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Abstract

In the first part of this paper, we obtain mirror formulas for twisted genus 0 two-point
Gromov-Witten (GW) invariants of projective spaces and for the genus 0 two-point GW-
invariants of Fano and Calabi-Yau complete intersections. This extends previous results for
projective hypersurfaces, following the same approach, but we also completely describe the
structure coeflicients in both cases and obtain relations between these coefficients that are vital
to the applications to mirror symmetry in the rest of this paper. In the second and third parts
of this paper, we confirm Walcher’s mirror symmetry conjectures for the annulus and Klein
bottle GW-invariants of Calabi-Yau complete intersection threefolds; these applications are the
main results of this paper. In a separate paper, the genus 0 two-point formulas are used to
obtain mirror formulas for the genus 1 GW-invariants of all Calabi-Yau complete intersections.
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1 Introduction

Gromov-Witten invariants of projective varieties are counts of curves that are conjectured (and
known in some cases) to possess a rich structure. In [Gi96], [Gi99], and [LLY], the original mirror
prediction of [CAGP] for the genus 0 GW-invariants of a quintic threefold is verified and shown to
be a special case of mirror formulas satisfied by the genus 0 one-point GW-invariants of complete
intersections. In [BeK], [210], [C], and [GhT], these results are used to obtain mirror formulas for
two-point genus 0 GW-invariants of projective hypersurfaces. We begin this paper by extending
the approach of [Z10] to Fano and Calabi-Yau projective complete intersections, give a complete
description of the (equivariant) structure coefficients in both cases, and obtain relations between
them. The mirror formulas and relations of Sections 3 and 4 are used in Sections 6 and 7 to confirm
the mirror symmetry predictions of Walcher [W] concerning the annulus and Klein bottle invariants
of Calabi-Yau complete intersection threefolds in the presence of an anti-holomorphic involution;
these are the main results of this paper. Unlike proofs of mirror symmetry in other settings (such
as in [Po], [PSoW], and [Z09b]), our arguments do not rely on a priori knowledge that the final
answers are independent of the toric weights (i.e. are purely non-equivariant).

Throughout this paper, a = (a1, as, ..., a;) denotes a tuple of positive integers and X, C P* 1,
a smooth complete intersection of multi-degree a; for example, Xy = P"~1. Let

l l l l
(a) = Hak, al = Hak!, a® = Hazk, |a| EZak, va=n—|al.
k=1 k=1 k=1 k=1

We consider only the Fano cases, v5 >0, and the Calabi-Yau cases, v, = 0. All cohomology groups
in this paper are with rational coefficients unless specified otherwise. Let H € H?(P"~!) denote the
hyperplane class.

Mirror formulas relate GW-invariants of X, to the hypergeometric series

1 agd
o IT I1 (akw +7)
F(w,q) = Z qdw”*’dk:l;:1 . (1.1)
d=0 Tl;ll(w + )"

This is a power series in ¢ with constant term 1 whose coefficients are rational functions in w which



are regular at w = 0. As in [ZaZ], we denote the subgroup of all such power series by P and define

D: Q(w)[[q]] — Q(w)[[q]]. M:P—P by
w 1.2
DH (w,q) = {1 + ;’)jq} H(w,q), MH(w,q)= D<§I{((O;]))> . (1-2)
If va= 0 and p € Z=29, let
I,(q) = MPF(0,q). (1.3)

For example,

In(g) = " ¢ <a1d>!<a?3!>)!7; ad)!

va= 0.

If v, =0, let

Thus, the map ¢— @ is a change of variables; it will be called the mirror map.

1.1 Mirror formulas for closed GW-invariants

In light of previous work on genus 0 two-point GW-invariants of projective complete intersections,
the precise statements of Theorems 5 and 6 concerning these invariants are primarily stepping
stones to the results on open and unoriented GW-invariants of Theorems 3 and 4. Nevertheless,
in this section, we illustrate Theorems 5 and 6 with explicit examples and describe relations with
other work on formulas for genus 0 two-point GW-invariants.

Given a smooth subvariety X C P"~!, we will write Mo.m(X,d) for the moduli space of stable
degree d maps into X from genus 0 curves with m marked points and

ev; : ﬁmm(X, d) — X

for the evaluation map at the i-th marked point; see [MirSym, Chapter 24]. For eachi=1,2,...,m,
let 9; € H*(9M,m(X, d)) be the first Chern class of the universal cotangent line bundle for the i-th
marked point. Gromov-Witten invariants are obtained by integration of classes against the virtual
fundamental class of Mo (X, d):

(7o (E), . 7 (HP)) S = (g HD L P HEm ) T

_ / (WPreviHN) ... (yEmev HOm),

[0, m (X, d)]V*"

(1.5)

where H € H(P"~!) is the hyperplane class.
The two-point mirror formulas take the simplest shape in the two extremal cases: v,=0,n.



Theorem 1. The degree d > 1 genus 0 two-point descendant invariants of P*~1 with n > 2 are
given by the following identity in (Q[Hy, Ha]/{HY},H5}) thl, h;l]] :

Hr—1l-p1 gr—1-p2 Pt
> (S )
p1,p220 v 2=Y d
1 (Hy+dyhy)P* (Ha+dahg)P?
_h1+h2 Z Z d1 do

Py s L) 1] (Hatrha)?

Theorem 2. The genus 0 two-point descendant invariants of a Calabi- Yau complete intersection
Xa in P""1 are given by the following identity in (Q[Hl,HQ]/{HTf_l,Hg_l}) (At hytd]]:

H 1-l—p1 H*~ 1—l—ps\ Xa
Y YoMt ) Ty
p1.p2>0d=1 ha =% /4
P1 P2
O e Yl :30) Ll G2 A Py
hi + ho Pr+pa—n—1—1 Ipl (Q) Ip2 (q)
p1,p2=>0

with @ and q related by the mirror map (1.4).

Remark 1. In both theorems, the sums on the right-hand side of the identities are power series
in hl_l and Ay ! (to see this in Theorem 1, divide both the numerator and denominator of each
(p1, p2, di, d2)-summand by h?dl hng). The two theorems state in particular that these sums are
divisible by A1+ ho. This can be seen directly in the case of Theorem 1 as follows. Divisibility
by hi+ kg of a series in hl_l and gy 1is equivalent to the vanishing of the series evaluated at
(h1,h2) = (h,—h). The sum on the right-hand side of Theorem 1 evaluated at (i, fi2) = (h, —h)
and multiplied by Hy— Hs+dh is

(Hl—l—dlh) (Hg—dgh)n . 1 1
Z d ds -1 Cd-1
dd1+j2> (Hi+rh)™ [ Ho—rh) ] Hi+rh)®  [] (Hg—rh)"
1,d220 r=1 r=1 r=1 r=1
1 1
+ Z di—1 do 4 da—1 =0;
ddl-i-jl2>=d [ (Hi+rh)» [[ (Ha—rh)™ [[(Hi+rR)» ] (Ha—rh)»
1221 r=1 r=1 r=1 r=1

the first equality above uses HY, Hy = 0.

Theorem 2 leads to a simple identity for the primary GW-invariants of a Calabi-Yau complete
intersection X,. Applying Q% = #@)d% to both sides of the identity in Theorem 2 and considering

the coefficient of H?_l_l_ng'H, we obtain

Lnoiia(q) | Iya(g) 11
deHRQIbXa d: <a> ( 1-I-b + + S ———
hlhg Z < >d Q h1 + ho h I (q) ho Iy (q) I ho



since 1+q%§f) =I1(q). Multiplying both sides by fi;+hy and setting ho = —h;, we obtain

Iyt 1(q) = In—1—1—p(q) YV b=0,1,...,n—1-2. (1.6)

The last two equations give

(a) + Zd<Hb17Hb2>fI(a Qd = <a>Ib}j(1q()Q) if bi+by=n—1-2. (1.7)
d=1

Taking (b1,b2) = (1,n—[0—3) in (1.7) and applying the divisor equation [MirSym, Section 26.3],
we obtain the following identity for one-point primary GW-invariants of a Calabi-Yau complete
intersection Xj,:

o
(@) +> d2<H”—l—3>fj*‘ Q¢ = (a) Ix(a) (1.8)
d=1

Tables 1-5 show low-degree two-point genus 0 BPS numbers, defined from the GW-invariants
by equation (2) in [KP], for all multi-degree a complete intersections X, in P*~! with n<10. As
predicted by Conjecture 0 in [KP], these numbers are integers; using a computer program, we have
confirmed this conjecture for all degree d <100 two-point BPS counts in all Calabi-Yau complete
intersections X, in P*~! with n<10. The degree 1 and 2 BPS numbers in these cases match the
usual Schubert calculus computations on G(2,n) and G(3,n), respectively; see [Ka]. The degree 3
numbers for the hypersurfaces agree with [ES]; it should be possible to verify our degree 3 numbers
for the other complete intersections in the tables by the approach of [ES] as well.

The genus 0 GW-invariants of the form (1.5) with m =1 are often assembled into a generat-
ing function, known as the small J-function or Givental's J-function. Explicit closed formulas for
the small J-function are obtained in [Gi96], [Gi99], and [LLY] and used in many computations
throughout GW-theory. In light of [LP, Theorem 1], the small J-function determines all genus 0
GW-invariants of projective complete intersections of the form (1.5). However, [LP, Theorem 1] is
yet to be directly used to express a generating function for the GW-invariants of the form (1.5),
even with m =2, in terms of the small J-function. The relation [BeK, Formula 1.1] determines
a generating function for the GW-invariants of the form (1.5) with m =2 in terms of the small
J-function and indirectly encodes the consequences of [LP, Theorem 1] relevant to the m=2 case.
Unfortunately, [BeK, Formula 1.1] is not a completely explicit relationship. A different approach,
more in the spirit of [Gi96] and [Gi99], is used in [Z10] to express a generating function for the GW-
invariants of the form (1.5) with m=2 as a linear combination of derivatives in terms of the small
J-function, with details sufficient for the computation of genus 1 invariants in [Z09b]. The same
approach is used in Section 4 of this paper to obtain a more precise description of the structure
coefficients in Theorems 5 and 6, which is vital to the computations of open and oriented invariants
in Sections 6 and 7. In [C], the approach of [Z10] is incorporated into the Mirror Principle of [LLY].

In the theory of Frobenius structures, all genus 0 GW-invariants with descendants at only
one marked point, i.e. as in (1.5) with arbitrary m, but with pull-backs of arbitrary elements
of H*(X), not just powers of the hyperplane class, and with p; =0 for all ¢ < m, are assembled
into a generating function, called the big J-function; see [Gi98, Section 1]. According to Dubrovin’s
Reconstruction Formula, the big J-function determines a generating function for all genus 0 GW-
invariants of a symplectic manifold X, i.e. as in (1.5), but with pull-backs of arbitrary elements
of H*(X); see [Du, (6.46),(6.48)], [Gi98, Section 1], [Gi04, Theorem 1]. However, there is no
simple closed formula for the big J-function, even when restricted to the pull-back of H*(P"~1!)



d 1 2 3 4

X7 1707797 | 510787745643 | 222548537108926490 | 113635631482486991647224
Xog 616896 | 41762262528 4088395365564096 468639130901813987328
X35 344925 | 10528769475 465037227025650 24049433312314947000
Xy 284672 6749724672 231518782306304 9297639201854554112
Xoos || 257600 4672315200 121622886740800 3703337959222528000
X934 169344 1695326976 24368988329856 409711274829020160
X333 134865 959370561 9805843550034 117225412143917130
Xoooa || 126976 755572736 6403783700480 63420292743217152
Xo933 || 101088 427633344 2578114145376 18160214808655872

Table 1: Low-degree genus 0 BPS numbers (H?, H?) for some Calabi-Yau 5-folds

d 1 2 3 4

Xg || 37502976 | 224340704157696 | 2000750410187341381632 | 21122119007324663457380794368
Xor || 12302724 | 14461287750168 25229820971457458076 52062878981745707203195872
X36 || 95983632 2687545163520 1790676521197504848 1410987322122907728701952
X5 || 4207200 1199825510400 507532701727557600 253883290498940295168000
Xoge || 4568832 1218545282304 480017733854171904 223463727594724776026112
Xa35 || 2556900 308135971800 54819457086152700 11523817961861217228000
Xoaq || 2113536 197815492608 27330245107728384 4461495054506601185280
X334 || 1682208 112043367936 11011993317434016 1278661763157122064384

Table 2: Low-degree genus 0 BPS numbers (H2, H?) for some Calabi-Yau 6-folds

d 2 3 4

Xg || 93777295128674544 | 17873898563070361396216980 | 4116769336772585598746250465113376
Xog || 4927955151077376 162926148665902467481600 6500105641339003383917401800704
X3y 705385191838824 7728929806910065428150 102149074253694894133257041184
Xue 232110378925056 1366213248304683678720 9698512727764286393809084416
Xs5 161520243390000 777366857564506697500 4511987527454184551984500000

Table 3: Low-degree genus 0 BPS numbers (H2, H*) for some Calabi-Yau 7-folds

d 2 3 4

Xo || 156037426159482684 | 33815935806268253433549768 | 8638744084627099110538662706812804
Xog 7991674345455616 299081290134892802629632 13191988997947686388859151876096
Xa7 1140060797165178 14119492055187150903348 206104052757048604579337400666
Xue 374346228782592 2489348580867704950272 19510528916120073780261924864
Xs5 260419900772500 1415758838048143140000 9071479905327228206518687500

Table 4: Low-degree genus 0 BPS numbers (H*, H?) for some Calabi-Yau 7-folds

2

3

4

(H2, H?) || 40342298386119224000

(HS, H4

~

N

100290980400305376000

174824389112955477418055016000
546627811934015785499223984000

942582519217090098297647146585590400000
3538531932815556807325167617597092800000

Table 5: Low-degree genus 0 BPS numbers for Xy C P?
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in H*(X). Unfortunately, the big J-function is sometimes called the one-point J-function; this
has lead to some confusion in GW-theory as to whether [BeK, Formula 1.1] and Theorem 6 in
this paper are somehow contained in Dubrovin’s Reconstruction Formula. In light of the divisor
and string relations [MirSym, Section 26.3], the small J-function is essentially the restriction of
the big J-function to H%(X)® H?(P"1)|x; the analogous statement holds for the small and big
generating functions with i-classes at two marked points. While (3.10) can be viewed as the
restriction to H%(X)® H2(P"!)|x of a similar relationship for big generating functions, this is
not the case with (3.11) as Dubrovin’s Reconstruction Formula mixes invariants with different
numbers of marked points. In fact, [GhT] is essentially dedicated to showing that Dubrovin’s
Reconstruction Formula restricts to the collection of GW-invariants of the form (1.5), with m =2
and with pull-backs of powers of the hyperplane class, and leads to some version of (3.11); the
argument in [GhT] uses a version of the differential operators that appear in our Theorem 6.
In summary, [BeK, Formula 1.1] and Theorem 6 in this paper are not contained in Dubrovin’s
Reconstruction Formula.

1.2 Mirror formulas for open and unoriented GW-invariants

Given a symplectic manifold (X,w) endowed with an anti-symplectic involution Q: X — X, it is
natural to fix an w-compatible almost complex structure J anti-commuting with d©2 and consider
J-holomorphic maps f: C — X from (possibly nodal) Riemann surfaces C endowed with anti-
holomorphic involutions 7 so that

fOT:Qof:é’—>X.

Such a triple (é,’T, f) will be called an -invariant map to X. The notion of isomorphic stable
maps in GW-theory naturally extends to that of isomorphic stable Q-invariant maps, by requiring
compatibility with the anti-holomorphic involutions. Such triples have three discrete parameters:
the degree 8 of f, the genus g of C, and the number h of fixed components of 7, which roughly
correspond to the boundary components of C'/7. Each moduli space My 50(X, 0 B) of stable Q-
invariant maps with fixed distinct parameters is expected to carry a virtual fundamental class,
giving rise to open and unoriented GW-invariants.

If C is a smooth Riemann surface of genus 0 (i.e. C’:]Pﬂ), the only possible quotients C /T are
RP? (h=0) and the disk (h=1). The former invariants should vanish according to [W, Section 3.3].
Disk invariants of symplectic 4- and 6-folds endowed with anti-symplectic involutions are defined
in [So]. Such manifolds include smooth Calabi-Yau complete intersection threefolds X, C P"~!
preserved by the involution

Q:pvtprt Q([z1, 22, -, 2n)) (1.9)

[Z2, 21y -+ s Zn, Zn—1], if 2|n;
[22, 21y vy Zn—1,2n—2, Zn], if 2 Xn

The disk invariants are computed in [PSoW] in the case a=(5) and for other CY CI threefolds X,
in [Sh]. In these cases, the disk invariants are related to Euler classes of certain vector bundles over
moduli spaces of stable Q-invariant maps to P"~!. The Localization Theorem [ABo] then reduces
these invariants to sums over graphs.

Positive-genus analogues of the disk invariants of [So] have not yet been defined mathemati-
cally. However, physical considerations of [W] lead to explicit localization data for such invariants

!The last subscript in My 4,0(X, Q, B) indicates no marked points.



of (Xa, ), whenever X, is a Calabi-Yau complete intersection threefold. As in the disk case, the
localization data describes the invariants as sums of rational functions in several variables over
graphs; the resulting sums are in particular predicted to be weight-independent, i.e. not dependent
on the variables involved. If C' is a smooth Riemann surface of genus 1 (i.e. C is a two-torus),
the only possible quotients C'/7 are the Klein bottle (h = 0), the Mobius band (h=1), and the
annulus (h=2). According to [W, Section 3.3], the Mobius band invariants vanish. In the other
two genus 1 subcases, the invariants are predicted to be described by explicit mirror formulas.

After reviewing the equivariant setting of [W] in Section 3.2, we recall the graph-sum descrip-
tion of the annulus invariants in Section 6.1 and of the Klein bottle invariants in Section 7.1.
We then confirm the mirror symmetry predictions of [W] for these invariants, without assuming
weight independence; see Theorems 3 and 4 below. This confirmation implies that the annulus and
Klein bottle invariants of Calabi-Yau complete intersections threefolds X, are well-defined (inde-
pendent of the torus weights). Since the power series Iy(q), I1(q), I2(q), and J(q) defined by (1.3)
and (1.4) are the same for the tuples (a1, ...,a;) and (a1,...,a;, 1), these invariants for X, 4
and X4, . q4,1) are the same, as expected. Both types of invariants vanish for odd-degree maps;
thus, both theorems concern only even-degree invariants.?

Theorem 3. The degree 2d annulus invariants Asq as described in Definition 6.1 are weight-
independent and satisfy

Q(ig[diQdAzd} _ 1 h(g) {{Qd}QZdisk(Q)r : (1.10)

2(a) I>(q) dQ
where q and Q are related by the mirror map (1.4) and Z4;s1(Q) is the disk potential given by (1.11).

This confirms the prediction of [W, (5.21),(5.22)] with ft(0’2) =0. In [W], ﬁ&O’Q) = Ag, the
variables (z,g=e!) are our variables (¢, Q),

—iA() = Zak(@) = Y QENGH (1.11)

d€Z* odd

is the disk potential (describing the disk invariants N g“’“), and the power series C' is the genus 0
generating function whose third derivative with respect to ¢ is given by (1.8). It is shown in [Sh],
as well as in [PSoW] in the a=(5) case, that

Zaisk(Q) = : Z q%r:(ldw (1.12)

whenever all components of a are odd; otherwise, Zg;s,(Q) = 0. This formula is obtained from
equation (6.10), which is the disk analogue of the graph-sum definition (6.9) of the annulus in-
variants. The argument in [PSoW] deducing (1.12) from (6.10) is rather delicate, limited to the
case a=(5), and relies on the weight independence of the right-hand side in (6.11), which is an
a priori fact in the disk case. The (b,p)=(0,0) case of Lemma 6.2 (which is used in the proof of
Theorem 3) gives a simple direct argument for this step in [PSoW]; this approach works for all

20n the other hand, the disk invariants in even degrees are expected to vanish according to [W]; see also [PSoW,
Section 1.5].



tuples a and does not presume weight independence. A similar argument is used in [Sh], based on
an independently discovered variation of Lemma 6.2 which is applicable in an overlapping set of
cases.

Theorem 4. The degree 2d one-point Klein bottle invariants Koq as described in Definition 7.1
are weight-independent and satisfy

> Q'Ras =~ Q5 In (1-a%0)*1(@) . (1.13)
d=1

where g and Q are related by the mirror map (1.4).

By the divisor relation, this corresponds to the prediction of [W, (5.26),(5.27)]. In [W], the
variables (z, q) are our variables (¢, @),

ﬁg’o)k =Kgq/d, and diss =1 — a?q.

1.3 Outline of the paper

Theorems 1 and 2 are immediate consequences of Theorem 5 in Section 2. Theorem 5 follows
immediately from Theorem 6; the latter is an equivariant version of the former and extends [Z10,
Theorem 1.1] from line bundles to split bundles of arbitrary rank. Theorem 5 is preceded by an
explicit recursive formula which facilitates the computation of genus 0 descendant invariants of the
Fano projective complete intersections as well. An example of such a computation is given for the
primary GW-invariants of X3 C P4. The equivariant setting is introduced in Section 3, where we
state Theorem 6.

It is well-known that equivariant one-point GW-invariants of X, are expressed in terms of an
equivariant version of the hypergeometric series F'; see (4.3). It is shown in [Z10] that closed formu-
las for two-point genus 0 GW-invariants of hypersurfaces are explicit transforms of the one-point
formulas; by Theorem 6 in this paper, this is the case for all projective complete intersections. The
first part of Section 4 extends the proof of the analogous result in [Z10] to the proof of Theorem 6.
It consists of showing that both sides satisfy certain good properties which guarantee uniqueness.
The proof that the two-point GW-invariants satisfy these properties is nearly identical to the anal-
ogous statement of [Z10] which uses the Atiyah-Bott Localization Theorem [ABo]; details are given
in Section 4.3. The main difference with [Z10] occurs in constructing the equivariant hypergeo-
metric series with required properties; see (3.6) and (3.7). Unlike [Z10], we pay close attention
to the Fano case as well, giving explicit recursions for the structure coefficients of Theorem 6 and
thus for the non-equivariant structure coefficients of Theorem 5. In Section 5, we obtain relations
between the equivariant coefficients appearing in Theorem 6; these relations are used in the proofs
of Theorems 3 and 4 in the rest of the paper.

In Section 6, we use the explicit equivariant recursions of Theorem 6 in the case X, is a Calabi-
Yau complete intersection threefold to study a recent prediction of Walcher [W] concerning annulus
GW-invariants. In particular, we use the Residue Theorem on S? to show that the localization
formulas given in [W] are indeed weight-independent and sum up to the simple expression obtained
in [W] based on physical considerations; see Theorem 3. Along the way, we streamline one of the
steps used in [PSoW] to obtain a mirror formula for the disk invariants of the quintic threefold X s).

In Section 7, we show that the natural one-point analogues of the localization formulas in [W]
for Klein bottle invariants are indeed weight-independent and yield the closed formula predicted



in [W]; see Theorem 4. Unlike the annulus case, this case has a truly genus one flavor; the proof
of Theorem 4 thus has little (if any) similarity to the proof of Theorem 3. We prove Theorem 4 by
breaking the graphs at the special vertex of each loop and using a special property of the generating
functions for one-point genus 0 GW-invariants, as in [Z09b] and [Po]. In contrast to [Z09b] and [Po],
we do not presuppose that the sums are weight-independent and thus carry out the final step in
the computation in a completely different way, without using the Residue Theorem on S? (it is
still used in earlier steps).

Sections 6 and 7 can thus be seen as the analogues for the annulus and Klein bottle invariants
of the localization computations confirming mirror symmetry predictions for the closed genus 0
invariants ([Gi96], [Gi99], [LLY]), the closed genus 1 invariants ([Z09b], [Po]), and the disk invariants
([PSoW]). However, the localization setup which serves as the starting point for these computations
still requires a full mathematical justification for the annulus and Klein bottle invariants and cannot
be presumed to be weight-independent (the last property is used in [Z09b], [Po], and [PSoW]).

We would like to thank V. Shende and J. Walcher for pointing out mistakes in the description
of the disk invariants in the original version of this paper and Y.-P. Lee for explaining results on
GW-invariants obtained in the literature on Frobenius structures.

2 Main Theorem for Closed GW-Invariants

Gromov-Witten invariants of a complete intersection X, C P"~! can be computed from twisted
GWe-invariants of P*~!. Let 7: f— M, (P!, d) be the universal curve and ev : f—P"~! the
natural evaluation map; see [MirSym, Section 24.3]. Denote by

Va— ﬁo}m(ﬂbn_l, d)

the vector bundle corresponding to the locally free sheaf

l
@ Twev* Opn-1(ag) — Mom (P71, d).
k=1

The Euler class e(Vy) relates genus 0 GW-invariants of X, to genus 0 GW-invariants of P"~! by

/ K :/ ne(Va) Vi€ H*(Dom(®"",d)); (2.1)
[Dﬁo’m(Xa,d)]”” [moym(Pnilvd)]

see [BDPP, Section 2.1.2].
For each i=1,...,m, there is a well-defined bundle map

l

€Vt Va — eV;,F @ OIP’"*l (ak’)v ‘;Vl([C? f; ‘S]) = [5(1'1(6))],

k=1

where x;(C) is the i-th marked point of C. Since it is surjective, its kernel is again a vector bundle.
Let o o
Vi =kerev; — Mon(P™Hd)  and V! =kerévg — Mo (P" L, d),

10



whenever m > 1 and m > 2, respectively.3 With evy,evsy : ﬁgvg(ﬁmfl,d) — pn-l denoting the
evaluation maps at the two marked points, define

e(V!evsHP

h—1)y ] € (7 (P h) [ [[Q]] (2.2)

Z,(h Q) = H*? + 3 Qe [
d=1

for p € Z with p>—I, and set

e(Va)
(h—91)(h2 =)

Z*(hy he, Q) = ) Q1 (eleeVQ)*[ } e (H*®" 'xP" ) r L a[[Q]]. (2:3)
d=1

These power series determine all numbers (2.1) with 7 = (P eviH?) (452 eviH®2). The motivation
behind the choice of indexing in (2.2) is analogous to the [ = 1 case in [Z10, Section 1.1].
Define

l akd—l
. IT I (agw+r)
qu dva k=l 720 € P; (2.4)
H(w+r)”
r=1
F_H_pEDpF_l:MpF_l Vp:1,2,...,l.

In particular, Fy = F. For v, >0, we also define c,(J‘Q,EZ(fQ €Q with p,d,s > 0 by

I axd
00 0 o (wH+dPI] II (arw + 1)
DD qlwet =) ¢ ;“:”:1 = wPDPF (w,q/w'"),  (2.5)
d=0 s=0 d=0 H ( )
p—vady -
Z Z c = 04,00p,s Vd,seZ>°, s<p—uvad. (2.6)
di+do=d r=0
dy,d2>0

Since cg?g = 0p,s, (2.6) expresses E;(,',js) in terms of the numbers E,(f;) with d; < d; the numbers E,(,fls)

with s>p—vad will not be needed. For example,

l akfl
p—va IT II (akw+r)
= ~ k=1 r=1 v
P i R Y (@;H)n—l—p € wP~F1Q[[w]]. (2.7)
s=0
For p>1, set
MPF(w, q), if va=0;
Fy(w,q) = { = p—vad ()
p(w.q) ) Z St DSF(w,q), if va>0.
d=0 s=

Thus, Fj, = DPF unless p>vj,.

5In [BDPP, Part 4], Va = Win.d, em.a = ¢(Wim,a), and ey g = e(W34). In [Gi96, Section 9], e(Va) = Eq and
e(V )= Ed

11



Theorem 5. For every l-tuple of positive integers a = (a1, az,...,a;),

* a * * * *
7% (. h2, Q) = 7 < +>h S (= m AP HA 4 1 2, (T, Q)73 Zp, (B2, Q).
! 2 p1+p2=n—1-1
p1,p2>0

where 1, mo: PP PPl — PP gre the two projection maps. For every p>—lI,

e J(Q)%Fp(% q) if Va:()
Zy(h,Q) = HFP al 11(1) ) ’ 1 0 qe’ @, if v, =0,
- —d = if vy= wi =
o cMIEy (i), =1 H"q, if va>1,
Fp(ﬁaQ)a if v3>2,

where J is as in (1.4).

Since dropping a component of a equal to 1 has no effect on the power series F' in (1.1), this
also has no effect on the right-hand sides of the two formulas in Theorem 5, as expected. If a=()
and n>2,

> dyPud-r H
DPF(w, q) :qud%’ Z,(h, Q) = HprF<ﬁ 1?1) ¥p<n—1,
=1 J[(w+r)"

r=1

giving Theorem 1. Theorem 2 is just the v, =0 case of Theorem 5.

Remark 2. If n—1—1<2vj,, only the coefficients El()lg matter for the purposes of Theorem 5; these
are given by (2.7). For example, if n = 5 and a = (3), then e =W — _6and céli = —21. Thus,

2,0 = C30 =
3d
I[T1Bw+r)
qu 2P (wd)P S ——— if p=0,1;
H(w+7“)5
r=1
3d
(Tw+7d+5) [ (Bw + 1)
Fa(w, q) = 1+3qud 2 (4 ) = :
d=0 (w+d+1)? T (w+r)>
r=1
3d
I[TBw+r)
Fi(w,q) =1 +6qud 21 (4 d)? r=1 y
d=0 (w+d+1) T (w+r)>
r=1
Thus, modulo (A~1)2,
H QY o H Q) o Q. 4
f(18) =1 f(8) 21solin
H @ Q, 1 H @ Q Q%
Fl— = |=21+15=2h Fl— =121 6 Rt 18*71
2(h7H2> + H ’ S(h’Hg + + H

12



The two identities in Theorem 5 give

> H3—P1 |32\ X8

d D1 TP2
Yt D> (——) H'H
ﬁﬂQ <hr4¢fm—w> b

p1,p2>0 d (2 8)
3 Hy @ ) <H2 Q >] '
— _1_|_F <’ F —, = leHPQ’
h1+ho pl—&%:?) [ P I H% p2 ho H% L2
p1,p220

modulo H{, H3. Thus, considering the coefficient of iy 'fi; ! in (2.8), we find that
(EH = (B =18,  (H H2);" =45 (B H%)," =54
This agrees with the usual Schubert calculus computations on G(2,5) and G(3,5).

In general, if d € Z2° and vad < p<n—1—I, then

1, if d=0;
~(d1) ~(d2) _ :
Z ijuadz,pfz/adcnflflprrVadz,nflflfp =4 -a% ifd=1; (2‘9)
dy+dy=d 0, if d > 2.

d1,d2>0

This identity is used to simplify four-pointed formulas in [Z11]; we verify it in the appendix.

3 Equivariant Setting

In Section 3.1 below, we review the equivariant setup used in [Z10], closely following [Z10, Sec-
tion 3.1]. After defining equivariant versions of the generating functions Z, and Z* and of the
hypergeometric series F' and F_;, we state an equivariant version of Theorem 5; see Theorem 6
below. We conclude Section 3.1 with explicit recursive formulas for the equivariant structure co-
efficients that appear in Theorem 6. In Section 3.2, we describe the restricted equivariant setup
used in [W].

The quotient of the classifying space for the n-torus T is BT = (P*°)™. Thus, the group
cohomology of T is

Hr = H*(BT) = Q[ay,. .., an],

where a; =7 c1(7*), v — P> is the tautological line bundle, and 7; : (P>°)"™ — P*° is the projection
to the i-th component. The field of fractions of Hy will be denoted by

Qo =Q(a1,...,an).

We denote the equivariant Q-cohomology of a topological space M with a T-action by Hj(M).
If the T-action on M lifts to an action on a complex vector bundle V. — M, let (V') € Hj(M)
denote the equivariant Euler class of V. A continuous T-equivariant map f: M — M’ between two
compact oriented manifolds induces a pushforward homomorphism

fe: HE (M) — Hi(M').

13



3.1 Setting for closed GW-invariants

The standard action of T on C* 1,
(ewl7 . ,ew") (21 ey 2n) = (ewlzl, ... ,ew“zn),
descends to a T-action on P*~!. The latter has n fixed points,
P =[1,0,...,0], p,=]0,1,0,...,0], ..., P,=][0,...,0,1]. (3.1)
The curves preserved by this action are the lines through the fixed points,
Ui ={[z1, 22, .., 2| EP" 1t 2,=0 Vke{i,j}}.

This standard T-action on P"~! lifts to a natural T-action on the tautological line bundle v —s P?~1,
since v CPP"~1 x C™ is preserved by the diagonal T-action. With

r=e(y*) € Hiy(P" )
denoting the equivariant hyperplane class, the equivariant cohomology of P"~! is given by
Hi (P Y = Qlz, ar, . .. ,an]/(@—a1) ... (z—ap). (3.2)

Let x1, 29 € HE(P" ! xP"1) be the pull-backs of z by the two projection maps.
The standard action of T on P"~! induces T-actions on Mg, (P" L, d), U, Va, V4, and VZ; see
Sections 1 and 2 for the notation. Thus, Va, V), and V have well-defined equivariant Euler classes

e(Va),e(Vh),e(VY) € Hi (Mo (P" 1, d)).

The universal cotangent line bundle for the i-th marked point also has a well-defined equivariant
Euler class, which will still be denoted by ;. In analogy with (2.2) and (2.3), we define

> e(V!eviz!ltp
Z,(x,1,Q) = xl+P+ZQdevl* [%] € (Hzx®" M) [[n,Q]], (3.3)
d=1
Z*(x1, 2,1, he, Q) = ZQd (evy xevz)*[(hl_;l(;z;;_wﬁ} (3.4)

d=1
€ (H(®" I xP )[[A " ', Q]

where p € Z with p>—1 and evy,evs : Mo 2(P*~1,d) — P71, as before. By (3.3) and (3.2),

n

> (1702 (2,0, Q)

r=0

n

o0
= gltpr—n Z(—l)rarscnfr + ZQdevl*
d=1

r=0 —

e(Vg)ev§ <xl+p—n zn: (_1)7"0.Txn—r> (3.5)
r=0 o
A= -

if n—I<p <n—1, where g, €Q, is the r-th elementary symmetric polynomial in a1, ..., a,.

14



The equivariant versions of the hypergeometric series F' and F_; that we need are

1S
=
IS8

—

(agz + rh)

—_

Y(z,

8
=t
)

) , (3.6)

IS
I
o

Il

M8
= i;jN
= i

(x—ag+rh)

3
~ I
—
Bl
—

g
=3
!

(arx + rh)

[e=]

U
L[]
()
SH
=l
=

y—l(x7ha Q) = (37)

(x—ag+rh)

ﬁ
I
—_
>
I
—

With I,(¢) =1 if va#0 (and given by (1.3) if va=0), for p>0 define DPYy(z, k, ¢) inductively by
!

Io(q)

d
{x + hqdq} P YY(x, hq) Yp> 1.

@Oy(](l‘, h? q) = y0($7 ha Q) =

1
IP(Q)

y(l‘, ha Q)a
(3.8)
@pyo(x, h? Q) =

Forp=0,1,...,1—1, let

d p
y_l+p($,h, Q) = ®_l+py0(xah7 q) = {33’ + hqdq} y—l(xvhv Q)

Thus, Vo(z, h,q) = ( 3 {:c+ hqdq}’D*lyO(x,h, q).
Theorem 6. For every l-tuple of positive integers a = (a1, az,...,a;),

Z*(x1, 22,1, h2, Q) =

a T
h1<+>h2 Z (—1)70r (= 2P ab? + 2, (21, b, Q) Zpy—i(2, 2, Q)), (3.10)
r=n—1
p1+1?12’;220

or € Qn is the r-th elementary symmetric polynomial in «q,...,an,. Furthermore, there exist

@17“)( ) € ¢-Qla, - . ., an][[q]] such that the coefficient of ¢¢ in (?;7;) (q) is a degree r—vad homogeneous
symmetric polynomial in a1, ae,...,q, and

yp(l‘,h, Q)a lf VaZ 27
Zp(2,h,Q) = { e~ 72V, (2, h, Q), if va= 1, (3.11)
e_J(Q)%e_Cl(Q)%yp(w, h,q), if va=0,
where
Vy(x, b, q) = DPVo(z, hiy q +ZZC<T VRPTTSD5Y (2, By q), (3.12)
r=1 s=0

with @ and q related by the mirror map (1.4) and C1(q) € q - Q[[q]] given by (4.2).
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Theorem 6 implies Theorem 5 as follows. Setting ag,...,a, = 0 in (3.10) and using that
Zp(h,Q) =0 if p>n—1 by (2.2), we obtain the first identity in Theorem 5. By (1.1), (1.2), (3.6),
and (3.8),

MPF (x/h, if v,=0;
Vol q)|,_ = ot | TP F /), il (3.13)
“= DPF(x/h,q/x"*), if va>0.
Thus, if v, =0, setting aq,...,a, =0 in Theorem 6 gives the corresponding case of the second

identity in Theorem 5.
)

We now completely describe the power series Cp ¢ of Theorem 6; it will be shown in Section 4
below that they indeed satisfy (3.11) and (3.12). For p,r,s>0, define C,()Q,CA;TS) € Qlai, ..., an][[d]]
by

By Y CA)a TR = DPVo(,hq) (3.14)
s=0 r=0
p—r1
Z Z A(Tl) 6757’52 Tl( ) - 7",05?,8 v Tvsezzov r<s<p. (3.15)
rit+re=r t=0
r1,r2>0

By (3.6), (3.8), and (3.14), the coefficient, of ¢? in ng is a degree r —vad homogeneous symmetric
polynomial in . By (3.13) and DPY) € 2! + ¢ - Qu(z, h)[[q]],

Co@ =1 ) =0 Yp>s  Clla) € drodpsta-Qlaa,....an][[q]].
Thus, (3.15) expresses 5}98) » with » <s<p in terms of the series 8;(:1;1) with 71 <7 or r; =r and
t <s—r; the series CNZ(,S) with 7+s>p are not needed. In particular, 5},?3) = 0p,s and the coefficient
of ¢% in é},g is a degree r —rad homogeneous symmetric polynomial in c. If vy >0,
Vad _ (d d
]()78 )‘azo = c;ziuadq Vs> vad

by (3.14), (3.13), and (2.5). Thus, setting =0 in (3.15) and comparing with (2.6) with s replaced
by s—rvad, we conclude that

Clre) (q)|amo = €Ng?  if va #0. (3.16)

Setting =0 in (3.11) and (3.12) and using (3.13) and (3.16), we obtain the v, # 0 case of the
second identity in Theorem 5.

In the Calabi-Yau case, |a| = n, it is a consequence of (3.5) and (3.11) that the structure
coefficients in (3.12) satisfy

D n—l—p

S0, @) = (VP [[Lle)  Yp=1.2.....n-1. (3.17)
r=0 s=0

This relation, a special case of which is used in the Klein bottle invariants computation in Sec-
tion 7.3, is proved in Section 5.2. On the other hand, the only property of the structure coefficients

é;rs) needed to compute the closed genus 1 GW-invariants of Calabi-Yau hypersurfaces in [Z09b] is
that they lie in the ideal generated by o1,...,0,-1. It is shown in [Po] that the same is the case

for all Calabi-Yau complete intersections.
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3.2 Setting for open and unoriented GW-invariants

We now recall the equivariant setting used in the graph-sum definition of open and unoriented
invariants in [W]. Throughout this section, 2 denotes the anti-holomorphic involution of P*~1
described by (1.9) and its natural lifts to the tautological line bundle Opn-1(—1) and to the vector
bundle

l
L =P Opni(ar) — P (3.18)
r=1
Define
“{l,...,n} —{l,...,n} by QP)=PF

7
where Py,..., P, € P"! are the T"-fixed points; see (3.1). Denote by m the integer part of n/2
and by Ai,..., A, the weights of the standard representation of T on C™. The embedding

-1 ~1 TSP
(wr,uy " U, Uy ), if n=2m;

e T — T™, (ul,u2,...,um)—>{

(uq, ul_l, o Umyun 1), if n=2m4-1;
induces T™-actions on P! and moduli spaces of stable Q-invariant maps to P*~!. Note that

(A=Al Ay, —Am)s if n=2m;

Af,...,0p - = 510
( 1 )’T {()\17_)\17...,)\m,—)\m70)’ 1fn:2m_|_1 ( )

The following lemma describes the T™-fixed and )-fixed zero- and one-dimensional subspaces
of P"~1. Recall that a subspace Y C P! is called Q-fixed (T™-fixed) if Q(Y)=Y (u(Y)=Y for
all ueT™). If n=2m+1, 1<i<m, and a,beC*, then

Ti(a,b) = {[21,22, ceeyZn) € PPl 2.=0 VE¢{2i—1,2i,n}, aZQi,lzgi—{—bzfl:O}

is a smooth conic contained in the plane spanned by Ps;_1, P»;, P, and passing through Ps; 1
and PQZ‘.

Lemma 3.1. (1) The T™-fized points in P"~1 are Py, Ps, ..., P,.

(2) If n=2m, the T™-fized irreducible curves in P! are the lines £;; with 1 <i# j<n. If
n=2m+1, the T™-fized irreducible curves in P"~! are the lines L with 1<i#j<n and the
conics Ti(a,b) with 1<i<m and a,beC*.

(8) If n=2m, the Q-fixed T™-fized irreducible curves in P 1 are the lines loi_1,2; with 1<i<m.
If n=2m+1, the Q-fixed T™-fized irreducz'ble_ curves in P 1 qre the lines loi—12; with1<i<m
and the conics T;(a,b) with 1 <i<m and ab = ab.

Proof. If a point p €P"~! has two distinct nonzero coordinates, z; and z;, then the function z;/z;
is not constant on the orbit of p; this implies the first claim. If a point p€P"~! has three distinct
nonzero coordinates, 29, , 22j—¢;, and zp with i j <m and €;,€; =0, 1, then the image of the orbit
of p under the function (zx/22i—¢;, 2x/22j—c;) is the complement of the coordinate axes in C2. Thus,
if C' is a T"™-fixed irreducible curve which is not one of the lines £;;, C' lies in the plane spanned by
Ps;_1, Py;, and P, for some i <m and n=2m+1. If p€ C has three nonzero coordinates, its orbit is
then one-dimensional and is contained in some conic 7;(a,b); since C' and 7;(a,b) are irreducible,
it follows that C'=7T;(a,b), confirming the second claim. The third claim follows immediately from

the second, since €2 sends the coordinate functions zo;_1 and z9; to Zo; and Zo;_1, respectively, and
Ti(a,b)="T;(a,b) if and only if ab=ab. O
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If Cis a genus 1 Riemann surface, let Co C C be the principal, genus-carrying, component or
union of components; this is either a smooth torus or a circle of spheres. Any anti- holomorphic
involution 7: C' —» C restricts to an anti-holomorphic involution on Cp; if in addition, Cj is a
smooth, then C /T is topologically either a Klein bottle, a Mobius band, or an annulus.

Corollary 3.2. Let C be a genus 1 Riemann surface and f: (C,7) — (- ! ;) an Q-invariant
map representing a T™-fized equivalence class. If the principal component Co ofC’ s a smooth torus,
then f|C s constant. If f]c s constant or the fized locus of T is not smooth, then n=2m+1 and

f( )= P, for some node peCy.

Proof. If Cy is a smooth torus and f |, is not constant, f(Co) is a T™-fixed irreducible curve in

P! and the branch locus B C f(Cp) of f| ¢, 1s T™-fixed as well. However, this is impossible,
since B contains at least four points (by (2) in Lemma 3.1 and Riemann-Hurwitz), while a zero-
dimensional T™-fixed subset of f(Cy) contains at most two points (also by (2) in Lemma 3.1). This
proves the first claim. The second claim is clear, since f(Cp) and f(p) for every peC fixed by T is
an -fixed T™-fixed subset of P" 1. O

4 Proof of Theorem 6

After minor algebraic modifications, the proofs of (3.5) and (3.10) are nearly identical to the proofs
of [Z10, (1.6)] and [Z10, (1.17)], which are the | =1 cases of (3.5) and (3.10), respectively. The
verification of (3.11) is similar to the verification of [Z10, (1.16)], which is the a=(n) case of (3.11),
once suitable functions )}, are constructed.
For any ring R, let
R[A] = R[] + R[H]

denote the R-algebra of Laurent series in A~! (with finite principal part). If
Z(h,Q) = Z ( Z zy T)Qd € RIAN[[Q]]
d=0

for some ZC(IT) € R, we define

o0

Z(h,Q) = ( ZZ ) (mod hP),

d=0

i.e. we drop 2P and higher powers of A~ !, instead of higher powers of A. If in addition RDQ), let
R, =Qq ®gR = Rlay, ..., ](u|u€@[o¢1, 7Oén] 0) >
H%(Pn_l;R) H*(]Pm 1) ®QR Ral,,, y Oy & /H xr— ak

the latter ring is the T-equivariant cohomology of P"~! with coefficients in R. If R is a field, let
R*=R—0 be the set of invertible elements and

R(h) — R[]

be the embedding given by taking the Laurent series of rational functions at A1 =0.
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4.1 Summary

With evy : Mo 2(P*1,d) — P! as before, let

20, @) =1+ Y Qlen. | 50 (e ) [, (@)
d=1
o0 IL[ (ard)! / a )
)= Z ¢ kz(ld‘ (Z r) (4.2)
d:l r=1

By [Gi96, Theorems 9.5, 10.7, 11.8] and (3.6),

(:L’ h Q) if va > 2,
Z(2,5,Q) = { e~ *¥Y(x, ki, Q), if =1, (4.3)
e Wi~ DT Y (2, b, q)/To(q), if va=0,

with @ and ¢ related by the mirror map (1.4).
We will follow the five steps given in [Z10] to verify (3.10) and (3.11):

(M1) if ROQ is a field, Y, Z € HE(P"Y; R)[1][[Q)]],

Y(x=a:,h Q) € Ra(W)[[Q]] € RaTAI[[Q]]  Vi=1,2,....n.

Z is recursive in the sense of Definition 4.1, and Y and Z satisfy the mutual polynomiality
condition (MPC) of Definition 4.2, then the transforms of Z of Lemma 4.4 are also recursive
and satisfy the MPC with respect to the corresponding transforms of Y;

(M2) if ROQ is a field, Y, Z € Hx(P" 1, R)[A][[Q]].

Y(r=a;,h,Q) € R, +Q - Ra(ﬁ)[[Q]] - Raﬂhﬂ[[QH Vi=1,2,...,n

Z is recursive in the sense of Definition 4.1, and Y and Z satisfy the mutual polynomiality
condition (MPC) of Definition 4.2, then Z is determined by its “mod h~! part”;

(M3) Yp(z,h, Q) and Z,(x, h, Q) are €-recursive in the sense of Definition 4.1 with € as in (4.14);
(M4) (Y(z,h,Q),Vp(x,h,Q)) and (Z(x,h,Q), Zp(x,h, Q)) satisfy the MPC;
(M5) the two sides of (3.5) and (3.11), viewed as elements of Hx(P" !)[[&]|[[Q]], agree mod h~'.

The first two claims above, (M1) and (M2), sum up Lemma 4.4 and Proposition 4.3, respectively.
Section 4.3 extends the arguments in [Z10] to show that the GW-generating function Z, is ¢-
recursive and satisfies the MPC with respect to Z; this confirms the claims of (M3) and (M4)
concerning Z,. It is immediate from (3.3) that

Zp(x,h,Q) 22" (mod hY)  Vp=-l,-1+1,... (4.4)

In Section 4.4, we show that )_; is €-recursive and satisfies the MPC with respect to ). The
admissibility of transforms (i) and (ii) of Lemma 4.4 implies that the power series ), defined
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by (3.12) is also €-recursive and satisfies the MPC with respect to ) for all p, no matter what the
coefficients é;rs) are; this confirms the claims of (M3) and (M4) concerning },. By (3.8) and (3.9),

Vo(z,h, Q) = 2P (mod A1) Vp=-1,—1+1,...,0. (4.5)

By (3.14),

<

P p—
Z C r QBP0 (2, by q) 2 2P (mod ATY) Vpez>® (4.6)
r=0 s=0

if and only if the coeflicients Cz(,fg (q) are given by (3.15).% Since 5},?3 =0ps, (3.11) follows from (M1),
(M2), (4.3), (4.4), and (4.6).
The proof of (3.10) follows the same principle, which we apply to a multiple of

l
ayr .
Z(xl,xg,hl,hg,Q) = 7‘Z<—>i-7}L E ( 1) erll)lwg? + Z (ml,xQ,ﬁl,EQ,Q). (4.7)
! 2p1+p2+r n—1
p1,p220

For each i1=1,2,...,n, let

¢i = [[(z—w) € Hy@™ ). (4.8)
ki

By the Localization Theorem [ABo], ¢; is the equivariant Poincaré dual of the fixed point P; € P"~1;
see [210, Section 3.1]. Since

z|p, = oy, e(Va) = (a) evizl e(V!), (4.9)

by the defining property of the cohomology push-forward [Z10, (3.11)] and the string relation
[MirSym, Section 26.3]

Z(oy, o, b, ho, Q) :/ Z(z1, 22, 1, h2, Q) :/ Z(x1, 22, i, ha, Q)i X P
P;x P;j pr—lxpn—1

B (a)aﬁ B e(Va) evig; evio;

C hith ]!_I o) + ZQ /9;n02 Pt gy (A1 —11)(ha —12) (4.10)
B h1h2 > e(V!) evio; evs(z! ¢;)

=@ ﬁ1+h2 /zmog pr-1q) (h1—v1)(ha—12)

Thus, by Lemmas 4.5 and 4.6, (h1+h2) Z(x1, x2, k1, A2, Q) is €-recursive and satisfies the MPC with
respect to Z(z, h, Q) for (x, h) =(z1, 1) and 2= fixed. By symmetry, it is also €-recursive and
satisfies the MPC with respect to Z(z, h, Q) for (x,h) = (22, h2) and z1 =q; fixed. By (M2), it is
thus sufficient to compare

(hi+ho)Z (21, 29,01, 02, Q) and  (a) > (=1)"042Zp, (w1, h1, Q) Zpy—i(22, 2, Q) (4.11)

p1t+p2+r=n—1
p1,p2,72>0

4LHS of (3.15) is the coefficient of #Pz'~"(x/h)*® in the double sum viewed as an element of Qq[[q]][z][A]]-
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for all z1=0a; and x9=0; with 7,j=1,2,...,n modulo hl_l:

(h1+h2) Z(ci, aj, b1, he, Q) = (a)all Z (—1)oraftal? —I—ZQd/ c(Va)evidievyd;.

Y
p1+p2+r=n—1 Mo,2(P—1,d) ha =12

p1,p2,r>0
~ l
(@) Y (=1)0rZp (i h, Q) Zp,i(aj, 7o, Q) = (a) > (=1)"0v0, P 2y, (0, o, Q).
p1tp2t+r=n—1 p1t+p2t+r=n—1
p1,p2,r>0 p1,p2,r>0

In order to see that the two right-hand side power series are the same, it is sufficient to compare
them modulo Ay .

<a)a§ Z( 1 Jrapl P2+2Qd/ e(Va)eVTQSz’eV;qu o~ (a)aé Z ( 1) araploz?Q,

-1 ho—
p1+p2+r=n— 1 m072(Pn 7d) 2 1/)2 p1+p2+r=n— 1

p1,p2,72>0 p1,p2,7>0
l 1
@ S (—10alZ, s,k Q)2 (@) S (—1) gl ok,
p1tp2t+r=n—1 p1t+p2t+r=n—1
p1,p2,7>0 p1,p2,r>0

From this we conclude that the two expressions in (4.11) are the same; this proves (3.10).

4.2 Recursivity, polynomiality, and admissible transforms

We now describe properties of power series, such as ), and Z,, that impose severe restrictions on
them; see Proposition 4.3. This section sums up the results in [Z10, Sections 2.1, 2.2], extending
them slightly. Let

[n] ={1,2,...,n}.

If R is aring, f€ R[[Q]], and d€Z=°, let [f]g.a € R denote the coefficient of Q% in f.

Definition 4.1. Let RD> Q be a field and C = (Cij(d))d,i,jGZ+ any collection of elements of Ry.
A power series Z € H{f(P”_l;R)Hhﬂ[[QH is C-recursive if the following holds: if d* € 720 is
such that

[[Z(x:ai,h,Q)]]Q;d*fdERa(h) Vde|d*], i€[n],

and [[Z(ai, h, Q)]] 0 is reqular at h=(a;—«; )/d for all d<d* and i#j, then

[[ (i, h, @ ]]Qd* Zzhf aﬁal [[Z aj,z,Q) ]]Qd* d’ =20 € Ry [h’h_l]- (4.12)

d=1 j#i

A power series Z € H:(P"~Y; R)[[A]| HQH 1s called recursive if it is C'-recursive for some collection
C = (C(d))a,i jez+ of elements of R

Thus, if Z€ H7(P"~ % R)[A][[Q]] is recursive, then

Z(z=ai, h,Q) € Ra(h)[[Q]] Vie[n].
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Definition 4.2. Let RO Q be a field. For any
Y=Y (2,5,Q), Z=Z(z,h,Q) € HHP" R)[AN[[Q]],

define Py z € Ro[[1]] [[z, QH by

Oy 4 (h,2,Q) = e
Y,Z ;H o)

T ke

i Z

(aia h, thz)Z(O‘i’ —h, Q).

IfY,Ze Hx(P" Y R)RN[[Q]], the pair (Y, Z) satisfies the mutual polynomiality condition (MPC) if
v,z € Ra[l][[2,Q]].
IfY,Ze Hy(P*~ % R)[A][[Q]] and
Y(z=ai,hQ), Z(zr=0;, h,Q) € Ra(W[[Q]]  Vie€[n], (4.13)

then the pair (Y, Z) satisfies the MPC if and only if the pair (Z,Y") does; see [Z10, Lemma 2.2].
Thus, if (4.13) holds, the statement that Y and Z satisfy the MPC is unambiguous.

Proposition 4.3. Let ROQ be a field. If Y, Z € HA(P" 1 R)[[h] HQH,
Vie=ai,h,Q) € R+ Q- Ra(M[[Q]] € RaTHI[[Q]]  Viel],
Z is recursive, and Y and Z satisfy the MPC, then Z =0 (mod h~') if and only if Z = 0.

This is essentially [Z10, Proposition 2.1], where the recursivity for Z is with respect to a specific
collection C.> However, the proof of [Z10, Proposition 2.1] does not use any properties of the specific
collection needed for the purposes of [Z10] and thus applies to any collection of elements of R,,.

Lemma 4.4. Let ROQ be a field. If Y, Z e Hx(P"1; R)[1][[Q]].
Y(r=aih,@) € Ra(W[[Q]] € RAN[[Q]]  Vieln],
Z is recursive, and Y and Z satisfy the MPC, then
(i) Z= {x—l—hQ%} Z is recursive and satisfies the MPC with respect to Y ;
(i) if f€ Ru[h] [[QH, then fZ is recursive and satisfies the MPC with respect to Y ;
(iii) if f€Q - Ru[[Q]], then e//"Z is recursive and satisfies the MPC with respect to e//"Y
(iv) if g€Q - Ra[[Q]],
Y(x,h,Q)=e" DMy (2,h,Qe? D) and  Z(x,h,Q)=e" D/ Z (2, h, QeI D),

then Z is recursive and satisfies the MPC with respect to Y .

®The assumptions on the second line in [Z10, Proposition 2.1] should have been that
V,Z e Hi(P" HAN[[Q]] and  Y(z=ai,hQ),Z(x=0:,h,Q)€Qa(h)[[Q]] ViEn].
Since Z is recursive in our case, Z(ay, h, Q) € Ra(R)[[Q]]-
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Parts (i), (iii), and (iv) of this lemma are (i), (iv)®, and (v), respectively, of [Z10, Lemma
2.3] with Q =u=¢' and Q and Qq replaced by R,. The conclusions in these parts continue to
hold because their proofs given in [Z10] do not use anything about the collection C' = (C}(d))q,,
of [Z10]. Moreover, replacing Q@ and Q, by R, does not affect the proofs either. Part (ii) of
Lemma 4.4 generalizes parts (ii) and (iii) of [Z10, Lemma 2.3] as suggested in the remark following
[Z10, Lemma 2.3]; it continues to hold for the same reasons as the other parts do.”

4.3 Recursivity and MPC for GW power series

This section establishes that the power series Z,(z, i, Q) defined in (3.3) is €-recursive in the sense
of Definition 4.1, where

| I1 T1 (anes+r2252)
¢(d) = L= € Qa. (4.14)
d TTT1 (o5 ap+r%5%)
r=1k=1
(rk) £(d)

We also show that Z,(z, h, Q) satisfies the MPC of Definition 4.2 with respect to the power series
Z(z,h, Q) defined in (4.1). These statements are special cases of Lemmas 4.5 and 4.6 below, since

/! * /! k
/ eWﬁ)eV?”ev*{qbi _ h/ eo}a)erneVTqbi VUEH{-(Pn_l), d€Z+,
Mo 2 (Pr—1,d) N—Y1 Mo 3(Pr—1,d) N—Y1

by the string relation [MirSym, Section 26.3].

Lemma 4.5. If m >3, ev;: ﬁo,m(ﬂm_l,d) — P! s the evaluation at the j-th marked point,
and n; € HA(P"™1) and B; €Z=Y for j=1,...,m, then the power series

zuotn @ =@t | ST (o) | € me]

is C-recursive with € given by (4.14).

Lemma 4.6. For allm>3, n; € HX(P"™1), and B3; € Z=°, the power series hm_QZnﬂ(J:, h,Q), with
Z,.8(x,h, Q) as in Lemma 4.5, satisfies the MPC with respect to Z(x,h, Q).

Similarly to (4.10),

2,500, 1,Q) = ZQd/

m

e(Vd)evidi 11 /.5
Om (Pn— 1 ) < h_¢1 H (sz)j ev, 77]))

=2

SThere is a typo in the statement of [Z10, Lemma 2.3,(iv)]: Qa[u] should be Q4 [[u]].
"There are two typos in the proof of [Z10, Lemma 2.3]: the last term in the last equality of (2.19) should be

Ci (d)u” {d + %} Z((aj — aq)/d, aj,u)

and the third argument of Z on both sides of the first equation in the proof of (v) should be ue?(),
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for all i. Thus, the [=1 cases of Lemmas 4.5 and 4.6 are Lemmas 1.1 and 1.2 in [Z10, Section 1.3].%
The proof of [Z10, Lemma 1.1] consists of applying the Localization Theorem [ABo] to Z,, 5(«, h, Q)
with respect to the T-action on ﬁoym(IP’”*l, d) induced by the standard T-action on P"~1.9 The
proof of [Z10, Lemma 1.2] consists of applying the Localization Theorem on a certain subspace of
Mo.m (PLxP1 (1,d)) with respect to the action of the (n+1)-torus T x C* induced by a certain
action of this torus on P! x P*~1.10 The proofs of Lemmas 4.5 and 4.6 are nearly identical: the
base spaces and the tori actions remain the same, while the Euler classes of the vector bundles in
our case are products of the Euler classes in [Z10]. So only the following modifications need to be
made to the proofs in [Z10]:

(1) V{ should be replaced by V! everywhere in [Z10, Sections 3.2-3.4];
(2) the first equation in [Z10, (3.21)] should be replaced by

l akdo 1

V” H H (akal—i—r jd_Oéi>;

k=1 r=0 0

(3) on the right hand-sides of [Z10, (3.23), (3.24)] and in the last sentence of [Z10, Section 3.2],
CY(dp) should be replaced by € (dp).

4.4 Properties of the hypergeometric series ),
Below we verify the two claims concerning the power series Y, (z, I, ¢) that remain to be proved:
(a) Y_i(x,h,q) is C-recursive;

(b) ®yy_, €Qalnl[[2 q]].

The proofs are similar to [Z10, Section 2.3], which treats the [=1 Calabi-Yau case. The proof of (a)
in [Z10] is applicable in the Fano case as well and so requires little modification; the consideration
of the Fano case in (b) requires only slightly more care.

If f=f(z) is a rational function in h and possibly some other variables, for any zy€P! D C let

2162 55 I (419

where the integral is taken over a positively oriented loop around z = zy with no other singular
points of fdz, denote the residue of the 1-form fdz. If zq,. .., z; €P' is any collection of points, let

szzz f(z (4.16)

= Zla 7Z

If f is regular at z =0, let [f] »,p denote the coefficient of 2 in the power series expansion of f
around z=0.

8There is a typo in [Z10, (1.19)]: 2 should be a;.

9There are two typos in the proof of this lemma in [Z10]: in the second factor of the second equation in [Z10,
(3.20)], 'y should be I'c and on the right-hand side of [Z10, (3.23)], Zr should be Zr..

9The portion of [Z10, Section 3.3] following the statement of Lemma 3.1 is unnecessary: in light of [Z10, (3.27)],
[210, (3.29)] immediately implies the statement of [Z10, Lemma 1.2]. There are also five typos in the proof of this
lemma in [Z10]: in the first equation of [Z10, (3.32)] and on the left-hand side of [Z10, (3.33)], v* should be ~7; in the
second equation of [Z10, (3.32)], I'g should be I'1 when it is pulled-back by 7] and I's when it is pulled-back by 75; in
the second bracket on the right-hand side of [Z10, (3.33)], the numerator of the integrand should be e(V{)n’ev} ;.
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Proof of (a). In this argument, we view )_; as an element of Q,(x, h)[[¢]]. By (3.7) and (4.14),

¢7(d)q* 1
hZ(a}E]aiy_l(aﬁ(aj_ai)/da Q) = m,a {h_y_ (az,z q)}
T d r=—1_"

Thus, by the Residue Theorem on S2,

1
>y SO V(s o5/ da) = = Yl
4=l g7 - (4.17)

1

= YV_i(as, h,q) — 5’{ {h—y_ (s, 2, Q)}

On the other hand,

sl v -1

1 1 S )
Zi§0{h—z[[y_l(ai’ Z, q)]]q;d} = — k ; 0 € Qa[h 1] VdEZZO
d'TT [T (vi—ag+rz2)
r=lk# z;d—1
Thus, (4.17) implies that ) is €-recursive. 0

Proof of (b). In this argument, we view ) and )_; as elements of Q,[z][[A~?, ¢]]; in particular,
eZEZ _
niy(xy h7 qehz)y7l<_xa hv q) € Qa(flf)“h 17 Z, CIH
I1 (z—a)

k=1

viewed as a function of x has residues only at x =aq; with i€ [n] and x=00. By (3.6) and (3.7),

a;z v s o B %2 . B
71—[(%7%)37(0@,7%(1(3 )V-ilais =hq) = R 71% (x_ak)y(x,h,qe VV_i(z, —h, q)

ki
7 k=1

€

Thus, by the Residue Theorem on S2,

eil?Z

(I)y,y—l(hv z,q) = _Ig{oo niy('% h, qehz)y—l(x7 —h,q)
[1 (z—a)

k=1
on—1+ptva(di+da)

Z Z qd1+dzeﬁdlz
— 14+ p+va(di+ds))!

d1,d2 Op 0
l akdl l akdz—l
I1 H(ak+rﬁw) IT II (ax—rhw)
y 1 k=1 r=1 ) k 1 r=0
H(l aw) H 10— (ax—rh)yw) TI IT(1—(ap+ri)w)
r=1k=1 r=1k=1 w;p
The (d1, d2, p)-summand above is g“t92 times an element of Qalh [[z ] ]
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5 Some Applications of Theorem 6

Sections 5.1 and 5.2 below contain some corollaries of Theorem 6. While the identities we obtain in
these sections appear purely technical in nature, they enter in vital ways in the proofs of Theorem 3
and Theorem 4 in the rest of the paper.

5.1 Differentiating (3.10)

In this section, we obtain a description for a derivative of (3.10). Let D = qdiq.
By (3.12), (3.14), and (3.15),

oo pt+s
Vp(w,hoq) = 2P+ 2y "N BY)(q)at TR (5.1)
s=1r=0

for some BI(;TS) (q) € ¢-Q4][g]] such that the coefficient of ¢ in Bz([s) (¢) is a homogeneous polynomial

in ay,...,a, of degree r—uv,ad. If v =0,
0
Iy1(q) = 1+ DB} (@) (5.2)

by (3.13), (1.3), and
2 F(x/h,q) = {&+hD}D " Vy(x, h, q)]

a:O;
if v #0, (5.2) is immediate from B( ) { being a constant in ¢. For any ¢,j=1,2,...,n, let
2
Sfj)(hl)h27Q) = Z UT ZD p1— 11 ypl —7r! (Oéz,h]_ q) ypg(a]7h25 ) (53)
p1+p2+r=n—I
p1,p2=>0

Lemma 5.1. Foralli=1,2,...,n and p>—I,

p+1
{ai + WD} Vp(ai, h,q) = Ypra (e By @) + Y DB (@)Vpr1-r (e, By q).

r=0

Proof. Since both sides of this identity with «; replaced by x are €-recursive and satisfy the MPC
with respect to Y(x, h, q), it is sufficient to verify this identity modulo A~!. The latter is immediate
from (5.1). O

Lemma 5.2. Foralli,j=1,2,...,n,

{ﬁl + 772 + D} > (=10 Yy, (i, b, @) Vpy—i(tj, o, q)

p1+p2+r=n—1

p1,p220
1 1 §
- hi—i_hi Z B Z (_1) O-Typl(aivh17q)yp2(aj7h2,q)
! ? p1tp2t+r=n—l  pit+pz+r=n—I
p1,p220 p1,p2<—1
1 1
+ FTISi(jQ)(hla ha, q) + {25](-?)(@, hi,q).
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Proof. For any 4,5 = 1,2,...,n, we define

Sl(‘;) (hla h?? q) = yO(aia hl, q) Z (—1)T0'ryp(04j, h27 Q)a

pt+r=n—I
p<-1

Si(;_)(hla ha,q) = Yo(i, ha,q) E (=1)"07Yp(aj, ha, q) = _Si(j_)(hl’ h2, q);

p+r=n—I
p=0

(5.4)

the equality above follows from (3.5) and (3.11). By Lemma 5.1 and the p=—1 case of (5.2),

{O‘i + 34 D} S (=10, Yy (i B ) Vo (@5, o, )

hh = he
p1+p2tr=n—1-1
p1,p2<—1

1 1
S > (=170 Vp (i, 71, @)V (0, b2, q)  (5:5)
hy  he
p1t+p2tr=n—I
p1,p2<—1
1 _
olg) Sz'(j (B, o, q) +

+h1

Io(q) (-
h2 S]z (h27h17Q)'

Similarly,

(67 Qs r
{hl-irh;-i-D} > ()0 Y (i, b1, @)V (0, B2, @)

p1+p2+r=n—1-I

P1,p220
11 .
“\nth D (=10, Vp, (i, 7, @) Vs (), o, ) (5.6)
hi  hs
p1+p2+r=n—I
P1,p220
L @ 1 L2 Io(q) o(+) In(q) o+
— S5 (ha, b — S5 (ha, B — S (ha, b — = (ho, b1, q).
+h1 ij ( 1 27q)+h2 ji ( 29 17C_I) hl ij (17 27q) h2 Sjl (2, 17Q)
Since
> (=10 Yy, (i, b1, @) Vpy—i(tj, By q) = > (=10, Yy, (i T, @) Vo (et iz, q)
p1tp2+r=n—1 p14+pot+r=n—1-1
p1,p220 p1,p220
- Z (=1)"0rVp, (@is b1, @) Vpy (i), B2, q)
p1+p2t+r=n—1-I
p1,p2<—1
by (3.5) and (3.11), the claim now follows from (5.5), (5.6), and the equality in (5.4). O

Corollary 5.3. If p1,p2>0, then
Zp () Zp (r—1)
(_1)TUTBppflfr+p1,l(Q) = (_1)740-7’Bpp—17T+p2,1(Q)’

where p=n—I1—(p1+p2)-

27



Proof. By (3.10) and (3.11),

I
e

h- {ﬁ1 + 7?2 + D} > (=10 Y, (i, b1, @) Vpy iy, o, q) _

p1tp2t+r=n—1 ho=—h
p1,p22>0

In light of Lemma 5.2, this implies that
2) _ o®2
Sz'j (h,—ﬁ,q)—S ( hh‘J)

Using (5.3) and (5.1), we then obtain

ZDB(I La(@a" ™" ]0‘52

al aé ) oy

p1+p2t+r=n— l
p1,p2>0

(5.7)

(") p1 -7’ p2
g DBp1 11 a;”.
r’'=0

— o 3 (-1's,

p1+p2+r=n—I
p1,p22>0

Comparing the coefficients of al+p1a§+p2 with pq,p2 >0 and p;+p2 <n—I[, we obtain

P V4
DY (~1)e, B (@) =DS (10, BT L (a),
r=0 r=0

with p as in the statement of the corollary. Since BI(Jp IT)T s, 1(@) € q - Qul[g]], this proves the

claim. O
Corollary 5.4. For alli,5=1,2,...,n,

Si(jz)(hlah%(n = S]('?)(h%hl,Q)'
Proof. By the same reasoning as in the proof of (3.10) on page 20, it is sufficient to verify this

identity modulo fi; ! and fi, . By (5.3) and (5.1),

2 T 7’
Si(j)(hl,hg, q) = alaé (=1) o, z:DBp1 11( ' o

p1+p2+r=n—I .
p1,p22>0

[ p1
S (ha, 1, q) = alah 3 (<1770, STDBIY, (gl |a2

J %
p1+p2+r=n—I Lr'=0 ]
P1,p220
The two expressions on the right-hand sides are the same by (5.7). O
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Corollary 5.5. For all,5=1,2,...,n,

hihy [ o ,
hi+h {FL—‘_ h +D} Z(_l) Urypl(ai,hl,Q)pr—l(aj,hQ,Q)
1+he L 2 i
p1,p220
= Z - Z (—=1)" o Iy, (q )ym(azahly )yp2(aj7h27Q)
p1+p2+r=n—l  pi+pa+r=n—I
p1,p22>0 p1,p2<—1
r'+1
+ Z ( ) DB;(;l_:,‘/)l( )ypl(aivhl?Q)ypz(aj7h2aQ)a
p1t+p2t+r+r'=n—1-I

p1,p2,7' >0
where I, (¢)=1 if p1 <O0.
Proof. By Lemma 5.2 and Corollary 5.4,

hlhg (673 ,
h1+ho {hl T, B L+ D} Z (=10 Vp, (i, b1, @) Vpy -1y, h2, q)
p1+p2+r=n—1
p1,p220
= Z - Z (_l)rUrypl(Oli7hlyQ)yzn(Oéj,hQ?q) +S£J2)<h1,ﬁ2,Q)
p1t+petr=n—l  pi+pz+r=n—I
P1,p220 p1,p2<—1
By (5.3) and (5.2),
S heya) = S (=107 (I ()= 1) Yy (@i by, @) Vo, Bz, )
p1+p2+r=n—I
P11P2ZO
+ Z O—T ZDBI(): 1, 1 ypl r’ (al7h17 ) ypg(aj, ﬁz,q).
p1+p2+r=n—I r'=1
PlaPQZO
The claim is obtained by combining these two identities. =

Lemma 5.6. The coefficients C(7S of Theorem 6 satisfy
min(p,r)

I,(g)CY") = DC, | + Iy(q)CY ZD ) @C ) vpezt,

p,s P p r’',s

with (?;T)l (?;T_)Lp_ =0.

Proof. By the proof of Theorem 6, there is a unique choice of the coefficients @( 2 so that (4.6)
holds. Thus, similarly to the proof of Theorem 6, it is sufficient to show that

min(p,r)

p p—r
>3 (060 L@ 3 DB @G ot )
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is congruent to I,(¢)x"*? modulo A~! whenever x=aq, ..., a,. By the p—1 case of (3.12), C;(;s) Op,ss
and the product rule,

p

{z+hD}Y,—1(z, h, q) Z Z < é(r 1s T Is(q)CN;QLS_JhpTS”Dsyg(x, h, q).

r=0 s=0
By Lemma 5.1, (5.2), and (3.12), the left-hand side of this identity is congruent modulo A~! to

p
L(q)z"*? + 3" DBY) (@) Vpor (2,11, q)
r’'=1

p—r min(p,r)

~7 l+P+ZZ >- DB ()G @)k D Vo (a, h)

r=1s=0 /=1

This implies the desired congruence. O

Corollary 5.7. For every p=1,2,...,n—I,

n—l—1—p
e 4 C) = (-1)P0, (IO I, — 1>

n—l—-1n—-l—-1-p =
s=0

1 = r —r r r
—TPZ(DBI(?*)LléI(U{T,g DB?S)l 11@?1 )rn - p)
r=1
1 = r - r
+ T Z(_ ) (DBZEP 1 )7‘1 DB?SI:lf)Ifr,l_IOé;("Lpl )rn I— p)
P =1

Proof. Using (3.17) and 6}7?2 =0p, first and then Lemma 5.6, we obtain

n—Il—p p—1
n lé}z )ln I—p — in—l ((_1)pap< HIS - 1> _Z( ) CA}@p lr)rn l p>

s=0 r=1
p
= n*l*Pé}z@l—l,n—l—l—p_ZDBf(le—ll é}zp lr)rn l—p
r=1

Since Ip,_;—, =1, by [Po, (4.8)], this gives

n—l—p
é;(Lp)l 1,n—l—1—p ( 1)p0p<IOH[S_IO> +DBr(Lp)l .

s=0
o1 (5.8)
+ Z (DB’r(Lle—l,l ’ éflp—;i)r,n—l—p - ( ) UTIOC}L l )rn - p)
r=1
Lemma 5.6 and CTS?& =1 give
p—1
é;()pg = _DBI(Jp—)l,l - ZDBZ(;T—)M -CN,(;’ZTO) : (5.9)
r=1
Adding up (5.8) and (5.9) and using Corollary 5.3 with (p1,p2) = (n—l—p,0), (5.2), and I,,_;_p, =1,
we obtain the claim. d
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5.2 Proof of (3.17)

Since both sides of (3.17) are symmetric polynomials in aq, ..., o, of degree n—I, it is sufficient to
verify (3.17) with a;, =0 for all p>n—I. Thus, the n—I statements in (3.17) are equivalent to

n—l p (p r) ( —
nlrnl Q) n—Il— \V/IL‘—OQ,OZQ,...,Oén_l
E <§ - —(—1)Pap>x = _ o) = 0Vp>n_l (5.10)
b1 \r=0 ") v |

Let D = qd% as before.

Proof of (5.10). Let D, ; = « + hD; so,

D D D Y%
D R x,h z,h x,h pd
o= )

Throughout this argument, we assume that the conditions on x and « in (5.10) are satisfied. Thus,

n—I l ak—l
{ H(th ) H H akDmh—f—rh)}y(x h,q) =0, (5.11)
k=1 k=1 r=1
ynfl<x7 h, Q) - lenflfl(my 7Q) (_l)n O—nflyO(xa h, Q) = 0; (512)

the first identity follows directly from (3.6), while the second from the p = n—1 case of (3.5)
and (3.11). Subtracting (5.11) from 1/z! times (5.12) and using (3.12) and the product rule,

we obtain
n—I

n—I
> A (@B DI PV (2, by q) = 0 (5.13)

s=0 p=s

for some A, (q) € Q[e][[g]] with

p cwr)
Aop(q) = Z(_l)rgr n;l_lnz_l_p@) — (=1)Pop, + dpa’q,
= 11 71:() (5.14)
D D D 1
Ao =\ S H P A () 2o

By (3.6), .
hy(m h,q) = 2P + <H H axx + rh) >.7:p(x,h, q) (5.15)

1 r=1

for some Fp, €q - Qq(z, h)[[q]] which is regular at i=—ayz/r for all r € [ar,—1]. Since A,,_;.,—1 =0
by (5.14) and Lemma 5.8 below, it follows from (5.13) and (5.15) that

n—Il—1n—I

>N Aplg)2™ PR =0 Vh=—apz/r, rlap—1], kell]. (5.16)

s=0 p=s
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Since the left-hand side of (5.16) is a polynomial in A of degree n—I—1 with n—I zeros (counted

with multiplicity)!!, it vanishes identically. On the other hand, since Ag,0=0 by (5.14), 51203) =0ps,
and [Po, (4.9)], the coefficient of A° on the left-hand side of (5.16) is precisely the left-hand side
of (5.10). 0

Lemma 5.8. If |a|=n, then

{I"Il)@ }{InlDl(q) } o {111(3(1) } (%1@) =-ale

Proof. Let D, = w + D; so,

reria- ol ()

The series F'(w, q) of (1.1) satisfies the differential equations

I ap—1
{DZJI —q(a) H H (arDy + r)}F =w" (5.17)

k=1 r=1

Mn_lF(w7Q) = n—l(Q); (518)

the first identity follows directly from (1.1), while the second is proved in [Po, Section 4.1]. Sub-
tracting (5.17) from w™~!/I,,_;(¢) times (5.18) and using the product rule, we obtain

n—I
> A(@)Dy T PF(w,q) = 0 (5.19)
p=0
for some Ap(q) €Q[¢]] with
Aolg) = — Lo 1 +a%,
51;[0 I:(a) (5.20)
D D D 1
a0 ={ o M)A )+
By (1.1), A
D? F(w,q) = wP + ( II I (aww + r)>Hp(w, q) (5.21)
k=1 r=1

for some Hy € q - Q(w)([[g]] which is regular at w = — - for all r € [a,—1]. Since Ag=0 by (5.20)
and [Po, (4.9)], it follows from (5.19) and (5.21) that

n—I
Y AQuttP =0 Vw=-r/a, refa—1], kell]. (5.22)
p=1

Since the left-hand side of (5.22) is a polynomial in w of degree n—I—1 with n—1[ zeros (counted
with multiplicity), it vanishes identically; in particular, A,,_;(¢) =0. The claim now follows from
the second identity in (5.20). O

1This is one of the two places in the proof where the Calabi-Yau condition, |a]=n, is used; the other place is the
p=0 case of (5.14).
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6 Annulus GW-Invariants of CY CI Threefolds

It remains to establish Theorems 3 and 4 concerning the annulus and Klein bottle invariants of
(Xa, ), where Q: P"~! — P! is the anti-symplectic involution given by (1.9) and X, C P*!
is a smooth CY CI threefold of multi-degree a such that Q(X,) = Xa. For the remainder of the
paper, X, will denote such a threefold. Furthermore, all statements involving the T"-weights
a = (ag,...,a,) will be taken to mean that they hold when restricted to the subtorus T™ of
Section 3.2; see (3.19).

6.1 Description and graph-sum definition

A degree d annulus doubled map to P*~! is an Q-invariant map ( T, f) to P"~! such that 7 has
two fixed components. An example of the restriction of 7 to the prln(:lpal component Cy of C' in
this case is given by

Co = (Zyp xP'/ ~), where (s,[0,1]) ~ (s+1,[1,0]) Vs€Zoy,

T: C’O — é(), T(S, [21,22]) = ( — 8, [52,51]). (61)

Since C /7 can be naturally identified with two subspaces of C, a degree d annulus doubled map
f C —s P! corresponds to a pair of maps fi, fa: C /7 —P"~! that differ by the composition
with ; these maps will be referred to as degree d annulus maps. This is the analogue of the
definition for disk maps; see [PSoW, Section 1.3.3]. The moduli space of stable degree d doubled
annulus maps to a CY CI threefold X, CP"!,

My (Xa, d)* = My 9,0(Xa, Q, d),

is expected to have a well-defined virtual degree Ay, with Ag=0 if d is odd.'?> A combinatorial
description of A, for d even, due to [W], is recalled and motivated below.
If 1<i<2m and y€Z™T, let

fi,"f: (P ) (gzw P) C (Pn_17 PZ)

denote the equivalence class of the degree v cover P! — /- branched over P; and P; only and
taking the marked point 0€P! to P;. Denote by

ﬁl (Pn_l, d)Q;Tm - ﬁl (Pn_l, d)Q

the subspace of the T™-fixed equivalence classes of stable doubled annulus maps.
Based on the disk case fully treated in [So|, [PSoW], and [Sh], one would expect that

Ay = / Vi |F (6.2)
- , ,
FCt, (Pr- 1 adyrm 7 E e[l

where the sum is taken over the connected components F of My (P"1,2d)5T", e(NF) is the
equivariant Euler class of the normal “bundle” NF of F in M (P"~1,2d)%, and e(V{%,,) is the
equivariant Euler class of the obstruction “bundle”

Vg = M (L,2d)" — My (P, 2d)"

12This is consistent with the vector bundle V{?Qd in (6.2) having a direct summand of odd real rank; thus, its Euler
class is zero.
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with £ given by (3.18). The factor of 2 in (6.2) is due to the fact that a doubled annulus map
corresponds to 2 annulus maps, while the choice of sign [W, (3.15),(3.23)] is due to delicate physical
considerations. While 90t; (P*~!, 2d)* and V1 g May be singular near doubled maps (C’ i ) with

contracted principle component Cy or a 7-fixed node on C, the restriction of Vl 9q tO the fixed
loci F' consisting of such maps contains a topologically trivial subbundle of weight 0 and thus does
not contribute to (6.2). For the same reason, there is no genus 0 correction to Aag, which in the
closed genus 1 case arises from the stable maps with contracted principle component; see [LiZ,
(1.5)] and [Z09a, Theorem 1.1].13

Thus, by Corollary 3.2, all nonzero contributions to (6.2) come from fixed loci F' consisting of
stable doubled maps (C T, f) such that the principal component Cy c C is a circle of spheres as
in (6.1) and f| &, 1s not constant. In this case, Cj contains two components, Co 1 and Cp 2, each of

which is mapped by 7 into itself; so, C071 /T and 0072 /7 are disks. Similarly to the disk case treated
in [PSoW] and [Sh], the fixed-point loci F' containing maps (C, 7, f) with f|C~0 . or f‘\ém of even
degree should not contribute to (6.2). Thus, the fixed-point loci F' contributing to (62) consist
of stable maps (C, 7, f) such that f|@0m is the unique cover of a line ¢; ; with 1 <4, <2m of odd

degree ~y, branched at the nodes of éo . and over PZT and F;_ only, for each r=1,2.

Any such annulus T™"-fixed doubled map (C’ T, f ) corresponds to a map from the quotient C /T,
which is either a wedge of two disks, Cp1 and Cp2, or a tree of spheres with two disks attached.
As an equivalence class of maps from a disk with 1 marked point (the node), f lco., equals to the
restriction of the map fih% with 1 <4, <2m and ~, € ZT odd to a disk containing 0, for each
r=1,2. If C /T contains a nonempty tree of spheres C’, f |cr corresponds to a T™-fixed genus 0
stable map with two marked points (which are mapped to P;, and P;,, respectively), i.e. an element
of Mo 2 (P~ 1, 7)™, Thus, a fixed locus F' contributing to (6.2) corresponds to a tuple (7,71, v2) in
the first case and a tuple (i1,71;142,7v2; F’) in the second case, where

e 1 <1,i1,i2 < 2m describe the fixed points Py €P"! to which the nodes of the two disks are
mapped by f;

® V1,72€ Z7* are odd and describe the degrees of the restrictions of f to the doubled disks, 6’071
and Cp 2, and in the first case y1+7v2=2d;

o ' C ﬁw(an,T)Tm is a component of the fixed locus and v; +v2+2r = 2d in the second
case.

It is convenient to view the first case, when the tree of spheres is empty, as the r =0 extension of
the second case, with i1 =iy =1. The two cases are illus@ted in Figure 1.
Denote by NF' —s F’ the normal bundle of F’ in 9y (P" 1, 7) and by Tg}v|fi7 the tangent

space at fm of the space of maps from disks with 1 marked point. Doubled annulus maps close
to one of the above fixed loci F' can be obtained by deforming the disk components of a fixed
map (C, 7, f) and its component lying in F’, while keeping them joined at the two nodes; the last

13Such a correction would be a multiple of the degree 2d disk invariant, which vanishes.
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m

F’ C evfl(Pil) M GVEI(P,L'Q) M ﬁoj(}}nn*l’ ’I‘)T
topological component

v i J
(N

Vi ’Yll I’YQ
v | |
i [ |
r =0 case: (4,71,72) r > 0 cases: (i1,71;12,72; F")

Figure 1: T™-fixed loci contributing to A, 1+,42,, depicted as half-graphs; half-dotted edges cor-
respond to the two doubled disks.

deformation takes place in ﬁog(P”*l, 7). Since the disk nodes can also be smoothed out,

Q. . AW Q
e(TO”Yl‘fil«Wl) e(NF) e(T0’72|fi2W2) < (h1—11) - (ha—1)2)
e(Tpil]Pm_l)e(Tpian_l)
(T, I ) eIl ) e(NF)

= “(h =) - (ha—12)

®iy ‘Pil Pi ‘PiQ

e(NF) =
(6.3)

where h, is the equivariant Euler class of the tangent space at the node of the r-th disk, 1, 19
denote the restrictions of the 1-classes on M o(P" 1, 7) to F’ if r>0, and

e(NF")
¢i2 ‘PiQ

(hi—=¢1) - (he—th2) = ha+hy  if r=0. (6.4)

The restriction of Vle to F is the subbundle of the direct sum of the corresponding bundles over
the components F' consisting of sections that agree at the nodes of the disks. Thus,

e(V&,ﬂ |fi1m) ~e(Vou)|r - e(Vé?w )

|fi2’72

e(V =
( 1,2d)‘F e(L)|p, e(L)|p, 6.5)
Q) Q :
= e(V0771|fi1771) ' e(VOvW’Q‘fm"m) ' e(VO’T)|F/
(a)2af of, ’
where V), denotes the bundle Va — Mo2(P"~ 1, r) of Section 2 if r >0, e(Vo0)|p = (a)al , and
V&%UWW is the vector space of maps (C’Qh T)— (£, Q) lifting fih%.
By (6.3)-(6.5),
. (aal, o
e(Vyog)|F 1 D; D; vy L1 (@i —0), =5
/ (NF) ~ (@Palal b raevion)evsds) (6.6)
e a‘a’ ot 1 2 e(Vo,r)(evidi, )(evio; 1 .
F 1112 fF’ (hl—wll)(flg—?/);) 2 P e(NF")? if ’I">0,

where D; , is the contribution of the half-edge disk map JEM without a marked point to the degree ~
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disk invariant. This contribution is computed in [PSoW, Lemma 6] and in [Sh] to be

l

H (ak’}’)” (n—=2)y+1+2
y=1 k=1 a; g
Di,’Y = (_1) 2 (n—2)y+1+4 ~1)/2
2W—174447f447W| (-1)/ 9
I (e a)
1<k<n s=0 7
ki
(6.7)
IT (axy)! ny+L42
P <O‘> VY v odd
vII 11 (iaz—ak) 7
k=11<s<y
sodd
(k,8)#(i,7)

whenever every component a of a is odd; otherwise, D; , =0.
By the classical Localization Theorem [ABo], if >0

Oselesigylenign)) L _ (V) (evign, evion)
Z// 1)(he —v2) | e(NEF”) _/smog(w 1y (=) (B —2) (6.8)

where the sum is taken over all fixed loci F’ C 9y 2(P" 1, 7). The r =0 case of (6.6) gives the
coefficient of Q¥ in the power series Z in (4.7). Since

oG, — Q5 2a
By = S T % 2y
Yr Yr

and we have made 4 choices in describing each fixed locus F' (choosing an embedding C /T C C and
ordering the resulting disks), plugging in (6.6) and (6.8) into (6.2) leads to the following compact
reformulation of the combinatorial description of Ay given in [W].

Definition 6.1. The degree 2d annulus invariant Asq of (Xa, ) is given by

o0

1 148 D; 4 Dj s
ZQdAQd = — ) Z Q’YQ I’Z 1 7Z(al7ajvhl7h27Q) h :ﬁ . (69)
d—1 2(a 1<i,j<2m ae; Tl T
v,6€Z% odd ho==5"

It is shown in [Sh], as well as in [PSoW] in the a=(5) case, that

Zush(@Q) = Y Q2 MZO (i h, Q) |,
1<i<2m
VEZF 0dd

ey (6.10)
vy

where Zg;s(Q) is the disk potential as in (1.11). Definition 6.1 for the annulus invariants is
analogous to this property for the disk invariants. Since o1 =0 by (3.19), (6.10) and (3.11) give

Zaisk(Q) = Y qu ’Vyo o h,q) |,
1<i<2m
~€Zt odd
with @) and ¢ related by the mirror map (1.4). This formula is used in [PSoW] and [Sh] to obtain
(1.12) whenever all components of a are odd; in the other cases, Zg;s,(Q) = 0 by (6.11), since
D; ., =0.

20‘1' 5 (611)
2l
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6.2 Proof of Theorem 3

If any component ai of a is even, Theorem 3 is meaningless, simply stating that 0 = 0. In the
remaining cases, Theorem 3 is proved in this section

By (6.9), (3.10), (3.11), and (4.7),

z:QdAzd:—L > ! DirDis

l l
d=1 2(a) 1<t <2m (h1 + h2) lahe - ajal
+
v,0€ZT odd (612)
X qMh’ P2 Z(—I)To'rypl (ai, hl,q)yp2_l(aj’ ha, ) oy 20
p1+p2+r=n—1 ng
p1,p220 ==
with Y, (, B, q) given by (3.12), (3.14), and (3.15). Since Qg = 1% 45+ by Corollary 5.5

hihs  d Lo
Q- 14qn " > (=1)"0r Yy, (i, b1, @) Vpy—i(atj, 2, q)
h1+h2 dQ p1+p2+r=n—1

p1,p220

o
X4 J

th Ry
I (q)

2(@) Va0, b, ) Va0, ho, @) + Y Apipo (@) Yy (i, B, @) Vs (0t B2, q) |

p1,p2>—1
p1<2orp2<2

for some A, p,(q) €Qnllg]]. By the —I<p<b=2 case of Corollary 6.3 below,

D;~D
S ) S g 2T

ﬁ_t'_if
h2h2 l l s yl(aivhl)q)ypz(aj7h27q) By = 2% =0.
p1,p2>—1 1<ij<om 102 N9y 2a;
p1<20rp2<2  ~,6€ZT odd ho=—5*
By the p=0b=2 case of Corollary 6.3 and (6.11)
I 1 D D5 ol i A
;Eq; > o) 7 lj " "% Vo (i, b, q) Valay, Ba, q) hy =22
N g j<am M2 49, 22,
~,0€Z7F odd ﬁg_T
2
I(q) Z Diy o 1 {Oéi d}( 1 {ai d}
= g —+q —+q— ¢ Yolai, h,q) 20;
] h
hig) | 52, o (@ Uk “de) \Ii(g) Lh “dg 7
vEZt1 odd
2
1 d i
g Z qr = (00 ) | 2o
1i(g)12(q) | "dg Il T >
'yEZ+odd
B Il(Q)
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The identity in Theorem 3 follows immediately from (6.12) and the last three equations.

Lemma 6.2. Ifa is an [-tuple of positive integers with n=|a|=14+4, b, p€Z with — <p<min(b,0)
and b—p<1+2, and D;,, is given by (6.7), then

1D, o .
Z = Ozimq PV (a, by q) 20 = . o kn (agd)!! " ,
1<i<2 i 7 =T (0] Q2= gm=—, Y p=>
Tt odd RO R CUE
Proof. By (3.8) and (3.9),
l
2d))
a > a; \ "4t 1 akSZ:V'
pr()(aivhv q) h:QaZ — I( qd ’Y+2d <’L> n k=1 ,
ol p q d=0 7 H H <S% _ ak)

k=1~+2<s<~+2d
s odd

where I,,(q)=1 if p<0. Thus, by (6.7) and the Residue Theorem on 52,

nt+2l+2+p_b 1
(%) TT (axt)!
t 1
=Y Y

1<i<2m tez+odd ’YH I1 ( 7_%)

1 Disy o
2 (0)> ) M 54 DYy (i, by )

1<i<2m Z

~EZ1odd ~y€Ztodd t>v k=11<s<t
s odd
(k,8)#(i7)
TEEEE I b—1-p T n
z" 2 [T(axt)!! w [T(axt)!!
t = t =
OETD DI ¥ S i S SPIFY S—
=% w=
teZtodd 1<i<2m 7 IT I (sz—ag) teZ+odd I[I II (s—ajw)
YEZTodd k=11<s<t k=11<s<t
y<t s odd s odd

The last expression above gives the right-hand side of the formula in Lemma 6.2. Since

nt+ 1+ 2 t+1
_ —b———2>0
2 2
with our assumptions, there is no residue at z=0. O

Corollary 6.3. If a is an [-tuple of positive integers with n=|a|=I[+4, b,peZ with —I<p<b+1
and b—p<1+2, and D;,, is given by (6.7), then

1D .
Z M ”Vq " DPYo (o, I, q) [p_20: =0 if p<b;
1<i<2m o g
~veZtodd
1Dy o 1Dy o .
Z ﬁ l qh y (a“h q) 2o = Z ﬁ 1 qhr yO(az,h Q) _2a4 Zfb < [+2.
1<i<2m & 7 1<i<2m @ K
~EZ1odd ~veZ1odd

Proof. The first claim follows from (3.8), Lemma 6.2, and the product rule by induction on p. The
p <0 cases of the second claim are immediate from (3.9). The remaining cases follow from (3.12)

together with é( 2 =0 and the first claim. O
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7 Klein Bottle GW-Invariants of CY CI Threefolds

We now consider the one-point analogue of the graph-sum description of the Klein bottle invariants
in [W]. We show that the resulting sums are weight-independent; so the invariants are well-defined
for a fixed CY CI threefold X,. Furthermore, they satisfy the one-point analogue of the Klein
bottle mirror symmetry prediction in [W]; see Theorem 4. Once Klein bottle invariants are defined
intrinsically and shown to satisfy some sort of hyperplane relation, the one-point version of the
Klein bottle prediction of [W] will become equivalent to the original one, due to the divisor relation.

7.1 Description and graph-sum definition

A degree d one-marked Klein bottle doubled map to P*~! is a tuple (C, T, Ys f) such that (C, 7, f) is
an Q-invariant map to P" !, 7 is a fixed-point free involution, and y € C* is a smooth point. An
example of the restriction of 7 to the principal component Cy of C' in this case is given by

Co = (Zo, ><IP’1/ ~), where (s,[0,1]) ~ (s+1,[1,0]) Vs€Zyy,

T: C’O — é(), T(S, [21,22]) = (S—i—k, [51,52}). (71)

The moduli space of stable degree d one-marked Klein bottle doubled maps to a CY CI threefold
XaCPr—1, o o
M1 (Xa, d)F = My 0,1(Xa, 2, d),

is expected to have a well-defined virtual class so that the number

Kg= / .eviHe Q
(1,1 (Xa,d)®]

is well-defined, with K;=0 if d is odd.’* A combinatorial description of Ky for d even, in the spirit
of [W], is motivated below.
Denote by
ﬁl,l(Pn_17 d)Q;']Tm C ﬁLl(Pn—l’ d)Q

the subspace of the T™-fixed equivalence classes of stable one-marked Klein bottle doubled maps
to P"~1. As in the disk and annulus cases, one would expect that

e(V evir
Ry = — Z /F (V1,1,2d)( 1 )|F’ (7.2)

NF
FCﬁlyl(P”*LQd)Q;Tm e( )

where the sum is taken over the connected components F of 90t 1 (P"~1,2d)%*T™ e(NF) is the
equivariant Euler class of the normal “bundle” NF of F in 9% 1(P"~1,2d)?, and e(V&v2 4) is the
equivariant Euler class of the obstruction “bundle”

Vi og = T (L, 2d) 7 — My 1 (P71, 24)°

with £ given by (3.18). Similarly to the annulus case, M 1 (P 1, 2d)®* and V&zd may be singular

near maps (C,T,y, f) with contracted principle component Cy or such that C /T contains a copy

14This is consistent with the vector bundle V&,Qd in (7.2) having a direct summand of odd real rank; thus, its
Euler class is zero.
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of RP2. However, the restriction of V1 124 to the fixed loci F' consisting of such maps again contains
a topologically trivial subbundle of Welght 0 and thus does not contribute to (7.2). The same is
the case for the fixed loci consisting of maps (C Ty, f ) such that f takes the point in the principal
component Co c C closest to y to Pyp41 (if mis odd). There is also no genus 0 correction to KQd
Thus, by Corollary 3.2, all nonzero contributions to (7.2) come from fixed loci F' consisting of
stable maps (C, 7,7y, f ) such that the principal component Coc C is a circle of spheres as in (7.1),
f ]C is not constant, and the irreducible component of Cy closest to y is mapped to a fixed point P;

with ¢<2m. In this case, Cy breaks in a unique way into four connected subsets:

(c1) éo;cl, the maximum connected union of irreducible components of Cy which is contracted
by f and contains the irreducible component of Cy closest to y;

(c2) C’O o = T(Co C1) the maximum connected union of irreducible components of C;y which is
contracted by f and contains the irreducible component of Cy closest to 7(y);

(e1) Co.e1, a chain of spheres running from Co.e1 to Co.co;

(e2) 00;6227(6’0;61), the other chain of spheres running from ég;cl to 6’0;62.15

The restrictions fé\oa and f |C~,O.62 are distinguished in the counting scheme of [W]. Let Co; C C

be the maximal connected union of irreducible components containing 00;617 but not any of the
irreducible components of Cp.c; or Cp.co. The restriction f]| G determines an element

[fer] € evi ' (P) Nevy ' (B) N Mg (P, )™

for some r € Z* such that the restrictions of fel to the irreducible components of Cl; containing

the two marked points are not constant. Denote the set of such maps by F.;. Since F, ;i
union of topological components of My Q(IP’” 1 7‘) , it is smooth and so has a well-defined normal

bundle, NF,. ;. In addition to the nodes CO clﬂC’g el and Co. ClﬂCo €2, C’o .c1 carries either the marked
point y or the node that separates C’o .1 and y as well as Be€Z>% additional nodes. If y ¢ C’o .1, the
restriction of f to the maximal connected union C’ of irreducible components of C' containing v,
but not any of the irreducible components of C’ch, determmes an element

[fy] € evi'(P) N g o (P, )T,

for some r* € ZT, such that the restriction of f'y to the irreducible component of C'y containing
the first marked point is not constant (y corresponds to the second marked point). Denote the
set of such maps by Fy~,;. Since Fy.«; is a union of topological components of ﬁOQ(P”_l, )T it
is smooth and so has a well-defined normal bundle, N F,.«,;. Finally, for each b=4,..., B+3, the
restriction of f to Cp, the maximal connected union of irreducible components of C' containing the
additional node b, but not any of the irreducible components of C’o;cl, determines an element

[fo] € eviH(P) N1 (P L, 1) T

for some 7, € ZT such that the restriction of fb to the irreducible component of Ch containing the
marked point is not constant. Denote the set of such maps by £}, . ' .. Since F,. ' ., is a union of topo-

logical components of Mg 1 (P, 75,)T™ | it is smooth and has a Well defined normal bundle, N F;b e

15¢ stands for effective, as flé,.., and fla,. , are not constant
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Figure 2: T™-fixed locus contributing to IN(Q(HT*JFT 1+r5); the dotted portion is the reflection of the
solid portion under the composition with 2 and 7

In summary, a T™-fixed locus F of Mty 1 (P!, d)% contributing to (7.2) admits a decomposition

B+3
Fr (Mogip X Frg % Frey x [ Flyi) /S8 (7.3)
b=4

where

e BcZ2Y 1<i<2m, and ﬂ073+3 is the moduli space of stable rational curves with 3+ B
marked points;

e rcZ% and F,; C evy *(P;)Nevy " (P)NMo (P 1, 7)™ is the subset of maps with non-trivial

T340
restrictions to the irreducible components of the domain containing the two marked points;
o r* € 729 and Frey C evl_l(Pi) N ﬁ(),g(IPm_l,r*)Tm is the subset of maps with non-trivial
restriction to the irreducible component of the domain containing the first marked point if
r*>0, while Fy,; ={pt};

ey, € ZT and F] , C evi L (P) N Mo 1 (P 1, 1) is the subset of maps with non-trivial

restriction to the irreducible component of the domain containing the marked point;

e Sp is the symmetric group on B elements that acts on ﬂ073+3 by permuting the last B
marked points and on the B-fold product in (7.3) by permuting its factors.

This is illustrated in Figure 1, with B=2.
The composition of maps with 7 on the right and €2 on the left determines an automorphism

ﬁog (Pn_l, 7") — ﬁog (Pn_l, 7").

Let v; € H*(Mp2(P"~1, 7)) denote the pull-back of the usual i-th ¥-class by this automorphism.
With respect to the decomposition (7.3), the normal bundle of the fixed locus F' C 9t 1 (P!, d)%
is described by

e(NF)  e(NF.3)(hi—v1)(ha—t2) e(NF=;)(hs—s) fii[?’ e(NF!, ) (hy—1)

e(TpP—1) —  e(TpPr1)e(TpP ') e(TpPn1) Lo e(TpPt)
- e(N r;ﬁ)(ﬁl _wl)(hQ_J}Q) . e(NFT*;i)(h3_¢3) . }ii‘—[:3 e(NF;b;i)(hb_¢b)
a bilp; ¢ilp; bilp, o oilp; ’
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where hy =c1(Ly) € H *(M()’z;_i'_ p) is the first Chern class of the universal tangent line bundle at
the b-th marked point, ¢, € H* (ﬁo,l(ﬂm_l, rb)) is the usual -class for b>4, and 3 denotes the
pull-back of ¢y € H*(My2(P"1,7*)) by the third component projection map in (7.3), with the
convention that
e(NFp=;i)(hs—13)
bilp,

Similarly, the restriction of the numerator in (7.2) splits as

1 if r*=0.

(viz)e(VPiad)| _ e(Voy) ,<ev;x>e<vo,r*>,lﬁ”’e%m
eD)lr,  |p e@lre@lr  eLrn L ellr

eV, eV, )(evsalth) TP

= eV),),
(a)%zﬁa% ol ()1_14 Vory)
where V.., V; ., are as in Section 2 if 7 >0 and
e(Vy,)(eviz™) .
: ; = q; if r*=0.
@
Putting this all together, we conclude that
/ e(Vi?l,Qd)(eVikx)‘F B (—1)l+1 Z
F e(NF) (a)od' [T (0 — k)

pit+..+pp4+3=B
Pi;---,PB+3>0

((v;““*”w;(”*” / e<vo,r><ev’f¢i><ev;¢i>> (7.4)

ki

p1'pa! £ eNFy)
(e / e(Vi,-)(evigi)(evia!th) Bff y, Y / (Vo) (evidn)
ps! Jp.., e(NFp+;) b P! - e(NF;b;i) 7
5 = bs
with . l
(w;“’” ) / o(VE,)(evidi)(evsa +1>> e R 5)
pst JF. e(NFi;) el

Re-writing the right-hand side of (7.4) explicitly in terms of the vertices and edges of the graph
encoding F' gives the one-marked version of the long formula in [W, Section 3.4].

We will instead use (7.4) to re-write (7.2) in terms of the generating functions Z of (4.7)
and (3.4) and Z, of (3.3). If 1<i#j<n and d€Z™, let

l akd ) )
| [T 11 (oxs +r223)
eld) = — € Qa. (7.6)
d 1] T1 (ai — +r7a";ai)
r=1k=1
(rk)£(d.g)
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This is undefined if n is odd, d is even, and j=4. In such a case, we cancel the (k,7) = (n,d/2)
factor in the denominator with the (k,r)=(1, a1d/2) factor in the numerator to define

nd/2—1 nd/2 )
w1 (i) - ()
¢i(d) = 014 r=1 r=1 . (7.7)
v tdf2-1 g ) 2m d/2 n )
d T1 TI1(Fei — o) T1(=aw) - I1 TT (57oi—aw)
r=1 k=1 k= r=1k=1
(r,k)#(d/2,i)
With evy : M 1 (P 1, d) — P! as before, let
2@ =+ 3o [2OR] € () [0l
d=1 h=o
By the string relation [MirSym, Section 26.3],
(2,5, Q) = hZ (2,1, Q) (7.5)
and thus is described by (4.3). In particular,
o\ ")
B (02} = (U52) T @ e (0 00/dQ), (1)
=10

if 1<i#j<n,deZ", and peZ.

If n is even, the restriction of an element of F’ ; to the component of its domain containing the
marked point is the degree d; cover of the line Eng branched over only P; and P;,, for some d, € Z™"
and jp € [n]—i. Similarly to [MirSym, Section 30.1] and [Z09b, Section 2.2],

(D) WW)
,ZQ (% /F;b; (NE, )

T3l
Tyt

i —a\ ~@th
~o/(95M) T B e 0y-a) /a0
for all j€n ]—z’ and deZ*. If n is odd, but j#i or d is odd, (7.10) holds by the same reasoning.
If n is odd, j =1, and d is even, the first component Fr( Z-) of the locus F consists of the d/2-fold
covers of the conics T;(a,b), with [a, b] € P!, branched over only P; and ﬁ The contribution of this
component to the integral in (7.10) can be computed by turning the action of the last component
of T™ back on (making oy, #0). This action on F, ,(1) has two fixed points: the d-fold cover of the
line ¢;; branched over only P; and P; and the d/2- fold cover of £;;,Ul, 7, whose restriction to each of
the two components of the domain is branched over only P, and either P; or ;. The contribution
of the former to the integral in (7.10) vanishes.!® The contribution of the latter is given by the

16 As in [MirSym, Section 30.1] and [Z09b, Section 2.2], the Euler class of the restriction of the bundle V; to this
d-fold cover is given by the numerator in (7.6), but its (k,r7)=(1, a1d/2) factor vanishes in this case.
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right-hand side of (7.10) with €/ (d)=¢i(d) given by (7.7).17 Thus, (7.10) holds in all cases.
By (7.10), (7.9), and (7.8),

Vo, ) (€Vies
>oQr (w;(pﬂ)/F/W) ZZ mfaz{h PZ(0i, 1, Q) ), (711)

Fr’b_i T3t Tb3? d=1 j#i = =2

where the first sum is taken over all possibilities for FT’W- C Mo1(P*~ 1, ry)™™ as described above.
By (4.3), Z(au, h, Q) is a power series in () with coefficients in Q, (k) that are regular away from
h=(aj—a;)/d with 4, j € [n] and d€Z*. Furthermore, by (4.1),

9% {h PZ(qi, Q) } = —0pa Vpe 720,

Thus, by (7.11) and the Residue Theorem on S?,

. eV, )(evig;) s
> Q "(% p“)/ —OJ\;F, 1) ) = - R {h2(0,h Q) ¥peZ®, (7.12)
F’ Thil T
Tbl

where
Z(x,h,Q) = 2(2,h,Q) — 1€ Q- Qu(M) [[Q]]-
By the same reasoning,

e(Vy. ev*i evigttl
e P SR R

The analogue of (7.10) holds with QNfg(d) replaced by the constant Qfg(d) defined in (4.14) and its
reduction similarly to (7.7), while

SR A2 (00 h, Q) = =0y, ottt Vpezt.

This extra correction (which appears with the opposite sign) is off-set by the r* =0 case; see (7.5).
Finally,

S (wl ng; /F é_(VO’Ti(<eJ$;:3;>eVE¢E)>

310

7‘7,7,

e Z o ( e F,,é_(vo’rl (&;Z)()W) (7.14)

= (— p2 —P1E—P2 . - +
(-1) n?io{ﬁfio{hl hy Z(al,az,hl,hQ,Q)}} Vp1,pa€Zt

"By [MirSym, Section 27.4], the normal bundle to F (1-> contains the line bundle of smoothings of the node of the

domain of the cover of ¢;,UZ,;; its first Chern class is

O — Ol Qn—Q; 4ovy,

/2 /2~ d -

By [MirSym, Section 27.2], the restriction of Va contains line bundles with first Chern classes ara, with k € [n].
Thus, the only factor of a,, in the denominator can be canceled out with a factor in the numerator, before a., is set
to 0.
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The analogue of (7.10) now holds for h; and hy separately, with QN:g (d) replaced by Qg (d), as above.
The coefficient of Q¥ in (4.7) has no effect on the residue in this case.

Combining (7.2), (7.4), and (7.12)-(7.14), we obtain the following re-formulation of the combi-
natorial definition of the Klein bottle invariants in [W].

Definition 7.1. The degree 2d one-point Klein bottle invariant Kog of (Xa, Q) is given by

e (_1)l+1 2m

Z Q" Kna = (a) Z 211—[ —a Z Z
d=1 O
P1,--,pB+32>0

(—1)P ] (7.15)
(h?i { - {P1'p2 h““hpﬁlz(ai’a"’hl’@’@

-1 B+3 _1)pe )
sl afieano)

b=4

7.2 Some preliminaries

The last factor in (7.15) can be readily summed up over all possibilities for (pa, ps, . ..) if the power
series Z(ay, h, Q) € Q4 (h)[[Q]] admits an expansion of a certain form; see Lemma 7.2 below. By
Lemma 7.4 below and (4.3), Z(«y, h, Q) does admit such an expansion; this lemma also provides
the two coefficients for this expansion that are relevant for our purposes.

For 7€ Z=Y, denote by o,(z) the r-th elementary symmetric polynomial in {z—ay}. Define

L(z,q) € x +a"q- Qlon, ..., an, x, 051 () ] [[2" ],
by on(L(z,q)) — qa®L(z,q)" = on(2).
Lemma 7.2 ([Z09b, Lemma 2.2(ii)]'8). Let R D Q be any field. If F* € R(h)[[q]] admits an

expansion around h=0 of the form

(7.16)

14+ F*(h,q) = eC(q)/hZ U, (q)h°
5=0

with £, V1, Vs, ... € qR[[q]] and Vo € 1+ qR|[[q]], then

Sy Hp{bhrea) -0 ez

B=0pi+...4+pp=B—pb=1 {
P1,---,p=>0

py! hPY

Lemma 7.3. The power series

d=0 li[ (Un(x—i-rh) — an(x))

18[Z09b, Lemma 2.2(ii)] is stated only for R=Q,, but the argument applies to any field containing Q.
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admits an expansion around h=0 of the form

Voi(x,h,q) = CDMN "y (2, )k
s=0
with & @1, P_y2, ... € ¢ Qa(@)][q]] and @10 € 1+ q- Qa(x)[[¢]]-
Proof. Since Y_,€1 +q - Qa(z, h)[[q]], there is an expansion
InY_i(z,h,q) Z Z Cys(x)h*q? (7.17)
d=1 s=5min(d)

around A= 0, with Cy(7) € Qu(z); we can assume that Cy . (q)# 0 if spin(d) <0. The claim of
Lemma 7.3 is equivalent to the statement spi,(d)>—1 for all d€ZT; in such a case

=> Cy-1(2)q"
d=1
Suppose instead Spyin(d) < —1 for some d€Z*. Let
d* =min {de€Z": smin(d)<—-1} > 1, % = Spin(d¥) < —2. (7.18)

The power series )7_1 satisfies the differential equation

-1

{ (a0 — HH

where D:qd% as before. By (7.17), (7.18), and induction on the number of derivatives taken,

(akz+arhD+rh) }y_l(x, h,q) = on(2)YV_i(z, i, q), (7.19)

. hD ~7 ,FL, ° d*C*s* * *
{on(xz+hD)} Y (xR, q) :14_2#;15 g® + A(x, by q)

on(@) - V(2. h, q) o Tk
l ak—l ~
{H II (akx—i—ath—l—rh)}y_l(:n,h, q) (7.20)
k=1 r=0 o
I ap—1 . —B(l‘,h,q),
[T II (agz+rh) - Y_i(z,hq)
k=1 r=0
for some

A, B e q-Qolx, h)o[[q]] +¢¥ 11 Qalx, h)o[[a]] + ¢* ™ - Qal(, h)[[d]],

where Q(x,h)o C Qu(z, ) is the subring of rational functions in a, x, and A that are regular at
h=0. Combining (7.19) and (7.20), we conclude that Cgy- s« =0, contrary to the assumption. [

Lemma 7.4. The power series

akd

o H I] (axx + rh)
Pasha) = 3 gt A & Qu(e1)[[a]
d=0 1;[1 (on(z+rh) — on(z))
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admits an expansion around h=0 of the form

V(. q) = VN3 B (2, g)° (7.21)
s=0
with & @1, P, ... € ¢- Qu(z)[[q]] and ®o € 1+ q- Qu(z)[[q]] such that
z + D¢(w,q) = L(z, q), (7.22)

- o () L(z,q) > (o . (1.23)

1/2
(w,q)an_l(L(:vvq))—n(an(L(%q))—Un(w))) ( x

Proof. Since the power series V_; admits an expansion of the form (7.21) by Lemma 7.3 and

Po(z,q) = <L

- B o)~
Vo) = {1+ 20} e na), (7:24)
the power series Y also admits an expansion of the form (7.21), with the same power series &. Let
" o
V(x,h,q) = e @Dy (1 b q) = Z D (x,q)h°.
s=0
Since the power series JNJ(:E, h, q) satisfies

I ag
{an(x+hD) —q H H (akz+arhD+rh) })N)(x, h,q) = on(2)Y(z, h,q),

k=1r=1
the power series ) (z, h, ) satisfies
I ag -
{an(x+D§+hD) —q[[ I (ar(z+D&)+aphD+rh) — Un(x)}y(x, h,q) = 0. (7.25)
k=1r=1
Considering the coefficient of A in this equation, we obtain
{on(z4+DE) — qa*(z+DE)" — op(z) } Po(z, q) = 0.
Since ®g(z,0)=1, this gives (7.22) by (7.16). Note that

DL(z,q) _ on(L(2, q)) —0on(z)
L(z,q)  L(z,q)on-1(L(z,q)) — n(on(L(z,q))—0on())
@3 Lz, g)" (7.26)

L(z,q)on-1(L(z, ) — n(on(L(z,q))—on(z))

by (7.16). Substituting L for z+D¢ in (7.25), taking the coefficient of A' of this equation, and
using (7.16) and (7.26), we obtain

b { (L(x, q) O'n—l(L(x,z)‘)U—nnl(g(L(x, = Un(x))>% <L(9§; Q)>H21q>0} =0.

Along with ®(x,0)=1, this gives (7.23). O

47



7.3 Proof of Theorem 4
With ¢ as in Lemma 7.4, let n(z, q) = &(x,q) — J(q)z. Since

a{vecno}=aliSenof=(a{pSeno})|  vien
by (4.3) and Lemmas 7.2 and 7.4
OIDS ﬁg,ﬁ){ (_.1,3; Z*(z,h, Q)} - M . vpez®

B=0ps+...+pp43=B—p b=4
D4,..,PB+3>0

(7.27)

By (7.16), L(—z,q) = —L(z,q); since o; = —av, n(ag,q) = —n(ay,q) by (7.22). Thus, by (7.15)

and (7.27),
00 l+1 2m _ n(z,q)
Z dp Z /‘I’OHTQ) e h (z,h,Q)
d—lQ Kaa= — ( 2o, ( hg)jo{ h

_n(z,9) _n(Z,9) _
< R R € 1 ha Z(l',l',hl,hQ,Q)
h1=0 h2=0 hlhg

By (3.11), (3.12), Lemmas 7.3 and 7.4, and (7.24),

_ n(z,9) Ip| (1)
Z,(z,h v,
hﬁﬁ{e — ’Q)}zx@o(r,q)L(az,q)pE pprl®)
= Lw.a)y T 14(a)

_ n(z,q) p—1 5(7”)

ﬁi’ﬁo{e R Z;{;(f”’ h, Q)} = 2'®(z,q) L(z,q)" | D p,p—r;_lf?)l
_ r=2 L(z,q)" ! ]I Ls(q)

|p| A(r)
4y —Cerrld (oD dpertea)) |
= 10y T )

with 8;2 =0p,s0r0 for p<0 or s<0 and
1/ D& plp—1)DL
Ay, = —
PTT (p By 2 L Z >

In this case, n—I=4. Thus, by (3.5), (3.10), (4.7), and o, =0 for r€Z odd,

h1+ho

Z(l‘,i’,hl,hQ,Q) = <a> { Z - Z }U2er1($7hlaQ)sz(j7h2aQ)'

p1t+p2+2r=3  pi1+p2+2r=3
p1,p220 —1<p1,p2<0
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By the p=2 case of Corollary 5.7 and o1, Bgll) =0,

Sy +Cy) + o9 = 13110 (7.32)

Since L(—x,q) = —L(z,q) by (7.16), ®o(—x

q) = Po(z,q) by (7.23). By [Po, (4.8)], I3(q) =I1(q).
Thus, by (7.31), (7.29), (7.30), (7.32), and é‘ 0 —

L,

n(z,q) _ n(Z,q)

—1)¢ TR hg T 6(2)
el e (G0 -

In(q)? Io(q)
L(x7Q)2q)0(x7Q)2 D(I)U('T7Q) DL(xvc.I) _ DIO(Q) . DIl(Q) . DI2(Q)
* 10(9)211((1)2—72((1)( S Lwa Dl L@ b ) (7.33)
" 09, D (:1c,q)2 D®y(z, q) DL(z,q)
_;(T_m If(ﬂﬁaoq)”‘2 < ¢’0(E95»Q) DT )

We note that the identities (7.29)-(7.33) above hold in H,, (P"~!), or equivalently with z=q; for
each i€ [n] and «a; as in (3.19).
Let

U(z,q) = L(=, q)an_l(L(:c, q)) — n(an(L(q:, q))—an(x)),
\if(:):,q) = L(:r,q)%(:r,q) = 2L(m,q)20n_2 (L(w,q)) — (n—l)L(m,q)on_l(L(ac,q)).
By [Po, (4.8),(4.9)], X

In(q)*11(q)*I2(q) = (1 — a%q)~
Thus, by (7.28), (7.33), the p=1 case of (7.29), and (7.23),

— am 1 2 L(z,q)" lm (r—2)og, el r_\il( q)\DL(x,q)
2.9 K“‘Mq)z{ V(r.q) [22 frt (1w ) T

' )

i=1 r=0
a?q(n—1— W¥(x,q)\ DL(z,q) a%q— (1—-a Pha)

i q( e >> L(z,q) *( 1 fﬂq)) o
1 ( 30( ) Dl(q ))
L(JI,q) Io((])2 7 I()(Q) T=q;

By (7.16) and (7.26),

L(z,q)" ~~ (r—2)os, 1 DL(z,q) n—4 on(z)
D e R T P R R Tew

Lo (18 =2 (o g | (w3
Vwq) lzzum,qw( oo ) rata(n w,q))]— 1
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for x=c; with i €[n]. Combining this with (7.34) and using (7.26) again, we obtain
> N 1 1 (1-a%q) DIl )
d
Kog=—-—1|1|~ D In L(e, q
2 QR =15 ((4 arg Z
1 C:?S(q) DIy(q) 1
T oaa [z 02 DZ 2
2a2q \ Io(q) Io(q) ) = L(o,q)

Since {L(a;,q)} with i€ [2m] are the roots of the polynomial equation ooy, (2) = a®qz>™

(7.35)

DlnHL(ai,q) =Dln ((1—aaq)_102m) -2 ,

vV
N

2m
1 O2m—2
D —— =D -2 =0V
;L(QDQ)Q ( > "

02m

Plugging these two identities into (7.35) and using QdQ @ )D we obtain (1.13).

A Proof of (2.9)

We assume that v, >0 and denote a® by A throughout this section. Let SR be as defined in (4.15)
and (4.16). For each p€Z, let p=n—1—1—p.

The d=0 case of (2.9) follows immediately from the first equation in (2.7). Lemma A.1 is the
key observation in the proof of the remaining cases of (2.9). Since Egﬁ = —c,()}g whenever s <p—vp,

the (d,s)=(1,p—va) case of this lemma is precisely the d=1 case of (2.9).

Lemma A.1. Ifd€Z*t and p,s€Z=" are such that p,s<n—1—1 and p—s<vad, then

n—1-1
C;S)O,Q _ pfs,vadAd _ (_1)Vad+p+scgflgg o Z Z 1 vada+s+t ;S)t)cglt?) )
di+do=d t=0
dy,d2>1
Proof. If d,p, s are as above,
l CLkd l (lkd—l
(w+d)PIT II (akw+r) I[I II (akw+r)
d) _ k=1r=1 . h—1 r—=1
Cé’s  w=0 d N <a>w9j0 d=1
wstL I (w+r)" wstH(w+d)" =P I (w+r)™
r=1 r=1 (Al)
| arpd—1
IT II (apw+r)
_ (__1\Vad+p+s k=1 r=1 )
= -1yt B _ ,
(w+d)s+1wn7lfp H (w_|_r>n
r=1
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the last equality is obtained by substituting —w —d for w. If in addition ds € Z™ is such that ds <d,

! (lkd
(w+d)P]] T (arw+r)
R k=1r=1
w=—da d
wst I (w4r)™
r=1
I apda—1 l ard
n—1-1 II II (apw+r) (w+d)PkH1 Hd l(akw+r)
B k=1 r=1 =1r=apda+
- <a>z wﬁdg da—1 ﬁdQ d
t=0 wsH (w4dy)HL [ (w4r)n (w+do) 1 T (w+r)™
r=1 r=dso+1
£y (d2) (d—d2)
=D (_1)Vad2+s+tcé,£2 Cpt
t=0

the last equality follows from (A.1) with (d,p,s) replaced by (dg,3,f). Thus, by the Residue
Theorem on S?,

I apd I apd
(w+d)PkH1 Hl(akw+7”) (w+d)pk]'[1 Hl(akW+T)
(d) — m =ir= - _ SR =1r=
Cp78 — p—
w=0 st1 d n w=00,—1,—2,...,—d sl d n
w I (w+r) w I (w+r)
r=1 r=1
n—1-—1
_ pfs,uadAd i (_1)Vad+p+scéj2 _ Z Z 1 vada+s+t (fl;)céd;) ,
di+do=d t=0 7
dy,d2>1
as claimed. n

For any k-tuple d = (d;);epy) € (ZT)F, let
(d) =k, |d) = dg .
If in addition p€Z=° and r=(r;);ep € (Z=°)* is another k-tuple, let
k
Cz()(g) = (—1)F . ¢l TTeld)

P7T1 Ti—1,T3 °
=2

If deZt and peZ=Y, let

k A
Sp(d) = {(d,r) € (ZN)F x (27001 keZt, Y di=d, ri <p-vay d; Vie[k—1]},
i=1 j=1

S,(d) = {(d,r)eS,(d): r; < p—uaZdj Vielk—1]}.

j=1
By (2.6), if in addition s <p — vad, then
A= N cefh, where cfl=cld =) if (d)=1. (A.2)

(d,r)€Sp(d)

o1



Corollary A.2. If d€Z' and p,s€Z=" are such that p,s<n—1—1 and p—s<vad, then

s+vads
d d Vad Vad d
Y N C I AD DI = RS DD DI Wi €0 Vi it
(d,r)eS:(d) i +a=d (dr)<57 (d) t=0
d1,d2>
Proof. By Lemma A.1 and induction on K,
s+vads
d d ad d d di)
R Y e S VCEAMD DI = E D DI DI Wi Co ) i il
(d,r)eSE(d) dy+dz2=d (d,r)€S? (ds) t=0
(d)<K di,d2>1  g(d)<K

n—1-—1

+ Z Z Z N Vad2+8+t ](;?)C(Adz

srt
dy+do=d (d, I')ES*(dQ) t=s+vada+1
dy1,d2>1 f(d)

for all K >1.19 Setting K =d, we obtain the claim.

Corollary A.3. Ifd,p€eZ are such that d>2 and vod<p <n—1-1, then

() _ () (d)
Cpr(p—vad) = Z Clptvadyrp T A Z €(p+va(d—1))rp
(d,r)ES,(d) (dr)ess,, 4(d) (Ar)eSs, 4_1)(d—1)

Proof. By Corollary A.2 and induction on d3,

(d) . (d)
Z Cpr(p—z/ad) =4 Z CPT(P—Va(d—l))

(d,r)eSy(d) (d,r)eSp(d—1)
|d)<d; |d)>d3

p—vady

Z Z Z Z(_l)p—vad1+tc(d’)c(d”)

pr't ™ (pd-vad)r't
di+da=d (d',r')€Sp(d1) (A" ,x")€S], , ;(d2) t=0
1<d><d3  |d')>dj—dy hvad

p—vadi

+A > > 3 S (1)) (@)

pr't (ﬁ-ﬁ-Va(d—l))I‘”f
di+da=d (d’,r')€S,(d1) (A ,r'")ES do—1) =0
2<do <d} (ld’)id* (dzl)( ESS va(a—1)(d2—1)

for all d3=1,...,d—1.20 Combining the d5=d—1 case of this identity and Corollary A.2 with (d, s)
replaced by (d,p—vad) and (d—1,p—va(d—1)), we obtain the claim. O

19The K =1 case of this identity is Lemma A.1. The inductive step is carried out by applying Lemma A.1 to the
factor c< 1) on the last line of this identity and noting that the assumptions imply that p—t <vadi.
20The d2 =1 case of this identity is obtained from Corollary A.2 with (d,p,s) replaced by (1,7¢d)—1,P— Vad)

The inductive step is carried out by using Corollary A.2 with (d,p,s) replaced by (d5+1,7¢a)—1,p — vad) and
(d3,7re(@)—1,P—va(d — 1)).
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We now verify (2.9) for d>2. By (A.2) and Corollary A.3,

E(d) _ ~(d) Z ZC C(d”)
D,p—Vad Cotvadp — (pHvad)r’ (p+vadz) = (p+vada)r'p

ditda=d (d'r")est, , ,(d1)

dy,do>1 (d" II)GSp+Vad2(d2)
~(d—1) _ (@) (d”)
+A< Cptva(d—1),p Z Z C(ptva(d—1)r' (p+vadz) C(p+vadz)r'p
J— ! ! *
zdéidigfﬁ (dr)ESE, p(a—1y(d1—1)

(A" ") ESp1vady (d2)

__~(d) ~(1) ~(d 1) ~(d—1) ~(d1) (dz)
- _Cﬁ+vad,ﬁ+cp+uad,p+ua(d 1) p+zxa(d71),p +Acp+l/a(d 1),p Z Cp—vads,p—vad ptvads,p -

di+do=d
2<d;<d—-1

Combining this with the first equation in (2.7), we obtain

(d1) ~(d2) ~(1) (1) ~(d—1) _ 0.

Z Cp—vads,p—vad ptvads,p — (Cp va(d—1),p— Vad+ p+vad,ptra(d—1) +A) Chptvald—1)p 0;
di+do=d
dy,d2>0

the last equality is the d=1 case of (2.9) with p replaced by p — va(d—1).
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