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Enumerative Geometry

Subject Matter
determine # of geometric objects

that satisfy given geometric conditions

Example
# of lines through 2 points in Euclidian space is 1

Typical Setting

Objects: (complex) /Riemann surfaces
in (e.g. ")
Conditions: genus/complex structure

homology class

singularities
pass thr. (e.g. )
.
g=2 : ¢
simple node simple cusp

12 =12 r2=1y3



Classical Example

Formulation

nqg=7F of rat. deg.-d curves thr. in
What is ng ?

rational  genus=zero (S?)

degree-d  [C]=d[l] € Hy(P?;Z)

Classical Results (by 1870s)
ni=1, no=1, ng=12, ng=0620

Recent Results (1993)
(Kontsevich-Manin, Ruan-Tian)

1 (d1—d2)?\/3d—2
Ny = 3 (d1d2—2 ) )dldzndlnd2
6(d—1), “_\ 3d—2 /\3d;—1

d |1]2] 3 4 5 6
ng | 1| 1] 12 | 620 ||| 87,304 | 26,312,976

also recursion for ng(u), p=submanifolds in P"



Symplectic Topology

General Question

When are two symplectic manifolds equivalent?

Pseudoholomorphic Curves (Gromov’85)
(V,w)=symplectic manifold, A€ Hy(V;Z)
J=compatible (almost) complex structure

MooV, A)={uecC>®(S%V): u,[S? =4,
0 J’LL:O} / PSL,

Symplectic Invariants
Fact: 39y o(V, A) in good cases
Corollary: if puq, ..., uy=submanifolds in V,
#{[u] EMoo(V,A): ITmu Ny #0, 1=1,.. .,N}
depends only on w, A, and ;] € Hy(V; Q)

/

.
M2

H1
Q

Imu



Example
(P?, w, J)=Fubini-Study structure
Mo,0(P% d) ={uec C>®(S%P?): u,[S?]=d[],
dyu=0}/PSLy
D1, ..., P34—1=points in P?
#{ ] EﬁO,o(]P’Q, d): p;€lm u} = ny

More (enerally
Mo n (P, d) = {(u;v1,...,yn): Y1 €S2} /PSLy
Fact: 3 “nice” My n (P, d)
AG: Kontsevich’93, Fulton-Pandharipande’97
SG: McDuff-Salamon’93, Ruan-Tian’93

Fact (Pandharipande’95)
intersections of tautological classes in
H* (ﬁo, ~N(P™ d); Q) are computable

{tautological classes } D {relevant classes}
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Enumerative Geometry

Subject Matter
determine # of geometric objects

that satisfy given geometric conditions

Typical Setting

Objects: (complex) curves/Riemann surfaces
in (e.g. P™)
Conditions: genus/
homology class
singularities

pass thr. (e.g. )



Two Types of Problems

Problem 1
Determine # of rational curves with
the given uni-pointed singularities
(e.g. cusp of specified form)
Goal: answer in terms of ITC

Problem 2
Determine n, 4(1) = # of genus-g curves with
the
Goal: answer in terms of ITC and

genus-g symplectic invariants



Problem 1

Example
|S1 (1) |=# deg.-d rat. curves with a cusp
thr. in

What is ‘Sl(u)’ ?



Contribution to the Euler Class

Setup
v X cmpt
s( I sel'(X;V)
ZCX
X2n

What is Cz(s)?
If sh0, Cz(s)=F|s71(0)NZ]

More Generally
Cz(s)=F|{s+e} H0)N W] if
ec'(X;V) small & generic
W z=small neighborhood of Z
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Computation of Cz(s)

Setup
Vr— X% Xcmpt, seN(X;V), ZCX

Deﬁnition of Cz(s)
Cz(s)=F|{s+e}"1(0)NnWy| if
ec'(X;V) small & generic
W z=small neighborhood of Z

Easy
Cz(s) is well-defined if
“H0)NZ & s71(0)—Z are closed

Proposition
Cz(s) is well-defined if
(i) Z is smooth & Wy is modellable on F'— Z
(ii) s|Wz = (polynomial a: F— V)

Cz(s —=+ HUEF Uy + (v O}]

for generic ve I'(Z; V)
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Zeros of Polynomial Maps

Setup
Fk¢a V—V_i_@ k+m X cmpt
\ / F = GB Fz‘, o = Z (07
d;
o a; €T (X; Hom(FP% 0))
vel'(X; F) generic w.r.t.

Facts

1) i]zp;,é(())] depends on «, but not v
(2) if a|F), is injective Vre X,

e (0)|=(e(0/a(F)), [X])={c(O)e(F) 7} [X])

Example
= {Ez [u, v]: (u,v) 6@2—{0}}
F=C, O=Coh®~*

(1) if a(4;¢)=(4;¢,0), i‘way )‘:1
(2) if a(;1)=(4;0,c-u), FHipy;(0)|=0
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Computation of *|¢;(0)]

(X, F,0,q)

X —PF; F; —>fydi

(X, F,0,a), a is linear

X —DPF F—~

(X, F,0,a), ais linear & rk FF'=1

iwg,};(o)’ =(c(O)e(F) 1 [X]) — Com1(0) (),
a’ €T'(X;Hom(F,0/Cp))

(Xj,Fj,Oj,Oéj), I‘kOj <rk O
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Example 1

‘Sl(u)’:# deg.-d rat. curves with a cusp

thr. 3d—2 pts in P?

S1(p)|=(3a®+ 3ac1(L*) + 5 (L),[Vi(w)]) — | Va(p)]

d 1] 2] 3 4 5 6
Si(p)| | 0| 0| 12 | 2,304 | 435,168 | 156,153,600
Example 2

|S2 (1) |=# deg.-d rat. curves with a (3,4)-cusp

thr. 3d—4 pts in P?

‘82 (,u)} — <33a20% (L*)+18ac] (ﬁ*)—|—4c‘11(£*),[\_/1 (,u)]>
— (21a® + 9a(c1(LF) +c1(L3))
F2(B (L) +E3(L3)) +er (L)er (£5),[V2(w)])

+ 3\V3(M)‘
d 213 4 5 §) 7
1Sa(p)] | 0| 0| 147 | 54,612 | 23,177,124 | 14,617,373,280
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Extent of Applications

(1) count rat. curves w. specified cusp in P"

(2) should apply to G/P (e.g. GriC™)
to get ITC’s
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Two Types of Problems

Problem 1
Determine # of rational curves with
the given uni-pointed singularities
(e.g. cusp of specified form)
Goal: answer in terms of I'TC

Problem 2
Determine ng 4(1) = # of genus-g curves with
the given complex structure
Goal: answer in terms of I'TC and

genus-g symplectic invariants
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Problem 2

Genus One, P (Ionel’96)
If p1,..., uny are submanifolds in P,

CRi(p) = RT1 q(p1; p2, - -, pv) — 2n1,q4(1),

(1) is expressible in terms of {ng (u')}
(2) is # of zeros of an affine map between

vector bundles over V; (1)

RT, 4(-;-)=sympl. genus-g invariant of (P",wrs)
as defined in Ruan-Tian’95
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Genus g > 2
Ifg=2&n=2,30r g=3 & n=2,
CRy(p) = RTy q(pr; p2, - - in) — m(g) - nga(p),
(1) is # of zeros of affine maps between vector bundles

over X7 xS;(p), with S;(p) C Vi, (1)
(2) is expressible in terms of I'TCs.

[g =2, n= 2]
na.qd = 3(d2—1)nd
1 9d1ds—1v\/ 3d—2
+- ) (d%d§+28—16—)( )dldzndlnd2
20 G 3d—2 N3dy—1
d 1| 2 3 4 5 6

ng | 0|0 0 14,400 | 6,350,400 | 3,931,128,000
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Symplectic & Enumerative Invariants

Ha(p) = {1, .- ynsu)| u: 3—P", u(y) €,
e [S] = [u(%)] =d¢,

[5J7jU|Z:Oj

m(g) - ng,a(p) = [Ha(p)|

frvel(ExP"neTYX@np, TP"), let

Mya(p) = {(y1,- - yn;u)| u: T—P", uly) €,
uy | X =d¢,

[gJ,julz — Vl(z,u(z))}

For a generic v, RT, 4(; 1) = HM, 4(p)|

19
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Symplectic vs. Enumerative Invariants

If v, —0 & (gi,ui)EMui,d(u)a hm (yzauz) —

1—00 T

(1) be , OR

(2) b=(%p,y,u), Zp=X U S7, up: Tp —P",

Yl Ezba ub(yl) < ur,
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Symplectic vs. Enumerative Invariants

0! _

8(' =9~ 1(0)NC>
) My a={0—-v}71(0)
COO

ve(C*; F) small & generic

\°Z;°\'.:> 14| =RTy a(5 1)~ Y C7,(9)
~

Computation of Cz, (0)
Goal: reduce to counting zeros of a polynomial map

between finite-rank vector bundles over Z;
Method: obstruction-bundle approach (Taubes’84)

Norms: as in Li-Tian’96
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Contribution to the Euler Class

Setup
v X cmpt
s< | sel'(X;V)
ZCX
X2n

What is Cz(s)?
Cz(s)=%|{s+e}1(0)NWg| if
e€'(X;V) small & generic
W z=small neighborhood of Z

\Z\ _— 5]=(e(V),[X]) =Y. Cz(s)
~
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Symplectic vs. Enumerative Invariants

If v; —0 & (gi,ui)EMui,d(u)a hm (yzauz) —

1—00 T

(1) beHa(p), OR

(2) b=(Zp,y,u), Zp=X U S7, up: Lp —P",
Oup =0, v € Zp, up(y;) €y, AND

(2a) up|X is simple & X, OS2, or
(2b) up|X is multiply-covered, or

(2¢) up|X is constant.
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Potential Strata Z;, in the n=2 Case
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Extent of Applications

(1) g<7 for n=2; g=3 for n=3; g=2 for n=4

(2) might apply to G/P to get ITC’s
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