
Fourier analysis.

R, C, and Z have their usual meanings, and T = {z € C : |z] = 1}. The Lebesgue measure
of a set E C R” is denoted by {E|, and the charcateristic function of E is denoted by xg. Inner
products in any Hilbert space are denoted by (-, -).

Suppose i is a probability measure on R. The variance of p is

V() = inf f (x — @) du().

If the integral on the right is finite for one value of a, then it is finite for all a, in which case it is a
quadratic function of a whose minimum is achieved when a is the mean of u:

M) = /x du(x).

Similarly, if u is a measure on R”, we say that y has finite variance if f [x]?dp(x) < oco. In this
case we define the mean M (w) € R" and the covariance matrix V(i) = (Vi (1)) by

M (1) =/xdu(x), Vie(w) =/yjyk du(x) (y=x— M(u)).

If di(x) = p(x)dx with p € L'(R"), we shall call p a probability density function and write
M (p) and V(p) instead of M(u) and V(u).
We shall define the Fourier transform on (L' + L%)(R") by

FO =Ff¢) = f M8 £(x) dix.

Then the inversion theorem and Parseval formula take the form F 'Lf (y) =Ff(—~y) and || fllz =
Il £ll2. In particular, if f € L2(R") and || f|l, = 1, then | f|? and | f|* are both probability density
functions on R”".

In this connection the following observation is useful. For a, b € R”, let us define

fap(x) = &% f(x - a). (0.2)
Then
(fap)(E) = e~ 714 ED Fle _ by = 2100 (F), _,(£).



The Uncertainty Principle 209

Thus the map f — f, preserves all L? norms of f and fwhile shifting the centers of mass of f
and fby a and b, respectively.

We shall allow ourselves the following minor abuse of notation, along with other variations
on the same theme: x; f and f jfdenote the functions x — x; f(x) and § — &; f(£). Thus, for
example, (3f/3x;)" = 2ni§; f.

Some of our discussion will pertain to Fourier analysis on groups other than R", so we briefly
recall the basic notions. (See Folland [38] for more information.) Suppose G is a locally compact
group, equipped with a fixed left Haar measure dx. As with R", the Haar measure of £ C G will
be denoted by |E|. If & is a unitary representation of G (always assumed strongly continuous) on
a Hilbert space H,, its integrated representation is the representation of the Banach algebra LYG)
on H, defined by

n(f) = / Fn(x) dx.

If G is a Lie group, we also have the differentiated representation of its Lie algebra g. Namely, for
X € g, m(X) is the skew-adjoint operator on H, that generates the one-parameter group w(exp tX)
according to Stone’s theorem. That is,

. ow(exp tX)u —u
= lim —mM——

d
7(X)u = En(exp tX)u it ;

on the domain of all ¥ € ¥, for which the limit exists. This domain includes the space }{;° of C*
vectors for m, that is, the set of all u € H,; such that the map x — 7 (x)u is C® on G. HZ is dense
in H,, 7(X) maps 3’ into itself for all X € g, and the map X — 7 (X)|HZ is a homomorphism
of Lie algebras. (See, e.g., Knapp [67, pp. 51-57].)

Suppose G is either (a) Abelian, (b) compact, or (c) unimodular, second countable, and type
I; we shall call such groups Plancherel groups. Let G, the unitary dual of G, be a set containing
exactly one member of each unitary equivalence class of irreducible unitary representations of G.
The Fourier transform of f € L(G) is the operator-valued function on G defined by

for)y =n(f).

(The convention for defining fin Folland [38] is slightly different.) There is a canonical topology
on G and a unique Borel measure dx on G, the so-called Planchere! measure, such that

IFi2 = fG I F o)l dr,

where || - [gs denotes the Hilbert~Schmidt norm. (Implicit in this statement is the fact that f(n) is
Hilbert-Schmidt for almost every 7.) If G is Abelian, G is identified with the group of continuous
homomorphisms from G into T, and Plancherel measure is a Haar measure on G.

1. Heisenberg’s Inequality

When one asks for a precise quantitative formulation of the principle (0.1), the most common
response is the following inequality, usually called Heisenberg's inequality. This result does not
actually appear in Heisenberg’s paper [S1], which gives an incisive analysis of the physics of the
uncertainty principle but contains little mathematical precision. This omission, however, was soon
rectified by Kennard [66] and Weyl [118, Appendix 1] (who credits the result to Pauli).

Theorem 1.1.
If f e L2(R) and | fll; = 1, then

VAV =

1672°
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In other words, for any f € L*(R) and any a, b € R,

4
[ -atismiax [€-pR7eR s = 125,

(1.2)

Equality holds in (1.2) if and only if f(x) = Ce*™P*¢=¥*=9" for some C € Candy > 0.

Proof. By using the transformation (0.2) we may assume that a = b = 0, and clearly we
may also assume that the integrals in (1.2) are finite. Since (f')(&) = 2mi§ f(§), the finiteness
of [ |£F|? implies that f is absolutely continuous and f’ € L%. The derivative of |f|* = f7 is
2 Re ff,s0if —o0 < ¢ < d < 00, integration by parts yields

d _ d d
2 Re / xf (x) f(x) dx =x|f(x)|2L - / |f(x)* dx.

Since f, xf, and f’ are all in L2, the integrals in this equality approach finite limits as ¢ — —00
or d — oo and hence so do c| f(c)|*> and d| f(d)|*>. The latter limits must be zero, for otherwise
i f (x){2 would be comparable to x~! for large x and f would not be in L?. Therefore,

/w | f))Pdx = =2 Re/ xf () f'(x)dx. (1.3)

o

Inequality (1.2) now follows from the Schwarz inequality and the Plancherel formula:
Iflz <4 / x| f ()] dx [ |f'(0)* dx = 16n° f X\ f (o) dx f RGNS

Equality holds here if and only i,f [ is a real multiple of xf, say f'(x) = —2yxf(x) withy € R.
This implies that f(x) = Ce™”*", and of course ¥ must be positive for f to be in L. d

An analogous resuit (Coroilary 2.6) holds for functions on R”, but the proof is technicaily
harder because the square-integrability of the distribution derivatives 3f/3.x; does not guarantee the
continuity of f. One must first work under the assumption that f is smooth and rapidly decaying
at infinity and then apply an approximation argument. The (somewhat lengthy) details can be
found in Benedetto [10, Appendix A]. We shall present this argument in an abstract setting in §2.
(Alternatively, one can reduce to the one-dimensional case by invoking the Stone-von Neumann
theorem; see Folland [37, §1.5].)

2. The Uncertainty Inequality in Hilbert Space

Heisenberg’s inequality (1.2) is an instance of a more general inequality concerning selfadjoint
operators on a Hilbert space, which also has an interpretation in terms of quantum observables.
Although our focus is on functions and their Fourier transforms, we shall take a little time to discuss
this general situation. See Folland [37] for more information.

The states of a quantum mechanical system are represented by unit vectors in an appropriate
Hilbert space JH, and the observable quantities of the system are represented by selfadjoint operators
on H. The way this works is as follows. If A is a selfadjoint operator, by the spectral theorem there
is a projection-valued measure P on R such that A = [AdP(}). If u is a unit vector, the map
we(E) = (P(E)u, u) is a probability measure on R that represents the distribution of the observable
A in the state u. The mean and variance of this measure are given by

M(uy) = /l(dP(l)u, u) = (Au, u),

Vi) = /(k — M(@))? [dPAyu, u) = [|(A — M(u))ul?.
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M () represents the expected value of A in the state u, while V (12,,) is a measure of the uncertainty
of A in the state u. In this context, the general uncertainty principle says that there is a positive
lower bound for the product of the uncertainties of two observables A and B in a state # whenever
(ABu, u) # (BAu, u).

To make this more precise, suppose A and B are densely defined operators on H, with domains
D(A) and D(B). Then the domain of the product AB is

D(AB) = {u € D(B) : Bu € D(A)},
and likewise for D(BA). The commutator [4, B] is defined as
[A.B]=AB—BA on D([A, B]) = D(AB)N D(BA).

Note that D([A, B]) C D(A) N D(B).

Proposition 2.1.
If A and B are selfadjoint operators and o, 8 € C,

I(A — a)ull (B — B)ull = 3I{[A, Blu, u)| forallu € D([A, B)). (2.2)

Proof. Since subtracting multiples of the identity operator from A and B does not affect
[A, B], we may assume thata = 8 = 0. If u € D([A, B]),

A, Blu, u)| = |{Bu, Au) — (Au, Bu)| = 2|Im({Au, Bu)| < 2}|Aul || Bul. O

The triviality of this proof should arouse one’s suspicions, and indeed there is less to Proposition
2.1 than meets the eye. In the first place, D([A, B]) need not be dense in J{; it can even be {0}.
This rarely happens in practice, but a more subtle difficulty is lurking in the shadows. The operator
[A, B] is usually not closed. If we denote its closure (the operator whose graph is the closure of the
graph of [A, B]in H x H) by C, that is, C = [A, B], we would expect to have

1Aull | Bul] > %I(Cu,u}l forallu € D(A) N D(B) N D(C). (2.3)

But this is generally false. For example, take }{ = L?([0, 1]); Af = if’ on the domain of
all absolutely continuous f on [0, 1] such that f* € L? and f(0) = f(1); and Bf(x) = xf(x)
(D(B) = H). Then [A, B] = il on the domain of all absolutely continuous f such that f’ € L?
and f(0) = f(1) = 0. Since this domain is dense in H and [A, B] is bounded, C is simply i/ on
H. But if u is the constant function 1, we have Au = 0 while |{Cu, u)] = 1, in violation of (2.3).

Of course, (2.3) follows immediately from (2.2) if for any u € D(A) N D(B) N D(C) there
is a sequence {u;} in D({A, B]) such that 4y — u, Auy — Au, Buy — Bu, and Cuy — Cu; the
trouble with the above example is that this condition does not hold. The following theorem, a slight
extension of a result of Kraus {69] (but with a new proof}, describes an important situation in which
it does.

Theorem 2.4.

Let G be a connected Lie group with Lie algebra g, and let 7w be a unitary representation of G
on H,. Suppose that X, Y € g and that the linear spanJ of X, Y, and [X, Y] is an ideal in g. Then
(2.3) holds with A = w(X), B=n(Y),and C = n([X, Y]).

Remark. Let ;" be the space of C™ vectors for . By results of Nelson [87], C|H5° is
essentially skew-adjoint. Since [A, B] is skew-Hermitian and [A, B]JHY® = C|H;°, it follows that
C =[A, B].

To prove Theorem 2.4, choose a sequence {¢y} C C°(G) such that ¢ = 1 for all £,
supp(¢x) — {1} as k — oo, and supkf l¢r] = M < oo. It is a classic result of Gérding (see
Knapp [67, p. 56]) that if u € H,, then m(¢)u € H; and m(¢)u — u as k — oo. We shall
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show that if u € D(w(Z)) for all Z € J, then m(Z)n(¢p)u — m(Z)u for all such Z. Since
HZ < D([7(X), m(Y)]), the theoreni then follows from the remarks preceding the statement.

Suppose then that u € D(x(Z)) for all Z € J. We first claim that 7 (x)u € D(w(Z)) and
7(Z)m(x)u = w(x)w(Ad(x~")Z)u forall Z € Jand x € G. Indeed, since G is generated by exp g
and Ad(exp W) = exp(ad W) where (ad W)(Z) = [W, Z] € 3, we have u € D(w(Ad(x)Z)) for all
x € Gand Z € 7. But then

= zr(x)ad-tn(x-l(exp tZ)x)u|  =n(x)r(Adx"HYZ)u.
t=0

w(Z)w(x)u = i71((exp tZ)x)u
dt t=0

Next, integrating both sides of this equation against ¢, (x), we obtain

(Z)m(pi)u = /¢k(X)7T(x)ﬂ(Ad(X"’)Z)u dx

= () (Z)u + / Gk () (x)[m(Ad(x™") Z2)u — 7 (Z)u] dx.

Now m () (Z)u — 7 (Z)u as k — o0, and the second term on the right is bounded by

M sup [m(Ad(x"")Z)u — n(Z)ul.
x€supp gy

Since x — Ad(x~')Z is continuous from G to J and since Z — m(Z)u is linear and hence
continuous from J to the finite-dimensional space m (J)u, this supremum tends to zero as k — oo,
and we are done. d

As far as we know, it is an open question whether the hypothesis in Theorem 2.4—that X, ¥,
and [ X, Y] span an ideal—is necessary. In stating the theorem, one could perfectly well assume that
g = J (the case considered by Kraus [69]), but the statement as given is natural for the proof and
also for the most important application, the n-dimensional generalization of Theorem 1.1.

To wit, on L>(R") we consider the selfadjoint operators P; and Q; (I < j < n) corresponding
in quantum mechanics to the components of momentum and position (with Planck’s constant / taken
to be 1). They are defined by

Pf =TT = 5 00 =X )
J

2mi

on the domains of all f € L2 such that&; f € L2 or x; f € L?, respectively. 27zi P; and 27ri Q; are
the infinitesimal generators of the one-parameter unitary groups

Ui fx) = f(x+te;), V@) f(x) =" f(x),

where e, is the jth standard basis vector for R". These groups fit together to make a unitary
representation ¢ of the (2n + 1)-dimensional Heisenberg group H,, which is the group whose
underlying set is R" x R” x R and whose group law is given by

P.q.200.¢.V=(p+pP.q+q. 2+ +3(p-¢' —q-p)).
Its Lie algebra b, has the same underlying set, with Lie product
[(p.q.2. (P.q'.2)]=(0,0,p-q"—q-p),

and the exponential map exp : i, — H, is the identity map in these coordinates. The representation
in question is

o (p,q,2) f(x) = TGP f(x 4 py, (2.5)
Clearly U;(¢) = n(te;,0,0) and V;(t) = m (0, re;, 0); thus, if we set

X =1(e;,0,0), Y; =(0,¢;,0), Z={(0,0,1),
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we have
o(X;)=2miP, a(Y;) =2miQ;, o(X;, Y1) =0(Z) =2mil.

For each j, the span of X ;, ¥;, and Z is an ideal in §,,, so Theorem 2.4 applies to give the following
result.

Corollary 2.6.
If fel*(R"),a,beR",and1 < j <n,

f(x,- —a,~>2|f(x)12dx/(sj = b’ IFOPdE > 7.

The case n = 1 of Corollary 2.6 is of course Theorem 1.1. The basic integration-by-parts
argument in the proof of Theorem 1.1 finds its general expression in Proposition 2.1, and the ap-
proximation argument needed to finish the proof in dimensions n > 1 is embodied in Theorem 2.4.
If one works out the proof of Theorem 2.4 for the particular case considered here, one finds that the
space of C* vectors for the representation o in (2.5) is simply the Schwartz class S(R") and the
approximation procedure in the proof of Theorem 2.4 amounts to approximating L? functions by
Schwartz functions in the obvious way, that is convolving with a smooth bump function and then
multiplying by a smooth cutoff function. (More precisely, this is the result if one takes the functions
% in the proof to be of the form ¢y (p, g, 2) = e "7 1¢} (PP (g9} (2).)

In general, two selfadjoint operators A and B on a Hilbert space H suchthat[A, B] = (27i)~'/
are said in quantum mechanics to be canonically conjugate. In this case the prescription 7 (X) =
2miA, n(Y) = 2niB, n(Z) = 2xil defines a representation of the Lie algebra ;. Theorem 2.4
implies that one has an uncertainty inequality

2
1A — aull (B = Bull = ﬂf;'r'— €30 27

(with the understanding that the left side is infinite if u ¢ D(A) or u ¢ D(B)) provided that the
representation w of §); exponentiates to a unitary representation of H,. But the example following
Proposition 2.1 shows that this hypothesis is not a mere formality.

Taking the square root of both sides in Corollary 2.6, summing over j, and using the Schwarz
inequality for vectors in C", we arrive at the following n-dimensional form of Heisenberg’s inequality.
We shall obtain an improved version of it in §5.

Corollary 2.8.
If f e L2(RY anda, b € R,

— 2
flx—alzlf(x)lzdx/Ié-blzlf(é)lzdé > "

4
Z T6n2 If1lz- (2.9)

When specialized to radial functions, Corollary 2.8 is equivalent to an inequality concerning
Hankel transforms of integer or half-integer order. The generalization to Hankel transforms of
arbitrary positive order has been established by Bowie [21].

Gesztesy and Pittner [42] give further conditions under which (2.3) is valid, with examples
and counterexamples. Chistyakov [24] has some generalizations of Proposition 2.1 to n-tuples of
operators. Ishigaki [59] discusses relationships between uncertainty inequalities of the type (2.7) and
other conditions on the operators A and B. Lahti and Maczynski [71] examine the role of uncertainty
inequalities in general quantum logics. Kempf [65] derives an uncertainty inequality for operators
satisfying a quantum-group analogue of the canonical commutation relation. Helffer and Nourrigat
[52] prove a Heisenberg-type inequality for systems of pseudodifferential operators satisfying a gen-
eralized form of the canonical commutation relations. Spera [109] discusses uncertainty inequalities
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in the context of geometric quantization of Kihler manifolds and shows that certain analogues of
Gaussian wave packets provide the extremal functions.

3. Variations on Heisenberg’s Inequality

In this section we return to the question of giving precise formulations of the principle (0.1)
by considering some generalizations and modifications of Theorem 1.1. For this discussion we shall
avail ourselves of the transformation (0.2) at the outset to remove the constants g and b from Theorem
1.1 and write the conclusion in the form

Ixflalg fll, = =2 G.1)

I £13
47

One obvious way to extend (3.1) is to replace L? norms by L? norms or the factors of x and &
by other powers of x and &. For example, we can obtain the generalization

2
[ (1<p=<2)
4

by starting with (1.3) and applying first Hélder’s inequality,
IF13 < 20xf 1o 1y
and then the Hausdorff-Young inequality together with the Fourier inversion theorem,
0 < NN = 2708 £l

More generally, one can consider inequalities of the form
I £ 6B AL = Kifl. (f € LA®)), (32)

wherea, b € (0, 00), p, g € [1,00],and y € (0, 1). Two observations are crucial to the understand-
ing of (3.2). First, invariance under dilations imposes a restriction on the parameters a, b, p, q, ¥;
and second, under this restriction, (3.2) is equivalent to an analogous “additive” inequality. To be
precise, we have the following lemma.

Ixf 1,1 Fllp =

Lemma 3.3.
A necessary condition for the validity of (3.2) is that
1 1 1 1
y(a+———)=(1—y)<b+—-——). (3.4)
p 2 q 2
Moreover, if (3.4) is satisfied, (3.2) is equivalent to
vl s, + A=A, z Kiflz  (f € L*R). (3.5)

Proof. Let f.(x) = f(cx) (c > 0). If we substitute f. for f in (3.2), we obtain

T @HUPH=E+ (/gD | IXI"fIIf,IIIEI”ﬂI:V > K2 fla.

If this is to be true for all ¢, the exponents of ¢ on the left and right must be equal, that is, (3.4) must
hold.

Inequality (3.2) implies (3.5) because of the elementary inequality s”#'~% < ys + (1 — y)t
(s,t = 0,y € (0, 1)). On the other hand, if we substitute f. for f in (3.5) and multiply through by
c!2, we obtain

ye o UPHAD e £ 4 (1 = )t VOB 1P F] > K f1l2.
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If (3.5) is valid, then this inequality holds for all ¢ > 0, and under condition (3.4) it is easily verified
that the minimum value of the left side (as a function of ¢) is nothing but the left side of (3.2). O

It therefore suffices to study inequalities of the form (3.5), and if one is not worried about the
sharpness of the constant K, one can dispense with the factors of y and (1 — y) on the left. Here
there is no restriction of the form (3.4), and the definitive result has been obtained by Cowling and
Price [26].

Theorem 3.6.
Suppose p,q € [1,00] and a, b > 0. There is a constant K such that
lixie £, + el 7Y, = K fl (3.7)
for all tempered functions f such that fis also a function, if and only if
1 1 1 1
a>-—— and b> - ——. (3.8)
2 p 2 g

Consequently, (3.2) is valid (with perhaps a different constant K) if and only if (3.4) and (3.8) both
hold.

The proof of this theorem in [26] involves a fair amount of work, but it requires only standard
real-variable machinery together with the fact that ff s1f(0)?dx < Cs < 1 when | fll = 1 and
fis supported in a fixed bounded set, which we shall prove (Theorem 8.4). The case p = q = 2,
a = b > 0 of (3.2) was first obtained via different methods by Hirschman [54].

Cowling and Price [26] also prove generalizations of (3.7) in which |x|® and |£|? are replaced
by more general weight functions. Generalizations of (3.2) of the same sort can be found in Benedetto
[10], [11] and Heinig and Smith [50].

De Bruijn [29] observed that a sharpened form of Theorem 1.1 can be derived using the Hermite

functions
1/4 _ k k
h() = 2 ( 1) ”i ().
VAN

(The normalizations here are a bit different from the usual ones.) It is well known (see Folland [37,
§1.7)) that (i) {A«}§° is an orthonormal basis for L3(R), (ii) ;l\k i~*hy, and (iii) 2/ xhi(x) =
vk 1he(x) + N 1(x). Given f € L*(R), if one expands f in a Hermite senes according
to (i) and then uses (ii) and (iii) to obtain the corresponding expansions of xf and & f one easily
arrives at the identity

o~ 1 &
Ixsf 13 + 1€ F12 = 3 ;(Zk + DI B (3.9)
Since || £13 = Yo" I(f, he}|?, this implies that
W fIE + 16 FIE = ”fjfz,

with equality if and only if f(x) = cho(x) = c'e ~7x* This in turn implies Theorem 1.1 by the
dilation argument used to derive (3.2) from (3.5). Another sharpened form of Theorem 1.1 using
Hermite functions can be found in Mustard [83].

The identity (3.9) also yields an improvement on Theorem 1.1 for odd functions. Namely, if
f is odd, then (f, hy) = O for k even, so

||fllz

Ixf13 + g F13 > (f(=x) == f(x)),
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with equality if and only if f(x) = ch;(x) = ¢’xe™™ . As above, this implies that

3||f||2 (f(=x) = —f(x)),

SANFIE
with equality if and only if f = cxe~@*". (Note that if f is odd, then | f|2 and | f|? are centered at
0, so the left side of (1.2) is minimized at @ = b = 0.) Skoog [102] has used this result to derive an
improved uncertainty inequality for functions vanishing on a half-line.

The Hermite function 4, is the eigenfunction with eigenvalue 27(2k + 1) of the Hermite
operator —(d/dx)? + 4m%x?. Thus the extremal functions for Heisenberg’s inequality (1.2) are the
ground states (eigenfunctions of lowest eigenvalues) for the operators —(d/dx)* + cx? (¢ > 0).
These are the quantum Hamiltonians for particles moving in a potential well V (x) = cx?, and it is
reasonable to expect the ground states for —(d/dx)* + V (x) also to have a rather small uncertainty
product for many other potentials V. Some precise results along these lines have been obtained by
Kahane, Lévy-Leblond, and Sjostrand [61]. Moreover, Borchi and Marsaglia [19] have observed
that one can find functions f supported in a finite interval [—a, a] (and with || f||» = 1) for which
VASPVAFD is arbltrarlly close to 1/1672 by taking f to be the ground state for a Hermite
operator —(d/dx)2 + cx?on[—a,a] subject to the boundary condition f{—a) = f(a) = 0.

Theorem 1.1 is somewhat unsatisfactory from the point of view of signal analysis, for the
following reason. Suppose f represents the amplitude of a signal for convenience we assume

I fll2 = 1. f must be real-valued, which means that f( =& = f (&), and in particular | f |2 is even.
Thus, to say that a signal is localized in frequency can only mean that | f |2 has a peak at some point
&o and an equal one at —§&,. But if & is large, the variance V(| f 12) will be large even if the peaks are
narrow, so Heisenberg’s inequality provides little information. One way around this difficulty is to
use the local uncertainty inequalities that we shall discuss in the next section. Another one, suggested
by Gabor [40], is to replace f by the “complex signal” f + i Hf (H being the Hilbert transform),
whose Fourier transform is 2 f x,oc)- A third one is to to consider the “one-sided variance”

VEAFR) = inf f & — b FE)1 de

instead of V(| f |2) Hilberg and Rothe [53] have shown that for real f with || f|l2 = 1, the prod-
uct V(| fIHVH( f |2) has a positive lower bound, which is the smallest eigenvalue of a certain
Sturm-Liouville problem, and the extremal functions are the Fourier transforms of the correspond-
ing eigenfunctions. See also Kay and Silverman [64] for the earlier history of this problem.

Uffink and Hilgevoord [115, 116] have developed a different version of the uncertainty prin-
ciple. Given two fixed numbers «, 8 € (0, 1), for a function f € L?(R) with || f||> = 1 they define
the mean width W( f) and the mean peak width w(f) of f to be, respectively, the smallest W and
the smallest w such that

c+W/2
max/ Lf(O)Pdx = a, V fx—w)f(x)dx| = B.

¢ Je—wp2
They then derive inequalities relating W( f) to w(f) and argue that these inequalities capture the
physics of the uncertainty principle more effectively than Heisenberg’s inequality.

Garofalo and Lanconelli [41], Thangavelu [114], and Sitaram, Sundari, and Thangavelu [101]
have obtained three related but inequivalent analogues of Heisenberg’s inequality for functions on the
Heisenberg group H,. Price and Sitaram [97] and Hogan [56] have obtained inequalities of the same
sort for functions on symmetric spaces of noncompact type and locally compact Abelian groups,
respectively, and Thangavelu [114] has some related results for Hermite and Laguerre expansions.
Nahmod [84] has derived an uncertainty inequality in a very general setting that relates to the spectral
geometry of elliptic and subelliptic operators.
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4. Local Uncertainty Inequalities

Heisenberg’s inequality says that if f is highly localized, then fcannot be concentrated near
a single point, but it does not preclude ffrom being concentrated in a small neighborhood of two or
more widely separated points. In fact, the latter phenomenon cannot occur either, and it is the object
of local uncertainty inequalities to make this precise.

The first such inequalities were obtained by Faris [34], and they were subsequently sharpened
and generalized by Price [91, 93]. The principal results in the setting of L? norms are summarized
in the following theorem. As in §3, we implicitly use (0.2) to reduce to the case where f and fare
centered at the origin.

Theorem 4.1.

L If0<acx< %n, there is a constant K, such that for all f € L*(R") and all measurable
E CR”,

- 2
f 1P < Kol EP/ [1x1% £
E
i. Ifa> %n, there is a constant K such that for all f € L*(R") and all measurable E C R",
- 2—(n/a)
f [P < KalEL £ i £
E

Part i is proved in Price [91] and Price and Sitaram [97], and part ii is proved in Price [93].
For both parts, the case @ = 1 is due to Faris [34]; related results are in Benedetto [10]. Price [91]
also contains a generalization involving the L? norm of |x|* f rather than the L? norm. As in the
preceding section, the relations among the exponents in these inequalities are forced by homogeneity

considerations. As discussed in [93], examples show that the restriction o > %n is necessary for part

ii; hence part i also fails fora = %n, and it is a simple exercise to see that i cannot hold for ¢ > %n.
The constants K, can be described quite explicitly, but we shall not do so here.
Let us indicate the proof of part i. Let x, denote the characteristic function of {x : |x| < r}

and x, = 1 — x,. Then for any r > 0 we can write

(/E iflz) = | fxelle S W Fx-Txell2 + 1 x)Dxell2

<LEMN T Moo + 1 X2

Now
I xS Noo < N F el < 117 xe [, 1% 1 F [, < Car ™27 | 1x1 £,
and
Lol < el x| it £, < r=f1xi= £],.
50

A\
( / |f12> < (ColEIArD7 4 17| x ) ||,
E

The desired result is obtained by choosing r so as to minimize the quantity on the right.
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Each of the inequalities in Theorem 4.1, for any fixed value of «, implies a corresponding
global uncertainty inequality of the type (3.2). For example, if 0 < @ < %n, we have

=17 = [ 17+ [ f
|§1<r 1§1zr
e N e e [ e
Choosing r so as to minimize the expression on the right, we obtain
1F13 < Ko |txie £, )61 7,

A similar argument yields the same result when o > %n. Thus, local uncertainty inequalities are
qualitatively stronger than the global ones of §3. It should be noted, however, that in the case o« = 1
the constant K thus obtained is not the optimal constant 47 /n of Corollary 2.8, even if one uses the
best constant K, in Theorem 4.1.

The form of the inequalities in Theorem 4.1 adapts itself readily to other Plancherel groups.
Indeed, the analogue of part i for such a group should be

fE IF )% dn < KolEPwl 12 (0 <6 < b, (4.2)

where | E| is the Plancherel measure of £ and w is a weight function on G related to the distance to
the group identity or perhaps the distance to a suitable “thin” subset of G. Results of this sort have
been obtained in the following situations:

1. (Price and Racki [94]) G is the n-torus T" and w(x) = |x|", |x| being the Euclidean distance
from x to the identity. There is also a generalization with fjw® £ i, replaced by [jw® f}| p-

2. (Price and Sitaram [96]) G is a compact metric group and w(x) is the measure of the smallest
ball about the identity containing x. Here the {E| on the right, however, is not Plancherel
measure but a somewhat larger measure. An analogue for functions on compact Riemannian
manifolds, relative to the spectral decomposition of the Laplacian, is also given.

3. (Price and Sitaram [97]) G is either a noncompact semisimple Lie group or a Euclidean
motion group, and w(x) is the measure of the set of points whose distance (in a suitable
sense) to the maximal compact subgroup K of G is at most that of x. Here, however, the
authors estabhsh (4.2) only for K-finite functions; this restriction is necessary to obtain a
bound for ||f(7T)"HS in terms of || f1|;-

4. (Price and Sitaram [97]) G is the Heisenberg group H, described in §2 and w(p, q, z) = |z|.
Another version of (4.2) for H,, with w(p, ¢, z) = ((|p|* + lg1%)?* + [z>)"*! but involving
a more refined description of the Fourier transform on H,, appears in [101].

5. (Hogan [56]) G is a locally compact Abelian group.

In all of these cases, the basic idea of the proof is similar to that given above, but the complete
argument involves results from the representation theory of the group in question.

We return to R". One consequence of Theorem 4.2 is that if || |2 = 1 and E is the complement
of a set of small measure, a sufficiently small upper boundon ;. | f f12 will force a positive lower bound
on the variance V(] f]?). Strichartz [110] has shown that a similar result holds for much “thinner”
sets E provided that they are “evenly distributed.” For example, if E is the union of a collection
of evenly spaced concentric spheres or a collection of evenly spaced parallel hyperplanes and o
denotes surface measure on E, a sufficiently small bound on || elf 12 do will imply a posmve lower
bound on V(] £|?). (It is no restriction to assume that V (j f}?) < oo, which means that F belongs
to the Sobolev space L?; this is enough to guarantee that the restriction of f to a codimension-
one submanifold is well defined.) Strichartz [110] also has a similar result for functions f on
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the unit sphere S, C R™: If f = 3} f; is the expansion of f in spherical harmonics and E is
n “evenly spaced” subset of Z*, a small upper bound on } . || fi ||2 will imply a positive lower
bound on f 3 sin® d(x)| f (x)|2a’o— {x) where d(x) is the distance from x to a fixed xo € S,. An
analogue of Strichartz’s theorem for functions on real hyperbolic n-space has been obtained by
Sun [112]. _
If the function f is supported in a bounded set, one easily obtains bounds on f and its derivatives
that limit the concentration of f in any small set and may provide lower bounds for the concentration
of f in sufficiently large sets. For example, one has the following simple local uncertainty inequality:

/;Iflz <IENNFIZ < |EHFI} < IElx : £&) # 0N I1F13 (4.3)

A local uncertainty inequality in this spirit, but applying in some cases to sets E of infinite Plancherel
measure, has been obtained for the spherical Fourier transform on certain noncompact symmetric
spaces by Shahshahani [98].

We close by quoting an interesting theorem of Logvinenko and Sereda [79] and Kacnel’son
[60] (see also Havin and J6ricke [48]), obtained by studying L? norms on spaces of entire functions
and then applying the Paley—Wiener theorem. If E C R* and 1 < p < o0, the following conditions
are equivalent: (i) for every bounded B C R” there exists ¢ > O such that f el f P > cllf {IZ for all
f supported in B, and (ii) there exist y > 0 and a cube K C R" such that [E N (K + x)| > y for
all x e R™.

5. Logarithmic Uncertainty Inequalities

Suppose p is a probability density function on R". Following Shannon [99], we define the
entropy of p to be

E(p) = — ] p(x)log p(x)dx.

This notion of entropy is related but not identical to the more familiar entropy — 3 _ p; log p; (also
due to Shannon [99]) of a probability distribution on a discrete sample space. Unlike the latter, E(p)
can have any value in [—o00, 00], and it can also be undefined (i.e., of the form 0o — 00). Clearly
any sharp peaks in p will tend to make E(p) negative, whereas a slowly decaying tail will tend to
make E(p) positive; hence E(p) is a measure of how localized p is. (See Bialynicki-Birula [17] for
a discussion of the significance of entropy in quantum mechanics.) E(p) is related to the covariance
matrix V{p) as follows.

Theorem 5.1.
If p is a probability density function on R" with finite variance, then E (p) is well defined and

E(p) < 3log[(2me)* det V(p)]. (5.2)

This theorem is due to Shannon [99], who argued by proposing to maximize E(p) among all
p with a given variance. He solved a calculus of variations problem to find that the critical points for
E are the Gaussians, computed E(p) for p Gaussian, and claimed (5.2) as a result. That the critical
points actually give the global maximum can be established by using the concavity of the functional
E—a point Shannon omitted to mention. Rather than give the details, we shall present an elegant
proof that was communicated to us by W. Beckner.

By composing p with a translation and a rotation, which does not affect the quantities in (5.2),
we may assume that M (p) = 0 and that the covariance matrix V; (p) = f x;xp(x) dx is diagonal.
Moreover, if p(x) is replaced by

c1---cnp(C1Xt, .o, CnXy) (c1r..cr0n >0,
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then both sides of (5.2) decrease by the amount ) log c;; so by taking ¢; = ,/V;;(p) we may even
assume that V{p) = I. Let

$(x) = Quy" 2 Pp(x),  dy(x) = Qu) e H 2 dx

sothat [ ¢dy = [ pdx = 1. Since y is a probability measure and 7 log ¢ is a convex function of
t, Jensen’s inequality gives

Oz[qudy]log[/(f)d)/] 5f¢log ¢dy

1
= /p(x) l:% log 27 + zlxl2 + log p(x)] dx

n 1
= 5log 27 + 5 > Vii(e) ~ E(p).

Since V;;(p) = 1 = det V(p), (5.2) follows.
The fundamental uncertainty inequality in terms of entropy is the following.

Theorem 5.3.
If f € LA(R™) and || fl2 = 1, we have

E(f®) + E(F1?) = n(1 - log2)
whenever the left side is well defined.
Hirschman {54] conjectured Theorem 5.3 but was able to prove only the weaker inequality
E(f®)+E(f?) = 0. (5.4)

(Leipnik [76] independently discovered Theorem 5.3, but his argument contains the same sort of
gap as Shannon’s proof of Theorem 5.1, and concavity is no help here.) Hirschman’s proof of (5.4)
consists of combining the Hausdorff-Young inequality || flls < I fll, 1 < p <2, p~' +g7 ' =1)
with the following trivial but useful lemma.

Lemma5.5.
Suppose ¢p(t) < Y(t) fora <t < b and ¢{a) = ¥ (a). If ¢ and ¥ are differentiable at a,
then ¢'(a) < ¥'(a).

If one writes the Hausdorff—Young inequality as

g—1
/ 17l < [ / |flq/“'-“] (¢>2)

and applies Lemma 5.5 to the expressions on the left and right as functions of ¢ (witha = 2), assuming
f is such that all the integrals in question are finite for ¢ near 2, one immediately obtains (5.4). (For
the straightforward limiting argument to remove the restriction on f, we refer to Hirschman [54].)
As observed by both Beckner [6] and Bialynicki-Birula and Mycielski [18], Theorem 5.3 follows
by applying the same argument to the sharp Hausdorff—Young inequality of Beckner [6],

Ifllg < p"*Pq™™ | fll, (1 <p<2 pl4gi=0. (5.6)
If one combines Theorems 5.1 and 5.3, one immediately obtains the following corollary.

Corollary 5.7.
IffeLl)Randlfll2=1,

det V(| f) det V(I fID) = (1622,
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Corollary 5.7 is a strengthening of Corollary 2.8, for if p is any probability density function
on R”*,

1
[det V(p)]'/" < " / lx — M(p)I*p(x)dx.

(This is just the inequality of arithmetic and geometric means applied to the eigenvalues of the matrix
V(p).) Hence Theorem 5.3 can be regarded as a sharp form of Heisenberg’s inequality.
The preceding results are discussed in Heinig and Smith [50], which also contains a version

of Theorem 5.3 with weighted norms.

Since the proof of Heisenberg’s inequality is of an elementary nature, whereas Beckner’s
inequality (5.6) is a deep theorem, one may wonder whether we have used heavy machinery merely
to obtain a mild improvement on Heisenberg’s inequality or whether Theorem 5.3 is really a more
powerful result. In fact, the latter alternative is the case. As Beckner [7] has shown, Theorem 5.3
yields a short proof of a remarkable improvement on Gross’s logarithmic Sobolev inequality, itself a
deep theorem closely related to (5.6) and Nelson’s hypercontractivity theorem. (See Gross [44, 45]
and Beckner [6].) Indeed, let

dy(x) = 2n) "2 2 gy (x e RY)
and define the unitary map T : L%(y) — L2*(R") by
Tg(x)= 2"/4e“""'|2g(271'/2x).

If we apply Theorem 5.3 to f = Tg, use the facts that
- 1 ,
/lflzlf(é)lzdé = m/IVf(x)l'dx

and
[Vf)? =220 D[ [Vg@2r'x) P + mlx|*|g(2m 2x) 2

—27 '/ Relg(2n/2x)x - Vg (2Zn 72x)]]e 2T,
and integrate the cross term in this last expression by parts, we obtain the following theorem.

Theorem 5.8.
Suppose [|g|*dy = 1,andlet§ = T~'FTg. Then

/ g log gl dy + / P log [31dy < f Vel dy. (5.9)

Gross’s inequality is (5.9) with the term involving g omitted, which follows from (5.9) since
both terms on the left are nonnegative. (To see this, use Jensen’s inequality as in the proof of Theorem
5.1 with ¢ = [g|* or |2]%.)

Beckner [7] has recently proved another logarithmic uncertainty inequality:

/lf(x)lzlc)glx—aldx+/lf(§)lzlog & — bldg > [y (5n) —logrr]/lf(x)Izdx (5.10)

forall f € L*(R™) for which the quantity on the left is defined, where ¥ is the logarithmic derivative
of the gamma function. Beckner first establishes the inequality

o~ o 7T (z(n — @)
d —_—
flf(s)l 1§17 d§ < Fdn+a)

and then applies Lemma 5.5 to get (5.10) with a = b = 0; the general case follows by using (0.2).
Like Theorem 5.3, (5.10) is related to logarithmic Sobolev inequalities and implies Heisenberg’s

inequality.

/If(x)lzlxl“dx O<a<n)
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6. Wigner Distributions and Ambiguity Functions

In this section we discuss some uncertainty relations for functions on R” that are expressed
in terms of certain functions on x&-space (“phase space”). For a more detailed explanation of these
ideas, including several calculations that are elided here, we refer the reader to Folland [37, §§1.4
and 1.8].

To begin with, we consider the matrix elements of the phase-space translations

a(p,q,0) f(x) = ™" f(x + p).

(Here o is the representation of H, given by (2.5). Since o (p, g, z) = ¢***a(p, g, 0), no essential
information is lost by restricting to z = 0.) That is, for f, g € L*(R"), we define

A(f, 8)(p.q) = (0 (p.q.0)f, g) = f e f(y + 1p)g(y — 1p) dy. (6.1)

A(Yf, g) is called the Fourier—Wigner transform of f and g in Folland [37]; in the radar engineering
literature it is known as the cross ambiguity function of f and g, and A(f, f) is the ambiguity
function of f. Also, A(f, g) differs only by a factor of ¢™*P7 and the substitution ¢ — —q from the
windowed Fourier transform or short-time Fourier transform

5 (o) = [ 750 - ) dy.
The Fourier transform of A(f, g) is the Wigner transform of f and g, namely,

W(f, )€ x) = f f P AF, 6 (p, q)dpdg

= /e‘z”if"'f(x + 1p)g(x — 1p)dp.

(The second equality follows from the Fourier inversion theorem.) Clearly A(f, g) and W(f, g) are
related not only by the Fourier transform but by the more elementary identity

W(f, 8)(§ x) =2"A(f,®)2x, —25)  [g(x) = g(-x)]. (6.2)

W(f, f) is called the Wigner distribution of f and has the following quantum interpretation.
Suppose || f|l2 = 1, so f represents a quantum state. We would like to speak of the joint distribution
p of momentum P and position Q in the state f. Such a thing does not exist because the uncertainty
principle forbids the simultaneous determination of momentum and position, but if it did, its inverse
Fourier transform g(p, q) = [[ P4+ 4%) p(&, x) d€ dx ought to be the expected value of the
observable exp2mi(p - P + g - Q) in the state f. But if we interpret P and Q as the operators
(27i)~'9/8x and x as in §2, exp 27i(p- P +q - Q) is nothing but o (p, ¢, 0), so the desired expected
value is A(f, f)(p, q). Hence p ought to be W(f, f).

This almost works! In general, W(f, f) is not a probability distribution function because it
can assume negative values, but it is not hard to verify that it has the right marginal distributions for
position and momentum in the state f:

/ W(f, )& x)dE = |f(x)]%, f W(f, HE x)dx = | FE)% (6.3)

Therefore, W( f, f) can be considered a “phase-space portrait” of the function f. More classically,
ifn = 1 and f is interpreted as the amplitude of a signal, W(f, f) is the “time-frequency portrait”
of f; de Bruijn [29] calls it the “musical score” of f.
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In this setting, the uncertainty principle says that W (f, f) cannot be too sharply localized.
Indeed, by (6.3), Corollary 2.8, and the inequality o + g% > 2af,

J[ 0z =ait 15 —bwcs, £365.5) ds s
1113 o9
= / Ix — a1 f(x) dx +/IS — b f (&) dE = ?2
which is the analogue of Heisenberg’s inequality for Wigner distributions.
Additional inequalities of this type can be found in de Bruijn {29]. Another intriguing result of
de Bruijn [29] (see also Folland [37, §1.8]) is the following. As we have stated above, W( f, f) can

have negative values. However, let us set y.(x) = e "¢~"*/¢’ a Gaussian of total mass 1 whose
peak has width roughly €. Then

Wes(f, ), x) =f W(f, Y& =n, x = y)vemys(y)dndy 2 0 (6.5)

for all f € L? if and only if €8 > 2. Inequality (6.5) guarantees that W ;(f, f) is a genuine prob-
ability distribution function. Intuitively, it is the joint distribution of “momentum to within an error
€” and “position to within an error §,” and the uncertainty principle is the fact that this makes sense
precisely when €8 > 2. Further results along these lines can be found in Ali and Prugovecki [1] and
Busch [22].

Other uncertainty inequalities for W( f, f), or more generally W( £, g), can be obtained by
estimating its L? norm. By (6.2), this is equivalent to estimating the L? norm of A(f, g), for which
the formulas turn out to be a little simpler. First, it is obvious from (6.1) and the Schwarz inequality
that

HACS, @)lloo = I F 201812 (6.6)
It is less obvious, but still easy to verify, that
A, o)l = ILF 12118l (6.7

Thus [, |ACf, &) < IACS, ©)I%IEl < IIACf, &)I31E], so the mass of |A(f, g)|* cannot be con-
centrated in any set of small measure.

If we normalize f and g so that || fll2ligll2 = 1, we have [A(f, g)}] < | by (6.6) and (6.7),
so [1A(f, g)|? is a decreasing function of p. The rate of decrease is less rapid when A(f, g) is
more concentrated; the extreme case (not actually achieved) would be when |A(f, g)| = xg with
|E| = 1. Hence the uncertainty principle can be embodied in a lower bound for the rate of decrease
of f |A(f, g)|? as p increases. In fact, Lieb [78)] has shown that

/IA(f, I =@/p)iflishels ifp =2,
(6.8)

f AL 917 = /Y IFIZIglE if p <2.

(Lieb (78] deals explicitly only with the case n = 1, but the passage to higher dimensions is
straightforward. By (6.2), the same estimates hold for [ |W(f, g)|7 with an extra factor of 277~
on the right.) Lieb [78] also has generalizations of these estimates in which the L? norms of f and
g are replaced by L7 norms for other values of g.

By applying Lemma 5.5 to (6.8), one obtains the entropy inequality

—/IA(fv &) log|A(f, &)I> = 1 whenever || fll2llgll = 1. (6.9)
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In a somewhat different form (more general in one respect and less so in another), this had been
conjectured by Wehrl and proved by Lieb in an earlier paper [77], where one can also find a discussion
of its physical interpretation. As was first shown by Grabowski [43], one can deduce Heisenberg’s
inequality from (6.9). The simplest way is to translate (6.9) into an inequality for W(f, g) via (6.2),
set g = f, and apply Theorem 5.1 to obtain (6.4).

In quantum statistical mechanics one considers not only “pure states” defined by unit vectors
f € L? but also “mixed states” defined by positive trace-class operators T of trace 1, that is,
operators of the form 7 = Y _¢; Py, where { f;} is an orthonormal sequence, Py, is the orthogonal
projection onto Cf;, ¢c; > 0, and Y ¢; = 1. (The pure states are those for which the sequence
{f;} has only a single term f.) The Wigner distribution of such an operator T is defined to be
W(T) =3 c;W(fj. f;)- This again resembles a probability distribution function except that it can
have negative values. Assuming that its second moments are finite, one can consider its mean and
covariance

M=/zW(T)(z)dz, Vik =/€j§kW(T)(z)dz (z=¢,x), {=z—-M).

Narcowich [85] has made an interesting study of the uncertainty principle in terms of the matrix V.
He characterizes those real positive definite matrices V that are covariances of Wigner distributions,
gives a symplectically invariant formulation of Heisenberg’s inequality for the state T in terms of
invariants of V, and interprets it in terms of the geometry of the quadratic form defined by V.

7. Qualitative Uncertainty Principles

By a “qualitative uncertainty principle” we mean a theorem that, without giving quantitative
estimates for f and f says f and f cannot both be too localized unless f = 0. Here “too localized™
can be taken in several senses, of which we shall focus on two: restrictions on the sets where f and
f are nonzero, and bounds on the rate of decay of f and f at infinity.

Our first group of results concerns the sets

E(f)={:f@#0) and (=1 &) #0).
The first simple result, valid on any locally compact Abelian group, is that
0#fel’ = TPz (7.1

This follows immediately from (4.3) by taking £ = E(f). Equation (7.1) was first derived by
Matolcsi and Sziics [80]; it has been generalized to commutative hypergroups by Kumar [70}. On
R”", however, something much stronger is true.

Theorem 7.2. _
If f € L'(R") and |S(F)1Z(F)| < o0, then f = 0.

_(Note that if f € L? (p > 1) and |Z(f)| < oo, then f € L' and thatif f € L' and
| Z( f )| < oo, then f € L? forall p > 1; hence the theorem applies equally to L” functions.) This
theorem is due to Benedicks [16], whose elegant proof, first circulated as a preprint in 1974 but not
formally published for another decade, we reproduce below. It relies on the following form of the
Poisson summation formula, the proof of which is an amusing exercise (or see Benedetto, Heil, and
Walnut [13]).

Lemma 7.3.
Iffel! (R") the seriesp(x) =), ez f(x +k) converges in LY(T™), and the Fourier series

0f¢ is ZkeZ" f(k)ekax
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To prove Theorem 7.2, we may assume that | (f)| < 1 by composing f with a dilation. We
have

/{0 y > xzp +Rds =/R Xz ®) dE = |E(f)] < o0,

keZn
f Z Xz(nlx +k)dx =/ xznx)dx = |Z(fHl < 1.
011 gezn R"

These inequalities imply, respectively, that

i. Thereexists £ C [0, 11" with |[E| = 1 suchthat )_ XzHa+k) <oofora € E, and hence
f(a + k) # 0O for only finitely many k ifa € E;

ii. There exists F C [0, 1]* with |F| > Osuch that }_ xs(s)(x + k) = O for x € F, and hence
flx+k)=0forallkifx € F.

Givena € E, let
¢a(x) = Z flx+ k)e—Znia(x-\t-k)..

keZr
By Lemma 7.3, ¢, € L'(T") and the Fourier series of ¢, is Y Fla+k)e***_Sincea € E, ¢, is a
trigonometric polynomial. In particular, ¢, is analytic, so either ¢, = O or {x : ¢, (x) = 0} intersects
every line in a discrete set and hence ¢, # 0 a.e. On the othEr hand, |¢p,(x)| < Y 1f(x+ k)| =0
for x € F. We conclude that ¢, = O foralla € E, whence f(a+k) =0foralla € E and k € Z.
In other words, f = Qae.,so f =0.

Amrein and Berthier {2] have given a different proof of Theorem 7.2, and their methods also
yield the following complementary result: If E and F are sets of finite measure in R”, the space of
all f € L>NL*® suchthat f = Oon E and f: O on F is infinite-dimensional. See also Busch {22].

There is a large literature on the existence or nonexistence of functions f on R or T subject to
various restrictions on X (f) and X (f). We refer the reader to Benedicks [15], Havin and Joricke
[48], and Benedetto [9] for a fuller discussion. Here we shall just mention a few results related to
Theorem 7.2.

1. If0# f € L'(R) and Z(f) is bounded, then fis the restriction of an entire function on
C,soR\ X (f) is a countable discrete set. Moreover, by the Whittaker—Shannon sampling
theorem (see Dym and McKean [32, p. 129]; Benedetto [11]; or Benedetto, Heil, and
Walnut [13]), R \ 2(?) cannot contain any complete arithmetic progression &y + »Z with
b < [diam(Z(f))]"".

2. (Kargaev [62] and Kargaev and Volberg [63]) There exists a set E C R of positive finite
measure, such that X vanishes on an interval, and a function f € L'(R), such that |[Z(f)| <
oo and IR\ Z(f)| = o.

3. Melenk and Zimmerman [81] have recently given an explicit elementary construction of an
infinite-dimensional family of functions f € L' N L> N C* on R such that both f and f
vanish on sets of the form [—a, a] 4+ 8aZ, where a can be specified independently for f
and f

It should be noted that Theorem 7.2 does not extend to distributions. Indeed, in the language
of distributions Lemma 7.3 says that the periodic delta-function ), .z. §(x — k) is its own Fourier
transform, and its support Z" has measure zero.

Itis natural to conjecture the following variant of Theorem 7.2 relating to Wigner distributions:
IFIZ(W({f, )| < oo, then f = 0. As far as we know, this is an open question, but the following
partial results are available. First, from (6.3) and Theorem 7.2 it is clear that Z(W (£, f)) cannot be
bounded unless f = 0. Second, if f is either even or odd, then W (f, f) is its own Fourier transform
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up to a linear change of variable by (6.2); hence in these cases the conjecture follows by applying
Theorem 7.2 to W(f, f). (This is an unpublished remark of D. Mustard.)

Theorem 7.2 can be generalized to many other locally compact groups. A little experimen-
tation with examples suggests the following formulation of a qualitative uncertainty principle for a
Plancherel group G. For E C G and F C G let |E| and | F} denote the Haar measure of E and the
Plancherel measure of F, respectively.

Suppose f € LN(G). IfIZ(f)| < |G| and |=(f)| < |G|, then f = 0. (7.4)

If G = T", (7.4) simply says that a nonzero trigonometric polynomial cannot vanish on a set
of positive measure, a fact that we have already noted in the course of proving Theorem 7.2. The
same reasoning shows that (7.4) is valid when G is any connected compact Lie group. The following
additional results are known.

1. (Hogan [57]) Suppose G is infinite and compact. Then (7.4) holds if and only if G is
connected. Corollary: If G is a discrete Abelian group, (7.4) holds precisely when G is
connected or, equivalently, when G is torsion-free.

2. (Hogan [55], [S7]) If G is Abelian, noncompact, and nondiscrete, (7.4) holds precisely
when the identity component of G is noncompact. Hogan [57] also has an extension of
this result that applies to certain non-Abelian groups, and Kumar [70} has generalized it to
certain commutative hypergroups (but see Voit [117, Remark 2.4] for comments on Kumar’s
hypotheses).

3. (Price and Sitaram {95] and Sitaram, Sundari, and Thangavelu {101]) Assertion (7.4) is valid
for the Heisenberg group H,, where it can actually be strengthened in several ways.

4, (Cowling, Price, and Sitaram [27]) Assertion (7.4) is valid when G is a connected, noncom-
pact, semisimple Lie group with finite center, provided the condition |Z (f)| < |G| (= o)
is replaced by |K Z( f) K| < oo, K being the maximal compact subgroup of G.

5. (Echterhoff, Kaniuth, and Kumnar [33]) If G has a noncompact, nondiscrete normal subgroup
H such that (7.4) holds for H and G/H is compact, then (7.4) holds for G. In particular,
(7.4) holds for the group of rigid motions of R” and for R" x K where K is compact. (See
Price and Sitaram [95] for some variants of the latter results.) [33] also contains a number of
other related theorems. Note, however, that the uncertainty principle considered throughout
[33] is not (7.4) but the assertion that if [X(f)| {Z(f)| < oo, then f = 0; this excludes
compact groups and discrete Abelian groups from consideration.

6. (Meshulam [82]) Suppose G is a finite group. If f is a function on G let |Z(f)| denote
the cardinality of X (f) and R(f) the rank of the convolution operator g — f x g. Then
[Z(HIR(f) = |Gl unless f = 0. If f(1) = 1, |Z(fHUR(S) = |G| if and only if
H = Z(f)isasubgroup of G and f|H is a one-dimensional character of H. Note that if G
is Abelian, then R(f) is the cardinality of Z(f); the result in this case is due to Donoho and
Stark [31].

It should be emphasized that (7.4) is false for many disconnected groups. The following result,
while not of maximum generality, covers most of the interesting cases.

Theorem 7.5.
If G has a normal compact open subgroup H, not equal to G or {1}, such that G/ H is either
Abelian or finite, then (7.4) is not valid.

Proof. (See Folland [38] for the necessary background.) G/H is discrete, so (G/H )
is either a compact Abelian group or a finite set, and it sits inside G as the set of irreducible
representations of G that are trivial on H. If # € G, the Schur orthogonality relations easily imply
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that X (7) = |, y T(x)dx = |H|P, where P is the orthogonal projection onto the space
={veH, :n(hv=vforallh € H}.

But since w(h)w(x) = m(x)mw(x"'hx) and H is normal, G{f is invariant under w. Since w is
irreducible, 9{,',’ is either 3(; (which means that = € (G/HY) or {0}

Thus, Z(Xy) = (G/HY". Since H # {1}, we have |G\ (G/H)] > 0,and |(G/HY} < 00, s0
ISl < |§[. On the other hand, since H # G, it follows that |Z(xu){ = |H] < |G|. O

‘We now turn to the results concerning the decay of f and fat infinity. The prototype of these
is the following theorem of Hardy {49].

Theorem 7.6.
Fora,b > Qlet E(a, b) be the space of all measurable functions f on R such that

If ()] < ce™™ and | F(£)] < ce™®™"  for some ¢ > 0.

Ifab < 1, then dim E{a,b) = o0, ifab = 1, then E(a,b) = Ce"””‘z; and if ab > 1, then
E(a, b) = {0}.

We give a sketch of the proof; Dym and McKean [32, §3.2] is a good reference for the details.
The rescaling f(x) — f(Ax) maps E(a, b) onto E(A\%a, A~2b), so we may assume a = b. First,
if a < 1, the Hermite functlons discussed in §3 all belong to E(a, a). Next, if f € E(1, 1), the
condition | f (x)l < ce ™ easily implies that f extends to an entire function on C and satisfies
| f @ <c 1gmlal Smce also | f (g ) = ce™™ for Ereal,a Phragmen—Lmdelof argument allows one
to conclude that f(z) = Ce’”’ for some C and hence f(x) = Ce ™. Finally, if @ > 1, then
E(a,a) CE(Q,1) and e~"% ¢ E(a,a),so E(a,a) = {0}.
Cowling and Price [25] have obtained the followmg L? complement for Theorem 7.6: Suppose
P, q € [1,00] and min(p, g) < oo. If [|e®™% f]|, + [|e?™8 fll, < oo with ab > 1, then f = 0.
(Again, the Hermite functions show the necessity of the condition ab > 1.)
The case ab > 1 of Theorem 7.6 and its L” version is an easy corollary of the following
elegant result of Beurling, whose proof, in the same spirit as that of Theorem 7.6, has been published
by Hérmander [58]: For f € L'(R),

/ L) FE) ¥ dx dE < oo N f=0. (1.7)

Sitaram, Sundari, and Thangavelu [101] have derived analogs of Theorem 7.6, using Theorem
7.6 itself as a tool, for R” and the Heisenberg group H,. For R" the result is identical to Theorem
7.6 with x? and £2 replaced by [x|* and |£(?, and the proof consists of using the Radon transform to
reduce to the one-dimensional case. For H,, the result is as follows: Suppose f is a function on H,
such that | f(p. ¢, 2)| < g(p. 9)e™*"% and || f(o3)llus < Ce™™¥, where g € (L' N L2)(R¥") and
ox(p,q,2) = o(p, Ag, Az) with ¢ given by (2.5); then f = 0 provided ab > 1. Also, Pati et al.
[88] have obtained an analogue of Theorem 7.6 for Hermite expansions on R”—namely, if f and its
Hermite coefficients both decay very rapidly at infinity, then f = 0.

The crucial fact that allows the use of complex analysis to prove Theorem 7.6 is that the
characters e;(x) = ¢*"¢* of R can be analytically continued in £ to give (nonunitary) characters
with exponential growth in x. A similar phenomenon happens for irreducible representations of many
noncompact non-Abelian groups G. More precisely, one may have families of unitary representations
of G indexed by R” that can be analytically continued to get a family of (nonunitary) representations
indexed by C" whose matrix elements satisfy certain growth estimates on G. If these representations
suffice for the Plancherel formula, one can hope to obtain an analogue of Theorem 7.6. This has
been done by Sundari [113] when G is the group of rigid motions of R" and by Sitaram and Sundari
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[100] when G is a connected semisimple Lie group with finite center and either (i) G has only one
conjugacy class of Cartan subgroups or (ii) attention is restricted to right K -invariant functions.

The rapid decay of f at infinity imposes restrictions not only on the decay of f at infinity but
also on the local decay of f near a point. For example, if f is a function on T and | f (k)| < ce™**|,
then f is analytic and so cannot have a zero of infinite order. More sophisticated theorems of this
sort for functions on R or T can be found in Havin and Joricke [48]. Pati et al. [88] have derived a
sort of hybrid of this result and Theorem 7.6 for eigenfunction expansions of elliptic operators with
analytic coefficients on compact Riemannian manifolds.

Havin and Joricke [48] contains many additional results concerning local or global decay
conditions on f and f. We shall mention only one, a neat theorem of Nazarov [86] whose flavor
is similar to (7.7) but which implies Theorem 7.2 (for n = 1) rather than Theorem 7.6: There is a
constant ¢ > 0 such that for all A, B C R of finite measure and all f € L%(R),

I £l < cetAlIBl [ /R y If1+ /R . |f|2] -

8. Theorems on Approximate Concentration

Despite their mathematical solidity, the results of the preceding section—with the exception
of the simple-minded (7.1)—have little to say about physical phenomena because they are unstable
under the small errors that inevitably arise in the correspondence between theory and experiment.
After all, the world is full of signals that are synthesized from a finite band of frequencies and last for
a finite length of time, no matter what Theorem 7.2 says, and one would like a mathematical theory
that says something useful about such signals. Thus, we wish to consider functions f on R” and sets
A, B C R" suchthat f and f are “negligibly small” on the complements of A and B, respectively;
and we ask what sort of sets A and B allow functions with this behavior and what sort of functions
they are. The uncertainty principle will be expressed as a restriction on the sizes of A and B.

Here is a very simple result of this sort, due to Williams [120]. Suppose f and f are both in
L'; then

/Alfl < I llolAl < U FU1IAL

Multiplying this inequality by an analogous one with f and finterchanged, we obtain

fAIfIfB!fl
N

Note that this gives another proof of (7.1).

More interesting, however, are the results relating to L2 norms. If G is any locally compact
Abelian group, f € L3G), A C G, and € > 0, we shall say that f is e- -concentrated on A if
fc\A IF12 < erG { £, and we wish to know what can be said about f, A C G,and B C G if fis
e-concentrated on A and f is §-concentrated on B. This problem, for G = R”, was first discussed in
a lecture by Fuchs [39] at the 1954 International Congress. Landau, Pollak, and Slepian then made
a detailed study of the case where G = R and A and B are intervals; we shall discuss their work
below. However, the simplest and most general results, valid on any locally compact Abelian group,
are more recent, and we shall begin by discussing them.

Almost everyone who has worked on this problem has relied on the interplay between the
orthogonal projections P4 and Q3 on L%(G), defined for A C G and B C G by

Paf = fxa (QsfT"= Fxs.

The basic facts are summarized in the following theorem.

< |A]|Bl]. (8.1)
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Theorem 8.2. _
Suppose A C G and B C G have finite measure.

a. P4 Qg is bounded from LP?(G) to LY(G) for | < p <2andq > 1,and |P4Qpfls <
|AIMEBIYP) £l

b. P4Qg is a Hilbert-Schmidt operator on L*(G), and | P4 Qsllus = |A|'/?|B|'/2.
I[fthere is a nonzero f € L*(G) such that f is e-concentrated on A and fis 8-concentrated
on B, thenl — e — 8 < ||P4Qgll, where ||P4Qgl| is the norm of P,Qpg as an operator
on L%

Proof. Since Qg f = f * F~'x5, P4 Qp is an integral operator:
PaQef() = [ KGnfOIdy,  K(x.3) = tat0)RuCx =)

Hence, by the Holder and Hausdorff-Young inequalities, if 1 < p <2and p’' = p/(p — 1),
1P4+Qs f)] < xaCXalp I fllp < xa@xalp1 1l = xa@)IBIPY £l

Part a follows by taking the L9 norm of both sides. Moreover,
IP4Qplls = /f |K (x, y)dxdy = / IXBIZ/ Ixal? = |BJIAl

which proves part b. Finally, suppose f is e-concentrated on A and_ fis §-concentrated on B, and
Il fll2 = L. Since | Pa(f — Qe fll2 < Ilf — Qo fll2=I(1 = x8) fll2 < 8, we have

l—e—=8=<|flz=If = Pafllz—II1Pa(f — Qe f)ll2 < I1P4Q5 fll2 < 1P4Qsll.
which proves part c. O

Corollary 8.3. _
If f # Ois e-concentrated on A and f is §-concentrated on B, then |A||B] = (1 —¢€ — 8)2.

Proof. Combine parts a and ¢ of the theorem.  [J

Theorem 8.2 and Corollary 8.3 were proved by Donoho and Stark [31]forG = RorG = Z/nZ
and generalized by Smith [108] to arbitary locally compact Abelian groups. These papers also contain
an analog of Theorem 8.2¢ (in a slightly weakened form) for L? norms (1 < p < 2)and a discussion
of the sharpness (or lack thereof) of the estimate in Theorem 8.2a. In addition, Donoho and Stark
[31] give some interesting applications to problems in signal analysis.

Wolf [121] has extended Theorem 8.2 to Gelfand pairs (that is, 1o K -biinvariant functions on a
locally compact group G, where X is a compact subgroup of G such that convolution of X -biinvariant
functions is commutative), and Voit [117] has extended it even further to commutative hypergroups.
Also, de Jeu [30] has proved a version of the L? part of Theorem 8.2 that concerns integral operators
on abstract measure spaces possessing some of the features of the Fourier transform, and Koppinen
[68] has obtained results analogous to Theorem 8.2 in the setting of Hopf algebras.

The quantity || P4 Q|| that intervenes decisively in Theorem 8.2 has an interesting geometric
interpretation: it is the cosine of the angle between the ranges of P4 and Qg. Indeed, we have

IPAQsll = sup{l(P4Qs f. &)l : I fll2 = llgl> = 1}
= sup{[(Q& f. Pag)l : [ fll2 = llgl = 1}
= sup{Re(u, v) : flulls = w2 = 1, Qpu =u, Pav =v},

and Re(u, v) is the cosine of the angle between the unit vectors u and v.
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A deeper analysis of the approximate concentration problem can be achieved by studying the
operator

(PaQ3g) ' PaQp = QpPa0s.

This was done by Landau, Pollak, Slepian, and Widom in a remarkable series of papers [73-75,
103-105, 107}, parts of which we now describe briefly. Expositions of this work, with references to
related papers, can also be found in Landau [72] and Slepian [106]. In what follows we shall assume
that G =G =R"to simplify the discussion, although some of the results are actually more general,
and A and B will always denote sets of positive finite measure.

Qs P4 Qg has the advantage of being selfadjoint and positive, and by Theorem 8.2b it is
compact, in fact trace-class. Hence it has an orthonormal eigenbasis, and the nonzero eigenvalues
are positive, of finite multiplicity, and accumulate only at 0. Let {A;}}° be the nonzero eigenvalues,
listed with multiplicity in decreasing order (A; > X, > ---), and let {4}{° be a corresponding
orthonormal set of eigenfunctions. We then have

M =108PaQsl = I PA0sI%,
so /A1 is the cosine of the angle betwen the ranges of P4 and Q g. The crucial fact is the following.

Theorem 8.4.
A-l < 1.

Proof. Clearly Ay = ||QpPaQs)l < 1. If A; = 1, there exists f # 0 such that
QpsPsQpf = f. Thus f is in the range of Qp, and it is also in the range of P, because
IPagliz2 < llgll2 unless g € range(P,). But this is impossible by Theorem 7.2. O

Suppose now that || f|l = 1, f is e-concentrated on A, and fis 8-concentrated on B. The
angle between f and P, f is

, P
arccos Y Paf) = arccos'|| P4 f|l2 < arccos v/ 1 — €2,

Pafll2
and likewise the angle between f and P f is at most arccos +/ 1 — 82. The angle between P, f and
Pg f is, on the one hand, at most the sum of these two angles, and on the other, at least arccos «/A;.
Thus,

arccos v 1 — €2 + arccos v/ 1 — §2 > arccos /Ai.

In fact, by taking suitable linear combinations of the eigenfunctions v, one can construct examples
where f and f have any desired concentrations on A and B subject to this restriction, and one arrives
at the following theorem.

Theorem 8.5.
Suppose 0 < a, B < 1 and (@, B) # (1,0) or (0, 1). There is a function f € L2(R") with
I fll2=111Paflla=0,and |Qp fll2 = B if and only if

arccos a + arccos 8 > arccos \/-): = arccos [| P4 Qgll. (8.6)

The full proof can be found in L.andau and Pollak [73] or Dym and McKean {32, §2.9]; these
authors state the result for G = R and A and B intervals, but the arguments are quite general. (If A is
bounded, the pair (&, 8) = (1, 0) is not admissible, for if f = P4 f, then fis analytic and so cannot
vanish on B; likewise if B is bounded, then (¢, 8) = (0, 1) is not admissible. But Kargaev’s example
[62, 63] (see §7) shows that the boundedness assumption is necessary.) Another version of the
uncertainty inequality (8.6) has been proved by Benedetto [8]; the Logvinenko—Sereda—Kacnel’son
theorem quoted at the end of §4 is also of interest here.
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The eigenfunctions ¥, have a number of interesting and pleasmg properties. For example,
assuming A and B are bounded, {}{°, {A, A2 Py }$°, and { l//k} are (respectively) orthonormal
bases for the range of (g, the range of PA, and the range of Pg consisting of eigenfunctions for
QgPsQpg, PsQgPys, and Pg Q.4 Pg. (The reader is invited to work out the rather easy proofs of
these facts ) For our purposes, however, the crucial thing is that 1//,( is O-concentrated on B because
Y = Ak Qs P, Qs € range(Qp) and ¥ is (1 — o/A;)-concentrated on A because

IPavil2 = |1 PaQs¥ell = (05 PaQsV¥k ¥ = Mellvel-

It follows that one can obtain functions f such that f and fare well concentrated on A and B by
taking linear combinations of the v, for which X, is close to 1; therefore, the situation calls for an
analysis of the eigenvalues A;.

The finest results in this direction are those for the casen =1, A = (—%T, %T) (the factor of
% is traditional), and B = (—£2, ). By rescaling one can reduce to the case Q = 1, and it follows
that the eigenvalues A, depend only on the product 27. We cite two major theorems; others can be
found in Landau and Pollak [74].

First, it was conjectured by Slepian and proved by Landau and Widom [75] that if N(QT, «)
denotes the number of eigenvalues A, that exceed o (0 < & < 1), then

N(QT,a) =2QT + [—1— log ] log QT + o(log QT).
Thus if QT > 1, A4 is very close to 1 for k < 2T and very close to zero for k > 2QT, and the
transition from large to small takes place over an interval of length O(log QT).
Second, if || fil. = 1, f 1s e-concentrated on (— 2T 1T), and f is 0-concentrated on (—£2, Q2),
then
(2Qr] 2

“f f, Vi)V
2

< 1262,

Moreover, for any 5 > 0 there exists C > 0 such that
[2QT1+C log QT

2
"f - ) (v
2

1

<(1+ 77)62.

Similar results hold if fis merely §-concentrated on (—S$2, 2); the proof can be found in Landau
and Pollak [74].

These results give substance and precision to the folk wisdom that there are about 2Q7T degrees
of freedom in a signal of duration T constructed from frequencies of magnitude < 2. Another
variation on the same theme can be found in Slepian [104].

The eigenfunctions y; for the case A = ( —%T, %T) and B = (—Q, Q) are well-known special
functions. By the change of variable r = 2x/T we can assume that 7 = 2, and in this case it turns
out that Qg P4 O commutes with the differential operator

2

Lo=( —rz)-;r—2 —Zr;; — Q2 8.7)
The eigenfunctions ¥, are therefore also eigenfunctions of Lg, and the corresponding eigenvalues
W are singled out as the only values of u for which the equation Lgu = pu has a solution that
is continuous at both x = 1 and x = —1. Since the operator L arises from the Laplacian in R3
by separation of variables in ellipsoidal coordinates, the functions ¥, have been saddled with the
ungainly name of “prolate spheroidal wave functions,” and they have been studied rather extensively.
The papers cited above contain more details and references; here we shall just mention one recent
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result. Let B? = {f € LP(R) : supp fc {—€, Q1). As noted above, {1} is an orthonormal basis
for B2; Barcel$ and Cérdoba [5] have proved that it is a basis for B? if and only if % <p<4

Results similar to the one-dimensional theory have been obtained by Slepian [103] for the case
where A and B are balls centered at the origin in R”. When A is the ball of radius 1 and B is the ball
of radius €2, the eigenfunctions ¥, are products of spherical harmonics of degree k with functions
of r = |x] that are eigenfunctions of Lo + (3 — (k + n — 1)2)r=2, where Lg is given by (8.7).

Analogues of the Landau—Pollak—Slepian theory have been developed in several other settings
involving Fourier-type expansions: for the groups G = Z/nZ by Pearl [89] and Griinbaum [46];
for the Walsh—Paley group by Pearl [89}, for G = T and G = Z by Slepian [105], for orthogonal
polynomial expansions by Perlstadt [90], and for some situations involving non-Abelian groups
(rotation groups, spheres, and hyperbolic spaces) by Griinbaum, Longhi, and Perlstadt [47]. See
also Landau [72] and Slepian {106] for references to other related work.

9. Minimal Rectangles in Phase Space

Suppose f € L2(R). If f is concentrated (in some sense) on an interval / and fis concentrated
on an interval J, we shall think of f as “occupying” the rectangle I x J in (x, §)-space, or phase space.
(One can interpret “concentration” as in §8, or with || il = lone cantake ] = [M — o, M + o]
where M = M(|f|*) and 0 = /V (] f|2) and similarly for J; other variants of this idea are also
possible.) The results of the preceding sections give several ways of making precise the vague
assertion that in this case, | x J| = |I}|J| must be at least on the order of magnitude of unity.
Likewise, if f isa functio& on R” that is concentrated on a rectangular box I = ]_['1' I, where each
I is an interval in R, and f is concentrated on another such box J = []] Ji, Heisenberg’s inequality
in the form of Corollary 2.6 indicates (roughly) that |I;1{J:] > 1 for all k. These considerations
suggest the following heuristic form of the uncertainty principle: The smallest significant regions in
phase space are sets of the form

[Tt x[]J%  1lldl=1foralk.
1 1

We shall call such a set a minimal rectangle. This section is devoted to a brief discussion of some
interesting phenomena that can be understood in terms of this principle.

First, phase space is the stage for microlocal analysis, a body of techniques developed in
the past thirty years for studying local behavior of partial differential equations and generalizations
thereof. In this regard, Fefferman and Phong [35, 36] have proved a number of deep theorems
concerning boundedness, positivity, and eigenvalue estimates for differential and pseudodifferential
operators that are based on the following principle: The size of an open set S in phase space should
be measured not by its volume but by the maximum number of minimal rectangles, or images of
such under canonical transformations, that can be fitted inside S without overlapping. For example,
suppose L = o(x, D) is a selfadjoint differential operator with symbol o(x, §) = Zlalf  Ga(X)ES
that is real and bounded below. A classical rule of thumb says that the number of eigenvalues of L
less than some constant C is roughly equal to the volume of S¢ = {(x,£) : 0(x,§) < C}; but one
obtains better estimates for the eigenvalues by counting minimal rectangles inside Sc. We refer the
reader to the introductions of [35] and [36] for more details.

The other matter we wish to discuss is the problem of constructing interesting bases for L2
(preferably, but not necessarily, orthonormal) whose elements and their Fourier transforms are well
localized. We shall restrict attention to the dimension n = 1. The idea is the following: Suppose
{7k x Ji} is atiling of the phase plane by minimal rectangles; we would like to find a basis {¢;} for
L%(R) such that ¢ occupies the box I; x J; in the sense described above.
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The simplest such tiling is the set of all squares with vertices in the lattice (Z + 3)?, as shown
in Figure 1, and the simplest way to try to find a basis associated to this tiling is to take a function ¢
that occupies the center square [—3, 1]* and translate it:

Pir(x) = e 9 (x — j). 9.1

¢« thus occupies the square [j — 1, j+ 3] x [k — 1, k+ 3]. This idea was proposed by Gabor [40],
who argued that with ¢(x) = e, {@jx 1 j. k € Z} should be a good basis for L2. Unfortunately,
this turns out to be false. For this ¢, {¢;«} does span L?, but it fails to be a frame; that is, it fails to
satisfy an estimate of the form

C A=Y Ufdu) <Clflla forall f e L’ 9.2)

The trouble is not just an unfortunate choice of ¢; in fact, if ||¢]l> = 1 and {¢j« : j, k € Z} satisfies
(9.2), then V(|¢[2)V(l$|2) = 00, s0 ¢ cannot really occupy any finite box. This is an extended
form of the Balian—~Low theorem; see Benedetto, Heil, and Walnut [ 13}; Benedetto and Walnut [14];
or Daubechies [28, p. 108]. Another version of this result, that {¢;} cannot satisfy (9.2) if ¢ is
continuous and [¢(x)| < C(1 + |x|)~!7¢, is implicit in the arguments in [37, §3.4].

Another interesting tiling is shown in Figure 2, where the strip 2/ < & < 2/*! is cut up into
rectangles of width 27/, Here, if 4 occupies the box [0, 1] x [1, 2], one can manufacture functions
to occupy all the other boxes by translating and dilating ¥:

Yik(x) =224 (2 x — k).

In this situation it is indeed possible to find v ’s that are quite well localized in both x and § for which
{y’* : j, k € Z} is an orthonormal basis for L2. These are the wavelets that have received much
attention in recent years; we refer the reader to Daubechies [28] and Strichartz [111] for accounts of
their construction.

We have, however, cheated a little bit, as the vertical axis in Figure 2 denotes |£| rather than §.
1t is, in fact, characteristic of wavelets that x'/; has two peaks, one in the region £ > 0 and one in the
region & < 0, so that ¥ actually occupies the two rectangles [0, 1] x [1,2] and [0, 1] x [-2, —1].
(The fact that the region associated to i is twice as big as a minimal rectangle should not cause
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concern. The uneasy reader may compensate for it by compressing the |&|-axis in Figure 2 by a
factor of 2, as Figure 2 is only a heuristic guide anyhow.)

It turns out that if one is willing to apply the same kind of fudging to Figure 1 by replacing
the exponential in (9.1) by a sine or cosine, thereby replacing the frequency peak at £ = k by two
peaks at § = :t%k, one can get around the Balian-Low obstruction. More precisely, there exist
orthonormal bases for L? of the form

px—Nelk+Prx— )] (€Z, keZ",

where ¢ is a smooth approximation to the characteristic function of [—%, %] and t denotes either
sine or cosine. The construction of these bases, discovered by Coifman and Meyer and by Malvar, is
delightfully elementary and generalizes to produce orthonormal bases of L? associated to many other
tilings of the phase plane by minimal rectangles—but always with the “two-peak” phenomenon.
In fact, one can even construct wavelets this way. We refer the reader to Auscher, Weiss, and
Wickerhauser [4] and Auscher [3] for a detailed treatment and a discussion of related constructions.

The papers of Bourgain [20] and Bymes {23] give other constructions of orthonormal bases of
L?(R) whose elements and their Fourier transforms satisfy uniform uncertainty estimates.
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