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THE MODULI SPACE OF MAPS WITH CROSSCAPS:
FREDHOLM THEORY AND ORIENTABILITY

PENKA GEORGIEVA AND ALEKSEY ZINGER*

ABSTRACT. Just as a symmetric surface with separating fixed locus halves into two oriented
bordered surfaces, an arbitrary symmetric surface halves into two oriented symmetric half-
surfaces, i.e. surfaces with crosscaps. Motivated in part by the string theory view of real
Gromov-Witten invariants, we introduce moduli spaces of maps from surfaces with crosscaps,
develop the relevant Fredholm theory, and resolve the orientability problem in this setting.
In particular, we give an explicit formula for the holonomy of the orientation bundle of a
family of real Cauchy-Riemann operators over Riemann surfaces with crosscaps. Special
cases of our formulas are closely related to the orientability question for the space of real
maps from symmetric Riemann surfaces to an almost complex manifold with an anti-complex
involution and in fact resolve this question in genus 0. In particular, we show that the moduli
space of real J-holomorphic maps from the sphere with a fixed-point free involution to a
simply connected almost complex manifold with an even canonical class is orientable. In a
sequel, we use the results of this paper to obtain a similar orientability statement for genus 1
real maps.
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The theory of J-holomorphic maps plays a prominent role in symplectic topology, algebraic
geometry, and string theory. The foundational work of [12, 20, 26, 7, 16] has established the
theory of (closed) Gromov-Witten invariants, i.e. counts of J-holomorphic maps from closed
Riemann surfaces to symplectic manifolds. In contrast, the theory of open and real Gromov-
Witten invariants, i.e. counts of J-holomorphic maps from bordered Riemann surfaces with
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2 PENKA GEORGIEVA AND ALEKSEY ZINGER

boundary mapping to a Lagrangian submanifold and of J-holomorphic maps from symmetric
Riemann surfaces commuting with the involutions on the domain and the target, has been
under development over the past 10-15 years and still is today.

The two main obstacles to defining the open invariants are the potential non-orientability
of the moduli space and the existence of real codimension-one boundary strata. The ori-
entability problem in open Gromov-Witten theory is addressed by the first author in [9].
Some approaches [17, 25, 5] to dealing with the codimension one boundary have raised the
issue of orientability in real Gromov-Witten theory. Symmetric Riemann surfaces, however,
have convoluted degenerations, making the orientability of their moduli spaces difficult to
study. Physical considerations [27, 1, 30] suggest that oriented surfaces with crosscaps pro-
vide a suitable replacement for symmetric Riemann surfaces in real Gromov-Witten theory.
In this paper, we introduce moduli spaces of J-holomorphic maps from oriented surfaces
with crosscaps, develop the necessary Fredholm theory, and study the orientability of these
moduli spaces. In particular, we combine the principles of [9] with equivariant cohomology
and give an explicit criterion specifying whether the determinant line bundle of a loop of real
Cauchy-Riemann operators over Riemann surfaces with crosscaps is trivial. As explained
after Corollary 1.7 and in [11], this last issue is related to the orientability problem in real
Gromov-Witten theory via the doubling constructions of (1.6) and Section 3. In a future
paper, we will study compactifications of the moduli spaces of maps with crosscaps and use
them to define real Gromov-Witten invariants in the style of [30].

A symmetric surface (f), o) consists of a closed connected oriented smooth surface Y (man-
ifold of real dimension 2) and an orientation-reversing involution ¢ : ¥ — . Every anti-
holomorphic involution ¢ on ¥ =P! such that P! /o is not orientable is conjugate to

(1.1) n: P! — P [u,v] — [—0, u].

An approach to orienting indices of real Cauchy-Riemann operators on real bundle pairs
over (P!, ) is introduced in [5, Section 2.1]. We reinterpret this construction in terms of real
Cauchy-Riemann operators on Riemann surfaces with orientation-preserving involutions on
the boundary components in a way that reduces to the orienting construction of [8, Propo-
sition 8.1.4] whenever the boundary involutions are trivial. This allows us to extend the
principles used in [9], which treats the case with trivial boundary involutions, to the case
with any number of crosscaps, corresponding to the nontrivial boundary involutions. Theo-
rem 1.1 below specifies whether the index bundle of a loop of real Cauchy-Riemann operators
over Riemann surfaces with orientation-preserving involutions on the boundary components
is trivial. As a corollary, we show that the moduli space of real J-holomorphic maps from
(P1,n) to a simply connected almost complex manifold with an even canonical bundle is
orientable; see Corollary 1.8. As another corollary, we conclude that the local system of
orientations on the moduli space of J-holomorphic maps from bordered Riemann surfaces
that commute with the involutions on the boundary and on the target is isomorphic to the
pull-back of a local system defined on a product of the equivariant free loop space of the
target, of the fixed point locus of the involution on the target, and of its free loop space;
see Corollary 6.2. Along the way, we establish the necessary Fredholm theory for bordered
surfaces with crosscaps, discuss topological issues that crosscaps introduce, and include ex-
amples illustrating a number of subtle points. In [11], we built on the results of this paper
to orient moduli spaces of real genus 1 maps; this is a step in our project to construct real
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Gromov-Witten invariants in positive genera.

An involution on a topological space (resp. smooth manifold) M is a homeomorphism (resp. dif-
feomorphism) ¢: M — M such that ¢po¢p=idys; in particular, the identity map on M is an
involution. Let
M? = {zeM: ¢(z)=z}

denote the fixed locus. An involution ¢ determines an action of Zs on M; we denote by
Hj (M), H?(M), and H?(M;Z) the corresponding Zs-equivariant cohomology and homol-
ogy of M with Zso-coefficients and the Zs-equivariant homology of M with Z-coefficients,
respectively; see Section 2. If the fixed-point locus of ¢ is empty, there are canonical isomor-
phisms

Hy(M)~ H*(M/Zy),  H(M)~ H.(M/Z3),  H(M;Z)~ H,(M/Z;Z).

If in addition M is a compact manifold (and thus so is M/Zs,), we denote by [M]? € H? (M)
the fundamental homology class of M/Zy with Zs-coefficients. A conjugation on a complex
vector bundle V' — M lifting an involution ¢ is a vector bundle homomorphism QE: V—V
covering ¢ (or equivalently a vector bundle homomorphism QNS: V — ¢*V covering idps) such
that the restriction of ¢ to each fiber is anti-complex linear and ¢gog=idy. We will call the
conjugation

Gn: M xC" — M xC", (z,v) — (#(2),0) V(z,v)eMxC,

the trivial lift of ¢. For any conjugation QB in V— M lifting ¢, V® — M? is a maximal
totally real subbundle of V|,,6. We denote by

AZP(V,¢) = (AZPV, AZP9)

the top exterior power of V over C with the induced conjugation and by

wf (V) € Hy(M)

the i-th Zs-equivariant Stiefel-Whitney class of V. Moreover, if M is a manifold, possi-
bly with boundary, or a (possibly nodal) surface, and ¢ is an involution on a submanifold
M’ C M, a real bundle pair (V, ¢) — (M, ¢) consists of a complex vector bundle V — M and

a conjugation ¢ on V| lifting ¢.

A boundary involution on a surface 3 with boundary 0% is an orientation-preserving involu-
tion ¢ preserving each component of 93. The restriction of such an involution to a boundary
component is either the identity or given by

(1.2) a: St — St z— —z VzeS'cC,

for a suitable identification (0X); ~ S'; the latter type of boundary structure is called crosscap
in the string theory literature. We define

0, if ¢; =id;
i = c|(ax), lci| = _ ek = |{(8Z)iCE: |cl]:k:}’ k=0,1.
1, otherwise;

Thus, |c|o is the number of standard boundary components of (X,0%) and |c|; is the number
of crosscaps.
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An oriented symmetric half-surface (or simply oriented sh-surface) is a pair (X, ¢) consisting
of an oriented bordered smooth surface ¥ and a boundary involution ¢ on . Such a pair
doubles to a symmetric surface (3,¢); see (1.6). We denote by Jx the space of all complex
structures on Y compatible with the orientation and by 7. the subspace of J5 consisting of
the complex structures j so that ¢ is real-analytic with respect to j; see Section 3. In the
standard case of open Gromov-Witten theory, c=idgsy and J.=Js.

A real Cauchy-Riemann operator on a real bundle pair (V,¢) — (X,¢), where (¥,¢) is an
oriented sh-surface, is a linear map of the form
D =0+A:T(5; V) ={€eD(%;V): oc=Cof|on}

1.3
- — TP (S V) =D(5(T78,)" @ V),

where 0 is the holomorphic d-operator for some j € J5 and a holomorphic structure in V' and
A € T(Z;Homg(V, (T*%,))* ®@cV))

is a zeroth-order deformation term. A real Cauchy-Riemann operator on a real bundle pair
need not be Fredholm in the appropriate completions; see Remark 3.7. However, it is Fred-
holm if the boundary involution ¢ is real-analytic with respect to j; see Proposition 3.6.

Let I = [0, 1]. Given an orientation-preserving diffeomorphism ¢: ¥ — ¥, let

(My, 0My) = (Ix(2,0%¢))/(1,2) ~ (0, (x))

be the mapping torus of ¢ and 7 : M, — S1 be the projection map. For each t € ST,
let 3, = 771(t) be the fiber over t. An involution ¢ on 9% commuting with 1 induces a
fiber-preserving involution on My, which we continue to denote by c. In such a case, a
continuous family of real Cauchy-Riemann operators on a real bundle pair (V, ¢) over (My, c)
is a collection of real Cauchy-Riemann operators

Dy: T(26: Vs, ) — T (54 V)

which varies continuously with t € S*. If j; € J., so that D; is Fredholm, we denote by
det D — S the determinant line bundle corresponding to this family; see [21, Section A.2]
and [31] for a construction.

Theorem 1.1. Let (3,c¢) be an oriented sh-surface, 1 : ¥ — % be a diffeomorphism pre-
serving the orientation and each boundary component and commuting with ¢ when restricted
to 0%, and (V,¢) be a real bundle pair over (My,c). For each boundary component (0X);
of ¥, choose a section oy of

(8M¢)l = M1Z)|(8E)i — Sl.
If D is a continuous family of real Cauchy-Riemann operators on (V,¢é) such that each Dy is
compatible with some j; € J,, then

(wi(det D), 8"y = 37 (((wa(VO), (02):) + 1) (wn (V) [a)) + (wa(VE), (9M,),)

|es|=0

3 (AP, [(0M):°),

lei|=1

(1.4)

where the sums are taken over the connected components (0My); of OMy,.
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This theorem extends [9, Theorem 1.1] to bordered Riemann surfaces with crosscaps and is
the key step to the remaining results in this paper, analogously to [9, Theorem 1.1] being

top ~
the key step to the remaining results in [9]. By Lemma 2.6, wé\‘c C(Ag)pV) in (1.4) can be
replaced by the simpler looking wS(V'). However, as [5, Section 2.1] suggests, Agp(V, ¢) is in
fact the simpler object to work with. By Proposition 2.1,

top/ 7 7 top 7
(1.5) whe D0 (AP (1 1)) = e P (ALPY) +
for all real bundle pairs (Vi, 1), (Va, ¢2) — (M, ¢), but in general
wf P (ViaV) # wh' (V1) + wy?(Va).

The last equality fails even for the trivial rank 1 real bundle pairs (Vi, ¢;) — (M, ¢) over the
Klein bottle with a natural fixed-point-free involution. We show in [11] that the equivari-

A(EOP(Z;2 (Az’,(:op‘/?)

ant wg of Ag)p(V, #), and not of (V,¢) itself, enters into orientability considerations in real
Gromov-Witten theory (i.e. when interchanges of halves are considered).

We prove Theorem 1.1 in Section 4 by separating off the contributions of the individual
crosscaps, following one of the principles in the proof of [9, Theorem 1.1]; the contribution
from the remainder of ¥ is then given by [9, Theorem 1.1]. We determine the contributions
from the crosscaps in Section 4 by combining some of the ideas in the proof of [9, Theorem 1.1]
with equivariant cohomology.

Remark 1.2. Families of real Cauchy-Riemann operators often arise by pulling back data
from a target manifold by smooth maps as follows. Suppose gX ,J) is an almost complex
manifold with an anti-complex involution ¢: X — X and (V, ¢) — (X, ¢) is a real bundle
pair. Let V be a connection in V' and
A e I'(X;Homp(V, (T*X, J)"! &cV)).
For any map v : ¥ — X and j€ Jy, let V" denote the induced connection in u*V and
Ay = Ao Qu € T(Z; Hompg (u*V, (T*%,§)™ @c u*V)).

If ¢ is a boundary involution on ¥ and uoc=¢owu on 9%, the homomorphisms
_ 1 = * 7
8y = (V' +ioVoj), D, = Oy + Ay D(S3u V)" ? — TP (S 0V)

are real Cauchy-Riemann operators on (u*V, u*q;) — (X, ¢) that form families of real Cauchy-
Riemann operators over families of maps.

The double of an oriented sh-surface (3, ¢) is the closed oriented topological surface
(1.6) Y= (ZTUET)/~={+ -}xE/~, (4+,2) ~ (=, c(2)) Vz€0%.
The involution ¢ on 90X naturally extends to the involution

e — 3, [£,2] — [F,2] VzeX.

Similarly, if (X, ¢) is a manifold with an involution, a map u: ¥ — X such that uoc=¢ou
on 0% doubles to a map 4: Z—>X such that @o¢=¢od. A complex structure j on X=X
extends to a complex structure ] on ¥ so that é&* j=—j if and only if c: 0¥ — 9¥ is real-
analytic with respect to j; see Corollary 3.3. If ¢ is real-analytic with respect to j, J is an
almost complex structure on X such that ¢*J = —J, and u as above is (J,j)-holomorphic,
then @ is (J,))-holomorphic.
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Remark 1.3. We note that (1.6) does not specify a smooth structure on 3 across the boundary
of ¥. Whenever c is real-analytic with respect to j, there is a natural doubled smooth complex
structure j so that the image of 93 in ¥ is a real-analytic curve; see (1) in the proof of
Corollary 3.3. However, there can be other smooth and complex structures on 3 that are
compatible with ¢ and restrict to j on X; see Remark 3.4.

Let (X, ¢) be a genus g oriented sh-surface with orderings
(82)1,,(82)‘6‘0 and (82)\c\0+17" .y (82)|C|0+‘c‘1

of the boundary components with |¢;| =0 and with |¢;| =1, respectively. Denote by D, the
group of diffeomorphisms of 3 preserving the orientation and each boundary component and
commuting with the involution c on 9X. If (X, ¢) is a smooth manifold with an involution and

(1.7) b= (B,bi,..., by siel) € H2(X;Z) ® Hi(X%;2)%0 @ HY (X;2)®1h,
let B,(X,b)?¢ denote the space of maps u: ¥ — X such that

e yoc=¢ou on 9%,

A

e 0. [X] = B, u,[(0%X);] = b; fori=1,...,|c|o, and

o [ul(ox),]% = b; for i = |clo+1,.. ., |clo+]|c|1, where [u|@gx),]* is the equivariant pushforward
of [(9%):]% by ul(ax),-
We define

Hy(X, D) = (B4(X,b)? x T.)/De.
By Lemma 3.1, the action of D, on Jx: given by h-j = h*j preserves J.; so, the above quotient
is well-defined.

Remark 1.4. As discussed in detail at the beginning of Section 2.3, H f (X;7Z) provides a finer
invariant than Hy(X;Z).

Remark 1.5. For simplicity, we will assume that the action of D, has no fixed points on the
relevant subspaces of B4(X, b)?¢xJ.. This happens for example if sufficiently many marked
points are added to . In applications to more general cases, this issue can be avoided by
working with Prym structures on Riemann surfaces; see [18].

The determinant line bundle of a family of real Cauchy-Riemann operators D(V §) on
B, (X, b)"° x T,
induced by a real bundle pair as in Remark 1.2 descends to a line bundle over H,(X, b)¢’c,

which we still denote by det D(V 3" As a direct corollary of Theorem 1.1, we obtain the
following result on its orientability.

Corollary 1.6. Let vy be a loop in Hy(X,b)?¢ and 5 be a path in By(X,b)?° x T lifting v
such that 41, = ¢ - 7y for some ¢ € D, with |9y =id. For each boundary component (0X);
of ¥, denote by a;: S* — X and B;: S'x (0%); — X the paths traced by a fized point on
(0X); and by the entire boundary component (0X); along 7. Then,
Iclo N . N
(wi(det Dy, 5)),7) = > ((<w1(V¢)» bi) + 1) (w1 (V?), [e]) + (w2 (V?), [5i]>)
i=1
lclo+lelt PG
t idxe;
+ Y (wp Y(AEPV), [B]),
i=|c|0+1

(1.8)
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where [B;]idxe GHS)(X) is the equivariant push-forward of [S* x (9%);]'4*% by S;.

The first assumption in this corollary imposes no restriction on =y; see Lemma 4.5. Lemma 2.7
simplifies the computation of the second line in (1.8) in some cases. In particular, combining
Corollary 1.6 and Lemma 2.7, we obtain Corollary 1.7 below, which concerns the orientabil-
ity problem for families of real Cauchy-Riemann operators over surfaces without standard
boundary components (i.e. with crosscaps only).

If (V,¢) — (X, ¢) is a rank 1 real bundle pair, a real square root for (V, ) is a rank 1 real
bundle pair (L, ¢') — (X, ¢) and an isomorphism

(V,9) = (L, ¢)*?

of real bundle pairs. As shown in [5, Section 2.1], real square roots canonically induce orien-
tations on the determinant lines of real Cauchy-Riemann operators over disks with crosscaps.
Thus, Corollary 1.7 explains and extends this key observation in [5].

Corollary 1.7. Let (X, ¢) be a manifold with an involution, (V,$) — (X, ¢) be a real bundle
pair, and (3,c) be an oriented sh-surface with |clo=0. If m1(X)=0 and c1(V) is an even
class or Ag)p(v, ®) admits a real square root, then the determinant line bundle

det Dy, 5 — Hy(X, b)?<
1s orientable.

By Corollary 2.4, the two sets of completely different conditions in Corollary 1.7 are in fact two

different specializations of the natural vanishing condition on the wa-terms in (1.4) and (1.8)
. . ARP

that first came up in the case |c¢[; =0 in [9]: w,© (AmpV) is a square of a class in Hj(X).

Since there are no non-trivial square top cohomology classes on a closed orientable surface

. . . o APPSO .
each summand on the second lines in (1.4) and (1.8) vanishes if w,® ¢(Ag’pV) is a square
class. Thus, the two sets of conditions in Corollaries 1.7 and 1.8 can be replaced by the single
requirement that the equivariant ws is a square class.

Let o be an orientation-reversing involution on a compact closed oriented genus g surface .
Denote by J, and D, the space of complex structures j on 3 such that o* j= —] and the
group of orientation-preserving diffeomorphisms v of 3 such that oot =1oo, respectively.
Let (X, ¢) be a smooth manifold with an involution and J be an almost complex structure on
X such that ¢*J=—J. Of a particular interest in real Gromov-Witten theory is the problem
of the orientability of the moduli spaces

My (X, J,B)*7 = {(@,)) € CF(E, X)x Tp: [X]=B, doo=goi, d,51=0}/Dy,
where
_ 1 A
(1.9) 9,50 = 5(da+ Jodioj).

This problem is closely related to the problem of orienting the index bundle for a family of real
Cauchy-Riemann operators over 9,(X, J, B)?° induced by the bundle (T'X,d¢) — (X, ¢)
as in Remark 1.2. Since 3 can be decomposed into two conjugate oriented sh-surfaces, (X, ¢)
and (¥, ¢), the latter problem is in turn closely related to the orientability of det Drx a4
over the space of holomorphic maps from ¥ to X that commute with the involutions on the
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boundary.

Let n: P! — P! be as in (1.1). As shown in [5, Section 2.3], the orientability problem for
Mo (X, J, B)?" is precisely equivalent to the orientability problem for D1x,q4) over

P(X,J,B) = {aeC>®(P", X): u.[P'|=B, don=¢oi, d,;u=0}
= {ueC™®(D?* X): W[P'|=B, uoa|s1 =dou|g, dzu=0},

where ]A and j are the standard complex structures on P! and the unit disk D? C P!, respec-
tively. The reason is that

Mo(X, J, B)*" = P(X,J,B)/Auwt(P',n)  and Aut(P',n)~ RP.

Thus, the orientability of 9ty (X, {, B)‘M along a loop v in this moduli space is described
by the last term in (1.8) with (V,¢) = (T'X,d¢). This allows us to immediately deduce the
following conclusion about the orientability of M (X, .J, B)?" from Corollary 1.7.

Corollary 1.8. Let (X, ¢,J) be a manifold with an involution and an almost complex struc-
ture J such that ¢*J=—J. If 11(X)=0 and c1(T X, J) is an even class or Agp(TX, ®) admits
a real square root, the moduli space My (X, J, B)W7 is orientable for every B€ Ho(X ;7).

The orientability of 9y(X, J, B)®" under the last assumption is shown directly in [5, Sec-
tion 2.1]. This in particular implies that the moduli spaces Mo (P4~1, B)?" are orientable.
All moduli spaces Mo(P?"~1, B)?" with the two standard involutions ¢ are shown to be ori-
entable in [5, Section A.1], as implied by the first case of our assumptions. By Example 2.10
below, the moduli spaces 9My(P™, B)™ " where

(1.10) Tp: P — P, (Zo, Z1, ..., 2| — [Z0, 21, ..., Zy),

is not orientable if n and B are even, i.e. the condition 71 (X)=0 alone does not suffice for
the orientability of Mo(X, J, B)®". By Example 2.9, which builds on [5, Example 2.5], no
divisibility condition on ¢;(7°X) can suffice by itself either.

This paper is organized as follows. Section 2 reviews Zgs-equivariant cohomology and homol-
ogy and obtains a number of related results that are used in the proof and applications of
Theorem 1.1. The examples of Section 2.4 indicate the delicate nature of the equivariant ws-
terms in (1.8) and show that Corollary 1.8 is sharp in a sense. Section 3 describes doubling
constructions for oriented surfaces with boundary involutions, develops the necessary Fred-
holm theory, and obtains a Riemann-Roch theorem for Cauchy-Riemann operators over such
surfaces. The somewhat technical Sections 2 and 3 enable us to extend the principles from [9]
to surfaces with crosscaps. The proof of Theorem 1.1 is the subject of Section 4. Section 5
reinterprets Corollary 1.6 in terms of local systems. In Section 6, we define moduli spaces
of J-holomorphic maps from oriented surfaces with crosscaps and apply the reinterpretation
of Section 5 to describe their local systems of orientations. In Appendix A, we show that
the notion of almost complex structure on a bordered Riemann surface used in this paper is
equivalent to the notion of analytic structure used in [2, 15, 17].

We would like to thank M. Liu for detailed discussions on topics covered in this paper, and
W. Browder, E. Brugellé, E. Tonel, S. Galatius, J. Solomon, M. Tehrani, and G. Tian for
related conversations, and the referee for the quick and detailed feedback. The second author
is also grateful to the IAS School of Mathematics for its hospitality during the period when
the results in this paper were obtained.



MODULI SPACE OF MAPS WITH CROSSCAPS 9

2. EQUIVARIANT COHOMOLOGY

We begin this section by recalling basic notions in equivariant cohomology, in the case the
group is Zs, and establishing some key properties of the equivariant wo of real vector bundle
pairs; see Proposition 2.1 and Corollary 2.4. We then make a key observation, Lemma 2.5,
concerning the Zo-equivariant second Stiefel-Whitney class of real bundle pairs over the torus
(S1 xS id x a); it is used in the proof of Theorem 1.1. Lemma 2.7 simplifies the computa-
tion of the second line in (1.8) in some cases and immediately leads to Corollary 1.7 from
Corollary 1.6. We conclude with three examples intended to give the flavor of the equivariant
wo-term which plays a central role in the orientability problems studied in this paper.

2.1. Basic notions. The group Zs acts freely on the contractible space EZy =5 with the
quotient BZs = RP*°. An involution ¢ : M — M corresponds to a Zs-action on M. We
denote by

B¢M = EZQ X s M
the corresponding Borel construction and by
Hj(M) = H*(ByM;Zs), H?(M)= H.(ByM;Zy), HS(M;Z)= H.(BsM;Z)

the corresponding Zs-equivariant cohomology and homology of M. The projection map
p1: EZo x M — EZs descends to a fibration

(2.1) M — ByM —> BZy = RP™ .
If (V,¢) — (M, ¢) is a real bundle pair,
B&V = EZQ XZQV — B¢M

is a real vector bundle; this is the quotient of the vector bundle p5V — EZgy x M by the
natural lift of the free Zs-action on the base. Let

wf (V) = wi(BV) € Hy(M)

7

be the Zs-equivariant Stiefel-Whitney classes of V' — M. For example, if M is a point and
V=C=R&iR,
BV = RP* XR & Ogpes (—1) —> RP*,

where Oppe(—1) is the tautological line bundle; thus, w?(V) is the generator of H;)(M ) in
this case. The non-equivariant Stiefel-Whitney classes of V' are recovered from the equivariant
Stiefel-Whitney classes of V' by restricting to the fiber of the fibration (2.1). If f: ¥ — M
is a continuous map commuting with involutions ¢ on ¥ and ¢ on M, the involution ¢ on V
induces an involution f*¢ on f*V lifting ¢ and

(2.2) w! (V) = B f}ul (V) € HI(S),
where

Byof: B.X— By M, {Bs.of} (e, 2]) = [e, f(2)],
is the map induced by f.

If an involution ¢: ¥ — ¥ has no fixed points, the projection ps: EZqg x 3 — ¥ descends to
a fibration

(2.3) EZy — B.X -5 ©/7Z,.
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Since EZ, is contractible, this fibration is a homotopy equivalence, with a homotopy inverse
provided by any section of g. In particular, ¢ induces isomorphisms

(2.4) ¢ HY(3/Z2) — H(X),  qu: HI(S;Z) — Hu(X/Zo3 Z).

Any section of ¢ embeds ¥/Zs as a homotopy retract, and every two such sections are
homotopic. Thus, if f: ¥ — M is a continuous map commuting with the involutions ¢ on X
and ¢ on M, we also denote by

B¢7Cf2 E/ZQ — B¢M

the composition of By .f : B.X — ByM with any section of ¢; this is well-defined and
unambiguous up to homotopy. If (V,é) — (X, ¢) is a real bundle pair, V/Zy — ¥/Zs is a
real vector bundle and

IB%q;V — q"(V/Zs) = {([e,az], [v]) eEBXX(V/Z3): [x]= [p(v)]},
e, v] — ([e. p(v)]; [0]),
is a vector bundle isomorphism covering the identity on B.>. Thus,
(2.5) wi(V) = wi(q¢*(V/Zs)) = ¢*wi(V/Zs) € HL(E;Zs).

2.2. Tensor products of real line bundle pairs. We now establish some important prop-
erties of the equivariant ws of real vector bundle pairs.

Proposition 2.1. Let (X, ¢) be a paracompact topological space with an involution.
(1) If (L1, ¢1), (Lo, d2) — (X, ¢) are rank 1 real bundle pairs, then
(2.6) w9 (L1 @c Ly) = w§ (L) + wl(Ly).
(2) If (Vi, 1), (Va, b2) — (X, ¢) are any real bundle pairs, then

top/ 7 7 top 7 top 7

w;\CP(¢l®¢2) (Agp(vl@‘/é)) _ w;\(c p(f)1 (Azgcopvl) + w;\C P by (Ag)p‘/Q>

Proof. The first statement of this proposition implies the second, since

ASP((V1, d1)@(Va, @2)) = (ASP(V1, 61)) @ (AZP(Va, 62)).
Below we establish (2.6).

(1) Let P> denote the infinite-dimensional complex projective space with the standard invo-
lution,
Too: P — P, [21, 22, ...] — [Z1, 22, - - ],
p1, p2: P X P> — P> be the projection maps, and
(X, @) = (P™XP®, Too X Too).
The homotopy exact sequence for the fibration (2.1) with M replaced by X gives an exact
sequence
m2(X) — 2 (BoX) — 0 — 0 — 1 (BoX) — 71 (RP™) — 0.
In particular, Hy(BgX;Z)="7Zs. By [13, Satz II], m2(BsX) surjects onto Hy (X;Z), since
Hj(m(BoX); Z) = Ha(Zy; Z) = Hy(BZy; Z) = Ha(RP™; Z) = 0.
Thus, by the Universal Coefficient Theorem for Homology [23, Theorem 55.1], Hy (X) is
generated by

Pl = {[1,,2, [1]]: ZGPI}, Pl = {[1,[1],z]: ZEPI}, RP? = {[z, (1], [1]]: ZESQ},



MODULI SPACE OF MAPS WITH CROSSCAPS 11

where 1=[1,0,...]€ 5%, [1]€P> denotes the S!-equivalence class of 1 in S, and [z1, 22, 23]
denotes the Zg-equivalence class of (z1, 29, z3) in S X P> xP>°; the spheres ]P’% and IP’% are
generators of Hy (X;Z) coming from mo(X) via m2(BeX), while RP? generates

Tor (H,(BoX;Z), Zg) =~ Zs
in the split short exact sequence for Hy (X) provided by [23, Theorem 55.1].

(2) The involution 7o, naturally lifts to a conjugation 7, on the tautological line bundle
Opee (—1) — P*°.
We first verify (2.6) for the rank 1 real bundle pairs
(L1, ®1) = pi (Opoe (—1), Too) s (L2, P2) = p5(Opoe (—1),7oe) — (X, ®).

Since the homology classes of P} and P} are the images of classes in a fiber of (2.1) with M
replaced by X,

(w2 (Ly ®Ly), [Pz, ) = (wa(Ly®La), [Pz, = (c1(Ly ®La), [PHlz) + 27
= (c1(L), [P})z) + {c1(La), [P{]z) + 2Z
= <w2(L1)v []P)il}22> + <w2(L2 Pl Z2> <w Ll Pl Z2> + <w ) [P ]Z2>

(2
The restrictions of Bg L1, Bg, Lo, and Bg, o, (Li®cLg) to RP>® = RP® x [1] x[1] C BsX
are

5% x7,C = RP* xR & Oppe (—1) —> RP™.
Thus,
(0§ ®® (L ®cLy), [RP?]z,) = 0 =040 = (wy' (L), [RP?)z, ) + (w?(Ls), [RP?]z,).
Since P}, Pi, and RP? generate Hy (X), this establishes (2.6) for (L;, (gi):(Lz-, D).

(3) Let (L;, ;) — (X, ¢) be as in the statement of the proposition. By the proof of [22
Lemma 5.6], there exist continuous maps

fiofor (X,0)— (B®,70) st (Liy i) = S (O (1), 7oc)-
Thus,
WO (Lr@cLs) = {fix o} ug P Ladea) = (fix fo} (5 (L) + (L))
= {Jr X o} (P (Opoe (—1)) + phwd™ (Opse (~1))) = w (Ly) + ws? (La);
the second equality above follows from (2). O

Lemma 2.2. Let ¥ be a compact connected unorientable surface and by, € Hi(X;Z) be the
nontrivial torsion class. If k€ H*(X; Zg)

(2.7) </€ Jz,) = (K, bs)

where [z, € Ha(X; Za) is the fundamental class with Za-coefficients.

Proof. By [24, Theorem 77.5], ¥ is the connected sum of m copies of RP? and
Hy(S:Z) = 2"t @ Zy
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a a
a2 ag

ag as

FIGURE 1. Labeling scheme for ¥ = RPZ#RP*#RP? and a deformation of the
loop a; used to compute the intersection product on Hi(X;Z)

for some m € Z. By [24, Theorem 77.5], ¥ can be represented by the labeling scheme
41a10a202. . .GmGm; see Figure 1. From the labeling scheme, it is immediate that the torsion
element is given by

by, = a1+as+...+am,.
From the diagram, we see that the Zs-homology intersection product is given by a;-a; =1 and
a;-a; =0 if i# j. By the unoriented Poincare duality [23, Theorem 67.1],  is thus Poincaré

dual to the sum of some number of a1, as,...,an and &2 is Poincaré dual to the sum of the
same number of a2,a3,...,a2,. Thus, each side of (2.7) vanishes if and only if x is Poincaré
dual to an even number of ay,aq,...,amn. ]

Corollary 2.3. For any topological space M,
(2.8) {we H*(M;Zs): w(B)=0VYBeHy(M;Z)} > {r*: ke H (M;Z5)}.

If Hi(M;Z) is finitely generated, the reverse inclusion holds if and only if Hy(M;Z) has no
4-torsion.

Proof. (1) If B€ Hy(M;Z), there exists a continuous map f: ¥ — M from a closed oriented
surface ¥ such that
f*[z]z =Be HQ(M;Z).
Since every square class in H?(X;Zs) is trivial,
(k% B) = (k*, fu[X]z,) = ((f*k)*, [E]z,) =0  VweH'(M;Z,).
This establishes (2.8).

(2) If H1(M;Z) is finitely generated,

(2.9) H\(M;Z) = 7" © Ly, @ ... DLk
for some my,...,mi>2 and rg,7r1,...,7n>0. In this case,
Ext(Hy(M;Z),Zs) ~ P Z5 ;
2|m;

see [23, p331]. We denote by b; ;, with i=1,...,k and j=1,...,r;, loops representing the
generators of the torsion part in (2.9). For each i with 2|m; and j=1, ..., r;, there exist a com-
pact oriented surface ¥; ; with two boundary components (9%; ;)1 and (0%; )2, a continuous
map Fj ;: 3; ;— M, and an orientation-preserving diffeomorphism ¢; j: (0%; ;)2 — (0% ;)1
such that

[Flos ] = (mi/2)[bi]  and  Fijlos, ), =Fijlos: ;) @i
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The map F; ; descends to a continuous map Fz] from the unorientable surface
XA]Z'J = Ei,j/w, z ~ gOi’j(Z) Vze (azi,j)g.

By Lemma 2.2,
m;

(2.10)  (K* A{F 3l 5)z0) = (Fijm, (0% 5)1)z, ) = 5 (mbij)  Vre H' (M; Zy).

By the Universal Coefficient Theorem for Cohomology [23, Theorem 53.1], the natural ho-
momorphism

H'(M;Zy) — Hom (Hy (M; Z), Zy) ~ Zi & €P) Z5
2|m;
is an isomorphism. By (2.10), the homomorphism
(2.11) @ Zy — Ext(H1(M;Z),Zs) C H*(M;Zs), K — K2,
2|my,4 Jim;
is injective. On the other hand, this homomorphism vanishes on the factors corresponding
to Zy,; with 4|m;, since their image is contained in the image of the homomorphism

HY(M;Zp,,) — H*(M; Zy,,) — H*(M;Zs)

and 2k? = 0 in H?(M;Zy,,) for all kK € H*(M;Z,,,). Thus, the cokernel of the homomor-
phism (2.11) is isomorphic to € Ajma Zy'. In particular, every element of H?(M;Zs) vanishing
on the image of Hy(M;Z) in Ho(M;Zs) is a square class if and only if Hj(M;Zs) has no
4-torsion. u

Corollary 2.4. Let (X, ¢) be a topological space with an involution and (L,$) — (X, ¢) be
a rank 1 real bundle pair.

(1) If X is simply connected and wy(L)=0, wg;(L) is a square class.
(2) If X is paracompact and (L,$) admits a real square root, wg(L) =0.

Proof. (1) The homotopy exact sequence for the fibration (2.1) with M replaced by X gives
an exact sequence

mo(X) — m(ByX) — 0 — 0 — m (BpX) — 71 (RP™) — 0.
In particular, Hy(BgX;Z)=2Zy. Thus, by Corollary 2.3,
(2.12) {we H}(X): w(b)=0Vbe Hy(X;Z)} = {x?: k€ H}(X)}.
By [13, Satz II], ma(B4X) surjects onto Hf(X; Z), since
Hy (m1(ByX ); Z) = Hy(Zo; Z) = Ho(BZy; Z) = Hy(RP™; Z) = 0.

Since the diagram
T2 (X) T2 (B¢X)

- i

Hy(X;Z) — Hy(By X Z)

commutes, Hy(X;Z) surjects onto Hg’(X;Z). Thus, we can replace HY (X;Z) in (2.12) by
Hy(X;Z), ie.

{weH3(X): w(b)=0VbeHy(X;Z)} = {K*: k€eH}(X)}.
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Since the restriction of wg(L) to the fiber X CByX is wo(L)=0, it follows that wl(L) is a
square class.

(2) This follows immediately from the first statement of Proposition 2.1. g

2.3. Applications to real bundle pairs. The antipodal involution a: S' — S' given
by (1.2) has no fixed points. A section of the projection ¢ in (2.3) in this case is given by

St —s Sooxzle C ((COO—O)XZQSl, e — [(619/2,0,0,...),ei9/2].
Thus, if (X, $) is a topological space with an involution and a: S' — X is any map such
that coca=¢oa, then
Byoa: ST — ByX, ¥ — [(€9/2,0,0,...),a("/?)].

The composition of By ;v with the projection in (2.1) is a generator of m1(BZgy)~Zo, and so
[a]*#£0€ H f) (X). Furthermore, every loop in B4 X which projects to a generator of 71 (BZy)
is homotopic to By s for some Zg-equivariant map a: Sl —X. If a,3: S' — X are two
maps commuting with the involutions a on S! and ¢ on X, a homotopy h: Ix S? — By X
between By o and By 3 lifts to a homotopy

h:IxS' — EZox X

commuting with the Zs-actions. Thus, By o and By o3 are homotopic if and only if o and
are homotopic through maps S' — X intertwining a and ¢.

The composition of By, with the projection By X — X/Zy is the loop e — [a(ef/?)],
i.e. the composition of the projection qx: X — X/Zy with the restriction of a to the upper
half S% of S'; since a is Zy-invariant, a(1) =¢(a(—1)) and so the endpoints of this semi-circle
map to the same point in X/Z,. Thus, if ¢ acts on X without fixed point, the loop By qcr in
By X corresponds to the loop gx 004\53r in X/Zy under the isomorphism ¢, in (2.4), with 3

replaced by X. For example, let n>2,
X = (S"xS")/ ~, (z1,22) ~ (—x1,—x2),  P([w1, 22]) = [—21, 2] = [21, —22).

If a: S' — 8™ is any map intertwining the antipodal involutions, the homotopically trivial
loops
ai,as: St — X, a1 = [a, %], ag = [27, al,

where x* € S™ is any point, are Zs-equivariant. Since By a1 and By g2 correspond to the
two standard generators of 71 (RP™ x RP™) by the above,

()" # [aa]® € HY(X;2),

illustrating the statement made in Remark 1.4.

If c: S' — S is an orientation-preserving involution, denote by
(Vi, éx) — (S'x St idxe)
the real bundle pairs with
Vi = (]IxSlx(C)/ ~, (0,2,v) ~ (1,2,+v) V 2€S*, veC,

and with the involutions induced by the standard conjugation on C.
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Lemma 2.5. Let c: S' — S be an orientation-preserving involution different from the
identity. For everyn>1,
(Wi (nVy), [S'x S = 0, (wi TV (V@ (n—1)V,), [ST x S9X) £ 0 € Z,.
Proof. We can assume that ¢(z)=—z on S CC. The real bundle pairs
(V.6) = (Vi néy), (Vo@(n—1)Vy, e @ (n—1)cy)

canonically decompose into two Zs-equivariant real vector bundles, induced by the real and
imaginary axes in C. By (2.5),

(w§(V), [S* x S)19%¢) = (wo(V/Zs), [S* x RP']) = (wa (Ve ®Vig), [S* x RP']),
where RP! = §!/Z5 =1/0~1 and
Ve =n(Vi)r, Vo)r®@(n—1)(Vi)r,  Vie =n(Vi)r, (Vo)r®(n—1)(V4)ir
are the Zs-quotients of the real and imaginary parts of V. Since
(Vir = (]IX]IXR)/ ~, (0,t,v) ~ (1,t,xv), (s,0,v) ~ (s,1,v) Vs, tel, veR,
(Vi)ir = (IXIXR)/ ~, (0,t,v) ~ (1,t,%+v), (5,0,v) ~ (s,1,—v) V s,tcl, vER,
we find that
Vir=7, (Vor=7, (Vr=72, (Vo)r=m®7%,

where 7— S1 xRP! is the trivial real line bundle and ~;,v2 — S* x RP! are the pull-backs
of the Mobius/tautological line bundle by the projection maps. Thus,

wa (n(Vy/Z2)) = wa

((V @('I”L 1)V+ /ZQ) = W2

n
n(r®&ye)) = <2>w1(72)2 =0 e H*(S'xRP, Zy),

(

(’Y1 Solei] ®’72) + w (’Y1 6971®72)w1 ((n—1>’72) + w2((n—1)’Y2)
(71) (w1 (1) +wi(r2)) +wi(y2) - (R=1)wi(y2) +0

= wi(y)wi(72) # 0 € H*(S'xRP!, Zy).

This implies the claim. O
Lemma 2.6. Let ¢: S' — S be an orientation-preserving involution different from the
identity. If (V,&) — (S xSt idxc) is a real bundle pair,

(2.13) (whe S (ALPY), [S1 % S1J9X) = (w§(V), [S1x S1Jiexe).

Proof. We continue with the notation of Lemma 2.5 and its proof. By the proof of [5,
Lemma 2.2], every real bundle pair (V,é) over I x S' admits a trivialization, i.e. a fiber-
preserving bundle isomorphism

UV —IxS'xC" st. V(P tzw)) = (telz),®) ¥ (tzw)elxS xC,

where w denotes the standard complex conjugate of w. Thus, the real bundle pairs (V,¢)
over

(ST x Shidxc) = ((IxS5)/(0,2)~(1,2),id xc)
are classified by the homotopy classes of the clutching maps S' — GL,,C satisfying the
condition A(c(z))=A(z) for all z€ S. By [5, Lemma 2.2], there are two homotopy classes of
such maps; they are represented by the constant maps with values in the diagonal matrices,
with at most one diagonal entry -1 and the remaining diagonal entries 1. Thus,

(V.e) =n(Vy,ep)  or (Vi) = (Vi,eo) @ (n—1)(V4,é4).
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Since
(V,e) =n(Vy,cq) = AZP(V,8) = (Vi é4),
(V,e) = (Vo,e )@ (n=1)(Vy,&y) = AEP(V,8) = (V- ),
the claim thus follows from Lemma 2.5. O

Lemma 2.7. Let (X,¢) be a manifold with an involution, (V,¢) —s (X, ¢) be a real bun-
dle pair, and $: S*x S' — X be a continuous map commuting with id x ¢ and ¢, where
c: 81— Stisan orientation-preserving involution different from the identity. The real bun-
dle pair B*Ag)p(fﬂ ®) over (S'x St idxc) admits a real square root if and only if

(2.14) (w§(V), [6]9%¢) = 0.

If 11 (X) =0, then [B]'9%¢ is the image of the homology class of a map ': S? — X under the
inclusion of X — By X and

(wg (V), [89%) = (wa(V), [8]).

Proof. By Lemma 2.6, we can assume that rkcV =1. Suppose (L,¢) — (S' xS idxc) is a
real bundle pair such that

B (V. 9) = (L, &)
By the proof of Lemma 2.6,
L:(I[xSlx(C)/N, (0,2,v) ~ (1,2 +v) Yz S, veC,
with the sign + fixed and the conjugation ¢ induced by the standard conjugation in C. Thus,
B*(V,¢) ~ (HxSlx(C)/ ~, (0,z,v) ~ (1,z,0) Vze S, veC,

ie. B*(V,¢) ~ (Vi,éy). Along with Lemma 2.5, this implies (2.14). On the other hand, by
the proof of Lemma 2.6 and (2.2),

(wi(V),[B1) =0 = B(V,¢) = (Vi,ip).
Thus, 8*(V, ¢) is isomorphic to the square of (V, &) if <w§;(V), [B]idx¢) = 0.
If 71 (X) =0, the fibration (2.1) gives rise to an exact sequence
s — m(X) — m(BgX) — 0 — 0 — m (B X) — Zo — 0.

Thus, the restriction of By ;qx.8: S IxRP! — By X to at least one simple circle is homo-
topically trivial (specifically, the circle S!x x). Therefore, [3]!9%¢ is a spherical class and
thus equals ¢,[3] for some '€ Ha(X), with Zs or Z coefficients, where t: X — By X is the
inclusion of a fiber in (2.1). Thus,

(ws(V), [B]97¢) = (Fw§(V), [8]) = (wa(V), [87).
This establishes the last claim. O
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2.4. Some examples. We now give three concrete examples. By Example 2.8, real bundle
pairs (V, qg) — (X, ¢) which induce non-orientable determinant bundle are quite common over
non-simply connected spaces. Examples 2.9 and 2.10 illustrate the significance of the vanish-
ing requirements on 71 (X ) and we(X) in Corollary 1.8, showing that neither requirement by
itself suffices for the orientability of the moduli space Mo(X, J, b)?". The orientability in the
former example in fact fails due to the twisting phenomenon of Example 2.8. The m,n=1
case of Example 2.9 is [5, Example 2.5].

Example 2.8. Let (V,$)— (X, ¢) be the trivial bundle pair of rank 1, i.e.
V=XxC, oV —V, &(:c,v):((b(x),B)V(x,v)eXxC,

and L — Y be any real line bundle. If 7x,my: X XY — XY are the projection maps,

(Vi, 1) = (75 V@rTy L, mx ¢@rmyids) — (X xY, ¢ xidy)
is a real bundle pair. If

7%, Ty Bosidy (X XY) = (BgX) xY — ByX,Y
are the projection maps,
By (Vo) =BV @rryl =

ng(VL) = Wf(*qu(V) + FX*w(Z;(V) -mbwy (L) + whwy (L),

In particular, if X ={pt} and L — Y =S" is the Mobius band line bundle,
u: S'x S — X xY, (s,t) — (pt, s),

is a continuous map intertwining the involutions ¢xidy and idxa on S'x S, where a is the
antipodal map, such that

(g (Vi), [ %) £ 0.
Example 2.9. Let m,ne€Z" and 7, be as in (1.10). We define
o1 : P21y p2m—1 by
(Wi, Wa, ..., Wap1, Way| — [ = Wa, Wi,...,~Waom, Wam_1].
With S'CC denoting the unit circle as before, we define
SUXPY S P, w20, 21,y Dy Zn) = [ 20y 2y D1, 0 ),
X = S xSt x P* x P21, o: X — X, ou,v,z,w) = (ﬂ,v,m(v-z),ngm,l(w)),
Y ={(v,2) €S xP": 7,(v-2)=2}.
Since the non-trivial deck transformation of the double cover
SIXRP" — Y,  (v,2) — (viv712),

is orientation-reversing if n is odd, Y is not orientable for every n (if n is even, the covering
space is not orientable). Let B € Ho(X;Z) denote the homology class of a line in the last
factor. Since the projections

T XTe Xy, ma: X — Stx St x P pPm-l
induce an isomorphism

Mo(X, B)?" ~ {£1} XY x My(P>m1, B)em-11
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the moduli space Mo(X, B)?" is not orientable. Thus, the condition m(X) =0 in Corol-
lary 1.8 cannot be dropped, even at the cost of requiring ¢;(TX) to be divisible by an
arbitrarily high integer.

Example 2.10. If n,d€Z" and 7, is as in (1.10), P(P",d)™" consists of maps of the form

u: Pl — Pn) [xvy] — [p()(x>y)7p1($7y)7 s )pn(xay)]7

where pg, p1, - - . , pn are degree d homogeneous polynomials in two variables without a common
factor. The commutativity condition on u implies that this space is empty if d is odd. For d
even, this commutativity condition is equivalent to

d/2

pi(x7 y) =A; H ((ai;rx_bi;ry> (Bi;r$+di;ry))7
r=1

for some A; € C and [a;., b;;y] € P! such that
[AQ,Al, .. ,An] = [Ao,f_ll, R ,An] S
Let AZH;d C (Sym%2C)™*! denote the image of the set

n
{((bO;b .. .,bo;g), ey (bn;l,...,bn,g))G(Cd/Z)n—i—l: m{bi?l’ —l_);;ll, .. .,bi;%,—aii} #* @}

4 ' isd
=0
under the quotient map (C%2)"+1 —; (Sym%2C)"*!. The map

RP" % ((Symd/QC)n—H — A" ) N P(P",d)m’",

n+1;d
([A07 R 7An]7 [b0;17 sy bO;d/Q]a vy [bn;h v 7bn;d/2])
d/2 d/2
— |40 TL (b)) An TT (=) Bur+) .
r=1 r=1

is an isomorphism over the open subset of P(P", d)™" consisting of maps w such that u([1, 0])
does not lie in any of the coordinate subspaces of P"; the subset AZ H1id corresponds to
polynomials with common factors and thus does not correspond to maps to P". Since RP"
is not orientable if n is even, it follows that P(P",d)™" is not orientable and neither is
Mo(P™, d)™ . Thus, the condition we(TX)=0 in Corollary 1.8 cannot simply be dropped.

3. FREDHOLM THEORY

This section describes doubling constructions for oriented sh-surfaces and shows that real
Cauchy-Riemann operators over such surfaces are Fredholm if the complex structure on the
domain is compatible with the involution. In the case the boundary involution is trivial, the
results in this section specialize to results in [15, Section 3]. However, in contrast to the situ-
ation in [15, Section 3], not every complex structure on an oriented sh-surface can be doubled
and not every real Cauchy-Riemann operator is Fredholm. Corollary 3.3 below describes
a necessary and sufficient condition for doubling a complex structure; it can be viewed as
directly capturing the bianalytic nature of the doubling construction for Klein surfaces in [2,
Section 1.6]. Remark 3.7 provides examples of real Cauchy-Riemann operators that are not
Fredholm.

Let j be an almost complex structure on a bordered Riemann surface ¥. We call a smooth chart
v: (U, UNOY) — (H,R), where H = {zeC: Imz > 0},
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j-holomorphic if j =1%*jg, where jg is the standard complex structure on C. By Corollary A.2,
Y. can be covered by such charts, and so (¥,j) is a Riemann surface in the sense of [15,
Definition 3.1.4] and [17, Definition 2.5]. We thus call j simply a complex structure on X.

Let (X,c) be an oriented sh-surface. If j is a complex structure on X, we call ¢ real-analytic
with respect to j if for every z € 0X there exist j-holomorphic charts

(3.1) ViU — UL and Yoyt Unsy — Uiy,

where U, and U,,) are open subsets of ¥ containing z and c(z), respectively, and U, and
Ué(z) are open subsets of H, such that

(3.2) Yegzy 0 co; (U, Ne(UyNO%)) — R

is a real-analytic function on an open subset of R C C. In particular, idygy is a real-analytic
involution with respect to any complex structure j on ¥ and so Jiay, = Jx. If ¢ is real-
analytic with respect to j, then (3.2) is real-analytic for any choice of j-holomorphic charts
as in (3.1). The following lemma describes an important property of the collection 7. of
complex structures on ¥ for which c is real-analytic with respect to j.

Lemma 3.1. Let (X, ¢) be an oriented sh-surface. If j€ J. and h€D,., then h*j€ J..
Proof. If {1,: U,— H} are the analytic charts for (3,j), then
h*y, = poh: hY(U,) — H
are the analytic charts for (X, h*j). Since
hthe(sy 0 c o {h* .} 1 = 1heiy 0 co vt 1 4h: (Us N e(Uy»)NOE)) — R

is real-analytic (because c is real-analytic with respect to j), it follows that ¢ is real-analytic
with respect to h*j. ]

Lemma 3.2. Let (3,¢) be an oriented sh-surface. If j is a complex structure on ¥ such that
¢ 1s real-analytic with respect to j, then for every z € 0% there exist j-holomorphic charts as
in (3.1) such that

(33) c(UzﬂﬁE) = Uc(z)ﬂ(?E and ¢z|Uzr182 = wc(z) ocC.

Proof. The first condition in (3.3) can be achieved by shrinking the charts. If . and ;)
are j-holomorphic charts as in (3.1) which satisfy the first equation in (3.3),

9= wc(z) oco ¢z_1 N0 (UZ082> — wc(z) (Uc(z)maz)
is a real-analytic orientation-preserving diffeomorphism between open subsets of R. Let
g: W/ — C be an extension of g to a holomorphic map on a neighborhood W' of v, (U,N03)x0
in ¢, (U.NOX)xR. Since g is an orientation-preserving diffeomorphism between open subsets
of R (because c is orientation-preserving), we can assume that g is a biholomorphic map
taking W' onto a neighborhood W" of 1) (Ue(z)NOX) X0 in ey (Ugr-)NOX) xR and WNH
onto W”NH. Replacing v, with goi, | »=L(wn)» We obtain a j-holomorphic chart around z on X
satisfying (3.3). O

Let (2,¢) be the double of (£, ¢) as in (1.6).

Corollary 3.3. Let (X,¢) be an oriented sh-surface and j € Jx. There exists a complex
structure j on X so that j|s =) and ¢*j=—j if and only if c is real-analytic with respect to j.
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Proof. (1) Suppose c is real-analytic with respect to j. Given z € 9%, choose j-holomorphic
charts on ¥ as in Lemma 3.2. The first condition in (3.3) implies that

(3.4) Wi = ({+}xU. U{=}xUy)) /~ C &
is an open subset. The second condition in (3.3) implies that the map

/ . - ’ ’ .
Wy W — G, T — w ?fx—[‘hzl], Z/GUZ,
Vo) (), fx=[=,2], 2 €Uc;

is well-defined (agrees on the overlap of the two cases, which is when 2z’ € U,N9X). This map

is a homeomorphism onto the open subset 1. (U )Utb.(z)(Uy)) of C. If (47, @Z}é(z)) is another
pair of charts as above with the same domains, the overlap map is given by

YL ),  ifxe V(W) NH;
1[’2(2) (1/{(,1) (j))v ifxe ‘Ij[z](W[z]) N H.

Thus, the collection of our charts induces a complex structure on $ that agrees with j on X7
and —j on X7, as required.

-1,
oY Y (W) — Uy (Wy), = — {

(2) Suppose there exists a complex structure jon 3 so that ﬂg =jand é=—j. By deforming j
away from OX and collapsing circles close to 0¥, we can assume that ¥ = D? and so S=PL
Since j=j|s, the standard d-operator &y on the trivial real bundle pair (DxC, &) — (D2, ¢) is
surjective and Fredholm, by the commutativity property used in the proof of Proposition 3.6.
Remark 3.7 then implies that c is real-analytic with respect to j. ]

Remark 3.4. The image of 0% in Y is an analytic curve with respect to the doubled complex
structure j constructed in (1) of the proof of Corollary 3.3: there are charts on 3 taking
this curve to R C C. There can be other complex structures j satisfying the requirements
of Corollary 3.3 for which the image of 9% is not analytic; they induce different smooth
structures on ¥ across 9%. For example, let n: P! — P! be as in (1.1). Choose any simple
curve in the upper-hemisphere of P! with ends at a pair of antipodal points on the equator.
Using 7 to double the curve, we obtain a simple closed curve which splits P! into two halves
interchanged by 7; each half is a disk with boundary involution induced by 7. For a generic
choice of the arc, the closed curve is not real-analytic with respect to the standard complex
structure on P!. One can ensure that this curve is smooth at the junction by requiring it to
run along the equator near its ends.

A real bundle pair (V,¢) — (3, ¢) doubles to a complex bundle
V=({+IxVUu{=}xV)/~  (+,0)~ (= &v)) YveV]ss,

over 3 with conjugation ¢: V—V lifting ¢: $— 3, where V denotes the same real vector
bundle over ¥ as V', but with the opposite complex structure on the fibers. We define the
Maslov index of (V,¢) by

~

u(V,¢) = {er(V), [X]).
By [21, Theorem C.3.5 and (C.3.4)], this agrees with the usual definition of the Maslov index
of (V,V®) if c=idgx. By [3, Propositions 4.1, 4.2], real bundle pairs (V,¢) — (¥, ¢) are in
fact classified by their rank, the Maslov index, and the orientability of V¢ over each boundary
component (OX); with |c;| = 0. For the sake of completeness, we confirm this for ¥ = D2
which is the only case needed for the purposes of this paper.
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Lemma 3.5. Let ¢ be an orientation-preserving involution on OD?=S'. The Maslov index
classifies the real bundle pairs (V,&) — (D% c). In particular, a rank n real bundle pair
(V, &) — (D2, ¢) is isomorphic to the trivial one, i.e.

(D?*xC", &,) — (D2, ¢), En(z,0) = (c(2),0) V(z,0)€S'xC",
if and only if p(V,¢)=0.

Proof. If c=id g1, this statement follows immediately from [21, Lemma C.3.8, Corollary C.3.9]
and the Normalization Property of the Maslov index in [21, Theorem C.3.5]. Thus, we can
assume that ¢ is the antipodal map on S'CC, V=D?xC", and

é: StxCr —s Stxcn

is a conjugation covering c.

By [5, Lemma 2.2, there exists A: S' — GL,C such that
&(z,v) = (= 2, A(—=2)A(z)"1v) VY (2,0) €8x C".

The loops Ag: S*— GL, C sending z € S' to the diagonal matrix with the first entry z¢ and
the remaining entries 1 represent the elements of 7 (GL,,C)~Z. Thus, there exists d €Z so
that the map

(S, 1) — (GL,(C),L,), 2z — Ag(2)A(2) 7L,

is homotopically trivial (with basepoints fixed) and therefore extends to a smooth map
U: D?— GL,C. The bundle isomorphism

D?xC" — D?>xC™", (z,v) — (z, \I/(z)v),
identifies the real bundle pair (D?xC", &) with the real bundle pair (D?xC™, &, 4), where

Cnd(2z,v) = (= 2, Aa(—2) Ag(z)~v) V (z,v) €St xC".

The double of (D?*xC", ¢y 4),
V= (DI xC"UD?xC")/~, (+,2,0) ~ (=, —2, Aa(—2)Aa(2)1v) ¥ (2,v) € S* xC",
has trivializations
Vips — DIxC",  [+,2,1]
Vlp: — D2 xC",  [-,2,]
The overlap between these trivializations is given by
D2ND2 x C" — D2ND2 x C",
(2l v) — ([ 2], Aa(=2) Aa(2) "0) = ([+, 2], (1) A2a(2)v).

Thus, V ~0(2d) @ (n—1)O, where O, O(2d)— P! are the trivial complex line bundle and
the 2d-th power of the hyperplane line bundle, respectively. If follows that

1(D*xC", &, q) = (e1(V),[P'])) = 2d.
This establishes both claims of the proposition. O
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Let j be a complex structure on ¥ so that c¢ is real-analytic with respect to j. Every real
Cauchy-Riemann operator D on (V,é) — (£, ¢) as in (1.3) compatible with j doubles to a
real Cauchy-Riemann operator
D: WhP(3; V) — WP (2, (T*i,j)(@CV),
where p > 2 and WP anfl WO’pA denote Sobolev completions with respect to some metrics
on ¥ and V (doubled to ¥ and V') on the appropriate spaces of bundle sections, by
De¢|,, = D¢, Dg|, =coD(éofot)ode V&€ WHP(S;V).

Since the image of D lies in WO , there is no overlap condition for D along 0% to be checked.
This operator satisfies R R
D(¢oéoc) = ¢o{DE} ode.
In particular, D takes the complementary subspaces
WP (5, V) = {€eWP(S;V): dooc = ¢},
iWIP(S; V)8 = {€eWHP(E;V): dooé = —¢}

of W'2(3; V) to the complementary subspaces
wor (f), (T*i,j)@@f/)é = {neWO’p (f), (T*f],i) ®CV) : conodé = 17},

iWO’p(fl; (T*i),j)@cf/)é = {776 Wo’p(f]; (T*ij)@(cf/) : conodé = —n}7
respectively, of WOP(S; (T*%,))@c V).
Proposition 3.6. Let (X, c) be an oriented sh-surface, (V,¢) — (X, ¢) be a real bundle pair,
i€ Je, and p>2. A real Cauchy-Riemann operator D on (V,¢) compatible with j induces a
Fredholm operator between WP and WP-completions of its domain and target, respectively,
i indg D = u(V, &) + (1-g(2)) (tke V),
where g(X) is the genus of ¥. Furthermore, the kernel of the standard 0-operator on the real

bundle pair (X xC", ¢) — (3, ¢) with ¢ induced by the standard conjugation on C" consists
of constant R™-valued functions on ¥; this operator is surjective if ¥.=D?.

Proof. Since c is real-analytic with respect to the complex structure j corresponding to D,
we have a commutative diagram

~\ C

Whe(s;V)e LWW(E; (T*i,i)@cV)

| |

Wip(s; V) —Ls Wor (5 (T*5,j)@c V)
where the vertical arrows are the restriction isomorphisms { — ¢|s+. Since D preserves the
+1-eigenspaces of ¢ WFP and iW*P above, this diagram induces isomorphisms
ker D ~ ker D, Im Dt ~ Im D, cok DT ~ cok D,
where D¥ is the restriction of D to the +1-eigenspace of ¢. Since D is Fredholm, it follows

that so is D. The index of D is the same as the index of its C-linear part D'Y. Since
multiplication by i commutes with D0, it induces isomorphisms

ker(DM0)* — ker(D')7,  cok (DM)* — cok (D'9)~
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Thus,
N 1 N ~ A ~
indg D = indg D™ = indg(D*%)* = 5indRDl»O = {c1(V),[2]) + (1—g(2)) (tkcV);

the last equality follows from Riemann-Roch for a closed complex curve; see [21, Theo-
rem C.1.10(ii)], for example.

If D is the standard d-operator on the trivial real bundle pair (ExC™, &,) — (2, ¢), D is the
standard 0-operator in a trivial vector bundle over ¥ with the standard conjugation. This
implies the last claim. O

Remark 3.7. We now show that the standard d-operator 9y on (D?xC, &) —s (D?, ¢), where
¢ is the lift of the involution ¢ on S' = 0¥ induced by the standard conjugation in C, has
infinite-dimensional cokernel if ¢ is not real-analytic with respect to the standard complex
structure jo on D?. Specifically, we show that
{2271z keZt} N Oy(WHP(D?)) = {0} ¢ WOP(D% (T*D? o))
if ¢ is not real-analytic. If k€ Z™,
{fewr(D?): 0f = kz*"'dz} = {Rez* +h: heHol(D?)},

where Hol(D?) is the space of continuous maps on the closed disk D? that are holomorphic
in the interior. The condition that Re z2¥+h lies in W1P(D?)¢ is equivalent to

Re (2% +h(z)) = Re(c(2)* +h(c(2))), Imh(z) = —Imh(c(2)).

The functions Re(2%*+h(z)) and Im h(z) are real-analytic on S'. If ¢ is not real-analytic, the
above conditions imply that

(3.5) Re(z%—l—h(z)) =C, Imh(z)=0 VzeSh

for some C € R, which we can take to be 0. Indeed, if f(z) = Re(2%*+h(z)),Im h(z) were
not constant on S', we could choose an analytic coordinate @ near any point y on S' and
an analytic coordinate ¥ near the point ¥g=c(f) on S so that

f@) = f(Wo) =x9™,  f(c(0)) — f(o) = 6"

for some m,n € Z*. Since ¢ is smooth, n/m and so 9(c(6)) = £0"/™ is real-analytic at 6.
This confirms (3.5). Finally, (3.5) with C'=0 implies that

m'?{ —Rez%dz_{—@zk)! if m=2k;
|z]=1

B lm) (0) = o

- 27 0, otherwise.

Thus, h(z) = —12%, which contradicts (3.5).

4. PROOFS OF MAIN STATEMENTS

We begin this section by recalling some standard facts concerning determinant lines of real
Cauchy-Riemann operators, rephrasing the first half of [9, Section 2] in terms of real bundle
pairs (V, &) — (2, ¢), instead of bundles (V, V¢ — (2,0%) of the |c¢[; =0 case. We then de-
duce Theorem 1.1 from [9, Theorem 1.1] and Lemma 4.2. The latter treats a very special case
of Theorem 1.1 and is the analogue of [9, Lemmas 3.4, 3.6] for the non-trivial involutions ¢;
on (0¥);. We conclude this section with a set of lemmas extending [9, Lemmas 2.2-2.4] to
arbitrary boundary involutions c.
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A short exact sequence of Fredholm operators

0o —— X’ X X" 0
L N 6
0 —— Y Y Y” > 0
determines a canonical isomorphism
(4.1) det D ~ (det D') @ (det D").

For a continuous family of Fredholm operators D, : X; — Y; parametrized by a topological
space B, the determinant lines det D; form a line bundle over B; see [21, Section A.2] and [31].
For a short exact sequence of such families, the isomorphisms (4.1) give rise to a canonical
isomorphism between determinant line bundles.

Let (X, ¢) be an oriented, possibly nodal, sh-surface, with nodes away from the boundary and
jeJ.. Let m: ¥ — ¥ be the normalization of ¥. Fix an ordering of the boundary components
of ¥ (and thus of f)) and of the nodes of ¥. A real Cauchy-Riemann operator D on a real
bundle pair (V,¢é) — (X, ¢) corresponds to a real Cauchy-Riemann operator D= @, D! on
7*(V,¢) —> (2, ¢), where the sum is taken over the components of 3. Thus, by (4.1), there
is a canonical isomorphism

det D ~ ®(det D).

On the other hand, gluing together punctured disks around the nodes z; of 3, we obtain a
smooth surface ¥ and a real Cauchy-Riemann operator D over (X, ¢) for a gluing parame-
ter . Similarly to [14, Appendix D.4] and [4, Section 3.2], for every sufficiently small ¢ there
is a canonical (up to homotopy) isomorphism

(4.2) det D° ~ (det D) ®A§§P<€szj> .
J

Moreover, the gluing maps satisfy an associativity property: the isomorphism (4.2) is inde-
pendent of the order in which we smooth the nodes.

Remark 4.1. The space of real Cauchy-Riemann operators on (V,¢) — (X, ¢) is contractible;
thus, a choice of orientation on one determinant line canonically induces orientations on the
rest. Any two families of real Cauchy-Riemann operators on a family (V, &) — (3¢, ¢r)
are fiberwise homotopic. This implies that their determinant bundles have the same Stiefel-
Whitney classes.

Proof of Theorem 1.1. By Lemma 4.4, we can assume that v restricts to the identity in
a neighborhood of the boundary. For each boundary component (0X); of ¥ with |¢;|=1, let

(4.3) U; = S' x (9%); x [0,2¢] = S* x Cyl
be a neighborhood of S x (9%); in M, and

U; =1 x (0%); x [0, 2€]
be the corresponding neighborhood of Ix (0X); C IxX. By the proof of [9, Proposition 3.1],
we can assume that the identification (4.3) commutes with the complex structures on the
fibers over S
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By [5, Lemma 2.2],
(V,8)|s1x (o), = (Ix( S'xC",&))/ ~, (0,2,v) ~ (1,2,9i(2)v) V(z,0)€(d%); xC",
where ¢; denotes the lift of ¢; induced by the standard conjugation on C" and
i (0%); — GL,C st. gi(c(2) = gi(z) ¥V 2€(0%);;

in fact, g; can be taken to be a constant function with values in the diagonal matrices,
with at most one diagonal entry -1 and the remaining diagonal entries 1. Since such g; is
homotopically trivial, it can be extended to a map

gi: (0%);x[0,2¢] — GL,C s.t. 9i|(82)ix[e/2,2e] = Id.

For all i with |¢;/ =1 and t € S, pinch tx ¥ along the curve ¢ x (9%); x € to obtain a nodal
curve X¥ with normalization consisting of a disjoint union of disks D? with |¢;/ =1 and a
Riemann surface ¥/, whose boundary components are the boundary components (0X); of
with |¢;| =0, with spemal points 0 € D? and p; € ¥’ with |¢;|=1. The real bundle pair (V,¢)
descends to a real bundle pair over the family of nodal curves as in [9, Remark 2.1}, inducing
bundle pairs

(V&) — S'x(¥,05) and (V;,&) =1 x, (D*xC", &) — S'x (D7, ¢;),
with p(V;, &) =0 and with isomorphisms V'|;xp, = C" & V|ixo for every te st

Taking a family of real Cauchy-Riemann operators D’ on (V’, &) and gluing it to a family of
real Cauchy-Riemann operators D; on (V;, &), we obtain a family of real Cauchy-Riemann
operators D° on (V,¢). By Remark 4.1 and (4.2),
(4.4) det Dy, ~ det D ~ (det D') @ (X) ((det Dy) @ALP (V' |(1p,))-
lei|=1
Thus,
wi(det D) = wy(det D') + Y (wi(det Di) + w1 (V' ]g14y,))-
lei]=1
The complex structure on V’|g, xp, induces a canonical orientation on this space; in particular,
w1 (V'|s,xp;) =0. The term w;(det D) is given by [9, Theorem 1.1]. Therefore, the problem
reduces to the families of operators D; on (V;, &) over S'x (D2, ¢;). Theorem 1.1 now follows
from Lemma 4.2. O

Lemma 4.2. Let c: S' x90D? — S'x9D? be a fiberwise orientation-preserving involution
different from the identity and (V,¢) — (S'x D%, ¢) be a real bundle pair with u(V,&) =0 on
each fiber. If D is any family of real Cauchy-Riemann operators on (V,é) over S', then
topE o c
(wy(det D), SY) = (wy© “(ALPV), [S" x D).
Proof. Let n=rkcV. Denote by
(Vi, Ei) — (Sl X D2, C)
the real bundle pairs with
Vi = (IxD*xC) /~, (0,2,v) ~ (1,2, +v) ¥V ze D?, veC,
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with the involutions induced by the standard conjugation on C.

By Proposition 3.6, the standard dp-operator on the trivial bundle pair
(tx D?*xC", &,) — (tx D?, ¢|yx51), te st

is surjective and its kernel consists of constant real-valued functions. Thus, the index bundle
of the family of the standard dp-operators on the trivial rank n real bundle pair nV, (direct
sum of n copies of V) is isomorphic to S* x R™ by evaluation at a boundary point and in
particular is orientable. On the other hand, the index bundle of the family of the standard
50—operat0rs on
V_a(n-1)V, — S'x D?

is the direct sum of the Mobius line bundle over S' and n—1 copies of the trivial real line
bundle; in particular, it is non-orientable. By Remark 4.1, the determinant bundle of any
family of real Cauchy-Riemann operators on a trivializable real bundle pair as in the state-
ment of the lemma is thus orientable and on a real bundle isomorphic to V_&(n—1)V, is not.

By Lemma 3.5, every bundle pair (V,¢) as in the statement of the lemma is isomorphic the
bundle pair
(HXDZX(C)/ ~, (0,z,v) ~ (1,2, A(z)v) V ze D?, veC,

for some smooth map A : D? — GL,C such that A(c(z)) = A(z) for all z € S*. By [5,
Lemma 2.2], there are two homotopy classes of such maps; they are represented by the
constant maps with values in the diagonal matrices, with at most one diagonal entry -1

top ~
and the remaining diagonal entries 1. Lemmas 2.5 and 2.6 then imply that w;\ c C(Ang)
classifies the rank n real bundle pairs (V,¢) as in the statement of Lemma 4.2. Thus, if

top ~
ws c C(A(tcOp V) =0, (V,¢) is trivializable; by the previous paragraph, det D is orientable in

. e ARPE S . . .
this case. On the other hand, if w,© C(A(tcolo‘/') #0, (V, ¢) is isomorphic to the twisted pair of
the previous paragraph and thus det D is not orientable. Combining the two cases, we obtain
the claim. 0

The next three lemmas are used in the proof of Theorem 1.1 and in some of its applications.
In particular, in some situations they allow us to replace arbitrary diffeomorphisms of (X, ¢)
by those that restrict to the identity near 0.

Lemma 4.3. Let (3,c¢) be an oriented sh-surface. For every hg € D,, there exists a path hy
in D, starting at hg such that hy restricts to the identity on a neighborhood of 0% in X..

Proof. Fix a component (0%); ~ St of 9%, an identification of a neighborhood of (9%); in ¥
with S x [0,26], and €€ (0,6/2) such that ho(S*x[0,2¢]) € S x[0,6]. After composing hg
with a path of diffeomorphisms on ¥ which restrict to the identity outside S* x (0,24), we
can assume that ho(S! %[0, 2¢]) = S x [0, 2¢].

By [6, Proposition 2.4] and [19, (1.1)], the group of diffeomorphisms of the cylinder preserving
the orientation and each boundary component is path-connected. In particular, there exists
a path of diffeomorphisms

(4.5) fi: S1x[0,2¢] — S1x[0,2¢]  s.t. fo=ho, fi = ho,
where  ho(z,s) = (m1(ho(2,0)),s) ¥ (z,5) €S x[0,2€].
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Replacing f; with hgo ft_lo fr, with f; defined analogously to hg, we obtain a path of diffeo-
morphisms f; as in (4.5) that restrict to hg on S'x0. Thus, after composing hg with a path
of diffeomorphisms on ¥ that restrict to the identity outside S*x (0, 2¢), we can assume that
ho=hg on S x [0, €]; such a path is constructed from a path of diffeomorphisms on S x [0, 2¢]
using vector fields as below.

Since z —» ho(z,0) commutes with the involution ¢;, hy descends to a diffeomorphism hy,
on the quotient (S'/¢;)x[0,¢]. By [6, Proposition 2.4] and [19, (1.1)], there is a path of
diffeomorphisms
fl:(SYei) [0, €] — (SY/ei)x[0,e] st fi=id, fi=hyt.
This path lifts to a path of diffeomorphisms
fr: S'x[0,6 — ST x[0, €] st. fo=1id, fi= h61|slx[o,e}> cio ftls1xo = froci.

The path f; generates a time-dependent vector field X;. Multiplying X; by a bump function
on ¥ vanishing outside [0, €] and restricting to 1 on S x [0, ¢/2], we obtain a time-dependent
vector field X; on ¥. This new vector field gives rise to diffeomorphisms f; of 3 which restrict
to the identity outside S*x|0, €], while f; restricts to hal on S'x[0,¢/2]. Then hgof; is a path

in D, connecting hy with a diffeomorphism which restricts to the identity in a neighborhood

Lemma 4.4. Let (3,c) be an oriented sh-surface and 1) € D.. Every family of real Cauchy-
Riemann operators on a real bundle pair (V,¢) over My with Dy compatible with some j; € J.
for each t € 1 can be smoothly deformed through such families to a family of real Cauchy-
Riemann operators on a bundle pair (V', &) over My for some ¢ € D, such that ¢’ restricts
to the identity on a neighborhood of 0.

Proof. By Lemma 4.3, there exists a path hg in D, such that hg =1 and hy restricts to the
identity on a neighborhood of 9% in ¥. Set fs =1 "'ohs. Let (i, V4, &, Dy), with t €1, be
any family of tuples such that j; € 7., Dy is a real Cauchy-Riemann operator on (V;, &) over
(X, ¢) compatible with j;, and
(i1, V1, €1, D1) = ¥ (jo, Vo, Co, Do)-

For each s€1, let

(js;ta Vs;tv 65;1‘7 Ds;t) = f:t(jta ‘/tv 6t) Dt)
Since (js:1, Vi1 €s:1, Dsi1) = hi(3s:05 Vs:0, €s:05 Ds:0), this defines families of real Cauchy-Riemann
operators on the real bundle pairs (Vs, és) over Mp,,. Since hg =1, we have thus constructed
the desired deformation of the original family. O

Lemma 4.5. Let (X,¢) be a smooth manifold with an involution, (3,c) be an oriented
sh-surface, and b be a tuple as in (1.7). Every loop ~ in Hy(X,b)*< lifts to a path 5 in
B,(X,b)?¢x T, such that 71 =1 - Yo for some 1 € D, with 1|sy = id.

Proof. Under the assumption of Remark 1.5, the projection
By (X,b)?¢ x T — Hy(X,b)?¢
admits local slices. Thus, there exists a path 7 = (u,j;) in B4(X,b)?¢x T, lifting . Let

1 €D, be such that 41 = ¥-7y. By Lemma 4.3, there exists a path h; in D, such that hg=1)
and hj restricts to the identity on the boundary. The lift 5] = hy-9p~'-7; of v then satisfies

F=hy AL, O
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5. LOCAL SYSTEMS OF ORIENTATIONS

This section extends [9, Section 4] to arbitrary boundary involutions and reformulates Corol-
lary 1.6 in terms of local systems of orientations, making it easier to compare systems of
orientations induced from different bundles as in Remark 1.2. For the sake of completeness,
we begin by recalling the basics of local systems following [29]. We continue by constructing
b,c

(w1,w2)
and |c|o copies of the ¢-fixed locus X¢ and its free loop space £(X?). We then show that
its pull-back is isomorphic to the local system twisted by the first Stiefel-Whitney class of
det D(V¢~>) .

Definition 5.1. A system of local groups G on a path-connected topological space L consists of

a local system Z on the product of |c|; copies of the equivariant free loop space of X

e a group G, for every z€ L and
e a group isomorphism a,, : G;; — G for every homotopy class a,, of paths from z to y

such that the composition ,.0ay, is the isomorphism corresponding to the path gy 3y..

Lemma 5.2 ([29, Theorem 1]). Let L be a path-connected topological space, po € L, and G be
a group. For every group homomorphism 1 :m (L, po) — Aut(G), there is a unique system
Gy ={G=z} of local groups on L such that Gp, =G and the operations of mi(L,pg) on Gp, are
those determined by 1.

Two local systems G and G’ on L are isomorphic if for every point x € L there is an isomorphism
hy: Gz ~G! such that azyhg = hyay, for every path a,, between z and y. Equivalently, two
local systems are isomorphic if the groups G and G’ are isomorphic and the induced actions
of m(L, ) are the same. There are Aut(G) of such isomorphisms, and one is fixed by a
choice of an isomorphism G, ~G, .

A continuous map f: (Li,p1) — (L2, p2) naturally pulls back a local system G on Ly to
a local system f*G on Lq. If L; and Lo are path-connected and G is induced by a group
homomorphism v : 71(Lg, p2) — Aut(G), then f*G is induced by the group homomorphism

Yo fyu:m (L1, p1) — Aut(Q),

where fu : mi(Li,p1) — mi(L2,p2). The local system of orientations for a vector bundle
V — L, denoted by Z,, (), is the system induced by the homomorphism

Y m(L,po) — Aut(Z) = Za, a— (w1 (V),a).

Let (X, ) be a topological space with an involution and (V, ¢) — (X, ¢) be a real bundle
pair. Fix base points p;, 7;, and I'j, for the connected components Xj), L(X?);, and L(BsX)y

of X%, L£(X?), and L(B4sX), respectively. Let ZT%MUQ be the local system on X®x £(X?)
corresponding to the homomorphism
b (X)X LX), pix ) = (X0, pi) x T (L(X9),75) — Aut(Z) = Zs,

(@, 8) — ((wi(V?),75) + 1) (w1 (V). [a]) + (w2(V?), [5]),
and Z ; be the local system on £(BgX) corresponding to the homomorphism
W2

U (LBeX)p, Tr) — Aut(Z), B — (wy(V), [B]).
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¢’

(w1,w2) on

If ¢ is a boundary involution on an oriented surface X, we define Z
Xpo = (X0 LX) D x L(ByX)D

to be the pull-back of the local systems Zgl,wz and qu; by the projection maps. Thus, the
2
restriction of this system to a component of Xy . with a basepoint
(5.1) (.7 T) = (p1,71, - -+ Plelo» Velo> Llelo+15 - - > Dlelo-tlclr)
is given by the homomorphism
¢ LT (X¢,c7 (ﬁa 5;’ F)) — AUt(Z) = ZQ»
(01,81, - ety Bielos Bielo+1: - - - » Blelo+lel1)

e ) ) lelo+lels
(5:2) Hz( %), 30 +1) (@i (VO), [ad]) + (wa(V9), [B:)) + §<w§<m,[@1>.
i=|clo+1

If (X,¢) and (X, c) are as above, g is the genus of 3, b is a tuple of homology classes as

in (1 7) and k= (k1,...,Kjc;1|c,) is a tuple of nonnegative integers, let
lelo+]clx
By (X, b)* = By (X,b)* 5 [[((0D)F ~ Ai),
i=1

Hyr(X,0)?¢ = (B, k(X,b)**x T.) /D,
where

A, = {(%’,1, e Tig) € (82)?" oy y €{x; 4, c(x; )} for some j, j'=1...,k, j;éj’}

is the big c-symmetrized diagonal. In the case X is a point and b is the zero tuple, we denote
Hgo0(X, b)?idox by My; this is the usual Deligne-Mumford moduli space of stable bordered
Riemann surfaces with ordered boundary components if 3 is not a disk or a cylinder (for
stability reasons). In all cases, let

f:Hyw(X, )P — Hy(X,b)?¢
be the map forgetting the marked points.
Proposition 5.3. Let (X, ), (X,¢), g, b, k, and X, be as above. If ke (Z*)lcotleh  there

1S a map
ev: Hg,k(Xa b)d)’c — X¢,c

such that for every real bundle pair (V, <Z~>) — (X, ) the local system Zwl(detDvg,) over
Hyx (X, b)?¢ is isomorphic to v Z9°

(w1,w2)"

If k = 1, this local system pushes down to a
local system

~*Z¢C )_f*oev Z¢’

(w1,w (w1,w2)

over H,(X,b)?¢ isomorphic to Z1 (det Dy
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Proof. The proof is similar to the proofs of [9, Proposition 4.6] and [9, Lemma 4.7]; so we
omit some of the details and refer the reader to [9].

The component ev ? of ev to the i-th X factor is given by the evaluation at the first marked
point x; 1 on the i- th boundary component. We now describe the remaining components of ev.
Let Dy and Dy denote the subgroup of D, restricting to the identity on 9% and the subgroup
of D, fixing the first marked point z; ; on each boundary component (0X);, respectively. The
fibration

(By (X, D)X T.) /Dy — (Byx(X,b)"xT.) /D

has contractible fibers and thus admits a section s. Since the elements of Dy fix 0% pointwise,
there are well-defined maps

€;: (%g,k(X; b)¢’c><jc)/D0 — ﬁ(X(b), [u,xl, . 7X\C\0+|C|1] — u|(32)i s

fori=1,...,|clo. If i=|clo+1,...,|clo+]cl1, poulwas), = uoc|ox),. Thus, ulss), determines
an element of L(ByX),

ldXZ u

B¢7Ci(u|(az)i):51%(82)1-/Z2—>IBB (0%); —3 BgX,

where the middle map is a section of the fiber bundle (2.3); see also the beginning of Sec-
tion 2.3. So, there are well-defined maps

eit (By(X, D)< T.) /Dy — L(ByX)

for i =|clo+1,...,|clo+|c|i. Let 1=(1,...,1) € Zldo+lel " The component ev¥ of ev to the
i-th factor £(X?) or L(B,X) is the composition

LX), ifi=1,...,|c|o;

Hyr(X,b)° — (Bya 1(X,b)?*x J,) /Dy 93
gkl ) (B k-1 ) Je) /D {/;(IB%d)X), if i = |clo+1,...,[clo+]c|1-

It is well-defined up to homotopy.

We now show that the local systems Z,, (get Dy.3) and ev*ZEbw ) OVer Hyx SX b)?¢ are
P,

isomorphic. Let ug€ H,k(X,b)?¢ be a preimage under ev of a basepoint ( ,7 I') in X4 as
n (5.1). In particular,

bi =[] € H(X®Z)Vi=1,...,|clo, bi=[[y]e€H(X;Z)Yi=l|clo+1,...,|clo+]|ch.

It is enough to show that the action of every element v of 71 (H,yk(X,b)?<, up) on the two
local systems is the same. The action on 2, (qet Dy ;) is given by (w;(det D(V¢3)>77>' By

Corollary 1.6 and Lemma 2.6,

Iclo : :

(wi(det Dy, 5)).7) = D ((wi(VE),bi) + 1) (wr (Vo) o) + (wa(V7), [5]))
(5.3) -

|elo+Iel1

+ Z <’LU2~ 1d><c1>’

i=|clo+1
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where a;: S'— X and B;: S'x (9%); — X are the paths traced by x;1 and by the entire
boundary component (9X); along ¥=so~. In particular,

X®

o =eviioy, B =evFon Vi=1,...,]|co,
Be,id g1 xc; Bi =evioy  Vi=lclo+1,...,|clo+]c|r.
The action of v on ev*Zé’}iwz) is given by the action of
evoy = (a1, B1, - -+, Qelgs Bl Beridgr xeiBlelo+1s - - - » Borid g i Blelo-+lclr )
on Zf)u’)l wn)” BY (5.2), this action is also given by the right-hand side of (5.3).

For the last claim of the proposition, it is sufficient to show that the system eV*ZEi’Jcl wy) OVeT

Hga(X, b)?¢ pushes down under the map forgetting the boundary points on a particular
component (0%); of 9%, i.e. that the system is trivial along each fiber of this map. For the
components with |¢;| =0, this is done in the proof of [9, Lemma 4.7]; so, we assume that
lci|=1. Let v be a loop in the fiber (which is homotopic to S'). The map

Bg,idg, xe; (€vi0y): ST x ((0%)i/Z2) — By X

factors through (9%);/Zs =~ S'. Thus, the map evF o~y represents the zero class in Hg (X),
and so the reasoning in the proof of [9, Lemma 4.7] still applies. O

Proposition 5.4. Let (X, ¢), (X,¢), g, b, k, and X4 . be as before and (V, <;~3) — (X, 0) be a

real bundle pair. An isomorphism between the local systems of Proposition 5.3 is determined

by trivializations of

(1) Aﬁ’gp(V‘z’) over a basepoint of each component of X,

(2) V¢ 3A]§R?Pvd> over representatives for free homotopy classes of loops in X?® (one repre-
sentative for each homotopy class), and

(3) (V,¢) over representatives for free homotopy classes of maps S' — X intertwining ¢
and the antipodal involution a on S'.

The effect on this isomorphism over Hgq1 (X, b)?¢ under the changes

0% mo(X?) — {0,1},  sL: m(X) — m(SO(keV)), of: 7P(X) — {0,1}

€

in these trivializations is the multiplication by (—1)¢, where

(5.4) €= Z (wy ( V‘Z> >+1)0§§(<b> )+$R ZOC
|ci|=0 les]=1
and (b;)o € To(X?) is the component determined by b; € Hi(X?; 7).t
Proof. An isomorphism between the two local systems is determined by a trivialization of
det D(V §) over a basepoint ug for each component of H, (X, b)?¢ that lies in the preimage of

a basepoint (P, 7, ) of X4.c. This fixes the group Z at ug and thus an isomorphism between
the two systems. By the proof of [9, Theorem 1.7], this isomorphism is independent of the
choice of ug.

L, (X?,Z) is the direct sum over mo(X?); Hg1(X,b)*¢ = 0 unless each b; lies in a summand of this
decomposition.
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Fix up € Hyx(X,b)?¢ as above. By (4.4),
det Dy, 5 lu ~ (det D) @ @) ((det Dugii) @ Ag" (V)

|es|=1

where Dy, is a real Cauchy-Riemann operator on a bundle pair (V’,é") — (X', ¢) with

(82/7 C) = |_| ((az)l’ Ci)a (Vla 6,) ‘(32)2. = US(K Qg)|(82)i,
|es|=0

Dy, is a real Cauchy-Riemann operator on a bundle pair (V;, &) — (D?, ¢;) with

(Vils1, &) = up(V, 9)|as), »
and p; €X'. The vector spaces Vpli are canonically oriented by their complex structures. By [9,
Proposition 4.8], an orientation on Dy, is determined by the trivializations (1) and (2) in the
statement of the proposition and the effect of the changes in these choices on the orientation
of Dy, is described by the first sum in (5.4). By the proof of Lemma 4.2, an orientation
of Dy, is determined by the homotopy class of a trivialization of ug(V, ¢) over (9%); and
changing the homotopy class changes the induced orientation. This implies the claim. O

6. MODULI SPACES OF MAPS WITH CROSSCAPS

We begin this section by constructing moduli spaces of J-holomorphic maps from oriented
sh-surfaces. We then discuss implications of Proposition 5.4 for the local systems of orien-
tations on these spaces, giving an explicit formula for their first Stiefel-Whitney classes; see
Corollary 6.2.

As in [9], let Jx, and Dy, denote the space of all almost complex structures on ¥ and the
group of diffeomorphisms of ¥ preserving the orientation and the boundary components,
respectively. The map

jc/Dc — \72 /DE
is surjective, but has infinite-dimensional fibers unless ¢ =idyy (in which case J. = Jx and
D.=Dy). We define subspaces J* C J. and D} C D, so that the map

(6.1) J:|D; — Js/Ds

induced by the inclusions J* — J5 and D} — Dy is an isomorphism, whenever (X, ¢) is
not a disk with an involution different from the identity.

If ¥ is a disk, we identify ¥ with the unit disk in C so that ¢ corresponds to either the identity
map or the antipodal involution a on S* CC. Let J* = {jo}, where jq is the standard complex
structure on the disk. If c=idg1, we take

Di = PGLIR = {z—w Zta
1+az

this is the group of holomorphic automorphisms of the disk. If ¢=a, we take D} to be the
subgroup of PGLIR consisting of the standard rotations of S'. The map (6.1) is then sur-
jective, since for any other complex structure j on the disk compatible with the orientation,
there exists an orientation-preserving diffeomorphism h of the disk such that j=h*jo; see [2,
Corollary 1.9.5]. In particular, the map (6.1) is an isomorphism if c=idg:; if c=a, this map
takes a point with the trivial S'-action to a point with the trivial PGLIR-action.

cvest aeC, \a|<1};
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Suppose next that ¥ is a cylinder with ordered boundary components (0X); and (0%)2. Let
I=(0,1). For each r€l, we define

Ap ={2€C: (|z|-r)(r|z]-1) <0}, (8A,)1 = {2€C: |z|=r}, (0A4;)2 = {2€C: rlz|=1}.
Choose a smooth map
U:IxES —C* U(rz) — U,(2),
such that each map
U,: (3, (091, (0%)2) — (Ar, (0401, (0A1)2),  rel,
is a diffeomorphism so that ao¥, = W,ac; on (9%); if |¢;|=1 and i =1, 2 and the diffeomorphisms
\I’Tolll;:l: A — Ay, r,r € ]OI,

commute with the standard action of S C C* on C. The last condition implies that the
Sl-action on ¥ given by

(6.2) S'xS—3%, u-z=U(ul(2)) VzeX, ueS'CC,
is independent of rel. In this case, we take
Jr = {: rel}

and D} C D, to be the subgroup corresponding to the action (6.2). The latter is the group
of automorphisms of each complex structure in J that preserve each boundary component
of ¥. By the classification of complex structures on the cylinder [2, Section 9], for every j € Js,
there exist a unique r el and a diffeomorphism h of 3 preserving the orientation and the
boundary components such that j=h*U%jy. It follows that the map (6.1) is an isomorphism.

If 3 is not a disk or a cylinder, i.e. the genus of its double is at least 2, we identify each bound-
ary component (9%); of 9% with S! in such a way that ci=c|(sx), corresponds to either the
identity or the antipodal map on S' and denote by D; the subgroup of diffeomorphisms of
(0%); corresponding to the rotations of S! under this identification. For each j € J, there
exists a unique metric g on the double (f)’ i ) of (3,)) with respect to the involution idyy, so
that g; has constant scalar curvature -1 and is compatible with j’ . Each boundary component
(0%); is a geodesic with respect to gj, and each isometry of (0X); with respect to g; is real-
analytic with respect to j. We denote by J} C Jx, the subspace of complex structures j so
that each D; is the group of isometries of (0X); with respect to g; and by D} the subgroup of
diffeomorphisms of 3 that preserve the orientation and the boundary components and restrict
to elements of D; on each boundary component (9X); of ¥. Since ¢; € D; for each i, J* C J.
and D} C D.. We verify in the proof of Lemma 6.1 that the map (6.1) is an isomorphism in
this case as well.

If (X,¢) and (X, ¢) are as above, g is the genus of X, and b is a tuple of homology classes as

in (1.7), and k= (k1, ..., kjc|g+|c|;) is @ tuple of nonnegative integers, we define

;,k(Xa b)¢7c = (%g,k(va)QS’c X jc*)/D: :
If in addition J is an almost complex structure on X such that ¢*J=—J, let

gﬁg’k(X, J, b)d)’c = {[u, X1y Xclo+|e|r ]] GH;k(X, b)d%C: 5]71'11,:0},
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where 0 7 is as in (1.9), be the moduli space of marked J-holomorphic maps from Riemann
sh-surfaces that intertwine the involutions on the boundary. In the case X is a point and b
is the zero tuple, we denote H; o(X, b)?¢ by M&.

Lemma 6.1. If (X, ¢) is an sh-surface and ¥ is not a disk or a cylinder, the map
(6.3) MS, — My,
induced by the inclusions JF — Jx, and D — Dy, is an isomorphism.

Proof. If j€ JF and h € Dy, are such that h*j€ J), then each parametrized boundary com-
ponent of ¥ is a geodesic with respect to the metrics g and h*g; on the doubles (¥',j’) and

A~ —/
(3, h*j ). Thus, the restriction of h to each boundary component of ¥ is an isometry with
respect to the metric gj, and so h|(gs), €D; and h€Dy;. Thus, the map (6.1) is injective and
continuous (since it is induced by inclusions before taking the quotients).

Suppose j € Jx. For each boundary component (0X); of X, let f: (0X); — (9X); be an
orientation-preserving geodesic parametrization of the target with respect to the metric g
and the chosen parametrization of the domain. Similarly to the proof of Lemma 4.3, f extends
to a diffeomorphism h of 3 that preserves the orientation and the boundary components. By
the assumption on f, each parametrized boundary component (9X); is a geodesic with respect
to h*g; = gn+j and so h*j € JF. Thus, the map (6.1) is surjective and open (since h can be
chosen to depend continuously on j). O

Corollary 6.2 (of Proposition 5.4). Let (X, ¢), (£,¢), g, b, k, and X4 . be as before. There
do,c
(w1,w2)

space My (X, J,b)?< is isomorphic to &v

1 a local system Z on Xy . such that the local system of orientations on the moduli

*qub,c

. An isomorphism between the two systems
(wlva)

is determined by trivializations of

(1) Aﬁsp(TXd’) over a basepoint of each component of X,

(2) TX? @ SAFR?pTX‘ﬁ over representatives for free homotopy classes of loops in X (one
representative for each homotopy class), and

(3) (TX,d¢) over representatives for free homotopy classes of maps S' — X intertwining
¢ and the antipodal involution a on S*.

The effect on this isomorphism of the changes in the above trivializations is described as
in (5.4).

Proof. Suppose first that ¥ is not a disk or a cylinder. The proof of Lemma 4.3 then applies
with D, replaced by D}, once f; in the first part of the third paragraph is chosen to be a path
in D;. It follows that the statements and proofs of Lemmas 4.4 and 4.5 and Theorem 1.1
with (7, D.) replaced by (J¥, D¥) hold as well. Therefore, Corollary 1.6 and Propositions 5.3
and 5.4 apply with Hg1 (X, b)?¢ replaced by 7—[;71((X, b)?¢. In light of Lemma 6.1, Corol-

lary 6.2 follows from Proposition 5.4 with H,x(X,b)?¢ replaced by Hy (X, b)?¢ by the
same argument as [9, Corollary 1.8] follows from [9, Theorem 1.7].

If ¥ is a disk or a cylinder, the general principles of the proof of [9, Corollary 1.8] still
apply. The orientation of 79, 1 (X, J, b)?€ at each point of M, (X, J, b)?< is determined by
orientations for the index of a Cauchy-Riemann operator on a real bundle pair and either the
appropriate Deligne-Mumford space or the automorphism group of the complex structures.
With our choices of J and D}, the last two objects are canonically oriented. O
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By Corollary 6.2, [9, Corollary 1.6], and Lemma 2.7, M, x (X, J, b)?* is orientable if

(1) X?C X is orientable and wa (X ?) = k*+w]| yo for some k € H (X ?; Zs) and we H?(X; Zs),

(2) and w;\atcopd‘f’(Ag’pTX) is a square class, e.g. if either 7m(X) = 0 and we(TX) = 0 or
AFCOP(T X, d¢) admits a real square root;

the first condition is not needed if |¢|o =0, while the second condition is not needed if |c[; =0.

For example, these moduli spaces are orientable for a smooth quintic hypersurface X in P*

cut out by an equation with real coefficients and with the involution ¢ being the restriction

of the standard involution 74 on P*. If

wa(X?) = K% 4 w|xo for some ke HY (X% Zy), we H*(X;Zy),

but X? is not orientable, and (2) above still holds, the orientation system of M, x (X, J, b)%¢
is a pull-back/push-down of several copies of the orientation system of the Lagrangian X¢.
The |c|;1 =0 case of these results contains [8, Theorem 8.1.1] and [28, Theorem 1.1]. How-

ever, the presence of we in (5.2) means that in general the local system of orientations on
M,k (X, J, b)?¢ is not the pull-back of a system on X or X9,

As described in [9, Section 1], the index bundles Dy, 5 over Mgk (X, J, b)#* constructed as in
Remark 1.2 are expected to play a prominent role in the computation of real Gromov-Witten
invariants of submanifolds, such as complete intersections in projective spaces. Specifically,
given n€Z* and an m-tuple a = (ay,. .., a;) of positive integers, let

Vn;a = Opn (al) D...DOpn (am) — s P,
This bundle admits a natural lift 7,,.a of the standard involution 7,, on P" given by the con-

jugation of each homogeneous component. If [b| is sufficiently large, the operators Dy, .
over M, 1 (P", b)?¢ are surjective and their kernels form a vector bundle

Vna — Mgk (P", b)™¢

whose orientation bundle is det Dy, , 7,... The euler class of this bundle, with suitable bound-
ary conditions, is expected to relate real Gromov-Witten invariants of a complete intersection
Xn.a to real Gromov-Witten invariants of P". The following corollary, which extends [9, Corol-
lary 1.10], suggests that it may indeed be possible to integrate e(Vy.a) over My (P, b)7¢
when n—|a| is odd. In these cases, the moduli space M, k(Xn.a,b)™° is oriented and in
fact has a canonical orientation, constructed using the Euler sequence for P" and the normal
bundle sequence for X, 5, similarly to the proof of [9, Corollary 1.10]; see also the proof of
[10, Proposition 7.5] for similar results for compactified moduli spaces with ¥ = D?.

Corollary 6.3. Let ncZt, meZ=°, ac(Z*)™ be such that n—|a| is odd and (3,c), k, and
b for (X,¢)=(P",1,) be as before. If |b| is sufficiently large, the line bundles

APV, ARPTM, 1 (P, b)™¢ — M, 1 (P, b) ¢

are canonically isomorphic up to multiplication by R™ in each fiber.

Tn;a

Proof. By Proposition 5.4 and Corollary 6.2, the local systems for the two line bundles are
isomorphic to the push-down/pull-back of the local systems corresponding to TP" and V;.a.
The action of a loop ~ in M, i (P™, b)™ on the last two local systems is described by (5.2)
with V' = TP", Vj,.a. As shown in the proof of [9, Corollary 1.10], the first sum in (5.2) is the
same for V-=TP" V.. Since m(P") =0, by the last statement of (2.7) this is also the case
for the second sum if the usual second Stiefel-Whitney classes of TP" and V., are the same;
this is indeed so under our assumptions. Thus, the push-down/pull-back of the local systems
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are the same, and so the two line bundles are isomorphic.

An isomorphism between the local systems for the two line bundles is induced by identifica-
tions of choices (1)-(3) in Proposition 5.4 for the two bundles. The proof of [9, Corollary 1.10]
describes such identifications for (1) and (2). Identifications for (3) are described similarly.
They are specified by the canonical, Zs-equivariant, trivialization over representatives for
homotopy classes of loops (S', ¢) — (X, ¢), where ¢: S — St is the antipodal map, of the
vector bundle

(7’L+1)O]}Dn(1) D Vn;a = (n+1)O]}Dn(1) D O[pm (al) D...D O]pn (am)
with the complex conjugation induced from the natural complex conjugation in Opn(1). This
canonical trivialization is obtained by taking either of the Zs-equivariant trivializations of
Opn (1) and using it to trivialize all of the bundle components. The effect of changing the
trivialization of Opn (1) on the trivialization of the entire bundle is
(=)™ (=) (1) =1,

by our assumption on a. ([l

APPENDIX A. ALMOST COMPLEX STRUCTURES ON BORDERED SURFACES

In this appendix we show that every bordered Riemann surface (X,j) can be covered by
(3,j0)-holomorphic charts
Y: (U, UNIY) — (W, WNR),

where U is an open subset of 3, W is an open subset of H, and jg is the standard complex
structure on C; see Corollary A.2. We also show that every symmetric Riemann surface
(f), j,0) can be covered by holomorphic charts that intertwine o with the standard conjuga-
tion oy on C; see Corollary A.3. These statements are likely known, but we could not find
them in the literature and thus include them with proofs for the sake of completeness.

Lemma A.1. If U is an open neighborhood of the origin in H and j is an almost complex
structure on U, there exists a diffeomorphism

h: (U, UNR) — (W, WNR)
between an open neighborhood of 0 in U and an open subset W of H such that j=h*jg.
Proof. There exist a,be C*°(U,R) such that

a0 9 9

By shrinking U if necessary, it can be assumed that b(x,y)#0. With
(87 t) = (b(07 O)IIJ—G(O, 0)y7 y)7

we find that
N5 5s = b(0,0) 9s " b(0,0) 9t
Thus, we can assume that
. 0 0 0

for some «, € C>®(U,R) with «(0,0), 5(0,0)=0.



MODULI SPACE OF MAPS WITH CROSSCAPS 37

The condition j=h*jy is equivalent to
0 0
dhl|ij=— | =jodh| =—
(i5) =i (5 ).
if h is a diffeomorphism. With

h(s,t) = (s + z(s,t),t + y(s,t))

and j as in (A.1), the latter condition is equivalent to

xr xr o
(A.2) P <y> +Q <y> =,
where
T\ [(xtYs z\ _ [(oaxs+Pry _ [«
P <y) B (yt—xs> ’ @ <y> B <ays+ﬁyt> ’ ¢= (6) '

Let n: R— [0, 1] be a smooth function such that
(r) 1, ifr <1,
T)=
! 0, ifr>2.
We will view D? as the closure of H in S2, i.e. as the upper hemisphere. For each § >0, define
ns: D* — [0,1] by ns(z) = n(|=[/9).
In particular, [[ns]|c1(p2y < C/d and
767 f 2 D2y < [InsVllco2)lf o2y + Imsv o2y I fllcop2y ¥V p>2, y=a, 8,
< Cy(6+ ) £l e (pey ; feLi(D?);
this estimate uses the vanishing of v at the origin. Since the standard operator
9: {€e LH(D*C): £reCOR;R), £(0)=0} — LY(D* (T*D*)"1)
is an isomorphism, for all § >0 sufficiently small there exists a unique & € L5(D?; C) such
that
(Im&s)|p=0,  &(0)=0,  —jod& + ns(QEs)dz = 15¢dz.
Furthermore,
(A4) 1651l 22(p2) < ClinsCdz 12 (p2) < C's*r.

On the disk of radius ¢ around the origin, &s restricts to a solution of (A.2). If p>2, (A.4)
implies that & is a continuous function and |€5(0)] < C"§/P.

Thus, if d is sufficiently small, the restriction (z,y) of & to a neighborhood U’ of the origin
induces a diffeomorphism h satisfying j = h*jp. The condition (Im&s)|r =0 corresponds to
Yli=o=0 and A(U'NR) CR. O

Corollary A.2. Let ¥ be a bordered surface with an almost complex structure j. For every
z €3, there exists a coordinate chart

¥: (U, UNIS) —» (H,R)

around z so that ¢¥*jg=j. The overlap map between any two such charts is a restriction of a
bi-holomorphic map between open subsets of C.
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Proof. If z¢ 0%, such a chart exists because j is integrable on ¥—9% by Newlander-Nirenberg
Theorem; in fact, the proof in the z € 9% case can be easily adapted to this case. If z € 0%,
a smooth chart

b (U, UNIL, z) —> (H,R,0)

induces an almost complex structure j’ on a neighborhood of the origin in H. Composing
with a diffeomorphism h provided by Lemma A.1, we obtain a desired chart around z.

If p: U—H and ¢': U — H are two charts as in the statement of the corollary,
ol (YUNU), p(UNU)NR) — (¥'(UNU"), 4" (UNU')NR)
is a bi-holomorphic map. By the Schwartz Reflection Principle,
{zeC: {z,2}nyp(UNU’) # 0} — {z€C: {z,z2}ny/(UNU") # 0},
"~ Nz2)), if zep(UNT);
S {W ifzeZEUﬁU’;;
is a bi-holomorphic map between open subsets of C. ]

Corollary A.3. Let (i,j, o) be a Riemann surface with an involution (and without bound-
ary). For every z€ X, there exists a holomorphic coordinate chart ¢: U — W CC (W not
necessarily connected) such that Yoo =ogo1).

Proof. If z¢ %7 and ¢: U —» C is any holomorphic chart around z such that U No(U) =10,
the holomorphic chart

U(2), if zeU;
UUo(U) — C, 2—>{¢(U(z)) if o(2) €U;

has the desired property.

Suppose z € 39, Since 39 C 3 is a smooth one-dimensional submanifold, there exists a smooth
chart

V: (U, UNY7, z) — (C,R,0);

we can assume that o(U)=U. This chart induces an almost complex structure j’ on a neigh-
borhood of the origin in H. Composing ¢ with a diffeomorphism provided by Lemma A.1,
we obtain a diffeomorphism

' (v7H(H), ¢~ (H)No (v (H))) — (H,R)

such that ¢"*jo=j. The holomorphic chart

¥'(2), if z €4~ (H);

uv—¢C¢ z— {wr(g(z)) if zeo (¢ (H));

intertwines o and oy. ]
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