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ON THE STRONG LAW OF LARGE NUMBERS
FOR PAIRWISE INDEPENDENT
RANDOM VARIABLES

S. CSORGO, K. TANDORI, member of the Academy, and V. TOTIK (Szeged)

Results and discussion

The basic idea of Etemadi’s clever “elementary proof of the strong law of large
numbers” for identically distributed random variables in [2] consists in the observa-
tion that it is enough to establish the law for the positive and negative parts of the
underlying variables separately. Then the monotonicity of the corresponding partial
sums enables one to avoid the use of the Kolmogorov inequality, and the only prop-
erty required from these positive or negative part variables is that the variance
of a sum from some truncated versions of them be equal to the sum of the termwise
variances. The simplest way to ensure the latter requirement of lack of pairwise
correlation is to assume that the original sequence consists of pairwise independent
variables. Thus Ftemadi was able to show that the averages of pairwise independent
identically distributed random varlables converge almost surely to the common
mean of the variables assumed to be finite, thereby relaxing the assumption of total
independence in Kolmogorov’s classic law.

The aim of the present note is to point out that Ftemadi’s idea works for non-
identically distributed random variables as well. We derive analogues of Kol-
mogorov’s other classical strong law for nonidentically distributed variables assumed
to be pairwise independent only. Our sufficient conditions raise a few problems
and some of these are also solved and discussed below.

Setting D¥X)=E(X—EX)? for the variance of the random variable X, the
principal result is

THEOREM 1. If the pairwise independent random variables X, X,, ... sati'sfy
the conditions

0 ST
and

) 71?,,,;; E|X,—EX,| = 0(1),
then

%) limL 3 (X,—EX,)=0

n>e Hopey
almost surely.
For a sequence a={a,)i" of positive numbers set
Y,, if |[¥Y,]=a
Yn (a) - {On n n

otherwise,
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320 S. CSORGO, K. TANDORI and V. TOTIK

where Y,=X,—EX,, E|X,|<e, n=1,2,.... The “truncated” version of Theo-
rem 1 is

THEOREM 2. If the random variables X,, X,, ... are pairwise independent such
that condition (2) is satisfied and the centered and truncated sequence satisfies

= D¥Y,
4 n§1 (mz(a))
and
®) 2” P{¥, # Y, (a)} <<,

then for any sequence {b,}7° of constants satisfying

hm~— Z’ (by—EY,(a)) =0

n>co 1l

we have

(©) fim Z(Y —b,)=0

n—>oonm

almost surely.

In general, the choice 5,,=0,m=1,2, ... cannot be ensured under the given
conditions. However, if, in addition, the variables X, X,, ... are identically
distributed in Theorem 2, then (4) and (5) are known to hold by the classical proof
of Kolmogorov for the truncating sequence a,=n,n=1, 2, ... (pairwise independence
suffices here!), and it is easy to see that EY,(a)—EX,=EY, (@) —EX;—0, as n-»eo,
with this truncation. Therefore Etemadi’s result follows from Theorem 1 in exactly
the same classic way as Kolmogorov’s theorem for identically distributed variables
followed from his other theorem for non-identically distributed variables.

The latter Kolmogorov theorem tells us that condition (1) alone is sufficient
for (3) to hold for totally independent random variables. It is well known that,
in this case, this condition is best possible in the sense that if {o3};> is a sequence of
positive numbers such that

E [:ql\'i
n

then there exists a sequence Xl, X,, ... of totally independent random variables
not obeying (3) but for which D¥X,)=06%, m=1,2, ... (cf. Révész [6]). On the
other hand, according to the equally classical result of MenSov and Rademacher
(cf. again [6]), the stronger condition

= D?(X,) (log m)?

m=2 m?
already imptlies (3) for any sequence X7, X, ... of pairwise uncorrelated (orthogonal)
random variables. The latter condition is also best possible for uncorrelated variables
in the above sense (Tandori [8]), provided that the corresponding oZ/m? sequence
is nonincreasing. We show that condition (1) alone is not enough to imply (3)
when the variables are only pairwise independent.
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STRONG LAW OF LARGE NUMBERS 321

THEOREM 3. For every &, O<e<l, there exists a sequence Xy, X,, ... of
pairwise independent random variables such that

S D*(X,,) (loglogm)'—*

(®) mgz .
and
©) P{ﬁai S (X, —EX,) = oo} =~ 0.

Therefore some auxiliary conditions are necessary to assume beside (1) to have
(3). Theorem 1 provides an example for such a condition. The role of this side-
condition (2) is not entirely clear in general because, as simpe counterexamples
show, (2) is not necessary for (3) even if we assume

& D*(X,,) (log m)?
2, m? -
beside (1).
The construction in Theorem 3 relies on a construction of divergent Walsh
series by Tandori|7]. His construction was later refined by Bo&karev [1] and Nakata [5].
Using the results of these authors, one can in fact strengthen Theorem 3 to obtain

the following version of it.

THEOREM 3*. For every g O<g<l, there exists a sequence Xi, X,, ... of
pairwise independent random variables such that

& D*(X,) (log m)'—*
(10) 2 - <
and (9) still holds true.

The proof of this result is not given in this note because it would require very
large space as compared to that of Theorem 3. Condition (10) is now quite close to
condition (7). In this respect we mention the following conjecture of ours, an
affirmative proof of which would mean that pairwise independent and pairwise
uncorrelated random variables do not really differ from each other from the point
of view of the strong law of large numbers if one is looking at the growth of the
variances only.

CONJECTURE. For pairwise independent random variables the condition

5 D) Qogmpt

m=2 m?

O<e<l,

is not enough in general to ensure (3) to hold almost surely.

On the other hand, pairwise independent and pairwise uncorrelated random
variables do differ from each other from the point of view of the strong law of large
numbers below the domain of (10), or that of the Conjecture, i.e., when we have
only (1) and, necessarily, an extra assumption such as (2). Indeed, pairwise in-
dependence cannot be relaxed to pairwise orthogonality in Theorem 1. This is
the content of our last result in this paper.
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THEOREM 4. There exists a sequence Xy, X,, ... of pairwise uncorrelated random
variables such that conditions (1) and (2) are satisfied, but

Z (Xn—EX,)| =

n>o0

almost surely.

In fact the random variables constructed in the proof of Theorem 4 satisfy the
condition

fim L 3 E|X,~EX,| = 0.
w>e M op=1
Proofs

Proor oF THEOREM 1. We may and do assume EX,=0, n=1,2, .... Introduce
the partial sums of the positive and negative parts of our variables X,=X}—X;:

SH=Xr+.. +X}, Sy=X"+..+X;, n=12, ...
By assumption (2) there is a constant 4 such that the inequality

1
n

0

A

ES;

A

A4

is satisfied for each n. Let «=1, e=0 and L=[A/¢], the integer part of A/e.
For each pair of integers m and s, m=0, s=0, ..., L, put

ks m)y=inf{k: " = k< a™*, TIC-ES,?'E[SB, (s+De},

kfm)y=suplk: «" = k<a™*, %ES{E[SE, (s+1e)}

if the set on the right is not empty, and let k;(m)=k; (m)=[«™] otherwise.
Since, obviously, D¥X;)+D¥X;)=D¥X,) for each n, we obtain, by the
pairwise independence of Xj, X7, ..., the estimate

+
oo 1 a., i kg (m) I
3 S B = 2,y A P00 =

+
1 ko = 1

= 2wy A D= 200 2 Ty S

fm:kE (my=j}

A

o0 1 oc2 = DX )
= DX, ..fz
jg:: ( J){m:a;;:'j} @™y }Jg; i
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for any s=0, ..., L, by condition (1). Hence the monotone convergence theorem
implies that

12) Jim oo E: ( ) (S s,j;(m)) 0 as.
foreach s =0, ..., L.

Now for any natural number » there exists an m=m(n) and an s=s(n),
lim m(n)=oc, O0=s(m)=L, such that o"=n<a™? and ES;/n¢[se, (s+1)e).

By the definitions of ki(m) we have

1

ky (m) = n=kj(m), T

ES %ES,T =g,
and so
1 1 1 + + -
“?”'[1 "o?] A+ Ty S ESicon) =
- 1 1 + 1 1 + + =
= [1_—) T omy Bt T Gy S ™ ESizon) =

+ 1

1 + 1oy e Lot 1
= ;Sk;(m)‘_";'ESn = ‘n“(Sn ESn)= n Sk:(m)

k+( ) ESk*(m)"*'S =
_* +
= ki (m) (S’;Z”(M)"Esk;(m))‘f'(““l)z‘l +é.

By (12) these inequalities yield

_[1_7‘1?),4 = im-i—(s ES}) = lim (S+ ESHy=(e—1)A+e

n->oo n—>oo

almost surely, and since this is true for any a>1 and &>0, we obtain that

lim -—(S+ ES)=0 as.

n—rco

It can be proved in the same way that

lim %—(S,," —ES;)=0 as.,
and the theorem follows.

Proor oF THEOREM 2. Clearly,
1 n
m= m=
and hence an application of Theorem 1 to Yy(a), Yz(a), ... yields

hm—— (Y (@)—EY,(a))=0 as.

n—rco
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Condition (5) and the Borel—Cantelly lemma then give (6) with b,=7Y,(a),
m=1,2,...

ProorF oF THEOREM 3. Consider the probability space (Q, s, P), where
Q=(0,1), & is the g-algebra of the Lebesgue-measurable subsets of Q and P
is the Lebesgue measure on /. Let r(w)=signsin 2"1w), n=1,2, ...; w0, 1),
be the n-th Rademacher function. Consider the sequence {w,(w)}s of Walsh
functions, i.e., wo(w)=1, and if n is a positive integer with the diadic representation
n=2"4_.42", vy<..<v,, then wi@)=r, (®)...r, 1,(0), ©€©,1). For any
n=1,2,... we have Ew,=0 and D(w,)=1. Set

e(m)=2"" and yY(m)= 222"‘, m=1,2,...
Tandori [7] proved that if m=1, then there is a rearrangement

Wiy(m) (0D -+ Wiq,(m')(m)'(w)

of the functions wy(), ..., Wyem(®) and there can be given real numbers ay(m), ...
vos Gpem(m) such that
ad(m)+...+ad e (m) = Sm

and if w€(0,1/4) and is not diadic, then

m
1<ksw(m) 2 a5 (M) Wiy () =3
For any m=1, 2, ..., define the numbers
(m)Ra2(2™
Diyen = LIWLEDD s,

where O<g=<1, and introduce the random variables
Xwn)+n(a’) =D w(m)+n"¢(m)+1(W)Wi,,(z’")(a))a. n=1,..,¥(m).

For any other index k, let X(w)=0, w€(0,1). By the definition of the Walsh
functions it is obvious that X1, X,, ... are pairwise 1ndependent EX,=0,n=1,2, ...,
and the definition also ensures that condition (8) is satisfied (xmplymg (1)) Exactly
as we saw it in (11), condition (1) alone implies that

Yr(m)

lim ——r X;=0

e 2, %

almost everywhere in (0, 1). Nevertheless we show that
W 1

(13) Z Xj(@)| =

almost everywhere in (0, 1/4).
For any integer m=1 let Y(m)<n=2y(m). Then

-—-Z’X(w)-—— 2’ X()+lll(m) I)ZX(a)) V,()+Z,(w),

n j=1 n ;- n lﬁ(m
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STRONG LAW OF LARGE NUMBERS 325

say. We know that lim Z,=0 almost everywhere in (0, 1). But

and hence

|[l(m)<n<2|[1(m)

Valw) =

n— m

¥ (m)

L) Fomy+1(@) 2 a; (2" Wiy emy (@),

1 S B 1 m{e,
i n(w)l = _Wlél;tnéadlx(m) ng a_,(2 )Wij(zm)(w) = —4—2 {e/4)

almost everywhere in (0, 1/4). It now follows that we have (13) indeed, almost
everywhere in (0, 1/4).

Proor or THEOREM 4. Our point of departure is a function system of Kaczmarcz
[3] which, in essence, is a simplified version of a system considered originally by

MenSov [4]. Let p=2 be an integer and for /=1, ...,

‘We have

whence

(14)

where Cy, C,, ...

u(x) =

will denote positive absolute constants.

2p, consider the functions

e % SR
; 1
fu?(x)dx=—

If i>j, then

1

ijzfu(x)u (x)dx——Z’ 1 A
Hempi=g) (kri-3)
2
_11og( L
PimiE= k»—p—l——l— k—p—j——
2
11 3p—i 1 3p—i 1
—;;:]- k=1-—-p—i ___‘___—k=1—p-1 i N
k 2 A 2
11 i S | 3p—i 1
_;l_:‘—] k=1-p—i __1_—k=3p—1+1 _1_ ’
k 2 k 2
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and therefore

11 i i-i \_c
(15) loc,-jl = 7 l—j - = ‘;2—-

TH U I P
prjTH 2PTlTH

We extend the definition of these functions u,(x) to the interval (4, 5] in such
a way that they be orthogonal on the whole interval [0, 5]. Let us divide up the
interval (4, 5] into N =2p(2p—1) pairwise disjoint subintervals I;, i, j=1, ..., 2p,
i#j, of equal length and set

1
'/ 2Nioc I x€h;, j=1,..,2p, j#1,
u(x) = 1 . ,
5 — Nloy;| sign oy;, x€I, j=1,...,2p, j#1,

0, otherwise,

for each /=1, ...,2p. The functions u,(x) thus obtained are obviously simple
(step) functions on [0, 5] and they constitute an orthogonal system there. Further-
more

2p

5 4
11 1
2 — 2 — —
Jut@dx= [ d@dxts St > o

0

and hence by (14) and (15),

C, ; C
16 = [ Bdxdx==, I=1,..,2p.
(16) > 6/ 7 (%) » p

If x¢[2,3), then there is a non-negative integer m(x) depending on X, m(x)<p,
such that x€[2p+m(x) 2ptm(d)+ 1]

b p .
Then by definition, u;(x)=0, ..., 4 px(x)=0, and

p4+m(x) pm(x) 1 pimx) |
Z U (X) = 2 1 = 2 —'—T'a
=1 =1 2p—|—m(x)+1+p—l-—-5 =1 l"'}'
and this implies that
{1n | fnax 2 u,(x)| = Cglogp, x€[2,3).
=m=2p |[=
Moreover we have
3 1 & 1
Ju@ax=— > ZV
K P x=pti+1 k— 1__ ]/2p(2p 1) J
AR

L > Vgl

1
PES g, 2 ]/2p(2p )=

uMJr

f5 u (x)dx =
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whence

18) [ ut ®dx=C

0

logp

logp
“p
Put

v,(x)—-u,(x) l// xX)dx, 1=1,..,2p.

These are again simple functions on [0, 5] and constitute an orthonormal system
there, and by (16), (17) and (18) we have

(19) max 12 n()|= CGVplogp, x¢[2,3),
(20 1 P f5 o (x)dx = C, logp
s 1 = Lg B

VP 0 ﬁ
Let

V50,(5x), x€(0, 1),

&%) = {O, otherwise,

and for /=1, ..., 2p, introduce

{ V-L 2,(2%), xE(O, %]

fip; %) = _Eg,[z[ %)] xé(%,l],
0, otherwise.

The latter functions are simple and they form an orthonormal system on (0, 1)
with

1
@ [A@ 0dx=0, 1=1,..,2p,
0
and by (20) we have for any /=1, ..., 2p that

: lo ! I
22) [ dx=Co—il, [ fi-(p; ¥)dx = Crp—it-,
0 VP 0 VP

Furthermore, by (19) there is a simple set A(p)<(0, 1), i.e. A(p) is the union of
a finite number of intervals, such that

23) mes A(p) 2%
and
@9  max | Z’f(p x)| = Culplogp, xCA(Q).
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328 5. CSORGO, K. TANDORI and V. TOTIK
Finally, for another parameter g>1, we introduce the functions

Va fi(p; ax), x€ [O, %] ,

0, otherwise,

h(a, p; x) =

=1, ...,2p. These functions are still simple on (0, 1), they constitute an ortho-
normal system such that by (21) and (22) we have

1
(25) fh,(a,p; x)dx=0, I=1,..,2p,

logp ' logp
26 ht(a, p; x)dx=C, hi(a,p; x)dx=C .
(26) f (@ p; x) 10— Vap 6/. i (a, p; x) 10 l/a—p

=1, ..., 2p, and, by (23) and (24), there is a simple set H(a, p)S(0, 1) such that
1)) mes H(a, p) = —1— ,

(28) max

l=m=2p|J

th(a p; O = CyVaplogp, x€H(a, p).

After so much preparation let (Q, o/, P) be again the probability space in
the proof of Theorem 4. On this space we now define a sequence {X,};> of random
variables and a sequence {E,}s of sets in & such that the following conditions
will be satisfied. The X, will be simple functions and they will be pairwise un-
correlated. The events E, will be simple sets and totally independent, and for
any m=2 we shall have

Moreover, for any m=2, the following relations will be satisfied:

(30) Dz(Xn = —(—rn-z-_—ijz—, 1+l <= 2m+2’

X2m+1+1(60)‘|‘ e +X2m+1+k(a))
1sk=27+1 2mtipk

31 = CuVm—1, w€cE,,

(32) EXit = Cyy EX; =Cy

2 < | = 2,

1 _1
Vm—1 ’ Vm—1 ’
To begin the construction, set X,(@)=r,(w)=signsin (2"nmw), we(0,1),
=1, ...,23. These are simple and uncorrelated. Let now m, be an integer, not
less than two, and assume that the random variables Xj, ..., Xyme+1 and the sets
Ei, ..., E,, are already defined such that the variables are simple and pairwise

uncorrelated, the events are simple and independent, and relations (29)—(32) are
satisfied for m=2, ..., my. Then a sequence I, ..., I, of pairwise disjoint intervals

Acta Mathematica Hungarica 42, 1983



STRONG LAW OF LARGE NUMBERS 329

can be given such that (0, )= U I, each of the variables X;, j=1, ..., 2"ot1,

is constant on any of the 1ntervals I, ..., I, and each of the sets Ey, ..., By,
appears as the union of some of the intervals I, ..., I,.
For a function X(w) on (0, 1) and an interval I=(g, H)S(0, 1) let

w—a
X(b__a), € (a, b),

0, otherwise,

X(I; w) =

Also, for a set HS(0,1), let H{I) be the set contained in I which is obtained
from H by the application of the transformation x—{b—a)x+a.

Consider now the above construction of the %,(a, p; x) functions and H(g, p)
sets for p=2™», g=m,. Let us break up the interval I, into two disjoint intervals
of equal length: L =I UI’, k=1, ...,r. We define the next block of variables as

V2 1/7

X2m0+1+1(w)

~—— hy(my, 2™ I ; @ Z hy(my, 2™0; I 5 ),

=1, ...,2m*1  and the next event as

By = (U Homo, 2% 1)U () Hemos 27 10).

It is plain that the X,, k=2mo+1 2m+2 are simple functions and E, 41 is
a simple set. The events E,, ..., E,,,o+2 are obviously independent, and, by 27,
inequality (29) is satisfied for m=m,+1. Equation (25) implies that

(33) EX, =0,

k=2mt1  2m+Z  and hence it is evident by construction that Xj, ..., Xamo+2
are pa1rw1se uncorrelated as well. Finally, (30), (31) and (32) also follow from (26)
and (28) for m=m,y+1, on the basis of the construction.

Hence the required sequences {X,}7° and {E,}; are obtained by induction,
and (33) also holds for any k=1. Now we claim that the constructed X,’s satlsfy
all the requirements of the theorem.

From (30) we get

oo 2 oo om+2 2
D) _ 3 DA(X,) _
n=23+1 R m=2 n=giriry R
oo 1 am+2 1 oo 1
=2 > -=m —=2 > =<
mg; m? n=2"%+1 2 mé; m? =

This and (33) imply in the usual way that

X+ +Xgmer

2m+1

(34 lim

m—co

=0
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almost surely. It follows from (32) that
}im EXyt = }im EX; =0,
and hence

11m——ZE]X[——

H—co n m=
Through the second Borel—Cantelli lemma (29) gives that
P{lm E,} =1.

m—oo

Therefore it follows by (31) that the inequality

X1+...+Xk - X2m+1+..-+Xk X1+...+X2m+l
2m+lr<nka§2m+2 k = 2m+1r<rlk~<__2m+2 k - 2m+1 -
— Xy Xmet
§C12Vm__ .__:l....._._zm.:l_.g__f_

holds almost surely for infinitely many m. This and (34) imply that, indeed, almost
surely

X+ +X,|
n

lim

A-roa
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