On Symplectic Sum Formulas in
Gromov-Witten Theory

Mohammad Farajzadeh Tehrani and Aleksey Zinger

March 14, 2014

Abstract

This manuscript describes in detail the symplectic sum formulas in Gromov-Witten theory and
related topological and analytic issues. In particular, we analyze and compare the two analytic
approaches to these formulas. The Ionel-Parker formula contains two unique features, rim tori
refinements of relative invariants and the so-called S-matrix, which disappear in all computed
applications and have been a mystery in Gromov-Witten theory over the past decade. The for-
mer is aimed at addressing a delicate topological deficiency with symplectic sum decompositions
obscured in all other approaches to symplectic sum formulas. We show that unfortunately this
deficiency is unavoidable and that the Ionel-Parker work concludes otherwise due to imprecise
definitions and arguments. However, we also extract some additional qualitative information in
certain cases from their insight. We also show that the S-matrix, which appears due to incom-
plete reasoning in the transition from analysis to geometry, in fact acts as the identity in the
Tonel-Parker symplectic sum formula anyway. Furthermore, the key gluing argument in their
paper contains several highly technical, but crucial, mistakes. The idea behind the Li-Ruan
approach is to adapt the SF'T type stretching of the target. This has the potential of avoiding
many issues with the degeneration of the metric on the target occurring in the Ionel-Parker ap-
proach, which we expect to realize in a forthcoming paper. Unfortunately, the implementation
of this idea in the Li-Ruan paper does not contain even an attempt at a complete proof of any
major statement, such the compactness of the moduli space of relative maps or the bijectivity of
the gluing construction. In fact, the Li-Ruan paper does not contain even a reasonably precise
definition of relative stable map or a complete symplectic sum formula. The only technical
arguments in this paper concern fairly minor points and are either incorrect or add unnecessary
complications. Neither of the two papers even considers gluing stable maps with extra rubber
structure, which is necessary to do for defining the relevant invariants outside of the relatively
narrow collection of “semi-positive” cases. In this manuscript, we re-formulate the (numerical)
symplectic sum formula correctly, describe the issues arising in both approaches, and explain
how the Li-Ruan SFT type idea can be used to address them.
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1 Introduction

Gromov-Witten invariants of symplectic manifolds, which include nonsingular projective varieties,
are certain counts of pseudo-holomorphic curves that play prominent roles in symplectic topology,
algebraic geometry, and string theory. The decomposition formulas of [IP5, Lj2, LR], known as
symplectic sum formulas in symplectic topology and degeneration formulas in algebraic geometry,
are one of the main tools used to compute Gromov-Witten invariants. They relate Gromov-Witten
invariants of a target symplectic manifold to Gromov-Witten invariants of simpler symplectic man-
ifolds; in many cases, these formulas completely determine the former in terms of the latter. The
main formula of [IP5] contains two features not present in the formulas of [Lj2] and [LR]: a rim
tori refinement of relative invariants and the so-called S-matrix; we explain why neither should
appear. We also point out several highly technical, but crucial, mistakes in the key gluing argu-
ment of [IP5]. On the other hand, the symplectic sum formula of [LR], which is spread out across
multiple statements, contains several errors, while the formula of [Lj2] is not as sharp, even in the
algebraic category. The idea of [LR] to adapt the SFT type stretching of the target beautifully
captures the degeneration of both the domain and the target and has a great potential of avoiding
many analytic difficulties caused by the degeneration of the latter arising in [IP5]. Unfortunately,
the implementation of this idea does not contain even an attempt at a complete proof of any major
statement, such the compactness of the moduli space of relative maps or the bijectivity of the
gluing construction; there is not even a reasonably precise definition of relative stable map in [LR].
The only technical arguments in this paper concern fairly minor points and are either incorrect



or add unnecessary complications. Neither [IP4, IP5] nor [LR] even considers gluing stable maps
with extra rubber structure, which is necessary to do for defining the relevant invariants outside of
the relatively narrow collection of “semi-positive” cases. Section 2 summarizes our understanding
of the issues with [IP4, IP5] and [LR] and directs to places in this manuscript where they are
described in more detail; considerations related to [Ljl, Lj2] appear in [AF, Ch, GS]. Throughout
this manuscript, we generally follow the reasoning and notation in [IP5] closely, but also use some
of the statements from [LR] and [Lj2].

We denote by (X,wx) and (Y,wy) compact symplectic manifolds, of the same dimension and
without boundary. A compact submanifold V' of (X,wx) is a symplectic hypersurface if the real
codimension of V' in X is 2 and wx|y is a nondegenerate two-form on V. The normal bundle of a
symplectic hypersurface V in X,

NxV =TX|y TV = TVX = {veT,V: z€V, wx(v,w)=0 VweT,V},
then inherits a symplectic structure from wyx and thus a complex structure up to homotopy. If
e(NxV) = —e(NyV) € H*(V;Z), (1.1)

there exists an isomorphism

NxV @NyV =~V xC (1.2)

of complex line bundles. As recalled in Section 3.3, a symplectic sum of symplectic manifolds (X, wx)
and (Y,wy) with a common symplectic divisor V' such that (1.1) holds is a symplectic manifold
(Z,wz) = (X#vY,wx) obtained from X and Y by gluing the complements of tubular neighborhoods
of Vin X and Y along their common boundary as directed by the isomorphism (1.2). In fact, the
symplectic sum construction of [Gf, MW] produces a symplectic fibration 7: Z — A with central
fiber Zg=XUy Y, where A C C is a disk centered at the origin and Z is a symplectic manifold
with symplectic form wz such that

e T is surjective and is a submersion over A*=A-0,
e the restriction wy of wz to Zy, = 7~ !()\) is nondegenerate for every A€ A*,

o wz|x=wx, wzly =wy.

The symplectic manifolds (Zy,wy) with A € A* are then symplectically deformation equivalent to
each other and denoted (X#yY,w4). However, different homotopy classes of the isomorphisms (1.2)
give rise to generally different topological manifolds; see [Gf0]. There is also a retraction q: Z — Zj
such that g\ =q|z, restricts to a diffecomorphism

Z =g (V) — Z -V

and to an S'-fiber bundle q)fl(V) —V, whenever Ae A*. We denote by g4 : X#1Y — XUy Y a
typical collapsing map gy. In the algebraic setting of [Lj2], 7: Z— A is a holomorphic map from
a Kahler manifold Z with an ample line bundle £ — Z; the curvature form of a suitably chosen
metric on £ gives rise to a symplectic form wz on Z, as in [GH, Section 1.2].

If g k€Z2Y x€Z, Ac Hy(X;Z), and J is an wx-compatible almost complex structure on X,
let M, (X, A) and M, (X, A) denote the moduli spaces of stable J-holomorphic k-marked maps



from connected nodal curves of genus g and from (possibly) disconnected nodal curves of euler
characteristic y, respectively; the latter moduli spaces are quotients of disjoint unions of products
of the former moduli spaces. If V C X is a symplectic divisor, s = (s1,...,s) is an f-tuple of

positive integers such that
si1+...+s0=4-V, (1.3)

and J restricts to a complex structure on V, let ./\/lg k:s(X, A) and ./K/lv;k;s(X, A) denote the moduli
spaces of stable J-holomorphic (k+¢)-marked maps from connected nodal curves of genus g and
from (possibly) disconnected nodal curves of euler characteristic x, respectively, that have contact
with V' at the last £ marked points of orders si,...,s,. These moduli spaces are introduced in
[IP4, Lj1, LR] under certain assumptions on J and reviewed in Section 4.2.

There are natural evaluation morphisms

ev=evy X...Xevg: ./\/lxk(X A), MXkS(X,A) — X"

evVEeka X. . . XeViiy: MY (X, A) — V= 1%

(1.4)
x,k;s

sending each element to the values of the map at the marked points. We denote the restrictions of
these maps to

Myp(X,A) C Moggi(X,A)  and My (X, A) C MY o, 46(X, A)
by the same symbols. Along with the virtual class for M, (X, A), constructed in [RT2] in the semi-

positive case, in [BF] in the algebraic case, and in [FO, LT] in the general case, the morphisms (1.4)
with V' =0 give rise to the (absolute) Gromov-Witten and Gromov-Taubes invariants of (X, wx),

CWxay: T*(X) — Q, GWx a,(a Z(ev a, [My (X, A)YT,

GTX,A,X: T*(X) — Q, GTXAX Z <ev a, X A)]VII‘>
where N N
T*(X) = @HQ*(X)®k C @HQ*(Xk)
k=0 =0

is the tensor algebra of H?*(X)=H*(X;Q).! Along with the virtual class for /\/lg k:s(X, A), the
morphisms (1.4) give rise to the relative Gromov-Witten and Gromov-Taubes invariants of (X, V,wx),

GWy{,A,g;s : T* (X) — H*(‘/s), GW}/(,A,Q;S(O() — Z eVl/ (eV*O[ﬂ W“q/’k;s (X, A)] vir)7

GTX 4yt T(X) — Hi(Vs), GTX 4 sl Zev evian[MY . (X, AT,
k=0

10dd cohomology classes can be considered as well, but at the cost of introducing suitable signs into the symplectic
sum formulas.



where H,(Vs) = H.(Vs; Q). Such a virtual class is constructed in [IP4] in the semi-positive case
and in [Lj1] in the algebraic case and is used in [LR] in the general case; see Section 4.3 for more
details. While the homomorphisms GWx 4, and GW}/Q A,g:s completely determine the homomor-
phisms GTx 4, and GT}/(, Ayse the latter lead to more streamlined decomposition formulas for
(primary) GW-invariants, as noticed in [IP5].

The symplectic sum formulas relate the absolute GW-invariants of X#yY to the relative GW-
invariants of the pairs (X, V) and (Y, V). Let

Hy(X;Z)xy Ho(Y;Z) = {(AX,AY) €EHy(X;Z)xHo(Y;Z): Ax-xV = Ay-yV},
where -x and -y denote the homology intersection pairings in X and Y, e.g.
Ax-xV = (PDxAx UPDx[V], [X]) € Z.
As described in Section 3.1, there is a natural homomorphism
Hy(X;Z) xv Hy (Y Z) — Ho(X#VY3Z) /Ry (Ax, Ay) — Ax#vAy, (1.5)

where
RYy = ker {qu.: Hy(X#Y;Z) — Ho(XUyY;Z)}. (1.6)
We arrange the GW-invariants of X#yY into the formal power series

GTxpyy = Y > D GTxpyvion tyAX. (1.7)
XE€L neHy(X#vY3Z)/RY, , CEN

By Gromov’s Compactness Theorem for J-holomorphic curves, only finitely many distinct elements
C €1 can be represented by J-holomorphic curves of a given genus, since wy vanishes on R}gy.
Thus, the coefficient of each £, A\X in GT x4,y is finite.

For a tuple s=(s1,...,5s0) € (Z1)¥, let
l(s) =4, Is| =51+ ...+ s, (s) =s1"..."5¢
We arrange the GW-invariants of (X, V) and (Y, V) into the formal power series
oo
I DD DD S i PR 19
XEZ A€ Ha(M;Z) =0 se(Zh)*
|S‘:A']\/[V

where M =X,Y. Let
V=] || W
(=0se(Z+)t

We define a pairing x: Hy(Vao) @ Hy(Vao) — Q[A7Y] by

zﬁiﬁﬂ‘”(S)Zx Vo ly, it Zx,Zy € Hi(Vs);

1.9
0, if Zx € Ho(Vy), Zy € H,(Vy), s # 5. (1.9)

Zx*Zy:{
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Figure 1: A possible limit of connected curves.

X

For homomorphisms Lx: T*(X)— H.(V) and Ly : T*(Y) — H.(V), define
LxxLy:T*(X) @ T*(Y) — Q[A\™'] by {Lx*Ly}(ax®ay)= Lx(ax)*Ly(ay). (1.10)
If in addition (Ax, Ay )€ Hao(X;Z)xy Ho(Y;Z) and xx, xy €Z, let
Lxta  NX % Lyta, MY = LyxLy tay gy 4, NXTXY (1.11)

Theorem 1.1. Let (X,wx) and (Y,wy) be symplectic manifolds and V C X,Y be a symplectic
hypersurface satisfying (1.1). If qu : X#vY — XUy Y is a collapsing map for an associated
symplectic sum fibration and q,: XY — X UyY is the quotient map,

GTxx,v(¢ka) = {GTY « GTV }(gle) VaeT"(XUyY). (1.12)

The motivation behind (1.12), as well as all other symplectic sum formulas for GW-invariants, is the
following. The curves in the smooth fibers Zy = X#yY of the fibration 7: Z — A that contribute
to the left-hand side of (1.12) degenerate, as A— 0, to curves in the singular fiber Zy=XUy Y.
Each of the irreducible components of a limiting curve lies in either X or Y. Furthermore, the
union of the irreducible components of each limiting curve that map to X meet V C X at the same
points with the same multiplicity as the union of the irreducible components of each limiting curve
that map to Y’; see Figure 1. Such curves contribute to the right-hand side of (1.12). The contact
conditions with V' are encoded by a tuple s as above. For the reasons outlined in [IP5, p93§],
each limiting curve of type s arises as a limit of (s) distinct families of curves into smooth fibers,
requiring the factor of (s) in (1.9); see also Section 5.1. The factor of £(s)! in (1.9) arises due to the
fact that the contact points with V are not 4 priori ordered, while the factor of A=2¢() accounts for
the difference between the geometric and algebraic euler characteristics of the limiting curve. Since
connected curves can limit to disconnected curves, it is more natural to formulate decomposition
formulas for GW-invariants in terms of counts of disconnected curves, i.e. the GT-invariants, as
done in [IP5].

Theorem 1.1 is a basic decomposition formula for GW-invariants, presented in the succinct style
of [IP5]. However, it is not in any of the three standard symplectic sum papers and is not directly
implied by any formula in these papers. The primary inputs ¢}y on the X#yY side of (1.12) are of
the same type as in [IP5, Lj2, LR]|. A characterization of which cohomology classes on X#y Y are
of the form ¢}« is provided in [IP5]; see Lemma 3.7 below. The identity (1.12) is equivalent to the
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intended symplectic sum formula in [LR]; unfortunately, it is spread out across several statements
in [LR] and contains some misstatements, as described in Section 4.1. The symplectic sum formula
in [IP5], even in the basic case of primary invariants, mistakenly contains two distinct features,
the S-matrix and rim tori refinements of relative invariants, described in more detail below. Even
ignoring these two features, the main symplectic sum statements in [IP5], (0.2) and (10.14), do not
reduce to (1.12), in part because of definitions that do not make sense; see Section 4.1. The only
one of the three standard symplectic sum papers which contains a correct (or even nearly correct)
version of the symplectic sum formula (even in the basic case of primary inputs) is [Lj2]. Unfortu-
nately, the main decomposition formulas in [Lj2], the two formulas at the bottom of page 201, often
yield less sharp versions of (1.1), as their left-hand sides combine GW-invariants in the homology
classes whose difference lies in a submodule of Ha(X;Z) containing (often strictly) R¥(7y.

The general symplectic sum formulas, considered in [IP5, Lj2] and mentioned in [LR], involve de-
scendant classes. These classes effectively impose an order on the combined set of marked points of
the limiting curve, which has to be taken into account by the pairing (1.11). This is done in [Lj2]
by summing over rules of assignment I (¢ in the notation of Section 4.1). It is stated in [LR] that
the symplectic sum formula extends to descendant invariants, without any mention of some kind
of rule of assignment. It is fairly clear what the symplectic sum formula for GW-invariants should
be, but it is also important to formulate it correctly so that it can be easily used. In Theorem 4.1,
we give a general symplectic sum formula summing the GT-type formulas in the style of [IP5]
over the rules of assignments of [Lj2]. It seems impossible to condense the general symplectic sum
formula into the format of the formulas (0.2) and (10.14) in [IP5], i.e. the attempted formulation
of the symplectic sum formulas in [IP5] is a beautiful idea which unfortunately does not work as
well beyond the case of primary invariants.

A deficiency of the decomposition formula (1.12) is that it expresses sums of GW-invariants of
X#vY over homology classes differing by elements of R?Y in terms of relative GW-invariants of
(X,V) and (Y,V); it would of course be preferable to express GW-invariants of X#yY in each
homology class in terms of relative GW-invariants of (X, V') and (Y, V). Rim tori are introduced
in [IP4, Section 5] with the aim of defining sufficiently fine relative GW-invariants to rectify this
deficiency; they also provide a concrete way of understanding this deficiency. Unfortunately, the
construction of the refined relative invariants in [IP4] is only sketched; as explained in Section 3.2,
some version of this sketch can be realized if V is connected, but not in general. The usual
relative invariants, defined in [LR] and [Lj1], factor through the relative invariants of [IP4] whenever
they can be defined, and so the latter are thus indeed refinements (though not necessarily strict
refinements) of the former. However, these refinements are insufficient to resolve the aforementioned
deficiency of (1.12), except in rare cases, and the dependence of the topological type of X#Y on the
homotopy class of the isomorphism (1.2) suggest that one should not expect otherwise. In most
cases, it is impossible to address the relevant issue essentially for the reasons indicated in [IP4,
Section 5]; see Section 3.2 for more details. As explained in Section 4.1, the use of these invariants
in the statement of the symplectic sum formula in [IP5] causes further problems, including with the
definitions of the GT power series in [IP5, Section 1] and of the key convolution product in [IP5,
Section 10]; the latter can be resolved in general only at the cost of dropping any refinements to the
usual relative GW-invariants arising from rim tori. However, our analysis of the general situation
in Section 3.2 establishes the following application of the refined relative invariants of [IP4] as a
corollary of the approach in [IP5].



Theorem 1.2. Let (X,wx) and (Y,wy) be symplectic manifolds, V C X,Y be a connected sym-
plectic hypersurface satisfying (1.1), and (Ax, Ay) be an element of Ho(X;Z)xy Ho(Y;Z). If the
kernels of the homomorphisms

Hy(X-V;Z) — Hy(X;Z) and Hy(Y—-V,Z) — Hy(Y;Z)

induced by the inclusions X —V — X and Y -V —Y, respectively, are finite and their orders are
prime relative to Ax-xV =Ay-yvV, then

GTx#yvionn = Glxgyvieox ¥V C1, 00 € Ax#tvAy, XEZ.
This identity also applies to the descendant invariants of (X#vY,wy) described in Section 4.1.

Remark 1.3. The conclusions of Theorem 1.2 also hold if V C X,Y is virtually connected in the
sense of Definition 3.10 and for every connected component V, of V the subsets

e v Axy (Hi(ViiZ)) C Hy(X=V;Z)  and oy Ayy (Hi(ViiZ)) C Hy(Y =V Z)

are finite and their orders are prime relative to Ax-xV, = Ay-yV;; see the beginning of Section 3.1
for the notation.

Finally, the deficiency in question is at most minor in the Kahler category, as stated in Proposi-
tion 3.17, and possibly even in the symplectic category, as indicated by the following conjecture.

Conjecture 1.4. Let (X,wx) and (Y,wx) be symplectic manifolds and (Z,wz) = (X#vY,wx) be
their symplectic sum along a symplectic hypersurface V C X, Y satisfying (1.1). If Cy, Co € Ho(Z; Z)
are such that C1—Cy ER}/(Y and GWz4, ¢, GW_z 4, ¢, #0 for some g1, g2 €729 then C;—C5 is a
torsion class. 7

Families of curves in the smooth fibers Zy = X#yY of the fibration 7: Z — A can limit, as A—0,
to a curve in the singular fiber Zy= XUy Y with some components contained in the divisor V. The
S-matrix in the symplectic sum formula of [IP5] is intended to account for such components of the
limiting curves by viewing them as curves in the “rubber”, a union of a finite number of copies of

PxV = P(NxV@®Oy) = P(Oy &Ny V) = PyV, (1.13)

where Oy — V is the trivial complex line bundle. Such curves also appear as limits of relative
maps into (X, V') in [IP4], but only up to the natural action of C* on each PxV; for this reason,
moduli spaces of such limits have lower (virtual) dimensions than the corresponding moduli space
of smooth relative maps, after a suitable regularization, and thus do not contribute to the relative
invariants of (X, V). By the same reasoning as in [IP4], the components of limits of curves in Z
that map to V should be viewed as C*-equivalence classes of curves in Px V'; moduli spaces of such
limits have lower (virtual) dimensions than the corresponding moduli space of maps without irre-
ducible components contained in V', after a suitable regularization, and thus have no effect on the
symplectic sum formula. Even without taking the C*-equivalence classes, the effect of the spaces of
maps with non-trivial rubber components on the action of the S-matrix in the main decomposition
formulas in [IP5], (0.2) and (10.4), is to produce O-dimensional sets (after cutting down by all
possible constraints) on which C* acts non-trivially; these sets are thus empty. It follows that the
maps with rubber components have no effect on the action of the S-matrix in the symplectic sum
formulas in [IP5] and so the S-matrix acts as if it were the identity; this is not observed in [IP5]



either. We discuss the situation with the S-matrix in more detail in Section 5.5.

Section 2 summarizes the key issues with [IP4, IP5] and [LR] and directs the reader to the portions
of this manuscript where they are analyzed in detail. Section 3 deals with topological preliminaries
related to the symplectic sum formulas in GW-theory. In particular, we describe changes in the
topology of manifolds under surgery, analyze obstructions to constructing rim tori refinements of
relative invariants, and finally review the symplectic sum construction of [Gf, MW]. A symplectic
sum formula is formulated in Section 4.1; see Theorem 4.1. The notions of relative stable maps
and relative invariants are reviewed in Sections 4.2 and 4.3, respectively. Section 5 reviews the
arguments of [IP5] and [LR] that are intended to establish symplectic sum formulas and outline
how to complete them. The power of these formulas for Gromov-Witten invariants is illustrated
in Section 6, based on the applications described in [IP5]. For the reader’s convenience, we include
detailed lists of typos/misstatements in [IP4, IP5] and [LR]. The references in this manuscript are
labeled as in [IP5], whenever possible.

2 Summary of issues with [IP4, IP5] and [LR]

In this section, we summarize our understanding of the key problems with the arguments in
[IP4, IP5] and [LR] and direct the reader to the portions of this manuscript where they are ana-
lyzed in detail. The problems in [IP4, IP5] and [LR] are of very different nature. The arguments
in [IP4, IP5] are generally very concrete, often highly technical, and aim to completely address all
relevant issues, but go wrong in several specific places and in particular do not deal correctly with
the crucial gluing issues (see (IPa6)-(IPall) below), which were the main problems that needed to
be addressed. In contrast, [LR] introduces the beautiful idea of stretching the target in the normal
direction to the divisor V, which had been previously used in contact geometry by others and
fits naturally with the relevant gluing issues in the symplectic sum setting. Unfortunately, [LR]
makes hardly any reasonably precise statements, either when defining the key objects, specifying
the questions to be addressed, or proving the key claims, even in special cases (to which many
sketches of the arguments in [LR] are restricted).

A notable exception from the generally precise nature of [IP4, IP5] is the abstract, the long sum-
mary, and the main theorems in [IP5], i.e. Symplectic Sum Theorem and Theorems 10.6 and 12.3.
These suggest that the symplectic sum formulas in [IP5] are proved without any restrictions on
X,Y,V, but the arguments are clearly restricted to the “semi-positive” case; see Section 4.3 for
more details. The remaining issues with [IP4, IP5] are either of topological flavor or of technical,
analytic nature; we describe them below.

We begin with problems of topological flavor in [IP4, IP5].

(IPt1) The refined relative invariants of (X, V) are obtained in [IP4] by lifting the relative eval-
uation morphism ev" in (1.4) over a covering H}/(;S of V5. Such a covering is described
set-theoretically in [IP4, Section 5] without formally specifying a topology on ’H}f(;s or
showing that ev" actually lifts. The standard way of doing both is to specify subgroups
of the fundamental groups of the topological components of Vg and to compare them with
the appropriate images of the fundamental groups of the components of the domain of ev" .
The informal sketch at the end of [IP4, Section 5] captures the situation reasonably well



(IPt2)

(IPt3)

(IPt4)

(IPt5)

(IPt6)

when V is connected. However, we show in Section 3.2 that ev” generally does not lift to
any non-trivial cover of Vg if V' is not connected.

Even if ev" lifts to H}/(;S, the lift is not unique. If the greatest common divisor of the
components of s is 1, the different lifts cannot be distinguished homologically. This implies
that the refined relative invariants, even if defined, cannot be used to homologically dis-
tinguish the topological components ’H;/(’}C/s of the fiber product H}/(,Y;s of H}/(;S and ’H;S.
Thus, in general, a symplectic sum formula cannot be used to solve for the GW-invariants
of X#vY completely in terms of the relative invariants of (X, V) and (Y, V). The product
formulas in the middle of page 993 of [IP5], which are needed to separate contributions to
GWe-invariants of X#yY in classes differing by rim tori, require taking Poincare duals in
possibly non-compact manifolds and thus are not really defined; see Section 3.2 for more
details.

As explained in the summary and in Section 12 in [IP5], the S-matrix appears in the main
formulas (0.2) and (12.7) of [IP5] due to components of limiting maps sinking into V. As
we explain in Section 5.5, such components correspond to maps into PxV =Py V only up to
the C*-action on the target, just as happens in the relative maps setting of [IP4, Section 7].
This action, which is forgotten in the imprecise limiting argument of [IP5, Section 12],
implies that such limits do not contribute to the GW-invariants of X#y Y for dimensional
reasons, and so the S-matrix should not appear in any symplectic sum formula of [IP5]. As
we also show in Section 5.5, the S-matrix does not matter anyway because it acts as the
identity in all cases and not just in the cases considered in [IP5, Sections 14,15], when the
S-matrix is the identity.

The main symplectic sum formulas in [IP5] involve generating series defined by exponenti-
ating homology classes on My, x?—[;f(;s without an explanation of how these exponentials
are defined. The use of ”H}/(_S in place of V5 makes defining such exponentials particularly
difficult, even in the case of primary insertions (as in Theorem 1.1). If descendant inser-
tions are also used (as in Theorem 4.1), a symplectic sum formula must incorporate some
version of rules of assignment of [Lj2]. Finally, the normalizations of the generating series
for the absolute and relative GW-invariants in [IP5] are not the same, which makes them
incompatible with the stated symplectic sum formulas. These issues are discussed in detail
in Section 4.1.

The extension of the symplectic sum formula to arbitrary cohomology insertions in [IP5,
Section 13] is not well-defined; see Section 4.1.

While it is not stated in the assumptions for [IP5, (0.2),(10.14),(12.7)], the proof of these
main formulas in [IP5] is restricted to a fairly narrow range of semi-positive cases, which are
never correctly specified; see Section 4.3 and in particular the paragraph before Remark 4.9.

We next list problems of analytic nature in [IP4, IP5]; these concern fairly technical, but at the

same time very specific, points.

(IPal) The index of the linearization of the J-operator at a V-regular map u described below

[IP4, (6.2)] is lower than the desired index, given by [IP4, (6.2)], while the index of the
linearization described at the beginning of [IP5, Section 7] is typically higher than the

10



(IPa2)

(IPa3)

(IPa4)

(IPab)

(IPa6)

(IPaT7)

(IPag)

(IPa9)

desired one. As a result, a transverse claim is made about a wrong bundle section in [IP4,
Section 6]; see Remark 5.12 for more details.

The rescaling arguments of [IP5, Sections 6,7] do not involve adding new components to
the domain of a map to X. They cannot lead to limiting maps such that some of the
component maps into a rubber level are stable and some are unstable; see Remark 4.4 for
more details.

The gluing constructions of [IP5, Sections 6-9] claim uniform estimates along each stratum,
which are not established even when restricting to d-flat maps. The first failure of uniformity
occurs on the level of curves, essentially because the construction above [IP5, Remark 4.1]
need not extend outside of the open strata Ny; see Remark 5.2 for more details. The second
failure occurs on the level of maps because the extra bubbling can occur away from the
nodes on the divisor and because the construction requires stabilizing the domains as in
[IP5, Remark 1.1], which can be done only locally. The statement about the linearized
operator being Fredholm for a generic ¢ in the second paragraph of page 976 in [IP5] pretty
much rules out any possibility for uniform estimates across whole strata. However, such
uniform estimates along entire strata are not necessary and seem unrealistic especially in
situations requiring a virtual fundamental class construction, while uniform estimates along
compact subsets of open strata are much easier to establish. This implies that the top arrow
in [IP5, (10.3)] is defined only after restricting to the preimage of a compact subset K and
for A sufficiently small (depending on K); see Remarks 5.2 and 5.10 for more details.

The uniform control of the C%-norm by the L}-norm claimed in [IP5, Remark 6.6] requires
a justification because the domains C), change (which is not an issue) and the metric on
the targets Zy degenerates; see Section 5.2 for more details.

The proof of [IP5, Lemma 6.9] ignores two of the three components of the map F'—f as in
(6.14). The actual estimate is weaker, but good enough; see Section 5.2 for more details.

The operator in [IP5, (7.5)] is not the adjoint of the operator in [IP5, (7.4)] with respect
to any inner-product, because the first component of its image does not satisfy the average
condition. This ruins the argument regarding the linearized operators being uniformly
invertible, which is the main point of the analytic part of [IP5], at the start; see Section 5.4
for more details.

Gauss’s relation for curvatures, [IP5, (8.7)], is written in a rather peculiar way, resulting
in a sign error. This appears to be what is referred to as a Bochner formula on page 939
of [IP5]. The sign error in [IP5, (8.7)] is crucial to establishing a uniform bound on the
incorrect adjoint operator in [IP5, (7.5)]; see Remark 5.13 for more details.

The argument at the bottom of page 984 in [IP5] implicitly presupposes that the limiting
element 7 lies in the Sobolev space L% see Section 5.3 for more details.

The justification for the uniform elliptic estimate in [IP5, Lemma 8.5] indicates why the
degeneration of the domains does not cause a problem, but makes no comment about the
degeneration of the target. It is unclear that it is in fact uniform; see Section 5.3 for more
details.
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(IPal0)

(IPall)

(IPal2)

The map @ in [IP5, Proposition 9.1] appears to be non-injective because the metrics on
the target Z) collapse in the normal direction to the divisor V' as A — 0. The wording of
the second-to-last paragraph on page 938 suggests that the norms are weighted to account
for this collapse and the convergence estimate of [IP5, Lemma 5.4] could accommodate
norms weighted heavier in the vertical direction, but the rather light weights in the norms
of [IP5, Definition 6.5] appear far from sufficient. We discuss this issue in Section 5.4.

Neither the summary of [IP5] nor the proof of [IP5, Proposition] makes any mention of
whether the quadratic error term in the expansion [IP5, (9.10)] of the d-operator is uni-
formly bounded. The former mentions only the need for the 0-th and 1-st order terms to
be uniform (in (a) and (b) on page 939).

In order to define relative invariants and prove a symplectic sum formula without any
semi-positivity restrictions via known techniques, it is necessary to describe a gluing pro-
cedure for maps involving rubber components; see Section 4.2. This involves two issues not
encountered in gluing rubber-free maps into XUy Y:

(RG1) the component maps into each rubber level are defined only up to C*-action;

(RG2) the natural generalization of the gluing construction for maps to XUyY would send
maps with rubber to an isomorphic, but not identical, space (see Section 5.4).

Since [IP4] and [IP5] are restricted to the semi-positive case, these two issues do not need
to arise. However, because of (IPt3), gluing of maps to rubber still needs to be considered,
and so the second issue above still arises.

We next summarize our comments on [LR].

(LR1)

(LR2)

(LR3)

(LR4)

(LR5)

The symplectic sum formula (for primary invariants only) in [LR] is spread out between
three formulas in Section 5, one of which is incorrect as stated; see Section 4.1.

Definition 3.14 in [LR] of the key notion of relative stable map is not remotely precise. For
example, it is not specific about the relation between the two different domains of the map
or the equivalence relation; see Section 4.2.

In addition to being imprecise, Definition 3.18 in [LR] of the key notion of stable map
to XUyY (M+ Up M in the notation of [LR]) is incorrect, as it separates the rubber
components into X and Y-parts; see Section 4.2.

The proof of [LR, Proposition 3.4] is based on an infinite-dimensional version of the Morse
lemma, for which no justification or citation is provided. The desired conclusion of this
Morse lemma involves the inner-product [LR, (3.14)] with respect to which the domain
WL(SY, SV) is not even complete.

The statement of [LR, Theorem 3.7] is incorrect. It describes the asymptotic behavior of J-
holomorphic maps from C, but what is needed to establish compactness in [LR, Section 3.2]
and pregluing estimates in [LR, Section 4.1] is its analogue for maps from the punctured
disk. The 4-5 page justification of [LR, Theorem 3.7], which is one of only three somewhat
technical arguments in the paper, includes [LR, Proposition 3.4] and circular reasoning.
The correct, required version can be justified in a few lines and the elaborate sup energy
of [H] can be avoided in the present situation; see Section 5.1.
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(LR6)

(LR7)

(LR8)

(LR9)

(LR10)

(LR11)

(LR12)

The compactness argument of [LR, Section 3.2] is vague on the targets of the relevant
sequences of maps and does not even consider marked maps. It also involves one node at a
time and thus does not lead to the kinds of maps described in (IPa2) either. Furthermore,
the statement of [LR, Lemma 3.12] explicitly rules out “contracted” rubber maps from stable
domains with only one puncture/node at one of the divisors. These issues are described in
more detail in Section 4.2.

The relative gluing issues, (RG1) and (RG2) above, are not addressed in [LR] either, even
in the special, one-node, case considered in [LR, Section 4.1]. The gluing construction of
[LR, Section 4.1] for relative maps involves a specific representative of a map to the rubber
(not up to the C*-action on the target) and defines the target of the glued map in a way
which depends on the gluing parameter. These issues are fundamental to [LR], in contrast
to [IP5], because the former does not impose any semi-positivity conditions. We discuss
them in more detail in Sections 4.3 and 5.2.

Neither the injectivity nor surjectivity of the gluing construction of [LR, Section 4.1] is
even mentioned; in light of (LR7), this would be impossible to do. Some version of [IP5,
Sections 4,5] is a necessary preliminary to handle these issues. Both properties are implicitly
used in the proof of [LR, Proposition 4.10].

The proof of [LR, Proposition 4.10] applies the Implicit Function Theorem in an infinite-
dimensional setting without any mention of the needed bounds on the 0-th and 1-st order
terms and the quadratic correction term. The first two are the subject of the preceding
section, but there is no mention of uniform estimates on the last one anywhere in [LR]; see
Section 5.4.

The VFC approach of [LR] is based on a global regularization of the moduli space using
the twisted dualizing sheaf introduced after [LR, Lemma 4.4]. It is treated as a line bundle
over the entire moduli space with Sobolev norms on its sections, without any explanation.
The 3-4 pages dedicated to this line bundle in [LR, Sections 4.1,4.2] could be avoided by
using the local VFC approach of [FO] or [LT].

The regularization of maps in [LR, Sections 4.1,4.2] needs to respect the C*-action on maps
to the rubber; this issue is not even mentioned in [LR].

The discussion of gluing for maps to X Uy Y, which is needed to establish a symplectic
sum formula, consists of a few lines after [LR, Lemma 5.4]. There is no explanation of the
crucial multiplicity coefficient k& ((s) in our notation) appearing in [LR, Theorem 5.7]. The
domain and target gluing formulas [LR, (4.12)-(4.15)] hint at this coefficient, but barely
so even in the case of one node. If the rubber components are present, these multiplicities
no longer show up directly; the argument in [Lj2] obtaining them on the level of homology
classes (rather than numbers) is pretty delicate and involves passing to a desingularization.
Because of the much more limited scope of [IP5], this issue is not relevant for [IP5]. In
contrast to [IP5], [LR] does not even clearly describe the general setup. In particular, the
one-node case considered in [LR] as supposedly capturing all the issues in the general case
cannot be representative of the general case because the target of the glued maps, described
by [LR, (4.12),(4.13)], depends on the gluing parameter associated with each node. Thus,
these parameters must be chosen systematically, which is done for rubber-free maps in [IP5]
and becomes more complicated for general maps; see Section 5.2.
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(LR13) The most technical part of [LR], roughly 4 pages, concerns the variation of various operators
in Section 4.1 with respect to the norm r of the gluing parameter (r), which is considered
without explicitly identifying the domains and targets of these operators. This part is used
only to show that the integrals [LR, (4.50)] defining relative invariants converge. However,
this is not necessary, since the relevant evaluation morphisms had supposedly been shown
to be rational pseudocycles before then (and thus define invariants by intersection as in
[MS2, Section 7.1] and [RT1, Section 1]).

3 Topological preliminaries

The symplectic sum construction is a surgery operation along a submanifold of codimension two.
We discuss changes in the topology of a manifold under surgeries along arbitrary compact oriented
submanifolds in Section 3.1 and specialize to the symplectic sum setting in Section 3.2. Lemma 3.1
contains [IP4, Lemma 5.2] and the corresponding part of the proof of the former is essentially
the same as the proof of the latter. Lemma 3.7 contains the precise statements of (a) and (b)
on page 996 of [IP5]. The remaining statements in Section 3.1 are not in [IP4] or [IP5]. Some
of these statements are useful in determining when the module RY% y defined in (1.6) vanishes,
so that the gluing operation of (1.5) is well-defined on the level of hbmology. In Section 3.2, we
recall the twisting construction of [IP4] aimed at bypassing the issue of the gluing operation not
being well-defined in general, correct some statements in [IP4], and include some examples. In
Section 3.3, we review the symplectic sum construction from the points of view of [IP5] and [LR].

3.1 Some general observations

Given a smooth manifold X and a smooth submanifold V' C X, denote by SxV CNxV the sphere
subbundle of the normal bundle of V' in X, which we will view as a hypersurface in X, and by

i Ho(V;Z) — Ho(X;Z)

the homomorphism induced by the inclusion L“)/( : V— X. If in addition X and V are compact
oriented and the codimension of V in X is ¢, we define

Axy: H,(V;Z) — Huye1(SxV3Z),  Axy(A) =PDg,v(qx,y(PDy(4))), (3.1)
NV:H(X;Z) — H._(V;Z), AﬂV:PDV((PDXA)\V),
where gx v : SxV —V is the projection map.

Lemma 3.1. If X is a compact oriented manifold and V C X is a compact oriented submanifold
of codimension ¢, the sequence

x X-Vv
LX—vax LSXV*OAX,V

nv
— Hp(X-V;2) — Hpn(X;Z) — Hp—(V;Z) ———— Hp 1 (X =V, Z) — ...
1S exact.

Proof. Taking the Poincare dual of the Gysin sequence for SxV — V', we obtain an exact sequence

Axv ax,V« e(NxV)N
. — Hm(SXV; Z) e Hm(V;Z) _ Hm_c(V;Z) (3 2)
AX 4ax,Vx ‘

WV
Hm,l(SXV;Z) —_— . ...
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By the proof of Mayer-Vietoris for X =(X —-V)Ug, vV,

X-V X
5 (LSXV*7_QX,V*) L v Tty

S Ho(Sx Vi Z) — s Ho (X~ V3 2) B Hp (Vi Z) —— Hy(X;Z)

(X*V _
Sx LS Ve T4X, V%)
— Hp 1 (SxV32) ——— ...,

the connecting homomorphism dx is the composition Axy o (V' N-). Since
X ANV =0 VAeH,(X-V;Z),
the claim now follows from the observation that
eNxV)NA= (ANV  VAcH,(V;Z),
at least up to sign (dependent on one’s definitions of cup and cap products and Poincare dual). [

By [Z1, Theorem 1.1], every integral homology class can be represented by a pseudocycle. If V' is
as in (3.1) and f: Z—V is a pseudocycle, then the pseudocycle

mo: f*SxV = {(z,v)€ZxSxV: f(2)=aqx,v(v)} — SxV,

where mp: Z x SxV — SxV is the projection on the second coordinate, represents Ax v ([f]). If
Z=_8', f*SxV — S' is a trivial S* !-bundle and thus f lifts to a map

Fr8' %S — g (F(SY) CSxV st gqxyveof=fom,
where 7 : 1 x 571 — S is the projection on the first component. Thus, the elements of
RY =ker {iX_y,: H(X-V;Z)— H(X;Z)} (3.4)

can be represented by cycles of the form L?X_‘y (SxV|,) for loops v CV, according to Lemma 3.1.
In the ¢=2 case, these cycles are called rim tori in [IP4] and [IP5].

Example 3.2. Let Z be a compact oriented manifold and F1, Fo — Z be complex vector bundles
of ranks r1 and 79, respectively. By Theorem 9 in [Sp, Section 5.7], there is a commutative diagram

H.(PEy;7Z) H.(P(E1©E,); Z)

H.(Z;7) ® H,(P2~1;7) H(Z;7) ® H,(Pr+r2=1,7)

of homomorphisms of modules. In particular, the homomorphism

P(E1®E
e appp, | Hor, (P(Ey & Eo)—PEy; Z) ~ Hay, (PEy; Z) — Hop, (P(E) © Ey); Z)

is injective. Thus,
PE
R ]5‘1169152 _{0}

In the case 73 =1, which is the most relevant for our purposes, this statement follows from PFEs
being a section of the fiber bundle P(E, @ Ey) — Z.
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If X and Y are smooth manifolds, V' C X, Y is a smooth submanifold, and ¢: SxV — SyV is a
diffeomorphism commuting with the projections to V, let X# /Y be the smooth manifold obtained
by gluing the complements of tubular neighborhoods of V' in X and Y by ¢ along their common
boundary. We denote by

qo: X# Y — XUyY

a continuous map which restricts to the identity outside of a tubular neighborhood of SxV =, Sy V,
is a diffeomorphism on the complement of 4y L(V), and restricts to the bundle projection SxV — V.
We will call such a map g, a collapsing map. If X and Y are oriented and ¢ is orientation-reversing,
then X# .Y is oriented as well.

Lemma 3.3. If X and Y are smooth compact orientable manifolds, V C X,Y is a smooth compact
orientable submanifold, ¢: SxV — Sy V is a diffeomorphism commuting with the projections to V.,
and qy: X#Y — XUyY is a collapsing map, then
ker {qou: Hp (X#Y;Z) — Hpy (XU, Y3 Z) }
= {éﬂ‘}Z(AX—v)-H})fﬁ“?f(AY—V)5 Ax_v€Hn(X-V3Z), 1vx_y.(Ax_v)=0, (3.5)
Ay_v €Hp(Y =V3Z), 1y _y.(Ay_v)=0}
for allmeZ.

Proof. Denote the codimension of V in X and Y by ¢, SxV ~ SyV by SV, and the bundle
projection map SV —V by qy. Mayer-Vietoris for X#.Y =(X -V )Ugy (Y —V) and XUy Y give
a commutative pair of long exact sequences

X#pY | X#oY

tx vty Zy. 8y
Hm(SV; Z) ——H,(X-V;2)® Hm(Y—V; 7) ]Jm()(#gpy7 Z) —_— Hm_l(SV; Z)

\
\LQV* L§,V*®"}X7V* A= qVv
Y ) % XUyY | XuyY

XV_ * * + *
Hm(V;Z)(LV*—LV>Hm(X;Z)@Hm(Y;Z) e T g (X Uy Y Z) - Hy (V3 Z)

The commutativity of the middle square above implies that the right-hand side of (3.5) is contained
in the left-hand side.

Suppose Ay € Hy,,(X#vY;Z) and qo«(Ax) = 0. By the proof of Mayer-Vietoris for X#/Y =
(X —=V)Usy (Y —V), there exist bordered pseudocycles

fx:(Zx,0Zx) — (X=V,8V) and  fy:(Zy,0Zy) — (Y-=V,SV),
such that 0Zx = —0Zy and

U 2 7 U Zy — X
fX 0Zx=—0Zy fY X 0Zx=—0Zy Y #SDY

represents the homology class A. Since
qv« [fX|3Zx] = QV*5w(A#) = 5UQ¢*(A#) =0,

by (3.2) we can choose fx and fy so that fx(0Zx) = fy(0Zy) equals SV|p, for some class
By €Hp,—(V;Z). The smooth maps

L§_VofxiZX — X and L%ﬁ_vofy:Ey—>Y
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then determine homology classes Ax on X and Ay on Y; in the exceptional ¢ =1 case, the two
boundary components of these maps come with opposite signs and thus cancel. By the commuta-
tivity of the diagram on the chain level inducing the above diagram in homology,

AR+ [Av] = ge(Ag) = 0.
Thus, there exists Ay € H,,,(V';Z) such that
Ax =i ([Av]), Ay = =i ([Av]).
The Mayer-Vietoris sequence (3.3) then gives
[fxlozx] = 0x(Ax) =0 = 6p(An) = [fxlozy] = 0.

The above pair of Mayer-Vietoris sequences now implies that

Ap =T 00(Ax V) + 700 (Ayv) (3.6)
for some Ax_y € H,,,(X—=V;Z) and Ay_y € H,, (Y —V;Z) and
KoveAxv) =L (AV]), wov(Ayov) = =i ((Av]) (3.7)

for some Ay € Hy,(V;Z). By (3.3), there exist
Agy € Hm(SV, Z) s.t. LSV* (Asv) Ax_v, QV*(ASV) = Ay. (3.8)

By Mayer-Vietoris for X#,Y =(X—-V)Ugy (Y —V) and (3.6),
Ay = 5 (Axv = il (Asv)) + 520 (v + ! (Asy)
= i 70 (Av—v + ) (Asv)).
By the commutativity of the first square in the above diagram, (3.7), and (3.8),
v (Ay—y + 15Y (Asv)) = 0.
Thus, the left-hand side of (3.5) is contained in the right-hand side. O

Let ¢ be the codimension of V in X and Y as before and

Ry = {5 (Ax )+ 600 (Ay—v): (Ax_v, Ay_v) € RY @R}, (3.9)

By Lemma 3.3, this definition of R}/(’Y agrees with (1.6) in the ¢=2 case.

Suppose X and V are oriented. For each ¢-pseudocycle f: Z — X and an isolated point 2 € f~1(V),
we define the order of contact of f with V at z, ord;/f € 7, as follows. On a small neighborhood
of x, f can be homotoped without changing its intersection with V' so that it takes a small sphere
Szx in T Z to a small sphere Sx V() C Ny X; the number ordY f is the degree of this map. This
definition agrees with the definition used in the construction of the space of relative stable maps,

M;/ks(X A), in Section 4.2. If

fx:(Zx,x1,...,2)) — (X, V) and i (Z, 2, .. 2) — (X, V)
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are two c¢-pseudocycles such that

)_(( ):{ }7 A/X_I(V):{xllv"'?l'z}a
i) =

fx(x [ (), ordxifxzord}é_f% Vi=1,2,...,¢,

we can then obtain a smooth map fx#—f%): Zx#Zx — X -V by

e removing small balls B, and B, around each of the points z; and z} to form manifolds with

boundary Zx and ZAS(,

e forming a smooth oriented manifold Zx#(—Z’%) by identifying the i-th boundary components
of Zx and Z% by an orientation-preserving diffeomorphism ;: (8Zx); — (8Z%); for each i,

e homotoping fx and f% on small neighborhoods of dB,, and an; within a small ball around
Ix(xi)=f%(z}) in X so that fx = f%oyp; for all 4.

The last condition is achievable because the degrees of fx, fiop;: St — S are the same and
the degree homomorphism m._1(S°~!) — Z is an isomorphism if ¢ >2. This construction of the
map

Ixt—fx): Zx#(—Zx) — X =V

depends only on fx, f%, and choices of degree 1 maps from ¢ disjoint copies of [0, 1] x S to
[0,1]xS°71; thus, fx and f% completely determine the homology class of fx#{—f%). If in addition

[fx]=[fx] in H(X;Z), [fx#(—fx) € RY; see (3.4).
If X, Y, and V are compact and oriented, let
H(X;Z)xvH(Y;Z) = {(Ax,Ay) EH(X; Z)x H(Y;Z): Ax-xV = AyyV},

where -x and -y denote the homology intersection pairings in X and Y, respectively. Given an
orientation-reversing diffeomorphism ¢: SxV — Sy V commuting with the projections to V', we
next describe an operation gluing c-cycles in X and Y into c-cycles in X#./Y and inducing a
homomorphism

H(X:Z)xy H(Y3Z) — H(X#Y:Z)/RYy,  (Ax.Ay) — Ax#Ay. (3.10)
Suppose
fx: (Zx,x1,...,2)) — (X, V) and fv: Zy,y,--y0) — (Y, V)
are c-pseudocycles with boundary disjoint from V such that
V) =Aanxd, V) ={n e
fx(@i) = fy(yi), ord) fx =ordy fy  Vi=1,2,....¢;

for the purposes of this paper, we could take ¢=2 and fx and fy to be J-holomorphic maps from
Riemann surfaces. We can then obtain a smooth map fx#,fy : Zx#2y — X#,Y by

e removing small balls B,, and B,, around each of the points z; and y; to form manifolds with
boundary Zx and Zy,
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e forming a smooth oriented manifold Zx#Zy by identifying the i-th boundary components of Zx
and Zy by an orientation-reversing diffeomorphism ¢;: (0Zx); — (0Zy); for each 1,

e homotoping fx and fy on small neighborhoods of 0B,, and 0B, within small balls around
fx(x;) in X and fy(y;) in Y so that po fx = fyowp; for all .

The last condition is achievable because the degrees of
—1 .oqe—1 c—1
pofxop; , fy: 57 — 8
are the same. This construction of the map
Ixttoly: Zx#tZy — XY

depends only on fx, fy, and choices of degree —1 maps from ¢ disjoint copies of [0,1] x S*! to
[0,1]x S1; thus, fx and fy completely determine the homology class of fx#,fy -

If [fx] = [f%] in H(X;Z), [fx#—f%)] € R% by the paragraph above the previous one. Thus,
the homology class of fx#.fy in X#./Y as above is determined by the homology classes of fx in
X and fy in Y only up to an element of R}gy; see (3.9). The rim tori refinement to the usual
relative invariants is introduced in [IP4, Section 5] with the aim of dealing with this problem. The
following corollary is useful in determining R}/(y.

Corollary 3.4. Let X and Y be smooth compact oriented manifolds, V C X,Y be a smooth
compact oriented submanifold of codimension ¢, and ¢: SxV — Sy'V be an orientation-reversing
diffeomorphism commuting with the projections to V.

(1) For every (Ax,Ay)€H(X;Z)xy H(Y;Z),
Gor (Axtt Ay ) = 53 (Ax) +137Y Y (Ay) € H(XU,Y;Z).
(2) The subgroup R&jy C H(X#Y;7Z) is isomorphic to the cokernel of the homomorphism
{qv*}_l(ker tiv, Nker LE*) — RY & RY, Agy — (L?;*V(Asv), L?g/‘;y(Asv)), (3.11)
where SV is the sphere bundle SxV ~SyV and qy: SV —V is the bundle projection.

(3) If either of the homomorphisms
W H(ViZ) — H(X;Z)  or  u,: H(V;Z) — H(Y;Z)
18 injective, RE/(,Y 1s 1somorphic to the cokernel of the homomorphism
H\(ViZ) = RY &Ry, 7 — (5 (Axw () gvd (Bvv (1))
where Ax v and Ay are the homomorphisms as in (3.1).
(4) If either RY; ={0} or RY-={0}, the homomorphism
#:H(X;Z)xvH(Y;Z) — H(X#YZ), (Ax,Ay) — Ax# Ay, (3.12)

induced by gluing representatives of homology classes along V', is well-defined.
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Proof. (1) This claim is immediate from the construction of Ax#,Ay.

(2) By (3.9), this statement is equivalent to

{(Lg'(\;*v(ASV), L?S'/X;X(ASV)) : Asy € H(SVZ), quvy(Asy) € ker L%f* N ker L%;*}
={(Ax_v,Ay_v) e RxBRy: N (Ax o)~ e (Ay—y) = =0}.

Let Ax_y € H(X—-V;Z) and Ay_y € H(Y —V;Z). By the Mayer-Vietoris sequence for X# Y =
(X—=V)Usy (Y —=V) in the proof of Lemma 3.3,

X X Y
e (Ax- VHY#&* Ay v)=0 «—

(AX—VaAY—V) (Z’SV* (Asv) LSV* (ASV)) for some ASVeHC(SV; Z).

For any Agy € H.(SV;Z), the commutativity of the first square in the diagram of short exact
sequences in the proof of Lemma 3.3 implies that

(3.13)

(c5v ) (Asv), by Y (Asy)) € RK@RY — qv+(Asy) € ker i, Nker iy, .
The last two statements give (3.13).

(3) If either L“)/(* or L}‘;* is injective on the k-th homology,

{av:} " ( ker 3%, N ker L}‘;*) = ker qy«.

Thus, the third statement of Corollary 3.4 follows from the second and the exactness of the Poincare
dual of the Gysin sequence for ¢y : SV —V as in (3.2).

(4) By (3.3), for each Ax_y €RY there exists Agy € H(SV;Z) such that
Ax_v =13,  (Asy)  and  qv.(Asy) =0.

By the exactness of the Mayer-Vietoris sequence for Y =(Y~V)Ugy'V, tky,) (Asv) € RY.. Thus, if
RY-={0}, the homomorphism (3.11) is surjective, and the last statement of Corollary 3.4 follows
from the second. O

Example 3.5. If X=52xT? and V ={0, 00} xT?,
RY = ker { Hy(C*xT% Z) — Ho(S*xT%Z)} ~ H1(C*Z) ® Hi(T%Z) ~ 72
From Corollary 3.4(2), we then conclude that Ry( 72

Example 3.6. Suppose X is an oriented manifold and Z C X is a compact submanifold so that
the normal bundle NxZ admits a complex structure. Fix a complex structure in NxZ and an
identification of the unit disk bundle D(NxZ) of NxZ with a neighborhood of Z in X. Let

PXz:P(NXZXC):P(NXz@ZX (C), V:P(Nxz)CP(NszC),

and BlzX be the manifold obtained from X by replacing D(NxZ) C X with the disk bundle of
the complex tautological line bundle v — V' (which has the same boundary consisting of the unit
vectors in NxV). Thus,

NoxV =7, NeyzV=9" and X =BlzX#,PxZ,
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for an orientation-reversing diffeomorphism ¢ : Sgj,xV — Sp, zV induced by the canonical iso-
morphism y&y* =VxC (e.g. {¢(v)}v=1 for all ve S, x V). By Corollary 3.4(4) and Example 3.2,

RglzXJPXZ = {0},

i.e. there are no rim tori in this case. A geometric reasoning for this conclusion is given in the proof
of [LR, Lemma 2.11]. If (X,w) is a symplectic manifold and Z C X is a symplectic submanifold,
the construction of [MS1, Section 7.1] endows Blz X with a symplectic form wy; (BlzX,wz,) is
then called a symplectic blowup of (X,w) along Z.

By Lemma 3.3 and (3.3),

ker {gow: Hp (X#Y;Z) — Hp(XUy Y3 Z) }

(3.14)
= {LS ASV Agy eker{qy: Hn(SV;Z)— Hy(V;Z)}}.

Lemma 3.7 below, which describes cohomology classes used as primary inputs for GW-invariants
in the symplectic sum formulas, can be seen as the dual of (3.14). The analogue of this lemma
with field coefficients, which would be sufficient for the purposes of this paper, follows immediately
by dualizing the analogue of (3.14) with coefficients in the same field. Similarly, the proof of
Lemma, 3.7 can be viewed as the dual version of the proof of Lemma 3.3, but we include it for the
sake of completeness; like the proof of Lemma 3.3, it contains a delicate step.

Lemma 3.7. If X and Y are smooth compact orientable manifolds, V C X,Y is a smooth compact
orientable submanifold, ¢: SxV — Sy V is a diffeomorphism commuting with the projections to V,
and qp: X#,Y — XUyY is a collapsing map, then

{agpav: aue H(XUyY;2)} = {ap e HY (X#,Y; L) aylsy € gy (H*(V;Z))}, (3.15)
where SV C X#,Y is the sphere bundle SxV ~ Sy V.

Proof. The commutativity of the diagram

X#,Y

L P
SV Vs Xt Y

qv de
XUVY

VHXUVY

implies that the left-hand side of (3.15) is contained in the right-hand side. Below we confirm the
opposite inclusion.

We will use the commutative diagram of the Mayer-Vietoris cohomology sequences for XUy Y and
X# Y =(X=V)Ugy (Y =V),

5 (LXUVY*7LXUVY*) X* Y*
H™ (V) —2 H"(XUyY) —= L H™X)® H"(Y) — ¥ H™(V)
|
lqr/ lq; Ry @ty lq{/
* HYx XY X—Vs_ Y—Vx

(—V’YV)

H™1(SV) oo gm(X4,Y) H™X V)@ H™(Y V) =L SV gm(gy)
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where H* denotes integral cohomology groups. Suppose
O S H*(X#¢Y; Z), ay € H*(V, Z), Oé#|SV = q{k/av.

By Mayer-Vietoris for M =(M —V)Ugy V, where M=X,Y,

M = M * M—Vx
(arlvoty ™) tsy 4y

H™"(M;Z) ——— H™"(M-V;Z)® H™"(V;Z) ——  H™(SV; Z),
there exist ax € H™(X;Z) and ay € H™(Y;Z) such that
ax|x-v =oag|lx-v, ayvly-v=oagly-v, axlv,aylv =ay.
By the Mayer-Vietoris sequence for XUy Y above, there exists
ay € HM(XUyY;Z) st. aulx = ax, ayly = ay.

The commutativity of the middle square in the above diagram and the exactness of the bottom
row then imply that

g — quay € {5:;(53\/): 55V6Hm71(SV;Z)}.

The claim then follows from the observation that
{65(Bsv): Bsv eH™ (SV;Z)} C {g3(a0): aue HM(XUyY;Z)}, (3.16)

which is established below.

Choose an open subset Y of XUy Y consisting of Y and a tubular neighborhood of V in X. Let
&) denote the cochain complex of Z-valued homomorphisms on the sub-complex of singular chains
generated by simplicies in X Uy Y with images in either X —V or Y. Similarly, let S, denote
the cochain complex of Z-valued homomorphisms on the sub-complex of singular chains generated
by simplicies in X#,Y with images in either ¢ UX—V) or dp L(Y). By [Wa, Section 5.32], the
restriction homomorphisms from the usual singular cochain complexes,

S*XUyY) — 85 and  S*(X#Y) — Sh,

induce isomorphisms in cohomology. Thus, we can replace the domains of these homomorphisms
by their targets in order to verify (3.16). Let V,=(X =V)NY and SVyu=q,' (V).

For any neS*(SVy), define

{77(0), if Imo C SVy;

*( —1
Nz (x-v) €8 (4" (X=V)), gz (x-1)(0) 0, otherwise;

nq;1(X_V)(8a), if Imo C q;l(X—V);

e Sy, o) = -
= o% () {0, if Imo C g 1(V);

-1 : .
e S, nu(o) = {"qx(xm(@(% 00)), ifImo € X-V;

0, if Imo CY;
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where o denotes an appropriate singular simplex. The homomorphisms 74 and 7y are well-defined
on the overlaps if 0n=0, i.e. ) determines an element [n] in H*(SVy). In such a case,

oplnl = xl,  azlnol = [yl

by the construction of the connecting homomorphism in the Snake Lemma and the definition of
pull-back homomorphisms. This establishes (3.16). O

Corollary 3.8. If X, Y, V, ¢, and q, are as in Lemma 3.7, oy € H*(X#Y;Z) is of the form
guau for some ay € H*(XUyY;Z) if and only if the Poincare dual of oy can be represented by a

pseudocycle fu: Zy — XF Y transverse to SV such that fq;l(SV):f‘*/SV for some pseudocycle
fv: Zyv —V of dimension ¢ less, where ¢ is the codimension of V in X and Y.

Proof. Let fu: Zy — X#,Y be a pseudocycle representative for the Poincare dual of a4 trans-
verse to SV. The restriction of fx to f#;l(S V') then represents the Poincare dual of oy |sy .

(1) If f#l(SV) = fiySV for some pseudocycle fy : Zy — V of dimension ¢ less, ax|sy = qjav,
where ay € H*(V;7Z) is the Poincare dual of the class represented by fi,. Lemma 3.7 then implies
that a = qgay for some ay€ H*(XUyY; 7).

(2) If ay = gy for some ay € H*(XUyY;Z), then ay|sy = qj,ay for some ay € H*(V;Z);
see Lemma 3.7. Let fy: Zy — V be a pseudocycle representing the Poincare dual of ay and
fv: fvSV — SV be the induced pseudocycle from the total space of the bundle SV —V pulled
back by fy. Thus, there exists a pseudocycle equivalence f . Z— SV so that

af:f#}f;wv) v

Cutting Zx along the hypersurface f#l(SV), gluing in f and —f along the resulting cuts, iden-

tifying f and —f along fV,Aand moving +f on the complement of fi, outside SV, we obtain a
pseudocycle representative fu: Zu — X#,Y for the Poincare dual of ay transverse to SV such
that f,(SV)=f;SV. O

Remark 3.9. There is a slight misstatement in part (a) at the bottom of page 996 in [IP5] related
to the ¢=2 case of Lemma 3.7, since the first map in [IP5, (10.13)] is never injective for dimensional
reasons. The statement in (a) should instead be that € H™(Z);Z) separates if

Uer: H™ YV, Z) — H™(V;Z)

is injective. In (b), j*: H*(Zx;Z) — H*(SV;Z) is the restriction map.

3.2 Twisting by rim tori: [IP4, Section 5|, [IP5, Section 10|

In this section, we specify the coverings of the manifolds V* implicitly used in [IP4] to refine the
usual relative invariants. The latter is possible to do if V' is connected or satisfies the condition
of Definition 3.10, but not in general, as can be seen from the proof of Lemma 3.11 and from
Example 3.12. If V satisfies the condition of Definition 3.10, the evaluation maps can be lifted
systematically over such coverings and fiber products ’H}/(’Y;S of these coverings can be split into

unions of topological components H;/{’?/,S, as suggested by [IP5, (3.10)]; see Proposition 3.13 and
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Corollary 3.14. However, contrary to a key premise of [IP5], the components H;/(’({/,S can rarely
be distinguished homologically and used to resolve the rim tori deficiency of the usual symplectic
sum formulas, even if V satisfies the condition of Definition 3.10. We end this section by deducing
Theorem 1.2 from the approach in [IP5].

Definition 3.10. Let X be a smooth manifold and V C X be a compact submanifold of codimen-

sion ¢ with topological components Vi,...,Vy and an orientable normal bundle NxV. We call
V C X virtually connected if
RX _LSXV*AXV(HI(VIa )) @LSXV*AX\/(HI(VN, )), (317)

with Axy and L‘;{;‘y* as at the beginning of Section 3.1 and RY as in (3.4).

By Lemma 3.1, the modules on the right-hand side of (3.17) are always contained in R% and
span it. In particular, every connected compact submanifold V' C X with an orientable normal
bundle is virtually connected. In general, if Vi,...,Vy are the topological components of V' and
r=1 , N, let

Ry = 3 v Axv (Hi1(VisZ)) CRY C H(X—-V;7Z). (3.18)

If V C X is virtually connected, RY% X/ R , is the direct sum of the submodules Ry(;r, with 7/ #7.

Let X be a smooth manifold and V' C X be a compact submanifold of codimension ¢ with connected
components Vi, ..., Vy and an orientable normal bundle. For a tuple s=(s1,...,sy) € Z¢, we define

Vo=V’ = 0 H(X-V;2)% — H(X-V;7), 0s(A1,...,Ar) = 5141+ ...+ sp4,.
For each r=1,..., N, let

D, m1((Ve)s) — Hi((Ve)s; Z) = Hi(Vy; )% — Hy(V;Z)%
(Lg();\‘//*OAXaV)@Z

— S H(X-V;72)% 2 H(X-V;7),

where the first arrow is the Hurewicz homomorphism [Sp, Section 7.4], denote the composition
map. Let

7TX TS HX TS (VT)S (319)

be the covering projection corresponding to the normal subgroup ker ®,.s of m1((V;)s); see [Mu,
Theorems 79.4, 82.1]. By (3.18), the fiber of (3.19) is

m1((Vr)s)
S~ ged(s) RY
ker (I)r;s ge ( ) Xiro
where ged(s) is the greatest common divisor of sq,...,sy. Let
ﬂ—)‘é;r;s: Hy{;r;s = R_‘)/(;r/ng( r X HX T3S (‘/;‘)57 (320)

where 75‘? is the composition of the map (3.19) with the projection onto the second component.
If s, € Ztr for r=1 , N, we define

\% _ VvV 1% .V — 4V \%4
WX;sl...sN :ﬂ—X;l;sl X Xﬂ—X;N;SN : HX;sl...sN :HX;l;sl X XHX;N;SN

(3.21)
— ‘/Sl...SN E(‘/l)sl XX (VN)SN
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The fibers of this projection are R}/( if V' is virtually connected.

If ¥ is a smooth compact oriented m-dimensional manifold, A € H,,(X;Z), k € Z=°, and p>m,
let X5 (X, A) be the space of tuples (z1,...,z2k, f) such that f € LY(3;X), f¥] = A, and
21,...,2, € X are distinct points. If in addition m=c¢, Vi,...,Vy and s1,...,sy are as before, and
(1.3) holds for each (V,s)=(V;,s,), let

Vi,V
%Z}lk-sl,N N(X, A) - xZ,k+f1+...+fN (X’ A)

Jkis1,...8

be the subspace of tuples (21, ..., Zkte+.. 405, f) such that
fﬁl(v) = {zk+£1+...,€r,1+17 ey Zk+51+.‘.+fr} v r = 1, ey N’
ord!r f= s Vi=1,2,....0,, r=1,... N.

)

Zh+Ly4... 0. _1+i

For each r=1,..., N, we denote by
Vi, Vi
vV = eVipa ot 1 X XV, Xy Y (X A) — (V)s, (3.22)
the total evaluation map to the r-th topological component of V. Let
Vi,...,V —
eVXV—eVV1 X...xev'N: lek 517N - (X, A) — Vo, sh=V1)gy X . X (VN )sy - (3.23)

The conclusion of the ¢ = 2 case of the next lemma is essentially the desired outcome of [IP4,
Section 5].

Lemma 3.11. Suppose X is a smooth manifold, V C X 1is a virtually connected submanifold of
codimension ¢, and A€ H(X;Z). Let V1,...,Vn be the connected components of V and s, € Ztr
forr=1,...,N so that (1.3) holds for each (V,s) = (V;,s;). If ¥ is a smooth compact oriented
c-dimensional manifold, k € Z=°, and r=1,...,N, then the total evaluation map (3.22) lifts over
the covering (3.19) to a continuous map

~V Vi,V
eV 3521’k;51’ﬁ7sN(X, A) — Herr .
Proof. Let
Vi, Vi
v [07 ]-] — %Zlyhslﬁf-ysN (X7 A)7 t— (zt;la s 7zt;k+f1+...+f]\]7ft)7
be a loop. For each r=1,...,N and i=1,...,¢,,

VYrii = €Vk4ly+..4-Lp_1+i OV [07 1] — Vi

is also a loop. For each i=1,...,01+...+{N, let B, CX be a small ball around z;,;. As in the
construction of fx#,fy in Section 3.1, it can be assumed that

ft: 0B — SXV’ft(Zk+£1+m+f

24y 4o ALy +i i)
Since 7 is a loop,

N N

N
0= fo#( fl ZZLSXV* AXV 37“ 3 Yr; z)) = Z(I)r;sr(eVVTOW) € R}/( = @Ry(;r;

r=1 =1 r=1 r=1

the last equality holds becomes V C X is virtually connected. It follows that ®,.g, (evVTo'y) 0 for
every r=1,..., N. Thus, the image of m; (.’{gllg,;’lvﬁ sy (X A)) in w1 ((Vr)s,) under ev' lies in the

image of m (HX s,.) under (3.19). By [Mu, Lemma 79.1], this implies the claim. O
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Example 3.12. Continuing with Example 3.5, we take
X =8%2xT?, V; ={0}xT? Vo ={cc}xT? V=VUV,, and A=[S*x{pt}],
where pt € T? is a fixed point. If a: S' —T? is a loop based at pt and
_ {0}{oo} 02 o2
f=(21,20,f) € %270;(1),(1)(5 ) [S ])7

then v = (z1, 22, f Xa) is a loop in %gl(’)"/(Ql) (1)(X, A) such that evy,y=a. Thus, evy, is a surjective

homomorphism between the fundamental groups of .’{216‘/(21) D (X,A) and V;. In light of [Mu,
Lemma 79.1], this implies that ev; does not lift to any non-trivial connected cover of V;.

We will next choose the lifts in Lemma 3.11 in a consistent way.

Proposition 3.13. Suppose X is a smooth manifold, V C X is a virtually connected submanifold
of codimension ¢, and A€ H.(X;7). Let Vi, ..., Vy be the connected components of V and s, € Z'r
forr=1,...,N so that (1.8) holds for each (V,s) = (V,,s,;). If ¥ is a smooth compact oriented
c-dimensional manifold and k€Z=°, there exists a lift

~ LAV, Un \%4 —qV V
evx v %Z,k;sl,...,SN (X, A) — HX;SL..SN :HX;lgsl X XHX;N;SN

of the evaluation map evxy in (3.23) over the covering W}/(;sl...sN in (3.21) such that

evxy(f)=evx v (f) if and only if f#H—f') is defined and vanishes in H (X —V;Z), where f and

f' are the map components of £ and f', respectively.

Proof. For each topological component V, of V, choose a base point &, € H'Y. Xorss, . For each coset in

RX.T/gcd(sr)RX;T, choose a representative T,.; € R%. ; we will denote its coset by [T;.;]. Choose
an element

fo = (2015 -+ s 20k4t1 4.4ty JO) € 36?;; S’IVN sy (X A)
so that ev' (fo) =7y, s, (Zr) for every r=1,..., N. Choose a base point
f, = (Zm;h s Bmgk Al N fm)
for each topological component of %gll’%,;’lvf’_ sy (X, A) so that v (£,) = 3‘{ rs, (@r) for every
r=1 , N and
[fm#(—fo)] = Tl;jl(m) +...+ TN;jN(m) € H(X-V;Z) (3.24)

for some j,. =j,.(m) with r=1,..., N. We define
Vi,V
eVX T %Elk 517N7s (X A) — HX TiSr 7?’X r/ ng(ST)RX T X HX T3Sy

to be the lift of ev"" over W)‘?;T;ST so that

I
—
<
S

2
N
S—

<C
:3

&y(;r(fm)
see [Mu, Lemma 79.1]. Let

~ _~V ~V AV, \% _ 4V \%
eVX7V:eVX;1 X... XeVX;N : %27](“‘;517“.75]\7 (X, A) — HX;SL..SN :HX;l;Sl X.o.. XHX;N;SN .
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It remains to verify that this lift has the claimed property for any f,f’ € .’{g,’g S’XN sy (X, A4) such
that evx,y (f) =evxy (f/)

Let f,, and f,,,; be the base points of the topological components of f{glkslvN - (X, A) containing
f and f’, respectively, and v and ' be paths from f,,, to f and from f,,; to f’, respectively. Since
eVX7v(fm) :eVX7v(fm/) and evx,v(f) :evx,v(f’),

. /.
Vrii = (= €Vigti by 14i97) * Vit tty 407 [0,1] — V;

is a well-defined loop for every r=1 ,N and i=1,...,¢, and

N ¢
(= fmr)] — [f#H(— f! )] = ZZLSXV* AX V(sr i z))
r=1i=1
N (3.25)
=Y P, (Y15 - Wee,) €EPRY,, CH(X-V3Z).

r=1 r=1

If eA{/X,V(f) :eA{fX’V(f/), then

(Trjoom)s &) = %0 () = &% (Er) = ((Tjoomn)s &) YVr=1,...,N (3.26)

and the paths ev'” oy and ev'” o' lift to paths in Her from Z, with the same end points.
By (3.24) and (3.26), [fn#H—fm/)]=0. Since the paths evVTo'y and ev'" oy’ lift to paths in HY. -

from Z, with the same end points, (Yr;1,...,%re,) is in the image of 771(7-[er ) and so lies in
ker @,., . From (3.25), we then conclude that [f#—f’)]=0. Conversely, if [f#4—f’)]=0, then

N

r:l

N N
7“]7« 7“]7« ) [fm#( fm :Zq)r;sw(r)/r;lw"ar}/r;ﬂr) E@RB/(;T‘
r=1 r=1

Since 1.5, (m) and 1. () are representative of cosets R}/(;T modulo the image of ®,. , it follows
that

eV}/( r(f ) = ([Tr;jr(m)Li'?") = ([Tr;jr(m’)]vfir) = &yf;r<fm’) Vr=1,...,N

and (Vri1,...,%w,) lies in ker ®@,.., . By the latter, the paths evV’“Ofy and ev'" o4/ lift to paths in
HY. s, from Z, with the same end points. Thus, &X;T(f) =e&v, +(F). O

Suppose X and Y are oriented manifolds, V C X, Y is a virtually connected submanifold of codimen-
sion ¢, p: SxV — Sy V is an orientation-reversing diffeomorphism commuting with the projections
to V, and X#,Y is the smooth manifold obtained by gluing the complements of tubular neighbor-
hoods of V' in X and Y by ¢ along their common boundary. If Vi,...,Vy and sq,...,sy are as
above, denote by

A sy CVarsy X Ve

S1...SN S1...8N

the diagonal and let

1% _ 2V 14 — 1% |4 14
’HX,Y;sl...sN - HX;sl...sN ><VslmsN HY;sl...sN — {ﬂ-X;sl...sN Xﬂ-Y,;sl...sN} (Asl SN)
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If ¥x, Yy are smooth compact oriented c-dimensional manifolds, kx, ky € Z=%, and (Ax, Ay) is
an element of Ho(X;Z)xy Hy(Y;7Z), let

\% 7"'7V \% 7"'7V -~ it -1 1%
%ElifX];\;lmSN (X’ AX) ><VS1---SN xEly,kygl...sN (Y7 AY) = {eVX§V XeVY;V} (HX,Y;sl...sN)

L (3.27)
= {eVX;V XeVY;V} (Asl...sN) ’

where evy y and evy,y are the lifts of evx  and evyy, respectively, provided by Proposition 3.13.
The gluing construction of Section 3.1 defines a continuous map

Vi,V Vi,V
#SO: lex,kxj;\;l,_,s]v (Xv AX) XVay.sn :{Ely,k;y;]\s[l_,sN (Y7 AY) — |_| xzx#zy,k)('i'ky (X#W}/v C)

CeAxH#,Ay
and thus a continuous map
XUV (X Ax) X XN (Y, Ay) — H(X#,Y;2) (3.28)
EX,kx;Sl...SN ) X ‘/51.4.51\] EYka;Sln-SN 9 Y ¢ ) . .

Corollary 3.14. Suppose X and Y are oriented manifolds, V C X,Y is a virtually connected sub-
manifold of codimension ¢, p: SxV — Sy V is a orientation-reversing diffeomorphism commuting
with the projections to V, and (Ax,Ay) € Hy(X;Z)xy Ho(YZ). If evx,y and €vyy are as in
Proposition 3.13, there exists a continuous map

9Ax,Ay - H}/(,Y;sl...sN — Hc(X#apYS 7) (3.29)
such that gay ay o{€vx v Xevy,v} restricts to #, over the common domain.

Proof. For every element (Ax,Ay) in Ho(X;Z)xy H2(Y;Z), the space (3.27) decomposes into
disjoint unions of topological components

Xy (X Ax) xo Xy (Y Ay) = #, (s psy ey ke (XHY, 0)).

Yx,kx;s1...SsN Yy ky;si...sN

By Proposition 3.13,

{60,y x 0y H RGN (X, Ax) xo Xy (Y, Ay))

Yx,kx;s1...8N Yy,ky;s1..8N

N{&xy x ey H AR, o (G Ax) X, Xu (Y Ay)) =10

Yx,kx;s1...8N Yy,ky;si...SN
if C1#C5. This implies the claim. O
The map (3.28) depends on the liftings evx, and evyy. For each C'€ Ax#Ay, let

v,C _ . —1
XYsi..sy — JAx,Ay (C)

These submanifolds decompose ’H}/( Yisy..sy 1tO disjoint unions of topological components and

1 X ViU Vi,...,VN s Ve
eVX,VerY,V' Yx,kx;is1...sN (X’ AX) xXc %ZyJ{:y;sl...sN(}/’ AY) HX,Y;SLA.SN’

by the definition of g4, ay -
An unfortunate deficiency of the symplectic sum formulas of Theorems 1.1 and 4.1 is that generally
they describe combinations of GW-invariants, rather than individual GW-invariants, of a symplec-

tic sum (X#vY,wy) of (X,wx) and (Y,wy) in terms of relative GW-invariants of (X,wx,V)
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and (Y,wy, V). The rim tori refinement of [IP4] to the usual relatlve invariants is used in [IP5]
with the aim of resolving this deficiency. In order to do so, each HY X Y 18N needs to be described
as the dual to some cohomology class on HY. N XHY:. 1.5y 5 in turn, this would describe a pairing
on H, (”HX;SL“SN JQH., (HY;SL“SN). An indication of such a pairing is given in the middle of page 993
n [IP5]. The usage of g, in this formula is inconsistent with the definition of g in [IP5, (3.10)],
but the identifications used in this formula are partially clarified on the following page, making the
last equality essentially the definition of this pairing. It 1nvolves taking an intersection number of
a homology class Zx x Zy on HX 1. Sn XHY 1.5y With ’HX Vst sn . This number is

\4
><7-lY ;S1.--SN

(PDyv

Xis1...sy

(%;Vc’fz;sl,,_sN)v ZxxZy) (3.30)

if HX 1.y and ’Hg; are compact (i.e. if RX and R}‘f are finite).

S1...SN

However, it appears that no definition of an intersection number as above could possibly exist in
general. The assignment C' — H;/f?/-sl...sN is defined only up to the action of R}/(XRXK corresponding
to different choices of lifts in Lemma 3.11. If

R}/(;T = gcd(sT)R}/(;T and Rx‘f”, = gcd(sr)Rgf;T Vr=1,...,N, (3.31)
the coverings (3.20) are connected and the subspaces

%4 \%4
HX Y; ;$1...8N C HX;SL..SN XHY;SL..SN

with various C' € Ax#Ay are isotopic; in general, they are isomorphic submanifolds of isomorphic
manifolds. If there were a meaningful notion of intersection number of Zx x Zy with %;/(’S/;sl...sw
the resulting number would be independent of C' € Ax#,Ay. In the symplectic sum setting, this
would imply that the contribution of 7-[_‘;{(_{1 1.8y 1O GTx4, vy, 18 independent of C'e Ax#vAy
whenever (3.31) holds. In the general case, the contribution of each HY X, Y 1.5y DAY depend on the
topological components of HY% Xos1.sy % HY 1.5y Containing it, as the refined relative “invariants”
depend on the choices of the lifts in Lemma 3.11. By Corollary 3.4(2) and the above construction,
the contributions for Cy, Cs € Ax#yvAy are the same if

N
X#vY X#vY
Cl - 02 = Zng(ST)(LX#\‘;* Lg(XI‘//*AX,V(aT;X) + LY#X\//* L}S”/y\‘//*AxV(aT;Y))
r=1
for some a;.x,a,y € Hi(V;Z) with r=1,...,N. This equivalence relation breaks each R}gy—

coset Ax#vAy of Ho(X#vY;7Z) into finitely many subsets of the same cardinality. If there were
a meaningful notion of an intersection product with HE/(,C; 1. 8N the contribution of Hy(’g 1.8

to GT x4, v,,c would be independent of C' inside of each of these subsets. If RXY were infinite
and GT x4, v,y,c were nonzero for some C, there would thus be an infinite subset of Hy(X#vY;Z)
of classes C' differing by rim tori such that GT x4, v,c’ # 0. However, this would contradict
Gromov’s Compactness Theorem, since wx(C’) is the same for all such classes; see Section 3.3.

By the above, the pairing (3.30) is well-defined under the finiteness assumptions of Theorem 1.2
and Remark 1.3. By the relatively prime assumptions of Theorem 1.2 and Remark 1.3, (3.31)
holds for all relevant tuples si,...,sy. Thus, the pairing (3.30) is independent of the choice of
C € Ax#Ay. The claims of Theorem 1.2 and Remark 1.3 now follow from the main argument
in [IP5].
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Remark 3.15. Since the purpose of [IP4] is to define relative invariants, [IP4] does not explicitly
describe the actual motivation behind the introduction of the rim tori refinement to these invariants
(i.e. replacing Vs with H}/(;S as the target of the relative evaluation map). Two, essentially identical
(not just equivalent), descriptions of the set H}/(;S are given in [IP4], neither of which formally
specifies a topology on ’H}/(;S. In particular, contrary to the sentence below [IP4, (5.6)], the topology

on X is not changed, but the inclusion map S* — X is still continuous and induces precisely the
same inclusion of chain complexes as in the first description of 7-[}/(;5. A hands-on description of the
topology of ”HYQS, focusing on the s=(1) case, is given at the end of [[P4, Section 5]; our definition
of H}/(,S via the homomorphisms ®,..; formalizes this description whenever possible. In particular,
contra7ry to what one might infer from the description at the end of [IP4, Section 5], the relevant
covering ’H}és — V5 does not always exist and may be disconnected when it does exist. The map
[IP5, (3.10)] is not specified; it is provided by Corollary 3.14 whenever possible. The typos in this
part of [IP4] include:

p66, (5.2): MY, (X, A) — MV (X);

p66, line -2: H — HY;

p67, line 20: H is never used.
There are also some typos in the related parts of [IP5]:

p992, after (10.5): (10.5) already involves disconnected domains;

p993, line 13: Hy x HY — HY x HY;

p994, line 7: > Y. — P EPp.

3.3 The symplectic sum: [IP5, Section 2], [LR, Sections 2,3.0]

In this section, we first recall the symplectic sum construction of [Gf, MW] from the point of view
in [IP5] and then translate it to the point of view in [LR]. The former is more geometric and
leads to a simpler description of the key notions of relative stable map and relative moduli space;
our description of this setup is only a slight variation of [IP5, Section 2]. On the other hand, the
latter fits better with the analytic issues that need to be addressed in proving symplectic sum
formulas; unfortunately, [LR, Sections 2,3.0] do not actually specify a symplectic sum, but instead
provide plenty of related examples of symplectic quotients. The symplectic manifolds (M _,w_),
(M4,wy), and (M,w) in [LR] correspond to (X,wx), (Y,wy), and (Z,wy), respectively, in our
notation (which is similar to that in [IP5]); the hypersurface M C M along which M is split into
its parts is denoted by SV below.

Let (X,wx) and (Y,wy) be compact symplectic manifolds and V' C X,Y be a symplectic hyper-
surface so that (1.1) holds. Fix compatible complex structures on the symplectic bundles

NXv,NyV —V

and an isomorphism as in (1.2). We denote by wy the symplectic form wx|y =wy|y. Choose a
hermitian metric gx y and connection on Nx V; they induce a hermitian metric gy,;y and connection
on NyV via the above isomorphism (1.2). Let

Zy =Ax(X-V), Zy=Ax(Y-V),

3.32
Zreck = {(x,y)ENXVGBNyV: ||, ly| <2, |:cy|<5}, ( )

30



for some § € RT to be chosen later. We will glue these three manifolds to construct a smooth
manifold Z so that the map 7: Z— A given by

Zx — A, (Mx)— A Zy — A, Ny — A, Zpek — A, (z,y) — Y, (3.33)

is well-defined. Let mx : Zneak — NxV and 7y : Zpea — Ny V be the component projection maps.

Let gx,v: SxV —V and ¢qyy: SyV — V again be the sphere (circle) bundles of NxV and NyV,
respectively. Denote by

Tvrt(SXV) = ker dQX,V - T(S)(V) and Tvrt(SyV) = ker quV C T(SyV)

the corresponding vertical tangent bundles. The connections in NxV and ANy V induce splittings
of the exact sequences

d
0 — TY(SxV) — T(SxV) 24 g5 vTV — 0  and
d
0 — TV (Sy V) — T(SyV) % g3 TV — 0
of vector bundles over SxV and Sy 'V, respectively; see [Z2, Lemma 1.1]. Denote by ax and ay
the 1-forms on SxV and SyV vanishing on the images of ¢% TV in T(SxV) and of ¢5,, TV in
T(SyV) corresponding to these splittings such that

d .
ax <e‘0x

dé dé

d .
) =1 Vze SV, ay<e‘9y

):1 Vye SyV.

0=0 6=0

Let (t) be a path in V, 4x(¢) be a horizontal lift of v to SxV, and 4y (¢) be a horizontal lift
of v to SyV. Since the connection in NyV is induced from the connection in NxV via the
isomorphism (1.2), 4x(t)3y(t) is a horizontal lift of «(t) to V' x C with the trivial connection,
and so 7(yx(t), 7y (t)) is a constant function. Thus,

7'df = Tyax + Tyay (3.34)

on SxV xy Sy V; this identity can also be verified using local coordinates.

We extend ax and ay to 1-forms on NxV —X and Ny V —Y by pulling back by the retractions

Y

NxV=X — 8xV, z— —,  ANyV-Y — SV, y— o

]

Denote by mx v : NxV —V and Y,V ! Ny V — V the bundle projections. Let
px: NxV —R, px(x)=z>,  py: MV —R, py(y) =y

we will denote the smooth functions pxomx and pyomy on Z,.q also by px and py, respectively.
The closed forms

wx,v = mxywy +d(pxax) and wyy = Ty ywy +d(pyay)

on the total spaces of NxV and NyV restrict to wx|y and wy|y along V. By the Symplectic
Neighborhood Theorem [MS1, Theorem 3.30], we can thus symplectically identify

D&V ={zeNxV: |z|<e} and DYV ={yeNyV: |y|<e} (3.35)
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with tubular neighborhoods of V in X and Y, respectively, for some ¢ € R sufficiently small. By
rescaling the metric on NxY and the isomorphism (1.2), we can assume that e=2. Let Z be the
smooth manifold obtained by gluing Zx, Zy, and Z,c by the open maps

Vx: Zneek—NyV — Zx, (z,y) — (zy,x),
Vy: Zpeek—NxV — Zy,  (z,y) — (2y,y).

The projection map 7 : £Z — A described by (3.33) is then well-defined. By the Symplectic
Neighborhood Theorem identification above,

Yywx = mpwy + mxd(pxax) and Yywy = mpwy + myd(pyay), (3.36)

where 7y @ Zheck — V is the bundle projection map.
We next define a symplectic structure wz on Z. By (3.34),

1 * *
id(PXPY(WXaX+7TY04Y))7 (3.37)

where we = %er A df is the standard symplectic form on C. We assume that 45 <1 from now on.
Let n: R—10, 1] be a smooth function such that

0, ifr<1-¢;
1, ifr>1;

1
T we = §d(pxpy7r*d9) =

n(r) = 8 (r)] < 2.

By (3.36) and (3.37), the restrictions of the closed two-form
Wneck = W?/WV + d((l_nopY)W;((anX) + (1—"700X)7T;F/(PY04Y)
1 * *
+ 5 (nepx+nopy)pxpy (ﬂxax+7ryaY)>
on Zpeck to the regions |z|>1 and |y|>1 are

* * 1 * * * * * *
Tywy + d(”x(PXOéX) + o PxPY (WXaX‘HTYaY)) = Yxwx + mwe = Py (wx +7'we)  and

* * 1 * * * * * *
Tywy + d(ﬂ'y(pyOéY) + SPxPY (7TX06X+7TyCl{Y)> = Yywy + 7we = Yy (wy +7we),

respectively. Thus, along with the two-forms wx+n*wc on Zx and wy+n*we on 2y, wyeck induces
a closed two-form wz on Z. The restriction of wyeq to the region |z, [y| < (1—6)'/2 is

mywy + mxd(pxax) + myd(pyay)

. . . . (3.38)
= mywy + (px —py)myDax + 7y (dpx Aax) + my (dpy Aay),

where Day € Q2%(V) is the curvature of acx. This restriction is thus symplectic if Day is sufficiently
small, which can be achieved by rescaling N'x V. The restriction of wpea to the region (1—5)1/ 2<
[ <1 is

1

* 1 k
145 (opx)py ) id(pxax) + ((1=nepx)+5(nopx)ox ) mi-d(pyay)

Tywy + 5

[\D\H[\J\H/—\

(px 2)d no,ox)+(n0px)dpx) Ay (pyay)
+5(pvd

(nopx) (nOpx)dpy) Amx(pxax).
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The first line describes a non-degenerate two-form on a compact subset of NxV@®Ny V containing
the above region (provided Dax is sufficiently small). The two-form w on the second line is of
bounded norm, since |y| < ¢ in this region. Its addition to the first line keeps the form non-
degenerate, since the two-form on the first line vanishes on a complement to the subspace

{'UET(x,y)Zneck: w(v, ) = 0}

Finally, the expression on the last line above is bounded by C'd. This implies that wyeci is symplec-
tic in the region (1—6)Y/2 <|z|<1if § is sufficiently small. For the same reason, wyec is symplectic
in the region (1—0)/2 < |y| <1 if § is sufficiently small. Thus, the two-form wz is symplectic
everywhere on Z if § is sufficiently small.

We now define an wz-compatible almost complex structure on Z which preserves the fibers of the
fibration m: Z— A. The connection in NxV induces a splitting of the exact sequence

0 — 75 (N VBN V) — T Zpecc % 78TV — 0 (3.39)
of vector bundles over Z,ec. The image of 7{,T'V corresponding to this splitting is
kerdpyx Nker mxyax Nkerdpy Nker ny-ay C T Zpeck

outside of V, as can be seen from [Z2, Lemma 1.1], for example. By [IP4, Appendix], there exist
C>0 and a smooth family Jy., with pe (=1, 1) of almost complex structures on V such that Jy,,
is compatible with the symplectic form wy +pDax and

|Jvip — Jvo|| < Cp ¥V pe(=1,1). (3.40)

We denote by Jyecc the complex structure on T(m,y)Zneck induced by the complex structure in the
fibers of my and Jv;px(x),py(y) on V via the splitting (3.39) and by Jyeck;0 the complex structure
induced by the former and Jy.p. The almost complex structure Jpeck on Zneck is wz-compatible.
On the other hand, the restriction of Jyeeko to 7y (X) is Kahler for every (real) surface X C V

preserved by Jy.o; see [Z2, Lemma 2.4]. Along with (3.40), this implies that
NJneck<v7w) € TZV VUETZV7 wETzZ, ZEV,

where N . is the Nijenhuis tensor of Jyeck.

k
The metric wz(-, Jneck:) agrees with the product metric gx v &gy v Pwy (-, Jv.0-) in a trivialization
of NxV@NyV over an open subset of V' to the second order in (x,y), since the splitting of (3.39) is
wz-orthogonal. Thus, the second fundamental form Iy of V' with respect to the metric wz (-, Jpeck-)
vanishes. For each A€ A,

7NN N Zpek = {(2,y) ENXVBNYV: 2y=A} — V (3.41)

is a fibration with fibers preserved by Jyecc. Thus, Jheck preserves w‘jl()\). By [IP4, Lemma A.1], an
wz-compatible almost complex structure Jz on a symplectic manifold (Z,wy) preserves the tangent
space of a symplectic submanifold W C Z if and only if the wz-orthogonal complement of T'W is also
orthogonal to TW with respect to the metric wy(+, Jz-). Since the almost complex structure Jpecx
on Zpeck and product almost complex structures on Zy and Zy preserve Zy=7"1(\) for all \€ A,
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the metrics induced by them and wz can be patched together over the regions (1—0)Y2 < |z| <1
and (1—0)"/2 < |y| <1 in Zpeq into a metric gz compatible with wz so that the corresponding
almost complex structure Jz preserves Z) everywhere.

We next compare the first chern class of (2, w|z,) for A€ A* with the first chern classes of (X, wx)
and (Y,wy). By the gluing construction of Section 3.1, 2-pseudocycles

fx:(Zx,z1,...,2)) — (X, V) and fv: Zy,y,--y0) — (Y, V)
with boundary disjoint from V such that
f)?l(v):{a;la”-vxg}a f;l(V):{yh...,yE},
fX(xl):fY(yl)v Ordg‘c/ifX:()rdL/ifY VZ':1727"‘7£7

determine a 2-pseudocycle fx#.fy : Zx#Zy — Zx. By the symplectic sum construction above,
the complex normal bundles of X,Y C Z are given by

N2X ~ (X=V)XCUT AN V) oy (@) ~ (9) ¥ (25) ENKVENTY,
NzY = (Y =V)xCUmyyNxV)/~, (y,zy) ~ (y,x2) V(y,x)eENy Ve NxV.

Since the canonical meromorphic sections of these line bundles are nowhere zero and have polar
divisors V,

<01(NZX),A>:—A'XV VAGHQ(X;Z), <01(NZY),B>:—B‘XV VBEHQ(Y;Z).

On the other hand, the normal bundle of Zy with A € A* is trivial. Since the homology class of
fx#,fy in Z is the sum of the homology classes of fx and fy, it follows that

(el(TZ2y), [fx#tafy]) = (a(TZ), [fx]) + (ca(T2), [fv])
= (al(TX),[fx]) = [fx]-xV) + ((cr(TY), [fv]) = [fy]-vV).

In particular, the left-hand side of this expression depends only on the homology classes of [fx]
in X and [fy] in Y. Thus,

(c1(T2)), A#:B) € L
is well-defined for all (A, B) € Hy(X;Z) xy Ha(Y;Z). We have thus established the following.

Proposition 3.16. Let (X,wx) and (Y,wy) be compact symplectic manifolds and VC X, Y be a
symplectic hypersurface so that

e(NxV) = —e(NyV) € H*(V;Z).

There exist a symplectic manifold (Z,wz), a smooth map m: Z— A, and an wz-compatible almost
complex structure Jz on Z such that

e T is surjective and is a submersion over A*=A-0,
e the restriction wy of wz to Zy = 7w 1()\) is non-degenerate for every A€ A*,

e Zy=XUyY, wz|X=wx, wz‘Y:WY;
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o Jz preserves T Zy for every A€ A*,
o Ny, (v,w) €T,V for allveT,V, weT,Z, ze€V, and
e the second fundamental form 11y of V' with respect to the metric wz(-, Jz-) vanishes.

Furthermore,

(W, A#rB) = (wx, A) + (wy, B),

(c1(TZ2y), 4:B) = (c1(TX), A) + (a1(TY),B) —24-xV (3.42)

for all \e A* and (A, B)€ Hao(X;Z)xyv Ha(Y; Z).

The algebraic approach of [Lj2] considers only Kahler fibrations 7: Z — A which come with an
ample line bundle £L — Z. Since every element of R%Y in Z, can be represented by a totally
real submanifold, its homology intersection with every co&nplex hyperplane in Z) is zero. Thus, by
the Lefschetz Theorem on (1, 1)-classes [GH, p163], an element of R?Y in Z, determines a class
in H"=2"(Zy\)® H™"2(Z)), where n is the complex dimension of Z), X, and Y. In particular,
curve classes in Hy(Z);Z) differing by an element of R}/( y differ by a torsion class; this observation
establishes the following. 7

Proposition 3.17. Let m: Z — A be a one-dimensional family of projective varieties with a
polarization L— Z such that the central fiber Zqy consists of two smooth irreducible components X
and Y intersecting transversally along a smooth divisor VC X,Y. Let Z=Z) for some A€ A*. If
C1,Co€ Ho(Z; Z) are such that C1—Cy ER& y and GWz 4 0., GWz 4, 0, #0 for some g1, g2 € 729,
then C1—C4 is a torsion class. 7

Thus, the symplectic sum formula in the algebraic setting in fact expresses sums of Gromov-Witten
invariants of Zy=X#Y in degrees differing by torsion in terms of Gromov-Witten invariants of X
and Y'; so the deficiency of this formula described in the second halves of Sections 1 and 3.2 is at
most minor in these cases.

Remark 3.18. The above reasoning does not apply outside of the Kahler setting. For example,
let X =5%2xT?2, V={0,00}xT?,

f17f2: T2 — X_V7 fl(ewl7ei02) = (2>ei01aei92)7 f2(ei9176162) = (eielaewlaei%)'

Since the images of the embeddings f; and fs are disjoint symplectic submanifolds of X, we can
choose an almost complex structure Jyx on X which is standard around V' and makes these images
Jx-holomorphic. The two maps fi; and fs differ by a rim torus. Since both maps miss V, they
induce Jz-holomorphic maps into Z = X#y.X, which differ by a non-trivial element of Ry( ¥ ~ 72
see Example 3.5.

Remark 3.19. The moment maps appearing in [IP5, Section 2] play no role in the symplectic
sum construction described there. The justification of (3.37) in [IP5, Section 2] is incomplete and
refers to 7% ax +my-ay as a connection one-form on NxV@®NyV, which differs from the standard
usage of connection one-form. The second identity in (3.42) is [IP5, Lemma 2.4]. Our proof of this
identity add details to the proof in [IP5] and in particular formally extends over X and Y the key
bundles that are described only over neighborhoods of V' in [IP5].
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The symplectic sum construction is approached in [LR, Section 3.0] from the opposite direction by
cutting (M, w)=(X#vY,wy) into two pieces M~ and M+ along a compact hypersurface M. This
hypersurface is the preimage of a regular value of a Hamiltonian H on a neighborhood U of M
generating a free S'-action on M. By the Mardsen-Weinstein construction [MS1, Section 5.4], the
quotient V=M /S! is then a smooth manifold with a symplectic form wy such that m*wy =w| E
where 7 : M —> V is the projection (in [LR], (V,wy) is denoted by (Z,79)). The symplectic
cutting construction of [Ler| collapses the ends of M~ and M+ and produces symplectic manifolds
(M ,w_) and (MJF, wy ) containing (V,wy ) as a symplectic hypersurface with dual normal bundles.
In the description of [IP5, Section 2] recalled above, M corresponds to the hypersurface

SV)\ = {(.’L‘,y)ezneck: {I:y:/\v |$’:’y‘} C Z)"

with A\ € C* small. The symplectic manifolds (M ,w_) and (M+,w+) obtained in this way are
symplectically deformation equivalent to (X,wx) and (Y,wy ). We will identify SV) with the sphere
(circle) bundle SV =SxV of NxV and use the isomorphism (1.2) to identify Sy V with SV, i.e.

SyVoys—axeSV=5SxV if zy=1€C. (3.43)

In particular, we use the complex structure on Ny V to induce an S'-action on SV for the purposes
of the approach in [LR]; the complex structure on Ny'V would induce the inverse S!-action on SV.
The restriction of the Hamiltonian vector field (g, denoted Xp in [LR, Section 3.0], to M then
corresponds to the characteristic vector field of the S'-action on SV, i.e. %(emxﬂ 9—o at each
x€SV. Let a=ax be a connection one-form on SV as before (denoted by A in [LR]).

The family of complex structures .J, on Zy used in [LR] is more restrictive than in [IP5] on the
necks. Given ¢’ €(0,1), let 7j: R— [0, 1] be a smooth function such that

() 0, ifr<d;
)=
7 1, ifr> 20

With Jy., as in (3.40), let

Ivipr oo = Iviitortp-)(psr—p-) V p+,p-€[0,1].

If ¢’ is sufficiently small, this almost complex structure on V is tamed by the symplectic form
wy+(p+—p—)Da. We denote by jneck the complex structure on T, (z,y) Zheck induced by the complex
structure in the fibers of 7y : Zpeck —>V and Jy, (1) py (y) O0 V' via the splitting (3.39) described
above. The almost complex structure Jpeck again preserves the fibers of (3.41) for each A € A.
It is tamed by the symplectic form wz constructed above everywhere on Z,. and compatible
with wz over the regions (1—0)/2 < |z| <1 and (1—6)"/2 <|y| <1. Thus, as below (3.41), we
can patch the metrics induced by wz, Jpeek, and the product almost complex structures on Zx
and Zy over these two regions into a metric gz compatible with wz on the two regions so that
the corresponding almost complex structure Jz preserves Z, everywhere. We denote the restric-
tions of (Jz,§z) to X, Y, and Z, with A€ A* small by (jX,gX), (Jy, gy ), and (j,\,g)\), respectively.
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The stretching construction of [LR] presents the complements of V' in tubular neighborhoods in X
and Y as bundles over V' whose fibers are infinite cylinders. In the notation of [IP5], the “height”
coordinates can be taken to be

ax(x) =In|z| and  ay(y) = —Inly|
on X and Y, respectively. Thus,
R xSV CXy=X-V, R'xSVcCYy=Y_V, (3.44)
X and Y are quotients of the manifolds with boundary
Xy = (Xy Up-ygy [-00,0)xV)/ ~ and Yy = (Yo Ups gy (0,00 xV)/ ~, (3.45)

respectively, with V' C X, Y being the quotient of {00} xSV by the S'-action. For each a € (0, o],
let

o 3 o 3
X, =Xy — {(aX,a:)E]R*xSV: axg—za}, Y, =Yy — {(ay,y)ER*XSV: aYZZa}‘
In the approach of [LR], the symplectic sum Z) of [IP5] is viewed as

Zow = (XaUYa)/~, Xo—Xo 3 (ax,7) ~ (ax+a,6z) € Y~V (3.46)

wle

if A\~ =e2; in the notation of [LR, (4.11,4.12)], (a,9) = (4kr,0) and (ax,ay) = (az,a;). For
any e€ (0,1], let

Zaﬁ;é = {(xay)ezneck: 961/:)\, |.%", ‘y|§61/2}
1 3 1 3 (3.47)
= {(ax,z)ER™ xSV %ZGXZ—ZGJ} U{(ay,y) eRtxSV: —%gaygza},

with the union on the second line taken inside of Z,y. Denote by % the vector field on 2y

2]

Fax OO0 the intersection with X, and to % on the intersection with Y,. The almost

restricting to

complex structure J of the previous paragraph satisfies

= 0 = 0 = 0

JX@ = (g on Xa*nglnzS’v JY@ = (g on Yafyfgma/v J’\Ta)\ = (g on Za,9:0 -
It restricts to the pull-back of Jy on kera CT(SV)CTZ, y and differs slightly from the initially
fixed almost complex structures Jx and Jy over

_ In ¢’ n Ind’
{(aX,fU)GR xSV:ax > 2 }CX and {(ay,y)eR xSV:ay < — 5 }CY,
respectively, in a way depending by A.

Finally, we specify complete metrics gx, gy, and g, ¢ on )O(V, 30/\/, and Z, g, respectively. Let
7(r)=n(16r). Denote by gey1 the metric on Rx SV given by

gey1 ((a1,v1), (a2, v2)) = araz + a(vi)a(vz) + ¢rgv (v1,v2),
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where gy (-, ) =wy (-, Jy) is the metric on V induced by Jy . Following [LR, (3.7),(3.8)], we define
the metrics gx on X —V and gy on Y-V by

] _{ﬁx!m, it € Xy — (=00, —1) x SV;
P = lox @) Lo+ (L=(px (2)getlar 1 2E€R™ XSV

| _{lew ifye)C}V—(l,oo)xSV;
W= oy @)y ly+ 0=y (1) geytlys  if yERF xSV

For each a € R+ sufficiently large, we similarly define

g 19’ . g)\|x7 ifxeza,ﬂ_za,ﬁ;l;
b x - A ~ A .
¢ N1(px () +py (%)) Jo—arin |o+(L=1(px (2)+py () geyi| 2, if € Z4 ;0.

This metric agrees with the cylindrical metric on Z, .5 /32. Its injectivity radius is uniformly (inde-
pendently of (a,1)) bounded below and the norm of its Riemannian curvature tensor is uniformly
bounded above.

Remark 3.20. The review of the symplectic sum and cutting constructions in [LR] consists of
[LR, Examples 2.6-2.8]. In particular, the symplectic form wz|z, on the glued manifold in [LR,
(4.11,4.12)] is not specified; as indicated above, constructing such a form is not trivial. The
symplectic form wy on C" in [LR, Example 2.6] is not specified. The second set on the RHS of
[LR, (2.6)] can be easily absorbed into the first; it would perhaps be clearer to describe p=1(0)
as |z|?+|w|? =e. Since z is a vector, the expression zdz in [LR, (2.8)] does not make sense; the
intended meaning is presumably as in [LR, (2.16)]. The formula [LR, (2.8)] does not seem to appear
in [MS1]. The S'-action for the Hamiltonian in [LR, (2.10)] with respect to the symplectic form
in [LR, (2.9)] is given by the multiplication by e~™*/¢, not as in [LR, (2.11)]. The wording of [LR,
Lemma 2.5] is incorrect; there should be a homotopy of the maps ¢ as well. The third sentence on
page 165 in [LR] is vague. The wording of the paragraph in [LR] containing this sentence suggests
that the symplectic blowup construction involves almost complex structures, which is not the case;
it is described explicitly on pages 239-250 in [MS1]. A direct connection of this paragraph to [LR,
Proposition 2.10] is also unclear. Other, fairly minor misstatements in [LR, Sections 2,3.0] include

pl6l, Ex 2.2: ¢ — ¢0/2;

pl6l, Dfn 2.3: concave dfn is correct only if IV is connected;

pl61, bottom: not by (1.10); The map (1.10) induces a homomorphism...

p162, top: [FO] and [LT] do not require integrality;

pl162, line 7: this equality does not hold, as LHS is degenerate along 7~ !(Z2);

pl62, after (2.9): on the whole total space, as used above Prop. 2.10;

pl63, lines 4,13: Example 1 — Example 2.6;

pl64, line -17: ¢ is not specified in (2.13);

pl64, line -6: the antipodal — a conjugation;

pl65, line 12: Example 2 — Example 2.7;

pl65, Lemma 2.11, proof: M is not a subset of M;

pl66, line 14: M, has not been defined;

p168, Section 3: need to require H1(0) to be compact and the S'-action to be free; the relation
of dA with the Chern class is irrelevant; .

p168, lines -9,-8,-3: { and } should not be here; identifications along {+¢} x M;

pl69, line 1: this sentence does not make sense and is not used here;

pl69, (3.7),(3.8): these metrics need to be patched together;

pl70, line 1: II can be taken to be dr.
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4 The symplectic sum formula

4.1 Main Statement: [IP5, Sections 0,1,10-13,16]

For g,k € Z=° and y € Z, denote by ﬂ%k and /T/lJXVk the Deligne-Mumford moduli spaces of
stable nodal k-marked complex curves with connected domains of genus g and with (possibly)
disconnected domains of double holomorphic euler characteristic x, respectively; in the unstable
range, 2g+k <3 and k—x <1, we define each of these spaces to be a point. Let

M = |_| m‘q’k7 Mv: |_| //\—/leJ'C .
g,k€Z20 XEZ,ke7=0
A rule of assignment is a bijection
19:{1,...,k}1}|_|{1,...,k‘2}—){1,...,k‘1+k}2} (4.1)

for some ki, ks € ZZ° preserving the ordering of the elements in each of the two subsets of the
domain. Let RA denote the set of all rules of assignment. If in addition £€ Z=0, let

54,19: MX1,]€1+@ X MXQ,szrf — MX1+X2*25J€1+7€2 (4'2)
be the morphism obtained by identifying the (k1+i)-th point on the first curve with the (ko+i)-th

point on the second curve for ¢=1,...,¢ and ordering the remaining points by the bijection 9.

Let (X,w) be a compact symplectic manifold, V' C X be a closed symplectic hypersurface, J be
an w-compatible almost complex structure, such that J(TV)=TV, and A€ Hy(X;Z). There are
natural stabilization morphisms

st: My k(X, A) — My, 86 MY s (X, A) —> My jore, (4.3)

forgetting the map and contracting the unstable components of the domain. We denote the re-
strictions of these maps to

My (X, A) C My _gyx(X,A)  and Mgks(x A) C MYy, 1s(X, A)

by the same symbols. The morphisms (1.4) and (4.3) give rise to the (absolute) Gromov-Witten and
Gromov-Taubes invariants of (X,wx) with descendants,

GWx a4: T*(X) — Ho (M), GWy a4(a Zst (ev* an [Mya(X, A)]™),  (4.4)
GTx.ay: T"(X) — H (M), GTx.a,(a Zst evian [M, . (X, 4)]"),

where H, denotes the homology with Q-coefficients. They also give rise to the relative Gromov-
Witten and Gromov-Taubes invariants of (X, V,w),

GWX 4 gt THX) — H (MxV5), GW 4 (cx Z{stxev (evan ngs (X, A,
. [e.e]

GT}/(,A,X;sz T*(X) — H (M xV5), GT}/(,A,X;s( )= Z{stxevv}* (evian [Mxks(X A)}Vlr)
k=0
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We assemble the homomorphisms GT x4, v,c, and GT}(L Ax:s into generating functions as in (1.7)
and (1.8):

GTxpyy = Y > D GTxpyvion tgAY, (4.5)
XELneHa (X#vY;Z)/RY y C€N

GTy =Y D> > D GThaystar (4.6)

XEZ AcH2(M;Z) £=0 sc(z1)*
[s|=A-nV

The generating functions in (1.7) and (1.8) are the sums of the terms in the generating functions
in (4.5) and (4.6), respectively, that are of M-degree 0.

If 9 is a rule of assignment as in (4.1) and
a = (ayx,any) @...® (arx, axy) € H* (X Uy Y)®F,
we define

yx = Q(11);x @@ gk )x € THX),  apy = agai)yy ®- .. @ ayg@ )y € TH(Y),
and ay = . x @ ayy € T(X) @ T*(Y)

if k1+ko=k and ay = 0 otherwise. Using the pairing * of (1.9), we define the pairing
gt Ho (M x Vi) @ Hy(Mx Vo) — H, (M)A
to be given by the composition

H*(Mx1,k1+€(s) X VS) ® H*(sz,kg-i-ﬁ(s) X VS) = H, (vahkl—&-é(s) Xﬂxg,kzg—&—ﬁ(s)) ® H*(Vs)®H*(Vs)

O (W) @ QI = H(MO]

on the specified summands and be 0 on the remaining summands. This pairing induces a pairing
%y - Hom (T*(X), Ho (M x Vi) © Hom (T*(Y'), Hy (M x V)
— Hom (T*(X)@T*(Y), Ho(Mx Vao)) [A 7]
as in (1.10), which we extend as in (1.11), replacing * by *y.

Theorem 4.1. Let (X,wx) and (Y,wy) be symplectic manifolds and V C X,Y be a symplectic
hypersurface satisfying (1.1). If qu : X#vY — XUy Y is a collapsing map for an associated
symplectic sum fibration and q,: XY — X UyY is the quotient map, then

GTxu,v(qhe) = Z {GTY %y GTV } ((gf0)9) VaeT*(XUyY). (4.7)
YeERA
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The identity (4.7) readily extends to cover descendant invariants (i-classes). Furthermore, it is
not necessary to assume that X and Y are different manifolds: the reasoning behind Theorem 4.1
readily applies to symplectic manifolds obtained by gluing along two disjoint hypersurfaces Vj
and V5 in X which have dual normal bundles.

In [IP5, Section 1], the absolute GW/GT-invariants of X are defined as cycles in a space involving
a Cartesian product of copies of X, while the relative GW/GT-invariants of (X, V) are defined
as homomorphisms on T*(X) and T*(Y). The former is inconsistent with the main symplectic
sum formulas in [IP5], i.e. (0.2), (10.14), and (12.17). The GT-invariants are formally defined as
exponentials of the GW-invariants. According to [IP5, p944],

o
1 GVVXA1 k ~...'GWXA k
,A1,91,R1 ) ygm s 2(m—g1—...—gm
GTX:IJFZ*u > Y S L TS B (m=g1=mgm)
m=1" Ay,..,An€H2(X;Z) e
gi,.. ’gm>0
K1yeeskm >0

where GWx 4 4 is the homomorphism corresponding to the k-th summand in (4.4) and - is some
(unspecified) product on Hom(T*(X), H,(M)). The wording at the top of page 948 in [IP5] is
somewhat misleading, as [IP5, (1.24)] is the definition of GW% in [IP5], not a consequence of
another definition. With this interpretation, [IP5, (1.25)] gives

GT}/(: — 1 + Z . Z »411,91;S1 m,gm} mtA I AQ(m_gl__gm)
m! ! | 1 m 3
m=1 Ay,....Am€Ho(X;Z) L(s1)!.. .ﬁ(sm). (4.8)
g1;.- 7gm€ZEO
S1,---sSm

where - is some (unspecified) product on Hom(T*(X), H*(MVXH}/()) and

HX—I_I || s

= OSE Z+

In particular, the normalizations of GTx and GT}/( with respect to the absolute marked points
in [IP5] are inconsistent. Thus, the symplectic sum formulas of [IP5], even without the rim tori
and the S-matrix features, do not recover (1.12).

In [IP5, Section 16], the usual (without rim tori refinement) relative GT-invariants of (X, V') are
described in terms of counts of disconnected curves. If {~;} is a basis for H*(V)=H*(V;Q) and
{7} is the dual basis for H,(V'), then

Cslzfyh@...@'mEH*(V)W%H*(VS), with I = (i1,...,1),
Ch=vo. .0y e H (V) ~ H(Vs),  with I=(i1,...,i),

are dual bases for H*(Vs) and H,(Vy), respectively, for compatible choices of the above isomor-
phisms. According to [IP5, (A.3)],

GT%(k,a) = k NGT%(a)

—Z Z GTXAXnaC’ I)

Ax £(s)=L(T)=t

CVItA/\X VHEH*(MX,]C_;_g),aEH*(X)@k, (4'9)
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where a =01 ®...®aqy and GT§7A7X(/<;, a; Cg 1) is the number of (J, v)-holomorphic maps u, for a
generic (J,v), from a possibly disconnected, marked curve (X, z1, ..., zk4¢) such that

o (3,21,...,25+¢) € K for a fixed generic representative K for PD ool
X 4

o for each i=1,...,k, u(z;) € Z; for a fixed generic representative Z; for PD x«;, and

e for each j =1,...,{(s), ord;/kﬂ_u = s; and u(zp4;) € I'; for a fixed generic representative I';
for PDy;; .

A comparison of (4.8) and (4.9) suggests that the product - on Hom(T*(X), H,(M x Vag)) not
explicitly specified in [IP5] would have to involve rather elaborate coefficients in order to obtain
[IP5, (A.3)] from [IP5, (1.24)].

The alternative description of the relative GT generating series in the last paragraph of [IP5,
Section 16] does not make sense on several levels. Let N be the dimension of H*(V), i.e. the
number of elements in the set {v;} above. For each

m= (mgi)ai: 2T x{1,...,N} — Z*

with finitely many nonzero entries (such a matrix m is called a sequence in [IP5]), let (Sm,Im) be
a pair of tuples with m,; entries of the form (a,;) for each (a,7) and set

f(m) = Z(Sm) = Zma,ia m! = Sm! = Hma’i! s Cm = H(a,’yi)ma’i s z™ (CL Yi )ma it
a,i ai

a,i

According to [IP5, (A.6)],

GT% (k,a) = ZZ

Ax ¢(m)=(

GTY% K, a; C —
XAX m) z™ME A NX VHGH*(M%]{JF@), OéGH*(X)@k,

for some unspecified numbers GT}/C Ax(F;a;Cm). According to [IP5], the collection {Cm} is a
basis replacing the above basis {Cs1}, but these collections are subsets of different vector spaces
(with the former generating a symmetrization of the vector space generated by the latter). The
formal variable z,; = (a,7;) is described as an element of the dual basis, without specifying of
dual to what. According to [IP5], these formal variables generate a super-commutative polynomial
algebra; presumably the same should apply to the variables (a,~;). This makes z™ and Cy,
undefined if there is more than one class ~; of odd degree. Even if all z™ are defined, they generate
a symmetrization of the vector space generated by {Cs1}. Thus, the right-hand sides of [IP5, (A.3)]
and [IP5, (A.6)] lie in different vector spaces, even though both are supposed to be GT% (k, ).
Furthermore, the numbers GT}/Q Ax(F;a;Cs1) are symmetric in the inputs pulled back from V'
if k is symmetric in the relative marked points, but not in general. If there is at most one odd
class v; and k is symmetric in the relative marked points, [IP5, (A.6)] can be made sense of by
viewing its left-hand side as the projection of GT% (k, ) to the symmetrization of H,(Va,) over
the permutations of components of each tuple s. Comparing with [IP5, (A.3)] and summing over
all permutations of pairs of components of (S, Im), we then find that

GTY(,A,)((H;? ;3 Cm) = GT}/(,A,X (K’ Q; C(Sm, m) :
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However, this is inconsistent with [IP5, Section 15.2], in particular the equation after [IP5, (15.2)],
in which the relative contacts are unordered. The number GT}/(’ Ax(k,a;Cm) obtained as above
from [IP5, (A.3),(A.6)] would count curves with unordered relative contacts if ¢(s)! were dropped
from [IP5, (A.3)], i.e. with our choices of the normalizations for the GW/GT generating series.

With our choices of the normalizations of the GW/GT generating functions, the relationship
GTY = eSWx | (4.10)

which is not crucial for the symplectic sum formulas, holds for a product on the vector space
Hom(T*(X), H, (M xVy)) with the simplest possible coefficients. Specifically, every pair of tuples
s1 and so of nonnegative integers and every rule of assignment

9: {1y {1 b 0(s1)} U2V {Ls o kot l(s2)} — {1,oo o ki thatb(sa)} st
19(2'1),19(7;2) < ki1+ko Vile{l}x{l,...,kl}, iQE{Q}X{l,...,kQ} (4.11)

determine a tuple s1 Ay s9 € (Z+)E(Sl)+£(52), assembled from s; and s9 according to the action of ¢
on the last ¢(s1) points in the first tuple above and the last £(s3) points in the second tuple. Thus,
¥ defines an embedding

MX17k1+€(S1) X VSl X Mx27k2+€(52) X VSz 7 Mx1+x27k1+k2+é(s1/\1982) X V51/\1952'

We denote by

Vi He (MX1J€1+€(51) X Vsl) ®H. (MX2J€2+Z(52) X VS2) ~ H. (MX1,k1+£(s1) X Vay X Mg kg +4(s2) X VS?)

— H, (MVX1+X2,k1+k2+€(sl/\1952) X Vaingss) C Hi (ﬂx Vo)
the induced homomorphism. If in addition a=a1®...®@og, 1k, € H*(X)®(k1tk2) et
Qg = (i 1)@ - Oy k) € H*(X)%ki i=1,2.
For Li: H*(X)®% — Ho(My, g, 4es) X Va;) With i=1,2, we define
Ly Lo: H*(X)®kitk) H*(MXVOO) by
{L1- Lo}(e) =) 0 (Li(gn) ® Lo(op)) Ve H*(X)2F1Hh),
9

where the sum is taken over all rules of assignment ¥ satisfying (4.11). Combining our definitions
of the GW/GT generating functions with this definition, we obtain (4.10).

The relative invariants of [IP4, IP5] are refinements of the usual relative invariants and take values
in the coverings H}/(.S and H}‘ﬁ_s of Vs described in Section 3.2 of this paper, instead of V5. Their
use causes additional difficulty with exponentiating the GW-invariants, even in the case of primary
constraints, since one must also specify a product

H*(H,‘)/(;Sl) ® H*(H}/(;SQ) — H*(H}/(;Slsz)
lifting the Kunneth product
H*(‘/S1) ® H*(VSQ) — H*(Vslsz) = H*(Vsl XVS2) :
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Such a lifting does exist, since the natural map
‘/Sl X ‘/Sz — ‘/5152

lifts to a map on the covering spaces, but this lifting is not unique. The use of the refined relative
invariants in [IP5] also causes problems with defining a suitable product x of relative invariants
n [IP5, Section 10]; see the second half of Section 3.2 for details. Another notable feature of
the symplectic sum formulas in [IP5] is the presence of the so-called S-matrix, which is shown to
be trivial in many cases. As we explain in Section 5.5, it appears due to an oversight in [IP5,
Section 11] and its action is always trivial, essentially due to the nature of this oversight.

Remark 4.2. The meaning of Cgy in [IP5, (A.2)] is not specified. The entire collection {Cs 1},
over all pairs (s,I) of tuples of the same length, is described as a basis for the tensor algebra on
Nx H*(V), which is not even a vector space over R, while the collection {CY;} is described as the
dual basis. In fact, {Cs1} and {CJ1} are bases for 7

@@Hvs and @@HVS

=0 se(zt)* =0 se(z+)*

respectively; these two vector spaces are not duals of each other. The summation indices in [IP5,
(A.3)] are described incorrectly and the two appearances of M in this paragraph refer to M. The
description of the number GT}/Q AVX(KvaOGCs,I) is incorrect, even with the proper normalizations
of the relevant power series, since the j-th relative marked point should be mapped to a generic
representative for PDy «;, not for PDy «y;, and these representatives should be different for j; # ja,
even if ij, =i;,. Other, fairly minor misstatements in the related parts of [IP5] include:

p935, middle: the finiteness holds only under ideal circumstances;

p938, top: x(z) and y(w) are expansions in the normal directions to V' as explained in Section 5;

p940, bottom: T*(Z) is defined only on p944;

p946, (1.17),(1.18): M}, (X, A) and ./\/lX n,s(X, A) refer to disconnected domains here;

p946, after (1.17): each unstable P! needs to have at least one marked point to insure compactness;

X is twice the holomorphic Euler characteristic, not the usual EC;

p994, line 13: the domain of g is the union of these Ag;

p994, line 15: U — N; this defines LHS;

p994, line 19: qu needs to be the inverse of the intersection form for the first equality;

p994, line 21: (A.4) is not a basis for H*(Vy); neither is (A.2);

p994, (10.7): last product does not make sense with conventions as on p1023;

p996, (10.12): & — ®;

p997, line 9: (ax,ay) — o

p997, (10.15): GTz(ax,ay) — GTz(a);

p997, line -5, and p998 line 2: GTy az(ax,ay) — GTza(a);

p997, line -4: GT 2AQY(C'm*) — GT%AZ’XQ(ay;Cm*;Ozy);

p998, line 1: (A. 6) also involves k;

p998, line 3: it is unclear how the relative constraints enter in the notation;

pl024, (A.6): ¢ — x; same on line 6 (twice).
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The intended symplectic sum formula for primary invariants in [LR], i.e. as in Theorem 1.1 in
this paper, is split between equations (5.4), (5.7), and (5.9). The first of these is vague on the

set C;,{ ’,[7’14 ] indexing the summands, while the last is vague on the relation between o and a®. The

key set Ci’,[f Vs independent of J, but is generally infinite, contrary to [LR, Lemma 5.4], in part
because its elements are not restricted to the classes that can be represented by J-holomorphic
maps. Taken together, the three formulas are at least missing the factor of £(k)! in the denominator
corresponding to the reorderings of the contact points.

The symplectic sum formulas in [Lj2], in the bottom half of page 201, involve triples I' consisting
of the genus, the number of marked points and the degree of the stable morphisms; see [Lj2, p200,
middle]). This is written as I' = (g, k, A) at the bottom of page 200, suggesting that A is a second
homology class. The degree becomes d at the bottom of page 202, suggesting that d € Z is the
degree with respect to some ample line bundle, as at the bottom of page 547 in [Ljl]; the line
bundle is finally mentioned as being implicitly chosen at the bottom of page 226 in [Lj2]. On the
other hand, A becomes b at the top of page 215, suggesting again that this is a second homology
class, as in the middle of page 512 in [Ljl]. The correct interpretation of A for the purposes of
these formulas is that it is the degree with respect to an ample line bundle £ over the total space
Z — A. Thus, the set R%y in (4.5) is essentially replaced in [Lj2] by the (generally) larger
subset, of second homology classes of XF#vyY vanishing on the first chern class of £. Different ample
line bundles £ give different formulas; so effectively, the approach of [Lj2] replaces RY y in (4.5)
by the set of second homology classes of X#yY vanishing on the first chern classes of all ample
line bundles £. The last set can still be larger than R}f(y, since the chern class of every ample
line bundle vanishes over torsion classes. Thus, the numerical decomposition formula for primary
invariants on page 201 of [Lj2] is weaker than Theorem 1.1, even when restricting to the algebraic
category. This weakness is fully addressed in [AF], according to the authors.

The (stronger) analogue of (4.7) in [Lj2] is an immediate consequence of the decomposition formula
for virtual fundamental classes (VFCs) at the bottom of page 201 in [Lj2]. The latter requires con-
structing a VFC for (absolute) stable maps to the singular target XLy Y, showing that it equals
to the VFCs for stable maps to X#yY in a suitable sense (a priori they lie in homology groups of
different spaces), and decomposing the former into VFCs for relative maps into (X, V) and (Y, V).
The last step in particular is not even a priori intuitive because the stable maps into X#Y gen-
erally do not split uniquely into relative maps to (X, V') and to (Y, V); see the end of Section 4.2.
As pointed out in [AF, Remark 3.2.11], the constructions in [Lj1, Lj2] involve some delicate issues;
these are further elaborated on in [GS, Ch].

The argument in [LR] considers only primary insertions, as in Theorem 1.1, while the argument
in [IP5] considers only primary insertions and constraints that are pulled back from the Deligne-
Mumford space, as in Theorem 4.1. There are brief statements in both papers that the arguments
apply to descendants (1)-classes), but neither paper contains a symplectic sum formula involving
descendants. As illustrated by the appearance of rules of assignment in the symplectic sum formula
in [Lj2], stating such a formula requires a bit of care. Furthermore, descendants do not even fit
with the approach in [IP4, IP5], as it is based on defining invariants by intersecting with classes
in X* and the Deligne-Mumford space (such intersections do not directly cover the 1)-classes).

The stated symplectic formulas of [Lj2, IP5, LR] involve cohomology insertions of the form q;‘%a,

45



as in Theorem 4.1. Arbitrary cohomology insertions are considered in [IP5, Section 13], as follows.
Let X be the compactification of X —V obtained by removing an open tubular neighborhood of V'
or equivalently by replacing V' with SV in X; see [IP4, Section 5] and the end of Section 3.3. Let

q: (X,@X) — (X,V)

be the natural projection map. Given a pseudocycle representative ¢: (P, 0P) —>(X ,SV) for a
class BE H,(X,0X) and i=1,...,k, let

Mx,k;s(X7 A) Xi(z) = {(uvx) Eva,k;s(Xv A) XP: evz(u>ZQ(¢(x))} .

Intersecting with other pseudocycle representatives in a similar way, we obtain a virtual orbifold
with boundary and evaluation map ev" to Vg, which can then be used to define “extended” relative
invariants of (X,V’). In general, these invariants depend on the choice of the almost complex
structure J, deformation v, and the representatives ¢ for classes B. By [IP5, Lemma 13.1], this
dependence disappears whenever

OB € ker {qus: Hi—1(SV) — H,_1(V)}. (4.12)

By Corollary 3.8, these are precisely the cases obtained from cutting a Poincare dual in X#yY of
a cohomology insertion as in Theorem 4.1. The dependence on the representative ¢ for B, but not
on (J,v), is analyzed in [IP5, Lemma 13.2]. Unfortunately, the intended meaning of [IP5, (13.4)] is
unclear: it involves GT%V(qb’ ), which is not defined, as well as some convolution product of GT}/(
and GT%V(W ); no proof of this lemma is provided either. The intention of [IP5, Lemma 13.2] is
to extend the definition of relative invariants to homology insertions B € H*(X L0X ) by defining
such numbers for a fixed J, v, and ¢ and then to use them in an extended symplectic sum formula,
which is not stated. Even if this were possible to do, it is not apparent that the resulting relative
invariants could be readily computed, especially given their dependence on J, v, and ¢; so such an
extended symplectic sum formula may not be particularly useful.

Remark 4.3. The definition of //\/lv><’/r§;s(X7 A) x;¢ in the displayed equation above [IP5, (13.1)] as
an intersection does not make sense, since the two sets being intersected lie in different spaces.
By Lemma 3.1, every class B as in (4.12) is the boundary of a pseudocycle into a closed tubular
neighborhood of V in X. Thus, for such a class B, the cut-down moduli space /T/IJXV;C;S(X, A)x;d
is a boundary as well. This implies that the GT-invariants for classes B € H,(X —V') depend only
on their images in H,(X), contrary to the suggestion at the top of [IP5, p1006]. The conclusion
after [IP5, Lemma 13.2] is that extended relative invariants can be defined by choosing pseudocycle
representative ¢g as above for each

ﬂ € ker {H*_l(SV) — H*_l(X)}

such that [0¢] = 5; as just indicated, this would not provide any additional information. If the
intended meaning in [IP5] were to fix a representative ¢p for each Be H,(X, X) as in (4.12), this
would still cover only the insertions in Theorem 4.1. Other, fairly minor misstatements in [IP5,
Section 13] include

pl005, Section 13, line 3: constraints not of the form q;ﬁau as in Corollary 3.8;

p1005, Section 13, line 15: g — f;

pl005, Section 13, line 17: ¢: P — X;

p1006, line 9: real codimension one in cut-down of (13.2);

p1006, Lemma 13.1, line 1: GT?A’S(QS) in [IP5, (13.1)] is not a number;

pl006, Lemma 13.2, line 2: PD is not defined; o

pl1006, Lemma 13.2, line 5; p1006, line -2: H,(X,V) — H.(X,0X).
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4.2 Relative stable maps: [IP4, Section 7], [LR, Sections 3.2,3.3]

In this section, we first recall the notion of relative stable map of [IP4, Definitions 7.1,7.2], then
define the notion of stable map into the singular space XUyY in the same style, and finally formu-
late both notions as intended in [LR, Definitions 3.14,3.18], but not properly done. The definitions
of these notions in the style of [IP4, IP5] are simpler, but the approach of [LR] fits better with the
analytic issues arising in the proof of the symplectic sum formula. The correspondence between
our notation and that in [LR] is described in the first paragraph of Section 3.3.

Let (X,wx) be a compact symplectic manifold, V' C X be a closed symplectic hypersurface, and Jx
be an wx-compatible almost complex structure, such that Jx(TV)=TV. If u: (3,)) — (X, Jx)
is a smooth map from a Riemann surface, let

3 1 * : 0,1 * * *
Dy it = 5(du +{u"Jx}oduoj) e Ty (D' TX) =T (5(TE) " @cu*TX).

We denote by V the Levi-Civita connection of the metric wx(-,Jx-) on X and by V the corre-
sponding Jx-linear connection; see [MS2, p4l]. If u: (X,j) — (X, Jx) is (Jx,j)-holomorphic,
i.e. 05, ju=0, the linearization of the 0, j-operator at u is given by

* 0,1 *
D,:T(Eu'TX) — I‘JX,j(E;u TX),
1

V3 (6 du), (413)

Du€ = %(?ug + {u*Jx} o Vi€ oi) +

where V¥ and N7j, are the pull-backs of the connection V and of the Nijenhuis tensor N, of Jx
normalized as in [MS2, p18], respectively, by u; see [MS2, (3.1.6)]. If in addition u(X)CV,

Dy (D(S;u*TV)) C T (S0 TV),

because the restriction of D, to I'(3;u*TV) is the linearization of the 9 7« j-operator at u for the
space of maps to V. Thus, D, descends to a first-order differential operator

DXV D(Su'Nx V) — TG (Siu"Nx V), (4.14)
which plays a central role in compactifying the moduli space of relative maps to (X, V).
Since Jx (T'V)=TV, Jx induces a complex structure iy on (the fibers of) the normal bundle
mxv: NxV = TX\V/TV — V.
A connection VVxV in (NxV,ix,v) induces a splitting of the exact sequence
0 — Ty NxV — TWxV) T 7%, TV — 0 (4.15)

of vector bundles over N'xV which restricts to the canonical splitting over the zero section and is
preserved by the multiplication by C*; see [Z2, Lemma 1.1]. For each trivialization

NXV‘U ~UxC
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over an open subset U of V, there exists o € T'(U;T*V ®@g C) such that the image of W}}VTV
corresponding to this splitting is given by

T (NxV) = {(v, —az(v)w): veT,V} V (z,w)eUxC.

(z,w)
The isomorphism (z,w) — (x,w™1) of U xC* maps this vector space to
T(};c(?fu—l)((NXV)*) = {(v,w %, (v)w): vETV}
={(v,az(V)w ) veT,V} V (z,w)eUxC".

Thus, the splitting of (4.15) induced by a connection in (NMxV,ix ) extends to a splitting of the

exact sequence
dmx, v

0— T (PxV) — T(PxV) — wxyTV — 0,
where PxV is as in (1.13) and 7x,y : PxV — V is the bundle projection map; this splitting
restricts to the canonical splittings over

]P’XpoV = P(Nxv@()) and P)Q()V = P(O@Ov)

and is preserved by the multiplication by C*. Via this splitting, the almost complex structure
Jy = Jx|v and the complex structure ix y in the fibers of 7x y induce an almost complex struc-
ture Jx,y on PxV which restricts to almost complex structures on Px oV and Px oV and is pre-
served by the C*-action. Furthermore, the projection 7x v : PxV — V is (Jy, Jx v )-holomorphic.
By [Z2, Lemma 2.2], £€T'(V;NxV) is (Jx v, Jx|V)-holomorphic if and only if £ lies in the kernel
of the d-operator on (NxV,i x,v) corresponding to the connection used above.

For each meZ29, let
Xy = (XU{1}xPxVU...u{m}xPxV)/~,  where (4.16)
z~IxPx Ve, rxPxoVi]e~ (r+1)xPxoV], VzeV, r=1,...,m—1;
see Figure 2. We denote by J,, the almost complex structure on X, so that
Imlx = Jx and Imlgyxexv =JIxv Yr=1,...,m.
For each (cq,...,cy)€C*, define

x, if xe X;

®C vy C
b (ry [crv,w]), if z=(r,[v,w])€rxPxV.

(4.17)

m

:Xn‘f; — X,Z by O, ..co(x) = {

This diffeomorphism is biholomorphic with respect to J,, and preserves the fibers of the projection
PxV —V and the sections Px oV and Px V.

The moduli space of relative stable maps into (X, V') is constructed in [IP4] under the additional
assumption that
Ny, (v,w) € T,V Vo,weTl,X, xeV. (4.18)

In light of (4.13), this assumption insures that the operator D{YX V' is C-linear for every (Jx,j)-
holomorphic map u: ¥ —V and thus the operator

1, ~ ~
L(V;TX|v) — TV (T*V)" ®c TX|v), £ — §(vg + Jx o VEo Jx),

48



X
|4

PxooV

AN,
(AL

PX,OOV 24
2 ]P)XV
Px oV “1
V) V4

3

IxPxV

Figure 2: The image of a relative map with k=1 and s=(2,2,2) to the space XJ .

induces a d-operator on (NxV,ix ) corresponding to some connection VNxV in (Nx Vi X,V); see
[Z2, Section 2.3]. Let Jx v be the complex structure on PxV induced by Jx and VNxV as in the
paragraph above the previous one; it depends only on the above d-operator and not on the connec-
tion VAVxV realizing it. Thus, for every (Jx,j)-holomorphic map u: ¥ —V and £€T(Z; u*Nx V),
& Eker D{L\/XV if and only if £: ¥ —PxV is a (Jx,v,j)-holomorphic map.

If AcHy(X;7Z), g,k £€Z7°, and s=(s1,...,s;) €(ZT)" is a tuple satisfying (1.3), let

M;/:k;s (Xa A) C mg,lﬁr@ <X7 A) (419)

denote the subset of equivalence of stable Jx-holomorphic maps u from genus g marked nodal
curves (X, 21, ..., zk1¢) such that

w V) = {zkg1y o 2hre ) and ordgc+iu:si Vi=1,...,L.

A “compactification” ﬂ;k;s(X,A) of MZk;S(X, A) is described in [IP4, Section 7].2 Each element
of M;k;S(X ,A) is an equivalence class of stable J,,-holomorphic maps from marked connected
nodal domains (X, 21, . .., zg4¢) into XV for some m €Z=°. The composition of such a map u with
the natural projection XV — X lies in the homology class A and the preimages of

{1} X (va*PX,()V*PX,OOV), ey {m} X (IF’XV—]P’X,OV—]P’X,OOV)
under u are non-empty.? The restriction of u to each irreducible component ¥; of ¥ is either

e a map to X such that the set u]z_jl(V) — {%k41,- -, 2k4e} consists of the nodes joining ¥; to

14
Zk+i

irreducible components of ¥ mapped to {1} xPxV and ord;, _ (uls;)=s; for all 2;,; €%, or

e amap to {r} xPxV for some r=1,...,m such that

o the set u]ijl({r} XPx V') consists of the nodes z;; joining ¥; to irreducible components of

mapped to {r—1} xPxV if r>1 and to X if r=1 and ordgj;"’ov(u\gj) equals to the order of
contact of uly, ; at z;; with {r—1}xPx oV or V C X, respectively, where z; ; €%; ; is the point
identified with z;;, while

2 As in the case of the usual moduli space of stable maps, Mg k1 0(X, A), ﬂ;k;s(X, A) is a natural compact space

containing /\/l;/’k;s(X7 A) as an open subspace, but which is generally not dense.

3The latter property is in fact implied by the stability requirement.
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o the set u\gjl({r} XPxoV) = {#k41,- -, 2k4e} consists of the nodes joining ¥; to irreducible

components of ¥ mapped to {r+1} xPxV and ordf,ﬁ?v(ulgj) =s; for all 2,4, €X5;
see Figure 2. Two such tuples (¥, 21,...,2p4¢,u) and (X', 2,...,2,,,,u’) are equivalent if there
are cy, ..., ¢y, € C* and a biholomorphic ¢: ¥ — X so that
o) =z, v @(Zhpy) = 2kse, and U =O . ouop.

A tuple as above is stable if it has finitely many automorphisms (self-equivalences). For each stable
tuple (X, 21, ..., 2x4¢, u) as above and r=1,...,m, either

e the degree of the composition of U’u—l({r}xva) with the projection to V is not zero, or
e the arithmetic genus of some topological component of u~!({r} x PxV) is positive, or
e some topological component of u=1({r} x PxV) carries one of the marked points 21, ..., 2, or

e the restriction of u to some topological component of u=!({r} x PxV) has at least three special
points: nodal, branch, or in the preimage of Px oV or Px V.

Suppose (Y,wy) is another symplectic manifold containing V' as a symplectic hypersurface so
that (1.1) holds, Jy is an wy-compatible almost complex structure, such that Jy (T'V) =TV and
Jy|ry = Jx|rv = Jy, and we have chosen an isomorphism as in (1.2). Such an isomorphism
identifies PxV with Py'V. For each meZ=2Y, let

XUpY =(X), uY,y)/~,

v v (4.20)
X, o [rz] ~[m+l—rz] €Y, Vr=1,...,m, x € PxV =PyV;
see Figure 3. We extend (4.17) to an isomorphism
Ocy o XUPY — XUTY (4.21)

by taking it to be the identity on Y. By the discussion following (4.15), the almost complex
structures Jx y and Jyy on PxV =Py V agree if they are induced from Jy using dual connections
in NxV and Ny V. The moduli spaces of stable maps into XUy Y are defined under the additional
assumptions that (4.18) holds,

Ny, (v,w) € T,V Vo,weT,Y, yeV,
and the linearized operator
DYV T (S5 utNy V) — TG (S50 Ny V)

is dual to (4.14). These assumptions insure that the almost complex structures Jx y and Jy,y on
PxV =PyV agree and so induce a well-defined almost complex structure J,, on XUJ'Y, which
is preserved by (4.21). They are satisfied by Jx =Jz|x and Jy =Jz|y if Jz is as in Proposition 3.16.

Let A€ Hy(XUyY;Z) be an element in the image of Hyo(X;Z) xy Ho(Y;Z) under the natural

homomorphism
Hy(X;Z) ® Ho(Y; Z) — Ha(XUyY;Z)
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Figure 3: The image of a limit map with k=1 to the space XUj, Y.

and g, k€Z=°. The elements of the moduli space ﬂg’k(XUVY, A) of stable maps into XUy Y are
equivalence classes of J,,,-holomorphic maps u from marked connected nodal domains (¥, 21, . . ., 2x)
to XUT'Y for some m € Z= such that the preimages of

{1}x (PxV=PxoV-PxoV),...,{m}x (PxV—Px,oV-PxV)

under v are non-empty. Furthermore, the restriction of u to each irreducible component X; of ¥

is either

e a map to X such that the set u|§j1(V) consists of the nodes z;; joining ¥; to irreducible com-
ponents of ¥ mapped to {1} xPxV if meZ" and to Y if m=0 and ordgji(u\gj) equals to the
order of contact of u|gi,j at z;; with 1xPx oV or V CY, respectively, where z; ; € 3; ; is the
point identified with z;;, or

e a map to Y such that the set u|§] 1(V) consists of the nodes z;; joining X; to irreducible com-

ponents of ¥ mapped to {1} xPyV if meZ* and to X if m=0 and ordl/j .(ulg;) equals to the
order of contact of u\gm. at z; j with 1 xPy oV or V C X, respectively, where z; ; € 3; ; is the
point identified with z;;, or

e amap to {r}xPxV={m+1—r}xPyV for some r=1,...,m such that
o the set u]z_jl({r} XPx o V') consists of the nodes z;; joining ¥; to irreducible components of 3

Zji
contact of uly, . at z;; with {r—1}xPx oV or V C X, respectively, where z; ; €% ; is the point
identified with z;;, while

o the set u|§jl({m+1—r}><IF’y7OOV) consists of the nodes z;; joining ¥; to irreducible components

mapped to {r—1} xPxV if r>1 and to X if r=1 and ord TxeoV (uls;) equals to the order of

of ¥ mapped to {m—r}xPyV if r<m and to Y if r=m and ord TV (us;) equals to the

Zj4
order of contact of uly, ; at z;; with {m—r}xPyV or V.CY, respectively, where z; ; € ¥; ; is
the point identified with z;;;

see Figure 3. Two such tuples (X, z1,...,25,u) and (X', 2],...,2,,u’) are equivalent if there are
€1, -+, cm €C* and a biholomorphic ¢: ¥ — ¥ so that

o(z1) =21, ..., @(z,) =2k, and v =06 ., 0uo0p,
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where O, ., is the extension of the automorphism (4.17) by the identity over Y. A tuple as above
is stable if it has finitely many automorphisms (self-equivalences). There is no canonical splitting
of an element of ./\/lg r(XUy Y, A) into elements of the relative moduli spaces MXX kx: <(X, Ax)

and MXY oy (Y, Ay), except along the subspace of maps with m =0. Nevertheless, the compact
Hausdorff topologies on the relative moduli spaces described in [IP4, Sections 6,7] induce a compact
Hausdorff topology on M, 1 (XUyY; A). We denote by Mvg,k (XUyY, A) the analogue of the space
Mg,k (XUyY, A) with disconnected domains .

Remark 4.4. The description of the convergence topology on MY g.k:s(X, Ax) in [IP4, Sections 6,7]
has a minor omission, as it does not involve adding new components to the domain of a map to X.
This would prevent the appearance of such maps as those from domains as in Figure 2 that restrict
to a fiber map on the left component mapping into {1}xPx V. The moduli space M, ;(XUyY, A)
does not appear in [IP4] or [IP5]. The space similar to M, ;(X Uy Y, A) that appears at the top
of page 1003 in [IP5] does not quotient the maps by the (C*)™-action on XU{}Y" and thus cannot
be Hausdorff by [IP4, Sections 6,7]. This space is also not relevant and leads to the mistaken
appearance of the S-matrix in the main symplectic sum formulas in [IP5]; see Section 5.5 for more
details.

The roles of the “components” X and PxV of the target space for relative stable maps in the setting
of [LR] are played by Xy and Rx SV, respectively, or alternatively by Xy and [—oo, 00] x SV; see
(3.44) and (3.45). For each me€Z=°, let

X =Xvu| |[{ryxRx8V,  Xp= <)?V U | ]{r} %[00, ] ><SV> /N, (4.22)
r=1 r=1
where
(—o0)xx ~1xooxx, rx(—o0)Xx~ (r+l1)xocoxz VeeSV, r=1,...,m—1.

The homeomorphism (4.17) induces homeomorphisms

o

Octren: XP— X7 and O o XPF— X7 (4.23)

the first is the restriction of the homeomorphism (4.17), while the second is the continuous extension
of the first. As in the setting of [IP4] described above, an almost complex structure Jx on X such
that Jx (TV)=TV induces an almost complex structures Jm on XV so that the first map in (4.23)
is biholomorphic. In the approach of [LR], Jx is chosen so that it has an asymptotic behavior
near V as at the end of Section 3.3. The almost complex structure jm then satisfies

0 o 0
m@fQH on (—oo,—ag) xSV C X, Jm%

=g on {r}xRxSV, r=1,...,m,
for some ag € RT sufficiently large, where (j is the characteristic vector of the S' action as before
and % and % are the coordinate vector fields in the R-direction on (—o0, —ag)xSV and RxSV,

respectively. It restricts to the pull-back of Jy on ker a CT'(SV'), where « is a connection one-form
on the S'-bundle SV — V.
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The roles of the components 3; of the domains of .J;,,-holomorphic maps u into X7* with contact
with V. CX or Px oV, Px oV CPxV of order s;; at z;; € ¥; are played by the punctured Riemann

surfaces Xolj =Y;— {#i: i}. The relative maps in the sense of [LR, Definition 3.14] are o
holomorphic maps
i:y=| |8 — Xy (4.24)
J

for some m € Z=° satisfying certain limiting, stability, and degree conditions. Let
TR, sy : R™ xSV — R™, SV, TR, sy {r} xRxSV — R, SV

denote the projection maps. The punctures of each topological component Zolj are either positive
or negative with respect to 4. If z=e~ "% is a local coordinate centered at a positive puncture Zji

of ¥;, i.e. t—>00 as z—0, then ﬁ(f)j)c{r}xRxSV for some r=1,...,m and
lim wRoﬁ(e_t‘He) = 00, lim ngoﬁ(e_t+i9) = y(eike) VoeS!,
t—>ro0 t—>00

for some k € Z* and 1-periodic S'-orbit v: S' — SV over a point € V. In such a case, we will
write

732;1(&) = (x,k), ordjj’i (1) = k.
If z=e'*"? is a local coordinate centered at a negative puncture of ¥, ie. t—>—00 as z—0, then
either

ﬁ(ij) C {r}xRxSV forsome r=1,...,m  or  a(e) cR™ xSV C X

and
lim FRO&(et+i0) = —00, lim ﬂsvoﬁ(et—’—ie) = y(eike) Voest,
t——00 t—>—o0
for some k € Z* and 1-periodic S'-orbit v: S — SV over a point x in V. In either of the two
cases, we will write
P (1) = (2,k), ord_ (i) = k.
Any map (4.24) satisfying these conditions has a well-defined degree A € Hy(X;Z) obtained by
composing @ with the projection to X{/ (which sends each limiting orbit vC SV to a single point
x€V) and then with the projection X{/' — X.

For any nodal Riemann surface, we denote by >* C X the subspace of smooth points. Let
A€ Hy(X;Z), g, k, £€Z2°, and s=(s1,...,50) € (Z1)" be a tuple satisfying (1.3). The relative mod-

uli space M;k;S(X, A) of [LR] consists of stable tuples (3, 21, ..., 2k4¢, 1), where (2, 21,. .., 2k1¢)

is a genus g marked nodal connected compact Riemann surface,

8% = |_|§]J —>)O({7, ¥ —{zky1, .-, 20} C > C Y>—{zks1y- -, 20},
J

such that u is a Jom—holomorphic map of degree A,

ﬁ_l({r}xRxSV) 0 VYr=1,...,m, ord,, (1) =s; YVi=1,...,¢L
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each node in ¥— 3 gives rise to one positive and one negative puncture of (f), @), and the positive
punctures z;; of any component ¥; mapped into {r} xR xSV for some r=1,...,m correspond to
the nodes of ¥ joining ¥; to the components mapped into {r—1}xRxSV if r>1 and to X if r=1
outside of the punctures and

PL(a)=PZ (u), (4.25)
where z;j € ¥; ; is the point identified with z;;. Two such relative maps (X, z1,. .., zg1¢, 4) and
(X, 21,..., 2,4 U) are equivalent if there are cy,...,¢, € C* and a biholomorphic ¢ : ¥' — %
so that

o) =z, v @(Zhpy) = 2kse, and W =0 .. oUop.

A tuple as above is stable if it has finitely many automorphisms (self-equivalences).

By the same construction as in (3.45), the punctured Riemann surfaces f]j above can be com-
pactified to bordered surfaces ij. The matching condition (4.25) insures that the surfaces f‘,j
can be glued together along pairs of boundary components corresponding to the same node of X
into a surface S with ¢ boundary components in such a way that @ extends to a continuous map
u: s —)Xm Composing u with the projection Xm — X7, we obtain a relative map in the sense
of [IP4, Deﬁnmons 7.1,7.2]. Removing the preimages of V C X and PxoV,Px V CPxV under
a relative map v : ¥ — X in the sense of [IP4], we obtain a relative map u : PR )O({/” in the

sense of [LR]. Thus, the moduli spaces of relative maps M g.k:s(X, A) in the sense of [IP4] and [LR]
are canonically identified when the same almost complex structure Jx on X is used. While the
space of admissible Jx is smaller in [LR], it is still non-empty and path-connected, possesses the
same transversality properties as the larger space of Jx in [IP4], and so is just as good for defining
relative invariants. On the other hand, the stronger restriction on Jx in [LR] simplifies the required
gluing constructions; see Section 5.

Suppose (Y,wy) is another symplectic manifold containing V' as a symplectic hypersurface so
that (1.1) holds, Jy is an wy-compatible almost complex structure, such that Jy (T'V) =TV and
Jy|ry = Jx|rv = Jy, and we have chosen an isomorphism as in (1.2). Such an isomorphism
identifies Sy V with SV =SxV as in (3.43). Continuing with the setup at the end of Section 3.3,
let

Xy = (P UV~ XORY = (R LT/~

_ . (4.26)
XU o rz] ~m+l—rz] e Vi Vr=1,...,m, z € [—00,00] x SV.

The homeomorphisms (4.23) extend to these spaces by taking them to be the identity on lc}v.

Let A € Hy(XUyY;Z) be an element in the image of Hy(X;Z) Xy Ha(Y;7Z) under the natural
homomorphism
Hy(X;Z) @ Hy(Y;Z) — Ha(XUyY; Z)

and g,k €Z=". For almost complex structures Jx on X and Jy on Y satisfying Jx|v=Jy|y and
the asymptotic condition at the end of Section 3.3, the notions of k-marked genus g degree A stable
maps to XUyY in [LR] and in [IP5] differ in essentially the same way as the notions of relative
maps to (X, V) described above. Such a map is a tuple (X, z1, ..., 2k, 1), where (3, 21,...,2;) is a

o4



genus g marked nodal connected compact Riemann surface,

&:izUinXO’(}Y, SfCYcy,
j

such that
e ¢ is a Jy,-holomorphic map of degree A,

o ' ({r}xRxSV) #0 for every r=1,...,m,

e cach node in ¥ — 3. gives rise to one positive and one negative puncture of (EOJ, w),

e the positive punctures z;; of any component 3; mapped into {r} xRx SV for some r=1,...,m
correspond to the nodes of ¥ joining 3; to the components mapped into {r—1} xRxSV if r>1
and to X if r=1 outside of the punctures,

e the negative punctures z;; of any component ¥; mapped into {m+1—7r}xRx SV for some r=
1,...,m correspond to the nodes of ¥ joining ¥; to the components mapped into {m—r}xRxSV
if r>1 and to Y if r=1 outside of the punctures, and

o P (u)=PZ (i), where 2;;€X;; is the point identified with z; ;.

The notion of equivalences is defined as before. The moduli spaces ﬂg,k(X UyY, A) of stable maps

in the sense of [IP4] and [LR] are again canonically identified, by the same procedure as in the

relative case above.

Remark 4.5. The key definition of relative stable maps, [LR, Definition 3.14], is not remotely
precise. It involves three different Riemann surfaces, without a clear connection between them, a
continuous map into a vaguely described space, and a vaguely specified equivalence relation. The
signs of the limiting periods are not properly defined. The definition of a stable map into XUy Y,
[LR, Definition 3.18], implies that the rubber components can be separated into X and Y-parts,
which is incorrect. The analysis related to the compactness of the moduli spaces ﬂ;k;s(x ,A) and
M, (XUyY, A) is contained in [LR, Sections 3.1,3.2]. Nearly all arguments in [LR, Section 3.1],
which is primarily concerned with rates of convergence for maps to Rx SV, are either incorrect or
incomplete, but the only desired claim is easy to establish; see Section 5.1 below. [LR, Section 3.2]
applies this claim to study convergence for sequences of J-holomorphic maps from Riemann sur-
faces with punctures into )%V, Rx SV, and X#vY, though the targets are never specified. The
assumptions u/(X') C Dy(e) and u/(0%') CID,(€) in [LR, Lemma 3.8], which is missing a citation,
should be weakened to u/(0X")NDp(e) = 0. The bound on the energy of J-holomorphic maps
to Rx V claimed below [LR, (3.44)] needs a justification; it follows from the correspondence with
maps to Px V. There is no specification of the target of the sequence of maps u; central to the
discussion of [LR, Section 3.2]. The sentence containing [LR, (3.48)] and the next one do not make
sense as stated. There is no mention of what happens to nodal points of the domain or if mg=m(q)
is zero (which can happen, since mg measures only the horizontal energy). The main argument
applies [LR, Theorem 3.7] to maps from disk, even though it is stated only for maps from C (as
done in [H, HWZ1]). In (3) of the proof of [LR, Lemma 3.11], the horizontal distance bound [LR,
(3.55)] is used (incorrectly) to draw a conclusion about the vertical distance in the last equation;
it would have implied the last claim of (3) without [LR, (3.51),(3.52)]. Because of the arbitrary
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choice of ¢y in [LR, (3.53)], the claim of [LR, Lemma 3.11(3)] in fact cannot be possibly true. The
statement of [LR, Lemma 3.12] even explicitly excludes stable ghost bubbles with one puncture
going into the rubber, which is incorrect. As the rescaling argument in [LR, Section 3.2] concerns
one node at a time, it has the same kind of issue as described in the first part of Remark 4.4.
On the other hand, the approach of [LR] is better suited to deal with this issue because it can be
readily interpreted as a rescaling on the target. The proof of [LR, Lemma 3.15] has basically no
content. Other, fairly minor misstatements in [LR, Sections 3.2,3.3] include

pl78, lines 5-7: u has finite energy;

pl178, (3.44): P is not used until Section 3.3;

pl78, below (3.44): Ey(u) is fixed, according to (3.43);

p180, (3.49),(3.50): follow from [MS2, Lemma 4.7.3];

p180, line -1: loge < s < logd};

p181, line 2: §; <4}, loge < s < logd;;

pl81, (3.52): log — log;

pl81, Lemma 3.11: N already denotes a space;

p181, line -1: Lemma (3.5) — Lemma 3.5;

pl82, (3.57): lim — lim; A(e, Ry;) — A(R0;,¢€);

p182, (3.57): repeat of first sentence of (3); B

p183, Rmk 3.13: the collapsed compact manifold is P(V xg1C & V xC);

p183, Section 3, lines 1,2: $1VYy —Rx M be a map;

p185, line 14: @ — ||

4.3 Relative invariants: [IP4], [IP5, Section 1], [LR, Section 4]

Let X, V, A, g, k, and s be as in Section 4.2. The moduli space ﬂ;k;s(X, A) carries a virtual
fundamental class (VFC), which gives rise to relative GW-invariants of (X, w, V') and is used in the
proof of the symplectic sum formula in [Lj2, LR]. The proof in [IP5] is restricted to the cases when
the relevant relative and absolute invariants can be realized more geometrically, but the principles
of [IP5] apply in the general VFC setting as well, once the VFC is shown to exist. In the restricted
setting of [IP4, IP5], it is not even necessary to consider the elaborate rubber structure (maps
to Px V') described in Section 4.2. Below we review the geometric construction of the absolute
GW-invariants, due to [RT1, RT2], and its adaption to relative invariants, due to [IP4]. We then
comment on the general case considered in [LR].

We begin with two definitions which are later used to describe the cases when the absolute and
relative invariants can be realized geometrically.

Definition 4.6. A 2n-dimensional symplectic manifold (X, w) is
(1) semi-positive if (¢1(X), A) >0 for all A€ma(M) such that

(w,A) >0 and c¢1(A)>3—n, (4.27)

(2) strongly semi-positive if (c1(X), A) >0 for all A€ ma(M) such that (4.27) holds.

Definition 4.7. Let (X,w) be a 2n-dimensional symplectic manifold and V' C X be a symplectic
divisor. The triple (X,w, V) is
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(1) semi-positive if (¢1(X), A) > A-xV for all A€my(M) such that

A-xV >0, (w,A) >0, and (c1(X),A) > max(3,A-xV+2) —n, (4.28)

(2) strongly semi-positive if (c1(X), A) > A-x V for all A€ my(M) such that (4.28) holds.

A 2n-dimensional symplectic manifold (X, w) is semi-positive if n <3 and is strictly semi-positive
if n<2. Similarly, if V' C X is a symplectic hypersurface, (X,w, V') is semi-positive if n <2 and is
strictly semi-positive if n=1.

Let g, k€Z2" be such that 2g+k>3,

—

Mg — Mgk (4.29)

be the branched cover of the Deligne-Mumford space of stable genus g k-marked curves by the
associated moduli space of Prym structures constructed in [Lo], and

Tgk: Ug e —> Mgk

be the corresponding universal curve. A genus g k-marked nodal curve with a Prym structure is a
connected compact nodal k-marked Riemann surface (¥, z1, ..., z;) of arithmetic genus g together
with a holomorphic map sty : X —>&g,k which surjects on a fiber of 7, and takes the marked
points of ¥ to the corresponding marked points of the fiber. If A € Hy(X;Z), J is an almost
complex structure on X, and

v €Ty i(X,J) = DUy x X, 7 (T*Uy 1) @13 (T X, ), (4.30)

a degree A genus g k-marked (J,v)-map is a tuple (X, z1,. .., 2k, sts, u) such that (3, z1,..., zx, u)
is a genus g k-marked nodal curve with a Prym structure and u: ¥ — X is a smooth (or LY, with
p> 2) map such that

u*[Z] =A and éjyju}z = V|(stg(z),u(z)) Vzeld,

where j is the complex structure on 3. Two such tuples are equivalent if they differ by a reparametriza-
tion of the domain commuting with the maps to Uy .

By [RT2, Corollary 3.9], the space ﬂg,k(X , A; J,v) of equivalence classes of degree A genus g k-
marked (J, v)-maps is Hausdorff and compact (if X is compact) in Gromov’s convergence topology.
By [RT2, Theorem 3.16], for a generic .J each stratum of M, (X, 4; J,v) consisting of simple (not
multiply covered) maps of a fixed combinatorial type is a smooth manifold of the expected even
dimension, which is less than the expected dimension of the subspace of simple maps with smooth
domains (except for this subspace itself). By [RT2, Theorem 3.11], the last stratum has a canonical
orientation. By [RT2, Proposition 3.21], the images of the strata of M, (X, A; J,v) consisting of
multiply covered maps under the morphism

evxst: My (X, A; J,v) — XF % M, (4.31)

are contained in images of maps from smooth even-dimensional manifolds of dimension less than
this stratum if (J,v) is generic and (X,w) is semi-positive. Thus, (4.31) is a pseudocycle. Inter-
secting it with classes in the target and dividing by the order of the covering (4.29), we obtain
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(absolute) GW-invariants of a semi-positive symplectic manifold (X, w) in the stable range, i.e. with
(g, k) such that 2g+% >0. In the unstable range (which must be considered for the disconnected
GT-invariants), the same reasoning applies with ¥ =0 and yields the same conclusion if (X,w) is
strictly semi-positive.

Suppose in addition that V' C X is a symplectic divisor preserved by the almost complex structure J
and s€ (Z*)" is a tuple satisfying (1.3). For

velyiX,J) s.t. V‘Hg,kxv elgrw(V.Jlv), (4.32)
we define the moduli space
My )o(X, A5 J,v) C© Mg gpo(X, A; J,v)

analogously to (4.19). If u: ¥— X is a (J,v)-holomorphic map such that u(X) CV/, the lineariza-
tion of 07;+v at v again descends to a first-order differential operator

DXV (S5 u Ny V) — T (S0 Nx V).
If J satisfies (4.18) and
{Vov+JVur}0) €T,V VveT,V, wel, X, z€V, (4.33)

then this linearization is C-linear and in fact is the same as the corresponding operator with v =0.
A “compactification” M;k;s(X,A; J,v) of MZk;S(X, A; J,v) similar to the v = 0 case above is
described in [IP4, Section 7] under the assumptions (4.18) and (4.33) on (J,v).

Remark 4.8. There are a number of misstatements in the related part of [IP5]. In [IP5, (1.11)],
+(JV¢J) should be —(JV¢J) to agree with [MS2, Proposition 3.1.1] in the v =0 case. This is also
necessary to obtain [IP5, (1.14)] with 1/4 instead of 1/8 and

as in (4.13) above and in [MS2]. Furthermore, ® ;=0 if f is (J,j, v)-holomorphic; otherwise, there
are lots of linearizations of 9 77+v. The three-term expression in parenthesis in [IP5, (1.11)] reduces
to {0f—v}(w), but should be just df(w) to be consistent with [MS2, Proposition 3.1.1]; otherwise,
this term is not even (.J,j)-antilinear. In this equation, V denotes the pull-back connection of the
Levi-Civita connection V for the metric [IP5, (1.1)] to a connection in «*7°X in the first two times
it appears, but V itself the last two times it appears (contrary to p945, line -4); the term Vv
should be replaced by 6@. Via the first equation in [MS2, (C.7.5)], the correct version of [IP5,
(1.11)] gives

INIE0) ~ S TG w),  where Ty(6w) = (Verh(w) + T(Terh(w),

instead of [IP5, (1.14)]; the correct version is consistent with [MS2, (3.1.5)]. The reason [IP5,
(1.15b)], with the above correction for T, is equivalent to [IP4, (3.3bc)] is the restriction in (4.30)
and that the right-hand side of [IP4, (3.3¢)] is zero by [MS2, (C.7.1)]. Other related typos include
p943, (1.2): RHS should end with odg;
p943, line 11: Hom(m{TPY 73TX) — Hom(m3TPN, miTX);
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p943, line 13: Jpn — Jpnv;
p943, line 17: |(u,v)|? presumably means |u|? + |v|2, in contrast to |[dF|? in [IP5, (1.5)];

p943, (1.5): second half should read / F*& = w([f]) + wpn([0));

B
p943, line -3: smooth is questionable across the boundary;
p945, bottom: since h € HYY(T'C (- > p;)), which is a quotient, f.h is not defined;
p947, lines 14,15: coker Dg = 0 after restricting the range of D.

By [IP4, Proposition 7.3], the space M;k;s(x ,A; J,v) is (Hausdorff and) compact (if X is com-

pact) in Gromov’s convergence topology. By [IP4, Lemma 7.5], if J is generic each stratum of

M;k;s (X, A; J,v) consisting of simple maps of a fixed combinatorial type is a smooth manifold of

the expected even dimension, which is less than the expected dimension of the subspace of sim-
ple maps with smooth domains (except for this subspace itself). By [IP4, Theorem 7.4], the last
stratum has a canonical orientation. The multiply covered maps in ﬂ;k;s (X, A; J,v) fall into two
(overlapping) subsets: those with a multiply covered component mapped into V' and those with a
multiply covered component not contained in V. By [RT2, Proposition 3.21], the images of first
type of multiply covered strata under the morphism

evxev’ xst: ﬂ;k;S(X,A; Jv) — XEx VEx My e (4.34)

are contained in images of maps from smooth even-dimensional manifolds of dimension less than
the main stratum if (J|y,v|y) is generic and (V,w|y) is semi-positive. By a similar dimension
counting, the images of the second type of multiply covered strata under (4.34) are contained in
images of maps from smooth even-dimensional manifolds of dimension less than the main stratum if
(J,v) is generic, subject to the conditions (4.18) and (4.33), and (X,w, V) is semi-positive.* Thus,
(4.34) is a pseudocycle and gives rise to relative GW-invariants of a semi-positive triple (X,w, V)
with a semi-positive (V,w|y ). In the unstable range, similar reasoning applies with ¥ =0 and yields
the same conclusion if (X,w, V) is strictly semi-positive and (V,w|y) is semi-positive. One key
difference in this case is that the space of multiply covered relative degree A J-holomorphic maps
from smooth domains with two relative marked points can be of the same dimension as the space
of simple degree A J-holomorphic maps from smooth domains, but is then smooth.

While it is not stated in the assumptions for [IP5, (0.2),(10.14),(12.17)], the proof of these formulas
in [IP5] is nominally restricted to the cases when (X#vY,wy), (X,wx, V), and (Y,wy, V) satisfy
suitable positivity conditions. By the above, these conditions are

(0) (X#vY,wy) is strongly semi-positive;
(1) (Vywx|v)=(V,wyly) is semi-positive;
(2) (X,wx,V) and (Y,wy, V) are strongly semi-positive.

Condition (0) is not implied by the other two conditions in general. However, it can still be
ignored, since it holds when restricted to the classes A € mo(X#vY) which can be represented

4If (4.27) fails, the space of simple degree A (J,v)-maps is empty for a generic J. If (4.28) fails, the space of
simple relative degree A (J, v)-maps with one relative marked point is empty. Irreducible components of the domain

of a map in ﬂxk;s()g A; J,v) which carry at least two marked points are stable because they also carry at least one
node; (J, v)-maps from stable components are not multiply covered for a generic v.
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by Ju-holomorphic curves for an almost complex structure J4 induced by generic almost complex
structures Jy on (X, V) and Jy on (Y, V) via the symplectic sum construction of Section 3.3, i.e. an
almost complex structure Jy of the kind considered in [IP5]; see the second identity in (3.42). In
light of (1.1), Condition (2) implies Condition (1). Thus, the setting in [IP5] is directly applicable
whenever Condition (2) is satisfied.

Remark 4.9. In the semi-positive case, the relative moduli space described above can be replaced
by a subspace of M ;4¢(X, A); see [IP4, Section 7]. There is some confusion in [IP4, IP5] regarding
the proper semi-positivity requirements in the relative case. The only requirement stated in [IP4,
Theorem 1.8] is that (X,w) is semi-positive; [IP4, Theorem 8.1] also requires (V,w|y) to be semi-
positive. The only condition stated in the bottom half of page 947 in [IP5], in the context of
disconnected GT-invariants appearing on the following page, is that (c1(X), A)> A-xV whenever

(w,A) >0 and (c1(X),A) > max(3,A-xV+1) —

The domain and the target of the linearized d-operator DY are described incorrectly below [IP4,
(6.2)]; the index of the described operator is generally too small (because s;(s;+1)/2 contact
conditions on the vector fields are imposed at each contact, but no conditions on the one-forms).
The resulting bundle section in [IP4, (6.7)] cannot be transverse unless s; =1. However, this issue
can be resolved by using the twisting down construction of [1, Lemma 2.4.1]. The observation in
the sentence before the preceding paragraph is not made in [IP4, IP5], but it is necessary to make
sense of the invariants giving rise to the S-matrix in [IP5, Section 11]; see Section 5.5.

In order to define relative invariants without a semi-positivity assumption on (X,w, V), it is nec-
essary to describe neighborhoods of elements of the relative moduli space inside of a configuration
space and to construct finite-rank vector bundles over them with certain properties. Unlike the
situation with absolute GW-invariants in [FO] and [LT], describing such a neighborhood requires
gluing maps with rubber components which are defined only up to a C*-action on the target. The
aim of [LR, Section 4] is to justify the existence of such invariants. However, the gluing construc-
tion in [LR, Section 4] is limited to maps with a single node. Even in this very special case, the
C*-action on the maps to the rubber (R x SV in the approach of [LR]) is not considered, and
the target space for the resulting glued maps, descrlbed by [LR, (4.12),(4.13)], is not the origi-
nal space XV, but a manifold diffeomorphism to XV (and not canonically or biholomorphically).
Neither the injectivity nor surjectivity of the neighborhood description is even con81dered in [LR].

Thus, there is not even an attempted construction of a virtual fundamental class for M gkis (X5 A)
in [LR]. Nevertheless, the suggested idea of stretching the necks on both the domain and the target
of the maps fits naturally with the analytic problems involved in such a construction; we return to
this point in Section 5.

Remark 4.10. The formula [LR, (4.2)] for the linearized 9-operator is incorrect, since J is not
even tamed by the metric; see [MS2, Section 3.1]. The statement above [LR, Remark 4.1] requires a
citation. The norms on the line bundle u* L&A on page 190 in [LR] are not specified; because of the
poles at the nodes, it does not even seem possible to define norms on this line bundle in a way that
extend over nearby smooth domains. Furthermore, the 3-4 pages spent on this line bundle are not
necessary; it is used only to construct local finite-rank subbundles of the cokernel bundle F. On
the other hand, the deformations constructed from this line bundle need to respect the C*-action
on Rx SV and thus need to be pulled back from V as in [IP4], of which no mention is made. The
required bound on the radial component a in [LR, Lemma 4.6] and other statements is not part
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of any previous statement, such as [LR, Theorem 3.7]. In [LR, Section 4.2], the Implicit Function
Theorem in an infinite-dimensional setting is involved twice (middle of page 200 and bottom of
page 201) without any care. While the relevant bounds for the 0-th and 1-st order terms are at
least discussed in [LR, Section 4.1}, not a word is said about the quadratic term. The variable r
is used to denote the norm of the gluing parameter (r)=(r,fy) in an ambiguous way. The issue is
further confused by the notation i, at the bottom of page 193 in [LR], I, at the bottom of page 201,
(&, hy) in (4.51); in all cases, the subscript  should be replaced by the gluing parameter (r). The
most technical part of the paper, roughly 4 pages, concerns the variation of various operators with
respect to the norm r of (r), which is done without explicitly identifying the domains and targets
of these spaces. This part is used only for showing that the integrals [LR, (4.50)] defining relative
invariants converge. However, this is not necessary, since the relevant evaluation had supposedly
been shown to be a rational pseudocycle before then. At the end of the first part of the proof
of [LR, Proposition 4.1], it is claimed that the overlaps of the gluing maps are smooth; no one
has shown this to be the case along the lower strata. The wording of [LR, Lemma 4.12] suggests
the existence of a diffeomorphism between an odd-dimensional manifold and an even-dimensional
manifold. The constant C3 in [LR, (4.44)] depends on «; thus, it is unclear that Cs|a| can be made
arbitrary small. The inequality [LR, (4.57)] is not justified. The paper does not even touch on the
independence claims of [LR, Theorem 4.14]. Other, fairly minor misstatements in [LR, Section 4]
include

p188, below Rmk 4.2: the implication goes the other way;

pl89, lines 10,13: X1AYs — 31VXo; hig=hoy — hi1o=hoo;

p190, lines -7,-6: unjustified and irrelevant statement;

pl92, line -2: = has not been defined;

p193, (4.16): J as in (4.3);

pl93, (4.17): so+4r — s9;

pl94, (4.20): P has very different meaning in (3.44);

p203, (4.60) would be more relevant without @ and DS;

p204, (4.60): the middle term on RHS should be dropped;

p204, (4.65): the “other gluing parameter v” is denoted by 6y on p192;

p205, Thm 4.14 repeats Thm C on p158 (7 lines).

o~ N A~
—— —

5 On the proof of Theorem 4.1

The analytic steps needed to establish Theorem 4.1 can be roughly split into four parts: & priori
estimates on convergence and on stable maps to XUy Y, a pregluing construction, uniform ellip-
tic estimates, and a gluing construction; we review them below. While some statements in [IP5]
implicitly assume suitable positivity conditions on (X#vY,wx), (X, V), and (Y, V), the approach
described in [IP5] to comparing numerical GW-invariants would fit with all natural VFC con-
structions, such as in [FO, LT], once they are shown to apply to relative invariants. However,
the analytic issues required for constructing and comparing the relevant VFCs appear to be much
harder to deal with in the approach of [IP5] than of [LR].

5.1 A priori estimates: [IP5, Sections 3-5], [LR, Section 3.1]

Let V C X be a submanifold of real codimension two and J be an almost complex structure on X
such that J(TV)=TV. Suppose (%,j) is a smooth Riemann surface,

v el (ExX, T*2% @cTX) st sy €T(EXV, T*SM @cTV),
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and z is a complex coordinate on a neighborhood ¥,.., of zp with z(zp) =0. If u: ¥ — X is a
smooth map such that u=!(V)={z} and

Oyjul; = %(dzu + J(u(z)) od.uoijs) = v(z,u(z)) VzeX

and NXV|Wu<z0) ~ Wy (20)XNx V|u(zo) i a trivialization of Nx V" over a neighborhood W) of u(z0)
in V, then there exist

e a neighborhood X, of 2 in uil(/\/XV!Wu(m))ﬂEu;ZO and

o DeIi(Y

U207

NxV]y(z)—0), for any p>2, such that

mo(u(z)) = @(z)zordgo(u) VzeX! ., (5.1)

w20 0
see [FHS, Theorem 2.2].

Let m: Z — A be a symplectic fibration associated with the symplectic sum (X#vY,wy) as
in Proposition 3.16 and Jz be an wz-compatible almost complex structure on Z as before. By
Gromov’s Compactness Theorem [RT1, Proposition 3.1], a sequence of (Jz, ji)-holomorphic maps
ug s X — Zy,, with A\, € A* and A\, — 0, has a subsequence converging to a (Jz,j)-holomorphic
map u: X' — Zy. By the previous paragraph,

Y=y UX,uxy,

where X, is the union of irreducible components of ¥’ mapped into V', ¥’ is the union of irreducible
components mapped into X —V outside of finitely many points z1, ...,z and X is the union of
irreducible components mapped into Y —V outside of finitely many points zf,...,z). By [IP5,
Lemma 3.3], which is the main statement of [IP5, Section 3], if X{, =0, then {=¢" and

(orda‘;/,lu,u(xll)) = (ordZT(l)u,u(xT(l))), (ordg‘c/@u,u(x})) = (ord;/T“)u,u(mT(g))) (5.2)
for some automorphism 7€ Sy of {1,...,¢}. This conclusion also holds for sequences of (Jz,v)-

holomorphic maps with
vlv € Tyr(V, Jzlv),

similarly to (4.32).

Remark 5.1. The expansion [IP5, (5.5)], based on [IP4, Lemma 3.4], corresponds to ® above
being differentiable at z=0. As can be seen from (5.1), this is indeed the case if u is smooth. The
proof of [IP5, Lemma 3.3] is purely topological and applies to convergent sequences of continuous
maps. An explicit condition, called d-flatness, insuring that X, = () above is described in [IP5,
Section 3]. Contrary to the suggestion after [IP5, Definition 3.1], the J-flatness condition does not
prevent the marked points from being sent into V' and thus a é-flat J-holomorphic map into 2
need not be V-regular in the sense of [IP4, Definition 4.1]. Other, fairly minor misstatements in
[IP5, Section 3] include

p954, (3.5): the limit is over A # 0;

p954, line -12: there is no [IP4, Lemma 3.2]; [IP4, Lemma 3.4] alone suffices;

p955, Lemma 3.3, proof: fi is an element of a sequence, but fi, fo are parts of a limiting map;
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p956, lines 7-8: stabilization does not fit with this map and there is no need for it, since vam
consists of curves with finitely many components, not necessarily stable ones, according to p946,
line -6;

p957, (3.11); p957, (3.12): the fiber products should be quotiented by Sys).

A node of the limiting map w as in [IP5, Lemma 3.3] corresponds to special points zg € ¥’y and
wo € Zg/ with
u(zo) =u(wo) =¢q  and  ordyu=ordj u=s

for some g€V and s€Z™". A neighborhood of this node in the total space of a versal family of
deformations of ¥’ is given by

U= {(,u’,u,z,w)e(Cgflx(CS: zw:u}, (5.3)
with ¥/ corresponding to (u, 1') =0 and the node at (z,w)=0. Let
UM/7N§E: {(/.L,,[L,Z,UJ)GUi |Z|,|’UJ|<€1/2}, Q(,U/,/,L,Z,U)) =V |Z|2—|—|UJ|2

Denote by
x:NXV]Wq —)NXv|q and y:NyV|Wq —>NyV|q

the projections induced by dual trivializations of Ny and Ny over a neighborhood W, of ¢ in V,
similarly to Section 3.3. Below we will assume that W, is identified with R*" using geodesics from g.

Let (pg, 1)) € Cx C*1 be the parameters corresponding to Xy, the domain of uy. For each €< ¢,

such that “k(Uu;wk;e) C Zneck|w,, let ﬂ,‘c/;e € W, denote the average value of Wvouk|U%Y%E with
respect to the cylindrical metric on U ;.. and

i (2) = —ap, €W, Vzel,

uk;g(z) = moug(2) Uy, € Wy z2€Up e

Under the assumptions of the paragraph above Remark 5.1,
r(ur(2)) - y(ur(z)) = YV zedy.

By [FHS, Theorem 2.2],

fm 203D 0 and gm YD) (5.4)
z—0 az’ z—0 bws
for some a e NxV|;—0 and be Ny V|,—0. By [IP5, Lemma 5.3],
A
ko1, (5.5)

im - =
k—o0 abpy

The factor of (s) in (1.9) is a reflection of this statement and takes into account the number of
solutions py, of the equation abuj =\ for a fixed ;. By [IP5, Lemma 5.4],

[ (1l +1dinl? + o zou +1¢!*d(wous)P
Ut e (5.6)
+ o' Syouy P + ‘Qlfsd(youk)\p) 0P < Cpep/3
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for all p>2, ¢, eeR" sufficiently small, k€ Z" sufficiently large, and for some C, € RT (dependent
of the sequence {uy} only); the norms in (5.6) are defined using the cylindrical metric on Uy ;-
and the metric gz on Z. Both statements, (5.5) and (5.6), make use of [IP5, Lemma 5.1], which is
a version of the standard exponential decay of the energy of a J-holomorphic map in the “middle”

of a long cylinder; see [MS2, Lemma 4.7.3].

Remark 5.2. The proof of [IP5, Lemma 5.3] uses a complete metric on the universal curve U,
over the moduli space M ,, of smooth n-marked genus g curves (with Prym structures) constructed
in [IP5, Section 4] by re-scaling a Kahler metric g,y on U g¢,n along the nodal strata /. The apparent,
implicit intention is to take the metric gy in [IP5, (4.1)] so that it satisfies [IP5, (4.4)]. As the
various local metrics are patched together, the resulting global metric is not of the form [IP5, (4.10)]
everywhere near N. This section also does not yield a compactification of M, , as described in
the last paragraph, because it is unclear how the different tori fit together and because [IP5,
(4.3)] describes the normal bundle to a certain immersion, not to a submanifold of M,,. Even
outside of the singular locus of the immersion, this normal bundle may not be biholomorphic to a
neighborhood; in particular, the construction described above [IP5, Remark 4.1] need not extend
outside of the open strata Ny of curves with precisely £ nodes. For a related reason, the construction
in this section does not lead to uniform estimates in the following sections, only fiber-uniform ones,
contrary to a claim at the top of [IP5, p960]. The second sentence of [IP5, Remark 4.1] has
no connection with the first. However, none of these additional statements is necessary for the
purposes of [IP5]. Other, fairly minor misstatements in [IP5, Section 4] include

p958, line -2: separated by a minimum distance in each fiber;

p959, line 1: distance to the nodal set; this is not a smooth function;

p959, above Remark 4.1: all curves have Prym structures by assumption;

p959, line -1: Tk — Tk(,u);

p960, line 1: Ty = log(2/2+/|ux]) — Th(p) = 5 cosh™ (1/|uy);

p960, line 10: the restriction of (4.1) to a fiber agrees with (4.5);

p960, line 14: no change of constants needed given conformal invariance;

p960, last 2 paragraphs: issues similar to p960, line 1;

p960, line -9: the two fractions should be i} /px; the map is defined only near each y;

p960, line -3: this is for ¥y on each By (2) and there should be no sum;

p961, line 2: j restricted to each fiber;

p961, line -1: Re (djuy)? should not be here;

p962, line 2: distance between p and ' is the sum of the logs, but pu, = et+%

and pf = e!' T,
Remark 5.3. The statement of [IP5, Lemma 5.4] is not carefully formulated. In particular, v,
(Ug,e in our notation above) and V are not defined. Based on the proof, the latter denotes a
connection on Z, not on Zy. Since p (¢ in our notation) is bounded above, the intended statement
of [IP5, Lemma 5.4] is equivalent to the 6 =1/3 case; this ¢ has no connection to the ¢ used to
construct the symplectic sum (Z,wz) in [IP5, Section 2]. Other, fairly minor misstatements in
[IP5, Section 5] include

p962, Section 5, line 6: C'™°-convergence on compact sets implies L? and C%-convergence on the

same sets; L2 and C%-convergence on entire domain does not make sense;

p962, line -4: in (3.11), Ks is contained in a different space;

p963, line 1: (4.4) — (4.2);

p963, lines 2-7: n here is k in Section 4 and different from the subscript in f, on line 9 and the

superscripts on line 12;

p963, lines 7: |log(2/2v/|unl)| — 5 cosh™(1/|pnl);
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p963, line -12: graph of — locus;

pp963-964, Lemma 5.1: c1=1; Z — Z xU; Ag=[-T,T]xS*; p(t)? =2|pn| cosh(2t), C=p(T)"3;
p964, line 10: OF — 20F;

p964, lines 11,12: J — J;

p964, line 15: OF = F; + iF} in the rest of the proof;

p964, line -2: E(t) — E(F,t);

p965, p965, line 1: [-T,T| — [-T1/2,T/2]; R

p965, Definition 5.2: inconsistency in the definition of f,; |n| — 2|unl;

p966, line 6: near, not along, V; J—.Jy is O(R);

p966, line 7: this long undisplayed expression has 3 typos, and the first inequality need not hold;
p966, (5.13): dz, — dz, twice;

p966, line -8: /it — /2|ul;

p966, line -1: |Gn(\/ |Mn‘)’ — 2’Gn(\/ ’Nnm;

p967, line 10: [~T,T] — [~Tp, Tp;

p967, Lemma 5.4, proof: GG is G,, of the proof of Lemma 5.3;

p967, displayed equation after (5.15) is not any of the CZ inequalities in the 190-page [IS].

[N

The analytic approach of [LR] is motivated by the SFT type constructions of [H, HWZ1] involving

J-holomorphic curves on infinite “cylinders”. Let SV, «, and J be as at the ends of Sections 3.3
and 4.3. For /1,03 € RT with 1 < /5, denote by ®y, 4, the set of orientation-preserving diffeomor-
phisms ¢: R— (¢1,f2). For each ¢p€ Py, 4,,

Wy = mwy + d(¢a)

is a closed two-form on Rx SV it is symplectic and tames .J if |01], |¢2] are sufficiently small. With

such ¢1, ¢ fixed, for any (JO, j)-holomorphic map u: ¥ — R x SV from a (not necessarily compact)
Riemann surface (3,j), let

E£17£2(U) = sup /u*@¢, Evy(u) :/u*ﬂ*wv; (5.7)
¢€¢)21,€2 % b

these numbers may not be finite. Let DC C denote the closed unit ball and D*=D—{0}.

Lemma 5.4 ([LR, Lemma 3.5]). (1) Let u: C — Rx SV be a j—holomorphic map such that
Ey, 4,(u) is finite. If Ey(u)=0, then u is constant.

(2) Letu: RxS' —RxSV be a Jo—holomorphic map such that Ey, 4,(u) is finite. If By (u)=0, then
there exist s€Z, ro€R, and a 1-periodic orbit v: S' —= SV of the Hamiltonian H such that

u(r, ew) = (sr—i—ro,’y(eiw)) v (r, eie) e Rx St
Corollary 5.5. Ifu: D* —RxSV is a Jo—holomorphic map such that Ey, 4,(u) is finite, then
‘atu(et-i-i@)" ‘atu(et-i-i@)‘ <C,

for some Cy €R.
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The justification provided for [LR, Lemma 3.5] is that it can be obtained using the same method as
in [HJ, which treats the case when (SV, «) is contact, but the flow of the Reeb vector field (i does
not necessarily generate an S'-action. If fact, the assumption Ey (u)=0 in this case implies that
the image of u lies in Rx S,V for some x €V and so the situation in [H] is directly applicable. The
two statements of Lemma 5.4 are thus immediately implied by the statement of [H, Lemma 28]
and by the proof of [H, Theorem 31] in the bottom half of page 538, respectively.

Let u be as in the statement of Corollary 5.5. By Gromov’s Removable Singularity Theorem
[MS2, Theorem 4.1.2], the Jy-holomorphic map wou: D* — V extends to a Jy-holomorphic map
uy : D — V. The proof of [H, Proposition 27], which uses the standard rescaling argument to
construct a Jo—holomorphic map f: C—RxSV out of a sequence with increasing derivatives, and
Lemma 5.4(1) then yield Corollary 5.5.

Lemma 5.6. For every Jo—holomorphic map u= (ur,usy): D* — Rx SV such that Ey, ,(u) is
finite, there exist s€7Z and a 1-periodic orbit v: S' — SV of the Hamiltonian H with the following
properties. If r; €RT is a sequence with r;— 0, there exist a subsequence, still denoted by r;, and
0o €R such that
li it — is60+6g
Jim usy (rie®) = (")

in C*(S, SV). Furthermore, the function ug is bounded if and only if s=0, and ug(re’) — Foo
as r—0 if and only if s€ Z*.

This lemma corrects, refines, and generalizes the statement of [LR, Lemma 3.6]; the wording and
the usage of the latter suggest that s € Z*. By Gromov’s Removable Singularity Theorem [MS2,
Theorem 4.1.2], the Jy-holomorphic map mougy : D* — V extends to a Jy-holomorphic map
uy : D— V. Thus, the image of

St — SV, e — ugy (re'?), (5.8)

approaches S, )V as r — 0. Let v: S — SV be a 1-periodic orbit parameterizing Suy )V
The claims concerning the sequence, with some choice of s and 6y, and the relation between the
sign of s and the behavior of ug follow from the proof of [H, Theorem 31], where the functions v
and w are used interchangeably and f+ib should be replaced by f—ib. However, in the present
situation, a (denoted by A in [LR]) has no relation to 7*wy . Thus, the first equation in the second
row of [H, (54)], the third equation on the first line of [H, (55)], and [H, (56)] no longer apply, and
the long equation at the end of the proof can no longer be used to relate the period s (denoted
by k in [LR] and by ¢ in [H]) to the energy of uy. The independence of s of the subsequence r;
follows from the fact that ugy (re'’) is contained in a tubular neighborhood of Suy()V = St for
all r sufficiently small and thus the homology class of (5.8) is independent of s.

Remark 5.7. A completely different approach to the independence of v and s of the subsequence
in the statement of Lemma 5.6 appears in the proof of [LR, Theorem 3.7]. However, the argument
in [LR] is incorrect (or at least far from complete). In particular, it presupposes that there exist
70 € R* and a periodic orbit v: S' — SV such that the images of the maps (5.8) are contained
in a small neighborhood O, of v for all r < ro; see the top of page 175 in [LR]. Without
this assumption, the key action functional A = A, is not even defined in [LR]. Most of the
remainder of this argument is dedicated to using this A to show that such O, . can be chosen
arbitrarily small, but it was arbitrarily small to begin with. It is actually possible to define A on a
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neighborhood of the entire space Oy of periodic orbits of period s € Z, but this cannot be used to
show that s in Lemma 5.6 is independent of the subsequence (as attempted in [LR]). The proof of
[LR, Theorem 3.7] also makes use of [LR, Proposition 3.4]; the proof of the latter is based on an
infinite-dimensional version of the Morse lemma, for which no justification or citation is provided.
The desired conclusion of this Morse lemma involves the inner-product [LR, (3.14)] with respect
to which the domain W;!(S!, SV) is not even complete. The second equality in [LR, (3.25] does
not appear obvious either.

Proposition 5.8. Let u=(ug,usy): D* — RxSV be a j—holomorphz’c map. If Ey, o, (u) is finite,
then there exist s €Z, a 1-periodic orbit v: S*— SV of the Hamiltonian H, ro €R, and C, eRT
such that
‘UR(et—HG) - (8t+7”0)},d,5’v (USV(et—He)a’Y(eisa)) < Cuet v (tae)e(_ooa _1)><Sl ) (59)
|duR(et+i9) —sdt|,dsv (dusv(et+i9), d’y(eise)) < Cye! Y (t,0)€(—00,—1)x St. (5.10)

Furthermore, the function ug is bounded if and only if =0, and ug(re'?) — Foo as r — 0 if and
only if s€Z*.

This proposition corrects, refines, and generalizes the statement of [LR, Theorem 3.7], the main
conclusion of [LR, Section 3.1]. The contrast of the second bound in (5.9) with the first statement
of Lemma 5.6 is that 6y is now independent of the choice of the sequence. The convergence prop-
erty for mougy is standard; see [MS2, Lemmas 4.3.1,4.7.3]. Along with [LR, (3.33),(3.34)] and the
ellipticity of the J-operator, this implies the convergence statements for the vertical direction; see
[HWZ1, Lemma 4.1]. The convergence estimates (5.9) and (5.10), formulated in the cylindrical
metric on the target, are analogous to the estimates in [IP5, Lemma 5.1] and on &, g, in the proof
of [IP5, Lemma 5.3].

Proposition 5.8 is needed for the convergence arguments of [LR, Section 3.2]; [LR, Theorem 3.7],
which is a similar statement with D* replaced by C, does not suffice for these purposes. The
topological reasoning in the paragraph preceding above Remark 5.7 also implies that the ends of the
components of broken limits of J-holomorphic maps have matching orders, as described by (4.25)
and the last bullet above Remark 4.5. The proof of this statement in [LR, Lemma 3.11(3)] is
incorrect, as explained in Remark 4.5.

Remark 5.9. For [LR, (3.18),(3.20),(3.22)] to hold, the sign in the definition of the operator S
above [LR, (3.18)] should be reversed. The symmetry of [LR, (3.18)] in ¢ and 7 is not obvious. It
follows from

(VoXp,w) = %w(v,w), (VxgJ)v,w) = = (@(v, Jw) + @ (Jv,w)) Vv,w e ker \,

N

where d\=7*w. For the statement of [LR, Proposition 3.4] to make sense, it needs to be shown
that A is well-defined on O. Equation (3.22) should read

N|=

[dyAll 251y = CLA(Y)] VyeO,

and [|d,.A[ 12(s1) needs to be defined. The second displayed equation in the proof of this proposition
should read

[y Allzgsty > [[dyACP@)y/ (P@)y, P@)9))] p2s1, -
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The statement after the proof of [LR, Theorem 3.7] does not make sense, because the constants
there depend on the map C — R x SV. Other, fairly minor misstatements in [LR, Section 3.1]
include

pl72, lines 6,-2: dfn of TWL, T ai should involve pointwise inner-products;

pl172, (3.18): II not necessary by the previous equation;

pl72, above Rmk 3.1: accumulate only at;

pl72, Rmk 3.1 is meaningless, since (3.18) is derived for any + in a fiber of ;

pl73, Rmk 3.3 is irrelevant and debatable;

pl73, Prop 3.4: x € Sy;

p173, line -10: no need to introduce P';

p175, (3.29): d(u(s,t),u(s;,t)) — d(m(u(s,t)),m(u(s;,t)));

pl75, line -6: Lemma (3.6) — Lemma 3.6;

pl76, line 1: defined just above;

pl77, (3.39)-(3.41) do not make sense, given the definition of r.

The use of the sup-energy (5.7) introduced in [H] is not necessary in the setting of [LR]. It can be
replaced by the energy with respect to the restriction to Rx .SV of the symplectic form on

P((SV x5 C) x C) = PxV

given by

We = Tyw — ed( >, where p([lz, c1],c2]) = |ea|?,

1+p?
with € >0 small (if € is not sufficiently small, & may be degenerate). If the target is )O(V or SO/V,
instead of R x SV, the restrictions of the symplectic forms wyx and wy can be used. This is also
related to the reason why the sup energy of the maps appearing in [LR] is finite (for which no
explanation is provided).

The convergence topology arising from [LR, Section 3.2] involves pulling the domains of the stable
maps apart via long cylinders on which an &.-type energy disappears. Along with (5.9) and (5.10),
this leads to analogues of (5.5) and (5.6). The gluing construction on the domains in [LR] is the
same as on the target in (3.46) and is parametrized by pairs (r,6) € Rt x S! at each node with
r—o00 with p=e~"7% In the notation around Remark 5.1, if

x(u(e“‘i@/)) ~ et—rX—H(G’—GX) as t — —o0, y(u(e—t-i-i@’)) ~ e—(t—ry)-‘ri(e’—ay) as t —s 00,

then the relation between the gluing parameters for the target (ax, ) in (3.46) and the domains
of the converging maps is described by

lim ((ak—i—iz?k) - S(Tk—l-iek)) =rx +7ry + i(ex+9y) € C/27TiZ. (5.11)

k—o0

This is the analogue of (5.5) in the setup of [LR].

In both approaches, it is necessary to consider sequences uj : ¥ — Z,, that limit to maps w :
¥ — Z, with X, #(); see the notation above Remark 5.1. Such limits are considered briefly at
the top of page 1003 in [IP5], with an incorrect conclusion; see Section 5.5 for more detail. On the
other hand, the approach of [LR, Section 3.2] can be corrected to show that any such limit lies in
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a moduli space ﬂg,k (XUyY, A) defined in Section 4.2, whenever the almost complex structures Jy
satisfy the more restrictive conditions of [LR]. The condition (5.11) then extends as a relation
between smoothing parameters for the target and the domain at each transition between different
levels of the target space; see Section 5.2.

5.2 Pregluing: [IP5, Section 6], [LR, Section 4.2]

The pregluing steps of gluing constructions typically involve constructing approximately J-holomorphic
maps and defining Sobolev spaces suitable for studying their deformations. The former is done in
essentially the same way in [IP5] and [LR]; the latter is done very differently.

For A€ Hy(X;7), XEZ, k,£€Z7°, and a tuple s=(s1,. .., s7) € (ZT)! satisfying (1.3), let
Mxks(Xa A) - Mxks(X7A)

denote the subspace of morphisms from smooth, but not necessarily connected, domains. For each
1=1,...,4, let
L — Mx ks (X A)

be the universal tangent line bundle at the i-th relative marked point (i.e. (k+i)-th marked point
overall). By (5.1), every marked map representing an element of ./\/l;’,';;s (X, A) has a well-defined
si-th derivative in the normal direction to V' at the i-th relative marked point. By (5.4), these
derivatives induce a nowhere zero section of the line bundle

L% @ ev*NxV — MY5o(X, A),

X,k;s

which we denote by @g?).

If u: ¥/ — Z; is the limit of a sequence of (Jz,j)-holomorphic maps uy: ¥ — 2, , with A\, € A*,
and has no component mapped into V', u determines an element of

MXkS(ZO’C) = |_| |_| { UX,UY GMXX ]{,‘X S(X AX)XMXY k‘y S(Y7AY):
Xx+Xy=X Ax#Ay=
kx+ky =~k

evV(uX):evV(uY)}
for some s=(s1,...,s¢) and £€Z>°. Denote by
WXﬂﬂy:MX:lkf;s(ZOvC) — |_| MXX kx; S(X?AX)7 |_|MXY ky; s(XvAY)
Xx kx,Ax Xy ky Ay

the projection maps. In [IP5, Sections 6-9], a gluing construction is carried out on the (s)-fold
cover

Mxks(Zo,C)A = {(ux;i®Lyyi)i=1,.. 0 € @WXL ®my L;: @g( )F‘X : ®’D§fl)u§?s; = AVi} (5.12)
i=1

of Mx 1:s (20, C), with the last equality viewed via the identification (1.2). This cover accounts for
the convergence property (5.5).
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Fix a smooth map 5: R— [0, 1] so that

1, ifr<t;
T =
b {O, if r>2.

For each ¢ > 0, let B.(r) = B(e"'r). Denote by V the Levi-Civita connection of the metric
gz=wz(,Jz-) and by VC the associated Jz-linear connection. Using the V-geodesics from g,
we identify the ball of injectivity radius of gz|y in T,V with a neighborhood W, of ¢ in V. Using
the parallel transport with respect to VC along the V-geodesics from ¢, we identify N'xV and Ny V
with Wy, x Nx V|, and W, x Ny'V|,, respectively. The proof of [FHS, Theorem 2.2] then ensures
that the map ® in (5.1) can be chosen to depend smoothly on wu.

For 1 € MX . S(ZO,C’) A, an approximately (Jz,v)-holomorphic map u, : ¥, — Z) can be con-
structed as follows. Given an element ([ux,uy]) of MXkS(ZO,C), with uy : ¥x — X and
uy : Xy — Y, denote by Y the Riemann surface obtained by identifying the i-th relative marked
point z; € X x with the i-th relative marked point w; € ¥y for all i=1,...,¢ and by X7 C ¥q the
complement of the nodes. Define

ux(z), if ze¥x;

Ug: 2o — 2 by wg(z) =
0 0 0 Y 0() {UY(Z), if zeXy .

Given i=1,...,4, let z and w be coordinates on X x,; C¥Xx and Xy,; C Xy centered at z; and w,
respectively. For each sufficiently small p= (f1;)i=1,. ¢ in C!, we define

Y = {(z,w)E(C2: zw:ui} Vi=1,...,¢,

¢
1 1
So(m) =%0 — | ({z€3x: |zl il 2} U{wi €Sy [wi] <l 2}),
i=1
l .

cey, iz > ful V(5 w) € Sy

Sy=(S5(p) Ul [Xu )/~ Z,W) ~ ’

I (0(#) H u,z) (2, w) {wGEy, if 2] < |wl; i=1,...,0.

For each i=1,...,¢ and ¢>0, we also define

Ouiis Busi: S — R by oui(z,w) = V2P w2, Bui(z,w) = B (0pusi(z,w)) ;
Ypile) = {(27"‘1’)62#;1': 0psi(z,w) < 6}'
Let €>0 be such that the restrictions of ux and uy to
Yx.i(e {zeEXl |z|<e} and Yy.i(e {wGEyZ |w|<6}

respectively, satisfy (5.1) for some ® = ®x;, Py,;. In particular, ux(Xx.i(€)) and uy (Xy.i(e)) are
contained in the open subset Z,.c of Z defined in (3.32) and in the total spaces of NxV and NyV
over the geodesics ball W, where ¢; =ux(2;) =uy (w;). Thus, there exist smooth functions

UX - EX;i(G) — Tqu and Uy : Ey;i(e) — Tqu s.t.
UX(Z) = (uX;i(x),Qx;i(Z)Zsi) VZGZX;Z'&), UY(Z) = (UY;Z‘(U)), ‘Dy;i(w)wsi) V’wGZy;Z‘(E),
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under the identifications of the previous paragraph.

For any p€C? sufficiently small, let

Dpixiit Bpsi(€) — NxVly, D xii(2) = Px;i(0) <Bw-(z,w) + (1 =Bz, w))

)
Py Eu;i(ﬁ) — NYV|qi ) (I)u;Y;i(Z) = 0y;(0) (ﬂu;i(zv w) + (1_5/#1'(2’7“)))

With A=p*®x,;(0)Py;(0), we define u,: ¥, — Z by requiring that

1-06,.(z,w))ux.i(2), @, x4 (2), A , if |z| >|wl|;
u#(z,w):{(( Bu,( )) X,( ) ;X ( ) o, Xl(z)) ' ‘ ‘ ‘ | (5.13)
(1= Busi(z, w))uyi(w), "y Puvi(w)), if |2 <wl;
for all (z,w)€X,.i(e) and i=1,...,¢ and extending as u over the complement of ¥y(e/2) in .

The relevant Sobolev norms for sections of uj,T'Zy and for (0,1)-forms with values in u},TZ, are
defined by the m=1 case of [IP5, (6.10)] and the m =0 case of [IP5, (6.11)], respectively, with p>2
in [IP5, (6.9)]. The failure of the map u,: ¥, — Z) to be (Jz,v)-holomorphic is described by

_ 1 _1
{07 =}l o < ClulE < CIN[5HT, (5.14)

with C independent of i, but depending continuously on the projection of u to Mx - S(Zg, C); this
can be deduced from the proof of [IP5, Lemma 6.9].

Remark 5.10. The pregluing construction done in the first half of [IP5, Section 6] is not needed
for the purposes of [IP5, Lemma 6.8(a)], which is about properties of moduli spaces of maps into
the singular fiber Zy. Based on the proof, the wording of [IP5, Lemma 6.8(a)] is incorrect: for
every (f,C) € Ks should appear after <e and again after > ¢ (so that po in the first part and ¢ in
the second part are independent of (f,C)); there is a similar problem with the wording of [IP5,
Lemma 6.8(d)]. [IP5, Lemma 6.8(a)| also has nothing to do with ¢;, ¢;,. The proof of the first part
of [IP5, Lemma 6.8(b)] is not complete because [IP5, Lemma 5.1] is about finite cylinders, not
wedges of disks. The pregluing setup in [IP5, Section 6] implicitly assumes that the domains of the
nodal maps are stable, since it is based on [IP5, Section 4]. The stability assumption need not hold
in general; it is not necessary though. The domains can be stabilized as in [IP5, Remark 1.1], but
not across an entire stratum of maps; in particular, [IP5, Observation 6.7] may not always apply.
The definition of the norms in [IP5, Section 6] makes no mention that p>2, which is necessary for
the control of the C%-norm. The statement about uniform C°-bound in [IP5, Remark 6.6] needs
a justification, since the domains C), change (which is standard) and the metric on the targets Zy
collapses (which is not standard). Without a local trivialization of the normal bundle, the formula
[IP5, (6.4)] does not make sense. The crucial bound of [IP5, Lemma 6.9] is incorrect. Its proof
neglects to consider the first two components of F'— f with respect to the decomposition in [IP5,
(6.14)]; contrary to the statement immediately after [IP5, (6.14)], these two components are not
zero, as [ does not involve 8. However, the weaker bound of (5.14) suffices. Other, fairly minor
misstatements in [IP5, Section 6] include
p968, above (6.1): if fy is in the limit of a sequence, then (6.1) holds;
p968, line -4: C — (17, with the notation as before;
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p969, line 2: £ is used for Ly in (4.3);

p969, par. above Dfn 6.2: not from (4.2) and (5.4); as in (5.11);
p970, 1st par.: there are no (a) and (b) in (2.6) or (6.4);

p970, after (6.5): were — where;

p971, line 11: /|pr| — /2|pl;
p971, above (6.8): geodesics and parallel transport with respect to what connection?

p971, below (6.8): average value zero only for the horizontal part £ as in (5.11);
p971, (6.9): k=m below; only k=1 is used; 2 can be absorbed into §;

p971, below (6.9): there are no coordinates in (5.3); (4.5) is closer;

p971, Dfn 6.5: there is no triple in (6.8);

p972, top: k — h; not just Finsler metric;

p972, Lemma 6.8(a), line 1: dist(f(A(po)),V) — max.ca(y,)dist(f(2),V);

p973, lines 3,8: p, €Cp; P €Cr \ A(po);

p974, (6.12): |vp—vy| should not be multiplied by |dF|, similarly to (6.15);

p974, (6.14): B — B;

p974, below (6.14): (Jp—J¢)odF — (Jp—Jf)odf.

The approximately J-holomorphic map u, in (5.13) is constructed in the same way at the bottom
of page 192 in [LR]. Because of the regular nature of the almost complex structures Jx and Jy
used in [LR] on neighborhoods of V' in X and Y, the gluing approach of [LR] extends to maps into
XCJ(}LY with m>1. As formally explained at the end of this section, the gluing of the target spaces
in (3.46) extends to XLOJ{}‘Y This extension is parametrized by the tuples

(0,9) = (ag,- .., am, Yo, ..., 0) € (RT)™H x (R/27Z)™H! (5.15)
so that Zg 9 =24 |9 as far as the almost complex structures are concerned, where
ol =0+t am, [ =0, V.

In the next paragraph, we formally define the space of gluing parameters, generalizing (5.12) from
the m=0 case.

Given me€Z=%, let C,,11 denote the quotient of C™*! by the (C*)™-action
(Clv ceey Cm) ! ()\07 RN >\m) = (C;1A07 01C51A17 ceey Cmflcq—_nl)\mfla Cm)\m)

The map (Ao, ..., Am) —> Ag. . . Ap, then descends to C,,4q. For each A€ C, let Cppq1.0 CCpq1 be
preimage of A\. Let u: ¥ — X UP'Y be a representative of an element of M, (X Uy Y, A) and
1=1,...,£ be an index set for its nodes on the divisors

VcXY and {T}XPX70V,{T}XPX@OVC {’I”} X PxV .
For each such i, let |r|=0 if the node lies on V' C X and |i|=r if it lies on {r}xPx V. Denote by
s; €Z™ the order of contact with the divisor of either of the two branches at the i-th node, by Ly
the line of smoothings of this node (denoted by 7% L;®my. L; in (5.12)), and by @Z(-S) €L;,; the s;-th

derivative (denoted by @g?i)@)@gfi) in (5.12)). The admissible relative smoothing parameters at u
for maps to Z) are the elements of the space

14

Lup = {()i=1,.. €D Lusis oy, Am] € Conerin st D () = Ay Vi
=1
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While Qgsi) depends on the choice of representative u for [u] € My (XUyY, A), L, is determined
by [u] and the choice of ordering of the relative nodes of u, since the action of (C*)™ on C™*+!

defined above corresponds to the action of (C*)™ on XUy} Y.

We now define the spaces Z, », with (a,?) as in (5.15) and ag and a,, sufficiently large, and identify
them with Z|g g|; see (3.46). For each r=1,...,m, let

lal, = ao+...+a._1, lalf = a.+...+am,
|19‘r_ =Y9+...+9,_1, |19’:'_ =V +...+9,.

We assume that meZT. Let
" 3 3
Zaw = | Xop U |_|{7"}>< [_ZaTu Zar—l] xSV UYa, / ~,
r=1

with the equivalence relation defined by

(1,a,2) ~ (a—ao,e_wox) C X, V 4a € (ag, 3ag),
(rya,x) ~ (r—i—l,a—%a,«,ew*:c) Vda € (—a,,—3a,), r=1,...,m—1,

(m,a,z) ~ (a+am,e“9ma:) CYs V da € (—ay,, —3a,,) .

These identifications respect the almost complex structure J and thus induce an almost complex
structure on Z, y. The bijection Zy 9 — Z|4| 9| given by

(a—lal; e 17 2) € Xy, if da > [al; —3lal;;

xEXM, ifxEXaO;
r — + i|19|+ . _ 4
(atlalf,el""z) € Vg,  if 4a < 3la|; —[al];

) (r,a,z) — {
r€Yq, HazeYy,;

is well-defined on the overlaps and identifies the two spaces with their almost complex structures,
as needed for the general gluing construction. However, the just described construction and iden-
tification do not fit with the more general almost complex structures of [IP5], as they are not
regularized on neighborhoods of V in X and Y.

Remark 5.11. The only gluing constructions described in [LR] involve smoothing a single node.
In particular, there is no mention of the above identification Z, y = Zq) 9/, Which is needed to make
sense of the target of the smoothed out maps, or of the space L, of admissible smoothings.

5.3 Uniform estimates: [IP5, Sections 7,8], [LR, Section 4.2]

Gluing constructions in GW-theory typically require defining linearizations Dy, of the 0-operator
at the approximately J-holomorphic maps w, (these are not unique away from J-holomorphic
maps) and establishing uniform bounds on these linearizations and their right inverses. Establish-
ing the former is typically fairly straightforward, with appropriate choices of the linearizations and
the Sobolev norms on their domains and targets. Uniform bounds on the right inverses can be
obtained either by bounding the eigenvalues of the Laplacians DUHDL from below, by a direct
computation for explicit right inverses, or by establishing a uniform elliptic estimate on D,, with
suitable Sobolev norms. As stated at the beginning of [IP5, Section 8], such uniform Fredholm
bounds are the key analytic step in the proof. As we explain below, the argument in [IP5] has
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several material, consecutive errors, i.e. with each sufficient to break it.

The approach taken in [IP5, Sections 7,8] is to bound the eigenvalues of the Laplacians DuuDZu
from below. With the definitions at the beginning of [IP5, Section 7], the index of D, (denoted
by Dy in [IP5]) is generally larger than the index of D,, (denoted by Dp), as the former does
not see the order of contact. In particular, D, does not fit into any kind of continuous Fredholm
setup, though by itself this issue need not be material as far as the estimates on D,,, are concerned.

In the displayed expression above [IP5, (7.5)], (¢1,(2) has two different meanings in the same
equation. This equation defines an inner-product only on the first part of the domain of D,, =Dpg
and so does not define D . The explicit formula for the first component of D in [IP5, (7.5)] cannot
be correct because it does not satisfy the average value condition on the elements of L., for F'=u,,
and even more conditions for f =w (the average value condition is described above [IP5, (7.1)]).
This formula has to be corrected by an element of the L?-orthogonal complement of Lyso(u,TZ)y)
in Ly;s(uy,T2)); unfortunately, the orthogonal complement does not lie in Ly;s(uj,7Zy). Thus,
[IP5, Proposition 7.3 says nothing about the uniform boundness of D}, =Dj, . Without taking
out the average, the norms of [IP5, Definition 6.5] would not be finite over f, as used in [IP5] to
obtain uniform bounds over F.

Remark 5.12. The crucial Sections 7 and 8 in [IP5] are written in a confusing way with the same
notation used for different objects, including in the same equation at times. With the definition as in
[IP5, (1.11),(7.2)], the image of the operator in [IP5, (7.4)] would not be in the (0, 1)-forms because
of the F,h term (which is not a (0, 1)-form if F' is not J-holomorphic; Fih needs to be replaced by
OFoh). Since F' is defined on a smooth domain, the operators in [IP5, (7.4),(7.6)] are Fredholm
because they differ from real Cauchy-Riemann operators by finite-dimensional pieces; uniform
boundness in p as in [IP5, Proposition 7.3] is a separate issue. With a reasonable interpretation
of the inner-product above [IP5, (7.5)], the last component of D% in [IP5, (7.5)] is missing . The
expression for An in [IP5, (7.5)] cannot be correct either, since it should produce a tuple indexed
by the relative marked points, not a sum. Furthermore, this expression should have more terms,
as the proof of [IP5, Proposition 7.3] suggests, and should depend on the vertical part of 7 as
well. However, the exact forms of the second and last components of D} do not matter as long as
they are uniformly bounded; this is the case because the restrictions of Dp to the second and last
components in [IP5, (7.4)] are uniformly bounded. The bound on Vv at the beginning of the proof
of [IP5, Proposition 7.3] is not obvious, because V there denotes the Levi-Civita connection with
respect to the metric on Z), which degenerates as A — 0; this bound depends on the requirement
on the second fundamental form in [IP5, Definition 2.2]. Other, fairly minor misstatements in [IP5,
Section 7] include

p975, Section 7, line 2: there are no Sobolev spaces in Definition 6.5;

p975, line -5: Lemma 7.3 — Proposition 7.3; same on p976, line 5;

p976, 2nd paragraph: there is nothing about generic § or Fredholm in Proposition 7.3; there seems

to be no connection with Lemma 3.4 at all;

p976, line -3: no such verification in Lemma 3.4;

p977, lines 1,2: there is no stabilization in Observation 6.7;

p977, lines 4,6: ev — ev;

p977, Lemma 7.2: ¢ should be a vector field along F', not on a chart;

p980, line 7: X already denotes a symplectic manifold;

p978, line -10: L — Lp;
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p978, line -9: no use of Lemma 7.2 ir~1 addition to (7.7);
p978, line -7: with this description, V and V are connections in different spaces;
p979, line 5: there is no AY and Z in Definition 6.4.

There is a crucial sign error in the proof of [IP5, Proposition 8.2]: the two terms on the second
line of [IP5, (8.7)], a Gauss curvature equation written in a rather unusual way, should have the
opposite signs; see [L, Theorem 13.38], which uses the same (more standard) sign convention for
the curvature tensor R (defined at the beginning of [L, Section 13.2]). Thus, the minus sign in
[IP5, (8.8)] should be a plus, which destroys the argument. Conceptually, it seems implausible to
have a negative sign in [IP5, (8.8)], because it should allow to make the right-hand side of [IP5,
(8.6)] negative by taking a local solution of L}, and sending p and X to 0.

The proof of [IP5, Lemma 8.4] is also incomplete. At the very bottom of page 984 in [IP5], it is
stated that Djn=D}n lies in the image of the map D in [IP5, (7.6)]. However, it had not been
shown that the limiting (0, 1)-form 7 lies in the domain of D{, which involves bounding the first
derivative over the entire domain. The preceding argument shows that the L2-norm of 7 outside
of the nodes of the domain is bounded, but that does not imply that the L?-norm of 7 is bounded
everywhere. Furthermore, since the metrics on the targets Z) degenerate, a proof is needed to
show that the elliptic estimate used in the proof of [IP5, Lemma 8.5] is uniform; it is not so clear
that it is.

Remark 5.13. The bound on VJ on line 10 on page 981 of [IP5] is not obvious, because V there
denotes the Levi-Civita connection with respect to the metric on Z), which degenerates as A — 0;
this bound depends on the requirement on the second fundamental form in [IP5, Definition 2.2].
Since the metric on the horizontal tangent space in N varies in the normal direction (according
to the bottom half on p951), the formula for g on line -5 on page 982 cannot be precisely correct;
this has an effect on the formulas for Christoffel symbols on the last line on this page (though this
gets absorbed into the error term in the next sentence, which should include s in front of tanh).
There is a similar issue with the statement concerning the independence of F*gy. Other, fairly
minor misstatements in [IP5, Section 8] include

p980, line 9: (1.4) — (1.5);

p981, line 15: w already denotes a symplectic form;

p981, (8.6): —d(p®)Aw is part of the first integrand on RHS;

p981, line -6: this has nothing to do with the connection on the domain (which is also not flat);

p981, line -5: V already denotes the symplectic divisor;

p982, line 5: A, as defined in the proof of Lemma 6.9 is a subset of C,, not of Zy;

p982, line 7: v already denotes the key (0, 1)-form; missing v at the end,;

p982, line 17: first inequality does not hold because of z° in (6.14);

p982, line 18: there is no bound on |[V| in the sentence preceding (6.17);

p982, line 20: U—JV — V—JU, twice;

p982, line 21: no connection to the preceding statement;

p982, line -6: § — ©;

p982, line -3: F,0Jy also involves a V-component;

p983, lines 15,16: multiply and adding do not help here;

p984, top: & generic does not appear in this section again;

p984, lines 13,14: by definition of {F,}, not Bubble Tree Convergence Theorem;

p984, line 21: N = {p < §}, and this 0 is different from the ¢ in the norm;

p984, bottom third: X already denotes a symplectic manifold;
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p984, line -9: Sh is not in T, M.

In the approach of [LR], the metrics on the targets do not collapse. A family of uniformly bounded
right inverses for the linearized operators D,, is constructed in the proof of [LR, Lemma 4.§]
directly via the approach of [MS2, Section 10.5]. Conceptually, the existence of such inverses
follows from uniform elliptic estimates in the metrics of [LR] on the target; see the proofs of [LT,
Lemmas 3.9,3.10].

5.4 Gluing: [IP5, Sections 9,10], [LR, Sections 4.2,5]

The final step in gluing constructions involves showing that every approximately J-holomorphic
map u, can be perturbed to an actual J-holomorphic map, in a unique way subject to suitable
restrictions, and that every nearby J-holomorphic map can be obtained in such a way. The last
part is often established by showing that all nearby maps, J-holomorphic or not, are of the form
€Xpy,, ¢ with £ small. The uniqueness part can be established by showing that each nearby map
can be written uniquely in the form exp,,, &, subject to suitable conditions on £. The nearby
solutions of the J-equations are then determined by locally trivializing the bundle of (0, 1)-forms
and expanding the J-equation as

5expuu £E= 5u# + Dy, + Qu, (§), (5.16)

where D, is the linearization of the 0-operator determined by the given trivialization and Qu,, (§)
is the error term, quadratic in {. The equation (5.16) can be solved for all p sufficiently small if
the norm of 5“# tends to 0 as 41— 0, Dy, admits a right inverse which is uniformly bounded in y,
and the error term @, is also uniformly bounded in p.

The bijectivity of the gluing map is the subject of [IP5, Proposition 9.1], though its wording is not
quite correct. Based on the proof and the usage, the intended wording is that there exist €y, ¢>0
such that the map ®) is a diffeomorphism as described whenever ¢, |\| < gy. The proof of [IP5,
Proposition 9.1] is incorrect at the end of the injectivity argument, even ignoring the problems with
the prerequisite statements: even if (f,, Con, ttn) = (f1, Ch s #); Mn and 1;, need not lie in the in-
jectivity radius of @, for n large, as this radius likely collapses as n — 0o, because the injectivity
radius of the metric gy collapses as A— 0 and the norms are not scaled to address this. In order
to show that the injectivity radius of ®, does not collapse, one needs to show that the vertical part
of Ppn on suitable necks is bounded by something like |)\\% ||Prnll. In light of (5.6), this appears
plausible for the nearby J-holomorphic maps, but less so for arbitrary nearby maps. It thus seems
quite possible that the injectivity part of the intended statement of [IP5, Proposition 9.1] is not
correct with the norms of [IP5, Definition 6.5], which impose a rather mild weight in the collapsing
direction.

The proof of [IP5, Proposition 9.4] is incomplete, as a justification is required for why the constant C'
in the bound [IP5, (9.11)] on the quadratic error term in (5.16) is uniform in p. This is not obvious
in this case, since the metrics on Z) degenerate and the constant C depends on the curvature of
the metric; see [Z2, Section 3|. Thus, this is also a significant issue in the approach of [IP5].

Remark 5.14. The proof of [IP5, Lemma 9.2] ignores the regions |uk\i <p< 2\/%]%. The statement
of [IP5, Proposition 9.3] is essentially correct, but the last part of its proof does not make sense.
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For example, since fp is a map from a wedge of two disks and f, is a map from a cylinder, fo— f,
is not defined. Furthermore, the equations F,, — f,, = (én, &), (o= Cnt+(Fn—fo), and (= fo— fn
are inconsistent. Other, fairly minor misstatements in [IP5, Section 9] and in the first part of [IP5,
Section 10] include

p986, above (9.2): determined by — related to;

p986, below (9.2): @, is defined everywhere and is the identity along the zero section;

p986, (9.3): it is only an isomorphism, since the first summand on RHS is not a subspace of LHS;

p986, below (9.3): Lemma 5.3 is not needed here;

p986, line -3: the image of Fy in TZy, — Fy;

p986, line -1: RHS describes only the vector field component of LHS and only for 79 =0;

p987, line 13: B is the two-dimensional manifold underlying Cp and C{;

p987, line -4: there is no such extension in Section 4;

p987, bottom: A is a variation of y, which is basically fixed;

p988, lines 4,5: not extended over Zj;

p988, line 6: &y has not been defined;

p988, (9.5): second line is missing 3;

p988, line 13: p~1*!, not p'~1*!, according to (6.15), which is still good enough;

p988, after (9.6): the estimates in the proof of Proposition 7.3;

p988, after (9.7): there is no equation (6.4a);

p989, line 9: (9.8) — (9.6);

p989, line -3: Lemma 5.4 does not say this;

p990, (9.10) holds only after some identifications;

p991, below (10.2): this sentence does not make sense;

p991, (10.3): since s is fixed, there should be no | |;

p992, lines 3,4: ®} maps into MKJ(ZA) according (10.3);

p992, lines 16,17: this sentence makes no sense.

The correspondence between approximately J-holomorphic maps and actual J-holomorphic maps
in [LR] is the subject of Proposition 4.10. The expansion (5.16) does not even appear in its
proof, with the Implicit Function Theorem applied in an infinite-dimensional setting without any
justification. On the other hand, the above issues with the collapsing metric do not arise in the
setting of [LR], and so the required uniform estimates are fairly straightforward to obtain.

Remark 5.15. The approach of [LR, Section 5] to the symplectic sum formula involves the exis-
tence of a virtual fundamental class for M, ,(XUyY, A). The justification for its existence consists
of a few lines after [LR, Lemma 5.4], which is far from even mentioning all the required issues. The
comparison of GW-invariants for XUy Y and X#yY in [LR, Section 5] again involves integration
instead of pseudocycles (top of p208 and p209), and does not explain the key multiplicity factor k
in [LR, Theorem 5.7]. The top of page 209 again suggests an isomorphism between an even and
odd-dimensional manifolds. The index formula [LR, (5.1)] cannot possibly follow from the proof
of [LR, Lemma 4.9], as the latter has no numerical expressions for the index. Since this index also
depends « (according to [LR, Remark 4.1]), how can there be a natural correspondence between
the domains and targets of the operators D, and Dy in [LR, Remark 5.2]7 With the definitions
in [LR, Section 4], the dimension of ker Lo, is 2n, not 2n+2, as stated after [LR, (5.1)]. Mayer-
Vietoris has nothing to do with a pseudoholomorphic map defining a homology class at the bottom
of page 206 in [LR]. [LR, Remark 5.9] is irrelevant, since there had been no assumption that the
divisor is connected. Remark 4.10 contains additional related comments.
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In general, one has to consider smoothings of nodes that do not map to the junctions between the
smooth pieces of XU{} Y. However, such nodes can be handled in a standard way, such as in [LT,
Section 3], as mentioned in [IP5, Remark 6.3].

5.5 The S-matrix [IP5, Sections 11,12]

The symplectic sum formula of [IP5] contains two features not present in the formulas of [Lj2]
and [LR]: a rim tori refinement of relative invariants and the so-called S-matrix. Section 3.2 ex-
plains why the first additional feature should not appear; this section explains why the second
feature should not appear. We also show that in fact the S-matrix does not matter because it acts
as the identity in all cases and not just in the cases considered in [IP5, Sections 14,15], when the
S-matrix is the identity. The fundamental reason for the latter is the same as for the former: a
group action is forgotten in [IP5].

By Gromov’s Compactness Theorem [RT1, Proposition 3.1], a sequence of (Jz,jx)-holomorphic
maps u : L —> Zy,, with Ay € A* and A\; — 0, has a subsequence converging to a (Jz,j)-
holomorphic map u: ¥’ — Zj. As explained in Section 5.1,

Y =35 UX,uxy,

where X, is the union of irreducible components of ¥’ mapped into V', ¥’y is the union of irre-
ducible components mapped into X —V outside of finitely many points x1,...,z,, and X} is the
union of irreducible components mapped into Y=V outside of finitely many points x/, ..., 2},. The
symplectic sum formulas of [Lj2] and [LR| arise only from the limits with X, = 0; these are also
the limits considered in [IP5, Sections 6-10].

The S-matrix arises at the top of page 1003 in [IP5] from the consideration of limits with X7, ).
Such maps are interpreted as maps to the singular spaces X UJ'Y, with m € Z", defined in (4.20).
This interpretation is obtained by viewing the sequences of maps which give rise to such limits
as having their images inside the total space Z,, of an (m+1)-dimensional family of smoothings
of XUP'Y, instead of the total space Z of a one-dimensional family of smoothing of XUy Y. How-
ever, it is not possible to associate a sequence of maps to Z,, to a sequence of maps to Z in a
systematic way which is consistent with the aims of [IP5, Section 12]. Contrary to the implicit view
in [IP5, Section 12], the resulting limiting map to XU{}Y" is well-defined by the original sequence of
maps to Z not up to a finite number of ambiguities, but up to an action of finitely m copies of C*
on the target. Furthermore, the entire setup at the top of page 1003 in [IP5] is incorrect because
the almost complex structure on Z) viewed as a fiber of Z is different from what it would have
been as a fiber in Z,, (the latter would be effected by m+1 copies of V). However, these almost
complex structure would be the same in the case of the more restricted almost complex structures
of [LR].

The situation is nearly identical to [IP4, Sections 6,7], where limits of sequences of relative maps
into (X, V) are shown to correspond to maps to XY up to a natural (C*)™-action; see Section 4.3
above. The same reasoning as in [IP4, Sections 6,7] shows that limits of sequences of maps into 2
correspond to maps to X U{'Y up to a natural (C*)™-action.
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As in the situation in Section 4.3, which reviews [IP4, Sections 6,7], the virtual dimension of the
spaces of morphisms into X U} Y is 2m less than the expected dimension of the corresponding
spaces of morphisms into XUy Y (with the matching conditions imposed) and into Zy. Thus, the
spaces of morphisms into X U{?Y with m >1 have no effect on the symplectic sum formula. The
S-matrix, which takes such spaces into account, enters at the top of page 1003 in [IP5] because the
spaces of such morphisms are mistakenly not quotiented out by (C*)™; this is done in [Lj2] and
in [LR].

While the S-matrix is generally not the identity, it acts as the identity in the symplectic sum
formulas of [IP5], i.e. in equations (0.2) and (12.7) in [IP5], for the following reason. For all

XEZ, (A,B) EHQ(X;Z) XvHQ(Y;Z),

and a generic collection of constraints of appropriate total codimension, the symplectic sum for-
mula presents the corresponding GT-invariant of X#yY as the sum of weighted cardinalities of
finitely many finite sets enumerating morphisms into XUjY’, with m >0, meeting the constraints.
The group (C*)™ acts on the set of such morphisms with at most finite stabilizers (the constraints
inside each {r}xPy X are pull-backs from V'). Thus, the sets with m>1 are empty, i.e. there is no
contribution to the symplectic sum formula from morphisms to XU{}Y with m >1. Since these are
the morphisms that make up the difference between the S-matrix and the identity, the S-matrix
acts as the identity in the symplectic sum formulas of [IP5].

The next observation illustrates one of the problems with the normalizations of generating functions
in [IP5, Section 1] and thus another problem with the symplectic sum formulas of [IP5]. The last
statement of [IP5, Lemma 11.2(a)] is key to even making sense of the action of the S-matrix.
However, it does not hold with the definitions in the paper. By [IP5, (1.24)], the Mi-part of
Gwps’v‘)(l) is given by

GWpe=" (1) o [evixeva: My50 Py, d) — =8 TtarA ™

1 _
aAdF,(d,d)tdF)\ 2

where Agp (4,4) C H;;"ﬁ%o( d.d) is the preimage of the diagonal in V, x V=V xV. The exponential

of an element of H,(M xHY%) and the product of two elements of H,(HY) are never defined, but
under reasonable definitions

Voo, Vi _ Gwyeog 1 Voo, Vi ¢
G101y = s 3 LGt o)
(=0
> 11
Y,
- 1+Z Z N d d Ale:(dlzdl)X'"XAdZFv(dbdl) t(d1+...+dz)F)‘ ? )
(=1 dy,..dg>0 L

this definition seems to be consistent with [IP5, (A.3)] and the description of the coefficients in
the following paragraph. Let n € HI‘P{?/ )tB- By [IP5, (10.6)], the only nonzero term in

B)(Slr“vsm
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n*GTI‘Pfi’/O’VO(l)MH arises from the summand ¢=m and (dy,...,ds)=(s1,...,Sn) and equals

1 1 1
A2my) A2 = n#n if m>1

S1...8m
m! 0 dy...dp mlm)!

The proof of the symplectic sum formula, [IP5, (12.7)], makes use of (11.3); otherwise, there would
be dependence on N.

Remark 5.16. Other, fairly minor misstatements in [IP5, Sections 11,12] include
p998, (11.1): no need for square brackets; the superscripts on ‘H should be the same;
p998, line -6: before (1.4) — after (1.5);
p999, line 1: the irreducible Py -trivial;
p999, (11.3),(11.4): LHS missing *; RV~ — R in the notation below;
p999, line -3: (J,v) — (A, n,X);
p1000, Dfn 11.3: there is no dependence on (J,v);
pl000, bottom: this sentence does not make sense;
pl1001, lines -13,-9: 2N — 2N —1;
pl001, line -4: both identities are incorrect;
p1002, line 6: there is no ¢ in (2.6);
p1002, below (12.2): p is on the domain, A is on the target;
pl002, line 18: € = ay;
pl002, line 22: nonempty subset;
pl003, Thm 12.3, line 5: (11.3) — of Definition 11.3.

6 Applications: [IP5, Sections 14,15]

The purpose of [IP5, Sections 14,15] is to give three powerful applications of the symplectic sum
formula. The authors make clear what geometric reasoning should lead to the three main formulas;
fully implementing the arguments they sketch leads to quick proofs of these formulas, which had
been previously established through significantly more complicated arguments. Unfortunately, the
arguments in the paper are not completely precise and contain multiple, sometimes self-canceling,
errors (as well as typos), and none of the three formulas is stated fully correctly. In order to
illustrate the beauty of the intended arguments in this part of [IP5], we reproduce them completely
here, but with all the details and without the errors, and then list the errors and typos made
in [IP5]; the substance and organization of these arguments come entirely from [IP5].

6.1 Invariants of P! and T?: [IP5, Section 14.1]

This section computes some relative GW-invariants of P! and T2. If V;,V, C X are two disjoint
symplectic divisors, we will denote by GWE/}’XZ.Sl s, the relative GW-invariants of (X, V1UV2) with
the contacts with V7 and V5 described by s; and s, respectively. We will use similar notation for

the disconnected GT-invariants and for the moduli spaces.

Lemma 6.1 ([IP5, Lemma 14.1]). Let 0,00 denote two distinct points in P', V = {0,000}, and
d € Z*. The relative degree d GW-invariants of (P1,V) with no constraints from P* or M are
given by

1/d, if g=0, sp,Scc=(d);
0,00 _ ) ) ) )
GWPl,d,g;So,sm 0= {0

otherwise.
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Proof. By [IP5, (1.21)],

dime MUoo o (P, d) = 2d + (1—3)(1—g) + £(s0) + £(Ses) — deg sy — deg Se

9,0;50,500 (6.1)
=29 —2+{(s0) + {(sxc) > 29 > 0.

This dimension is 0 only if g=0 and £(sp), {(sec) = 1. If g=0 and sp, Sec = (d), ﬂg:g;o,sw (P, d)
consists of a single element, the map z — z%. Since the order of the group of automorphisms of

this map is d, it contributes 1/d to the GW-invariant. ]

Lemma 6.2 ([IP5, Lemma 14.2]). Let 0,00,1 denote three distinct points in P, V = {0, 00,1},
deZ™ with d>2, and
s1=(2,1,...,1). (6.2)
——
d—2
The relative degree d GW-invariants of (P, V) enumerating maps with simple branching over 1
and no constraints from P! or M are given by
1 0,00,1
(d—2)! GWPlvdy;SmSoo,Sl 0
{1, if g=0, {(s0),4(se0)} = {1,2}, degsp,deg s =d;

0, otherwise.

GWo> (b)

P! ,d,g;SO »Soo

Proof. Similarly to (6.1),

——0,00,1
9,0;50,S00,51

dime (PL,d) =29 — 34 £(sg) + £(S00) > 29 — 1> —1.

This dimension is 0 only if =0 and ¢(sg)+£(S8x0) =3. Every holomorphic function on C with a pole
of order d at co and zeros at 0 and 1 of orders a and b, respectively, with a4+b=d, is of the form
z— C2%(z—1)". There is a unique value of C so that this function sends the remaining critical
point, z =a/d, to 1. Thus, m218?;37500751(]P1,d) consists of (d—2)! automorphism-free elements
(corresponding to the orderings of the simple preimages of 1). O

Remark 6.3. [IP5, Lemma 14.3] is not used in the rest of the paper. Furthermore, its statement
is wrong, as the authors forget to divide by the order of the automorphism group of covers of the
torus. The notation for GW-invariants in [IP5, Sections 14.1-14.5] is inconsistent with earlier parts
of the paper, as the first subscript is supposed to indicate the target space. The notation for the
simple branch point invariant of [IP5, Lemma 14.2], which is never formally defined, is even more
confusing, since an insertion in parenthesis is supposed to indicate a class on a product of M and
copies of X. The conclusion in the proof of Lemma 14.1 about the S-matrix does not follow from
the rest of the argument, since it may have contributions from higher genus and classes coming
from M.

6.2 Genus 1 invariants of P! xT?: [IP5, Section 14.2]

This section computes some genus 1 GW-invariants of P! x T? and (P! x T2, F), where F = px T?
is a fiber of the projection to the first component. We denote by s and f the homology classes of
P! x g and F, respectively. Let

G(q)=> o(d)q?,  where o(d)=)» k. (6.3)

d=1 k|d
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Lemma 6.4 ([IP5, Lemma 14.4]). The genus 1 genus GW-invariants of P xT? satisfy

Z dGWp1 xT?,df,l()qd = 2G(q).
d=1

Proof. Let L =Op2(p—q) — T2 be a non-torsion line bundle (L®* % Op for all k€ Z*). The
only holomorphic maps in P(L&®Op2)~P! xT? in the homology class df are then covers of

Fo=P(00O012) and  Fy =P(L®0),

and these maps are regular. Since the number of degree d covers T? — T? (or equivalently of
subgroups of Z? of index d) is o(d), My (P! x T?, df) consists of 20(d) elements. Since the order
of the automorphism group of each of these elements is d, we conclude that

GWp1 x1r2,df,1() = QU(d)/d,
as claimed. O

Lemma 6.5 ([IP5, Lemma 14.5]). The genus 1 genus GW-invariants of (P1xT?, F) with two point
constraints satisfy

> CWE e g (0 C1(9)) 0 = 4G (0)-
d=0

Proof. Suppose X is a connected nodal genus 1 curve and u: X — P! xT? is a degree s+df stable
map. Since mou: ¥ — P! has degree 1 and every holomorphic map P! — T? is constant, 3
contains a unique irreducible component Yy~P! such that u: g — P! x¢s is an isomorphism for
some ¢y € T2, If ¥; is another irreducible rational component of 3, then uly, is constant. Since
Y is of genus 1, ¥ contains at most one (precisely one if d>0) irreducible genus 1 component ;
furthermore, f|y, is a degree d (unbranched) cover of g; x T? for some ¢; € P1. Every such stable
map is regular.

Thus, the subspace
—F
{[u, x1, 1] € MY 1.1y (P X T?, s+df ) : (1) =p1, u(yr)=p2}

consists of maps u: YUY, — P! x T? such that u: ¥g — P! x ma(ps) is an isomorphism and
w: Y — mi(p1) x T2 is a degree d cover.” There are o(d) such maps u, each of which has an
automorphism of order d. For each choice of the map u, there are d choices for the preimage of p;
and d choices for the nodes on 1. Thus,

ngl xT2,df,1 (p; Cq (p)) =o(d)/d-d-d=do(d);

this establishes the claim. O

®The elements [u,z1,z2] of My (P! x T2 s+ df) such that u : Bg — P! x m2(p1) is an isomorphism and wu :
¥ — mi(p2) x T? is a degree d cover correspond to the elements [u,z1,y1] of Mil;(l)(IPl x T2, s+df) such that
u: Lo — Pt xm2(p1) is an isomorphism, u: X1,0UE 1,1 — P' x T? is a map into the rubber, u: 31,0 — P! x ma(p1) is
an isomorphism, and u: 31 — ¢’ xT? is a degree d cover for some ¢’ € P* —{0, 00}; this map does not pass through
the relative constraint pz, which now lies on 0xT? in the rubber.
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Remark 6.6. Of the three statements in [IP5, Lemmas 14.4], only the first is used in the rest of
the paper; of the three statements in [IP5, Lemmas 14.5], only the second is used. In particular,
there is no reason for the rim tori discussion in this section at all. The first two statements of [IP5,
Lemma 14.4] are wrong, as the authors forget to divide by the order of the automorphism group
of covers of the torus. The proof of [IP5, Lemma 14.5] has two mutually canceling errors, as the
authors forget to divide by the order of the automorphism group as well as forget to account for
the number of choices of the node on the genus 1 component. The statement at the end of the first
paragraph of the proof is true only generically or after imposing the constraints; otherwise, there
could be maps with more components of the domain. At the end of the second paragraph, the
domain of F' should be the preimage of F. In the third statement of [IP5, Lemma 14.5], tstqr+r
should be t%, as t is the variable used on the right-hand side of this expression.

6.3 Invariants of F,: [IP5, Section 14.3]

This section computes some relative GW-invariants of (IF,, SoUS ), where
F,, = P(Op1(n)®O0p1), So =P(0®Op1) C Fy, Soo = P(Op1 (n)®0) C F,y,.

We denote by sq and f the homology classes of Sy and of a fiber of F,, — P!. For A€ Hs(F,),
ordered partitions sy and sy of A-Sp and A-S., respectively, and o€ T*(FF,,),

ngg’jf;ﬁo’s(n (a) € Ha(S™)) @ H (51,

If A=asp+bf, then
A-Se =0, A - Sy =na+b, <CI(TFn)7 A> = (24n)a + 20.
Thus, by [IP5, (1.21)],

dimg GW25e () = (24n)a+2b+ (2—3)(1—g) + £(a) + £(s0) + £(Se)
— dega — deg sy — deg s (6.4)
=g—1+2a+l(a)+L(sp) + {(Sx0) — deg v,

if ae H* (Fﬁ(a)). In particular, GW{;Z:%"’?;SO’SOO (o) =0 unless

g+2a<1+dega—{(a). (6.5)

Lemma 6.7 ([IP5, Lemma 14.6]). The relative degree A GW-invariants of (F,, SoUSs) with no
constraints from F,, or M are given by

507500
GWFn,A,g;So,soo

() — %(SO®1+ 1®SOO>7 lfg:O7 A:bf7 b€Z+7 SO’Soo:(b>;
0, otherwise.

Proof. By (6.5), GW§:7,?4§;50,500 ()=0unless a=0and g=0, 1. Since all elements Ofﬂj?di:soo (Fp,bf)
are maps to a fiber, GW?Z’%‘;,SO s.. () lies in the image of the homomorphism

H.(A) — H*(Sg(so)) ® H,(S45=)), where A ={(p,...,p) GSS(SO) XSﬁgs‘x’)},
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induced by the inclusion. Since dimc A =1, (6.4) then implies that GW?Z"E;}SO s, () =0 unless

g=0 and £(sg),{(ss)=1. In the case sy, s~ =(b), for every element (p,p) €A CSyXSe, there is a
unique element [u y1,y2] of Mﬁ”’s“’ (Fy,,bf) such that u(y;) =p€ Sy and u(y2) =p € Soo; this is

0;80,800
the map z —> 2% onto the fiber of F,, — P! over p. Since the order of the automorphism group of

this map is b, we conclude that

1 1
GWI§27bf7g7SO7Soo ()= EA = g(sﬂ@l +1®S) € Ha(So X Se),
by the Kunneth decomposition of the diagonal. O

Lemma 6.8 ([IP5, Lemma 14.7]). The relative degree A GW-invariants of (Fy,, SoUS) with one
point insertion from F, and no other constraints from ¥, or M are given by

1, if g=0, A=bf, beZ™, 0,80 =(b);
CW R s () = € S5 xS if g =0, A=so+bf, beZ>0, degso=n-+b, degseo=b;
0, otherwise.

Proof. By (6.5), GW?:’%’Z (p) =0 unless either a=0 and g=0,1,2 or a=1 and g=0.

,9550,Sc0

S()»Soo
9,180,800

(Fn,bf) are maps to a fiber and GW305% (p) lies

In the first case, all elements of M Frr A gi80, 500

in the image of the homomorphism
H.(¢"0) x g"&=)) — HL(S5™)) @ H.(SL)),

where g=n(p) €P!. Thus, by (6.4), ngzvbfgso s (p)=0 unless either b=0 and g=2 or g=0 and
S0, Soo = (b); otherwise, this class would not be zero-dimensional. In the g =2, b, £(sp), {(Se0) =0

subcase,
SOv

{[U 1’1] e'/\/lg,l 150,S00 (IF’M bf) : u<x1) :P} ~ M2,17
while the restriction of the obstruction bundle to this subspace is isomorphic to E5®T)F,,, where
Eo — My is the Hodge bundle. Since E, is the pull-back of the Hodge bundle over My o by the
forgetful map, o o
GW2'03, () = (c2(B3 @ T, F,), May) = (ca(En)?, M) = 0.

In the g=0, sp, S00 = (b) subcase, there i 1s a unique element [u, x1,y1,y2] of Mosol’izfsoo (F,,bf) such

that u(x1) = p; this is the map z —> 2 onto the fiber of F,, — P! containing p. Unlike the case
considered in the proof of the previous lemma, this element is automorphism free, due to the three
marked points on its domain; so the corresponding GW-invariant is 1.

In the case g=0, A=s+bf with b>0, degsg=b-+n, and degs,, =b,

dimg¢ (}VV]‘;0 i‘i‘; s0.500 (P) = L(s0) + €(scc)

by (6.4) and thus GWEZ:%}SO,SOO (p) is a multiple of the fundamental class of Sg(so) x S5&) This

multiple is 1 because b points on Ss, determine poles of a section of O(n) — P! and b+n points
on Sy determine the unique section of O(n) with these poles that passes through p. ]
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Remark 6.9. We denote the divisors S, E C IF,, of [IP5, Sections 14.3,15.1] by Sp, Soo in order to
avoid confusion with the rational elliptic surface of [IP5, Sections 14.4,15.3], which is also denoted
by E. The conclusion in the proof of [IP5, Lemma 14.6] about the S-matrix does not follow from
the rest of the argument, since it may have contributions from higher genus and classes coming
from M. The proof of [IP5, Lemma 14.7] ignores the possibility of b=0 considered above. In the
second case considered in this proof, the dimension of the moduli space is £(s)+£(s’) after cutting
down by the point constraint. An irreducible curve representing S+0bF is genus 0 and embedded,
because its projection to S is of degree 1. The above argument gives a simpler reason why the
multiple is 1. In the statement of [IP5, Lemma 14.7], the degree conditions on s and s are reversed
(and are implied by the notation). Other, minor typos in [LR, Sections 2,3.0] include

pl010, lines -2,-1: X — Fy;

statement and proof of Lemma 14.7: SV — Vg; SVy — V.

6.4 Invariants of rational elliptic surface: [IP5, Section 14.4]

This section makes some observations concerning absolute GW-invariants of F and relative GW-
invariants of (E, F'), where E is the blowup of P? at the 9 points of the intersection of two general
cubic curves and F~T? is a fiber of the projection E — P! corresponding to the filtration of E by
the proper transforms of the cubic curves passing through the 9 points (this is the pencil of cubics
spanned by the first two cubics). The fibration £ — P! has 9 sections Si,..., Sy corresponding
to the 9 exceptional divisors. We denote by s1,...,89 and f the homology classes of Si,...,S9
and F; these classes form a basis for Ho(E;Z). Since

(s;+df)- f=1, (a(TE), f) =0, and (c1(TE),s;) =1, (6.6)
[IP5, (1.21)] gives

dime My o(E,df) =0+ (2—3)(1—1) =0,
dimec My o(E, s;+df) = dimc M;O;(l)(E, si+df) =1+ (2-3)(1—g) = g.
Thus, GWE qr.1(); GWE st+dr,¢(»?), and GWngf’g;(l)(pg), where pY denotes g absolute point con-

straints, are rational numbers. These invariants are independent of the choice of the complex
structure on F and (E, F).

Lemma 6.10. Ifd€Z™,

GWegi()=o(d)/d,  where o(d)=> k.
k|d

Proof. If E is obtained by blowing up P? at 9 general points, there is only one degree f holomorphic
curve; this is the proper transform of the unique cubic passing through the 9 points. In this case,
M, o(E,df) consists of the o(d) unbranched covers of this cubic, all of which are regular and have
an automorphism of order d. This establishes the claim. ]

Lemma 6.11 ([IP5, Lemma 14.7]). Let d,g€Z=°. The absolute and relative degree s;+df genus
g GW-invariants of E and (E, F) with g point insertions satisfy

ng,si+df,g;(l) (pg) - GWEﬁierfvg (pg)_

85



Proof. Let J be a generic almost complex structure on (F, F'). Suppose ¥ is a connected nodal
genus g curve and u: X — F is a degree s;+df J-holomorphic stable map. If ¥; is an irreducible
component of ¥ such that u: ¥ — F is not constant, then the genus of ¥; is at least one and the
sum of the genera of the remaining components of ¥ is at most g—1. Therefore, if the g points are
in general position, u(X) does not contain all of them. It follows that all of the maps contributing
to the absolute invariant with g point insertions are F-regular and thus contribute in the same way
to the relative invariant. O

Remark 6.12. There is no standard notion of the term rational elliptic surface in algebraic geometry,
and it is never defined in [IP5]. Based on [IP5, Sections 14.4,15,3], including the authors’ references
to [BL, Theorem 1.2], the understood meaning is apparently the one described above. Lemma 6.10
above is equivalent to the content at the bottom of page 1019 in [IP5]. The second equality in [IP5,
Lemma 14.8] and the description of its meaning do not make sense. By the definition of relative
invariants, e.g. [IP5, (1.23)] and the description of H}/(,A;S at the end of [IP4, Section 5],

CWE s varg,) (P75 ) € Ho(H s hap,0): Q) = Ho(R%: Q) = Q.

Thus, the point classes in ”HF (1) are all the same and are not indexed by the rim tori ReRg;

si+df;
only the elements of the ﬁbers of HE rdf(1) T F' can be indexed in this way, but not in a

continuous way.

Remark 6.13. Neither of the two propositions in [IP5, Section 14.5] is used in the rest of the
paper. In the proof of [IP5, Proposition 14.9], presumably Ay€ Hy(V') is a preimage of A€ Ha(X)
under the inclusion homomorphism; so ¢1(Nx V') - A should be ¢;(NxV) - Ag. For the equality on
the second-to-last line to hold, My 4,4 should be M, o(V, Ag). However, for the equality on the
last line to hold, with MXA denoting either M, (X, A) or Mg(] <(X,A), on the previous line
My, 44,4 should be M, g(s)(V Ao) and RHS of that line should be increased by #(s); then citing
[IP4,(6.3)] at the top of page 1014 would make sense. In the proof of [IP5, Proposition 14.10],
there is a reference to Lemma 11.3, which does not exist. The first y in the displayed expression
should be 7,7 to collect the constraints from V... While constraints from My . are not explicitly
considered in the proof, the argument applies to them as well.

6.5 Enumeration of plane curves: [IP5, Section 15.1]

This section deduces the Caporaso-Harris formula enumerating curves in P2, [CH, Theorem 1.1],
from the symplectic sum formula. Fix a line L CP?. For tuples

a=(ag,a0,...),8= (B, B,...) € (222"

with finitely many nonzero entries, let

lal=a1+as+..., add=a! - al ..., Ta=a01+202+..., I*=112%2__
<g> = <gi) (;z) ooy Cap = Ci(p) Co(p)®2 ... CL(L)P Co(L)% ... € Sym* (Nx H*(L)),

where p, L€ H*(L) denote the Poincare duals of a point in L and of the fundamental class of L. For
each k€ Z*, let e, € (Z2°)Z" be the tuple with the k-th coordinate equal to 1 and the remaining
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coordinates equal to 0.

Given deZ*, §€Z2°, and o, B € (Zzo)Z+ such that Ta+IB=d, let N%%(a, ) denote the number
of degree d curves in P? that have § nodes, have contact of order k with L at ay, fixed points and

B arbitrary points for each k=1,2,..., and pass through
d(d+1
r= 4D i

general points in P2. Thus,
é
BIN® (o, B) = GTII%%dL,X(;(d) (r"; Casp),
_ L T 6.7
_GTPZ,dL,Xg(d);Sa,Sg(p ,p,...,p,L,...,L) (6.7)
|al 18]

where x;5(d) = 26 —d(d—3) is the geometric euler characteristic of the curves (the euler characteristic
of the normalization). Since a degree d curve in P? can have at most d(d—1)/2 nodes, the number
above is positive whenever N%(a, ) # 0. This numbers r is at least 2 if N%%(a, ) # 0 and

(d, ) #(1,0).
Corollary 6.14 ([CH, Theorem 1.1)). Let deZ™, 6€Z2°, and o, B € (ZZO)E" with (d, o) #(1,0).
If la+18=d,

N(a,8) = 3 kN*(a-tey, B-er)

kez+t
Br>0
a\ (B 8 -BNd-15 (o) g
- Z o B (a B )
6’€Z20, a/,ﬁ’E(ZZO)ZJr

Io'+18'=d—1
6—6'+|8'—Bl=d—1

As sketched in [IP5, Section 15.1], this formula can be proved by applying the natural extension of
the symplectic sum formula (1.12) to the decomposition

(IPQ’L): (P27L) # (FlaSOOaSO)a

with (F1, S, Sp) as in Section 6.3, and moving one of the r absolute point insertions to the F;
side. Since the divisor L =S5 is simply connected, the connect sum

#: Hy(P?; Z) x Hy(F1;Z) — Ha (P Z)
L=S
is well-defined in this case. Since dL - L = (aSyo+bF) - S if and only if d=b and
dL#(aSo+dF) = (d+a)L,
the symplectic sum formula (1.12) and (6.7) give

d8
BIN®°(a, B)
1 s 5
B Z Z 7/1N o, ) - GTFT?C}”?S‘0+d’F,x” (p; Cpriars Caz),
ALt d/€LZ0 §1e720 \iey o 5'6(220)2+a ' (6.8)
d'+d'=d "I +18=d

X (d')+x"=xs (d)+2[a/[+2]5|

d/(d;+1)_5,+|5,‘:r_1
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with the GT-invariant defined analogously to (6.7) for each component of the relative divisor. By
Lemmas 6.7 and 6.8, there are two types of configurations that contribute to the GT-invariant
in (6.8):

(1) genus 0 multiple covers of fibers, each with a single point of contact with S and a single point
of contact with Sy, with one of these fiber maps passing through the constraint point in [Fy;

(2) genus 0 multiple covers of fibers, each with a single point of contact with S, and a single point
of contact with Sy, and one genus 0 degree Sy+d’ L map passing through the constraint point
in Fl.

By Lemma 6.7, a genus 0 multiple cover of a fiber not passing through the constraint point passes
through either a fixed point on Sy (i.e. a point with contact specified by «) and an arbitrary point
on Sy (i.e. a point with contact encoded by ') or an arbitrary point on Sy (i.e. a point with
contact encoded by /) and a fixed point on S, (i.e. a point with contact specified by 5’). The
orders of contact on the two ends are the same number k, which is the degree of the cover. Such a
cover contributes a factor of 1/k to the GT-invariant in (6.8).

In the first case above, d =d, §' =6, and o/ = a+¢j, and ' = f—¢}, for some k € ZT, as both
relative conditions on the distinguished fiber map into [F; must be single arbitrary points by the
first statement in Lemma 6.8. For each k€Z" with 8, >0, there are

(a) By choices for the relative marked point on the Sy end of the distinguished fiber map into Fy
and o), choices on the S end of this map,

(b) B! = B!/Bk choices of ordering the “arbitrary” points on the Sy end of the other fiber maps
(the ordering on the S, end of these maps can be fixed by the fixed points; along with (a),
this contributes a factor of 3! to the right-hand side of (6.8)),

(c) a! = al/a) choices of ordering the “arbitrary” points on the S, end of the other fiber maps
(the ordering on the Sy end of these maps can be fixed by the fixed points; along with (a),
this eliminates 1/a/! from the right-hand side of (6.8)).

Furthermore, the non-distinguished fiber maps in a single configuration contribute

1 k

I C
to the invariant. Thus, Case 1 contributes 3! - kN%(a+ey, B—¢x) to the right-hand side of (6.8).
In the second case above, d =d—1, o/ =a—aq for some ag € (Z=°)%", and 8= B’ — B, for some

By € (ZZO)W, as both relative conditions on the distinguished map into F1 must be fixed points by
the second statement in Lemma 6.8. For each pair (ag, f)), there are

(a) (C‘i)) choices of fixed points on the Sy end of F; and (g(,;) choices of fixed points on the S, end
of F; (these go on the non-fiber curve),

(b) B!'=(B'—pB{)! choices of ordering the “arbitrary” points on the Sy end of the fiber maps (the
ordering on the S, end of these maps can be fixed by the fixed points; this contributes a
factor of B! to the right-hand side of (6.8)),
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(¢) o/!'=(a—ap)! choices of ordering the “arbitrary” points on the Sy, end of the fiber maps (the
ordering on the Sy end of these maps can be fixed by the fixed points; this eliminates 1/a/!
from the formula).

Furthermore, the fiber maps in a single configuration contribute

1 75 -8
1918 ~ TR

to the invariant. Thus, Case 2 contributes f! - (5’) (%/)Iﬂ/_ﬁNd_l"s/(a’,ﬂ’) to the right-hand side
of (6.8). This establishes Corollary 6.14.

Remark 6.15. Throughout [IP5, Section 15.1], P denotes the surface Fy of [IP5, Section 14.3].
The first identity on page 1015 cannot possibly be true, since GT#; dLx however its definition is
interpreted, groups the relative constraints of the same type together and treats the resulting sets
in the same way, while N%°(a, 3) treats the o and 8 constraints differently (the a-contacts are
fixed and so the corresponding contact points of the domain can be ordered). The definition in the
second displayed expression and the symplectic sum formula in the third displayed expression have
the same issue. The former is unnecessary, since the symplectic sum formula involves GW /GT-
invariants and these are also the numbers computed in [IP5, Lemma 14.7]. Finally:

pl014, -3: P — P?;

pl015, lines 3,18,19,21,29; p1016, line 38: P — Py;

p1015, line 10: v — ~q;

line 12: m! and |m/| correspond to a!f! and |af - |B]; [[; s — [, asl;

line 14: GT)I;dLPQ — GTI’;;Q’dL’X; Cn — Cu;

line 15: x is geometric euler characteristic;

line 18: GTi’fL+bF’P — GTﬁ;lLL+bF7X; (Cr;0; Crr) — (Crrsp; Cin)

line 23: the S-matrix is the identity;

bottom: o/ =a+ep, 8/ =0—¢cr, X =X;

pl016, lines 7-9: it is unclear what this sentence is saying;

line 11: N4 (a—¢y, B+ex) — N (a+ep, B—ep).

6.6 Hurwitz numbers: [IP5, Section 15.2]

This section deduces a cut and paste formula for branched covers of P!, [GJV, Lemma 3.1], from
the natural extension of the symplectic sum formula (1.12) to relative invariants. Fix a point p€P!.
For tuples

a= (a1, 00,...), 0 = (a),al,...) € (ZZ0)2"

with finitely many nonzero entries, let

lal=a1+as+..., =l -ao!-..., Ta=a1+200+..., [*=1"12% ..,
<a,>:<o‘,1><0‘,2>..., sa=(1,...,1,2,...,2,...) € (z")l.
« aq Qs N
[e%] a2

For each k€ Z™, let g € (ZZO)Z+ be the tuple with the k-th coordinate equal to 1 and the remaining
coordinates equal to 0.
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Given deZ*t, geZ2°, and ae (Z2°)2" such that Ta=d, let Ny 4(c) denote the number of genus g
degree d branched covers of P! with «y, branch points of order k over p for each k€Z% and simple
branching over

r=d+|al+2g9—2

other fixed points p1,...,p, in P'. Thus,

Nyg(a) = deg GWyi ;oor o () (6.9)

o
al(d-2)!r

where V; ={p1,...,pr,p} and s} denotes r copies of the tuple s; defined in (6.2). Since d,|a|>1
and g > 0, the number r above is positive unless (d,g,«) = (1,0, (1)); in this exceptional case,

Nd,g (a) =1.
Corollary 6.16 ([GJV, Lemma 3.1]). The generating function

udtlal+29—2
F(\ N, A\29—2 1
Az =305 S N (114 e (6.10)
9=0 d=1 qe(220)> k=1
Ta=d
satisfies the PDE
1 g
0uF =5 > (i§2i4jX%[0,0:,F + 0, F - 0., F) + (i+)2i2;0=,, , F). (6.11)
i,j>1

As sketched in [IP5, Section 15.2], this statement can be proved by applying the symplectic sum
formula to the decomposition

(]P)laplv" . 7pT7p) = (]P)17p1a' . '7p7“71ax) # (]P)layapr?p)v

=y

i.e. by separating off the distinguished branch point and one of the simple branch points onto a
second copy of P!. In this case, the connect sum is well-defined on H and is given by

#: Hy(PHZ) x Hy(PY; Z) = {(dP',dP"): deZ} — Hy(P;Z),
z=y
(dP*, dP') — dP!.
Thus, the symplectic sum formula and (6.9) give

al (d—2)!"Ng 4(c)

I¢
_ 3 > (e o, ) (desCTint, L) (612)

OL
r=(I'y,I'2) ae(Z>O)Z+
9O)=g+IVrl=Er|=1 o/ |=|Ep|, Ta’'=d

with the outer sum taken over all bipartite connected graphs I'= (I, T"") with vertices Vr decorated
by nonnegative integers, as in Figure 4; we denote the sum of these numbers by ¢(I"). Each vertex
of TV (resp. I'") corresponds to a map from a connected curve of the genus given by the vertex
label into the first (resp. second) P!. Each edge in I' represents paired relative marked points of
the domains mapped into the two copies of P!. By Lemmas 6.1 and 6.2, there are two types of
configurations that contribute to the right-hand side of (6.12):
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0 0 0 O 0o 0 0 0o 0 O

g g—1 (51 g2
Figure 4: Graph types I' contributing to the right-hand side of (6.12).

(1) genus 0 branched covers of the second P!, each with a single preimage of y and a single preimage
of p, and a genus 0 branched cover of the second P! with a single preimage of y, two preimages
of p, and a simple branching over p,;

(2) genus 0 branched covers of the second P!, each with a single preimage of y and a single preimage
of p, and a genus 0 branched cover of the second P! with a single preimage of p, two preimages
of y, and a simple branching over p;.

By Lemma 6.1, a degree k branched cover of the second P! without the branching condition over p,
contributes a factor of 1/k to the last GT-invariant in (6.12). Such a cover has contact of order k
with p (i.e. a point with contact specified by a) and y (i.e. a point with contact encoded by o). For
all curve types I, there are (d—2)! choices of ordering the non-branched preimages of each of the
r simple branch points, which together contribute a factor of (d—1)!" to the right-hand side of (6.12).

In the first case above, I'' consists of a single vertex with label g and

/
o =a—¢g —€j+ &4y

for some i,j € Z*, as there are two contact conditions on the p end of a branched cover of the
second P! (corresponding to a) and only one on the 3 end (corresponding to o). Whenever i # j
and «a;, a; >0, there are

(a) a;aj choices for the relative marked points on the p end of the distinguished map into the
second P!,

(b) ! choices for ordering the points on the y end of the second P! for a given ordering of the
points on the p end (this eliminates 1/a/! from the formula).

Furthermore, the non-distinguished fiber maps in a single configuration contribute
r 1
I*/(ig)  1/(i+35)

Thus, the contribution from this case is

aja - (i+7) - &/INg (') = al - (i+7)(ipj+1)Nyala').

In the i=j case, there are a;(a;—1)/2 choices in (a) above and the same number of choices in (b).
So, the contribution now is

Oéi(Oél'— 1)

.y 1.
5 (i+14) - & INgg(a') = ! - = (i+7)(airj + 1) Ny a(a').

2
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Both cases correspond to the last term in (6.11), since ' is obtained from « by reducing «; and
a; and increasing o;ij by 1 (thus, Ny 4(c’) is the coefficient of the product of zi,... with one

smaller power of z; and z; and one larger power of z;1;; the factor of a4 ;41 above corresponds to

differentiating z; “”H).

In the second case above, I'' consists either of a single vertex with label g—1 or two vertices with
labels adding up to g and
o =a+¢E+Ej —€itj

for some 4, j € Z*, as there is one contact condition on the p end of a branched cover of the second P*
(corresponding to «) and two on the y end (corresponding to ). Whenever i#j and o, a} >0,
there are

(a) of a choices for the relative marked points on the y end of the distinguished map into the
second P,

(b) a! choices for ordering the points on the p end of the second P! for a given ordering of the
points on the y end (this contributes a factor of a! to the right-hand side of (6.12)).

Furthermore, the non-distinguished fiber maps in a single configuration contribute
1 B 1
I*f(i+4)  1/(ij)

Thus, the contribution from this case is

i .
ol - ajal - il o'IN, 4() = al - ij(ai+1) (e +1)N, 4(a), (6.13)
where N, ! ;(@’) denotes the sum of the numbers from the two possible configurations into the
first P!, d1v1ded by (d—2)!"~! and o/!. In the i=j case, there are o/}(a—1)/2 choices in (a) above
and the same number of choices in (b ) So, the contribution now is

1 , 7!

al - ~ai(ah—1)— il

. o IN! (o )_a!~%ij(ai+2)(ai+1) ! (). (6.14)

The connected configuration into the first P! contributes Ny_1 4(c’) to the number N, 5.a(e’). Com-
bined with the factors (6.13) and (6.14), this corresponds to the first term on the right-hand side
of (6.11), since ¢ is obtained from « by increasing «; and «; and reducing a;i; by 1 (thus,
Ny_1.4(a’) is the coefficient of the product of zi,... with one larger power of z; and z; and one
smaller power of z;4; and A\?).

Finally, the contribution of the two-component configuration to NV, ; (@) is

1 r—1\ (o' —g;—¢;
J / / ! !
- E : E : E : - o —e 1! Na, g, (01) 5! Ny, g, (0t5)
T ritro=r—1g1+92=9 o +-al=a’ L=
04171,042’]>0

B (&' —gj—gj)! 1, Nay g, (@1) 09,1 Nay g5 (04)
LD DI DI ’

7“1! 7'2!

R

ri+ra=r—1g1+92=9 o} +ab=a’
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where d; is determined by g;, o}, and r;. Combined with the factors (6.13) and (6.14) and summed
over ordered pairs (i, j), this contributes

1 . . O/l;iNdhgl (O/l) 0/2;de2792 (a/2)
SHEIE D VD DS

T 1! 79!
1,J rit+re=r—1g1+g2=9 o/ +of=o’ 1 2

to the right-hand side of (6.12). This corresponds to the middle term on the right-hand side of (6.11)
(the factorials in the above expression precisely correspond to «”/r! in the definition of F').

Remark 6.17. Our notation in this section differs from that of [IP5, Section 15.2] and [GJV].
The k-th component of our tuple « is the number of entries in the tuple « of [IP5, Section 15.2]
and [GJV] that equal k. Thus, our usage of « is consistent with Section 6.5, which is essentially
[IP5, Section 15.1], while the tuples a of [IP5, Section 15.2] and [GJV] are denoted by s in the rest
of [IP5]. Similarly to the situation with [IP5, Lemma 14.2], Gng’gd(b’"; C,»,) is not defined in [IP5,
Section 15.2]; its intended meaning is inconsistent with the notation used in the rest of the paper.
The generating function on line 3 on page 1017 in [IP5] is not [IP5, (A.6)]. More significantly, it is
also not the generating function of [GJV, (3.1)]. Dropping t? from this definition is not material,
since t does not appear in the PDE for F' and d is encoded by m, but dropping m,! is material;
otherwise, F' would not satisfy the PDE. It is not immediately clear whether the sum in [GJV,
(3.1)] is over ordered or unordered partitions v of n=d (neither of which would correspond to the
generating function in [IP5]), but summing over the unordered partitions o (which is the same as
summing over our tuples ) gives a solution of the desired PDE. As stated, [IP5, (15.3)] is incorrect,
since the sum is only over certain configurations of curves (as explained after this formula). The
last term in [IP5, (15.3)] is not even defined in the paper (though its meaning could be guessed);
it is also unnecessary, since the symplectic sum formula involves GW /GT-invariants and these are
also the numbers computed in [IP5, Lemmas 14.1,14.2]. Other, fairly minor misstatements in [LR,
Section 6] include

pl016, Section 15.2, line 17,20; p1017, line 3,7: C,,, — C,y;

pl016, line -1: there should be only one -2 in this formula;

pl017, line 6: the S-matrix is the identity;

line 10: it is not clear what GT = exp GW means here or why it is relevant;

20 —x1=29-4, 1 +92=9,d1+day =d.

6.7 Curves on the rational elliptic surface: [IP5, Section 15.3]

This section deduces a formula enumerating curves on the rational elliptic surface E of Section 6.4,
[BL, Theorem 1.2], from a natural extension of the symplectic sum formula (1.12). Continuing
with the notation of Section 6.4, for each g€ Z=0, let

Fola) =D GWr s parg(p%)q". (6.15)
d=0
Since 312 =—1, there is only one holomorphic curve in the homology s; and thus
Fol) €1+4qQllall,  Fylq) € qQllal] ¥V g€Z". (6.16)
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Corollary 6.18 ([BL, Theorem 1.1]). For every g€Z=",

00 12
Folq) = (H(l—qd)> (¢G'(0))?, (6.17)

d=1
with G(q) given by (6.3).

For any symplectic manifold X, we denote by
Yy € H? (ﬂg7k(X, A))

the first chern class of the universal cotangent line bundle for the first marked point. For each
de 720, let

GW g s, 14,1 (11[f]) = deg([Mu,1 (B, si+df)]™" NiprNevi f) E/ threvif,
[Ma,1(E,s;+df)]vir

where f € H?(E) is the Poincare dual of the fiber class. The g =0 case of (6.17) is proved by
obtaining two different expressions for

H(q) =Y GWg a1 (n[f])q” (6.18)
d=0

and setting them equal.
Lemma 6.19 ([IP5, Lemma 15.1)). Let X be a symplectic 4-manifold with canonical class Kx .

(a) For every f € H*(X), .

24
(b) If A€ Hy(X) with A-Kx <0 and f€ H?(X), then

;A
24

Kx-A-1 S N
+ Z <_K;,(,AO_1>(f-Ao)(Ao-AQGWX,AO,Q(p Kx-Ao-1)GWx 4, (p~Kx41),
Ag,A1€H2(X)—0
Ap+A1=A

GWx01(f) = o;Kx-f.

GWx a1 (1 (f),p KX A1) = “ 2 (A A+ Kx-A)GWx a0 (p~ KxA71)

where p€ H*(X) denotes the Poincare dual of a point.
Proof. (a) If h: Y — X represents the Poincare dual of f (after passing to a multiple if necessary),
{(y, [, 21]) €Y x M11(X,0): h(y)=u(z1)} = Y x M

and the obstruction bundle is isomorphic to mfh*TX @ 5E*, where E — M, 1 is the Hodge line
bundle. Thus,

GWX7071 (f) = <6(7Tfh*TX®7T§E*) , Y Xﬂ171>

= (P (TX),Y) (), M) = 5 Kx-f.
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(b) Let k=—Kx-A and {H;},{H;} C H*(X) be dual bases. Choose a representative ' C X for f
and k—1 general points ps,...,pr € X. By the genus 1 topological recursion relation, illustrated in
Figure 5 and explained in [Liu],

1
= _—A A.
(1 19 0o+ A1,

where Ag, A, C HM(X ,A) are the virtual divisors whose virtually generic elements are mor-
phisms from the genus 1 irreducible nodal curve and from a smooth genus 1 curve with a rational
tail which carries the first marked point.

By the Kunneth decomposition of the diagonal in X? and the divisor relation, the degree of the
intersection of

mll,k(X, A) = {[ujxl,...,xk]emljk(X7 A): u(xy) € f, u(xg):pgj...,u(xk):pk}

with Ao is

5 GWaao(Hi 71 1.9 1) = 3 S (Hi A) (i A)( - AXGW o)

)

1 _
= §(A'A)(f'A)GWXA,0(Pk h.
This gives the first term in our formula.

The intersection of ﬂllk(X , A) with the components of A.; whose generic element restricts to a
morphism of degree A1 =0 on the genus 1 component is the same as with the subset of these com-
ponents consisting of morphisms from domains with no marked points on the genus 1 component
(since the virtual complex dimension of M (X, 0) is 1, it contains no elements passing through
any of the points pg, ..., pr). Thus, similarly to the above, the degree of this intersection is

L 1 .
> GWix ao(Hi, f,p" " )GWx 1 (H) = Z(Hi‘A)(f'A)GWX,A,O(pk_l)ﬂKX‘Hi

7 2

_ i( FA)Kx-A)GWx a0(p"1);

the first equality follows from part (a). This gives the second term in our formula. The intersection
of ﬂll (X, A) with the components of A.; whose generic element restricts to a morphism of degree
A1 =A on the genus 1 component is empty, since the domain of any morphism in the intersection
would contain a union of irreducible components on which the morphism is of degree 0 and which
carries at least one of the last k—1 points (for stability), but F' does not contain any of the points

p2,...;Pr.
For dimensional reasons, the intersection of ﬁllk (X, A) with the components of A.; whose generic

element restricts to a morphism of degree A; # 0 on the genus 1 component and Ay # 0 on the
genus 0 tail consists of morphisms from the domains so that the rational tail carries —Kx-Ag—1

95



Figure 5: The genus 1 TRR on M (X, A)

of the last k—1 marked points. Thus, similarly to the above, the degree of this intersection is

—Kx-A-1 ]
2 <K§ Ao— 1) GWx, a00(Hi, f,p~ "X 407 GWx 4, 1 (i, p~ FX41)

Ky-A-1 IR e
=2 <—K§.Ao—1>(Hi'A°>(f'A0>GWX7A070(P o o™h) (H; A GWx a,1 (p7 55 1)

- (—KX-A—l

Ky Ag— 1) (f+A0) (Ao AGWx a0 (p~ X T GWx gy 1 (p7 ).

This gives the last term in our formula. O

If X=F, Mo(X,df)=0 for all d€ Z* and —Kx-(s+df)=—1, where f € Hy(X;Z) is the fiber
class. Applying Lemma 6.19(b) with X =F and A=s+df, we thus obtain

o0
d—1
H(g)=>_ ﬁGWE,SJFdf,o()qd + ) GWeaar000™ - diGWr a1 (g™
d=0 >0 +
ol i (6.19)
1

= 13 (4F0(9) = Fo(a)) + Folg) - G(a) ;

the second equality follows from (6.15), Lemma 6.10, and (6.3).

We next obtain a different expression for H(q) by applying the symplectic sum formula to the
decomposition

E = (E,F)#(P'xT? F) (6.20)
F

and moving the fiber constraint to the P! x T? side. Since R]{;XW =0, the homomorphism
#: Hy(E;Z) x p Hy(P' x T2, Z) — Ho(PP?;7Z)

is well-defined; see Corollary 3.4(4). Since
(a181+...+agsg +d'f)- F = (as+d"f)-F

if and only if a1+...4+a9 =a and sgts=s;, the symplectic sum formula gives

GWE75i+df71(7—1 [f]) = Z ng,si—&—d’f,o;(l)(;F)nglx’EZ,s+d”f,1;(1) (Tl[f]sp)
d’,d"EZEO
d'+d"'=d
+ Z ng,Sﬁd’f’l;(l)(;p)ngle278+d”f,0;(1) (nlf: F),

d'.d" EZZO
d'+d"=d

(6.21)
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where the relative constraints are listed after the semi-columns. Since the composition of a degree
s+d” f morphism to P'xT? with the projection to the second factor is a degree d” morphism to T?
and there are no such morphisms from P! if d” € Z*, and

Mo (P! ><']I‘2,s+d”f),ﬂUF’1;(1)(IP1 xT? s+d"f)=0 Vd'eZ . (6.22)
On the other hand, the morphism
{[U, Z, y] EHg:l;(l)(Pl XTZ? S) : 'U,(IIZ‘) Ef} — f7 ['LL, Z, y] — U(.’L’),

is an isomorphism and the restriction of ; under this isomorphism is the first chern class of the
conormal bundle to a fiber T? in P! x T2, i.e. 0. Thus, the second sum in (6.21) vanishes.

We next observe that

{[U,l’,y]EMil;(l)(PIXT2,S+df)Z U(.ﬁU)Ef, u(y>:p}
~~ {[u,xl,fbg]EMLQ(PleQ,S—i-df): u(zy) € f, u(xg):p},

where p€ F is a fixed point. Both spaces contain three irreducible components, which we describe
below and which have essentially the same deformation/obstruction theory; see Figure 6. This
implies that

GW[Z;l XT2,s+d" f,1;(1) (Tl [f]ap) = GWpiyr2 s 1amf1 (7'1 [f], p). (6.23)

One of the components common to both spaces is isomorphic to
P! x {[u,az’l]eﬂl,l(T2,d): u(a:’l):pg},

if p=(p1,p2) EPxT2. A generic element of this component is a morphism from a smooth genus 1
curve and a rational tail carrying the two marked points which restricts to a degree d morphism
to a fiber of m; (specified by P!) on the genus 1 curve and an isomorphism from the tail to the
section s, through p. Another component is isomorphic to

{[u, 1,25 € M1 a(f,d): u(xh)=p2}.

A generic element of this component is a morphism from a smooth genus 1 curve carrying the first
marked point and a rational tail carrying the second marked point which restricts to a degree d
morphism to the fiber f of 71 on the genus 1 curve and an isomorphism from the tail to s,. The
last component of the absolute moduli space is isomorphic to

{[u, 2, z2] € My 2(F,d): u(z2)=p}.

A generic element of this component is a morphism from a smooth genus 1 curve carrying the sec-
ond marked point and a rational tail carrying the first marked point which restricts to a degree d
morphism to the fiber F' of 71 on the genus 1 curve and an isomorphism from the tail to a section of
71 (through the image of the first marked point of an element of M 5(F, d)). The last component
of the relative moduli space is described in the same way, except the morphism on the genus 1
component above is replaced by the C*-equivalence class of a morphism into the rubber P! x T?
from a smooth genus 1 component with a rational tail carrying two marked points which restricts
to a degree d morphism into a fiber of 71, but not over 0,00 € P!, and an isomorphism from the
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Figure 6: The three components of M (P! x T2, s+df)

tail to a section of 7. The restriction of 11 to the third component, in either case, vanishes for

the same reason as in the previous paragraph.

Finally, we apply Lemma 6.19(b) with X =P!xT? and A=s+d” f to the right-hand side of (6.23).

In this case,
—Kx-A=-2, A% =2d", and  f-Ag=0 V Ag=d]f, d]€Z.
Thus, by (6.23) and Lemma 6.19(b),

d’'—1
nglxw,s+d'/f,1;(1)(Tl[f]Ep): 12 GW]IﬂxT?,erd”f,o(p)

1!
+ E dy GWp1yr2 gy ar,0(P)GWei 2 a7 5,1 ()-
dyezz0.dyezt
A+ di=d"

By (6.22), the first genus 0 term above vanishes unless d” =0 and the second unless dj =0; in the

exceptional cases, they equal 1. Thus,

P , -+, if d’ = 0;
GWPle2,s+d"f,1;(1) (“ [f],p) - d"GWpiypz grp1(), if d’>0
X , 1" , 5 .

Since there are no genus 0 curves mapping into the fiber F' of F,
ng7si+d/f70;(1)(§ F)=GWgar0(f) = (f3)GWEs1a500) = GWE s 1a5.00)-
Combining this with (6.18), (6.21), (6.24), (6.15), and Lemma 6.4, we find that
1
H(q) = —75F0(a) + Fola) - 2G(a)-

By (6.16), (6.19), and (6.25),

d
Fo(0) =1, 99 log Fo(q) = 12G(q).

Since

00 12 00 d )
11261(?(1 log <H(1—qd)> => da 2= _o(d)q" =G(q),

d=1
(6.26) implies the g=0 case of (6.17).
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The g>0 cases of (6.17) are deduced from the g=0 case by relating F4(q) to the power series

]:—g(Q) = Z GWE,S@—&-dﬁg;(l) (pg—l;p)qd’
d=0

where g€ Z™T.

Lemma 6.20 ([IP5, Lemma 15.2]). For every geZ™,
Fola) = Fola) + 4G () - Fy-1(a),  Fola)Fyla) + Fi(g)Fy-1(q) = 0. (6.27)

Proof. The first statement is proved using the splitting (6.20) and moving one point to the P! xT?
side. Since g—1 points stay on the E side, the genus on the E side in the symplectic sum
formula (1.12) must be at least g—1 for the invariants not to vanish. Thus, similarly to (6.21),
we obtain

F
GWg,sitdr,g (p7) = Z GWES i+d f,g;(1 )( 13P)GWPle2,s+d//f,o;(1)(P§ F)
d d” Z>O
d'+d"=d
b Y GWE i) (7 ) GWE gm0 (02

d d// €Z>O
d'+d"=d

(6.28)

By (6.22), Gngng’s+d//f70;(1)(p; f)=0 unless d” =0, and

GW51XT27S70§(1)(p; F)= GWIP’le?,s,O(pa f=(fs )GW]P’leQ 50( ) =1,

as the relative and absolute invariants are the same in this case (because there are no genus 0
curves contained in F') and there is a unique section passing through a point p € F. Combining
these observations with (6.28) and Lemmas 6.11 and 6.5, we find that

ZGWEserdfg )a _ZGWESerf!] )( _13p)qd
d=0

+ Y GWagrarg-1(077)a" - GWE L p v g0y (P P)0"
d’,d”EZZO

= Fylq) + Fy-1(q) - ¢G'(q).

This establishes the first statement in (6.27).

The second equation in (6.27) is proved by applying the symplectic sum formula to the decompo-
sition

K3 = (E, F)al%(E, F), (6.29)

where K3 is a K3 surface; see [GfS, Section 3.1]. Since Ho(F';Z)=Z, by Corollary 3.4(1) and the
Mayer-Vietoris sequence for FUpE as in the proof of Lemma 3.3, the kernel of the homomorphism

#: Hy(E; Z) % p Hy(E; Z) — Ha(Kg; Z) /R g, (A, B) — A#5B,
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is generated by (f, —f). It follows that

9 9
(Zaksk + d’f)#(Zbksk + d”f) = (si#s;+df)
k=1

k=1

9 9
— Z QaxSk, Zbksk = S, d+d" =d.
k=1 k=1

By [Le, Theorem 2.4], K3 admits an almost complex structure J for which there are no J-
holomorphic curves and thus all GW-invariants of nonzero degree vanish. Thus,

Y. GWi o) =0 VdeZ (6.30)
Ce(si+df)

We next compute the left-hand side of (6.30) by applying the symplectic sum formula (1.12) and
moving all points to the first copy of F in (6.29). The genus going to this copy of F must then be
at least g—1 for the invariants not to vanish. Thus, similarly to (6.28), we obtain

F —1. F .
0= GWE, argm @ P)CWE arpom G F)
d',d”EZZO
d'+d'=d

F —1. F .
D OWhyarg-1w P F)OWE g (D).
d',d”EZZO
dl+d”:d

Combining this with (6.30) and Lemma 6.11, we obtain

0=" > GWhiargm @ p)a” - GWe s ar00d”

d’ d”EZZO
d'+d"=d

+ Y GWasarg 1 (0 )" - GWE )P’

d,d"ez=°
d'+d"=d

= Fy(a)Fo(a) + Fy-1(a)F1(q) -
This establishes the second statement in (6.27). O

By the g =1 case of the second statement in (6.27) and the first statement in (6.16), Fi(q) = 0.
Thus, the second statement in (6.27) becomes

Fo(q)Fg(q) = 0.

Along with the first statement in (6.16), this gives F,(g) =0 for all g € Z*. Combining this with
the first statement in (6.27), we obtain

Fy(q) = qG'(q) - Fo(q),

which inductively confirms (6.17) for g >0.
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Remark 6.21. The statement of the symplectic sum formula in the middle of page 1020 in [IP5] is
wrong: it should involve relative invariants. As stated, the last factor is not even zero-dimensional.
The next displayed expression has the same problem. Following the stated symplectic formula
and the text after it would lead to [IP5, (15.8)] without the power series G. Part (b) of [IP5,
Lemma 15.1] treats only the Kx-A= —1 case of part (b) of Lemma 6.19; the Kx-A = —2 case,
which is proved similarly, is needed to obtain [IP5, (15.8)]. The notation in [IP5, Section 15.1]
is inconsistent with the rest of the paper and imprecise. In particular, the first subscript in GW
should indicate the target space. Throughout most of this section, the understood target space
is E, but in the displayed expression above (15.8) the target space is P=P! xT2. In the preceding
expression, the target space is indicated in parenthesis, in place of the constraints as done in the
rest of the paper. The extra factor of ¢, in the definition of Fj is unnecessary and only complicates
other formulas: (15.5), the next displayed equation, and the first displayed expression on page 1021.
Finally,

pl017, line -1; p1018, line 11: subscript d — s+ df;

pl018, line 2; p1021, Lemma 15.2(a): G'(t) — tG'(t);

(15.5); p1021, line 5: subscript d > 1;

p1019, line 14: the (g2, A2)=(0,0) invariant is not even defined;

p1020, lines 11-14: these refer to Mo 1(P, s)NeviF;

pl021, Lemma 15.2, Proof, 1.,2: s+df — s+ af;

pl022, last paragraph of Section 15, line 2: Lemma 15.2a — Lemma 15.2c.

7 A little more on [IP5]

[GJV]: Vainstein — Vainshtein
[IP4]: 1993 — 2003
[T]: curves — submanifolds

[DK], [L], [V] do not appear to be cited anywhere in the text.

8 A little more on [LR]

Connections of this paper with birational geometry are described extensively on page 152, at the
beginning of the introduction. There are many other instances of the discussion diverging in this
direction which have little to do with the content of the paper. These include the entire page 153,
the paragraph preceding Definition 1.1, the last three sentences on page 155, the sentence af-
ter (1.8), the short and long paragraphs on page 159, the sentence before Definition 2.4, and the
three paragraphs of Remarks 2.15 and 2.16.

There are many statements that come with no citations or imprecise citations. These include
(1) the sentence before Corollary A.3;

(2) bottom of page of 160 (Gray’s Theorem);
(3) the paragraph below (2.24);

(1)

some statements in Remarks 2.14 and 2.15;
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5) citations of [H] above Lemma 3.5 on p174 and of [HWZ1] at the top of pl77;

7

(5)

(6) statement above Remark 4.1 on p188;

(7) reference to Siebert’s construction at the bottom of p190;
(

8) reference to Siebert’s book on at the top of p198.

The statements of Theorems A and B do not make the assumptions on the manifold M clear. Based
on the proofs, M is a threefold in both cases. Symplectic sum formulas are not necessary to es-
tablish these formulas; a nearly complete geometric argument for them is already given in the paper.

The fourth sentence of the long paragraph on page 163 in [LR] makes it sound that every two smooth
CY 3-folds are related by a sequence of flops, but it is apparently meant to apply to every pair
of birational smooth CY 3-folds. The flop construction is never formally defined, but apparently
the sentence after [LR, (2.15)] is part of the definition. Other, fairly minor misstatements in [LR,
Section 1] include

pl55, line -7: the above corollary — Corollary A.2;

pl56, Crl B: there exists such a ¢;

p157, line 12: this equality does not hold, as LHS is degenerate along 7~1(2);

pl57, lines 14-16: this sentence makes no sense;

pl57, line 19: positive — nonnegative;

pl57, line 23: is tangent to — has contact with;

pl57, bottom: no connection to justification;

p158, line 1: Theorem 5.3 — Theorem 4.14;

p158, Theorem C(iii): need an almost complex structure on M;

pl58, line 1: Theorem 5.6,5.7 — Theorems 5.6,5.8;

Remark 8.1. Theorems A and B are deduced from the symplectic sum formula in [LR, Section 6].
However, the latter is barely used in their proofs and the arguments indicate how to avoid it entirely.
Let X be the symplectic blowup of a threefold X along an embedded curve C, A € Hy(X;Z) be
such that (c1(X), A) >0, and a; € H*(X)UH%(X) be a collection of classes of total codimension
corresponding to GW-invariants of degree A. These invariants are then counts of (J, v)-holomorphic
curves, for a generic (J, v), passing through representatives of PDx(«;). The latter can be chosen
to be disjoint from C'; J can be chosen to be Kahler along C' and so that all curves of degree A
passing through the constraints are disjoint from C. These representatives and curves then lift
to X, contributing to the corresponding GW-invariants of X; any other curve in X contributing
to this count would descend to X and thus be disjoint from C'. Other, fairly minor misstatements
in [LR, Section 6] include

p212, above (6.3): there is no Ind D,, in (5.2);

p212, below (6.4): M+ just defined on the previous page;

p212, above (6.6): Remark 3.24 — Remark 5.2;

p213, above Pf of Crl A.2: Corollaries A.1 and A.3 are immediate consequences;

p215, line 6: Y — M™;

p215, above Pf of Crl B.2: Corollary B.1 is an immediate consequence.

[Ba], [D], [DH], [Gr], [K1], [KM], [LT1], [M1], [Pan], [Wil],[Wi2], [W1] do not appear to be cited
anywhere in the text.
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