190 7. RANDOM WALKS, MARKOV CHAINS AND CAPACITY.

CHAPTER 8

Probability

1. Random variables and independence 2. Borel-Cantelli and 2nd moment method.

3. Law of large numbers Theorem 3.1 (Law of Large Numbers). Let {f_n}, n = 1, 2 . . . be a sequence of orthogonal functions on a probability space (X, dν) and suppose E(f^2) = ∫ |f|^2dν ≤ 1. Then 1 n S_n = 1 n n∑ k=1 f_k → 0,

a.e. (with respect to ν) as n → ∞.

We begin with the simple observation that if {g_n} is a sequence of functions on a probability space (X, dν) such that ∑ n ∫ |g_n|^2dν < ∞,

then ∑ n |g_n|^2 < ∞ a.e. (dν) and hence g_n → 0 a.e. (dν).

Using this, it is easy to verify the law of large numbers (LLN) for n → ∞ along the sequence of squares. Namely, ∫ ( 1 n S_n)^2dν = 1 n^2 ∫ |S_n|^2dν = 1 n^2 n∑ k=1 ∫ |f_k|^2dν ≤ 1 n .

Therefore if we set g_n =^1_{n2} S_n2 , we have ∫ 1 n^2 |S_n2 |^2dν ≤ 1 n^2 . Since the right hand side is summable, the observation above implies g_n → 0 a.e. (dν). This is the same as^1_{n2} S_n2 → 0, a.e..

192 8. PROBABILITY

To deal with limit over all the integers take m^2 ≤ n < (m + 1)^2 and set m(n) = ⌊ √ n⌋. Then ∫ | 1 m^2 S_n − 1 m^2

S_m2 |^2dν = 1 m^4 ∫ | n∑ k=m^2+1 f_k|^2dν

= 1 m^4 ∫ n∑ k=m^2+1 |f_k|^2dν ≤ 2 m^3 since the sum has at most 2m terms, each of size at most 1. Put

g_n = S_n m(n)^2 − S_{m(n)}2 m(n)^2 . Then since each m = m(n) is associated to at most 2m + 1 different n’s we get ∞∑ n=1 ∫ |g_n|^2dμ ≤ ∞∑ n=1 2 m(n)^3 ≤ ∑ m (2m + 1) 2 m^3 < ∞, so by the initial observation, g_n → 0 a.e. with respect to ν. This implies^1_{m(n)2} S_n → 0 a.e., which in turn implies^1_n S_n → 0 a.e., which is what we wanted.

This version is sometimes called the strong law of large numbers because it gives a.e. convergence, as opposed to the weak version which only says that^1_n S_n converges to 0 in L^2.

As a remark we should note that better estimates for the decay of S_n are possible if we assume that the functions {f_n} are independent with respect to the measure ν. This means that for any n and any collection of measurable sets {A_1, . . . , A_n} we have

ν(x ∈ X : f_j(x) ∈ A_j , j = 1, . . . , n}) = n∏ j=1 ν({x ∈ X : f_j (x) ∈ A_j}). Roughly, this says that knowing the values of any of the f_j ’s at x does not give us any information about the values of the remaining functions there.

By 1915 Hausdorff had proved that if {f_n} ∈ L^2(ν) ∩ L^1(ν) are independent, orthonormal (orthogonal and have L^2 norm 1) and satisfy ∫ f_ndν = 0 then lim_{N→∞} 1 N^12^{+ϵ} N∑ n=0 f_n(x) = 0, for a.e. x

3. LAW OF LARGE NUMBERS 193

and for every ϵ > 0. After that Hardy-Littlewood, and independently Khinchin, proved lim_{N→∞} 1 √ N log N N∑ n=0 f_n(x) = 0 for a.e. x.

The “final” result, found by Khinchin for a special case in 1928 and proved in general by Hartman-Wintree in 1941 says

lim sup N→∞ 1 √ 2N log log N N∑ n=0 f_n(x) = 1 for a.e. x.

194 8. PROBABILITY

Bibliography

[BP94] I. Benjamini and Y. Peres. Tree-indexed random walks on groups and first passage percolation. Probab. Th. rel. Fields, 98:91–112, 1994.

[BPP94] I. Benjamini, R. Pemantle, and Y. Peres. Martin capacity and Markov chains. pages –, 1994. preprint.

[BS93] C.J. Bishop and T. Steger. Representation theoretic rigidity in PSL(2, R). Acta Math., 170:121–149, 1993.

[BT54] A.S. Besicovitch and S.J. Taylor. On the complementary intervals of closed sets of zero Lebesgue measure. J. London Math. Soc., 29:449– 459, 1954.

[BT92] M. Barlow and S.J. Taylor. Defining fractal subsets of Z^d. Proc. London Math. Soc., 64:125–152, 1992.

[CCD88] J Chayes, L. Chayes, and R. Durrett. Connectivity properties of Mandelbrot’s percolation process. Probab. Thy Rel. Fields, 78:307–324, 1988.

[Col70] C.M. Colebrook. Hausdorff dimension of certain sets of non-normal numbers. Mich. Math. J., 17:103–116, 1970.

[DEK61] A. Dvoretsky, P. Erdös, and S. Kakutani. Nonincreasing everywhere of the Brownian motion process. In Proceedings of the fourth Berkeley Symposium, vol. II, pages 103–116, 1961.

[DG88] M. Dekking and G.R. Grimmett. Superbranching process and projections of random Cantor sets. Probab. Thy. Rel. Fields, 78:335–355, 1988.

[Egg49] H.G. Eggleston. The fractional dimesnion of a set defined by decical properties. Quart. J. Math. Oxford, 20:31–35, 1949.

[Erd61] P. Erdös. A problem about prime numbers and the random walk ii.

Illinois J. Math., 5:352–353, 1961.

[Eva92] S. Evans. Polar and nonpolar sets for a tree-indexed process. Ann. Prob., 20:579–590, 1992.

[Fal88] K.J. Falconer. Projections of random Cantor sets. J. Theoretical Prob., 2:65–70, 1988.

[Fre62] G. Freud. Über trigonometrische approximation und Fouriersche reihen.

Math. Z., 78:252–262, 1962.

[Fur81] H. Furstenberg. Recurrence in ergodic theory and combinatorial number theory. Princeton University Press, 1981.

[GL92] D. Gatzouras and S. Lalley. Hausdorff and box dimensions of certain self-affine fractals. Indiana Univ. Math. J., 41:533–568, 1992.

[GMW88] S. Graaf, R.D. Mauldin, and S.C. Williams. The exact Hausdorff dimension in random recursive constructions. American Math. Soc., 1988.

[Har16] G.H. Hardy. Weierstrass’s nondifferentiable function. Trans. Amer.

Math. Soc., 17:301–325, 1916.

196 BIBLIOGRAPHY

[Hoe63] W. Hoeffding. Probability inequalities for sums of bounded random variables. J. Amer. Statist. Assoc., 58:13–30, 1963.

[Hou94] E.A. Housworth. Escape rate for 2-dimesnional Brownian motion conditioned to be transient and application to Zygmund functions. Trans. Amer. Math. Soc., 343:843–, 1994.

[Hut81] J.E. Hutchinson. Fractals and self similarity. Indiana Univ. Math. J., 30:713–747, 1981.

[IIK64] M. Izumi, S.I. Izumi, and J.-P. Kahane. Théorèmes élèmentaaires sur les séries de Fourier lacinaires. J. d’Analyse Math., ??:235–246, 1964?

[J.H81] J.Hawkes. Trees generated by a simple branching process. J. London Math. Soc., 24:373–384, 1981.

[Kah64] J.P. Kahane. Lacunary Taylor and Fourier series. Bull. Amer. Math.

Soc., 70:199–213, 1964.

[Kak44] S. Kakutani. Two dimensional Brownian motion and harmonic functions. Proc. Imp. Acad. Tokyo, 21:706–714, 1944.

[Kau68] R. Kaufman. On Hausdorff dimension of projections. Mathematika, 15:153–155, 1968.

[Kho94] D. Khoshnevisan. A discrete fractal in Z^1_+. Proc. Amer. MAth. Soc., 120:577–584, 1994.

[KP76] J.P. Kahane and J. Peyiere. Sur cetaines martingales de B. mandlebrot.

Advances in Math., 22:131–145, 1976.

[KS64] S. Kochen and C. Stone. A note on the borel-cantelli lemma. Illinois J.

Math., 8:248–251, 1964.

[KWW63] J.-P. Kahane, G. Weiss, and M. Weiss. On lacunary power series. Ark.

Mat., 5:1–26, 1963.

[Lam63] J. Lamperti. Wiener’s test and Markov chains. J. math. Anal. Appl., 6:58–66, 1963.

[Law91] G. Lawler. Intesections of random walks. Birkhäuser, 1991. [LP92] R. Lyons and R. Pemantle. Random walk in a random enviroment and first-passage percolation on trees. Ann. Probab., 20:125–136, 1992.

[Lyo89] R. Lyons. The Ising model and percolation on trees and tree-like graphs.

Comm. Math. Phys., 125:337–353, 1989.

[Lyo90] R. Lyons. Random walks and percolation on trees. Ann. Probab., 18:931– 958, 1990.

[Lyo92] R. Lyons. Random walks, capacity and percolation on trees. Ann.

Probab., 20:2043–2088, 1992.

[Man74] B.B. Mandelbrot. Intermittent turbulence in self-similar cascades: diverence of high moments and and dimension of the carrier. J. Fluid Mechanics, 62:331–358, 1974.

[McK61] H.P. McKean. A problem about prime numbers and the random walk i.

Illinois J. Math., 5:351, 1961.

[McM84] C. McMullen. The Hausdorff dimension of general Sierpinski carpets.

Nagoya Math. J., 96:1–9, 1984.

[MW] R.D. Maudlin and S.C. Williams. Graphs of real Zygmund class functions have σ-finite measure. Trans. Amer. Math. Soc., 1986(298):793– 803.

[Per94a] Y. Peres. Intersection-equivalence of Brownian paths nd certain branching processes. pages –, 1994. Preprint.