Counting Rational Curves

of Arbitrary Shape

in Projective Spaces



Enumerative Geometry

Subject Matter
determine # of geometric objects
that satisfy given geometric conditions

Example
# of lines thr. 2 pts in R™ is 1



Typical Setting

Objects: (complex)
in (e.g. ")

Conditions: genus/complex structure
homology class
singularities

pass thr. submanifolds (e.g. pts)

L
simple node simple cusp
r2=y2 r2=13



Enumerative Geometry

Classical Example
nqg=+F of rat. deg.-d curves thr. 3d—1 pts. in
What is ng?

rational  geom. genus=zero (S?)

degree-d  [C]=d[l] € Hy(P?;Z)

Classical Results (by 1870s)
711:1, n2:1, n3:12, n4:620



ng—

Recent Results (1993)
(Kontsevich-Manin, Ruan-Tian)

1 ( (dl—d2)2 (Sd—Q)
Z d1d2—2 ) dldgndl N,
6(d—1), <\ 3d —2 N\3d;—1
d 1] 2 3 4 5 6
ng | 1 |1 | 12 | 620 87,304 | 26,312,976

also recursion for ngy(u), p=submanifolds in P"



Modern Approach

Summary
Count into P", not in P

Pseudoholomorphic Maps (Gromov’85)
(V,w)=sympl. manifold, A€ Ho(V;7Z)
J=compatible (almost) complex str.

MooV, A)={uecC>®(S3V): u,[S? =4,
0 J’LL:O} / PSL,

Fact: 3 ﬁo)o(v, A)



Example
(P?, w, J)=Fubini-Study str.
Mo,0(P? d) = {ue C® (5% P?): u.[S?]=d[f],
dyu=0}/PSLy
D1, ..., P34—1=points in P?
#{ W] €My o(P%d): prelmu} = ny

More Generally
Mo n (P d) = {(u;v1,...,yn): Y1 €S?} /PSLy
Fact: Mo n(P",d) is “nice”
AG: Kontsevich’93, Fulton-Pandharipande’97
ST: McDuff-Salamon’93, Ruan-Tian’93



Counting Curves vs. Stable Maps

type

V14 CUTVES

via stable maps

tacnode in P2

Ran’02

DH’88+Vakil’98

3-point in P?

Ran’02

KQR’96, Vakil’98

node

tacnode

P3: Ran’02

3-point

P™: 7.°02

simple node



Subject of the Talk
Method for solving a large class of

enum. problems involving rational curves in P"

Highlights
e uses only of Mo n (P, d)

e appl. in each specific case is

Applications

e determine 7 of rational curves in P"
with one singular point of given type
not involving tacnode-like conditions

e describe of the space

of normalizations of such curves



Example

Determine # of rational curves in P"
that have a point with four branches,

one of which is a cusp and another is a 2-cusp

Problematic

Curves with 2 nodes, a tacnode, etc.

)7

if n>4 if n>5
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One-Component 3-Pointed Rational Curves in P3

d 4 4 4 4 4 5 5 6
(p,8)  [(6,1)|(5,3)|(4,5)|(3,7)] (2,9) [(8,1)](7,3)]|(10,1)
vl o 0 0 | 60 | 1,280 | 8 | 264 |4,680

One-Component Tacnodal Rational Curves in P?

d 4 | 4 | 4 4 4 5 5
(p, &) |(6,1)[(5,3)](4,5)|(3,7)| (2,9) | (81) | (7,3)
Ls Wl o 0 0 |[1,296|27,648| 960 | 9,792
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Ingredients

topology:
boundary contributions to euler class
boundary contributions to pseudocycles

zeros of affine maps between vector bundles

construction of

of these
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Step O (trivial)
Relate the desired set of curves to
a subset Z of My v (P, d) (or related space)

Eventual Goal

Express |Z| in terms of “Level 0” numbers:
(1) tautological classes in My . (P7, )
(2) equivalently, the numbers n,(x) (Pand.’95)
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Example
Z* = rat. degree-d curves thr. 3d—1 pts,
counted with a choice of a node

Question: What is |Z2*|?
S = {[u, yo, y1] €M 2(P*,d): p; €EImu}

Z ={beS:evy(b)=evy(d)}
= {bESI {evoxevl}(b)EApzpr}

y]_ yO‘ .yl @

Yo =00 Pl

‘IZ*\=%\ZII

Y
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Step 1 (easy)
Describe subset S of My v (P, d) s.t.

(la) Z=s5"1(0) for a “good” s€I'(S;V)
(Ib) or “pseudocycle equivalent” of (1a)
(2) Level of § < Level of Z

Goal

Express |Z| in terms of lower-level numbers

15



Topology, Part 1

Motivation
S™ cmpt mnfd
sel(5;V) Z=sl5'(0)
sls M Oy

What is |Z|?
HZ| = (e(V),S) — Cos(s)

Formally
Cos(s)=F|{s+e} H0)NW] if
ecI'(S;V) small & generic
W =small neighborhood of S
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Computation of Cyz(s)

Assumptions on s
oS = | |Z;
W, small nhbd of Z;, s.t. s|w, =~ oy o

NZZ > EV I‘kFZ' §1“sz7/

F; =
\I/ a; €T'(Z;;Hom(F;; V') non-degen.
Z;

= polyn. if rtk F; =rk N Z;

N(a;) = |{(z;w) € F; I_Oéq;(CE; w)+v(z)=0}
vel(Z2;;V)
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SgN Pj =

18

if rk F; <rk N Z;

c; >0 Vi
c; <0 V7

otherwise

= det A



Summary

Setup
746 S™ cmpt mnfd
scT(S;V) Z=s|5"(0)
Sn s|ls M Oy

oS :|_|Zi7 S|W1 ~ QO P

Conclusion

21 =(e(V),S) = Cas(s)
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Topology, Part 11

Counting Zeros of Affine Maps

kaav—VJrO‘ k+m S cmpt

\ / o EF(g_S_’;Hom(F, 0))

veI'(S; O) generic w.r.t. a

Facts
(1) N(a) =51 (0)| depends on «, but not v

(2) if a|F}, is injective Vo €S,

Har(0)]=(e(0/a(F)),8) =(c(0)e(F) 73 S)
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Example

S=P = {{=[u,v]: (u,v)eC*—{0}}
F=C, O=Caq~*

(1) if a(l;c)=(4;c,0), N(a)=1

(2) ifa(l;e)=;0,c-u), N(a)=0
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Computation of N(«a)

(S, F,0,a)

S—PF F—x

(S,F,0,a), tk F=1

N(a) =*|a* 51, 1 ) (0)

o eT'(S; Hom(F, O/Cv))

S, F;,0;,a;), TkO,; <rkO
gs 45,5, 0y J
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Summary of Topology

Setup
v _ kX Ak+m
(I sel(S;V) F >0
S
Y 8‘3 M OV \/
S" Sm

8S:|_|ZZ, S‘Wz ~ ( O

Conclusion

s|51(0)| = -2 - N(a;)

N(a) = Ho (5,10 0)
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Important Generalizations

S C M, M=strat. top.orbi., dim S <dim S
oS C UZ;

sel'(S,V), OzGF(S,Hom(F, (’)))

extension to pseudocycles

24



Example
Z* = rat. degree-d curves thr. 3d—1 pts,
counted with a choice of a node

Question: What is |Z2*|7

S = {[u, yo, y1] €M 2(P*,d): p; Elmu}

Z = {{GVQ xevl}\g}_l(APQsz).

evgxevy: S — P2 xP? is a pseudocycle I

Reasons:

dim 0S< dim S
evp xevy: S — P2 xP? is continuous

ev X evy is smooth on all strata of S

—~~ —~
w N
~— — —
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Consequences

(1) get [ev()xevl] c Hy(P?xP?;,Z)

(2)  (({evoxevi} H(Apayp2), S))
= [ev()xevl] : |:A]P>2><]P>2:| e 7

—Cp3 (evo X evy; Apz sz)

[A]paxﬁm} = [pX]P)Q] -+ [@Xf] + []P)Q Xp]

Conclusion
=0+ d? - ng + 0
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Ingredients of the Method

topology:
boundary contributions to euler class
boundary contributions to pseudocycles

zeros of affine maps between vector bundles

construction of

of these
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Analysis, Part 1

Construction of “Good Bundles”

Mo, (P d) = {(u;y0,...): u€H(S* P")}/PSL,
= B/S*
Mo (P d) = B/S*

Key Property

B C {(u;yo,...): ueH(S*P")}

‘ Lo=B X ¢1 C is the “universal tangent bundle at y,” I

28



Construction of “Good” Bundle Sections

D™ €T (Mo (P", d), Hom(LE™, eviTP™))

D(l)[ (w, Yo, - - -), ] = ¢ - du|yy=co€oo
[ Uy YOy -+ +) ] = %02 - %du\ooeoo

=(1,0,0) € TsS?

D™ e (M . (P, d), Hom(LEE™, evi TP™))

D()[uyo,... ),c] = c-dulye

D(2)[uyo,... ] 5]
— % < Tylc ~ TyzSQ

,c Sdu|ylel
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Analysis, Part 11

Theorem
Near each boundary stratum of Mg (P, d),
each section Dl(m) admits a power-series type of
expansion involving the “derivatives”
at the marked and singular points.

Example

U1
> @ slb @

Yo =00 Yo  Yo=Y1=7T2
Main Stratum

Normal Bundle ~ Lj ® Lo ~ Lo

Dy p(v) = {D5 +e1(v) v
D(()Q)cb(v) = @@{DS)—I—Q(U)}U + {D§2)+52(v)}v®2
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Example
Z* = rat. degree-d curves thr. 3d—1 pts,
counted with a choice of a node

Question: What is |Z2*|7

S = {[u,y0,11] €Mo 2(P*,d): p;eImu}

Z = {{evoxeviHs}  (Ap2ype).

|Z] = d? - ng — Cys(evo xevi; Apzypz)

evi(p(v)—evo(d(v) = Y 47" DM p(v)
k=1

= Z(?Jl —$2)_k{pék) +e(v) }U®k
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Consequences

Cos(evoxevy; Apzype) = N(a)

Lo a = Do > GV?SCZ—YIP)2
Vi(p) = ‘

Yo

o does not vanish:

= (c(evgTP™)c(Lo) ™, V1 (1))

= (3evier (v7) +ei (L), Vi)
= 3d - ng — 2 - nd

Conclusion
|Z‘ = d2 *Ng — (3d—2)nd = Q(dgl)nd

‘Z*| _ (dgl)nd
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Rational Tacnodal Curves in P"

Question
What is the number | Z*| of rat. tacnodal curves

that pass thr. constraints pq,..., uy in P™?

Constraints
3d—2 points in P?

p pts and ¢ lines in P?, 2p+q=4d—3
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Setup
SO — {[uvy())yl] EmO,Q(]P)n7d): Mlmlmu%@}
= {bESO: evo(b):evl(b)}
Sy = P(LO@LS)’&

Z = { b f 681 DO 1 b f }
D(),l(b,g) S F(Sl;’)/ @eVOT]P)n)
Dg’l(b; Vo, Ul) — D(()l)vo + D%l)vl

Remark
Dy.1 does not extend over OS]
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1Z] = (e(v*@eviTP™),S1) —

Step 1
e Check that dim 0S; < dim Sy

e Describe the strata of 0S;

Step 2
Figure out the boundary contributions

X 2

Cusp\) X 3

/ Y1 Yo
o & ="
\
yoj x
y]_ yO

% > x(=1
Q’ T %0

Yo
35



Infinite-Dimensional Analogue

FO,l
< \ ¥ =(3,j) = Riemann surface
_ PO f)=T(5; Ay T*S@ f*TP")
Cq (5 P7) |

(e(T*';ind 0), CP(Z;P™)) = H{d+e} 1 (0)]

/ =Rlgq
Li-Tian, Fukaya-Ono, Seibert
Fact

RT, g for P™ is

36



Applications

ng.a = |{f: (X,j) —P" passes thr.
appropriate # of pts, lines, etc.}‘
= [{Olcz e} (0)

o ‘{ genus-g fixed complex str. curves

thr. appropriate constraints in ]Pm}

Ng,d = <€(F0’13 ind 9), 050(23 Pn)> - CaégO(z;Pn)(é)
=Rlga— CaégO(z;Pn) (0)
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“Near Fact”

3 partition 071(0) N ACL (Z;P") = | | Z; s.t.
el

o Cocoo(sypn)(0) = Z;mi - N(a;)
1€

e [ depends only on n and g (or j if g>3)
e m,; depends only on ¢
o EF(ZZ-; Hom (F3; (’)z)) is good and

“minimally” dependent on d and constraints

True if
g=0 m; =0 easy
g=1 mi1=1; m; =0 if £ 1] ~Ionel’96
g=2, n=2,3 m; €40, 1,2, 3} 7.02

g=3, n=3 |m;e{0,1,2,3,4} or

. 7.°02
J non-hyperell. |m;€{0,1,2,3,4,10}

Also g=2,n=4; g=3,n=3; g=4,5,6,7, n=2.

38




Final Remark

ng,d = ‘{f: (X, 5) — P™ passes thr.

appropriate # of pts, lines, etc.}’

g=0 g i=Rlg.d

9= n; 4 is independent of j €My 4
ng,d 7#RTyq

g=2 ng ;4 1s independent of j €My
n‘; 4 18 dependent on 7 EMs
ng,d 7#RTgq

g=3 | If 5 is not hyperelliptic,

né) 4 depends on 7 of hyperflexes
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