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Abstract

We show that a widely believed conjecture concerning rigidity of genus-zero and -one holomor-
phic curves in Calabi-Yau threefolds implies a relation between the genus-one GW-invariants of
a quintic threefold in P* and the genus-zero and genus-one GW-invariants of P4. This relation
is a special case of a general formula for the genus-one GW-invariants of complete intersections
obtained in a previous paper. In contrast to the general case, this paper’s derivation is more ge-
ometric and makes direct use of the rigidity property. Thus, it provides further evidence for the
rigidity conjecture in low genera. On the other hand, this paper also suggests a potential way
of disapproving the less commonly believed generalization of the rigidity conjecture to arbitrary
genus.
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1 Introduction

1.1 Summary

Suppose v — P" is the tautological line bundle, a€Z™, and
£ =*%a,

If s€ HO(P"; £) is a generic holomorphic section,
Y =51(0)

is a smooth hypersurface in P”. It has long been known how to express the genus-zero Gromov-
Witten invariants of Y in terms of the genus-zero GW-invariants of P™; see (1.1) below for a special
case. The latter can be computed using the classical localization theorem of [ABo]. In [LZ], we
prove a genus-one analogue of (1.1) for an arbitrary hypersurface Y. The proof itself is rather
simple. However, it relies on the constructions of reduced genus-one GW-invariants in [Z6] and
of euler classes of certain natural cones in a setting more general than in [Z5]. The latter in fact
constitutes most of [LZ].

In this paper, we rederive a genus-one analogue of (1.1) for a quintic threefold Y in P4, i.e. for
a=>5 in the above notation, in a direct, albeit more laborious, way from a certain rigidity property
for genus-zero and genus-one J-holomorphic curves in a quintic threefold; see the next subsection.
While it is not known whether the rigidity property is satisfied, it is widely believed to be the case
for curves of low genus (at least 0 and 1 and likely up to genus 2 or 3). Our derivation generalizes
to arbitrary Calabi-Yau complete-intersection threefolds in projective spaces. It can be used for
Fano complete-intersection threefolds as well, but in such cases it can be obtained by taking v=0
in Subsection 2.2 of [LZ]. In the Calabi-Yau cases, this cannot be done and this paper’s derivation
is different from that in Subsection 2.2 of [LZ].

Quintic threefolds, as well as other Calabi-Yau manifolds, play a prominent role in theoretical
physics. As a result physicists have made a number of important predictions concerning CY-
manifolds. Some of these predictions have been verified mathematically; others have not. This
paper indicates that one of them fits in nicely with known mathematical facts.

If X is a Kahler manifold, g and k are nonnegative integers, and A € Ho(X;Z), we denote by
M, (X, A) the moduli space of (equivalence classes of) stable holomorphic maps from genus-g
curves with k& marked points in the homology class A. Let

My (X, A) =M, 0(X, A).



If ©: Y —P" is an inclusion and ¢ is the homology class of a line in P", let

Mei(Vod) = | Mu(¥; A).
L A=dl

If Y is a Calabi-Yau threefold, the virtual, or expected dimension, of ﬁg(x d) is zero. The virtual
degree of 9, (Y, d) is the genus-g degree-d GW-invariant of Y. If Y is a quintic threefold, we denote
this invariant by Ny(d).

Let
md Uy (P, d) — My(P",d)  and  evi:8Uy(P",d) — P"

be the semi-universal family and the natural evaluation map. In other words, the fiber of 7r‘gi over
[C,u] is the curve C, while
evg([C,u; 2]) = u(z) if zeC.

We define a section sg of the sheaf ﬂg*evg*ﬁﬁﬁg(]lm, d) by
Sg([C,u]) = [sou].

If Y=5s71(0), M, (Y,d) is the zero set of this section.

If a=5, it has long been known that
No(d) = (e(mdevie), [DMo(P,d)]). (1.1)
The moduli space 9y(P*, d) is a smooth orbivariety and
7d evd €& — Mo(P, d) (1.2)
is a locally free sheaf, i.e. a vector bundle. Furthermore,
dime Mo(P,d) =5d+1  and  rkenlevd* € =5d + 1.

Thus, the right-hand side of (1.1) is well-defined. It can be computed via the classical localization
theorem of [ABo]. The complexity of this computation increases quickly with the degree d, but a
closed formula has been obtained in [Ber], [Gal, [Gi], [Le], and [LLY].

If g > 0, the sheaf W;l*evg*ﬁ — M, (P4, d) is not locally free and does not define an euler class.
Thus, the right-hand side of (1.1) does not even make sense if 0 is replaced by g > 0. Instead one
might try to generalize (1.1) as

Ny(d) = (e(Rnd evi e — Rzl evi ), [D,(P, d)]""), (1.3)

where Riwg*evg*ﬁﬁﬁg(]}”‘l, d) is the ith direct image sheaf. The right-hand side of (1.3) can be
computed via the virtual localization theorem of [GrP1]. However,

Ny(d) # (e(ROn evi* £— R'zf v L), [ (B4, )] "),

according to a low-degree check of [GrP2] and [K].



Let

9322([[”4,(1) = {[C,u] cM,(P*,d): Cis smooth }.
We denote by ﬁg(]P"l, d) the closure of MY(P*,d) in My (P, d). If g >0, ﬁg(]?‘l,d) is one of the
many irreducible components of the moduli space M, (P4, d).

Theorem 1.1 If d is a positive integer, £=~*®> — P4,
7l 8 (P4 d) — D (P d)  and  ev?: 4y (P4, d) — P*

are the semi-universal family and the natural evaluation map, respectively, then the euler class of
the sheaf
ﬁl*evl*ﬁ — ml (P4 d)

is well-defined. Furthermore, if Y satisfies the Rigidity Assumption of Subsection 1.2, then

iNO(d) + (e(nfevie), [sm?(]?‘*, d)]). (1.4)

Ni(d) = D

The moduli space ﬁ?(]P"l, d) is not a smooth orbifold. Nevertheless, it determines a fundamental
class in H 10d(ﬁ(1)(]?4, d); Q), as its singularities are fairly simple. The sheaf

ﬁl*evl*ﬁ — ml (P4 d) (15)

is not locally free. Nevertheless, its euler class is well-defined. In other words, the euler class of
every desingularization of this sheaf is the same, in the sense described in Subsection 1.2 of [Z5].
The last expression in (1.4) can be computed via the classical localization theorem. Of course, the

singularities of the space 9 (P*,d) cause additional complications. However, since these singu-

larities can be understgg)d, these complications can be handled. A desingularization of iﬁ?(]?‘l, d),
i.e. a smooth orbifold MM (P4, d) and a map

7 MO (P, d) — M, (P, d),

which is biholomorphic onto 9t}(P4, d), is constructed in [VaZ]. This desingularization of ﬁ? (P4, d)
comes with a desingularization of the sheaf (1.5), i.e. a vector bundle

V— ﬁ?([@‘l, d) s.t. 7.V = 1l evi* g,

In particular,

* 0 Y an
<€(7T1*GV1 L), [9371(]}”47d)]> = <€(V)7 [9]{?(]}”4,d)]>.
The localization theorem of [ABo] is directly applicable to the right-hand side of this equality.

Using Theorem 1.1 and the desingularization constructed in [VaZ], we have computed the numbers
Ni(d) for d=1,2,3,4. The results agree with those predicted in [BCOV]; see Subsection 1.3 in [LZ]
for more details.



From the point of view of symplectic topology as described in [FuO] and [LT], the numbers N4(d)
can be interpreted as the euler class of a vector bundle, albeit of an infinite-rank vector bundle over
a space of the “same” dimension. As in the finite-dimensional case, this euler class is the number
of zeros, counted with appropriate multiplicities, of a transverse (multivalued, admissible) section.

In brief, we prove (1.4) by slightly perturbing the complex structure Jo on P, then expressing each
of the three terms appearing in (1.4) as the number of zeros of a transverse section of a vector
bundle and comparing the results for the two sides of (1.4). There are a vector bundle §F — X,
possibly of infinite rank, and a section ¢ of § associated to each of three terms. The zero set of ¢
is easy to describe. However, ¢ is not transverse to the zero set. We determine the number Cz(p)
of zeros of p+¢, for a small generic multisection &, that lie near each stratum Z of ¢ ~1(0). These
numbers in turn determine the contribution of each J-holomorphic curve in Y to the three numbers
n (1.4). We will see that every such curve contributes equally to the two sides of (1.4).

Theorem 1.1 follows immediately from Propositions 1.3-1.5 and separately from Propositions 2.1-
2.3. The first three propositions are easier to state and can be deduced from the last three propo-
sitions. While the statements of Propositions 2.1-2.3 are more technical, they are easier to prove.

The formula (1.4) also follows from Theorem 1.3 in [LZ] and Theorem 1.1 in [Z6], whether or not
the Rigidity Assumption holds. Thus, Theorem (1.1) provides additional evidence for the genus-
zero and -one cases of the Rigidity Conjecture; see the next subsection. On the other hand, the
methods of [LZ] and [Z6] should extend to give relations between higher-genera GW-invariants of
complete intersections and of projective spaces without any assumptions, while the methods of
this paper should extend to deduce such relations directly from the Rigidity Conjecture. If the
two formulas disagree in some genus g, the Rigidity Conjecture must be false in genus g and in all
higher genera.

1.2 Rigidity Properties

Throughout the rest of the paper, Y will denote a quintic threefold in P4. If J is an almost complex
structure on Y, (3, 7) is a Riemann surface, and u: ¥ —Y is a J-holomorphic map, let

* 0,1 *
Dju: T(Zu*'TY) — F(E;AJJT E@u*TY)
be the linearization of 0j-operator at u; see Subsection 2.1.

Definition 1.2 An almost complex structure J onY satisfies the genus-g rigidity property
if for every smooth connected genus-g Riemann surface (X, 7) and nonconstant J-holomorphic map
u: n—Y

(Jy1l) u(X) is a smooth curve;

(Jy2) ker Dy, CT(3;u*Tu(X)).

If J satisfies the genus-g rigidity property, all genus-g J-holomorphic curves in Y are smooth and
isolated. We denote by J(Y) the space of all C''-smooth almost complex structures on Y, with
the C'-topology, and by \Zfi]g(Y) C J(Y') the subspace of almost complex structures that satisfy
the genus-g rigidity property.



Rigidity Conjecture For all g and all Calabi-Yau threefolds Y, 79

g (Y) is dense in (V).

Rigidity Assumption If Y is a quintic threefold, the closure of jr?g( )ﬂjr}g( ) in J(Y) con-
tains Jp.

We note that jr‘i’g(Y) is open in J(Y). Thus, the g=0,1 cases of the Rigidity Conjecture imply
our Rigidity Assumption.

Since the expected dimension of the moduli space ﬁg(Y, d; J) of genus-g degree-d J-holomorphic
maps into Y is zero, it is easy to show that the property (Jy 1) of Definition 1.2 is satisfied by a
generic almost complex structure J. However, despite years of attempts, this has not been shown
to be the case for (Jy2), even for g=0. Nevertheless, this is believed to be case, though with some
hesitation for g above 2 or 3.1

For each J€ J(Y), let S;l(Y; J) be the set of J-holomorphic genus-g degree-d (simple) curvesin Y.
If Je Jgg( ), this set is finite. By Propositions 1.3 and 1.4 below, the number of elements in
S;l (Y;J), counted with appropriate signs, is independent of J € Jﬁg( ) for g=0,1. We denote this
number by ny(d). If c€Z™, let m(c) denote the number of degree o covers of an elliptic curve by
elliptic curves.

Proposition 1.3 For all deZ™,

No(d) =" no(d/o)

o3
old
Proposition 1.4 For all d€Z™,

Ni(d) = 122"0 /7)1 5 d/")

old old

Proposition 1.5 Ifd, £, ﬂil, and ev‘f are as in the statement of Theorem 1.1, then

nl d/o‘)

(e (7, evi* £), [93??(]5”4,d)]> = %Z no (d/o) +Zm

old old

We do not prove these three propositions as stated, since this is not necessary for the proof of
Theorem 1.1. Instead, we prove the less elegant and more notationally involved Propositions 2.1-2.3,
that also imply Theorem 1.1. Propositions 1.3, 1.4, and 1.5 can be derived from Propositions 2.1,
2.2, and 2.3, respectively; see the end of Subsection 2.2.

f w: ¥ — Y is an embedding, denote by N, — ¥ the normal bundle to u. In order to prove the rigidity
conjecture, it is sufficient to show that for a generic almost complex structure J on Y, for every J-holomorphic
embedding u: ¥ — Y of a Riemann surface, and for every branch cover f: Y — %, the operator Djuof on f*N,
induced by Dy oy is injective. If (Jy2) is to be proved only up to genus g, it is sufficient to consider covers ¥ of
genus up to g. If J is a holomorphic and N, — X is generic (of degree 2g(3)—2), then Djuof is injective for every
f if and only if the genus of X is 0 or 1. The expectation is that this kind of generic situation can be achieved using
a non-integrable J.



2 Preliminaries

2.1 Review of Key Definitions

In this subsection, we give geometric definitions of the three terms that appear in (1.4). The con-
struction of the Gromov-Witten invariants described below is a slight variation on that of [FuO]
and [LT], but it is easy to see the only difference is in the presentation. Below we use the term
multisection, or multivalued section, of a vector orbi-bundle as defined in Section 3 of [FuO].

If X is a smooth submanifold of P", we denote by X,(X,d) the space of equivalence classes of
stable degree-d smooth maps from genus-g Riemann surfaces to X. Let %2(X ,d) be the subset
of X4(X,d) consisting of stable maps with smooth domains. The spaces X4(X, d) are topologized
using L}-convergence on compact subsets of smooth points of the domain and certain convergence
requirements near the nodes. Here and throughout the rest of the paper, p denotes a real number
greater than two. The spaces X,(X,d) can be stratified by the smooth infinite-dimensional orb-
ifolds X7(X) of stable maps from domains of the same geometric type. The closure of the main
stratum, X9(X, d), is X4(X, d).

If J is an almost complex structure on P, let
IONX, d; J)— Xg(X,d)

be the bundle of (T'X, J)-valued (0, 1)-forms. In other words, the fiber of FB’I(X, d; J) over a point
b =%, j;u] in X,(X,d) is the space

Lo (X, ds )]y = TON (B TX5 ) /Aut(h),  where T (b TX;J) = T(S; AT S0u'TX).

Here j is the complex structure on X, the domain of the smooth map . The bundle A%T*Z@u*TX
over Y consists of (J, j)-antilinear homomorphisms:

AT S@uTX = {a€Hom(T'S, u*TX): acj=—Joa}.

The total space of the bundle FS’I(TX ,d; J) — X4(X,d) is topologized using LP-convergence on
compact subsets of smooth points of the domain and certain convergence requirements near the
nodes. The restriction of FS’I(TX ,d; J) to each stratum X7 (X) is a smooth vector orbibundle of
infinite rank.

We define a continuous section of the bundle Ty (T'X, d; .J) —X,4(X,d) by

(du + Joduoy).

DO | =

éJ([zvjvu]) =

By definition, the zero set of this section is the moduli space ﬁg(X ,d; J) of equivalence classes
of stable J-holomorphic degree-d maps from genus-g curves into X. The restriction of d; to each
stratum of X4(X, d) is smooth. For each element [b]=[%, j, u] of X,(X,d), we put

Dy = 5 (V¥E+ 70V E0]) + 5(VET) oduoj if E€T (6 TX)=T(%;u"TX),

N —



where VX denotes the Levi-Civita connection of a J-compatible metric on X. The linear operator
Dy describes the restriction of a linearization of 0; at [b] to a finite-codimensional subspace of
the tangent bundle of the stratum X7(X) of X4(X,d) containing [b].

The section d;: X4(X, d) —>F2’1(X ,d; J) is Fredholm, i.e. its linearization at every point of d71(0)
has finite-dimensional kernel and cokernel. The index of J; at a point of %S(X ,d) is the expected
dimension of the moduli space M, (X, d;J). If X =Y, this expected dimension is 0. By definition,

Ny(d) = *{0;+e}1(0)], (2.1)

where ¢ is a small multivalued perturbation such that 0;-+¢ is transverse to the zero set along each
stratum X7(Y") of X4(Y,d) and )
HIs+e} ()]

is the number of elements in the finite set {0;+¢}~1(0), counted with appropriate multiplicities.
By the transversality condition, B
{07+e}71(0) C X(Y, d).

The smallness condition implies in particular that the set {J;+¢}71(0) is close to 9, %(0). Since
the set 0;%(0) is compact, it follows that the set {39;+¢}71(0) is also compact. Let Ad(87) denote
the set of all perturbations € of J; that satisfy the two conditions above. Such perturbations will
be called d;-admissible. Below we will refer to the number in (2.1) as the euler class of the tuple

Vi (0;7) = (X4(Y,d), T (Y, d; J), w3 07, AG(Dy)).
This euler class depends on the Fredholm homotopy class of the section ;.

We now describe the last term in (1.4) in a similar way. If £ — P* is as in Theorem 1.1, let
[,(&,d) — X4(P*,d) be the cone such that the fiber of I'y(£,d) over [b]=[%, j;u] in X,(P*,d) is
the Banach space

Fg(S,d)‘[b] =T'(b; £)/Aut(b), where Ly L) =LY(Z;u*L),

and the topology on I'y(£,d) in defined analogously to the topology on I'y(P4,d). Let V denote
the hermitian connection in the line bundle £ — P* induced from the standard connection on the
tautological line bundle over P4, If (¥, j) is a Riemann surface and u: ¥ — P* is a smooth map,
let

VTS u*e) — T'(5; T E@u*L)

be the pull-back of V by u. If b=(X, j;u), we define the corresponding O-operator by

Ovp: T(Biu' L) — T (S AY T S@u ), € =5 (VUE+iViEo ), (2.2)

N =

where i is the complex multiplication in the bundle u*£. Let
Vi ={[b,£]eTy(L,d): P]€Xy(P*,d), {€ker g, C Ty(b;£)} C Tgp(L,d).

The cone Vg — X, 1(P*, d) inherits its topology from I'y(£, d).



Let ﬁ?(]?‘l, d; J) C My (P4, d; J) denote the closed subset containing the set
My (P4, d; J) = {[C,u]eﬁl(ﬂbﬂ‘,d; J): C is smooth},

which is defined in [Z4]. If the almost complex structure J is sufficiently close to Jo, ﬁ(l](]P"l, d;J) is
the closure of MY (P4, d; J) in My (P4, d;J). Furthermore, in such a case, MY (P*,d; J) is a smooth
orbifold of dimension 10d, while aﬁ?(ﬁ”‘l,d; J) is a finite union of smooth orbifolds of dimension
at most 10d—2. On the other hand, Vf’WI?(IP"‘,d; 7y 1s a complex vector orbibundle of rank 5d. The
last term in (1.4) is the number of zeros, counted with appropriate multiplicities, of any continuous
multisection ¢ of the cone V§ over ﬁ?(]?‘l,d; J) such that ¢~1(0) is contained in M (P4, d;J)
and g0|9n<1)(ﬂm47d; gy is smooth and transverse to the zero set; see Subsections 1.2 and 1.3 in [Z5].
Proposition 3.1 in [Z5] guarantees that a section ¢ satisfying the two conditions exists. In our case,
it is more convenient to think of ¢ as 5?4—6, where ¢ is a multivalued perturbation of scf. We denote
by A%(s;J) the set of all perturbations ¢ of s¢ such that s¢+¢ satisfies the two conditions above.
Such perturbations ¢ will be called s¢-admissible. Let

Vfl(s;J) = (ﬁ(l](IP’A‘,d; J),V{l,w; scll,ACf(s)).
This tuple will be the focus of Section 4.

Remark: Since Y is a semi-positive symplectic manifold, one can define the numbers N4(d) without
using the infinite-rank orbibundles T'9 (Y, d; J); see [RT]. However, there would be no effect on
the proofs of Propositions 1.3-1.5 and 2.1-2.3, and the construction described above appears more
natural in the present context, even though it involves more complicated objects.

2.2 Components of the Proof

We now set up additional notation that allows us to state more notationally involved, but also
easier-to-prove, versions of Propositions 1.3-1.5.

By Theorems 1.6 and 2.3 in [Z4], there exists §(d) € R™ with the property that if J is an almost
complex structure on P* such that ||.J—Jy||c1 <d(d), then J is genus-one df-regular in the sense of
Definition 1.4 in [Z4]. This regularity condition implies that the moduli spaces Mg (P4, d; J) and
ﬁlyk(ﬂ”‘l, d; J) have the same stratification structure as the moduli spaces

My (P4, d) = My 1. (P, d; Jo) and My x(Pd) = Dy (P4, d; Jo),

respectively. In addition, by Theorem 1.2 in [Z5], §(d) €R™ can be chosen so that the euler class

of the cone
Vi — I (P, d; J)

is well-defined and . .,
(W), (B, d; J)]) = (e(V]), [0, (P, d)] ), (2.3)

if ||J—Jollcr <6(d).
If J is an almost complex structure on P* and [%, u] € M (P4, d; J), we put

s‘f([z,u]) =[sou] € I‘(E,d)|[27u}.



If J is Vs-equivalent to Jy, i.e.
Vso Jy=VsoJ eI (P Homr (TP, £)),
then s{([,u]) € V{5, ;- Thus, in such a case, we obtain a continuous section of the cone
Vi — TP ds ),
which restricts to a smooth section over each stratum of ﬁ? (P*,d; J). Note that

-1 50 =0 —
{stlg0 10} (0)=D0(Y,d;.J) = DB, d; J) D (Y, ds ). (2.4)

Since the (V, Jy)-holomorphic section s of Subsection 1.1 is transverse to the zero set in £, the
(i, Jo)-linear map
Vs: TP — ¢

does not vanish along Y =s71(0). Let U, be a small neighborhood of Y in P such that Vs does not
vanish over Us. The kernel of Vs over Uy is then a rank-three complex subbundle of (TP, Jo)|v.,
which restricts to TY along Y. We denote this subbundle by TY. If J is an almost complex
structure on P4 such that

(J1) J=Jy on P*—Uy;

(J2) J(TY)=TY and J=Jy on TPy, /TY,
then Jy and J are Vs-equivalent. Thus, every almost complex structure Jy on Y extends to an
almost complex structure J on P* which is Vs-equivalent to Jy. Furthermore, such an extension
can be chosen so that

17 = Joller < 2[|Jy — Jolry || ca- (2.5)

We denote by Jrig(s) the set of almost complex structures J on P4 such that .J is Vs-equivalent to
Jo and Jy =J|py is an element of Jr?g(Y)ﬂJr%g(Y). By the above and the Rigidity Assumption in
Subsection 1.2, the C''-closure of Jyig(s) in J(P?) contains Jo.

From now on, we assume that J € Jyig(s) is an almost complex structure on P* sufficiently close
to Jy. For ¢g=0, 1, we put

SHY;J)=84(YiJy) VdeZt and  S,(ViJ)=| | SHY; ).
d=1

If ke Sy(Y;J), let d,; denote the degree of x in P4 If k € So(Y;J) and q is a positive integer,
let MY (k,d) be the subset of 9y (k,d) consisting of stable maps [C,u] such that C is an elliptic
curve E with ¢ rational components attached directly to E and u|g is constant. Figure 1 shows
the domain of a typical element of 93 (x, d), from the points of view of symplectic topology and of
algebraic geometry. In the first diagram, each shaded disc represents a sphere; the integer next to
each rational component C; indicates the degree of u|¢,. In the second diagram, the components of
C are represented by curves, and the pair of integers next to each component C; shows the genus

10



do
(07 dl)
dy (O,dg) di+do+ds=d
ds
(1,0 (0:ds)

Figure 1: Domain of a typical element of 903 (x, d)

of C; and the degree of u|c,. For stability reasons, the restriction of u to each rational component
must be non-constant. We denote by 9] (k,d) the closure of M (k,d) in M (k,d). Note that

2d, if g=0;

2.6
2d+1—q, ifqeZ™. (2:6)

dime M} (k, d) = {

If g Zt, M (k,d) is a smooth orbi-variety. In contrast, ﬁ?(/{, d) is a singular orbivariety, if d>2;
its structure is described in Subsection 4.2.

For each q € Z7T, let [q] = {1,...,q}. If d = (di,...,dy) is a g-tuple of positive integers and
keSy(Y; J), we put

ﬁo(/ﬁ:,d) = {(bl, R ,bq) S ﬁﬁoyl(ﬁ, dz) evo(bi) :evo(bj) Vi,j S [q]}, (27)

i=1
where evy: ﬁm(/{, d;) — kK is the evaluation map corresponding to the marked point. Let
Mok, d) = || Mo(k, (da,....dg)).
d;>0,3" d;=d
The spaces ﬁg(ﬁ;, d) are smooth orbi-varieties. We note that
dime M (K, d) = 2d+1—2q. (2.8)
There is a natural node-identifying immersion
Lg: My g x Mg (k, d) — M (x, d) (2.9)

where M, is the moduli space of genus-one curves with ¢ marked points. It descends to an
immersion

(Mg x DG (5, d)) | Sq — DN (k, d),

where S, is the gth symmetric group; the latter immersion restricts to a diffeomorphism on the
preimage of M{(k,d). The immersion (2.9) is illustrated in Figure 2. In this figure, we represent
an entire space of stable maps by the domain of a typical element of the space. We shade the
components of the domain on which the maps are non-constant. The vertical bar indicates that
the three marked points are mapped to the same point in &, as specified by (2.7). Let

7p, g Mg x M (k,d) — M 4, Mo(r, d)
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Figure 2: The node-identifying immersion (2.9) for ﬁi’ (k,d)

be the projection maps.

For each k€ Sy(Y;J), we denote by Ny s the normal bundle of s in Y. If g€ Z* and [b] = ([bi]);¢|
is an element of My(r, d), let

Db TY) = {€=(&)ielg EEP T TY): &(wo (b)) =5 (wo(b;)) Vi j€[q]},

i€[q]

ql

where yo(b;) is the marked point of the component map b;. Since Jy € jr?g(Y), by the Index
Theorem the cokernel H(b;TY) of the operator

L(b;TY) — T (0 TY; =@ T 03 TY;T), Du((Eieg) = (Dupldiergs  (2.10)
i€[q]

is a vector space of dimension 2d—2. It is naturally isomorphic to the cokernel H },(b; Ny k) of the
operator
L(b; Nyk) — T (b; Ny k; J), D}:b((fi)ie[q]) = (Dj:bigi)ie[q]a

induced by the operator D ;;. These cokernels induce a vector orbibundle over ﬁg(/{, d), which
will be denoted by ngl. If ¢=1, this bundle is the pullback by the forgetful map

e ﬁ(l)(lﬁ, d) Eﬁo@(/ﬂ, d) — ﬁo(lﬁ, d)
of the vector bundle defined in a similar way. We denote this last vector bundle by Wgy 4+ We have

rkWi=2d—2 VgeZt and tkW),=2d-2. (2.11)

It is straightforward to see that the cokernel bundle for the operators D j; over ﬁg(m, d), for ge Z*,
is given by
L(’;Wifl ~ rmpE*@npevyTY @ TrEWg:g, (2.12)

where E —>ﬂ1,q is the Hodge line bundle and
evg: My (K, d) — &

is the natural evaluation map, corresponding to the marked point common to all factors. We
note that
tk W9 =2d + 1. (2.13)

12



On the other hand, similarly to the genus-zero case, the cokernel H }(b; TY') of the operator D j;
for

b e M (k,d) C My (k,d)
is naturally isomorphic to the cokernel H }(b; Ny k) of the operator Djb induced by Dj;. The
cokernels H(b; Ny ) have the expected rank for all b€ ﬁ(l)(/{,d) and thus form a vector bundle
over ﬁ?(ﬁ, d), which we denote by W;g We have

rk Wi’g =2d and (2.14)

xA 11,0 * Tk * % * Y20,
L gWia = (rpE*@mpeviNy k & 7TBW&Z) ‘Lgl(ﬁ?(n,d)) VqeZt. (2.15)

We are now ready to reformulate Propositions 1.3-1.5.

Proposition 2.1 If d and £ are as in Theorem 1.1, s € HO(P*; £) is a transverse section, and
Y =s710), there exists 6(d) € RT with the following property. If J € Tyig(s) and ||J—Jollcr <46(d),
then

No(d) =Y (e 1a): [Mo(k,d/dy)]),

KESo(Y;J)

where Wg d/ds — Mo (k,d/dy) is the cokernel bundle corresponding to the almost complex struc-
ture J, as above.

Proposition 2.2 If d, £, s, and Y are as in Proposition 2.1, there exists 6(d) € R™ with the
following property. If J € Treg(s) and ||J—Jo||cr <(d), then

Nid)= > F|m(k,d/d)|
KES1(Y;J)

+ D ( Wa/a.): [, (1, d/d,)]) +

KESH(Y;J)

d/d

“(eOVR a/a) [Po(s, d/dy)] >>,

where WY d/dy —Mo(k,d/d,) and Wi’g/dﬂ —>ﬁ(1)(/£, d/dy) are the cokernel bundles corresponding
to the almost complex structure J, as above.

Proposition 2.3 Ifd, £, s, and Y are as in Proposition 2.1 and V{l — X1(P*,d) is the cone
corresponding to the line bundle £ ——P* with its standard connection, there exists §(d) €R™ with

the following properties. If ||J—Jo|lcr <(d), then the moduli space ﬁ?([@‘l, d; J) carries a rational
fundamental class of dimension 10d, the euler class of the cone

Vi — M (P, d; J)
s a well-defined element of HlOd(ﬁ?(Pﬁ‘, d; J);Q), and

(V). [T(B*, d: D)]) = (V). [T (B, )] ).
If in addition J € Jreg(s),
(), P, aD]) = > F[mi(x,d/dy)]
KES1(Y;J)

+ D ( nd/dn) [Ty (e, d/d,)]) + %<6(W0d/d) [ﬁO(’%d/dn)D)v

KESH(Y3])
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where W}gd/dn —Mo(k,d/d,) and W}i:g/dﬁ —>ﬁ?(ﬁ,d/d,{) are as in Proposition 2.2.

In the last two propositions, the moduli space MY (k,d/d,), for k € S1(Y;J), contains m(d/d,)
elements: the m(d/d,) equivalence classes of the degree-d/d, covers of the elliptic curve x by an
elliptic curve. Since the order of the automorphism group of such a cover is d/d,,

m(d/d,)

=10 (k, d/dy)| = id/T.

The sign is determined by viewing the zero-dimensional suborbifold MY (k,d/d,) of X1(Y,d) as a
transverse zero of the section dy. This sign is the same as the sign of k as an element of the set
Sf"@ (Y J). In particular,

S (s, dfd)] = 3 (o) LY (2.16)

g
KES1(Y;J) old

where n1(-) is as in Subsection 1.2.
If keSp(Y;J), the orientations of the vector bundles

WO g — Dok, dfdy)  and WY — DN (1, d/d,)
are determined by the linearizations of the sections d; over Xo(Y,d) and X;(Y,d). According
to [IP], by a spectral-flow argument it can be shown that

<e(W27U), (Mo (k,0)]) = :|:<e(Rlﬂg*evg*((9,.@(—1)69(9,4(—1))), (Mo (k,0)]), (2.17)

(eWE0), [P (k,0)]) = £ (e(R'n,ev]*(On(~1) B OL(~1))), [ (r, )] ), (2.18)

where o0 =d/d,, and the sign agrees with the sign of x as an element of Sg” (Y;J). By localization,

i; (2.19)

o3

<e(Rlﬂg*evg*(O,i(—l)@O,i(—l))), (Mo (k,0)]) =

see Section 27.5 of [MirSym]|. Using the desingularization of ﬁ?(/{,a) constructed in [VaZ], one
can show that

(R, v (On (1) O0x(~1))), [T (5,0)]) = 75 T

Propositions 1.3-1.5 follow from Propositions 2.1-2.3 via (2.16)-(2.20).

(2.20)

Since Theorem 1.1 follows immediately from Propositions 2.1-2.3, we do not need to deduce Propo-
sitions 1.3-1.5 from Propositions 2.1-2.3. We prove Propositions 2.2 and 2.3 in Sections 3 and 4,
respectively; see also Propositions 2.5 and 2.6. The proof of Proposition 2.1 is very similar to the
proof of Proposition 2.2, but simpler, and we omit it.

14



2.3 Summary of the Proof of Proposition 2.2

A key notion in our argument, which is also used in the proof of Proposition 2.3, is Definition 2.4
below. For its purposes, we will call either of the two tuples Vg(é; J) and V{(s;J), defined in Sub-
section 2.1, a generalized vector bundle. The first tuple involves an infinite-rank bundle over
an infinite-dimensional space; the second one involves finite-dimensional objects, albeit non-smooth
ones. Nevertheless, both are generalizations of a rank-n vector bundle § over an n-dimensional
complex compact manifold X, with a choice of a section ¢ and of an appropriate subset A(y) of
I'(X;F) of second category. Such a collection of data can also be considered to be a generalized
vector bundle.

Definition 2.4 Suppose V= (%, S, <p,.A(g0)) is a generalized vector bundle. Subset Z of p~1(0)
is a regular set for V if there exists Cz(V)€Q and a dense open subset Az(p) of A(p) with
the following properties. For every ve Az(y),
(a) there exists €, €ERT such that tv € A(p) for all t€(0,€,);
(b) there exist a compact subset K,, C Z, open neighborhood U,(K) of K in X for each
compact subset K C Z, and €,(U)€(0,¢€,) for each open subset U of X such that

H{o+tr} 'nU|=Cz(V)  if t€(0,6,(U)) and K, CKCUCU,(K).

Every connected component of ¢ ~1(0) is regular. However, a regular subset of »~!(0) need not
be closed. For example, if ¢ is a holomorphic section of a rank-k algebraic vector bundle § over
a k-dimensional compact algebraic variety X, every Zariski open subset of ¢ ~1(0) is regular. The
sections O and s‘li that play a central role in this paper are in a sense generalized holomorphic
sections.

If Z is a regular set for the generalized vector bundle V, we will call the number Cz(V) the
@p-contribution of Z to the euler class of V. Note that if ¢ ~1(0) =U;crZ; is a partition
of ¢~1(0) into regular sets, the euler class of V, or its Poincare dual, is the sum of ¢-contributions:

e(V) =Y Cz (V). (2.21)

iel

We prove Theorem 1.1 by expressing each of the three terms appearing in (1.4) in the form (2.21)
and show that we end up with the same terms on the two sides of (1.4).

If d, s, and Y are as in the previous subsection and J € Jyig(s),

M(Y,diJ)= | | Mk d/de) U | | D (k,d/dy). (2.22)
KESo(Y;J) k€S1(Y;J)

For any K €Sy(Y;J), 0 €Z*, and subset o of ZT=ZTU{0}, let

Mm{(k,0) = ﬂ M (k,0) — U M (k,0).
qce q€ZT—o
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Proposition 2.5 Ifd, £, s, and Y are as in Proposition 2.1, J € Jyig(s) is sufficiently close to Jy,
and k€S1(Y; J), then )
Cont (mdjan) V105 1)) = |2 (5, d/d)|.
If keSy(Y; J),
5 1,0 a0
anio} (k,d/dy) (Vfl(aa J)) = <6(Wﬁ7d/dn)7 [ml(’%7 d/dn)] >

Proposition 2.6 Ifd, £, s, Y, and J are as in Proposition 2.5, k€So(Y;J), and o is a subset
Z* different from {0}, then

Y=V ) [Mo(k,d/di)]),  if e={1};

Come K Vd §7J =
e (n.d /) (V1 (05 7)) {07 if o#{1}.

One consequence of Propositions 2.5 and 2.6 is that most boundary strata of the moduli space
M1 (Y,d; J) do not contribute to the number Ny(d). In fact, we will show that only the strata
MY (Y, d; J) and M1(Y,d; J) contribute to the number Ny(d).

We now outline the proofs of Propositions 2.5 and 2.6. Let
v e (X (P d); T (P, d; T))
be a small generic multisection such that
ve T (X; TV (Y, d; T))

for a small neighborhood X, of M, (Y,d;J) in X;(P*%, d) and vanishes outside of U,. By definition,
Ni(d) is the number of elements exp,& € X1(P*,d) such that (u, &) solves the system

{&I exp,§ + v(exp,§) = 0; weM (P4, d; J), £€T,%, (P4, d). (2.23)

soexp, & =0;

Note that
av,expuﬁsil(expug) =0
if (u, &) solves the first equation, due to our assumptions on v. If u€ MI(P*, d; J) and v is sufficiently

small, the first equation has a unique small solution &, (u) in I'; (u), the orthogonal complement of
T 9 (P4, d; J) in T,X1(P*, d). Plugging this solution into the second equation, we obtain

0=soexp,& = s‘f(u) + W%Yg,,(u) € Vf, (2.24)

where W%Y is the projection map TP* — TP*/TY, defined on a neighborhood of Y in P*. Since
all solutions of the system (2.23) are transverse, so are the solutions of (2.24). Thus, the zeros of
a generic perturbation v of the section J; that lie close to 93?(1](Y, d; J) correspond to the zeros of
a perturbation of the section s¢ that lie close to MY (Y, d; J). In Subsection 3.2, we show that the
number of these zeros that lie near each component MY (x,d/d,) of MI(Y,d; J) is the euler class

of the bundle Wi’g/dﬁ over ﬁ?(ﬁ;, d/d.).
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We next look for solutions near 93?‘1{1}(Y, d; J), i.e. we assume that uei)ﬁil}(Y, d; J). Note that
WM (Y, d; J) ~ My x Do (Y, d; J), (2.25)
We denote the projection maps onto -/\_/11,1 and ﬁog(x d; J) by mp and mp, respectively. Let
Fp: (Y, d; J) — Do (Y, d; J)

be the composition of 75 with the forgetful map Mg (Y, d;J) — Mo(Y,d;J). The bundle
TX,(Y,d) contains the line subbundle L=7}Lp 1 @75 Lo, where

Lp71 — Ml,l and Lo —>ﬁ0,1(x d; J)

are the universal tangent line bundles at the marked points. If ueﬁi (Y,d;J) and ve L, is small,
we denote by u, the element exp,v of X1(Y,d). Let

evp: ﬁi(Y, d;J) —Y

be the composition of g with the evaluation map at the marked point. This map sends an element
[C,u] of Wi(Y, d; J) to the value of u on the principal component of C.

In this case, we work with the analogue of (2.23) intrinsic to Y, i.e. we look for solutions of the
equation

By exp, € +v(exp, ) =0  weM ) (V,d;J), E€T(v; TY)=D(uiTY). (2.26)

This equation usually does not have a small solution in & for a fixed u,,, as there is an obstruction
bundle
[ONw; TY; J) = 75 H (Wl TY) @ mhE*QevihTY C TV(Y, d; J),

where up is the restriction of u to the bubble components. Taking the projections (WO_’}B@WO_’}P) and
7T3_’1 of (2.26) onto T (u; TY; J) and its complement F?;l(u;TY; J) in F(l)’l(Y, d; J), respectively,
we obtain
W%léexpwé’ + W_Ok’ll/(expuvﬁ) =0¢ F?;l(u;TY; J);
770’135 exp,, § + ﬂo_’}lu(expuuf) =0€e75H (uhTY); (2.27)
}Oy(expuuﬁ) =0empE*®evpTY.

) Oy

7T0_”1P5 exp,, § +m

If v and v are sufficiently small, the first equation has a unique small solution &, (u,v) in I'y (u; TY).
With appropriate choices of neighborhood charts and of the perturbation v, the value of the left-
hand side of the middle equation in (2.27) at { =&, (u,v) depends only on upg, and the system (2.27)
is equivalent to

W@}Pg exp,,, & (u,v) + W@}Pu(expuuf,,(u, v)) =0 € TpE*®evpTY, up€Zy, veL, (2.28)

where Z, is the zero set of a section of the first component of the bundle " (-, TY) over Mo (Y, d; J).
In particular, *Zy|= No(d).
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Equation (2.28) is equivalent to

0,1

Dyv+n_ pr(u) =0 € TpE*®T, Y, up€Zy, vel, (2.29)

vp(u)

where D, € Hom(Lo,TCVO(uB)Y). The image of Dy in Tygu,)Y is precisely the tangent line at
evo(up) to the rational curve Imupg, as long as the differential of the map up does not vanish at
the marked point. Thus, for each up € Zj, the number of solutions of (2.29) is the number of times

w(i’lpy(u) lies in E*®T4y () Imup. We conclude that

C{UIP}(Y,d;J) (Vfl(é; J)) = Z <c(7r}'SE*®eV}BTY)c(7T}'SE*®eV*PTImuB)_1, [fr;l(uB)D

uB€Zo
= Z <61(E*)(61(TY)—61(TIIH UB)), [ﬂl,l] X []P)l]>

uB€E€Zo

_ 2.30
:—i'(O—Q)' > (d/dy) - F{Z0 N Mo(k, d/dy)| (2:30)
KESo(Y;J)

- Z d{gn <6(W2,d/dﬁ), (Mo (k,d/dy)]),

KESH(Y;J)

as claimed in Proposition 2.6.

We analyze the contribution to the number Nj(d) from the complement of E)Jfl{o} (P4,d; J) and

E)Jfl{l} (P*,d;J) in M (Y,d;J) in a similar way, but we encounter one of two key differences. If
0={0,1} and weM{(Y,d; J), D, =0. Thus, equation (2.29) has no solutions near M{(Y,d; J) if v
is generic. On the other hand, if o is any other subset of Z* containing 0 and at least one other
element, the analogue of the set Z( is empty for dimensional reasons. Thus,

Cone(v,d; ) (Vi@;7)) =0 if {0}CocZh,
as claimed.

The computation of the contribution from 9M?(Y,d;J) to the number Ni(d) can also be carried
out in Y, instead of P%. However, the presented version of the computation is meant to indicate
why the cone Vf should enter into the Gromov-Witten theory of Y.

We supply more details of the proof of Propositions 2.5 and 2.6 in Section 3. In particular, in order
to use the gluing and obstruction-bundle setup described in [Z2], we stratify the moduli spaces
that appear in the statements of Propositions 2.5 and 2.6 according to the bubble type, or the dual
graph, of stable maps. The notion of contribution to the euler class used in this paper is a direct
adaptation, to the orbifold and multisection setting of [FuO] and [LT], of the analogous notion used
in [Z1] and [Z3]. However, in the present case, we can get by with far less detailed understanding
of the behavior of the bundle sections involved.

2.4 Notation: Genus-Zero Maps

We now summarize our notation for bubble maps from genus-zero Riemann surfaces, with one
marked point, and for related objects. For more details on the notation described below, the
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reader is referred to Section 2 in [Z2].

In general, moduli spaces of stable maps can be stratified by the dual graph. However, in the
present situation, it is more convenient to make use of linearly ordered sets:

Definition 2.7 (1) A finite nonempty partially ordered set I is a linearly ordered set if for
all 1,19, h €T such that 11,13 <h, either i1 <iy or is <ii.

(2) A linearly ordered set I is a rooted tree if I has a unique minimal element, i.e. there exists
0el such that 0<i for alliel.

We use rooted trees to stratify the moduli space 9?071(]}”4@; J) of degree-d J-holomorphic maps
from genus-zero Riemann surfaces with one marked point to P*.

If I is a linearly ordered set, let I be the subset of the non-minimal elements of I. For every he I ,
denote by ¢, €I the largest element of I which is smaller than h, i.e.

Lp, = max {ie[ : i<h}.
A genus-zero P*-valued bubble map is a tuple b= (I;z,u), where I is a rooted tree, and
z:1—C=5%—{c0} and wu:I—C®(S% P

are maps such that uy(co)=w,, (z5,) for all he I. Such a tuple describes a Riemann surface ¥, and
a continuous map uy: Xy — P*. The irreducible components Y, of Xy are indexed by the set I
and Ub‘zb,i =u;. The Riemann surface 3, carries a marked point, i.e. the point (0, 00) EEMA], if 0 is
the minimal element of I. The general structure of genus-zero bubble maps is described by tuples
T =(I;d), where d: [ —7Z is a map specifying the degree of ub\gb,i, if b is a bubble map of type 7.
We call such tuples bubble types.

If 7 is a bubble type as above, let Uz (P?*; J) be the subset of 9 1(P*,d; J) consisting of stable
maps [C, y1,u] such that
[C,y1,u] = [(Ze, (0,00)), up),

for some bubble map b of type 7. Subsection 2.5 of [Z2] describes a space M? ) (X;J) of balanced
stable maps, not of equivalence classes of such maps, such that

Ur(X:J) = UL (X; J) ) Aut(T) ox (51,

for a natural action of Aut(7) on (S')!. This space is convenient to use in gluing constructions.

2.5 Notation: Genus-One Maps

We next set up analogous notation for genus-one stable maps; see Subsection 2.2 in [Z4] for more
details. In this case, we also need to specify the structure of the principal component. Thus, we
index the strata of 90, (P4, d; J) by enhanced linearly ordered sets:

Definition 2.8 An enhanced linearly ordered set is a pair (I,R), where I is a linearly or-
dered set, N is a subset of Igx Iy, and Iy is the subset of minimal elements of I, such that if
[Io|>1,

N = {(i1,42), (i2,13),- - -, (in-1,%n), (in, 1) }

for some bijection i: {1,...,n}— Iy.
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.

Figure 3: Some enhanced linearly ordered sets

An enhanced linearly ordered set can be represented by an oriented connected graph. In Figure 3,
the dots denote the elements of I. The arrows outside the loop, if there are any, specify the partial
ordering of the linearly ordered set I. In fact, every directed edge outside of the loop connects a
non-minimal element h of I with ¢j. Inside of the loop, there is a directed edge from i to is if and
only if (i1,i) EN.

The subset X of Iy x Iy will be used to describe the structure of the principal curve of the domain
of stable maps in a stratum of the moduli space (P4, d; J). If X = (), and thus |Io| = 1, the
corresponding principal curve Xy is a smooth torus, with some complex structure. If N (), the
principal components form a circle of spheres:

Sy = ( U{z’}x82)/~, where  (i1,00) ~ (in,0) if (i1,is)ER.

i€lp

A genus-one P*-valued bubble map is a tuple b= (I, N; S,J:,u), where S is a smooth Riemann
surface of genus one if X = () and the circle of spheres Yy otherwise. The objects z, u, and
(Xp,up) are as in the genus-zero case, except the sphere Eb,é is replaced by the genus-one curve
Spx = 5. Furthermore, if X =), and thus Ip = {0} is a single-element set, ug € C°°(S;P*). In
the genus-one case, the general structure of bubble maps is encoded by the tuples of the form
T =(I,%;d). Similarly to the genus-zero case, we denote by Uz (P*;J) the subset of M (P4, d; J)
consisting of stable maps [C, u| such that [C, u]= [Eb, up), for some bubble map b of type 7 as above.

If T=(I,X;d) is a bubble type as above, let

Ilz{thZLhEIQ}, ,ZE): (IlaloaN;[/|I17d‘Io)7
and Aut™(T) = Aut(7)/{gcAut(T): g- h=h Vhel,},

where I is the subset of minimal elements of I. For each hée€ I, we put
Ih:{iGI:hSi} and ’Z;L:(Ih;d‘[h).

The tuple 75 describes bubble maps from genus-one Riemann surfaces with the marked points
indexed by the set I; see Subsection 2.2 in [Z4]. We have a natural isomorphism

Ur®*:7) ~ ({(bo. Onlnen,) €Uz, (B J) x [ Juhr, (B )
hel (231)
evo(bn) =ev,, (bo) er[l}) /Aut* (7).
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Figure 4: An example of the decomposition (2.31)

This decomposition is illustrated in Figure 4. In this figure, we represent an entire stratum of
bubble maps by the domain of the stable maps in that stratum. The right-hand side of Figure 4
represents the subset of the cartesian product of the three spaces of bubble maps, corresponding
to the three drawings, on which the appropriate evaluation maps agree pairwise, as indicated by
the dotted lines and defined in (2.31).

Let 7T — Ur(P* J) be the bundle of gluing parameters, or of smoothings at the nodes. This
orbi-bundle has the form

FT = ( DB LiosLiio @ Lh,o®Lh71> /Aut(7T)
(h,)er hel

for certain line orbi-bundles Lj o and Ly ;. Similarly to the genus-zero case,

Ur(P7) = Ul (P4 7) JAut(T) o< (S)!,  where (2.32)
U (P .7) = { (bo, (bn)ner, ) €Un (P 1) x [ [y 15»4; J): evo(bp) =ev,, (bo) Yhe L}, (2.33)
hel

The line bundles Lj, o and Ly, ; arise from the quotient (2.32), and

FT = FT/Au(T)x (S, where FT=RT o @PAT.
hel

T —>Ll(0)( P4, J) is the bundle of smoothings for the X nodes of the circle of spheres ¥y and

FnT —>Ll(7)( P*; J) is the line bundle of smoothings of the attaching node of the bubble indexed
by h.

Suppose T = (I, R;d) is a bubble type such that d; =0 for all i € I, i.e. every element in Uz (P*;.J)
is constant on the principal components. In this case, the decomposition (2.31) is equivalent to

Uz (P ) ~ (uTO (pt) x Uz (P*; J ) JAut*(T
(2.34)
(Mlk XUT )/Aut*

where k=|I;| and

Uz (P J) = {(bn)ner, € [ [tz (P 7): evo(bn, ) =evo(bn,) Vhi, ha€ 11 }.
hel;
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Similarly, (2.33) is equivalent to

U (P4 J) m U (pt) x UL (P T) € Mg x UL (PY ), where (2.35)
U (P ) = {(bn)ner, € [JU (B 0): evo(b,) =evo(bn,) Vhi, ha€ 11 }. (2.36)
hel

We denote by
mp: Ur (P4 J) — My /Aut*(T) and 7p: L{(TO)(]P4; J) — Mg
the projections onto the first component in the decompositions (2.34) and (2.35). Let
evp: L{T(PLL;J),L{?)(]PLL;J) — P

be the map sending each stable map (3, u) to its value on the principal component ¥ p of 3, i.e. the
point u(Xp).

If T=(I,X;d) is as in the previous paragraph, let
X(T) = {i€l:d;#0; dp=0Vh<i};

3T = P Fuy7 — U (P J), where h(i)=min{hel: h<i} € .
iex(T)

The subset x(7") of I indexes the first-level effective bubbles of every element of Z/{gj ) (P4 J). For
each element b= (%, up) of L{g)) (P4 J) and i€ x(T), let

Dib = {dub|2b,i }

€ € Tevp(b)IP’4, where e = (1,0,0) € ThoS2.

The complex span of D;b in T, P(b)]P’4 is the tangent line to the rational component X, ; at the node
of 3 ; closest to a principal component of ;. If the branch corresponding to ¥;; has a cusp at
this node, then D;b=0.

Let E—>M1yk denote the Hodge line bundle, i.e. the line bundle of holomorphic differentials. For
each i€ x(7 ), we define the bundle map

’DL]J': ﬁh(z)'f — W;E* Ky GV}}T]PA,
over Z/I?) (P4 J) by
{D1i(®) () = 14y (D) s Dib € ToypyP* it Y ETHE, 5= (b,7) € FyyT, beUy (PLJ),

and zp,(;)(b) € ¥y x is the node joining the bubble ¥, ;) of b to the principal component ¥ x of 3.
For each ve FT, we put

p(v)= (b;pi(v))iEX(T) € §T, where p;j(v)= th € fh(i)T, if
hel h<i

v=(bion, (Vi),ef), bEUL(PYT), (byon)€RT, (boop)€FT ifhely, veCifiel—1I.
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These definitions are illustrated in Figure 5 on page 39. While the bundle maps D ;; and p do not
necessarily descend to the vector bundle F7 over Uz (P*;.J), the map

Dr: FT — W}E*(@ev*pT]PA/Aut* (7), Dr(v) = Z Dyipi(v),
iex(7)

is well-defined.

Let V{ —>L{$) (P*; J) be the vector bundle such that the fiber of V{ over a point b= (2, up) in
Z/{g) ) (P4 J) is ker 5v,b7 where V is the standard connection in line bundle £ = v*®5 over P*; see

Subsection 2.1, as well as Subsection 3.3 in [Z5]. If b= (2, up) Gug)) (P4 ), €= (En)ner €T(b; £),
and i€ x(7), let .
D78 = Ve &i € Levov)s

as in Subsection 2.2 in [Z5]. We next define the bundle map
D7 : VIRFT — nhE @evhf
over U (P4;.7) by

{(Dr(€20)} (@) = Z ANOICOR D7€ € Lovpp) it

1ex(7)
EeV, CT(b; L), 0= (b0)icyr) €§T, and ¥ €E o).

The bundle map D7 induces a linear bundle map over Uz (P™;.J):

D7 VIRET — mpE* @evihe/Aut*(T), where F7 = ( D 7T73Lp7h(i)®7T;-kL0> /Aut*(T),
iex(7)

Lpy —>ﬁ17k is the universal tangent line bundle at the marked point x,, Lo — Uz (P*; J) is the
universal tangent line bundle at the special marked point (i, 00) for any bubble type 7’ of rational

stable maps, and
7 Ur(PY ) — UTZ/(]PA; J)

is the projection map sending each bubble map b= (X, up) to its restriction to the component 3 ;.

Finally, if 7 is any bubble type, for genus-zero or genus-one maps, and K is a subset of Uz (P*;.J),
we denote by K(© the preimage of K under the quotient projection map Zx[#j ) (P4 J) — Uz (P4 ).
All vector orbi-bundles we encounter will be assumed to be normed. Some will come with natural
norms; for others, we implicitly choose a norm once and for all. If 75: § — X is a normed vector
bundle and é: X — R is any function, possibly constant, let

s = {veg: vl <d(rz(v))}-

If © is any subset of §, we take Q5= N §s.

23



3 On Genus-One Gromov-Witten Invariants

3.1 Setup

In this section, we prove Propositions 2.5 and 2.6. We start by clarifying the setup described after
Proposition 2.6. We also specify the open subsets of admissible perturbations of the dj-operator
to be used in proving Propositions 2.5 and 2.6; see Definition 2.4.

Let U, be the neighborhood of ¥ in P* and TY the subbundle of TP*|y, as in Subsection 2.2.
We set
X, = {[, j;u] € X1 (P, d): w(X) C U}

Let v be a multisection of the bundle F?’l(]P"l, d) such that
(v1) for every open neighborhood U of My (P*,d; J) in X1 (P*,d), there exists e, (U)>0
such that {9;+tv}~1(0) is contained in U for all t€ (0, ¢, (U));
(v2) v(b) T(S; AYT*S@u*TY) /Aut(b) if b=[%, j, u] € X,, and v(b) =0 if b X;
(v3) for some ¢, >0 and for all t€(0,¢,), the multisection d;+tv does not vanish on
X1(Y,d)—X%(Y,d) and is transversal to the zero set in F?’I(Y, d; J) along X9(Y,d).
The middle condition implies that dv ,{sou}=0 if [, j,u] € {d;+tr}~1(0). It can be shown, by
slightly modifying the proof of Corollary 3.11, that the finite-dimensional conditions (v3a)-(v3c)
stated below imply (v3).

If v is a section of the bundle F(l)’l(]I”4;d) over X1(P%,d) as in (v1) and (v2) above, for every
k€Sy(Y;J), we define a section of the bundle

—1
Whe — M(sd/dg) by mh(b) = [v(b)],

where [v(b)] is the (0, 1)-cohomology class of v(b) and Wi}i Jd,, 18 as in Subsection 2.2. For each
q€Z™, we define a section of the bundle

L(’;Wizg/dn = mpE*®@7mgevoNy Kk & W*ngzg/dﬁ — My <D (8, d/d,;) (3.1)
by @l (b) = m (g0,

where

1. y1lg W 1a
m W&d/dn — W&d/dn

is the projection map corresponding to the quotient of LZW,?Z Jds by mpE* @nheviTr; see (2.12).
Finally, we define a section of the bundle

W T (k,d/d,) by 70,.(b) =

{frz,n(rl(b)), it beM (k, d/dy), q€Z*;
K,d/d

[v(b)], otherwise;
see (2.15). This section is well-defined on 9} (k, d/d.) NI} (r, d/d,).

We denote by A%(d, .J) the space of multisections v as in (v1) and (¥2) such that for all k€ S(Y; J):

(v3a) the section 7, does not vanish on ﬁ?(/{, d/d.)—9MY(k,d/d,) and is transversal to
the zero set on MY (k, d/d,);
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(v3b) the section m,, , does not vanish on ﬁ}(ﬁ, d/dy);
(v3c) the section ﬁiﬁ does not vanish on ﬁ}(/—i, d/d.)—9M(k,d/d,) and is transversal to
the zero set on M (k,d/d,).
By (2.6), (2.8), (2.13), and Lemmas 4.1 and 4.2, these conditions are satisfied by a dense open

path-connected subset of sections v.

3.2 Proof of Proposition 2.5

We will focus on the last case of Proposition 2.5, which follows from Proposition 3.1. The claim in
the first case is clear, since the finite set MMV (k, d/d,) consists of transverse zeros of the section 9
over X1(Y,d). The proof of Proposition 3.1 applies to this case as well, except there is no gluing
to be done.

Let s and Y be as in Proposition 2.5. For every bubble type 7 and every rational J-holomorphic
curve x in Y, we put
Ury = {[C,u] cUr(P*J): u(C)=k}.

Proposition 3.1 Suppose d, Y, and J are as in Proposition 2.5, v € .[lcf(g; J) is a generic per-
turbation of the 0j-operator on X1 (P4, d), k€So(Y;J), and T =(I,R;d) is a bubble type such that
Yicrdi =d and d; # 0 for some minimal element i of I. If [I| >1 or R# 0, for every compact
subset K of U, there exist €,(K)€R™Y and an open neighborhood U(K) of K in X1(Y,d) such that

{074+tv} HO)NU(K) =0 Vte(0,6,(K)).

If [I| =1 and X =0, for every compact subset K of Ur.y, there exist €,(K) € RT and an open
neighborhood U(K) of K in X1(Y,d) with the following properties:
(a) the section Oj+tv is transverse to the zero set in I‘?’l(Y, d; J) over U(K) for allt€(0,€,(K));
(b) for every open subset U of X1(Y,d), there exists e(U) € (0,¢,(K)) such that

), [0 (k, d/dy)]) if 70, 0)CK CUCU(K), te(0,e(U)).

VK

iHaj +t1/}_lﬂU| = <e(Wi7’2/dﬁ

In other words, the contribution from the main stratum 99 (s, d/d,) of ﬁ?(ﬁ, d/d,) to the number

N;(d), as computed via the section dy, is the euler class of the vector bundle Wi’g/dﬁ over ﬁ?(ﬁ, d/dy).
None of the boundary strata of mio}(ﬂ, d/d,) contributes to Ni(d).

We fix a J-compatible metric gps on P* and proceed as in Subsection 4.1 of [Z4]. For each sufficiently
small element v=(b,v) of FT?, let

b(v) = (Ev,jm Uv)7 where Uy = Up O Qo,
be the corresponding approximately holomorphic stable map. Here
qu: Zv — Eb

is the basic gluing map constructed in Subsection 4.1 of [Z4]. Since d; # 0 for some minimal
element i of I, i.e. the stable map b is non-constant on the principal curve of the domain X, of b,
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the linearization D, of the dj-operator at b is surjective, since ||.J —Jo|lc1 < §(b). Thus, if v is
sufficiently small, the linearization

Dyt T(v; TP = LY (S uf TPY) — IO (0, TPY ) = LP (S, A T8, @uj TPY),

of the dj-operator at b(v), defined via the J-compatible connection V7 in TP* corresponding to
the Levi-Civita connection of the metric gps, is also surjective. In particular, we can obtain an
orthogonal decomposition

D(v;TPY =T _(v; TPY) @ Ty (v; TPY) (3.2)
such that the linear operator
Djo: Ty (v;TPY) — T (v; TP, )
is an isomorphism, while
I'_(v;TP%) = {5 oqy: €l _(b; ]P’4)}, where [_(b;TP*) = ker Dyy.

The L2-inner product on I'(v; TP*) used in the orthogonal decomposition is defined via the met-
ric gps on P* and the metric g, on ¥, induced by the pregluing construction. The Banach spaces
[(v;TPY) and T%!(v; TP J) carry the norms || - ||y p1 and || - ||lup, respectively, which are also
defined by the pregluing construction. These norms are equivalent to the ones used in [LT]. In
particular, the norms of D, and of the inverse of its restriction to I, (v; TP*) have fiberwise
uniform upper bounds, i.e. dependent only on [b] €Uz (P*;.J), and not on ve FTP.

Lemma 3.2 If 7 is a bubble type and v is an admissible perturbation of the 0j-operator on
X1(P*,d) as in Proposition 8.1, for every precompact open subset K of U (P*;.J), there exist
S, e, O €RT and an open neighborhood Uy of K in X1(P*, d) with the following properties:
(1) for all v=(b,v) € FT?| 10,

IDso€llvp < CrloPl€llups VEET_(v; TPY)  and
CI_(1||£||U7P71 < ||DJ,U£||v,p < CKHgHv,p,l V£€F+(U;TP4);

(2) for all v=(b,v) € FT°| 0y and t€[0,0k], the equation
5J expuU€ + tz/(expuuf) = 07 £€F+(U; TP4)7 H§HU7P71 S €K,

has a unique solution &,,(v), and ||, (v)]|co < Ck (t+|v|V/P);
(3) there exist a smooth bundle map ¢, : FT? — T(TP*,d) over Z/{g)) (P4 J) and a continuous
function e,: FT® —R such that for all v=(b,v) € FT?| ;) and t€|0,dx],

Hft,,(v) —&o(v) — tqZC,,(b)HCo < Cg (t—i—au(v))t and lime, (v) = 0;

v—>sb

(4) the map
¢T7tll : ngK |K —>%? (P47 d)7 [U] - [Btl/ (U)] ) where Btl/ (U) = (Zva jv; eXpuvgtV (U))v

is an orientation-preserving diffeomorphism onto {9;+tv}~1(0) N X(P,d) N Uk.
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The first claim of the lemma is a special case of Lemma 4.1 in [Z4]. The second statement is obtained
by expanding the equation at u, and applying the Contraction Principle; see Subsection 3.6 in [Z2].
The uniqueness part means that there is a unique solution for each branch of the multisection v.
In (3), T(TP*,d) denotes the Banach bundle over the space Ug)) (P4, d; J) such that

L(TP*,d)| Sy = L (Z03 upTPY).

Let P, and P, denote the inverses of D, on I'y(v; TP?) and of D, on I'y (b; TP?), respectively.
The Banach space I'y (b; TP*) is the orthogonal complement of I'_(b; TP?) in

T(b; TP*) = LF(Zy; up TPY);

see Subsection 3.1 in [Z2]. Taking the difference of the expansions for the equations in (2) describing
& (v) and &o(v) and applying P,, one finds that

|6 (v) = 0(v) = tPor(wo) o < Crclt+lv] 7).
On the other hand, a direct computation shows that

1Por(u) — 4P| o < CO)(us) — Drogs Povtus)|,, + 20(v)
< CO)lv(un) — G|, + &) < e (v);

see Subsection 4.1 in [Z2] for a similar computation. These two bounds imply (3) of Lemma 3.2,
with {,(b)=Pyv(up). Finally, the proof of (4) is similar to Subsections 3.8 and 4.3-4.5 of [Z2].

Lemma 3.3 Suppose 7 and v are as in Lemma 3.2. For every precompact open subset K of
U (P4 ), there exist 65, e, O €RT, an open neighborhood Uy of K in X1(P4,d), and injective
vector-bundle homomorphisms

T W*fTVf‘f@%K — T'(£;d),

covering the maps ¢7 1, of Lemma 3.2, with the following properties:

(1) requirements (1)-(4) of Lemma 3.2 are satisfied;

(2) limy, ) — (b,w*) T 0 (V; W) =w™ for all b€ K and w* evd;

(3) sH(pr 1 (v))=[s0exp, &w] € Im G741, and for all [v]= b, v] E]:TgK|K

|67,51 (07,00 (0)) = 781 (¢7.0(v)) — H{Vs}(B)| < Cr (e ()1,

—

where £,: FT? —R is a continuous function such that limbey(v):() for all beUr (P*; J).

Proof: (1) We need to construct a lift <;~577t,, that has the desired properties. For each element
v=(b,v) of FTY | (0» tE[0,0k), and €T (b; £), let

R € F(U; S) ELZ{(EU; uzf,) and Rv,tug € F(Btu(v); ,S) ELI{ (Em {eXpuuftV(U)}*S)
be defined by

{Ru€}(2) =€(au(2)) and {Rouw&}(2) =g, ) {Ru}(2) ¥ 2€X,
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where e, ()} (2) {RUS}(Z) is the V-parallel transport of {Rvg}(z) along the V7/-geodesic

Vew@i): [0,1] — P 7 — expy,, o) T{&w (0) }(2).

We denote the image of B
I'_(b;£) =kerdy,

under the linear map Ry 4, by r_ (l;t,, (v); £). If 0 is sufficiently small, the L2-orthogonal projection
Totw: T(b(0); £) — T_(bg, (v); £),
defined with respect to the metric g, on X, restricts to an isomorphism on

r- (Btu (v); ’2) = ker 5V7Btu(v);

see Subsection 3.2 in [Z5]. Let 7, 1 be the inverse of this isomorphism. We set

Sr0([v:€]) = [yt Row€]  YEET_(b; £).
(2) By our assumptions on v,
Oy (s00xDy, Eu(v) =0 = s{(o7.w(v)) € Imr .

It remains to prove the estimate in part (3) of the lemma. If e is sufficiently small, v € ,7}’]:5%( |,
€T (v; TPY), and [|€y v p1 <€k, we define

Nj¢el(v;£) by Hg(lz)s(expuv(z)ﬁ(z)) = s(uy(2)) + V5|uv(z)£(z) + {N3¢}(z) VzeX,.
The quadratic term N varies smoothly with v, NS0=0, and
[N5€1 — N3 o < Cs (1l co+lI€2llco) 161 —Eall co (3.3)
for some Cs €RT and for all &1,& €T (v) such that ||€1]lvp1, [[€2]lopt <er o (K). IfE€T_(b; L),
(st (e7,0(0)), Row)) = (T} )51 (d7,0 (1)), € © g0 ).
Thus, the estimate in (3) of Lemma 3.3 follows from (3.3) and the estimate in (3) of Lemma 3.2.

Corollary 3.4 Suppose T and v are as in Lemma 3.2. For every precompact open subset K of
U (P4 ), there exist 5, ex, Cx €ERT, an open neighborhood Uy of K in X1(P*,d), and for each
t€(0,e(K)) a sign-preserving bijection

{0,+tv} 1 (0) N X1 (Y, d) N Uk — {ueMY(P*,d; J) N Uk : {s{+19:}(u) =0},
where 9, €T(OMY (P4, d; J) N Ug; VE) is a family of smooth sections such that
lim  Y¢(v) = [{Vs} B (b)] Vbe K and

v—>b,t—0

Vxo7osiorow)| < Ck|X|  WheK, veFT],

b X €ker .DJ’b,

where ¢1o and ¢T o are as in Lemma 3.35.
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Proof: The section 9 is given by

19,(67.0(v)) = 610075, (670 (V) - sH(b70(v))  V[U]€FTY 0.

This corollary is immediate from Lemma 3.3, with the exception of the last estimate. This estimate

follows from the behavior of the various terms involved in defining ¥;; see Subsections 3.4 and 4.2
in [Z2].

For each k € So(J;Y), Ur. is a smooth suborbifold of Uz (P%;.J). We denote its normal bundle
by N*T. Tts fiber at [b] EUr., is the quotient T'_ (b; TP*)/T_(b; TY'), where

I (b;TY)=T_(b; TPYNT(0;TY) =T_(b; Tk),

by the assumption (Jy2) on Jy. We identify N*7 with the L?-orthogonal complement of I' _ (b; TY")
in T_(b; TP*). Let
O NFT5, — Ur (P4 )
be an orientation-preserving identification of neighborhoods of Uz, in N*7 and in U (P4 )
and let
OT k" W}k\/NT]—'TWK%H — FT and P W}k\/ﬁTl}fl‘NﬁT&K — Vi

be lifts of p7., to vector-bundle isomorphisms restricting to the identity over Uz...

The section s‘f is smooth on L[T(]P’4; J) and its differential along U7, i.e. the homomorphism jj in

the long exact sequence
0—T_(B;TY) —% T_(b; TPY) 2% T_(b; €) 2% HY (b TY) — 0, (3.4)

is injective on N*7. We denote the image bundle of jo by Vi CVf and its L2-orthogonal comple-
ment in V{l by V_. Let 74 and 7_ be the corresponding projection maps.

Lemma 3.5 Suppose T is a bubble type as in Lemma 3.2 and K€ Sy(Y; J). For every precompact
open subset K of Uy, there exist

(a) 6k, 8% €RT and an open neighborhood Ur of K in X1(P*,d);

(b) an orientation-preserving diffeomorphism ¢ : /\/"’Z};{ XKngK — MY (P, d; J) N Uk;

(c) a lift qz;T,,@: Wf\/NTEBFTVfl—>Vfl of o1 1 to a vector-bundle isomorphism;
with the following property. If 9, €T(OMY (P, d; J)NUg; V) is a family of smooth sections such that
for some CeRT,

[9e(u)] < C

- - , . VX, X' eN*Ty , ve FT!
|07 00T (X, 0) = 7, 0107 (X' 0)| < O|X =X K

P

then there exists e€R™ such that for all t€(0,€), be K, and ve FT 5, |y, the equation
07 ({51 + 191} 07 (b X, 0)) = 0
has a unique solution X =X;(v) EN" T |p. Furthermore,

lim 7 'r_ g7 (s{or.(b; Xi(v),v)) =0 VbeEK.

t—0,u—b
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Proof: (1) The desired maps ¢, and (bT « are simply the compositions ¢7 gop7 . and ¢7 00PT ks
respectively. For each be K, X e N*T|,, and v € FT?|, sufficiently small, we define Ny(X) and
N/(X,v) in V|, by

D1 (5707, (0: X)) = s(0) + joX + No(X) = joX + No(X); (3.5)
o7 (5507 k(b X, 0)) = B7 5807 .k(b; X) + N(X, v). (3.6)
Since jg is the derivative of s‘f on Uz (P4 J), for some O €RT,
Na(0)=0, [ Fu(X) = Nu(X)| < Cr(IX|+IX')[X-X'| VX, X'EN“Ty 5.  (37)
For N!(-,-), we similarly have

|NI(X,0)] < Clo]'/7,

/ K ]
‘NQ(X,U)—N;(X,,U)‘ < CK‘U’l/p’X—X,’ X'eN 7:5’1(|K, ’UEfTéK|K- (38)

The first estimate above is clear from (2) of Lemma 3.2. The second bound follows from the
analogous bound on the behavior of the vector field £y(v) of (2) of Lemma 3.2; see Subsection 4.2
in [Z2].

(2) If 94 is a family of smooth sections as in the statement of the lemma, by (3.5) and (3.6),

w7 ({8110} o7 (b X, 0)) = joX + 7 No(X) + 7 NJ(X, v) + try 0y (X, ), (3.9)
where Dy(X,v) = é}lﬁ (V47 (b; X, ).

By (3.7)-(3.9) and the Contraction Principle, there exist 4,6’ € RT, dependent on jy and Ck, and
¢,C" € Rt dependent on jy, Ck, and C, such that for all t € [0,¢), b€ K, and v € ]:Tg|b, the
equation

07, ({81 + 101} o7 (b X, 0)) = 0
has a unique solution X = X;(v) EN"*Ty . Furthermore,

| Xo(v)| < C'lo|? and | X (v)—Xo(v)| < C't. (3.10)
(3) By (3.5)-(3.8) and (3.10),
|m_ b7t (407 (b X (v),0)) — m_p7 L (167 k(b Xo(v),v)) < C” (t+]v]"/P)t. (3.11)
On the other hand, as can be seen from Lemma 3.6 below,
T o7 (s5p7 x(b; Xo(v),v)) =0 (3.12)
for all ve FT| g sufficiently small. The last claim of the lemma follows from (3.11) and (3.12).

Proof of Proposition 8.1: (1) By Corollary 3.4, if t € R™ and U(K) are sufficiently small, there is a
one-to-one correspondence between {3;+tv}~1(0)NU(K) and the set

{ue M (P!, d; J)NU(K): {s§+t9:}(u) =0},
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where 9, € T(IMY (P4, d; J)NUg; V) is a family of smooth sections as in Lemma 3.5. In addition,

lim  Yi(v) = [{Vs}Pr(b)] Vbe K.

v—sb,t—0

The homomorphism d¢ in the long exact sequence (3.4) restricts to an isomorphism on V_ and
vanishes on V.. By definition of 9y and P,

w([{VstPr®)]) =, ()  VbeUry.
Thus, by Lemma 3.5,

{0j+tv} Y ONUK) =0 if 72 7Y 0)NK = 0.

K,V

The case |I|>1 or R#{) of Proposition 3.1 now follows from the assumption (v3a).
(2) If [I|=1 and R=0, by the assumption (v3a) and Lemma 3.5, the section dj+tv is transverse
to the zero set on U(K) and

H{os+tw} 'NUK)| = Hxd 1 0)NK|.
Since 7 1(0) CUT,x = MY (K, d/dy),
= _ _ —0
Hos+tr} ' nUE)] = Hml 71 0)] = (W, 0,0 [ (k,d/di)]),
provided mp ;1(0) CK and t and U(K) are sufficiently small.

We conclude this subsection with Lemma 3.6, which was used in Lemma 3.5.

Lemma 3.6 Suppose T is a bubble type as in Lemma 3.2 and K €Sy(Y,J). For every precompact
open subset K of Ur.., there exist § € RT, an open neighborhood U of K in X1 (P4, d), and an
orientation-preserving diffeomorphism

Oyt FTO i — M (k, d/d)NU € MI(PH, d; J).
Proof: 1t T=(I,N;d),

UT;R = Z,[T/(/{; JO) ~ U (]P)l, Jo) and FT|MTW =FT — L{T’(Pl; J(]),
where T =(I,N;d) and  d;=d;/d,.

Thus, Lemma 3.6 is the P!-analogue of the t=0 case of (4) of Lemma 3.2.

3.3 Proof of Proposition 2.6

Proposition 2.6 follows immediately from Proposition 3.7.

Proposition 3.7 Suppose d, Y, and J are as in Proposition 2.5, v € A‘f(é; J) is a generic per-
turbation of the 0j-operator on X1(P*,d), k€So(Y;J), and T =(1,R;d) is a bubble type such that
Y icrdi=d and d; =0 for all minimal elementsi of I. If |I|>1 or R#£0, for every compact subset K
of Ut s, there exist €,(K)€R™Y and an open neighborhood U, (K) of K in %1(Y,d) such that

{05+t HO)NUL(K) =0 Vte(0,6,(K)).
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If Il =1 and X =0, for every compact subset K of Ur.y, there exist €,(K) € RT and an open
neighborhood U(K) of K in X1(Y,d) with the following properties:
(a) the section Oj+tv is transverse to the zero set in I‘(l]’l(Y, d; J) over U(K) for allt€(0,€,(K));
(b) for every open subset U of X1(Y,d), there exists e(U) € (0,¢,(K)) such that

d/d

H{0,+tv} InU| = (eOVR asa)s Mok, d/dy)])y  if
7, ‘1(0)CKcUcU( ), t€(0,e(U)).

In simpler words, none of the strata of 9] (x;, d/ dy) with ¢ > 2 contributes to the number Ny (d).
Neither does any of the boundary strata of 007, 1(k,d/d;). On the other hand, 9} (k,d/d,) con-
tributes the euler class of the bundle W d Jd,; S€€ Subsection 3.1.

We will proceed similarly to Subsection 3.2, but run the gluing construction in Y, instead of P4,
and make use of the assumption (Jy2) from the start. We will also use the family of metrics on P*
provided by Lemma 2.1 in [Z1], which we now restate:

Lemma 3.8 There exist rp1 > 0 and a smooth family of Kahler metrics {gp1 ,: q € P} on P!
with the following property. If By(q',r) C P! denotes the gp1 4-geodesic ball about ¢', the triple
(By(q,rpr), Jo, gpr 4) is isomorphic to a ball in C! for all geP".

In this case, the operators D Jb‘r‘(zb;uZTy) are not surjective for bEZ/{(TO,L, where Z/{(TO,L is the preimage

of Ur,,; under the quotient projection map Z/{g) ) (P4, J) — Uz (P* J). Thus, in contrast to the case
of Lemma 3.2, we encounter an obstruction bundle in trying to solve the 0j-equation near U,
as in Subsections 3.3-3.5 of [Z2]. Subsections 3.3-3.5 in [Z1] describe a special case of an analogous
construction in circumstances similar to the present situation.

First, we describe a convenient “exponential” map for Y defined on a neighborhood of each smooth
curve K€ Sy(Y;J). We identify the rational curve x with P!. For each b €Ur,x, let gy be a J-
compatible extension of the metric g, p = gp1 cvp(p) On £ provided by Lemma 3.8 to a Riemannian
metric on a neighborhood of x in Y. We identify the normal bundle Nyx of k in Y with the
gy,p-orthogonal complement of T'x in TY|,. Let

expy: Tk — K and expy: . Nyk — Nyk

be the exponential map with respect to the metric g,.; and a lift of exp, to a vector bundle
homomorphism restricting to the identity over . For example, exp, can be taken to be the gy -
parallel transport along the g, ;-geodesics. For each g€k and {€T,Y sufficiently small, let

R (eXPpe &4) if ¢=¢6_+4+¢& € Tk®Nyr =TY,

where exp, , is the exponential map for the metric gy;. One useful property of this “exponential”
map is that exp,{er if E€eTRCTY.

For each element b= (X, up) of Z/{(TO;L, we identify the cokernel H}(b;TY') of the operator
Dyy:T(b;TY) — TON(b; TY; J)
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with the space T%!(b; TY') of (J, j)-antilinear upTY -valued harmonic forms on ¥;. The elements of
F(fl(b; TY) may have simple poles at the nodes of ¥; with the residues adding up to zero at each
node. If H; p denotes the one-dimensional vector space of harmonic antilinear differentials on the
principal component(s) Xy p of Xy,

%' (b;7Y) = T8 (b Tk) @ T2 (b Ny k) = Hy, p@ Ty ooy © T2 (b; Ny ).

This decomposition is L2-orthogonal. Furthermore, I‘(i’l(b; Ny k) is isomorphic to the cokernel
HY(b; Ny k) of the operator

D7y: T(b; Ny k) — T%!(b; Ny r; J)
induced by the operator D jj via the quotient projection map
T TY |y — Nyk =TY|,/Tk.

We note that if N=0 and |I]=1, T%!(b; TY) is a subspace of T%L(b; TY; J).

We are now ready to proceed with the pregluing construction. For each sufficiently small element
v=(b,v) of FT?, let

b(U) = (Euajmuv)
be the corresponding approximately holomorphic stable map, as in Subsection 3.2. In the present
case, the linearization D j; of the 0j-operator at b is not surjective. Thus, the linearization D Jv of
the 0j-operator at b(v), defined via the Levi-Civita connection of the metric Jv,p, is not uniformly
surjective. An approximate cokernel of D jj is given by

% (0;TY) = T% (0; Tk) & T (v; Ny k), (3.13)

with the vector spaces I''(v;T«) and T (v; Ny &) explicitly describable from I'”!(b;Tx) and
Fgl(b; Ny k), respectively, via the basic gluing map ¢,,: X, — Xp. In fact, we can simply take

%" (v; Ny k) = {a}n: nel®! (b; Nyk)}. (3.14)

While we can define the space I'!(v; Tk) in the same way from ! (b; Tk), in the R=0, |[|=1
case it is more convenient to take

% (0; Tk) = {Run: ner®(y; Tk)},

where R,n is a smooth extension of 1 such that R,n is harmonic on the neck attaching the only
bubble ¥ ;, of ¥; and below a small collar of the neck and vanishes past a slighter larger collar.
For an explicit description of R,n, see the construction at the beginning of Subsection 2.2 in [Z1].
We observe that

<<77m ﬁ»U,Q =0, <<§JUU7 ﬁ>>v72 =0, <<DJ7U§7 77»11,2 =0,

0,1 _ 01 (3.15)
Veel (v;Tk), neel2 (v;Tk), ne€l2" (v; Ny k),

where ((,-))y,2 is the L?-inner product of the metric gy, on Y. This inner-product is independent
of the choice of a metric on ¥, compatible with the complex structure j, on ¥, though we will
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always view X, as carrying the metric g, induced by the pregluing construction. If X = () and
11| =1, T% (v; TY) is a subspace of I'%(v; TY; J), and we denote its L2-orthogonal complement
by T (0; TY). Let

wg’;,l{, 7ol Wg;i: %Y (v; TY; J) — T2 Tw), T2 (0; Ny k), F(J)r’l(v; TY)
be the L?-projection maps.
As in Subsection 3.2, if v is sufficiently small, we can also obtain a decomposition

D(v;TY) =T_(v;TY) ® Ty (v;TY) (3.16)
such that the linear operator

Djy: T (v;TY) — IO (w; TY; J)

is injective, while
F_(v;TY) = {5 o0qy: £€F_(b;TY)}.

In this case, Dj, denotes the linearization of the dj-operator at b(v) with the respect to the
“exponential” map chosen above. In (3.16), we can take the space I'y(v;TY) to be the L2-
orthogonal complement of T_(v; TY), and we do so unless R=0 and |I|=1. If R=0 and |I|=1,
we can choose I'y (v; TY) in such a way that

(Dyu€mhop =0 VEETL(v;TY)NT(v; Tx), nel 2 (v; TY), (3.17)
the operator
Djy: Ty (v;Tw)=T 4 (v;TY)NT (v; Tk) — F:]_’l(v; Tk) EF(J)F’I(U; TY)NT% (v; Tr)

is an isomorphism, and the intersection of T' +(v;TY) with theNLZ—orthogonal complement of
I'_(v;TY) has codimension one in both spaces. The subspace I'y(v;TY) of I'(v;TY) is con-
structed by restricting the procedure described in Subsection 2.3 of [Z1] to the line Hy @7y, 1)~

Similarly, let I'; (v; Ny ) be the L?-orthogonal complement of
P_(v;Nyk) = {£oqu: EET_(b; N.Y)}

in I'(v; Ny k) =LY (Zy; ul, Ny k). If v is sufficiently small, the linear operator
Djvz I, (v; Nyk) — %L (v; Ny r; J)

is injective. The key properties of this setup are described in Lemma 3.9:

Lemma 3.9 If 7, v, and K are as in Proposition 3.7, for every precompact open subset K of
UT ., there exist dx,Ck € RT and an open neighborhood Ur of K in %1(Y,d) with the following
properties: R B B

(1) for every [b] € X0(Y,d)NUyk, there exist 'UG./T,]:S%(|K(O) and (€T'L (v;TY) such that ||C||vp1 <k
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0], and the pair (b,¢) is unique up to the action of the group Aut(T)oc(Sl)f;

and [expy,(]=
=(b,v) EFT | o)

(2) for all v

105t]lop < CKMI/p'
CI_<1||C||v,p,1 < ||DJ,UC||v,p = CKHCHu,p,l Veel (v;TY);
Cl_flufuv,p,l < ”DLJI_,uf”U,p S Cklléllopr VEET L (v; NLY);

(3) for all U:(b,v)ef’%@(\mo), £eT(v; N.Y), and nel™ (v; N,Y),

[(DFu&mv2| < CrloPlIE]opaln o
In the first claim of Lemma 3.9,
epr('u)c = (Evajv; eXpb7uU C)

This statement is a variation on (2) of Lemma 4.4 in [Z4] and holds for the same reasons. The first
estimate in (2) and (3) of Lemma 3.9 can be obtained by direct computations. The two remaining
estimates are proved analogously to the corresponding estimates of Lemma 3.2.

Corollary 3.10_Suppose v, T, and k are as in Proposition 3.7. If € Z" and K is a compact
subset of Ur., COMy (k,d/d,) such that

il (0)NK =0,
then there exist €,(K)€R™ and an open neighborhood U,(K) of K in X1(Y,d) such that
{04t} HO)NUL(K) =0  Yte(0,e,(K)).
Proof: (1) As usually, for all (€T'(v;TY) sufficiently small,
{0 4t} expy)C = Oty + DG + NoC + Ny, o€ + t1]u,,

where II: denotes the parallel transport with respect to the Levi-Civita connection of the metric
gy, along the geodesics of the map exp,. The nonlinear terms satisfy

INuC=NoCllop < Cre ([I¢ o1+ 1< op1) 1€ = llopn
HNV,UC_NV,UC/”U,IJ = CK”C C HUJL

see Subsection 3.6 in [Z2] for example. Our choice of the map exp, also implies that

V¢, el (v;TY); (3.18)

Ny¢ € T (v; Tr) V(e T'(v;Tk) C T'(v;TY). (3.19)
(2) Suppose v=(b,v) € FT?| o), CET 4 (v;TY), and

{0;+tv} expy(py¢ =0 =
Oyt + DjoC 4 NouC + tN,, ¢ + tv]y, = 0. (3.20)

From (2) of Lemma 3.9 and (3.18), we then obtain

1¢llopa < Cr (J0]V/P+t). (3.21)
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On the other hand, applying the projection map 77,? to both sides of (3.20), we get

D7, (F + Ny ¢+ NS ¢+ tvhy, =0 €T (0; Nyw; ), if (3.22)
(=¢"+ ¢ el(;Th) ®0(v; Nyk), Np¢=miNo(, Ny =miNyo(, vo=miv.

By (3.18), (3.19), and (3.21),
ING¢ll,,, = Il (Vo ¢ = Mo, < Cr (0P 4+0) 16 op,1-
Thus, by (2) of Lemma 3.9, (3.18), and (3.22),
1 o < Ciet, (3.23)
provided 0 is sufficiently small. Combining (3) of Lemma 3.9, (3.18), (3.22), and (3.23), we obtain
(s o] < Crc ([P 48) nllor YneTE! (v; Nyk).

Since the section 7, of the bundle L*W ) does not vanish over the compact set K, it follows
that B
{0y +t} L O)NUL(K) =0

if t and U, (K) are sufficiently small.

By Lemma 4.2, the spaces ﬁ‘{(/{,d/d,{) with ¢ > 2 are contained in ﬁ?(/{, d/dy). In particular, if
7 is a bubble type as in the first claim of Proposition 3.7,

Uz C () (i, d/dy) — 9k, ddye)) U (O, (i, d/dye) — ML (i, d /).

Thus, Corollary 3.10, along with the regularity assumptions (v3a) and (v3c), implies the first claim
of Proposition 3.7.

Corollary 3.11 Suppose v, T, and k are as in Proposition 3.7. If X=0 and |f| =1, for every com-
pact subset K of Ut containing 7}, ~(0), there exist €,(K) R and an open neighborhood U (K)
of K in X1(Y,d) with the following propertzes
(a) the section Oj+tv is transverse to the zero set in I‘ YWY, d; J) over U(K) for allt€(0,e,(K));
(b) for every open subset U of X1(Y,d), there exists e(U) €(0,€,(K)) such that

H{0,+tv} InU| = d/d <e na/a) [Po(k,d/dy)]) if KCUCU(K), te(0,e(U)).

Proof: (1) By Corollary 3.10 and the assumption (¥3a) on v, it can be assumed that the compact
set K is disjoint from ﬁ?(/{, d/d,). Thus, if h is the unique element of I,

D] > Cxlol  Vul=[b.v]€ FT]x: (3.24)

see Lemma 4.2. By Lemma 3.9 and the proof of Corollary 3.10, we need to determine the number
of solutions [v, (] of the equation

8yuo + Dyol + NoC +tNyoC +tr =0, veFT |, CETL(0;TY), [I(llopa < ex.  (3.25)
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In this case, 1! (v; TY ) is a subspace of T%!(v; TY; J), and the middle estimate in (2) of Lemma 3.9
implies that
- 0,1 =
CKIHCHUJJJ < Hﬂv;—i-DJ,vCHup < CK”CHU,p,l Veel (v TY).

Thus, the linear operator .
ToDyo: T (0 TY) — T9 (0; TY)

is an isomorphism. It then follows from the Contraction Principle, the first estimate in (2) of
Lemma 3.9, and (3.18) that the equation

70 (8710 + Do CH NN, o CHtv) =0, CET (0 TY), [ICllupa < €x,
has a unique solution ¢, €f+(v; TY), provided ve f’]}?{ | is sufficiently small. Furthermore,

Sollupt < Cre(Jo]'/P+t). (3.26)
Thus, the number of solutions [v, ] of (3.25) is the same as the number of solutions of
Uy (0) =t 7ol (Osuo+DyuCot NoCottNyuCottr) =0, WEFTY | o, (3.27)
where

7ol :ﬂggi@ﬁg’lz % (0, TY; J) — T (03 Tk) & T (0; Ny k)

v;—
is the L2-projection map.
(2) With our choice of the space T'%! (v; Tk),

79k d s, = RyDyjpv € T2 (v Tk); (3.28)
see Subsection 4.1 in [Z1]. Furthermore,
TN, (=0 V(ED(v;Tk), (3.29)

since the supports of all elements of n € Fo_’l(v;Tﬁ) are disjoint from the support of N,(, for
(eT'(v;Tk), due to our choice of the “exponential” map. By (3.18), (3.26), (3.28), (3.29), and the
same argument as in the proof of Corollary 3.10,

Hﬁg’l\I"tV(U) - R'Ufrlli,l/(b)HvQ < CK(‘U’UP'H) + ”V(uv)_RvV(b)Hv,2

3.30
70 W (V) = R (e (0) + £ D) ||, < Crc ([P 48) + [l () = Rov (B) o2, (330

where R,n=¢}n for nel®(b; Ny k) and
T win(b) = Ty (b) = i (0) =y, (0) € T2 (0T

Since
lim (|U|1/p+t) + [[v(uy) = Ryv(b)||v,2 = 0,

t—0,|v|]—0

by (3.24), (3.30), and the same cobordism argument as in Subsection 3.1 of [Z1], the number of
solutions of (3.27) is the same as the number of solutions of the system

{ﬁ;,u(b) =0eW,, 1

[W]=[b,v] € FT — 3 (k,d/d,),
T (D) + Dypv = 0 € TpE*@mpeviTh
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if the interior of the compact set K contains the finite set 7?,3’; 1(0). Since D, does not vanish on

7, 1(0), the number of solution of this system is

:|:|7_[_1 —1 ‘

<e nd/d [ml(“ d/dy)])
<€(7TPE*®7TB6VONyI{) (WBWS,d/dK)’ [le Xﬁo,l(/{, d/dﬁ)] >

(= 57) (~ 20d/d)) OV ). [l /).
3.

7.

as claimed in Proposition

4 On the Euler Class of the Cone V{ — ﬁ?(ﬁ”‘l, d; J)

4.1 The Structure of the Moduli Spaces ﬁ?(ﬂ’m, d; J)

In this section, we prove Proposition 2.3 by constructing a perturbation ¥ of the section s¢ of the

cone V¢ over ﬁ? (P4, d; J) and counting the number of zeros of the multisection s¢+t9 for a small
teR™ that lie near each stratum of

s N0 NI (L4 ) =T (Y, d ) = || Dk, d/de) U || Mk, dfdy).  (41)
k€S (Y;J) kES1(Y;J)

Since the finite set 99 (k, d/d,) consists of transverse zeros of s¢, for k€ S1(Y;J),

cw(nd/dﬁ)() E{s§+t0} 1 0)NUL| = | (k, d/d,.)|, (4.2)

if Uy is a small neighborhood of MY (k,d/d,;) in ﬁ(l](]P"l, d;J). The second equality in (4.2) holds
for every multisection ¥ of V{ and every ¢ € R sufficiently small. Thus, the key to proving Propo-

sition 2.3 is computing the sf-contribution from each stratum of the moduli space ﬁ?(/{, d/dy).
This is achieved by Proposition 4.5 and Corollary 4.7.

In this subsection, we describe the structure of the moduli space ﬁ(l](]P’", d; J), with J sufficiently
close to Jy. Lemmas 4.1 and 4.2 are special cases of Lemmas 2.3 and 2.4, respectively, in [Z5]. In
turn, the latter two lemmas follow immediately from Theorems 1.6 and 2.3 in [Z4].

Lemma 4.1 If n,d € Z", there exists 6,(d) € Rt with the following property. If J is an almost
complez: structure on P™, such that ||J—Jol|cr <0n(d), and T =(I,N;d) is a bubble type such that
Yicrdi=d and d; #0 for some minimal element i of I, then Uz (P";J) is a smooth orbifold,

dimUzr (P J) = 2(d(n+1) — X[ = |1]),  and  Ur(P";.J) C I\ (", d;.J).

Furthermore, there exist § € C(Ur (P™; J); RY), an open neighborhood U of U (P™; J) in X1 (P",d),
and an orientation-preserving homeomorphism

b1 FT5 — 90 (P", d; J)NUT,

which restricts to a diffeomorphism .7-"’]'?—@)?(1)(]}”“, d; J)NUr.
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h2 hl h3 h4 X(T):{h17 h47 h5}7 [)(U): (Uh17vh3vh4yvhgvh5)

’@ N i {[b; v1, Vg, 3, U4, V5] vp €EC*

5 DJ7h1 Vhy +DJ,h4vh3 Vhy +DJ,h5 Uh3Uhgs = 0}

“tacnode”
Figure 5: An illustration of Lemma 4.2

Lemma 4.2 If n,d € Z", there exists 6,(d) € Rt with the following property. If J is an almost
complex structure on P, such that ||J—Jo||c1 <0n(d), and T =(1,R;d) is a bubble type such that
Yicrdi=d and d; =0 for all minimal elements i of I, then U (P™; J) is a smooth orbifold,

dimU7 (P™; J) = 2(d(n+1) — X[~ |I| +n), and ﬁ(l](]P’”,d; J) N Ur (P J) = Ura (P™; J),
where Ura (P J) = {[b] €Uz (P™; J): dime Spanic, y{Dib: i€ x(T)} < |x(T )}

The space Ur.1(P"; J) admits a stratification by smooth suborbifolds of Uz (P™; J):

m=|x(7T)|
Ura (P J) = |_| Uz (P J), where
m=max(|x(T)|-n,1)
UT (P ) = {[bl €Ur (P™; J): dime Spanc 5y {Dib: i€ x(T)} = |x(T)|—m},
dim Uy (P J) = 2(d(n+1) — [R|—|I| + n + (|x(T)|—n—m)m)

< dim MY (P, d; J) — 2.
Furthermore, the space

F'7% = {[b,0]€e FT": D7 (v) =0}
is a smooth oriented suborbifold of FT . Finally, there exist 6 € C(U7(P™; J);RT), an open neigh-
borhood Ur of Ur(P™; J) in X1(P",d), and an orientation-preserving diffeomorphism

@T: ]:1,1:5@ - 9:n(l](]va da J)mUT7
which extends to a homeomorphism

b7 FYT; — (P, d; J)NU7,
where FYT is the closure of F1T? in FT.

We illustrate Lemma 4.2 in Figure 5. As before, the shaded discs represent the components of
the domain on which every stable map [b] in Uz (P™;J) is non-constant. The element [y, up] of
U7 (P™; J) is in the stable-map closure of MY (P", d; J) if and only if the branches of u;(X;) corre-
sponding to the attaching nodes on the first-level effective bubbles of [Xj, up] form a generalized
tacnode. In the case of Figure 5, this means that either

(a) for some h€{h1,ha, hs}, the branch of wy[s,, at the node oo has a cusp, or

(b) for all h€ {hy, h4, hs}, the branch of uyls, , at the node co is smooth, but the dimension
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of the span of the three lines tangent to these branches is less than three.
If keSo(Y;J), we put
Ur it = UrOUra (B3 ) C T (r,dfde), Uy = Ur i UF (B T) C Ui,
By the n=1 case of Lemma 4.2,
Urit = Uz = UXTI T 0UX D i (1)) > 2.
The last space may be empty. In particular, M (k, d/d,) C ﬁ?(ﬁ, d/dy) if ¢>2.
Let

MY 1., (P, d; T) = {[P',u] €M), (P, d; J): dufoo =0}

In other words, G 1., (P, d; J) is the subset of MY ; (P4, d; J) consisting of the elements [P, u] such
that the differential of u vanishes at the marked point of P!, which we always take to be co. The
image of a generic element in 9)?871;1(11”4, d; J) is a rational curve J-holomorphic curve in P4 with a

cusp at the image of the marked point. We denote by 97071;1(]?4, d; J) the closure of ,‘JIISJ;I(]P"*, d; J)
in Mo 1(P*, d; J). If k€SH(Y;J), we put
MG 1.1(k, d/d) = MG 1.1 (P, 5 T) N Mo, 1 (w, d/dy ),
Mo, 1.1 (k. d/dy) = Mo 11 (P*, d; J) N Mo 1 (s, d/dye),
. — —1 — —
My (5, d/dy) = Myg x MY 1 (k,d/di), and My, (k,d/dy) = Miy x o1 (k, d/dye).
By Lemma 4.2,
M, (k, d) NI (k, d) = My (kyd) VLY,

We note that )
dime Mo 1,1 (k,d) =2d —2 and  dime My, (k,d) = 2d — 1. (4.3)

4.2 The Structure of the Cone V{ — ﬁ?(ﬁ”‘l,d; J)

We next describe the structure of the cone V{ near each stratum Uz (P*; J) and L{%”;I(]P"l; J) of

ﬁ?([@‘l, d; J). We then state several regularity conditions that we will require the perturbation ¥
of s¢ to satisfy. The first lemma stated is a special case of Lemma 3.2 in [Z5].

Lemma 4.3 If d, £, and V{l are as in Proposition 2.3, there exists 6(d) € R™T with the following
property. If J is an almost complex structure on P, such that ||J—Jo|lc1 <6n(d), and T = (I, R;d)
is a bubble type such that ), ;d; = d and d; # 0 for some minimal element i of I, then the
requirements of Lemma 4.1 are satisfied. Furthermore, the restriction V{l—%/{T(]P"l; J) is a smooth
complex vector orbibundle of rank 5d. Finally, there exists a smooth vector-bundle isomorphism

ér: ”;T? (Vf‘uT(P4;J)) — Vﬂﬁ?(P‘%d;J)ﬂUT’

covering the homeomorphism ¢ of Lemma 4.1, such that (57 is the identity over Uz (P*; J) and is
smooth over ]:Tg.
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For every k€ Sy(Y'; J), the family of boundary operators 9 in the long exact sequence (3.4), with
beu% and 7 as in Lemma 4.3, induces a surjective bundle homomorphism

1,0 . d 1,0
a/i,cl/dN . Vl Vvli,cl/dN

over mio}(ﬂ, d/d,). The first two regularity conditions on a perturbation 1 of the section s¢ over

ﬁ(l](]P"l, d; J) are that for every k€ Sy(Y;J)

(91a) the section D}ijﬁdﬂlﬂﬂﬁ‘{(n,d/d&) is transverse to the zero set in Wijg/dﬁ

(91b) the section Di”g/dﬁﬁ does not vanish on Qﬁio}(ﬁ;, d/d.)—M (k,d/d,).
By Lemma 4.3, the n =1 case of Lemma 4.1, and (2.15), the collection of multisections ¢ of V{
that satisfy (¥1a) and (91b) is open and dense in the space of all multisections of V{.

The next lemma, which is the analogue of Lemma 4.3 for the strata L{f?’;l(]P"l; J) of Lemma 4.2, is
a special case of Proposition 3.3 and Lemma 3.4 in [Z5]. For any beuggl(]?‘*; J), we put

57 = {0=(0)iexr) €8T Y Dyiti=0}.
iex(7T)

Lemma 4.4 Ifd, £, and V{l are as in Proposition 2.3, there exists 6(d) € R™T with the following
property. If J is an almost complex structure on P* such that ||J—Jo||c1 <5(d), then the requirements
of Lemma 4.2 and of Lemma 4.3 are satisfied for all appropriate bubble types. Furthermore, if
T =(I,%;d) is a bubble type such that ), ;d;i=d and d; =0 for all minimal elements i of I, then
the restriction Vf—%/{T(]P"l; J) is a smooth complex vector orbibundle of rank 5d+1. In addition,
for every integer

m e (max([x(T)|~4,1), [\(T]),

there exist a neighborhood UT' of Ll%l(]P)‘l; J) in X1(P*,d) and a topological vector orbibundle
Vi (P, d; J) N U
such that Vf;;n —>9.TI(1](]P’4, d; J) N UF is a smooth complex vector orbibundle contained in Vf and
vf;;ﬂu%(w;ﬂ = {ceVi|,: beU (BY)); Dr(E0D)=0YoeF T}
There also exists a continuous vector-bundle isomorphism
o7 Tr;—lT&(Vf;;?‘uq—;l(]lj"*;J)ﬂU;P) - ij?‘ﬁ‘f(n»ﬁdg)mp

covering the homeomorphism ¢ of Lemma 4.1, such that qz;"f is the identity over Z/l?b;l(]P)‘l;J).
Finally, if T and T' are two bubble types as above and m,m' €Z™, then

dym/ .
Vl;gb, if m' >m.

, c pdm ,
up (PH)NUz LT lug, (@40)nUzy
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If €U, we put
T_(b;£;0) = {€€T_(b; £): D7,:6=0Viex(T)};
Vil = {[)€Virly: D7i6=0Viex(T)} c Vi

In this case, the standard analogue for b of the long exact sequence (3.4) has six terms. However,
replacing the fourth term by the kernel of the outgoing map at the fourth term, we get

0 —T_(B:TY) % I_(b; TPY) 2% I_(b; £) 2% HY(np(b); TY) — 0. (4.4)
By Theorem 1.6 in [Z4], the linear operator

D% {CET_(;TPY: (s, =0} — TovpyP', ¢ — VI_(Cls)s

is surjective for every [b] €Uz (P*; J), with 7 as in Lemma 4.2 and i € x(7), if J is sufficiently close
to Jy. It follows that the homomorphism

Jo: T_(b;TPY) — T_(b; £) /T (b; £;0),

induced by the map jo in (4.4) is surjective for every [b] € Ur,.. Thus, the family of boundary
operators 0 in (4.4) with [b] €Uz, induces a surjective bundle homomorphism

allid/d,i VlT—>7TBW ) dy CWli?l/dn (45)

over Ur .1, if Ut Cﬁ‘f(/{, d/dy). Furthermore,

Lg
0 d/d, = T d/dy? (4.6)
where DO’Z[ Jd,, 18 the surjective bundle homomorphism over Uz, C M (k,d/d,) defined similarly
7q
to o, d/dy

We now state additional regularity conditions on a perturbation 9 of scf. We will require that for
every k€Sy(Y; J):
. 1,1 1,1
(¥2a) the sections an7d/dﬁ|M1 L8 | (. ) and Dn,d/d,ﬁbﬂl,l><9ﬁ871;1(n,d/d,.@) are transverse

to the zero set in TFBWIS Cll/dn
(92b) the section Dl’b/d ¥ does not vanish on ﬁ};l(/ﬂ, d/dﬁ)—miég(m,d/dﬁ);
(92¢) for ¢>2, the section 0" ’d/d ¥ does not vanish on 90 (k,d/d,).

By Lemma 4.4, (2.6), and (2.11), the collection of multisections ¥ of V{ that satisfy (92a) and (92¢)
with ¢>4 is open and dense in the space of all multisections of V{. By (2.8), (2.11), (4.3), and (4.6),
the collection of multisections 1 of Vf that satisfy one of the three remaining conditions, i.e. (1J2b),
(92¢) with ¢ = 2, or (92c¢) with ¢ = 3, is nonempty and open in the space of all multisections
of V{l, but not dense. Nevertheless, by considering the decompositions of the intersections of the

corresponding subspaces of ﬁ?(/{,d/d,{) analogous to (2.9), it is straightforward to see that the
intersection of these three open sets is still nonempty. Alternatively, note that

dime (M (i, d/dy)— LS (15, d/dy)) = 2(d/dy) — 2 = kW)
dime D, (1, d/dy) = 2(d/dy) — 2 = kWS
dime 90, (k, d/d,,) NI, (k, d/d,) < 2(d/d,;) —
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Furthermore, the space ﬁil(ﬁ;, d/d,) —zm}ff(ﬁ;, d/d,) has two irreducible components. One of

them is contained in ﬁ?(/{, d/d), while the other intersects ﬁ?(/{, d/dy) in subvariety of complex
dimension 2(d/d,)—3. Thus, if ¥ is a generic multisection that satisfies (92¢) with ¢ = 2, its

restrictions to . .
My, (K, d/de)— M (5,d/de)  and 9y (k,d/d,) (4.7)

have finite zero sets, divided equally between positive and negative zeros. These zeros can be
removed in pairs by modifying ¢ outside of the boundary strata of (4.7).

It remains to state one more regularity assumption on 9. If I =x(7)={h} is a single-element set,
for every [b] €Ur .1, we put

T_(b;TPLTY) = {CeT_(b; TPY: DY ¢ € Ty )Y}
T_(b; TP Trk) = {CeT_(b;TPY): DF ¢ € Toypiyr} C T (b;TPLTY).

Since d{up|s, , }/oo=0 by Lemma 4.2, the subspaces
L_(b; TP4TY), I _(b; TP Tk) C T_(b; TP?)

are in fact independent of the choice of connection V7 in TP* Furthermore, by Theorem 1.6
in [Z4],
T_(b;TPLTY) /T (b; TP Tw) = Nykleyppy via ¢ — [DF ,¢). (4.8)

By the paragraph following Lemma 4.4 and condition (Jy2) of Definition 1.2,
Im jo|r_ (b 7psry) = kerdo NT_(b; £;0) and  ker jo C T (b; TP Tk), (4.9)
where jo and 9 are as in (4.4). Let
Hj(mp(b);TY) =T (b;£;0)/Im jo|r_ (57p4:7%)-

The vector spaces f[}(ﬂg(b);TY) and the quotient projection maps induce a vector bundle over
Dﬁ}ﬁ(m, d/dy), which we denote by Q,li’il Jd and a surjective bundle homomorphism

6;1@7;1/(1” : 1}%1 :V%ll - Qifi/dﬂ'
On the other hand, the boundary operators 9 in (4.4) induce a surjective bundle homomorphism
e Qifi/d,{ - W*BW/S:zli/d,i
over 9)?%;(1)(/1, d/dy). By (4.8) and (4.9),
ker 77 = 7 (Li®evi Ny k).
We also have a surjective bundle homomorphism

. ALl
T de/dﬂ — mp(Li®evoNy k).
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It is induced by the map

jo¢ — (—2n0) [V (s, € Nys  if CeT(b;TPY), jo¢ €T (b; £;0). (4.10)
Thus, we obtain a splitting of Qll_g’;l Jd:
T, O Q;lﬁil/dﬁ — mp(Li®evoNy k) & W*BWIS:(li/d,Q (4.11)

over sm};‘f(n, d/d,). We note that
tk QLY = 2d (4.12)

for all deZ™.

Our final regularity condition on ¥ is that for every k €Sy(Y; J):

(93) the section 5/1{’;/(1[{19 does not vanish over sm};?(m, d/dy).

By Lemma 4.4, (4.3), and (4.12), the collection of multisections ¥ of Vi that satisfy (93) is open
and dense in the space of all multisections of Vf. We denote by Acll(s; J) the collection of all multi-

valued perturbations of the section 54 of V{ over ﬁ(l](]P"l, d; J) that satisfy the regularity conditions
(91)-(93). By the above, A%(s;.J) is a nonempty open, but not dense, subset of the space of all
multisections of V{.

It is possible to use a dense open collection of perturbations in the statement of Proposition 4.5
below. However, using such a collection would needlessly complicate its proof by enlarging the
zero set of the sections Di”g / 4,9 by homologically trivial subspaces of ﬁ?(ﬁ, d/d,). This would also
require stating the analogue of (93) for the ¢=2,3 cases of (¥2c).

4.3 Proof of Proposition 2.3

In this subsection, we finally prove Proposition 2.3. It follows immediately from (4.1), (4.2),
Proposition 4.5, and Corollary 4.7.

Proposition 4.5 Suppose J, d, £, and Vf are as in Proposition 2.3, ¥ € fi‘f(s; J) is a regular
perturbation of the section s¢ of V§ on ﬁ?([@‘l,d; J), k€S(Y;J), and T =(1,8;d) is a bubble type
such that Y, ;di=d. If [I|>1 or R#£0, for every compact subset K of Ut ., there exist ey(K)€RT
and an open neighborhood U(K) of K in 97?(]?4, d; J) such that

{s{+t9} " HO)NU(K) =0 Vite(0,ey(K)).

If [I| =1 and R =0, for every compact subset K of Ur., there exist ey(K) € RT and an open
neighborhood U(K) of K in S)TT?(]P"*,CZ; J) with the following properties:
(a) the section s{+t9 is transverse to the zero set in V§ over U(K) for all t€(0,ey9(K));
(b) for every open subset U of ﬁ?(]}”‘l, d; J), there exists e(U) € (0,e9(K)) such that
+d -1 1,0 170 1,0
{s1+t9}'NU| = (e, g/a,), [T (K, d/dc)]) — Cont0 (n,d/d) (0. a/49)
if {0009} (0) =ML, (k,d/dg) CK CUCU(K), te(0,¢(U)).
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In other words, the s¢-contribution from the main stratum 99 (x, d/d,;) of the space ﬁ?(ﬁ;, d/d,)
to the number Y

(e(Vi), [ (B*,d; J)]).
as computed via a perturbation from the open collection fl‘f(s; J), is the euler class of the vector

bundle W d /d,, OVer mtl(n d/d,) minus the oMY Y-contribution to the latter euler class from the

Knd /e
the zeros of bn:d/d,}? that lie in asml(n, d/d,). Since aflﬂ’,(()i/d,.gﬁ|wt?(ﬂyd/dn) is transverse to the zero set
in MY (x,d/dy),

{0k 491 )M (1, d/d)| = (W)Y, ), [ (1, d/dy)]) = C

K,d/d o 19)’

M (/) (an,d/dn
by Definition 2.4. None of the boundary strata of ﬁ?(/—i, d/d,) contributes to the euler class of V{.

Proof: (1) If T is a bubble type such that d; # 0 for some minimal element ¢ € I, the conclusion
of Proposition 4.5 follows by the same argument as in the proof of Lemma 3.5 and at the end of
Subsection 3.2. The key difference in the |I|=1, R=0 case is that the section D,li’(zl / 4,V may vanish

on 8@?(&, d/d,). In addition, by the regularity assumptions, (91b), (¥2b), and (¥2c),
1;0
{Dnd/d } — Y (k,d/dx) C M3 (K, d/dx) —
+ 0 1,0 1,0
Han d/d, 19} 0)NM; (~, d/d )‘ <6(Wn,d/dn)’ [Eml("‘v d/dy)]) — Con};‘f(ﬁ,d/dﬁ)(an,d/dﬂﬂ)’
(2) If T is a bubble type such that d; =0 for all minimal elements i€ I and |I|=1, or more generally
Ix(7)| =1, nearly the same argument still applies. In this case, F'7 = F7 and the conclusions
of Lemmas 3.5 and 3.6 are still valid. The key difference is that the normal bundle of U7.,.1 in

Ur.1(P*; J) is not given by the cokernels of the homomorphisms ig in the long exact sequence (3.4).
Instead, up to the action of the automorphism group of b, the fiber of N*7T at [b] €Ur .1 is

N®T =T_(b; TP*0)/T_(b; TY;0), where
T_(b;TP%0) = {CeT_(b;TPY): DF ¢ = 0}
T_(b;TY;0) = {CeT_(h;TY): DF,¢ =0} € T_(b;Tk),
if h is the unique element of x (7). The reason for this is that
Ura(PY ) = {beUr (P J): d{wls, , } =0},
by Lemma 4.2. Since the linear operator

DFn: {CGF_(b; Tk): C‘ZM :0} — Toyp)hs, ¢ — Vi (C‘zb,h),

is surjective, the image of the homomorphism jq in the long exact sequence (4.4) on I'_(b; TPP*;0)
is the same as on I'_(b; TP*; Tk). Thus, the analogue of the bundle V_ of Subsection 3.2 in this
case is the bundle Ql’}i Jds described in the previous subsection. The section of V_ induced by 9
isob d/d 9. Its composition with the map 7 in (4.11) is ol d/d 1. Thus, Proposition 4.5 in this case

follows from the regularity assumptions (92b) and (9¥3), by the same argument as in Subsection 3.2.
(3) Finally, suppose 7 = (I,N;d) is a bubble type such that d; =0 for all minimal elements i € I
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and |I|>2. In this case, the dimension of the fibers of 7 may not be constant over Uz (P ).
Thus, we modify the setup of the second part of Subsection 3.2 by working directly with the
normal bundle to the smooth submanifold 7:17'@‘2/{7;,{;1 in flT@\uT;l(ng). Let v — PF7T be the
tautological line bundle and

V = mpzr (TpE*®@evpTP!) — PFT.
We define the section ar of v*®V over P§F7 by

{aT (b7 (ﬁZ)ZEX(T)) } (b7 w) = ZDT,Z' (b7 wxh(i)ﬁi) € TeVp(b)]P47
iex(7)

it (b, (0)iey)) €75 (0,9) EErp(h)-
With our assumptions on J, this section is transverse to the zero set and thus
Uy (P* ) = a7 (0)
is a smooth suborbifold of P§7. For a similar reason, so is

U =U NPFT|, .

Let N*T denote the normal bundle of Uy, in U (P*;.J). Up to the action of the automorphism
group of [b, [0]] €Uy,

N*T| [h61] = I_(b; TP, 0)/T_(b;TY;0), where
Do (b TP 0) = {CET_ (B TPY): > (b, 0)DT ¢ =0 VW EE ) },
iex(7)
P_(5;TY;0) = {CET_(B;TY): D (W, 0)D5 ¢ = 0 VW ER, .y } © T (b;T).
iex(7)

Thus, there is a natural surjective bundle homomorphism
Vo= V3N T) — 78, i Ur(PY ) C IR (P d; J),

where j.: N ’{T—mr]}'SSTVfl is the injective bundle homomorphism induced by the maps jq in (4.4).
We put

F = mpzrFT — PFT;
FHO={(b. [Bliv) € 2+ (b, [0]) €26.(B% T): [p(v)] = 0]}
The smooth orbifold F4? is diffeomorphic to F17T? by the projection map
(b, [0];0) — (b;v).

Furthermore, F!? — Uy (P*;J) is a fiber bundle of smooth varieties. We can thus apply the same
argument as in the proof of Lemma 3.5 and the end of Subsection 3.2, along with the regularity
assumption (92b), to show that

{s¢4t0} L O)NU(K) =0  Vte(0,e9(K))
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if U(K) and t are sufficiently small.

It remains to compute the Di’g / dnvﬁ‘—contribution to the euler class of the bundle Wi’g Jd, OVer

ﬁ?(/{, d/dy) from the set
-1 —1
2 = {01,917 (0) = M /) = {01,,9)7(0) € ML, /)

This contribution is computed by counting the zeros of the section Di’z / dﬂl?—l—tl/, for a generic section

v of Wb g/d , that lie near Z, y. First, let

I
Tt WD 4/ — mpE*@ngevi Ny Kk

—K K

denote the (quotient) projection map; see (3.1). Our regularity assumptions on v will be that the
affine map

Yy mpLp1@mpLy — mpE*@mpevoNy Kk, 1y, (b;v) = 7TJ_ v(b) + {DH A/dn IHpv,  (4.13)
over Z, y is transverse to the zero set and all zeros of 1)y, lie over
Z2 9= 2o N (MyixIG 1. (s, d/dy)).

Since the set 1y Ilj(O) is finite, it follows that it lies over a compact subset Ky, of Zgﬁ. By the

regularity assumption (92a), these conditions are satisfied by sections v in a dense open subset of
. 1,0

the space of all sections of W_’, S We put

0Zp9 = Zp N (OMy x MY 1.1 (k,d/d,)).

Lemma 4.6 Suppose J, d, £, V{, 196./2161[(8; J), and k€ Sy(Y; J) are as in Proposition 4.5 and in
Lemma 4.4. If T =(I,N;d) is a bubble type such that d; =0 for all minimal elements i of I and
f:{h} is a single-element set, then there exist § € C(Ure1; RY), UL, and ¢ as in the n=1 case
of Lemma 4.2, e C(FT;R), and a vector bundle isomorphism

7 Trrs (Wi:cli/dﬁ‘uﬁn;l) - Wn d/dy ‘gml (1, d ) UL
covering the homeomorphism qulT and restricting to the identity over Ur...1 such that
|7 @7 ({0,509 (07 (0) = {700, 40 o} p(0)| < e(v)|p(v)]  Vo=(b0)€FTS,
and limy,,|,pg(v) =0.
In this case, N=0 or N contains one element, and

Z/{ o MLl XM871;1(/{, d/d/@), lfN:(D,
Tl OM; 1 xi)ﬁ&l;l(/{, d/d), otherwise.

In either case, by Lemma 4.2, the normal bundle F'7T of Uz in ﬁ?(ﬁ, d/dy) is FT. If R=0),

FT =npLp1®@7mpLo and p(v) = v.
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Otherwise, F7 is the direct sum of 75 Lp1®7; Lo with the line of smoothings of the node of ¥ x,
which in this case is a sphere with two points identified. If v € F7T, p(v) is the 7 Lp1 ® 75 Lo-
component of v.

Lemma 4.6 follows fairly easily from constructions in [Z4] and [Z5]. However, its proof is notation-
ally involved, and we postpone it until the next subsection.

Corollary 4.7 Suppose d, £, V¢, J, 196.%1‘1[(3; J), and k € So(Y; J) are as in Proposition 4.5. If
v is a generic perturbation of the section 0/1{’2/[1’{79 of W}i:g/dﬂ over ﬁ?(ﬁ;, d/dy), there exist €, ER™
and an open neighborhood U of 0Z,, » in ﬁ?(ﬁ;, d/d,) such that

{ai’,g/dﬁHV}_l(O)ﬂU =0  Vte(0,e).

Furthermore, for every compact subset K of Zg g: there exist ¢,(K) € RT and an open neighbor-

hood U(K) of K in ﬁ?(ﬁ,d/d,{) with the following properties:
(a) the section Di’?i/d,f%'t” is transverse to the zero set in Wig/d,@ over U(K) for allte(0,¢,(K));

(b) for every open subset U of ﬁ?(/{,d/d,{), there exists e(U) € (0,€,(K)) such that

_ d/d, —1 _
i‘{ai’,g/dnﬁﬂy} 'nU| = _/T (eOV2 4/a): [Po(s,d/dy)])

if Ky,CKCUCU(K), te(0,eU)).

Proof: (1) Let 7 = (I,X;d) be a bubble type such that ) ._;d; = d and d; = 0 for all minimal
elements ¢ of I. By the regularity assumption (¥2b), if

Zo1 = {0, 1093 0) U1 # 0,

then I={h} is a single-element set, while |[R|€0, 1.
(2) We denote by N/ YT the normal bundle of Zy 1 in Ut Similarly to the proof of Lemma 3.5,
using the homeomorphism QSIT of Lemma 4.2 and the bundle isomorphism ®7 of Lemma 4.6, we

can obtain an identification of neighborhoods of Zy 7 in N7 ®F7 and in ﬁ(l)(/{, d/dy),
=0
b1,9: NV Tsx z, , FT5 — My (k,d/d,),

and a lift of ¢7.y to a bundle isomorphism,

o ol 0,1
O TN Tx z,  FTs (Wn,d/dn 125.7) Wed/de:

For (b; X,v)ENﬁszﬁ,T]:’Tg, we put

s(b; X,0) = 71 ({0,754, 9307 (b X, 0)) € Wy

P(b; X,v) = @7y (v (b X, v) € Wi, |,

b
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We define Ng(X) and N.(X,v) in Wijclg/dnlb by

s(b; X,0) = 5(b;0,0) + 5p X + Ns X = j|pX + N X; (4.14)
s(b; X,v) = s(b; X,0) + N.(X,v), (4.15)

where jj: NﬁT—WTBW 4/ds Iy C Wijcll/de is the derivative of s. Thus,
Ny(0)=0, |Ny(X)— No(X)| < Cx(IX]|+]|X'))|X-X'| VX, X eN"T;. (4.16)
By the continuity 9,
INJ(X,v)| <e(v), |NUX,v)—NUX',v)| <e()|X—X'| VX, X'eNT;, veFT;, (4.17)
for some e € C(FT;R™) such that lim),_e(v)=0. We also have

(b)
(B)| X —X|

(b; X,v)

| | VbeZyr, X, X' eNVT;, ve FTs, 4.18
|7(b; X, v)— (b X', v)| 9.7 b VESLe (4.18)

<C
<C

for some C' e C(Zﬂ T7 R).

(3) Let m_.p : c Wb d/d — 7TBW d/d be the natural projection map; see (3.1). Let K be a
precompact open subset of Zy 1. Since the homomorphism

Jb: NV T_>7rBWnd/dK

is an isomorphism by the regularity assumption (¢¥2a), by (4.14)-(4.18) and the Contraction Prin-
ciple, the equation
T (s(b; X,v) + to(b; X,v)) =0

has a unique small solution X = X;(v) e N7, for all t€ [0, 8¢ ), vE€ FT 5, |5, and b€ K. Furthermore,
| X:(v)| < Ck (t+e(v)). (4.19)

(4) By the above, the number of zeros of Di’g/dﬂﬁ—i—tl/, for t€(0,dk), in a small neighborhood Uk
of K in ﬁ?(/ﬁ:, d/d,) is the number of solutions of the equation

Uy (bsv) =t~ L, (s(b; Xi(v); 0)+t0(b; X (v);v))
=¢! f;HNS/ (v; Xe(v)) —|—7TJ_';HI;(b;Xt(U);U),

since Dflﬁfl/d,}ﬂu?'m;l is a section of w*Bij;;/dﬂ and thus 7%, N, X =0 for all X € NVT;. By the
estimate of Lemma 4.6, (4.19), and the smoothness of v

(@b 0) — (e () + g0 Y ap(0))| < O (t+2(0)) (). (4.20)

By the regularity assumption (93), the section 7, 5};2 / d,ﬁ does not vanish over Zy 7. Suppose T
is a bubble type as in the |X|=1 case in (1) above. By our assumptions on v, the affine map

—H

FT — npE*@npevyNyk, v — 7L, v(b) + {7, DH A/ds I}Hpp(v), (4.21)
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which factors through 1y ,, does not vanish over the compact set 92, y. Thus, W:(b;v) # 0 for
all te RT and v € ]:T\ag& , sufficiently small. This concludes the proof of the first statement of
Corollary 4.7.

(5) Finally, suppose 7 is a bubble type as in the [R| =0 case in (1). If K is a compact subset of
20 .9 containing Ky ., by (4.20), the regularity assumption (¢3), and the same cobordism argument
as in Subsection 3.1 of [Z1], the number of solutions of ¥(b;v) =0 with ¢t € R and v € FT |k
sufficiently small is the number of zeros of the affine map in (4.21), i.e. i\w&lu (0)|. Since ﬂ;ﬁi”b/dﬂﬁ
does not vanish over Z, 4,

|5, (0)] = (c(rpE* @mhevgNy k)e(rp Lpi ©@mjLo) ™, [Z5,])
= (7p(—2X\+¢p1) + wp(c1(eviNy k) +10), [Zx9]),
where A and 9 p; are the usual tautological classes on ./\_/1171. The space Z, y is the zero set of the

section 0/1{’; / 4. Y of the bundle W*BWIS:jl Jd, OVer ﬁ};l(/ﬂ, d/d,). Since this section is transverse to the
zero set by (92a),

oy (0)] = (Tp(=22+¢p1) - TEeOV g 0. )s [Mig xMo11(k,d/d,)])

), st d/a,))

We note that a generic fiber of the forgetful map
T ﬁ071;1(/{, d/d,{) — ﬁo(/{, d/d,{)

consists of 2(d/d,)—2 points, corresponding to the branch points a degree-d/d, cover P! — k. We
conclude that for every compact subset K of Z, y containing Ky,

1 _
iHan ,d/dy 0+tV}_lﬂU| = i\%,i(O)\ = oY <7~r*e(Wg,d/dﬂ)a [mO,l;l(Had/dn)D
1

= 24( d/d ) <€ nd/d [ﬁo(’%?d/dﬁ)]%
provided that U is a sufficiently small neighborhood of K in 97?(/{, d/d,) and te(0,0(U)).

4.4 A Genus-One Gluing Procedure

In this subsection, we prove Lemma 4.6. We review the genus-one gluing procedure of Subsec-
tion 4.2 in [Z4] and its extensions to the spaces I'_(b; TP*) and I'_(b; £). As a result, we will be
able to describe the behavior of the boundary operator 9y in the long exact sequence (3.4) for
[b(v)] €M (k,d/d,) with ve FT? sufficiently small.

Let 7 =(I,X;d) be a bubble type as in the statement of Lemma 4.6. If v=(b,v) € ]}’]:5@ is small
gluing parameter, let
b(v) = (Lo, Ju;uy), Wwhere u, = up o G,

be the (second-stage) approximately J-holomorphic map. Here

q~U:dvg;2: Yy — Xy
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is the basic gluing map constructed in Subsection 4.2 of [Z4]. In the present case, there is no first
stage in this usually two-stage gluing construction, as there is only one level of bubbles (in fact,
only one bubble) to attach. The key advantage of this gluing construction is that the map ¢, is
closer to being holomorphic than in the gluing construction used in Section 3. In particular,

105w, < CO)|p(v)]-
If beUr 1, then dup p|oo =0 and this estimate improves to
= 2
Ha]uvHU’p < C’(b)|p(v)‘ . (4.22)
This is immediate from the definition of the map ¢,,.

We extend the metric gy, described in Subsection 3.3 to a metric gps; on the bundle T' P4, Let V7
be the J-compatible connection corresponding to the Levi-Civita of the metric gpa .

Similarly to Subsection 3.3, let
L (b TPY) = Hy'p @ To (i P*

be the space of u}TP*-valued harmonic (0, 1)-forms on ;. If v=(b,v) and b€Ur .1 are as above,
we put
1% (0; TP*) = {Ryn: el (b; TP} € TO (v; TP,

where R,n is a smooth extension of 1 such that R,n is nearly harmonic on the neck attaching
the only bubble ¥ ;, of 3, and below a small collar of the neck and vanishes past a slighter larger
collar; see Subsection 4.2 in [Z4]. Let

772’;1_: % (v; TPY) — 1% (b; TPY)

be the L?-projection map. We denote its kernel by Fg_’l(v;T}P"l). By the same argument as in
Subsection 2.3 in [Z1], we have a decomposition

D(v; TPY) = T_(v; TPY) @ T, (v; TPY),
where  I'_(v;TP*) = {R,(=€0G,: (eT_(b; TP},

such that 3
Dyy: Ty (v; TP — TG (0; TP

is an isomorphism with fiber-uniformly bounded inverse and
(DywCmhva =0 V(e (v;Tr) =T (v; TPY) N T (v; Tk), nel%! (v; TPY).
Analogously to (4.22), we also have

1D5cll,, < COlp@)|IClupa  VCED—(05TBY), (4.23)
Furthermore,

(Mot DaoRuC + 2mp(0)] RuD71¢| < C0)|p(0)* ¢l ¥ CET— (b TBY); (4.24)
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see (5) of Lemma 4.4 in [Z4]. Due to the assumption that dup |- =0, we do not need to require that
Cls, =0. We also get a slightly sharper bound, though this is not essential. The estimate (4.24)
is the fundamental fact behind the estimate of Lemma 4.6.

Similarly to Subsection 3.3, the restriction of the homeomorphism QSIT of Lemma 4.2 can be taken
to be of the form

or([w) = (b)),  where b(v) = (Sv,juil), o = exXPpy,Co
GeL(U;TK),  ICullopa < CO)lp(v)]*. (4.25)

The last estimate follows from (4.22) by the usual argument.

We denote by
1) T(v; TPY) — T(v; TPY) = L2 (b(v); TP*) and
I,: T'(v; £) =L (b(v); £) — T'(v; £) = L1 (b(v); £)

the V7-parallel transport in TP* and the V-parallel transport in £ along the geodesics V¢, in K of
the metric g, ;. By (4.23)-(4.25) and the same argument as in Subsection 4.3 of [Z5], there exists
an isomorphism

Ry:T_(b;TP*0) — I'_(v; TP*) =ker D5 s.t.
|Ru¢ —TIIR oo, sl VCET_(b;TP0). (4.26)

vt € CO)o(w)
Similarly, there exists an isomorphism
Ry:To(b;£;0) — [_(v;8)=kerdg 3,y st
Rt = TR, < COp@)*€lbpr  VEET_(5;£:0), (4.27)

where again R,§=£ o §,,.

We next describe a convenient family of finite-dimensional spaces
[(b; TP &) C T'(b; TPY),

parameterized by bEleg).L,l, such that the homomorphism

jo: D(b; TP £) — T'_(b; £;0)

is an isomorphism. For every beb(g).L,l, let

T_ . (b;TP* Nyk) ~ evip Ny s and T_ . (b; TP*; k)

be the L2-orthogonal complements of I'_(b;TP* Tk) in I'_(b;TP* TY) and of I'_(b;Tx;0) in
I'_(b; TP%;0), respectively. The map in (4.10) induces a surjective homomorphism

7. T_(b;£;0) — evpNyk,

K
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which restricts to an isomorphism on jo(I'— +(b; TP%; Ny«)) and vanishes on jo(I'— 4+ (b; TP%; k),
where jjo is as in (4.4). Let T_ ;(b; £;0) be the L%-orthogonal complement of jo(I'— 1 (b; TP k))
in ker .. We set

Ty _(b;TPY NpiY) = {CED(b; NpaY): 0 C€T_ 4 (b; £;0) 1,

where the normal bundle Np:Y of Y in P* is identified with the gp4 p-orthogonal complement of
TY in TP?* and
T TP — €~ NpaY

is the quotient projection. Then, the map
my: T(b; TPY &) =T_ o (b; TP k) @T_ 4 (b; TP*; Ny k) @T 4 _ (b; TP*; NpaYV) — T'_(b; £;0)
is an isomorphism. Furthermore, since
T (b;TPY k) T _ 4 (b; TP Nyk) C T (b; TPY),

the map
o: Ty (TP NpaY) — H(mp(b); Nyk), ¢ — [mr Dy,

is also an isomorphism, by the definition of the boundary operator d¢ in (4.4).

We now use the subspace I'(b; T' P*; £) of T'(b; TP*) to construct an analogous subspace I'(v; TP*; £)
of I'(v; TP*) for veF ’]:;Q) sufficiently small. For every

CeT_(b;TPY Nyk)®Ty _(b; TP*; NpaY),
we define R,¢ €T (v; TP*) by
Ty Ry( = Rymp( € T-(v;€) and Ry — TIJR,C € T(Sy; @5 NpsY),
where again R,(=( o §,. By (4.26) and (4.27),
1RoC = TR, < COp@)*ICllbp ¥ CET(B; P 2). (4.28)

Let f_7+(U;TP4; K), f_7+(U;TIP4;NyH), f+7_(U;TIF’4;NP4Y), and T'(v; TP*; £) denote the images
of I, (b;TP* k), T_ 4 (b; TP* Nyk), Ty _(b; TP* NpsY), and T'(b; TP%; £) under R,. By (4.28),
the map

7y D(v; TP £) — T (v; £)

is injective and thus an isomorphism. Furthermore, since
T_ 4 (v;TPY k) € T (v; TPY),
by the definition of the boundary operator g in (3.4) the map
0, T (0 TP Ny k)@ - (0; TP NpsY) — Hj(b(v); Nyw), ¢ — [mc D y50<);
is surjective and thus an isomorphism. We set
fo_’}+(U;TP4; Nyk) = {WjDJJ;(U)C: ¢cel_ 4 (v; TP, Nyr)} C % (v; Ny k) =LP(b(v); Ny k);
TYL (0, TP NpaY) = {miD ¢ CET L (03 TP NpaY) } € T (03 Ny ).
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It follows from above that the projection map
7ol f%}+(v; TP, Ny/ﬁ)@fi’}_(@; TP NpsY) — HY(b(v); Ny k)
is an isomorphism.
The space I (b; Ny ) of uy Ny k-valued harmonic (0, 1)-forms on 3, splits as
T2 (b Ny k) = T (b Ny k) @ T, (b Ny k) = Hy, p@evi Ny s © T (b Ny k).
Here I} p(b; Nyk) and ro! 5(b; Ny k) are the subspaces of T%! (b; Ny ) consisting of the differentials

supported on the main Components Ypx of ¥y and on the only bubble component ¥, of 3,
respectively. Let

ngla,bi % (b; Ny k) — F%}P(b; Nyk), F(i’;lB(b; Nyk)

denote the projection maps. If n € Hy p®evpNyk, we define R,n € I'%!(v; Ny k) as above by
identifying Ny~ with the gy -orthogonal complement of T in TY CTPL. If EF(LlB(b; Nyk), let
R,n=¢q}n. We denote by

f‘(i’;IP(U;NyK/), f‘(i’;lB(U;Ny/{) C f‘o’l(v;Ny/{)
the images of " .p(b; Nyk) and ro! .5(b; Ny k) under the map R,=II’R,,. Let

~2}3 % (v; Ny k) — T%! p(v; Nyk) and ﬁg}g % (v; Ny k) — %! 5(vs Ny k)
be the L?-projection maps.
By (4.24), (4.25), and (4.28),
|70 D 1500y B + 2mp(0) ] Romi D 1. < C0)]p(0)|*[[Cllbpn ¥ CETE (0;TPY Ny k). (4.29)

In particular, the projection map

op: T2 (U TP Ny k) — T2 (v; Ny k)
is an isomorphism. We denote its inverse by S,.p. The projection map

70 DU (03 TP NpaY) — TP (v; Ny ).
is also an isomorphism, since the map 9, is. We denote its inverse by Sy.5.

Finally, let . .
Ty = 701 0 (Sp.p®Su:p) © Ry : T (b; Ny k) — HY(b(v); Ny k).

The maps T, with veF ’Z;;@ induce a bundle isomorphism

e oLt
®T . Tr]:r]'g (W/‘de/dn ’Z/{T K 1) - Wli d/d,i |9)’t?(’</7d/dﬁ)mU%”
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covering qﬁlT] FT0- This isomorphism extends continuously over F7 s—F7T g, as can be seen directly
from the definition.

If 9(v) €T_(v; £), we can find a unique

Go(v) = ¢ (v) ® G(v) ® (5 (v)
eT_ (v;TPY k) T (v;TPY; Nyr) © Ty _(v; TP NpaY)

such that m3:¢y(v)=9(v). By (4.29),
[moeb T 209 (v) + 2mp(v)] mr D5, Ry (H(v)] < Co () |p(w)]* (4.30)
On the other hand, by the definition of the map 7,  in Subsection 4.2,
TN I(b) = —2m] mEDT CH(D). (4.31)

The estimate of Lemma 4.6 follows from (4.28), (4.30), (4.31), and the continuity of the section 4.
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