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Abstract

We introduce topological notions of normal crossings symplectic divisor and variety and establish
that they are equivalent, in a suitable sense, to the desired geometric notions. Our proposed
concept of equivalence of associated topological and geometric notions fits ideally with important
constructions in symplectic topology. This partially answers Gromov’s question on the feasibility
of defining singular symplectic (sub)varieties and lays foundation for rich developments in the
future. In subsequent papers, we establish a smoothability criterion for symplectic normal
crossings varieties, in the process providing the multifold symplectic sum envisioned by Gromov,
and introduce symplectic analogues of logarithmic structures in the context of normal crossings
symplectic divisors.
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1 Introduction

Algebraic and complex analytic (sub)varieties are the central objects of study in the fields of al-
gebraic geometry and of complex geometry, respectively. Curves and divisors, i.e. subvarieties of
dimension and codimension 1 over the ground field, have long been of particular importance in
these fields; they can be viewed as dual to each other. Gromov’s introduction [12] of pseudoholo-
morphic curve techniques into symplectic topology has led to numerous connections with algebraic
geometry and to the appearance of symplectic divisors in different contexts, including relations
with complex line bundles [6], symplectic sum constructions [10, 18], degeneration and decomposi-
tion formulas for Gromov-Witten invariants [28, 3, 16, 17, 25], affine symplectic geometry [20, 21],
and homological mirror symmetry [26]. While most applications of divisors in symplectic topology
have so far concerned smooth divisors in (smooth) symplectic manifolds, recent developments in
symplectic topology and algebraic geometry suggest the need for notions of singular symplectic
varieties and subvarieties (at least with certain kinds of singularities). Gromov [11, p343] in fact
asked about the feasibility of introducing such notions by the mid 1980s. They should involve only
some soft intrinsic symplectic data, but at the same time be compatible with rigid auxiliary almost
Kahler data needed for making such notions useful.

In this paper, we propose a new perspective on the fundamental quandary conceived in [11] and
demonstrate that it is suitable for introducing normal crossings singularities into symplectic topol-
ogy. In symplectic topology, it is common to study a “topological” object (such as a symplectic
manifold) by adding some auxiliary “geometric” data (such as a compatible complex structure) and
then constructing an invariant which is independent of this auxiliary data. One then shows that
such an invariant is also an invariant of the deformation equivalence class of the corresponding
topological object. This approach works well when studying symplectic manifolds, but is much
more difficult to carry out once singularities are introduced since there is no Darboux theorem in
this case; see in particular Remark 4.5. We propose an alternative philosophy involving the entire
deformation equivalence class of the topological object, as opposed to the topological object itself,
and looking at the subspace of “nice” objects in this deformation equivalence class. These objects
should have particularly well-behaved auxiliary geometric data which can be used to construct
invariants in usual ways. The subspace of “nice” objects should topologically reflect the space of
all objects. Our perspective is summarized by the principle below and a more detailed nexus on
page 5.

Principle. A symplectic variety/subvariety should be viewed as a deformation equivalence class of
objects with the same topology, not as a single object.

The viewpoint on the compatibility between the topological and geometric sides we propose in
the nexus is symmetric in taking deformation equivalence classes on both sides, in contrast to the
presently standard viewpoint of taking individual objects on the topological side and deformation
equivalence classes on the geometric side. Our focus on the deformation equivalence classes to



begin with fits ideally with the concern of symplectic topology with the deformation equivalence
classes of symplectic manifolds, instead of individual symplectic manifolds, as illustrated below.

1.1 Topological vs. geometric symplectic data

Every symplectic manifold (X,w) admits a tame (and compatible) almost complex structure .J.
Furthermore, the fibers of the projection

AK(X) — Symp(X), (w,J) — w, (1.1)

from the space of pairs (w, J) consisting of a symplectic form w on X and an w-tame almost complex
structure J to the space of symplectic forms on X are contractible. This fibration is thus a weak
homotopy equivalence, i.e. it induces isomorphisms

T (AK (X)) — 7 (Symp(X)) (1.2)

between the homotopy groups 7, with k€ Z™ and the sets 7y of deformation equivalence classes;
see [5, Theorem 6.3]. The bijectivity of (1.2) for k=0 is key to the program initiated by Gromov
in the 1980s to bring algebro-geometric techniques into symplectic topology.

For a symplectic submanifold V' in a symplectic manifold (X, w), the normal bundle

TX
T‘lv ~TVY = {weT,X: z€V, w(v,w)=0 VweT,V} (1.3)

of V in X inherits a fiberwise symplectic form Q=w|p, v from w. A smooth divisor in a symplectic
manifold (X,w) is a closed symplectic submanifold V' of real codimension 2. For every such triple
(X, V,w), there is an w-tame almost complex structure .J such that J(T'V)=TV. It can be chosen
to be very regular near V in the following sense. An Q-compatible (fiberwise) complex structure i
on NxV and a compatible connection V on NxV determine a closed 2-form @ on the total space
of NxV, which is symplectic on a neighborhood of V' in NxV. By the Symplectic Neighborhood
Theorem [19, Theorem 3.30], there is an identification ¥ of small neighborhoods of V' in (NxV,®)
and in (X,w). The tuple (i, V,¥) is equivalent to an w-regularization (p, V, ¥) for V in X in the
terminology of Definition 2.12(1); we view it as an auxiliary structure for (X, V,w). We call an w-
tame almost complex structure J compatible with (p, V, ¥) if ¥*.J agrees with the almost complex
structure J determined by J|v, i, and V; such a J is integrable in the normal direction to V'
(i.e. the image of its Nijenhuis tensor on T'X|y is contained in T'V'). The fibers of the projection

NxV =

AK(X,V) — Aux(X, V), (w,R,J) — (w,R), (1.4)

from the space of triples (w, R, J) consisting of a symplectic form w on (X, V'), an w-regularization R
for V in X, and an R-compatible almost complex structure J to the space of pairs consisting of a
symplectic form w on (X, V) and an w-regularization for V' in X are contractible. This fibration
thus induces isomorphisms

T (AK(X,V)) — 7 (Aux(X, V))

between the homotopy groups 7, with k€ Z™ and the sets mg of deformation equivalence classes.

For a closed codimension 2 submanifold V' of X, the fibers of the projection

Aux(X,V) — Symp(X, V), (W, R) — w, (1.5)



to the space of symplectic forms on X restricting to symplectic forms on V' are also contractible.
The composition of (1.4) and (1.5),

AK(X,V) — Symp(X,V), (W, R,J) — w, (1.6)
thus has contractible fibers and induces isomorphisms
T (AK(X, V) — 75, (Symp(X, V)) (1.7)

between the homotopy groups 7, with k€ Z™ and the sets 7y of deformation equivalence classes.
The former in particular implies that the map (1.6) is surjective and ensures that paths in the
base can be lifted to paths with specified endpoints. While these two properties of (1.6) feature
prominently in the standard perspective on applications of symplectic divisors, only the bijectivity
of the map (1.7) with k=0 is material for applications in symplectic topology. This is consistent
with symplectic topology being fundamentally about deformation equivalence classes of symplectic
manifolds, not about individual manifolds, as illustrated by the well-known applications recalled
in the next two paragraphs.

The approach to relative Gromov-Witten invariants for (X, V,w) in [16] involves choosing an w-
regularization R for V' in X and an R-compatible almost complex structure J. The resulting
numbers do not change along a path (wy, Ry, J;) in AK(X,V). Since a path w; in Symp(X,V)
can be lifted to a path (w¢, Ry, J;) with specified endpoints (wg, Ry, Jo) and (w1, R1,J1), the rel-
ative Gromov-Witten invariants of (X, V,w) depend only on the path-component of Symp(X, V)
containing w. It would thus have been sufficient to show that

e (X,V) admits w-regularizations R for at least some symplectic forms w on (X, V),

e every path w; in the subspace of such “good” symplectic forms lifts to a path R; of ws-regularizations
for V in X with given endpoints,

e the inclusion of the subspace of “good” symplectic forms into the space of all symplectic forms
on (X, V) induces a bijection between the corresponding sets of path components.

This change in perspective turns out to be useful when dealing with NC symplectic divisors.

The symplectic sum construction of [10] smooths the union of two symplectic manifolds (X, wx)
and (Y,wy) glued along a common smooth symplectic divisor V' such that

a(NxV,wx) +ca(MyV,wy) =0 € H*(V;Z) (1.8)
into a new symplectic manifold (X, wy). In the terminology of Definition 2.5, the tuples
((X1 =X, Xo=Y, X12=V), (w1 =wx, ws :wy)) and (XUVY, (wx, wy)) (1.9)

are a 2-fold simple crossings symplectic configuration and the associated simple crossings symplectic
variety. The topological type of X4 depends only on the choice of the homotopy class of isomor-
phisms

(NMxV,wx) ®c (MyV,wy) =V xC

as complex line bundles. With such a choice fixed, the construction of [10] involves choosing an
wx-regularization for V in X, an wy-regularization for V in Y, and a representative for the above



homotopy class. Because of these choices, the resulting symplectic manifold (X4, wy) is determined
by (X,wx), (Y,wy), and the choice of the homotopy class only up to symplectic deformation
equivalence. The symplectic sum construction of [10] can thus be viewed as a map

{([wx], [wy]) ) (Syrnp(X7 V)) X T (Symp(Y, V)) :

[wX’\/] = [wy|v] E?To(SyIHp(V)),Q (/\/XV, wX)+01 (Nyv, wY) :O} — I_l Fo(Symp(X#)).
X

It would have been sufficient to carry it out only on a path-connected set of representatives for
each deformation equivalence class of the tuples (1.9). This change in perspective turns out to be
useful for smoothing out more elaborate simple and normal crossings symplectic varieties.

The above observations concerning (1.6) and (1.7) motivate the principle introduced in the present
paper for adapting algebro-geometric notions of singularities to symplectic topology. It can be
summarized as follows.

Nexus. (1) A symplectic variety should be a stratified space X with some additional smooth-type
structure and symplectic-type structure w so that the restriction of w to each smooth stratum X;
of X is a symplectic form in the usual sense. The set Symp(X) of the “symplectic structures”
on X compatible with a given “smooth structure” should have a natural topology.

(2) There should be a notion of a regularization R for a symplectic structure w on X which models
neighborhoods of the strata X; on subspaces of complex vector bundles N; over X; consisting
of fiberwise subvarieties in a compatible fashion. The set Aux(X) of such pairs (w,R) should
have a natural topology so that the projection

Aux(X) — Symp(X), (W, R) — w, (1.10)

induces a bijection between the connected components of the two spaces (or better yet, is a weak
homotopy equivalence). However, this projection need not be surjective.

(8) There should be a notion of an almost complex structure J on X compatible with an w-
reqularization R which restricts on each X; to an almost complex structure in the usual sense
and is integrable in the normal directions to X;. The set AK(X) of such triples (w, R, J) should
have a natural topology so that the fibers of the projection

AK(X) — Aux(X), (w0, %,J) — (w,R), (1.11)

are contractible.
A symplectic subvariety V in a symplectic variety X should be a topological subspace of X with
associated spaces Symp(X, V), Aux(X,V), and AK(X, V) which are related as above.

1.2 Normal crossings singularities

A normal crossings (or NC) complex analytic variety X of (complex) dimension n is a Hausdorff
topological space covered by charts

0z Uy — (C"_kx{(zl,...,zkH)eCkH: 21.. .zkH:O} with k=k(x) €{0,1,...,n}, z€X,



that overlap analytically. An NC divisor V' in a Kéahler manifold X of complex dimension n is a
subspace of X locally of the form

(C”_kx{(zl,...,zk)e(ck:zl...zk:()} with k=k(x) €{0,1,...,n}, z€X,

in holomorphic coordinates on X. Such a divisor is the image of a generically injective proper
Kahler immersion ¢: V — X from a Kéahler manifold V' of complex dimension n—1 such that
all self-intersections of ¢ are transverse. A basic example, which we call a simple crossings (or SC)
divisor, is provided by the union of transversely intersecting closed Kéhler hypersurfaces V; in X.
NC singularities are the simplest, non-trivial singularities and are also of the most direct relevance
to symplectic topology.

It has long been a mystery what an NC or even SC divisor in the symplectic category should be.
In this paper, we introduce soft topological notions of an SC symplectic divisor in a symplectic
manifold and of an SC symplectic variety and show that they are compatible, in a suitable sense,
with associated rigid geometric notions. As all of our arguments are essentially local, they readily
apply to the arbitrary NC case as well. However, the latter involves a more elaborate setup, with
the normal bundle of an immersion replacing the normal bundle of a submanifold. For this reason,
we defer the arbitrary NC case to [8] in order to highlight the ideas involved.

For a subspace V of a symplectic manifold (X,w) to be an SC symplectic divisor, it should at
least be the union of transversely intersecting closed symplectic submanifolds {V;};cs of (X,w) of
real codimension 2. However, as [15, Example 1.9] illustrates, the intersection number of a pair of
symplectic submanifolds V7 and V5 in a compact symplectic 4-manifold X can be negative; in such
a case, there is no w-tame almost complex structure J on X which restricts to almost complex
structures on V; and Vs, If J is an w-tame almost complex structure on X which restricts to an
almost complex structure on each V;, then the intersection V; of the smooth divisors in any subcol-
lection of {V;}ies is a symplectic submanifold of (X, w) and the w-orientation of each Vi agrees with
its intersection orientation induced by the orientations of X and {V;};cs; see Section 2.1. These
two properties, appearing in Definition 2.1, are thus necessary for the existence of an w-tame J
which restricts to an almost complex structure on each V;. It turns out that these two, essentially
topological, properties suffice for a kind of virtual existence of such a J as well as of compatible
collections of w-regularizations (p;, V®, ¥;) for V; in X; see Definition 2.12(1) and Theorem 2.13.

The compatibility-of-orientations condition of Definition 2.1, which is equivalent to the positively
intersecting notion of [20, Definition 5.1], is preserved under deformations of w that keep every
intersection V; symplectic. Thus, it is a necessary condition for the existence of an w’-tame almost
complex structure J that restricts to an almost complex structure on each Vj for some deforma-
tion w’ of w through symplectic structures w; on {Vr}rcs (i.e. symplectic forms wy on X such that
we|v, is symplectic for all I C S). By Theorem 2.13 with B being the point, this condition suffices
not only for the existence of such an w’-tame J, but also for the existence of compatible collections
of w-regularizations (p;, V), W;) for V; in X. By Theorem 2.13 with B=10, 1], for every path w; of
symplectic structures on {V;};cs and all wp- and wy-regularizations Ry and R; for V; in X, there
exists a path wj homotopic to the path w; through paths of symplectic structures on {V;};cs and
a path R; of compatible wj-regularizations for V; in X. By the general case of Theorem 2.13, the
projection

Aux(X, (V;)ies) — Symp™ (X, (Vi)ies), (W, R) — w, (1.12)



from the space of symplectic forms w on X with compatible regularizations R for (V;);es in X
to the space of symplectic structures w on {V7};cg such that the w-orientation of each V; agrees
with its intersection orientation is a weak homotopy equivalence. Theorem 2.17 is the analogue of
Theorem 2.13 for SC symplectic varieties as in Definition 2.5. These are collections of symplectic
manifolds identified along SC symplectic divisors. Some applications of these four theorems are
described in the next two paragraphs.

Two versions of an NC divisor V' in an almost Kéhler manifold X are described in [15, Defini-
tion 1.3] and [24, Section 2]|; see also [22, Definition 14.6]. The main objective of [15] and one
of the two main objectives of [23, 25] are to define Gromov-Witten type invariants of X relative
to such V. The constructions in [25, 15] automatically imply that the resulting invariants do not
change under deformations of the almost Kdhler data compatible with (X, V). In [24, Section 3],
it is shown that the relevant almost Kéhler data exists for a certain, fairly rigid, class of sym-
plectic forms on X (for which the branches of V' are symplectic and meet orthogonally) and that
deformations of the symplectic form within this class extend to deformations of compatible almost
Kahler data. However, it would be desirable to know that the resulting invariants depend only on
some topological deformation equivalence class of symplectic structures on (X, V') and apply to all
classes that satisfy a specific simple condition. An w-regularization for an NC symplectic divisor V
in (X,w) can be used to construct an almost Kahler structure on X so that V' becomes an NC
almost Kéhler divisor in the sense of [15, Definition 1.3] and [22, Definition 14.6]. By Theorem 2.13,
every deformation equivalence class of SC symplectic divisors in the sense of Definition 2.1 contains
a representative w admitting a regularization and any two such representatives with compatible
regularizations can be joined by a path. Thus, Theorem 2.13 implies that any invariants arising
from [25, 15] depend only on the deformation equivalence class of symplectic structures on (X, V)
and specifies to which classes the constructions of [25, 15] can be applied.

Theorem 2.17 is used in [7] to show an NC symplectic variety (Xy, (w;)i=1,...n) is the central fiber of
a one-parameter family of degenerations with a smooth total space if and only if it satisfies a simple
topological condition on the Chern class of a complex line bundle over the singular locus Xy of Xj.
In the N =2 case, this condition reduces to (1.8) and every non-central fiber of the resulting family
is a representative of the deformation equivalence class of the associated symplectic sum (X4, wy)
of [10]. In general, a non-central fiber of such a family is a representative of the deformation equiv-
alence class of the multifold symplectic construction on (X, (w;)i=1,..n) envisioned in [11, p343].
It yields a multitude of new symplectic manifolds; some of them contain closed non-orientable
hypersurfaces. Going in the opposite direction, the symplectic cut/degeneration construction of [9]
produces one-parameter families as above out of symplectic manifolds with compatible Hamiltonian
torus actions on open subsets. The second main objective of [23, 25] is to obtain decomposition
formulas for Gromov-Witten invariants under certain almost Kéahler splittings. An important con-
sequence of Theorem 2.17 is that the decomposition formulas arising from [25] include splitting
formulas for the Gromov-Witten invariants of the N-fold symplectic sums constructed in [7].

While the present paper connects directly with deep questions raised by Gromov [11] over 3 decades
ago, the immediate inspiration for our overall project comes from the Gross-Siebert program [13] for
a direct proof of mirror symmetry and from distinct recent developments in symplectic topology.
Theorems 2.13 and 2.17, along with the deformation principle behind them, lay the foundation
for symplectic topology versions of logarithmic structures of algebraic geometry and of stable



logarithmic maps of [14, 4, 1] that are central to the Gross-Siebert program. The almost Kéhler and
exploded manifold versions of these objects proposed in [15, 23] are more rigid than desirable and
have so far proved too unwieldy for practical applications. We expect Theorem 2.13 to be also useful
for studying smooth affine varieties and isolated singularities from a symplectic perspective. For
instance, an affine variety can be embedded into a smooth projective variety so that its complement
is an NC divisor; see [20, Section 2.1]. Theorem 2.13 describes what a neighborhood of this divisor
looks like and hence what the affine variety looks like at infinity; this is useful for analyzing the
symplectic cohomology of such varieties. In contrast to [20, Theorem 5.14], Theorem 2.13 describes
such neighborhoods for families of affine varieties. Links of isolated singularities or families of
isolated singularities (viewed as contact manifolds) can also be described explicitly by looking
at neighborhoods of the exceptional curves of some resolution, using Theorem 2.13 to put such
neighborhoods in a standard form, and then applying techniques from [21].

1.3 Outline and acknowledgments

We formally define SC symplectic divisors and varieties in Section 2.1, regularizations for the for-
mer in Section 2.2, and regularizations for the latter in Section 2.3. While the precise definitions
of regularizations are a bit technical, their substance is that a neighborhood of each point in the
divisor or variety looks as expected. In particular, the branches of the divisor symplectically cor-
respond to hyperplane subbundles of a split complex vector bundle; this implies that they are
symplectically orthogonal. Sections 2.2 and 2.3 conclude with theorems stating that the spaces of
symplectic forms with regularizations are weakly homotopy equivalent to the spaces of all admis-
sible symplectic forms. The necessary deformation arguments on split vector bundles are carried
out in Section 3, especially in the proof of Proposition 3.6. Section 4 contains stratified versions of
the usual smooth Tubular Neighborhood Theorem. We prove Theorems 2.13 and 2.17 in Section 5
by applying Theorem 3.1 via Proposition 4.2; the crucial compatibility-of-orientations condition in
Definition 2.1 allows us to apply Proposition 3.6.

We would like to thank E. Ionel and B. Parker for enlightening discussions related to normal

crossings divisors in the symplectic category and E. Lerman for pointing out related literature.

2 Simple crossings divisors and varieties

We begin by introducing the most commonly used notation. If N €Z>% and I {1,..., N}, let
[N]={1,...,N}, CY ={(z1,...,2n)€CN: z;=0Viel}.

Denote by P(N) the collection of subsets of [N] and by P*(IN) CP () the collection of nonempty
subsets. If in addition i € [N], let

Pi(N)={I€P(N): icl}.
If N—V is a vector bundle, N'C N, and V' CV, we define
Ny =Ny nN'. (2.1)

Let I=10, 1].



2.1 Definitions and examples

Let X be a (smooth) manifold. For any submanifold V C X, let

TX|vy
TV

denote the normal bundle of V' in X. For a collection {V;};cs of submanifolds of X and ICS, let

NxV = —V

VIEmV;CX.
i€l

Such a collection is called transverse if any subcollection {V;};c; of these submanifolds intersects
transversely, i.e. the homomorphism

LXo@PT.Vi — PrX,  (v,(viier) — W+viier, (2:2)
el i€l

is surjective for all x € V7. By the Inverse Function Theorem [29, Theorem 1.30], each subspace
Vi C X is then a submanifold of X of codimension

codimx V; = g codimxV;
el

and the homomorphisms

NxVi — @NxVily, VICS, Ny Vi — NxVi|y, Vielcs,
i€l
B M Vi — Ny, Vi VI'cIcS
iel-I'

induced by inclusions of the tangent bundles are isomorphisms.

Let X be an oriented manifold. If V' C X is an oriented submanifold of even codimension, the short
exact sequence of vector bundles

0—TV —-TX|ly — NxV —0 (2.4)

over V induces an orientation on NxV (if the codimension and dimension of V are odd, the in-
duced orientation on NxV depends also on a sign convention). If {V;};cs is a transverse collection
of oriented submanifolds of X of even codimensions, the orientations on ANxV; induced by the
orientations of X and V; induce an orientation on NxV; via the first isomorphism in (2.3). The
orientations of X and NxV; then induce an orientation on V; via the short exact sequence (2.4).
Thus, a transverse collection {V; };cg of oriented submanifolds of X of even codimensions induces an
orientation on each submanifold V; C X with |I|>2, which we call the intersection orientation of V.
If V7 is zero-dimensional, it is a discrete collection of points in X and the homomorphism (2.2)
is an isomorphism at each point x € V;; the intersection orientation of V; at x € V; then corre-
sponds to a plus or minus sign, depending on whether this isomorphism is orientation-preserving
or orientation-reversing. For convenience, we call the original orientations of X =Vj and V; =V,
the intersection orientations of these submanifolds V; of X with |I]|<2.



Suppose (X,w) is a symplectic manifold and {V;};cs is a transverse collection of submanifolds
of X such that each V7 is a symplectic submanifold of (X,w). Each V; then carries an orientation
induced by w|y,, which we call the w-orientation. If V7 is zero-dimensional, it is automatically a
symplectic submanifold of (X, w); the w-orientation of V; at each point x € V; corresponds to the
plus sign by definition. By the previous paragraph, the w-orientations of X and V; with i€ I also
induce intersection orientations on all Vj.

Definition 2.1. Let (X,w) be a symplectic manifold. A simple crossings (or SC) symplectic divisor
in (X,w) is a finite transverse collection {V;};cs of closed submanifolds of X of codimension 2 such
that V7 is a symplectic submanifold of (X, w) for every I C S and the intersection and w-orientations
of V7 agree.

The intersection and symplectic orientations of V; agree if |I| <2. Thus, an SC symplectic divisor
{Vi}ies with |S|=1 is a smooth symplectic divisor in the usual sense. If (X, w) is a 4-dimensional
symplectic manifold, a finite transverse collection {V;};cs of closed symplectic submanifolds of X
of codimension 2 is an SC symplectic divisor if and only if all points of the pairwise intersections
Vi, NV;, with i #iy are positive. By [15, Example 1.9], the latter need not be the case in general.
By Example 2.7 below, in higher dimensions it is not sufficient to consider either the pairwise
intersections or the deepest (non-empty) intersections .

As with symplectic manifolds and smooth symplectic divisors, it is natural to consider the space
of all structures compatible with an SC symplectic divisor.

Definition 2.2. Let X be a manifold and {V;};cs be a finite transverse collection of closed sub-
manifolds of X of codimension 2. A symplectic structure on {V;};cs in X is a symplectic form w
on X such that V7 is a symplectic submanifold of (X,w) for all I CS.

For X and {V;}ies as in Definition 2.2, we denote by Symp(X, {V;}ics) the space of all symplectic
structures on {V;};cs in X and by

Symp™ (X, {Vi}ies) C Symp(X, {Vi}ies)

the subspace of the symplectic forms w such that {V;};,cs is an SC symplectic divisor in (X, w).
The latter is a union of topological components of the former.

We next introduce analogous notions for SC varieties. A 3-fold SC configuration and the associated
SC variety are shown in Figure 1.

Definition 2.3. Let N€Z*. An N-fold transverse configuration is a tuple { X1} jcp+ () of manifolds
such that {Xj;};c(n)— is a transverse collection of submanifolds of X; for each i€ [N] and

k
Xiiji,oijny = ﬂXijm = Xiji.ju Y jts-- 5 Jk € [N]—i.
m=1
Definition 2.4. Let N€Z* and X={Xr}cp+(n) be an N-fold transverse configuration such that
Xij is a closed submanifold of X; of codimension 2 for all ¢, j € [N] distinct. A symplectic structure

on X is a tuple
N

(wi)ie|n] € H Symp (Xi, { X5} je(n)—i)

i=1

such that wy, |x, ;, =wi,|x, ;, for all i1,is € [N].
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Xk
Figure 1: A 3-fold simple crossings configuration and variety.

For an N-fold transverse configuration as in Definition 2.3, let

N
X@Z(L'Xi)/w, XZ‘BJZNLUEX]' \V/Z'EXijCXianai#j7 (2'5)
=1
Xo=  |JX1cCXp. (2.6)
IEP(N),|I|=2

For ke Z=", we call a tuple (w;);c[n] a k-form on Xy if w; is a k-form on X; for each i€ [N] and

wj Xij:wj|Xij VZ,]G[N]

For X as in Definition 2.4, let Symp(X) denote the space of all symplectic structures on X and

N
Symp™ (X) = Symp(X) n [ Symp* (X, {Xi;}jeiv)—i) - (2.7)

i=1

Thus, if (w;)eqn] is an element of Symp™ (X), then {X;;};ein—; is an SC symplectic divisor in
(Xi,w;) for each i € [N].

Definition 2.5. Let N€Z". An N-fold simple crossings (or SC) symplectic configuration is a tuple
X = ((X1)1ep+(v)s (@i)icny) (2.8)

such that {X;};ep«(n) is an N-fold transverse configuration, X;; is a closed submanifold of X;
of codimension 2 for all i, j € [N] distinct, and (w;);c(n] € Symp™(X). The SC symplectic variety
associated to such a tuple X is the pair (Xg, (wi)ie(n)-

Example 2.6. An SC symplectic divisor {V;}ics in (X,w) gives rise to an N-fold SC symplectic
configuration with N =|S|+1. For each i €[N], let

7T1,7T23V;’X(C—>‘/2,C

be the component projection maps. We identify S with [V —1] and denote by w¢ the standard
symplectic form on C. For I € P*(N) and i€ [N], we define

P VixC, it N¢I; )i (wly;) +mswe, i i#N;
"WVl iENeEL w, if i=N.

;=
The resulting tuple X as in (2.8) is then an N-fold SC symplectic configuration.
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Suppose w is a symplectic structure on {V;};cs in X in the sense of Definition 2.2. The symplectic
part of the requirements on an SC almost Kéhler divisor

VzUch
€S

in [15, Definition 1.3] is equivalent to the existence for each p € V' of an oriented chart ¢ on X
which restricts to oriented charts on the smooth divisors V; after projecting to some coordinate
hyperplanes. The existence of an w-tame almost complex structure J on X which restricts to an
almost complex structure on each V; implies the existence of such charts. However, the symplectic
part of the requirements on an SC almost Kéhler divisor in [15, Definition 1.3] sees the orientations
only of X, each V;, and their zero-dimensional intersections, but not of the intermediate-dimensional
intersections of the divisors V;. By the a>1 case in the next example, this part does not by itself
ensure the existence of a J compatible with every V;. By the —1<a< —% case in this example,
the consideration of the orientations of the pairwise intersections only does not suffice either.

Example 2.7. Let X =C3 and

w =dz1 Ady; + dxo Adys + drsAdys
+ a(dxl Adys — dy /\d:cg) + a(d:cl Adys—dy /\dxg) + a(dfchdyg—dyg/\dmg)

for some a€R. We note that

w3 = 6(1—a)?(142a) dzi Ady; Adzg Adys Adzs Adys
w?|cs = 2(1—a?®)dzjAdyjAdzpAdy,  if {4, 5, k}={1,2,3}.

Thus, w is a symplectic structure on {C?}ie[?)] in C3 if a # £1, —%. The w-orientations on the
coordinate lines (C?j with i#j and on the point C3,3={0} are the canonical complex orientations.
If a>1,

e the w-orientation on C? is the canonical complex orientation,
e the w-orientations on the hyperplanes (C:Z-3 are the opposite of the canonical complex orientations,

e the intersection and w-orientations on the coordinate lines (C;?j

with ¢#j are the same,
e the intersection and w-orientations on the point (Ci)’23 are opposite.

If —1<a< —%,

e the w-orientation on C? is the opposite of the canonical complex orientation,

e the w-orientations on the hyperplanes (C? are the canonical complex orientations,

e the intersection and w-orientations on the coordinate lines (ij with ¢#j are opposite,

e the intersection and w-orientations on the point C3,; are the same.
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2.2 Regularizations for SC symplectic divisors

In this section, we formally define the notions of regularizations for a submanifold V' C X, for
a symplectic submanifold with a split normal bundle, and for a transverse collection {V;};cs of
submanifolds with a symplectic structure w; see Definitions 2.8, 2.9, and 2.12(1), respectively. A
regularization in the sense of Definition 2.12(1) symplectically models a neighborhood of x € V;
in X on a neighborhood of the zero section V7 in the normal bundle N'x V7 split as in (2.3) with a
standardized symplectic form. The existence of such a regularization requires the smooth symplec-
tic divisors V; to meet w-orthogonally at V7, which is rarely the case. However, by Theorem 2.13 at
the end of this section, a virtual kind of existence, which suffices for many important applications
in symplectic topology, is always the case if {V;}ics is an SC symplectic divisor in the sense of
Definition 2.1. This implies that our notion of an SC symplectic divisor is natural from the point
of view of symplectic topology and its connections with algebraic geometry simultaneously.

If B is a manifold, possibly with boundary, and k€ Z=% we call a family (w;);ep of k-forms on X
smooth if the k-form w on Bx X given by

welz(v1, .. vg), if o, . o €T X,

w Vv, V) =
(v (V1 2 {0, if v, €T} B;

is smooth. Smoothness for families of other objects is defined similarly.

For a vector bundle 7: N — V| we denote by (y the radial vector field on the total space of N; it
is given by

v(v) = (v,0) € TN =TNY — TN .
Let Q be a fiberwise 2-form on N'— V. A connection V on N induces a projection TN — m* N

and thus determines an extension Qv of Q to a 2-form on the total space of N. If w is a closed
2-form on V, the 2-form

. 1 . 1
W=r'w+ §dLCNQV =7'w+ §d(Qv(CN, ) (2.9)

on the total space of N is then closed and restricts to  on 7*N =TN"V", If w is a symplectic form
on V and Q is a fiberwise symplectic form on A, then @ is a symplectic form on a neighborhood
of Vin N.

We call 7: (L, p, V) — V a Hermitian line bundle if V' is a manifold, L — V is a smooth complex
line bundle, p is a Hermitian metric on L, and V is a p-compatible connection on L. We use the
same notation p to denote the square of the norm function on L and the Hermitian form on L
which is C-antilinear in the second input. Thus,

p(v) = p(v,v), pliv,w) =ip(v,w) = —p(v,iw) V (v,w)€ Lxy L.

Let p® denote the real part of p. A smooth map h: V/ — V pulls back a Hermitian line bundle
(L, p, V) over V to a Hermitian line bundle

h*(L,p,V) = (WL, h*p,h*V) — V.

A Riemannian metric on an oriented real vector bundle L — V' of rank 2 determines a complex
structure on the fibers of L. A Hermitian structure on an oriented real vector bundle L —V of

13



rank 2 is a pair (p, V) such that (L, p, V) is a Hermitian line bundle with the complex structure i,
determined by the Riemannian metric p®. If © is a fiberwise symplectic form on an oriented vector
bundle L — V of rank 2, an Q-compatible Hermitian structure on L is a Hermitian structure (p, V)
on L such that Q(-,i,") = p®(-, ).

Let (Lj, pi,V(i))ie 1 be a finite collection of Hermitian line bundles over V. If each (pi,V(i)) is
compatible with a fiberwise symplectic form €2; on L; and

WV, 9, V) =P (Li, %, VW),
el
then the 2-form (2.9) is given by
~ ~0 * 1 *
W=, vy, =T Wt 5 D 7iad(Qi)v (Cris))s (2.10)
i€l
where 77,;: N'—> L; is the component projection map.

If in addition ¥: V' — V is an embedding, I’ C I, and (L}, p}, V/);cpr is a finite collection of
Hermitian line bundles over V', a vector bundle homomorphism

v:PL—PL
el icl
covering W is a product Hermitian inclusion if
U (L, 0, V') — W (L, s, V)
is an isomorphism of Hermitian line bundles over V' for every i € I’. We call such a morphism a
product Hermitian isomorphism covering W if |I'|=|I|.

Definition 2.8. Let X be a manifold and V C X be a submanifold with normal bundle N'xV — V.
A regularization for V in X is a diffeomorphism ¥: NV — X from a neighborhood of V' in NxV
onto a neighborhood of V' in X such that U(z)=x and the isomorphism

T,X

Ny Vs = TV Ny V s TNy V 23 1, — o
X

= NXV|:c

is the identity for every z€V.
By this definition, a regularization for V=X in X is the identity map on X =Ny X.
If (X,w) is a symplectic manifold and V' is a symplectic submanifold in (X,w), then w induces a

fiberwise symplectic form w|xr, v on the normal bundle NxV of V in X via the isomorphism (1.3).
We denote the restriction of w|y, v to a subbundle L CNxV by w|f.

Definition 2.9. Let X be a manifold, V C X be a submanifold, and

Nva@Li

el

be a fixed splitting into oriented rank 2 subbundles.
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(1) If w is a symplectic form on X such that V is a symplectic submanifold and w|r, is nonde-
generate for every i € I, then an w-regularization for V in X is a tuple ((p;, V¥);er, ¥), where
(pi, V@) is an w| ,-compatible Hermitian structure on L; for each i € I and ¥ is a regularization
for V in X, such that

Vo = a(.ﬂz'vv(i))iel‘DOHH(‘I’)' (211)

(2) If B is a manifold, possibly with boundary, and (w;)ep is a smooth family of symplectic forms
on X which restrict to symplectic forms on V', then an (w;):cp-family of regularizations for V
in X is a smooth family of tuples

(Ri)teB = ((Pt;i, V(m))ieb ‘I’t)teB (2.12)
such that R; is an wy-regularization for V' in X for each t€ B and
{(t,v)e BxNxV: veDom(¥;)} — X, (t,v) — Uy(v),
is a smooth map from a neighborhood of BxV in BxNxV.

We next extend these definitions to SC divisors. Suppose {V;};cs is a transverse collection of
codimension 2 submanifolds of X. For each I C S, the last isomorphism in (2.3) with I’ = ()
provides a natural decomposition

ﬂj!-AﬁKV3==€}>/VRQ,iV3 — VI
icl

of the normal bundle of V; in X into oriented rank 2 subbundles. We take this decomposition as
given for the purposes of applying Definition 2.9. If in addition I' C I, let

Ny = ef}fVig,iV? =Ny, Vi — V.
iel—1

There are canonical identifications
./\/’[;[_IIZNXv]/‘VI, NXvIZW;;I/N];[_]/Zﬂ?;p/\/’xvp VI/CIC[N]. (2.13)
The first equality in the second statement above is used in particular in (2.17).

Definition 2.10. Let X be a manifold and {V;};cs be a transverse collection of submanifolds
of X. A system of regularizations for {V;};cs in X is a tuple (¥;);cg, where Uy is a regularization
for V7 in X in the sense of Definition 2.8, such that

U7 (N rNDom(¥;)) = VpyNIm(¥) (2.14)
forall I'CICS.

Given a system of regularizations as in Definition 2.10 and I’CIC S, let

NI/;I’ :N];[/QDOII](\I’[), ‘I’I;I’E\I’I’N/ INI/;I/—>V[/.
;I

The map ¥;.p is a regularization for V7 in V. Let

L: 71';;[,_/\/'];[_]/ — W;;I/NXV[ = W?NXVI|NI_I, TNX‘/I‘./\/'IAI/
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denote the canonical inclusion as a subspace of the vertical tangent bundle. By (2.14),

d\I’I: TNXVI‘N};I’ - TX‘VI/ﬁIm(\I/I) and d\:[jl: TNI;I/ |N;;[’ - TVI, ‘VI/ﬁIm(\I/I)

are isomorphisms of vector bundles for all I’C I CS. This implies that the composition

L dv
@‘I’[;p . W?;I’NI;I—I’ |NI/<I’ — TNXV[|NI/AI/ 4 TX’VI/OIm(\III)

! = NxVrlv, am(w,)

TV vynim(w;)

is an isomorphism respecting the natural decompositions of Nr.;_p = NxVp |y, and Nx V. For
example,
@\I/];w =¥y, Q‘IJI;I = ideV] .

By the last assumption in Definition 2.8,

DU,

=id: ./\/’[;[_[/ —>Nx‘/}/‘v1 (2.16)

7r}k;ll'/\/‘I;IfI’ |VI
under the canonical identification of Ny.;_p with NxVp|y,.

Definition 2.11. Let X be a manifold and {V;};cs be a transverse collection of submanifolds of X.
A regularization for {V;};cs in X is a system of regularizations (¥j);cg for {V;}ics in X such that

Dom(¥;) = DV, (Dom(¥y)), Ur=Vp oDV p|pomew)) (2.17)
forall I'cIcCS.

Definition 2.12. Let X be a manifold and {V;}ies be a finite transverse collection of closed
submanifolds of X of codimension 2.

(1) If w € Symp(X, {V;}ies), then an w-regularization for {V;}ics in X is a tuple

(Ri)1cs = (o1, V5 )ier, ¥r) ;g (2.18)

such that Ry is an w-regularization for V7 in X for each I C S, (V;);cs is a regularization for
{Vi}ies in X, and the induced vector bundle isomorphisms

CD\I/];]/: F}k;]//\/‘[;]_p ) —>NXv[/

NI’;I }Vlzﬂlm(‘lll)

in (2.15) are product Hermitian isomorphisms for all I'C I C S.

(2) If B is a manifold, possibly with boundary, and (w;)¢cp is a smooth family of symplectic forms
in Symp(X, {V;}ies), then an (w;)icp-family of regularizations for {V;};cs in X is a smooth
family of tuples ‘

(Re;)een,rcs = ((pyri, VT )ier, \I’t;l)teBJCs (2.19)

such that (Rr)rcs is an wy-regularization for {V;}ics in X for each t€ B and (Ry.1)ep is an
(wt)te p-family of regularizations for V7 in X for each I CS.

16



Let X, {Vi}ies, and (w¢)iep be as in Definition 2.12 and

1) — T (1)
(Rt;l)teB,ICS = ((pt?f?i’ v ))iEI’ \Ilt;l)teB,IcS’
(2) — IR (2)
(Rt;l)teB,ICS = ((pt?f?i’ v ))ZEI’ \Ilt;l)teB,lCS
be two (w¢)ep-families of regularizations for (V;);cs in X. We define

1) ~ (p(2)
(Rt;I)teB,ICS = (Rt;f)teB,ICS (2.20)
if the two families of regularizations agree on the level of germs, i.e. there exists an (w;)e p-family
of regularizations as in (2.19) such that

1 2 1 2
Dom(¥y;) € Dom(¥}}), Dom(¥;)  and \pt;l:qf;}\Dom(M,\y;}\mm(w

forallte B and ICS.

Definition 2.12(2) topologizes the set Aux(X,{V;}ics) of pairs (w, (Rj)ics) consisting of a sym-
plectic structure w on {V;};cs in X and an w-regularization (Ry);cs for {V;}ics in X. Families of
regularizations satisfying (2.20) are homotopic.

By Theorem 2.13 below, a family (w;)iep of symplectic forms on X so that {V;};cs is an SC
symplectic divisor in (X,w;) can be deformed through such symplectic forms to a family (w:1)en
which admits a family (ﬁt;[)teB’[CS of regularizations for (V;);es in X. If 9B #( and the family
(wt)tcop admits a family (Ryr)iean,ics of regularizations for (V;)ies in X, then (w:)icp can be
deformed keeping it fixed for ¢ € 9B and (ﬁtﬂ)teg’lcg can be chosen to extend (Ryr)icoB,ics-
This implies that the projection (1.12) is a weak homotopy equivalence. Furthermore, the family
(wi)tep can be deformed without changing the cohomology class of each w; or the restriction of wy
to the complement X* of an arbitrarily small neighborhood of the singular locus of the divisor
{Vi}ties. Since this locus is empty if [S| =1, the case |S| =1 and X* = X of Theorem 2.13 is a
parametrized version of the standard Symplectic Neighborhood Theorem [19, Theorem 3.30].

Theorem 2.13. Let X be a manifold, {V;}ics be a finite transverse collection of closed submani-
folds of X of codimension 2, and X* C X be an open subset, possibly empty, such that X*NV;=()
for all ICS with |I|=2. Suppose

e B is a compact manifold, possibly with boundary,

e N(9B),N'(0B) are neighborhoods of OB in B such that N'(0B) C N(0B),

(wi)tep is a smooth family of symplectic forms in Symp™ (X, {V;}ies), and

® (Rur)ien@B),ics 8 an (Wi)en@p)-family of regularizations for (V;)ies in X.

Then there exist a smooth family (pu,r)tcB re1 of 1-forms on X such that

wir=w+dp, € Symp™ (X, {Vi}iGS) V(t,7)eBXI,
peo =0 YteB, supp(p.r) C (B—N'(0B))x(X—-X*) Vrel,

and an (w1)tep-family (ﬁt;[)thJCg of reqularizations for (V;)ies in X such that

(ﬁt%l)teN’(BB),ICS = (Rt;f)teN/(aB),ch'
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This theorem is an immediate consequence of Theorem 2.17 applied to

e the N-fold transverse configuration {Xj};ep+(n) and the family (wii)iepicin) of elements of
Symp ™ ({ X1} rep+(n)) induced by (X, {Vi}ics) and (wi)iep as in Example 2.6,

e the family (M¢)en(op) of regularizations for {X;};ep+(n) induced by (Ryr)ien(an),ics as in
Example 2.16.

The family of tuples (ﬁt; 1)tep with I € Py(N) provided by Theorem 2.17 then satisfies the re-
quirements of Theorem 2.13.

Theorem 2.13 can also be obtained without going through Theorem 2.17. The argument would
be fundamentally the same, but Corollary 3.3 would no longer be needed and Lemma 4.4 would
suffice in place of Proposition 4.2.

2.3 Regularizations for SC symplectic varieties

In this section, we define a regularization for a transverse configuration X of manifolds with a
symplectic structure (w;)ie[n) as a tuple of w;-regularizations for {X;;};e(n—; in X; that agree on
the overlaps; see (2.22) and Definition 2.15(1). We conclude with Theorem 2.17: the space of SC
symplectic varieties in the sense of Definition 2.5 is weakly homotopy equivalent to the space of
those with regularizations.

Suppose { X1} rep=(n) I8 a transverse configuration in the sense of Definition 2.3. For each I € P*(V)
with |I|>2, let
W[:NX[ = @/\/’XI%X] — X[.
el
If in addition I' C I, let
Tt NI;I’ = @NXI—iXI — X7.
i€l-I

By the last isomorphism in (2.3) with X =X for any i€ I’ and {V;}jes ={Xi;}jcn—i
Nip =Nx,Xr  VI'CIC[N], I'#0.
Similarly to (2.13), there are canonical identifications
Nir-r =NXplx,, NXr=nppNyrp =7 NXp Y I'CIC[N] (2.21)
the first and last identities above hold if |I’| >2.

Definition 2.14. Let N €Z" and X ={X]}cp+(n) be a transverse configuration. A regularization
for X is a tuple (Vr;)ierc(n], where for each i € I the tuple (Vr.;)rep, vy is a regularization for
{Xij}jen)—i in X in the sense of Definition 2.11, such that

Ui (2.22)

‘Nl;iliQQDom(\pI;il) Liiz ’NI;iliszom(\I’I;iz)

for all i1,io€ I C[N].
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Given a regularization as in Definition 2.14 and I’ C I C[N] with |I|>2 and I' #0, let
NI,;I/:N];[/HDOIH(\I/[;Z'), \IJI;I’:\PI;AN;,I,:NI/;I’ — X ificl’; (2.23)

by (2.22), ¥;.;(v) does not depend on the choice of i€ I’. Let

Q\PI%I’ : 7T;;I"/\/-I;ZU(I—I’) NI/;I’ — Nll;i‘Im(\IfI;I/) (224)
be the associated vector bundle isomorphism as in (2.15). If |I'| >2, we define an isomorphism of

split vector bundles

@‘I/[;p: 71';;[/./\/];[_]/

—)NXp

N};z Im(Wy, ) °

=DV Viel; (2.25)

@‘1{[;1/

"
WI;IINI;iu(I—I/) N
;1

by (2.22), the last maps agree on the overlaps.

Definition 2.15. Let N €Z" and X={X/};cp-(n) be a transverse configuration.

(1) If (wi)ien is a symplectic structure on X in the sense of Definition 2.4, an (w;);e|)-regularization
for X is a tuple

R= (RI)IEP*(N) = (Pf;i, V(M), \Ijl;i)ielc[N] (2.26)
such that (Vr.;);ercqn) is a regularization for X in the sense of Definition 2.14 and for each
i€ [N] the tuple .

((p[;j’ V(I;]))jelfia \PI?i)IEPi(N)

is an wj-regularization for {Xi;};cnv—; in X; in the sense of Definition 2.12(1).

i i 3 i ) 3T A
(2) If B is a smooth manifold, possibly with boundary, and (w;i)iep icin] 15 @ smooth family of
symplectic structures on X, then an (wi;)ep ic[n)-family of regularizations for X is a family
of tuples '
(mt)tGB = (Rt;l)teB,IeP*(N) = (pt;I;i7 v(t;lﬂ)7 \IltEIQi)teByiejc[N} (2'27)
such that (Re.r)rep+(n) 18 an (w;)iev)-regularization for X for each t € B and for each i€ [N]
the tuple
275 A .
((pt;[;jav( J))jEI—Za\Pt;];z)teBJEPi(N)

is an (wy;;)1e p-family of regularizations for { X;;};c;v—; in X; in the sense of Definition 2.12(2).

The assumptions in Definition 2.15(1) imply that the corresponding isomorphisms (2.25) are prod-
uct Hermitian isomorphisms covering the maps (2.23).

Example 2.16. Suppose X is a manifold, {V;};cs is a transverse collection of closed submanifolds
of X of codimension 2, (w)iep is a smooth family of symplectic structures on {V;};cs in X, and
(Re:r)teB,ics is an (wy)iep-family of regularizations for {V;}icg in X as in (2.19). Let X and
(Wei)re B,ic|N] be the associated transverse configuration and family of symplectic structures on it
constructed as in Example 2.6. Denote by (pc, V(C)) the standard Hermitian structure on C. With
notation as in Example 2.6, for i € I C[N] define

~ Wy.p,ide)  if i#N; el 7t (i, VL)) if i N
\I/t;l;i = ( bl C) . 7& (ptﬂ;ia v(tJﬂ)) = i(pt[y (C) ) . 7&
Uy, if i=N; 5 (pc, V), if i=N.
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The tuple B o
(R)es = (Runien.rep-(v) = (Prri, VED, \Ijt;l;z’)teB,ielc[N]

is then an (wy;i)ie B ic|v)-family of regularizations for X.

Let X ={X1}ep-(n) be an N-fold transverse configuration such that X;; is a closed submanifold
of X; of codimension 2 for all i, j € [N] distinct and (wy;i)se  ic|v] be a family of symplectic structures
on X. Suppose the tuples

(g{gl))teB = (Pt;l;iv me)? \Ilzg;lf);i)tEBaiEIdN]’
(ngQ))teB = (Pt;l;i: v(w;i)’ \PE;QI);i)tEBviGIC[N]

are (we;i)ieB,ic|n]-families of regularizations for X. We define

()5 = () e (2.28)

if the two families of regularizations agree on the level of germs, i.e. there exists an (wy;i)iep icn-
family of regularizations as in (2.27) such that

¢ (2) _ g (2)
Dom(Wyr;) C Dom(‘l’t;z;i)vDom(‘I’t;J;i)» Wi = ‘Ijt;l;ilDom(\Ilt;I;i)’ qjt;[;i‘Dom(\Pt;I;i)

for all te B and i€ I C[N].

Definition 2.15(2) topologizes the set Aux(X) of pairs ((wi)ien], R) consisting of a symplectic
structure (w;);en) on X and an (w;);e[y)-regularization R for X. Families of regularizations satis-
fying (2.28) are homotopic. By the following theorem, the projection map

Aux(X) — Symp™(X), ((Wi)ie[N]a 9{) — (wi)ie[N]s
is a weak homotopy equivalence.

Theorem 2.17. Let NeZ', X = {X1}1ep=(n) be a transverse configuration such that X;j is a
closed submanifold of X; of codimension 2 for all i,j € [N] distinct, and X; C X; for each i€ [N]
be an open subset, possibly empty, such that X NX;=0 for all i€ IC[N] with |I|=3. Suppose

e B, N(0B), and N'(OB) are as in Theorem 2.13,
® (Wti)ieB,ic|n] @8 a smooth family of elements of Symp™(X), and
o (Ri)ienap) 18 an (Wii)ien(oB)ic(v)-family of regularizations for X.

Then there exist a smooth family (Nt,T;i)teB,reH,ie[N} of 1-forms on Xy such that

(wt,r;i EWt;i"‘dNt,T;i)iG[N] € Symp+(X) V(t,7)eBXI,

(2.29)
peoi =0 Vt€B,i€[N], supp(p,ry) C (B—N'(0B)) x(X;—X]) Vrel ie[N],
and an (Wt,l;i)teB,ie[N] -family (%t)teB of reqularizations for X such that
(%t)teN’(BB) = (mt)teN’(BB)' (2.30)
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Figure 2: The statements used in the proof of Theorem 2.17.

This theorem is proved in Section 5 by induction on the strata of X using the essentially local notion
of a weak regularization of Definition 5.2. By Proposition 5.3 and Corollary 5.5, a family of elements
of Symp™ (X) with compatible weak regularizations over an open subset W of X which contains all
X7 with I D T* extends over a neighborhood of all of X7«. Lemma 5.4 implements the deformations
for symplectic forms on split vector bundles obtained in Theorem 3.1 via Proposition 4.2; the latter
is a stratified version of the Tubular Neighborhood Theorem that respects symplectic forms along
the base. Proposition 3.6, the main step in the proof of Theorem 3.1, makes use of the compatibility-
of-orientations assumptions in Definitions 2.1 and 2.5. By Lemma 5.8 and Corollary 5.9, weak
regularizations and equivalences between them can be cut down to regularizations and equivalences
between regularizations. The connections between the different parts of the proof of Theorem 2.17
are indicated in Figure 2.

3 Deformations of structures on vector bundles

Let V be an oriented manifold, I be a finite set, L; —> V be an oriented rank 2 real vector bundle
for each 1€ 1, and

W:NE@Li—>V. (3.1)

i€l

We show that a symplectic structure @ on a neighborhood N’ of V in N can be deformed, keeping
it fixed outside of a smaller neighborhood N and keeping all natural submanifolds N symplec-
tic, to a very standard symplectic structure @® near V as long as w satisfies a simple topological
condition. By Proposition 3.6, this can be done for a symplectic structure @ on N’ induced in a
standard way from a symplectic form w on V and a fiberwise symplectic structure 2 on N. By
Lemma 3.10, any symplectic structure @ on a neighborhood N’ of V' in A can be deformed, keeping
it fixed outside of a smaller neighborhood A" and keeping the submanifolds Ny symplectic, so
that it restricts to a standard symplectic structure @ on a smaller neighborhood N. The main
statement of this section is Theorem 3.1; the remaining statements are used in its proof, but not
in the remainder of the paper.

By Theorem 3.1, a finite collection {V;};c; of smooth symplectic divisors in (X,w) intersecting
positively at V; can be deformed inside an arbitrarily small neighborhood Wi of V; so that the
pairwise intersections V;NV; are symplectically orthogonal inside W;. For |I|=2 and V; compact,
this is [10, Lemma 2.3]. The compactness assumption is technical and is not fundamental to the
three-page proof in [10], but the condition |I|=2 is. The latter is clearly illustrated by the one-page
proof of [27, Lemma 3.2.3] treating the V7 ={pt} case of [10, Lemma 2.3] (and thus dimgX =4).
Our proof of Proposition 3.6, the main ingredient in the proof Theorem 3.1, follows a completely
different approach. It starts with the linear algebra observation of Lemma 3.2 and deforms the
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symplectic forms in three stages as described below (3.16) and indicated in Figure 4.

3.1 Notation and key statement

For a finite set I, denote by P*(I) the collection of non-empty subsets of I. With A/ as in (3.1),
let

Ny= PL vrcl, No=|JN. (3.2)
iel-1 iel
For any N’/ C N, we define
=NpnN' VIcClI, H=NanNN".

For any neighborhood N’ of V in NV, {N]:}ep=(1) is a transverse configuration in the sense of
Definition 2.3 such that Aj; is a closed submanifold of N of codimension 2 for all 7, j € I distinct.

For k€Z2%, denote by
T ARN* —V  and  m ARN — V) el

the bundles of alternating k-tensors on N and AN, respectively. For a tensor a on N and j€ I, we
view oz]L]. as a tensor on N via the projection to L;. For a tensor a; on N; and jeI—{i}, we view
| L; as a tensor on N; via the projection to L;. For such o and oy, let

a® = Zoz|L]. € AEN* and  af = Zai]Lj € AEN; (3.3)
Jjel jeI—{i}
be the diagonal parts of a and «;. Define

AENG = {(ai)ide@l\{é/\/}*: a;,

el

= O[Z'Q

iy, i eI} V.
M1i2|ﬂ(ail) Nill‘z‘ﬂ(ab) b2

This subspace is preserved under taking the diagonal part. Denote by
YR A(]é./\/-* — A(’ENg
the natural restriction homomorphism. It commutes with taking the diagonal part.

We call a section (€%;);er of ARN a fiberwise k-form on Nj. Each €); is then a fiberwise linear
k-form on N; and
Q;,

=,

Niyiy Niyiy Vi, i9€l.
By Lemma 3.8, any such form is the restriction of a fiberwise k-form on A. We call a fiberwise
2-form (£2;);c; on Ny a fiberwise symplectic form if each ; is a symplectic form on each fiber of N;.

Let
Sympy; (Vo) = Sympy, (N7} rep+(n)

be the subspace of fiberwise symplectic forms (£2;);c; on Ny such that for all i € I’ C I the fiberwise
2-form Q| n;, is symplectic and the €;-orientation of each fiber of N agrees with its canonical
orientation, i.e. the one induced by the orientations of L;.
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Let A be a neighborhood of V' in V. We call a tuple (@;);cr a (closed) k-form on N if each @; is
a (closed) k-form on N/ and

wil‘TN{m = wi2‘T'/V;‘/1i2 Vii,i0 € 1.

By a symplectic structure on N, we mean an element (&;)ier of Symp({N7,}ep=(1)), i-e. a closed
2-form on N}, which restricts to a symplectic form on N, for each I’ € P*(I). Let

Symp™ (Np) = Symp™ ({N} } rep(1))

be the subspace of symplectic structures (w;);e; on N such that for all i€ I’ C I the w;-orientation
of N agrees with its canonical orientation, i.e. the one induced by the orientations of V' and L;.

A symplectic structure (@;);er on N3 restricts to a symplectic form w on V' and determines fiberwise
symplectic structures (Q;);er and (22);er on Np via (1.3) and (3.3). If (@;)ies lies in Symp™ (N}),
then

(Q)ier, (2)ier € Sympy, (Na) -

We call (22);c; the diagonalized fiberwise 2-form on Ny determined by (&;)icr. A tuple (V®);c;
of connections on L; determines a connection V on each N;. We call the 2-form (W7 )ier on Ny
determined by w, (€¢);cr, and these connections V as in (2.9) the diagonalized 2-form on Ny
determined by (&;)icr and (V@);cr.

Theorem 3.1. Let V be a manifold, I be a finite set with |I|>2, Ly —V be an oriented rank 2
real vector bundle for each i€, and U CV be an open subset, possibly empty. Suppose

e B is a compact manifold, possibly with boundary, N(OB) is a neighborhood of OB in B, and N’
is a neighborhood of V in N,

° (V(t;i))teB is a smooth family of connections on L; for each i€ 1,

o (Wei)teB,icr s a smooth family in Symer(Né) such that

(‘N"t;i)iel - (@t.;ib\f{)iel VteN(9B), (at?i’/\/“U)iGI = (@2

Nidier YEEB, (34)

where (Wy,;)teB,icr is the smooth family of diagonalized 2-forms on Ny determined by (&r.i)eB,icr
and (VD) iep ier.

Then there ezist neighborhoods N C N of V. in N such that N7 C N' and a smooth family
(tt,r5i)teB rerier of 1-forms on N such that

(a’tmi)ie] = ((’T}t;i—’_dutvﬂi)iel (3.5)
is a symplectic structure on N}, for all (t,7)€ Bx1I and
peoi =0, Grrilv = Onilv,  Gulg = 0ilg,  swp(pri) C (B=N(OB))xN"[v_v  (3.6)

forallteB, T€l, andi€l.
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Figure 3: An illustration for the proof of Lemma 3.2.

3.2 Some linear algebra

This section collects some basic, but crucial, observations. Lemmas 3.2 and 3.4 can be seen as
versions of [20, Lemmas 5.5,5.8]. According to these lemmas and Corollary 3.3, every linear 2-form
form Q on C" such that

(Q’C?)z’e[n] € Symp?o}(Cg) C Symp™ ((Cg),

ie. Q\@? is symplectic and induces the complex orientation of C} for every I € P*(n), can be
homotoped in a canonical way to the standard symplectic form

Qgtq =day Adyy + ... +dz, Ady,
while keeping each coordinate subspace C} symplectic. For a 2-form form €2 on C" and s€R, let
Qs = Q+ sda;Ady; Vie[n], Qs = Q + 5 Qgtq.

Lemma 3.2. Let Q be a linear symplectic form on C" such that Q\@Ix is symplectic for every
I €P(n). If the Q-orientation of C} agrees with its complex orientation for every I € P(n), then
Qisslcp is symplectic for all I€P(n), s€R20, and i€[n).

Proof. If i1, then Qi;s|(C? :Q|@? and there is nothing to prove. Suppose ¢ 1, as in Figure 3. Let
(C%-;i C C7} be the Q-orthogonal complement of C%;. Since the Q-orientations of C7, and (C?i@(C%;i
agree with the complex orientations of C7, and C7, respectively, the (2-orientation of (C%-ﬂ- is the
same as the orientation induced by the restriction of dz; Ady;. It follows that the restrictions of
Q;.5 to (C%;i and C7 are symplectic. O

Corollary 3.3. Let 2 be a linear 2-form on C™ such that Q]@;L is symplectic for every I € P*(n).
If the Q-orientation of C} agrees with its complex orientation for every I € P*(n), then Qi;s|((;? 18
symplectic for all I €P*(n), s€eR=°, and i€ [n].

Proof. If i €1, Qi;s’(C? = Q\qz and there is nothing to prove. If j € I —i, the claim follows from
Lemma 3.2 with n replaced by n—1 (drop j from I and [n]). O

Lemma 3.4. If Q and Q° are 2-forms on C", then there exists s € RZ° such that (Qs+7Q°%)|cp ds
symplectic for all T€P(n), T€L, and s> sg.
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Proof. This statement is equivalent to the restriction of the 2-form Qgyq+ %Q—i— ~Q° to each C} being
symplectic for all s sufficiently large. This is clear, since being symplectic is an open condition. [J

Corollary 3.5. Let V, I, N, and B be as in Theorem 3.1 and ()iep,icr be a smooth family of
fiberwise 2-forms on N such that (|n;)ier € Sympy>(Np) for every t€ B.

(1) For allt€ B and s>0, ((+sQ)|n; )ier € Sympy, (Np).

(2) For every smooth family (Q2)iep of fiberwise 2-forms on N and every compact subset K CV,
there exist so € RZ0 such that

((Qt—l—sQZ—FTQ?)]M)iE[ € Sympj. (Vs k) VteB, T€l, seR20, s>s.
Proof. This follows immediately from Corollary 3.3 and Lemma 3.4. O

3.3 Deformations of standard structures

Let w be a symplectic form on a manifold V and Ny CN be as in (3.2). For a fiberwise 2-form
(Q)ier on Ny, (2.9) induces a closed 2-form (@;)ic; on Ny. If (©;)icr is an element of Sympy, (NVy),
then

e (Q;)icsr induces a fiberwise symplectic form on the subbundle Ny compatible with its canonical
orientation for every I' € P*(I),

o (2)icr is a fiberwise symplectic form on Nj, and
® Wil is a symplectic form for all i€ ’C I and for some neighborhood N’ of V CWN.

By Proposition 3.6 below, the tuple (&;);c; can then be deformed, while keeping it fixed outside
of some neighborhood N C N and keeping all submanifolds N7, with I’ € P*(I) symplectic, to a
symplectic form (@1;)ier on N} so that (@W1;)icr agrees with the 2-form (&F);er induced by (2F)icr
on a smaller neighborhood /\Afa CNJ of V.

Proposition 3.6. Let UCV, I, N, N(0B)C B, and (V(m))teg’ie[ be as in Theorem 3.1. Suppose

o (wi)tep is a smooth family of symplectic forms on V,

e (Qi)iepicr and (Qé;i)teB,z’eI are smooth families in Symp‘t(/\/'a) such that
(Q;;i)z‘ef = (Qllt.z)zel VieDB,

(3.7)
(Qm)iel = (Qgﬂ')iel VtEN(aB), (Qm‘U)ieI = (Qg;i’U)ieI VteB,

o (Wii)teBicr (resp. (@{L;i)teB’iej) is the family of closed 2-forms on Ny induced as in (2.9) by the
families (wi)iep of symplectic forms on' V', (Qui)ieB icr (resp. (Qé;i)teBﬂ'e[) of fiberwise symplectic
forms on Ny, and (VD),cp s of connections on L.

If V—U is compact, then there exist neighborhoods N CN" CN' of V. CN such that N CN' and
a smooth family (ptri)teB reticr of 1-forms on Ny such that

(at,ﬂ';i)iel = ((at;i"i‘dﬂtﬁ;i)’/\/;’)ie[ (38)
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is a symplectic structure on N}, for all (t,7)€ Bx1I and

o =0, Brrily =we,  Brulg, = Orilg,  supp(u,mi) C (B=N(0B)) xNy vy

forallte B, T€l, and i€ 1.

(3.9)

Remark 3.7. If (Q;)ier and (€);c; are diagonal elements of Sympy:(Np), then the associated
closed 2-forms (@;)ier and (@});er can be directly deformed into each other using the bump func-
tion of Lemma 3.9 so that the restrictions of these deformations stay in Symp*(/\fé) for some
neighborhood N} of V' in Njy. Thus, the first assumption in (3.7) is needed for the very last

conclusion only.

Lemma 3.8. Let V, I, and N be as in Theorem 3.1 and k €Z=°. There exists a smooth bundle map

Dpro: AENG — AEN™

such that rar,p0 P prp =id.
Proof. Let (a;)icr be an element of Afé/\/ 5 in the fiber over a point x€ V. Thus,

Wit iyl = i |Gy iyl Vi1 2 €T
Assume that [ =[¢*] for some ¢*>2. For i, /€1, let

i N — N; and Tie: Ni — Nig
denote the projection maps. Define
o =miar,  apyy = o+ (i —ogln,,) YEET-1], a=op..
Since m;|n; =idy;, and 7|, =y, it follows that
ailn, = ai,  aglng = afoglwg + (el — o l,) Y EEE] =[],

By (3.10) and induction, these identities imply that

aly, =i VLE[]=li—1], i€ [l"].
Thus, the constructed smooth bundle homomorphism

Dpro: AENG — AEN™, Ppro(()ier) =

is a right inverse for 7.

Lemma 3.9. There exists a smooth function x: (0,1)x (1,00) xR — R=9 such that

XOsr) <5, | s

s, if r<d;

<.
0, if r>dets/o, "=

x(6,s,1) = {
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Proof. If §€(0,1) and s € (1,00), then 26 < de*/9—1. Let n: R—1 be a smooth function such that

0, ifr<o0; ,
_ < 2.
n(r) {17 fr> 1 I (r)| <

The smooth function
4s/6 0
x(0,s,7) :17(56 —r) <s—n(r/5—1)11n (r/é))

then satisfies (3.11). O

Proof of Proposition 3.6. Let @519 be as in Lemma 3.8. For each t€ B, define

Qt = (pN;a((Qt;i)iEI)a Q; = cpN;a((Q;t;i)iE])a Qto = Qg_Qta (312)
~ X 1 - . 1 1 .
Oy = w + g {Qlvw s @ =T+ Sdig Qv = G+ S { Qo - (3.13)
By (3.7), R
0 =Q,° VteB, supp(Q°) C (B=N(9B))x (V-U). (3.14)

Since rar90P@ a9 =id,

Qt|M = Qtﬂ'? QHM = Q;;iv at|-/\/z = @t;i, @£|Nz = Qjﬁ,z VteB,iel. (315)

We construct the desired families of 1-forms by pasting together three families of 1-forms via smooth
functions nr.1, nr.2, 7,3 : R—1 such that

0, if 7<0; 0, ifr<i; 0, if 7<%
AlT) = ! - o(7T) = ’ =3 2(7T) = ’ =3 3.16
i (7) {1, irs1, M0 {1, r>2 OV s (3.16)

We first increase the diagonal part f of ; and Q) as in Corollary 3.5(1). We then add the dif-
ference € with Q} as in Corollary 3.5(2). Finally, we reduce the diagonal part back to where it
started. We cut off all three deformations by bump functions supported near V so that the forms
do not change too far away from V, i.e. on N'=N". This construction is illustrated in Figure 4.

Fix a metric on V and a norm p(-)=|-|?> on N. For any p€ R, let
N(o) = {veN: |v|<o}.

Since B is compact, we can choose the norm on N so that the 2-form @&; is nondegenerate on
N'"=N(1) for every t € B. Since B and V —U are compact, for every smooth family 2= (Z;)cp
of fiberwise 2-forms on N there exists Cz € RT such that

SCE’U’7

v

)
v

1 - -
§d e tEttve — {Ettvow
o
p

‘[’CN{Et}V(”
VoeN|v_u. (3.17)
<C=

v

I =)
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For seC>®°(BxV;R) and 7€R, let Qs and Qs be the fiberwise 2-forms on N given by
Qtﬁ‘m:Qtlm +5(tax)Qt.‘za Qt§5,7|m:QUE‘I—FTQ?L:Qg;s‘m_(l_T)Qﬂm (318)

for all z € V; the second equality in the second statement above holds by the first property
in (3.14). By the first two equalities in (3.15) and Corollary 3.5(1), the restrictions of Q.5 0=4s
and of Q51 =, to Ny are nondegenerate for all I’ € P*(I), t€ B, and s€ C*°(BxV;R="). By
Corollary 3.5(2), there exists so € R* such that Qs -|n,, is nondegenerate over 2 €V —U whenever

I'e P*(I), teB, t€l, scC®(BxV;R2), and s(t,z)> so.

We assume that sg>2.

By the second property in (3.14) and the first equality in (3.15),

Qt;oﬁw_ =,; VteN(B), Tel,icl, o, = O VteB, t€l, iel. (3.19)

}M|U ‘MIU

By the first equality in (3.19), the openness of the nondegeneracy condition, and the compactness
of I, there exists a neighborhood W of N(0B)xV in BxV such that Q0 |x,, is nondegenerate
over x for all (t,z) € W, 7 €1, and I' € P*(I). By the second equality in (3.19), the openness
of the nondegeneracy condition, and the compactness of B x I, there exists a neighborhood U’ of
U C V such that Q0,7|n,, is nondegenerate over x € U for all t€ B, 7 €1, and I' € P*(I). By

Corollary 3.5(1), both nondegeneracy statements apply to (.5, for all s€ C°°(B x V;R=0).
By the choices made above, the restriction of the 2-tensor m*w; +{Q4s.+} v to T N7, for any
veNp|y_uy and I'e P*(I), is nondegenerate if
scR2% 7€{0,1}, or s>sg, TEL, or
seR20 rel, (t,ﬂ(v)) eW, or seR2° rel, n(v)el’.

By the openness of the nondegeneracy condition and the compactness of B, I, [0, so], and V —U,
there thus exists €* € RT with the property that &,|7,x;, is nondegenerate whenever ve Ny |y _y,
I'eP*(I), and @, is a 2-tensor on T, such that

‘@v - (ﬂ-*wt“‘{Qt;s,T}v(t))v‘ <€ (3.20)

for some t€ B and s, 7 €R with
s€|0,s0], 7€{0,1}, or s=sg, 7€, or (3.21)
s€l0,s0], TEL (t,w(v)) eW, or se€ [0, so], T€L w(v)eU". (3.22)

We assume that e*<1.

Let ng: BxV —1 and ny: V —1 be smooth functions such that

(3.23)

0, ifteN(0B); 0, ifxeU,;
= {2 1N

1, if (¢, z)€W; 1, ifxgU'’.
With the notation as in (3.17) and (3.20), define
C* = Cq + Cas + 50Cnpmyae s 0 =€ /20%, o=0dc*0/0 N" = N(5), N =N(5*/40").
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We assume that C*>1. Let y be as in Lemma 3.9. For any e€R™, let

XglR—)RZO7 Xe(r) :X(57 SOaT/E) .

By (3.11),
) so, if r<de; 0 < xe(r) < s0, (3.24)
(r) = .
X 0, if r>pe; Ixe(r)|r < 6.
(1) Let e=0/p. For veN, let
1 .
{24 gl = (Qdvol, + ma@nst 7 @)nv(r@)xa(w) {2 oo, 55
1 1 . '
2], = 3mans(t, 7)) xallo]) ew{ 2 e,
Define a closed 2-form on the total space of N by
~ X 1 ~
cung) =7 w + §dLCN{QE}T) }V(t> =W + d,ugT); (3.26)
the last equality holds by the first definition in (3.13). By (3.16), (3.23), and (3.24),
/‘E,lo) =0 VteB, supp(u.(,lf)) C (B=N(0B))xN()|lv—v Vrel, (3.27)
1 S0 o 1
By (3.25), (3.17), and (3.24),
1 *
‘QdLCN{QST)}V(t) - {Qg,lf)}vm ,=C (Jv]+0) VoeNly_ v, (3.29)
<€ VoeN(d)|v_u-

By (3.25),

) =y o Wit si2(0) = ma(T)ns(t, m(0) nv(m () xe (|0]) € [0, 0]

Along with (3.26) and (3.29), this implies that

‘awg,lr) - (W*wt + {Qt;st,r(v),o}v(t)>

<& V(t,7)eBxLveN(d)|v-u-

By the first case in (3.21), the restriction of cAuélT) to N(0)p|v—u is thus nondegenerate for all
(t,7)€ BxI and I' ¢ P*(I). By the last equality in (3.26) and the second statement in (3.27), this
is also the case for the restriction of &'V to N, =N()|lv-u-

t,T

(2) Let ea =0d¢€1/20; thus, N (gea) CN (de1). For veN, let

U’

1 o
{Qg? }v(t) ‘U = {Qt§5077377V }v(t) ‘U + ;W;Q(T)XQ(’UD {Qt }v(t)
0 (3.30)

1 [}
Hy 7 ‘v = T%UH;Q(T)XQ(’UDLCN(IJ) {Qt }v(t) ‘1} .
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Define a closed 2-form on the total space of N by

.1 _ s .
wt(QT) =mrw + §dLCN{Q§,2T) }V(t> = + god(ngnv e {0 }V(t)) + d,ug) ; (3.31)

the last equality holds by (3.18) and the first equations in (3.13). By (3.16), the second equation
1 (3.14), and (3.24),
1
,uEQT) =0 VteB, T7€]0, 5]’ supp(u.(?.r)) C (B=N(8B))xN(oe2)lv—v VteB,7€l, (3.32)

(2)

1 o 2
Mt,‘r‘j\/’(&@) = §LCN{Qt }v(t> ‘N((;EQ) Ve [37 1]. (3.33)

By (3.30), (3.17), and (3.24),

dig, {0 o — {QtT}vm < C*(Jol+6) YveNlv-v. (3.34)

E
By (3.30),

Xea ([v])
S0

O = Qg ) 7 ) With si(v) = sonp(t, T@) (), T, (v) = ma(7) el

Along with (3.31) and (3.34), this implies that
‘Wm - (W*Wt + {Qt;St(vm’,T(v)}vm) ‘v <& V(t,T)eBxL,veN()|lv-uv.

By (3.23),
se(v) € [0, s0] VVEN, se(v) = so if (t,7(v)) €W and 7(v) €U’

By the last two displayed statements, (3.22), and the second case in (3.21), the restriction of 67527)

to N(0)p|v—u is then nondegenerate for all (¢,7)€ BxI and I’ € P*(I). By the last equality

n (3.31), the second statement in (3.32), and (3.28), this is also the case for the restriction of &7,527)
to N(5€1)1/|U.

(3) Let e3=10dea/20; thus, N (0e3) CN (de2). We now reduce the diagonal part of
Qussonpny 1 = Qu+sonpnyQ +QF = Q+sonpnv (3.35)

back to Qf =Q;°. For veN, let

{QtT}V(t)} = {Qt smsnv,l}w)‘ —n3(T )773(75>W(U))UV(W(U))Xes(\UD{Q;}vm|v>

3) 1 . (3.36)
Hy T} = _577H;3(T)773(t’ W(U))n‘/(”(”)) Xe3(]v\) LCN(U){Qt }v(t> ‘v :
Define a closed 2-form on the total space of N by
~ X 1
WEBT) =T w+ §dLCN{Q§,372}V(t)
(3.37)

~ 1 . o 3
=W + §d(3077877VL§N{Qt }v(t) + LCN{Qt }V(t>> + duéT) ,
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$ON’

............ 53£§ g ONT =N (0er)
(de1)
(0€2)
(de2)
(0€s)

$ ON'=0ON (Ses)
T

0 1

R—e-—— - — — — — — — —
wivg- —— ——— — 4

Figure 4: The patched families (0 7)tcp rer of closed 2-forms on N and (Q 7)iep rer of fiberwise
2-forms on N so that &y :W*wt+%dL<N{Qt,T}V(t> in the indicated regions.

the last equality holds by (3.35) and the first definition in (3.13). By (3.16), (3.23), and (3.24),

2
w? =0 VieB, e, 3 supp (1Y) C (B—N(0B)) x N (ges)|lv_v Vrel, (3.38)
3 S0 .
10 ey = — 518 (E i A% Yo |y VEEB: (3.39)

By (3.36), (3.35), (3.17), and (3.24),

1
‘gdLCN{QE?T)}vm - {Qgi)}vm

By (3.36) and (3.35),

< C*(Jv[4+6) VveN|v_u. (3.40)

v

A = Qg 1 with 8] (v) =t m(0)nv(r(v) (s0—ma(T)Xes(V])) € [0, 50]

Along with (3.37) and (3.40), this implies that

‘awg?‘f‘) - <7r*wt + {Qt;s;ﬁ(v),l}v(t))

<& V(t,7)eBxLveN()|v-u-

By the first case in (3.21), the restriction of @7537) to N(§)r|v—u is then nondegenerate for all
(t,7)€ BxI and I' e P*(I). By the last equality in (3.37), the second statement in (3.38), (3.28),

and (3.33), this is also the case for the restriction of C)S’T) to N(de2) |y

We define smooth families of 1-forms and 2-forms on the total spaces of ' and Ny by

Htr = “ST)"FNE?T)"FNE?T)’ (Mth;i)ieI = (Mth}Afi)ieI vieB, Tl

Nier  VteB,Tel.

Wt = Wr+dper, (@eri)ier = @
By (3.27), (3.32), and (3.38),

po=0 VteB,  supp(u;) C (B-=N(@B))x(N"|ly_v) V7el
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By (3.32), (3.38), (3.28), and (3.33),

60, if (7, v) ETXN' — [}, 1] x V' (ge2);
@t(?f)|”’ if (1,v) €[5, 1 x N (8e1) =[5, 1] x NV (0e3); (3.41)
@t(i)|v’ if (T’ U) € [%v 1] XN(6€2).

Wt,T},U =

Along with the observations at the end of each step (1)-(3) of the construction, this implies that
atﬂ/\f}, is nondegenerate for all I’ € P*(I) for all (¢,7)€ BxI. By (3.41), (3.26), (3.31), and (3.37),

Qm]v:wt V(t,T)GBX]I.

By the last case in (3.41), (3.37), (3.39), and the last equality in (3.13), &r1| g =04 for all t€ B,
Along with the last equation in (3.15), the conclusions in the paragraph imply that the smooth
family (pt¢7i)te B renicr of 1-forms on Ny satisfies all requirements of the proposition. ]

3.4 Deformations of arbitrary structures

We continue with the notation introduced in (3.1) and (3.2). By Lemma 3.10 below, an arbitrary
symplectic structure (wy;)ier on a neighborhood N, é of V in Ny can be deformed to a standard

one, (Wt;)icr as in (2.9), on a smaller neighborhood of V. As with Proposition 3.6, the forms are
1/

kept fixed outside of a neighborhood Ny of V. By definition, the original symplectic forms wy;;
on N/ agree along their overlaps, i.e. on N}

1119"

Lemma 3.10. Let UCV, I, N, N(OB)CB, and N' be as in Theorem 3.1. Suppose

o (Wei)teB,icr and (&g;i)teB,ieI are smooth families of symplectic structures and of closed 2-forms,
respectively, on Ny such that

(at;i’TMlv)ieI = (&£;i|Tf\fi\v)ieI Vie B,

_ _ _ B (3.42)
(@ri) jer = (@hi)je; YEEN(OB), @rilniio)ier = @hilaiy )ier VEEB;

e KCV is a compact subset and ICCV 14s an open neighborhood of K.

Then there exist neighborhoods N' C N” of V.C N such that N7 ¢ N and a smooth family
(tt,rii)teB retier of 1-forms on Ny such that

(@eri)ser = @it dierilag) e (3.43)
is a symplectic structure on N}, for all (t,7)€ BxI and

_ ~ o~ ~ o~
Ht, 05 = 0, wtﬂ_ﬂ'T./\/’i‘V = wt;l‘TNHv’ wt,l;z|N’i‘K = Wt;i|/\/i|K7

,, (3.44)
supp(u.mi) - (B—N(&B)) XN |kc—u

forallteB, T€l, andi€l.

Proof. For each T€R, let
mr: N — N, v — TV,
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be the scalar multiplication map; it preserves the subbundles AN; C N. For each t € B and i € I,
define

Wi = &g;i—@t;i, Mt;ilv = /Olm:{wt;i(T_lg\[, .)}dT-
By the second half of the proof of [19, Lemma 3.14],
Wi = Wi + dpagss - (3.45)

By (3.42),

ut;i|v,dum|m‘v =0 VteB, ;=0 VteN(dB), “m”NnU =0 VteB. (3.46)
Since (W, )tep,icr and (a}ff,;i)teB,iel are smooth families of 2-forms on N}, (us)ieB,icr is a smooth
family of 1-forms on NVj.
Let | - | be a norm on N. For § R, let

N() ={veN: |v|<d}.

Since B is compact, we can choose the norm on A so that A(4) CN’. Choose smooth functions

nr R — 1, L b
wo-fo i el e
For 6€(0,1), te B, 7€l, and i €1, let
©) (p) = {TWIR(|U‘/5)77V(7F(v))ut;i(v), %fvej\[i/; -
- v ifv EN;—N(2).
By (3.45)-(3.47),
s =00 iyl = 0 Erslvni+ Uil = Falvionte: (3.48)

supp(4(7;) € (B=N(9B)) x N (20)ifc_, -

Thus, the smooth family (Mgf?;i)teB,reH,z’eI of 1-forms on Nj satisfies (3.44) with N = N(9),
N"=N(26), and u replaced by ().

It remains to verify that (3.43) with p replaced by 19 is a symplectic structure on N 5 for all
(t,7) € BxI and ¢ € (0,1) sufficiently small. We can assume that K C V is compact. Since B
is also compact, there exists € € RT with the property that w,|r, N, 1s nondegenerate whenever
veN(2)r|k, I'ePi(I), and @, is a 2-tensor on T, N; such that

|y — wtﬂ-|v| <€

for some t€ B. Since wy;|y =0 and BxN(2)|g is compact, there exists C' € RT such that
4’|, < O ol +o]) <605 VoeN(28)|k, 6€(0,1).

By the last two inequalities, (3.43) with p replaced by u(%) is a symplectic structure on N 5lic for all
(t,7)e BxI and 6 € (0, 1) sufficiently small. It is a symplectic structure on Nj|y _x for all §€(0,1)
because wy r.; =wy.; over V—K. O
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Proof of Theorem 3.1. Let {K}},cz+ be an open cover of V' such that the closure K, of K is
compact and contained in K ; for every £ & Z7. We inductively construct sequences (IU/?EQJ;)KGZ+
of families of 1-forms on Ap and ./\A/'(g) C j\/(’é) of neighborhoods of V' C N so that each Mgzﬂ)'l
supported in j\/(lé)‘Ké-&-l_Ké—l and for each ¢* € Z* the sum of uigl)l with ¢ € [¢*] satisfies the third
condition in (3.6) with N; replaced by (N(g+))i|x,.. We then take pi; ,; and A to be the sum of all
1-forms ug ) and the union of the open sets ./\/ ] olKe respectively. We use Lemma 3.10 followed by

Proposmon 3.6 to construct ,u( ) for each £€ZF.

t, T,

Define R
Ko=0, No=N', U=KuU VLeZ>, &), =0y VteB,icl.

For each t € B, let w; be the symplectic form on V' determined by the symplectic structure (@¢.;)ier
on N} and

(Qt§i)ie]’ (Q;;i)z‘el € Symp‘ﬁ (Na)
be the fiberwise symplectic structures on Ny determined by (@r.;)ier via (1.3) and (3.3).
Suppose ¢* €Z" and for every ¢ € [(*—1] we have constructed

(N pl) neighborhoods /\A/'([) C/\/'(’z) of V.CN' such that AT&)CK/(Z—U’

(Np2) a smooth family (ugﬁ;i)teB,reH,ig of 1-forms on Ny such that

~ (¢ (-1
(wt,T);z’)ieI = (@1 )+dﬂt il Dier (3.49)
is a symplectic structure on N} for all (t,7) € B xI,

~0

© _ ~(€) _ ~(£) _
Hioi = 0, th|v = Wt , wt,l;i}(/\?(z))”Ke = wt;i‘(ﬁ(é))ih(Z’

. ! (3.50)
supp(p..;,;) C (B—N(0B)) x (M), ‘KQ?Hng,l

for all t € B, 7 €I, and i € I, and the family (le)l)teBzej of the fiberwise symplectic

structures on Ny determined by (‘*’E,Zl);i)ie 1 via (1.3) satisfies

(£) o
(Qt,l,z)tEB iel = (Qtz)teB,iel' (3.51)
By (3.49) and induction,
) -1
B =Bt A witgly,  VtEB, iel. (3.52)
=1

y (3.4), the last two properties in (3.50), and induction,

(a}gl*;i_l))ie[ = ((‘A‘)t.;i)iej VtGN(aB),
~(€*—l)

~o | .
15 ‘ Wee-1)ilu,_, = “hi WNee—1))ilu,_4 Vie[l’], teB.

(3.53)
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Along with the second property in (3.50), this implies that

(ng;;”)ﬂ (8,),., YteN(IB), (Qgﬂ;l Vs )ier = (Walvn 1),e, YEEB.  (3.54)

Let K° be an open neighborhood of Ky« CV' so that its closure K is contained in Ky, ;. For t€ B
and 7 €1, let

Dy = T wiln+ 5 dLCN{Qtlz }v<t)
By the ¢=/¢* case of (3.53), the three conditions in (3.42) with U, N, and &,; replaced by Up-_1,
1\7@*_1), and (I)g;i_l), respestively, are satisfied. By Lemma 3.10 applied with K = K., there
thus exist neighborhoods N C J\/'(’é*) of V.C N’ such that /\/(’2* C Ng=—1y and a smooth family
(pet,r5i)teB rerier of 1-forms on Ny such that

~ ~(0*—1)
(wt»T;i)ieI —( Wi, 1;i ’(N(e* )i + th’ (Nex—1))i )7,6] (3.55)

is a symplectic structure on (./\A/'(g*_l))a for all (¢,7)€ Bx1I and

o ~ ~(*—1) ~ o~
pe05 = 0, wt,r;i|TM\v t,l,z ‘T/\/’lv Wil e = @il )00

supp (pt.,ri) C (B=N(0B)) x (Mg )iz, U,

forall te B, 7€l, and i€ 1.

(3.56)

Let K'° be an open neighborhood of Ky« CV so that its closure K’ is contained in K°. Choose a
smooth function
n:V—I st. Mk,.=1, nly_g=0.

For t€ B and i€ 1, define
- ~ ¥ 1
Q:ﬁ;i - ( )Ql(t 15 )+th S wg;i =7 wt‘f\/’i—i_gdLCN{Q;;i}V(t) :

In particular,

By the {=¢*—1 case of (3.51) and (3.54),
. . (£*—1)e . (£*-1)
(Q;;i)iel - (Qt,l;i )ie] VteD, (Q;;i)iel - (Qt,l;i )ie[ vteN(9B), (3.58)
-1 )
(Q;;i‘UZ*qU(V*K'))ieI :( 1(3,1;1' )’Uz*—1U(V*K'))ieI VieB.
(e —1)

Thus, the three conditions in (3.7) with U and €y, replaced by Up_; U(V — K’) and Q1
respectively, are satisfied. Since Ky« is a compact subset of V| so is

V —Up U(V-K') =K' —Up_; C Kpep.

By Proposition 3.6, there thus exist neighborhoods /\A/'(Z*) CN" of VCN such that N7 C N and a
smooth family (u; ..;)teB rericr of 1-forms on Ny such that

(&\;tﬂ—;i)iel = ((Z&LZ"’_dM;,T,Z)’/\fZI)zEI
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is a symplectic structure on N’ for all (¢,7) € B xI and

/ j— S . — n o~ :A,, ~
pioi =0, Wrrily = wi, Wt,l,z‘(]\/(e*))i Wt;z|(/\f(e*>)i7

. . (3.59)
supp(pt’ ;) C (B=N(0B)) x N |kr—v,.
forall te B, 7€l, and i€ 1.
By reparametrizing p -,; and ,u;’m- as functions of 7, we can assume that
1 1 .
supp(u27_;i) - (5,1], supp(ut,.;i—um;i) C [0, 5) VteB, iel. (3.60)

The tuple
(£)
('ut T; z)teB reliel — ('u’t 75 ’+'ut T3 Z)teB Teljiel
is then a smooth family of 1-forms on Ny. By the first and last properties in (3.56) and in (3.59),
it satisfies the first and last properties in (3.50) with /=/¢*. By (3.60), the last properties in (3.56)
and in (3.59), and the third property in (3.56), the closed 2-form on N} given by (3.49) with £=/¢*
satisfies

~(0*—1 .
B o 3 (7,0) €D (NI =Ny ke, e, )

~(0* — .

rily = A Bumiler I (7,0) ETX (W )im RTIVI. (3.61)
Buils i (1,0) €13, 1] XN

Thus, UJt(ET)z is a symplectic structure on N. By (3.61) and the second properties in (3.50) with
¢=0—1,in (3.56), and in (3.59), the second property in (3.50) with ¢ = ¢* is satisfied as well.
By (3.61), (3.51) with ¢ =¢*—1, the second property in (3.56), the third property in (3.59), and
the first property in (3.58), (3.51) with £=/* holds. By the third case in (3.61), the third property

n (3.59), and (3.57), the second property in (3.50) with ¢=¢* is satisfied.

By the above, we can assume that (AN pl) and (M p2) hold for all £€ZT. We can also assume that
supp(ug);i) C (1—21_4, 1], supp(,ug )Z—,ug?l) C [0, 1—24) VeeZt, teB, iel, (3.62)
ie. uge;i as a function of 7 changes only in the interval (1—2'"¢ 1—27¢). Let

N" =Nl N = UN P um—Zuﬁ)z\M VteB, rel, iel.
/=1

The sets N and A are open neighborhoods of V' C A such that N7 C N”. By the last property
1 (3.50),
l
mi, =0 VoeNik.-k

o
% —1

LAETT {0 1,0}, et

Thus, the sum above is well-defined and determines a smooth family of 1-forms on Nj,.

By the first, second, and last properties in (3.50), the family (st r,i)tcB rericr satisfies the first,
second, and last requirements in (3.6). By the last two properties in (3.50) and (3.52),

wt71;i|(f\7(£*))i‘l(2’* = (wtl—i_dz /"Lt,L’L) N(E*))i'KO - <th+dz'ut71=7’>’(/\/(z* ‘KO
o*

— )
t,l,z

(N(e* )i |K;* - wt?i|(/\7(e*))i\1{;*
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for all £* € Z*. Thus, the third requirement in (3.6) is also satisfied. If 7€[1—27¢ 1-27¢] for
some (* €Z*, then

00 -1
~ ~ Y4 ~ l *
Wi = Wit dz NE,Z;AN; = Wit dz Mg,l);i‘_/\/i’ + dﬂg,n)ib\/;
=1 =1
_ -1 () ).
- wt,l;i +le’t,T;i 'NZ - wt,T;i ’
see (3.62) and (3.52). Thus, W r; is a symplectic structure on N} for all (¢, 7)€ Bx1L. O

Remark 3.11. By the proof of Theorem 3.1 above, the compactness requirements on V —U in
Proposition 3.6 and on K in Lemma 3.10 are not necessary.

4 Tubular neighborhood theorems

We next obtain a stratified version of the usual Tubular Neighborhood Theorem which respects
a symplectic form along a symplectic submanifold. Proposition 4.2 below is used in Section 5 to
apply the essentially local statement of Theorem 3.1 in the setting of Theorem 2.17. We continue
with the notation of Sections 2.2 and 2.3.

Definition 4.1. Let N € Z*, X = {X[};cp-(w) be a transverse configuration, I* € P*(N), and
U C X+ be an open subset. A regularization for U in X is a tuple (V¥;);cr+, where U; is a regular-
ization for U in X; in the sense of Definition 2.8, such that

U, (N7« rNDom(¥;)) = X;NIm(¥;) ViclCI*, (4.1)

- L
\Ijzl‘/\/}*;iliQﬁDom(\I!il) =W, ‘NI*;ilizﬂDom(\Piz) Vit iz€l™.

Smooth families of regularizations for U in X are defined analogously to Definition 2.12(2).

Proposition 4.2. Let N € Z™", XE{XI}IeP*(N) be a transverse configuration such that X;; is a
closed submanifold of X; of codimension 2 for all i,j € [N] distinct, I* € P*(N), and U,U’ C X
be open subsets, possibly empty, such that U' CU. Suppose

e B is a compact manifold, possibly with boundary,

e N(9B),N'(0B) are neighborhoods of 0B C B such that N'(0B) C N(0B),

o (wei)te is a smooth family of symplectic structures on X in the sense of Definition 2.4,

o (Wretidien@n)icr+ and (Yu.ii)iep,icr+ are smooth families of regularizations for Xy« and U,
respectively, in X such that

p N(OB)x X+, ifx=1I%
Ao Wi (Nyeiile) = T X5 ¥V «=I"U, (t,z) € ’ ’ 4.3
(P resps Dom(‘yl*;t;z‘ﬂU)tEN(BB),iGI* - (‘I'U;t;i)teN(aB),z’eI* : (4.4)
Then there exists a smooth family (V;)icB icr= of reqularizations for Xp- in X such that
Ao Wi (Npesils) = T X2 VteEB, x€ X+, i€l (4.5)
\:[It;i 1(E e Tk \III*;t;‘ 1(E LRl
( )tEN (0B),iel ( Z)tEN (0B),iel (46)

(el Dom(wen)lo) e pier = (YUstsilDom(Wu )l ) e piere
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4.1 Smooth regularizations for transverse collections

Lemma 4.3 below shows that regularizations in the sense of Definition 2.8 that satisfy the strati-
fication condition (2.14) always exist, if V7 is a closed submanifold. By Lemma 4.4, they can be
chosen to extend given regularizations over an open subspace, after slightly shrinking the latter,
and to respect a symplectic form along V7.

Lemma 4.3. Let X be a manifold and {V;}icr be a transverse collection of closed submanifolds
of X. Then there exists a smooth map expr: T X |y, — X such that
epr\VI =id, dyexp;=id: T, X — T,X YaecVy,

4.7
exp;(TVrlv,) = VeNlm(exp;) VI'CI. (1)

Proof. Choose a metric g on X so that the orthogonal complements L; of TV; in TV;_;|y, are
orthogonal for pairs of different values of :€1. For each I' C I, let

Nrr = @Li~ Ny, Vi
iel—I
and 77 : Nj.g— Np.p be the projection map. There is then a canonical identification

TNI;I”VI = TVI”VI .

Let exp: W — X, where W is a neighborhood of X CTX, be the exponential map with respect
to the Levi-Civita connection of the metric g.

Denote by Wq: Npg — X the composition of exp with a diffeomorphism from N to a neigh-

borhood of Vi C N1.gNW which restricts to the identity on a smaller neighborhood of V; C Np.

Suppose £€{1,...,|I|} and we have constructed a smooth map ¥,_;: Nj,g— X such that
oily, =idv,  dViilrngypy, =idrag )y, : TNl — TX v,

4.8
\I/gfl(./\f];[//)ZVIHQIm(‘I/g,Q vI"cI s.t. ’I”‘>‘I‘—€. ( )

By the first two statements in (4.8) and the Inverse Function Theorem [29, Theorem 1.30], there
exist a neighborhood W of V7 C X and a smooth map ®: W — Np4 such that

\I’g_loq) = ldW, (I)O\Ifg_1’¢(w) = 1dc1>(W) . (49)

In particular, ®(VyNW) C Ny is a smooth submanifold for all I’ C I. By (4.8) and the second
equation in (4.9),

Oy, =idy,, TO(VpNW)|, =TNrrly, VI'CI, (410)

(I)(‘/}//HW) :N[;I//ﬁlm((b) VI”CI s.t. ‘I//|>|I|—€

By the first two statements in (4.10), for every I’ C I we can apply the Inverse Function Theorem

to the projection
Ty q)(‘/[/ DW) — NI;I’
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forgetting the components in L; with i € I'. There thus exist a neighborhood N’ of Vi C Ny, a
neighborhood W’ of V; C W, and fiber-preserving smooth maps

h[/;i:NI;[/ﬂN/—)Li, ’LEI/CI, s.t.
TN ) =NrpN', - (idw, . (hra)ier) omrl o, awny = idew,awny  YI'CL. (4.11)

By (4.10) and (4.11),
dxh]/;izo VaxeVr, h[/;i(’l)):() V'UGN[;]//QN’, [”DI’, ‘I”’>|I‘—£. (4.12)

Let Pj(I) denote the collection of subsets I' C I with |I'| = [I| —¢. We define a smooth fiber-
preserving map

@E(@i)ie] : Nl — N[;@ by 91(7}) = V; + Z h[’;i (7'(']/(1})).

I'ePg(I)
el’
By (4.12) and 7y (N7, 1) =Ny pure for every 1" C 1,
d@‘TNI;@\VI - id‘TNI;@\VI’ @‘NI;I/HN’ - (idNI;I” (h’p%i)ie]') Ny W v IIEPE(I)' (4.13)

By the Inverse Function Theorem, © thus restricts to a diffeomorphism on a neighborhood N of
Vi CN’. By the second statement in (4.13) and (4.11), the diffeomorphism

\IJQE\I/g_lo@Z N” — \I’g_l (@(N”))

satisfies the last condition in (4.8) with ¢ replaced by ¢+1 and Ny,;» by N7.pnN". As it also satisfies
the first two conditions in (4.8), we can obtain a smooth map Wy: Ny — X satisfying (4.8) with
¢ replaced by ¢41 by composing ¥}, with a diffeomorphism from N7 to a neighborhood of V7 C N

which restricts to the identity on a smaller neighborhood of V; C N and preserves lines inside of
each fiber of Ny .

Thus, there exists a smooth map Wy : Nyjg — X satisfying (4.8) with £=|I|+1. By composing
WU, with the orthogonal projection T'X |y, — N4, we obtain a smooth map exp; with the desired
properties. O

Lemma 4.4. Let X be a manifold, {V;}ics be a finite transverse collection of closed submanifolds
of X of codimension 2, € P*(S), and U,U' CV} be open subsets, possibly empty, such that U' CU.
Suppose

e N'(0B)CN(9B)C B are as in Proposition 4.2,
o (w)iep is a smooth family of symplectic structures on {V;}ics in X in the sense of Definition 2.2,

o (Vri)ienon) and (Yuy)ep are smooth families of regularizations for Vi and U, respectively,
i X such that

Ut (NppNDom(Voy)) = VrNIm(Way) VI'CI,  doWu (NxVila) = oV}, (4.14)
for allx=1,U, (t,z)e N(OB)xVr if x=1, and (t,z) e BxU if x=U, and

(‘I’I;t’Dom(\lfz;t)lu)teN(aB) = (‘I’U;t)teN(aB)' (4.15)
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Then there exists a smooth family (Vy)ep of regularizations for Vi in X such that

Uy (N NDom(¥y)) = VrnIm(Wy) VI'CI, doWe(NxVils) = T,V VaeVr, (4.16)
(‘Ilt)tGN’(aB) = (\Ijl?t)tEN’(aB)’ (\Ijt|Dom(\Ilt)|U/)t€B = (\IJU;t’Dom(‘IIU;tHU/)tGB' 417)

Proof. Let m: TV; — Vi and 71 : NxV; — V be the projection maps and expy: TX|y, — X be
as in Lemma 4.3. Choose an isomorphism

&f)v, T NXxV — {eXp[ ’TVI}*NXVI CTVixNxVp
of split vector bundles over TV} restricting to the identity over V; CTV7, i.e.
expy, (z,v) = (z,v) ¥V (x,v) € (T"NxVi)lv; C TV xNx V. (4.18)

Denote by ma: {exp; |rv, }*Nx Vi — Nx V7 the projection onto the second component.

Let t € B. We identify NxV; = Ny with the w;-orthogonal complement TV} C TX|y, of TV
via the quotient projection map; it is the direct sum of the ws-orthogonal complements of TV} in
TVi_ilry, with i€I. Define

\T/; = exp; |TV,“f NV =TV — X.

By the first two statements in (4.7) and the Tubular Neighborhood Theorem [2, (12.11)], there
exists a neighborhood W of Bx V7 in B xNxV; such that

Uy =Wy, : Wy — X, where {t}xW; = ({t} xNx Vi) NW,
is a regularization for V7 in X for each ¢t € B. By the last two statements in (4.7),

U, (Np.p W) = VeNlm(W,) VI'CI,  dWy(NxVile) = T,V VaeV. (4.19)

Let x=I,U, te N(0B) if k=1, and t€ B if x=U. Since U, and V,.; are regularizations,

V[, if*:I;

: (4.20)
U, ifx=U.

AU, =d,¥,;, Vaze {

By (4.20) and the Inverse Function Theorem, there exists a neighborhood W, of N(0B)x V7 in W
if x=1 and of BxU in WN(BxNxV;|y) if x=U independent of ¢ such that the map

O = \/1\1;10\1'*;,5 : Wit —> Nx Vi, where {t}xW,, = ({t}xNXVI) N W, (4.21)

is a well-defined diffeomorphism onto a neighborhood of V; CNxV} if x=1 and of U CNxV;|y for
te€ B. By (4.20), the first assumption in (4.14), and the second property in (4.19),

@*;t(l') =, dz@*;t = ld, 6*;t (N[;[/QW*#) = /\/};pﬂlm(@*;t) VI/CI, (422)
for all x€Vy if x=1 and x €U if x=U. By (4.15),

(®I§t|W1;thU;t)teN(6B) = (®U§t‘W1;thU;t)t€N(aB) : (4'23)
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With x and ¢ as above, define
W, = {veW: mr(Ox(v)) Eepr(Tm(v)V])},
@Eff: W, —TV; by @Ef}r(v) S expy (@i‘%r(v)) =77 (Oxt(v)),
W — NxVi by 017 (v) €ENxVilryw), m2(expy, (017 (v), 017 (v))) = Oxu(v).
For a smooth function n: Vi — R, let
Oty W*';t — NxV7p,
Or1(v) = 72 (eRby, (11 (1)) O2 (v), v+ (11 (1)) (O () ).
By (4.22),
Ouin(r) =2, deOury=1id, Oy (NprNW,,) = NppNIm(O,y) VI'CI, (4.24)
for all z€Vy if x=1 and z€U if x=U. By (4.23),

(@f%tv"|Wz’;tﬁWz'J;t)teN(8B) - (@U;t’n’W;;th[/J;t)tEN(aB)' (4.25)
The set
WY = {(t,v) e BxNxVi: veW,, O, (v) €W, Vrel}
is a neighborhood of
N@B)xVr ¢ | J{t}xDom(¥r,) C N(@B)xNxV; if x=1I,
teN(9B)

BxU c | J{t} xDom(¥y) C BxNxVilv if x =U.
teB

Let N"(0B)C B and UyCU"” CV; be open subsets such that

N'(0B) c N"(0B), N"(dB)C N(@B), U cU, UycU", U"cCU.

The set
W =(W=N(@B) x Nx Vi - BxNxVilgs) UWY UWG

U < U{t}xDom(\I/[;t)> U < U{t}xDom(\IIU;t)|U6>

teN'(B) teB

is then a neighborhood of BxV; in BxNxV;. Choose smooth [0, 1]-valued functions n; on B and
nu on Vi such that

—rAa nu(x) = (4.26)

0, ifte N'(dB);
ni(t) = )
1, ift¢ N"(9B):

0, ifxzeUf;
1, ifzgU".

By (4.26), (4.18), (4.21), and (4.15),

Ty(v), if (t,0) WY, t€N"(OB), m(v) ¢ U”;
U4 (Ot iy (0)) = S Ura(v), if (t,0) €W/, t€ N'(OB), veDom(¥r,); (4.27)
\IJU;t(U), if (t,v)EWL’, UEDOm(‘l/U;t)‘U(I).
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Define

U;(v), if t¢ N"(0B), m(v) U,
U:W—X, U,(v)= Ve (Ot (s (v), I (8,0) EWY, %=1 U; (4.28)
' ’ Ury(v), if te N'(9B), ve Dom(¥r,); '
Ui (v), if veDom(¥y )|y -

The domain in the first case above is disjoint from the domains in the last two cases. By (4.25),
the definitions of Wy(v) agree on the overlap of the two domains in the second case. By (4.27),
its definition on either of these domains agrees with the definitions in the first, second, and fourth
cases on the overlaps. By (4.15), the definitions of ‘it(v) agree on the overlap of the last two cases.
Thus, W is well-defined and smooth. By the last two cases in (4.28), U, satisfies (4.17) with ¥, = ;.
By the first statements in (4.14) and (4.19) and the last statement in (4.24), U, satisfies the first
property in (4.16). By the first two cases in (4.28), (4.7), and the first two statements in (4.24),

Ui(z) =z, ¥ =id: TNxVi=T,VioT,VF — T,X Y (t,z)€BxV]. (4.29)
This implies that \T/t satisfies the second property in (4.16).

By (4.29) and the Tubular Neighborhood Theorem, there exists a neighborhood

W = | (< w}

teB

of Bx V7 in W such that B B
Wilyyy: Wy — 0 (W)

is a diffeomorphism onto an open neighborhood. Let

U {t} X Wt” = U {t} X (Wt/—\fi;t_l (\T/t(Dom(\T/t)\U/)) ﬂNXV’I’V]*Ué)
teB teB

U < U{t}xDom(\I/I;t)) U (U{t}xDom(\I’U;mU/).

teN'(0B) teB

This is a neighborhood of BxV; in BxNxV; and \IftE\T!t|th is injective, since W4 and Wy are.
Thus, (¥¢)ep is a smooth family of regularizations for V7 in X with the desired properties. O

Remark 4.5. The first requirement in (4.16) is non-trivial only for |I|>2. By [19, Lemma 3.14]
and its proof, the second requirement in (4.16) can be strengthened to the equality of ¥jw; with
a standard 2-form @; on Nx V7 as in (2.9) over a neighborhood N’ of V; in NxV} at the cost of
dropping the first requirement in (4.16). By Lemma 3.10 and Remark 3.11, this strengthening can
also be achieved after deforming w; on a neighborhood of V' in X while keeping all submanifolds V7
symplectic. It appears that this strengthening can be achieved without weakening some other
condition if either |I| =2 or the submanifolds V; C X are w;-orthogonal. Due to symplectic angle
considerations, this strengthening cannot be achieved in the general case without weakening some
other condition if |I| >3. The approach of this paper, as summarized by the principle on page 2
and the nexus on page 5, is a way around this fundamental obstacle in the setting of singular
symplectic divisors and varieties.
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4.2 Proof of Proposition 4.2

By Lemma 4.4, for each i € I* there exists a smooth family of regularizations (¥¢;)iep for Xp«
in X; such that

Wi (N NDom (V) = X;NIm(Py) VielCI?, (4.30)
Ao Wi (Npesils) = To X2 VaeXp-, i€l (4.31)
(\I/t;i)teN’(OB) - (\III*%t;i)teN’(aB)’ (\Ilt?i’Dom(‘I’t;i)\U/)teB - (\I’U%tsi’Dom(‘I’U;t;i)lw)teB‘ (4.32)

Below we modify the maps Wy,; on the intersections of their domains, i.e. neighborhoods of X« in
N, I*:i1iz, i0 Oorder to make them agree there.

We can assume that I* = [¢*] for some ¢* € ZT. Let m: T X« — Xy« be the projection map and
exp: T X+ —> X7+ be a smooth map such that

exp(z) =z, dyexp=m+me: T,TX =T, Xp®T, X+ — T, X+ VzeXp-.
For each ¢ € [¢*], choose an isomorphism
expy: T Nx,._, X — exp* Nx,._, X« CTXp xNx,._, X+
of vector bundles over T' X7+ restricting to the identity over X« CT X+. Let
mo:exp* Nx,. X — Nx,._, X+

be the projection to the second component.

Suppose £ € [(*—1], ¢’ € [¢*]—[{], and

\Ijt?il ‘NI*;ilianom(‘I’t;il) - \Iltﬂé {Nl*ﬂ'llé NDom (¥y.;,) vieB (433)
if either i1 € [(—1] or (i1,42) € [¢] x [¢'—1]. For each te€ B, let
Wi = 0, (Im(Wyy)) © NpeyoerNDom(Wyy) . (4.34)

By our assumptions,
\I’f%g‘NI*;eemDom(qzm t Ny NDom (W) — Xop - and
Ve ’NI*;“/ﬂDom(\Pt;ll) t N NDom(W ) — Xopr

are regularizations for X« in Xy in the sense of Definition 2.8 satisfying the stratification condi-
tion (2.14) with I=1I* and I' >{¢,¢'}. Thus,

@t = \I}t;_g}olpt;f‘wt: Wt — N]*;M/ = NXM,X[*, (435)
is a diffeomorphism onto a neighborhood of Xy« C N7« such that
@t($> =z, d,0;=id VzeXj, @t(N]*;]ﬂWt) :N]*;[ﬂlm(@t) ife,KIEICI*. (436)

By (4.33),
(@t’NI*;iM’th)tEB = (idNI*;iM’nDom(‘ljt;Z’))tEB Vie[l'=1]-L. (4.37)
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Since (¥r=pi)icr- and (VUye)ier+ are regularizations in the sense of Definition 4.1, (4.32) im-
plies that

(Qt)teN’((?B) = (idNI*;MmDom(‘I’t;e'))teN’(&B)’ (®t|Wt|U’)t€B = (idNI*;M’mDom(\I’t;Z’”U’)tGB' (4'38)

Let mppr : Ny« — X1+ be the projection map. For each t € B, define
Wt/ = {UGWt: m/(@t(v)) EeXp(TWNI(v)X[*)} C N[*;u/,
ek W — TX|- by O (v) €Tx,, () X1+, exp (@?Or(v)) = o (0¢(v)),
ét: TN, X+ Wi — NI*;g/ZNXZ,XI*, ét(v,w) = (@t(v),ﬂ'g (ef\xf)g(@?or(v),w))).

Let N[/Vg/;t = é;l(Dom(\Pt;gl)) and ég = ét|W . With identifications as in (2.13), NWg/.tC/\/}*.g/.
Z’;t El )
By (4.36),

O)(x) =z, d,0,=id VaeXp, O)(NprNWpy) =Ny NIm(O)) if felcI*.  (4.39)
By (4.37) and (4.38),
(@;‘NI*;i[/ﬂWZ/;t)teB - (idNI*;il’mDom(\Ijt;Z’))tEB vie [5/—1]—6, (4'40)

(é;)teN’(aB) = (idDOm(‘l’t;e’))teN’(aB)’ (éHWz/;thﬂ)teB = (idDom(‘Pt;z/)IU/)teB' (4.41)

By (4.39), the diffeomorphism
\1’2;5/ = \Ift;gloé;: WK’;t — Xg/

is a regularization for X+ in Xy for each t € B satisfying the stratification condition (2.14) with
I=I* and I'>/'. By (4.41) and (4.32),

/ /
( t;ﬂ’)teN’(aB) - (\I’I*;t;é’)teN/(aB)’ (\I’t;ﬁ”Dom(‘I’i;y)\w)teB = (\I’U;t;f"Dom(\Pu;t;e/)\U/)teB' (4.42)
By (4.40) and (4.33),

Uy, Vielt—1]. (4.43)

/
‘./\/'I*;M/ﬁDom(\I/t;i) - \I/t;f"./\/}*;iz/ﬁDom(\I/;l,)
By (4.34) and (4.35),

Nieoor N Dom(Wyp) D Nipegpr ﬂDom(\I/;g/) = N]*;gg/ﬂwtl,

. (449
Wt?é'NI*;Zg/ﬂDom(\I/;'e,) - t;f/’./\/}*;“/ﬁDom(\Il’

b))
For i€ [¢*] =1/, let W}, =Wy;.
Choose a neighborhood W of Bx Xy~ in B x N7« such that

({t} xNi-;) N W C {t} x Dom(W};)  Viel*, teB.
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Define W/ € N7+ by

U {t}x W/ =Wu U( UDom(\II%;i) U UDom(\P;;mU) .

teB ieI* NteN'(9B) teB

For each t€ B and each i€ [¢*],

"o _

/ . AT .
ti = \Ptﬂ‘]\/j*.iﬁﬁv/{' : NI*;szt — X;

is a regularization for X- in X; satisfying the stratification condition (2.14) with I=T7* and I’ 3.
By (4.30) and the last statement in (4.39), (4.30) with W;; replaced by V¢, is satisfied. By (4.31) and
the middle statement in (4.39), (4.31) with Wy; replaced by Wy, is satisfied. By (4.32) and (4.42),
(4.32) with Wy,; replaced by Wy, is satisfied. By (4.33), (4.43), and (4.44), these new regularizations
satisfy (4.33) with Wy; replaced by Wy, whenever either i € [(-1] or (i1,i2) € [¢(]x[¢']. This establishes
the claim of the proposition by induction.

5 Proof of Theorem 2.17

We prove Theorem 2.17 by induction on the strata of the transverse configuration X. For each
I* € P*(N), we view {X[}rep«(r+) as an |[[*|-fold transverse configuration. Definition 5.2 intro-
duces a notion of a weak symplectic regularization for any transverse configuration X over an open
subset W of Xy, with Xy given by (2.5). If W contains all X; with I D I*, a family of such
regularizations associated with a family of elements of Symp™(X) extends to a family of weak
regularizations for { X/} ep«(r+) over a neighborhood Wy« of X« in X after deforming the sym-
plectic forms as in (2.29); see Corollary 5.5. Using the operations on regularizations described in
Section 5.3, we can combine the original family of weak regularizations for X over W and the new
family of weak regularizations for { X1} rep«(r+) over Wp« into a family of weak regularizations over

an open subset W containing all X; with I D I*; see Lemma 5.6. This accomplishes the inductive
step in the proof of Theorem 2.17; see Proposition 5.3. By Lemma 5.8 and Corollary 5.9, the
difference between a weak regularization for X and a regularization is insignificant.

We continue to use the notation introduced in Section 2.3 and combine it with the notation intro-
duced in Section 3.1. In particular, for a configuration X as in Theorem 2.17,

NX]:@NXI_Z.X], N];[/: @NXI_Z.X[CNX], NaXIZUN];iCNXI

el el—-1' i€l
for all I’C I C[N] with |I| >2. If in addition N" C N X7,

NI/;I’ :./\/[;pﬁ./\/’,, Né:NaX[le

5.1 Local weak regularizations

We begin with notions of a weak w-regularization for X over an open subset of Xy and of an
equivalence of two such regularizations. We then deduce Theorem 2.17 from several technical
statements proved in Sections 5.2-5.4.
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Definition 5.1. Let X = {X/};ep+(n) be a transverse configuration such that X;; is a closed
submanifold of X; of codimension 2 for all i,j € [N] distinct, I* € P*(N), UC X~ be an open
subset, and (w;);e[n) be a symplectic structure on X in the sense of Definition 2.4. An (w;);e[n-
regularization for U in X is a tuple (p;, v, U,)ier+ such that (U;);cr+ is a regularization for U in X
in the sense of Definition 4.1 and ((p;, V(j))jep,i, U,) is an w;-regularization for U in X; in the
sense of Definition 2.9(1) for each i€ I*.

Definition 5.2. Let X and (w;);e[n] be as in Definition 5.1 and W C Xj be an open subset. A
weak (w;);e[n)-regularization for X over W is a tuple

R = (Ri)rep+(v) = (1, VI, Vri)icrcim) (5.1)

such that
e Ry is an (w;);en -regularization for X;NW in X for all € P*(N),
e the associated isomorphism (2.25) of split vector bundles is a product Hermitian isomorphism and

\III;i‘Dom(‘llj;i)ﬂiD\I/;Il,(Dom(\I/I/;i)) =Vpo Q\III;I’|Dom(\111;i)ﬂ©\11;]1,(Dom(‘I’I/;,-)) (5.2)

for all e I' CIC [N] with |I'| >2.
An (w;);e|n)-regularization for X in the sense of Definition 2.15(1) is a weak (w;);c[n)-regularization
for X over W =Xy such that
Dom(¥;,;) = DV, (Dom(¥y,))  Viel'CIC[N], |I'|>2,

as required by the first condition in (2.17). By Lemma 5.8, a weak (w;);c|n]-regularization for X over
W = Xy can be cut down to an (w;);c[n)-regularization for X. For a smooth family (wt;i)iep,ic|n]
of symplectic structures on X, we define (wy,; ). ic|n)-families of regularization for U in X and of
weak regularizations for X over W analogously to Definition 2.12(2).

Let W,W® W c X, be open subsets and (wf;li))t637i€[N] and (Wt(;Qi))teB,iE[N} be two smooth
families of symplectic structures on X such that

wew®nw® and (wlg;li)|Xi”W)teB,ie[N] - (wlg;Qi)|Xi”W)teB,ie[N]'

Suppose the tuples

fﬁ(l) — R(l) — (1) 1),(t; 12 (1)
( t )tEB = ( t;[)tEB,Ie’P*(N) = (pt;[;i,v( )l ), \I]tﬂ?i)tEB,ieIC[N]’ (5 3)
t Jten = NI )teB 1er(v) = \Priisio »Viti) e B icicN]

are an (wt(;li))te B,ic[N)-family of weak regularizations for X over WO and an (Wg'))te B,ic[N)-family

of weak regularizations for X over W@, respectively. We define

1 ~ 2
(%g ))teB =w (%E ))tEB
if there exists an (w;li))te B,ic|v]-family

(Ro)ies = (Renen,iep(v) = (prri: VY, Veri) e picicin (5.4)
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of weak regularizations for X over W such that

I 1 I 2 T
(pt;ffb v(uL ))iEI = (pi(f;f);'ﬂ V(1)7(t717 ))iEIleW’ (pg;l)n‘? v(Z),(t,I, ))iGI’XIﬂW’

1) (2 _ g (2)
Dom(‘llt?l§i) - Dom(\pt;];i)7 Dom(qjt;l;i)’ \IjtJ;i - qjt;[;i‘Dom(\Pt;[;i)’ t;I;i’Dom(\I!t ;i)

;

Viel
for all I € P*(N) and t € B. The relation =y is transitive. By Corollary 5.9, two regularizations
over W =X that are equivalent as weak regularizations are also equivalent as regularizations.
Proposition 5.3. Let X, N'(0B) C N(0B)C B, and (w.i)teB,icn) be as in Theorem 2.17. Suppose
e [*eP*(N) and X5 W, W' C Xy are open subsets such that

W' cWw, YgﬂXI* cCW if|I*|>3, X;cW VIeEP*(N),IDI", (5.5)

* (Ri)enm) and (R))tep are an (wei)ten(aB),ic[N-family of weak regularizations for X over X
and an (Wt;i)teB,z‘e[N] -family of weak regularizations for X over W, respectively, such that

(mt)teN(aB) =w (mg)teN(aB) : (5.6)

Then there exist a neighborhood Wi« of X+ C Xy, a smooth family (Mt,T;z‘)teB,reH,ie[N] of 1-forms
on Xy such that

(wiri = wt?i—i_d#t’T;i)iE[N} € Symp™(X) VteB, T€l,

(5.7)
peoi =0 VteB, i€[N], supp(p.rq) C (B—N'(0B))x (X;i—W'UXj) Vrel, ie[N],
and an (Wt 1:)ie B ic[N)-family (DN‘it)teB of weak reqularizations for X over W/ UWp« such that
(mt)teN’(aB) SWOW (mt)teN'(aB) ’ (mt)teB =w (%Q)tEB' (5-8)

Proof. Let
(Ri)ien@n) = (Ret)enon)repr(v) and  (Ri)ep = (Ri.1)ieB 1ep*(n)-

Choose a neighborhood W” of W’ C X such that W” C W. By Corollary 5.5 with W’ replaced
by W”, there exist

e a neighborhood Wi+ of X1« C Xy such that X;NWp CW” for all Ie P(N)—P(I*),

e a smooth family (ti1,ri)te B rericin) of 1-forms on Xy satisfying (5.7) with W' replaced by W,

e an (wi 1;i)eB,ic|v)-family (ﬁm)teBJEp*(I*) of weak regularizations for {Xj}rep«(r+) over Wy
satisfying (5.34) and (5.35) with W’ replaced by W”.

In particular,

Wt;i VteB, i€[N].

‘XiﬂW” = wt’l;i‘XiﬂWN
Let W}. be a neighborhood of Xy« C Xy such that Wi. C Wr and W" be a neighborhood of
W' C Xy such that W"” CW". We next apply Lemma 5.6 with

W= Wﬂa W' = WW? (wt;i)teB,ie[N} = (wt71§i)teB,ie[N]’

(Rt;l)teB,IeP*(N) = (RQ;I)teB,IeP*(Nﬁ
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the condition (5.47) holds by (5.35) with W' replaced by W”. Thus, there exists an (we 1;i)e B ic[N]-
family (ﬁt; Die,icp=(n) of weak regularizations for X over W"”UW7. such that
> ~ / >3 ~ o)
(Rt;l)teB,IeP*(N) —w (Rt;f)teB,]eP*(N)’ (Rt?I)teB,IeP*(I*) Wi (Rt;f)teB,leP*(I*)' (5.9)

The first equivalence above implies the second equivalence in (5.8).
By (5.9), (5.6), and (5.34),

(ﬁt;f )tGN’(aB),IeP*(N) LA )teN’(aB),IeP*(N)’
(ﬁ’t?I)teN’(aB),leP*(I*) =wr. (Rt%f)teN'(aB),IeP*(ﬁ) :
Let W/. be a neighborhood of X~ C Xy such that W/. C W/.. Applying Corollary 5.7 with
Wp =Wi, Wpn=W[.L W=W"  B=N'(dB),
(Wi)teBiclv] = ("Jt,l;i)teB,z’e[N]’ Rrgll) = Rur, RIE?I) = Rur,
we obtain the first equivalence in (5.8) with W« replaced by W/.. O

Proof of Theorem 2.17. Choose a total order > on subsets I C [N] so that I > I* whenever
IDI*. Suppose I* C[N] with [I*|>2 and we have constructed

e a neighborhood Wy, of

Xn= | Jxrc Xy,
I>1*

e a neighborhood N7.(9B) of N'(0B)C N(9B),

e a smooth family (uri)ieB rericn) of 1-forms on Xy such that

(wt;r;i = wt;i‘f‘dﬂt,r;i)ie[m € Sympt(X) VteB, rel,

(5.10)
peoi =0 VteB, i€[N], supp(p.ri) C (B—Nj:(0B))x(X;—X;) Vrel, i€[N],
e an (wi,1;i)te B ic(n)-family (9R})iep of weak regularizations for X over W such that
(m;)teN; 0B) W2 (mt)teNIi (9B)" (5.11)

Let W’ be a neighborhood of X7. C Xj and Nz (8B) be a neighborhood of N'(dB) C N(9B)
such that o
W' Cc W7 and N7 (0B) C N7.(9B).

We apply Proposition 5.3 with

X;=Jx;, W=wz, N(B)=Nz(0B), N'(0B)=Ni(0B),
1€[N]

(wt;i)teB,ie[N] = (wt,1;i)teB,z‘e[N} .

Thus, there exist

48



e a neighborhood Wy« of X+ C Xy,
e a smooth family (u; ,.;)ieB rericiv) of 1-forms on Xy such that
(Whri = weti T dpt ) e € Symp™ (X) VEeB, T€l,
Wio; =0 YteB,i€[N], supp(p ;) C (B—Nz(0B))x (X;—W'UX}) V7€l ie[N],

e an (wg’l;i)teB,ie[N]—family (%t)teg of weak regularizations for X over WIZ* =W'UW;+ so that (5.8)
holds with N’(9B) replaced by N7 (9B).

We concatenate the families (putr.i)iep reric|n) and (IU/tJ;i+M;7T;i)t€B’T€Li€[N} of 1-forms on X into
a new smooth family (pi¢ i) B rericin] such that (5.10) holds with N7%(0B) replaced by N7(dB).
By the first equivalence in (5.8) with N’(8B) replaced by N2 (8B), (5.11) holds with N7.(0B) and
W7 replaced by N = (0B) and WIZ*, respectively.

By the downward induction on P* (V') with respect to <, we thus obtain a family (yit,r,i)e B reric|N]
of 1-forms on X satisfying (2.29) and an (w¢1,i)¢e B,ic[n-family (93;)iep of weak regularizations for X
over Xy such that

/ ~
(mt>t€N’(8B) =Xy (mt)teN'(aB) :
By Lemma 5.8, these weak regularizations can be cut down to an (wy,1;i)ieB,ic|n)-family (i)~fit)t€ B
of regularizations for X. In particular,
(Re)ienr@m) =xy(Rien@m) =X, (Re) jeniiom) -
By Corollary 5.9, this implies (2.30). O

5.2 Extending weak regularizations

Lemma 5.4 below is the main step in the proof of Proposition 5.3 which provides for extensions
of weak regularizations. This lemma implements the deformations for symplectic forms on split
vector bundles obtained in Theorem 3.1 via Proposition 4.2.
Lemma 5.4. Let X, N'(0B) CN(0B) C B, (wt;i)ieB,icin), 15 Xg, and W CW be as in Proposi-
tion 5.8. Suppose

(PI*;t;h V(I*;t;i)a ‘I’I*;t;i) and (PW;t;ia V(W;t;i)a \I’W;t;i)

teN(0B),il* teB,icl*

are (wei)tep-families of reqularizations for X« and XMW, respectively, in X such that

(pressil xperws VI | 5y, ‘I/I*;t;i|Dom(\111*;t;i)|XI*ﬁW)teN(&B),ieI*

i (5.12)

= (pW;t;h AN ’\IJW;t?i)tEN(aB),iEI* .

Then there exist a smooth family (pitrii)ieB rericlN) of 1-forms on Xy satisfying (5.7) and an
(wi,150) e B,ic|v)-family (pr, v, Uyi)teBicr of reqularizations for X« in X such that

(pt;’iv v(t;i)’ ‘Ilt;i)tEN’(aB),iEI* - (p[*;t;iv V(I*;t;i)a \PI*;t;i)tEN’(aB),iEI* )
((psi> VD) x,e wr, \I’t;i|Dom(\I/t;,-)|XI*QW/)tGB’Z-Ej* (5.13)

Witsi
= ((owiti: V) e s Uw i lDom oy v e i+
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Proof. For each i€ I*, let
Li:NXI*_iXI*—>XI*, N[*;i: @LjC@Lj ZNX[*.
jer—i jerx
If in addition t € B, define
O.)t;[* = wt;i’Xpw Q;@ = @wt;i|Lj .
jer —i

Choose a neighborhood W” of W’ C X such that W7 CW.

Since (wi;i)ic(n) € Symp(X), wei|z, is symplectic for every i € I*. For each i€ I*, choose a smooth
family (pz., V(t?i))te B of we|r,-compatible Hermitian structures on L; such that

(Prsis V') e nriomy = (1, VI0)

((ptsi vy \X,mw”)teB = ((pwyti, V

tEN'(OB)

5.14
(W;t;i)) ( )

‘XI* mW”)teB ;

this is possible to do by (5.12). For each t € B, denote by (@;i)iej* the closed 2-form on NyX«
induced by wy,r+, the diagonal fiberwise 2-form (Q3,)icr+ on Ny X+, and (VED);cre as in (2.9).
By (2.11) and (5.14),

(\II;*;t;iwt;i)tEN’(aB),iGI* = (@t.;’i|D0m(lI]I*;t;i))tGN’(aB)ﬂ;EI*’ (5 15)

(qjﬁ/;tﬂwt%i‘Dom(‘l’w;t;iﬂxl*mW”)teB,ieI* = (a;i‘Dom(\I’W;t;i”XI*mW”)tEB,iG[*'

By (2.11) and (2.9),
Ao Uy (Npvyile) = To X[ YV (t,2)EN(OB)x X+, (516)
oy gi (Niile) = T X2 V(o) Bx (Xp-NW). '

We first apply Proposition 4.2 with
U=XpnW,  U'=Xp0W (Yuii)epier = (OWii)iepacr s

the conditions (4.3) and (4.4) are satisfied by (5.16) and (5.12), respectively. There thus exists a
smooth family (Wy;)iep icr+ of regularizations for X7+ in X in the sense of Definition 4.1 such that

dxlllt;i(-/\/‘]*;ilx) = TxXﬁt;i vte‘B7 JIGX["W ZGI*7 (517)
(\Ijt;i)teN’(t‘)B),ieI* = (qjl*?t?i)tEN’(aB)vieI“ (5.18)
(\Pt;i|Dom(‘1’t;i)|XI*mwu)tEB,iEI* = (\I’W;t;i|Dom(\Pw;t;¢)|XI*mW”)tGB,iEI*'

The requirement (5.13) holds by (5.14) and (5.18).
For t € B and @ € I*, let wy; = U/ we;. By the last condition in Definition 2.8 and (5.17),

((T)t';i)te B.icr+ is the smooth family of diagonalized 2-forms on NyX;+ determined by (&¢.;)ieB.icr
and (v(t;i))tEB,iel* in the terminology of Theorem 3.1. By (5.18) and (5.15),

(('Nut?i)teN/(aB),ieI* = (a;ﬂ‘Dom(‘l’t;i))teN/(é?B),iEI*’ (5.19)

((:)t;i |D0m(‘1’t;i)|xl* nw")teB,iGI* = (@t.ﬂ |D0m(‘1’t;i)|xl* nw’ )tGB,iEI* :
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By the compactness of B, there exists a neighborhood N’ of X« CN X+ such that N/ C Dom(¥;.;)
for all i€ I* and t€ B.

Suppose |[I*|>3. Since
W W', X;nXpCW, XpnXp=Xpo CW VIEP(N)-P(I*),
we can shrink N so that

NN (W) Nil oo
N'nw N (Xr) c N

N W N XG) € NIx oo, (5.20)
e ¥ IEP(N)=P(I") (5.21)
for all i€ I* and t€ B. We next apply Theorem 3.1 with

V=Xp, I=I", U=XNW" N(B)=N'0B), (i),cpic; = @ilnt)iepicrs

the requirements in (3.4) are satisfied by (5.19). Thus, there exist neighborhoods N, N"of Xp« CN'
such that N CN” and a smooth family (4 ,.;)ieB rericr- of 1-forms on AV such that

(atﬁ%i)iel* = (at;i+d#;,7;i)iel* (5.22)
is a symplectic structure on N for all (t,7) € BxI and
Hhoi =0, g, =Bl SwD(Lri) C (B-N'OB))xAN | own  (5.23)
forall te B, 7€l, and i€ I*.

For each i€ I*, define a smooth family (it 7.i)tep rer of 1-forms on X; by

o], = 0, if ze X;— Uy (N);
e /‘;r-i|\p;}(x)odw‘1’;z‘lv if z€ Wy (V).

by

By (5.23),

05 = 0, \I’Zi{wt;i‘Fth,l;i}‘/\Afi = Q;Z‘J\A/l’ (5.24)
supp (p.,rii) C (B=N'(0B)) x (Wi (M) = Wesi (N, v ))

for all te B, 7€, and i€ I*. By the last statement, (5.20), and (5.21),

supp(p..ri) C (B—N'(0B)) x (X;i—W'UX;;) Vrel, il (5.25)
ferilx, =0 VIEP(N)=PU*), teB, el icl”. (5.26)

For i & I'*, we set i ;=0 for all (¢, 7)€ BxI. Since (u; ,;)ier+ is a 1-form on NV, (5.26) implies that
Hi,75ia ’Xiliz = Ht,r5iz ‘Xiliz Vi, is € [N].

Since (Wt,ry)icr+ is a symplectic structure on N for all (¢,7) € BxI, we conclude that the tuple
(111,71 )teB,rerie[n] 18 @ smooth family of 1-forms on Xj satisfying (5.7). By the second statement
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in (5.24), ((pt;j,v(t;j))jep_i, ;i) is an wy,1;-regularization for X7+« in X; in the sense of Defini-
tion 2.9(1) for all te B and i€ I*.

Suppose |I*| =2. Denote by (;+ = (nx,. the radial vector field on the total space of N X - as
defined above (2.9). For each 7€R, let

mr: NXpe — N X+, v —> TV,

be the scalar multiplication map; it preserves the subbundles N7-; CN' X+, For t€ B and i€ I*,
define a 2-form and a 1-form on N by

1
e~ i .
0
Since wy,; vanishes on TN+, Xy, the integrand above extends smoothly over 7 = 0. We also

note that

Mt;i\x,* =0 VteB, ;=0 YteN'(0B), “tﬂ'Wlx, =0 VteB. (5.27)

« MW7

The first equality above is immediate from the definition of p;, while the other two follow
from (5.19).

Shrinking N if necessary, we can assume that the restrictions of the closed 2-forms Wy, + 7wy,
to N/ are nondegenerate for all (¢,7) € BxI and i€ I*. Let & r,; be the vector field on N given by

{at;i‘f‘th;i}(ét,‘r;ia ) = :U't;i(');
it corresponds to the negative of the vector field X, below [19, (3.7)]. By (5.27),
gt,T;ilXI* =0 VtEBv €t7T§i:0 \V/teN/(aB)’ gtﬂ—;ib\/‘i"X[*ﬁW” =0 VteB. (528)

By the compactness of B, there exists a neighborhood N of X7+ C A such that the time 1 flow ¢
of & r; is defined on N (and takes values in N”’). By (5.28),

wt;i‘XI* = idXI* VtEB,

: , . (5.29)
wtﬂ = ld/\fi” VieN (aB)a wtﬂj\[i”lxl*mw" = ldN’i”‘XI*nW” VteB.
By the proof of [19, Lemma 3.14],
Uil = @il VEEB, Q€. (5.30)

For each i€ I*, the set
W= BxN; U ( U{t} xDom(\I/t;i)> U ( U {t} XDom(\I’t?i)‘XI*ﬂW”>
teN'(0B) teB
is an open neighborhood of B x Xy« in BXNp«,;. Let
Yri(v), fveN/,

0. W — N[*;Z‘, @t;i(’u) =<, if te N'(0B),

v, if ve€Dom(Weii)| ) -

52



By (5.29), (5.30), and (5.19), this map is well-defined and

®t;i = idXI* Vte B, @Zi&tﬂ-

‘XI* |Dom(®t;i) = @t.?i’Dom(G)t;i)’

. , (5.31)

®t;i = ldDom(\Ift;i) Vte N’(@B), ¢t;i|Dom(\I’t;i)|XI* Aw! = ldDom(\pt;i)lX[*mW” \V/t € B
For each t€ B, Oy, is a diffeomorphism onto an open subset of Dom(W¥;). Since |I*|=2, the tuple
(¥4.;0O¢i)teB.icr+ is thus a smooth family of regularizations for X« in X satisfying (5.18). By the
second statement in (5.31), ((ps;, v(t;j))je]*_i, VU;.;00y.;) is an wy;-regularization for X+ in X; for
all te B and ie I*. O

Corollary 5.5. Let X, N'(0B) C N(9B) C B, (wii)e,icin), 15 Xg, and W C W be as in
Proposition 5.3. Suppose (Ri.1)ien(oB),1ep+(N) and (’R;;I)teB’Iep*U*) are an (Wii)ieN(@B),ic[N]-
family of weak regularizations for X over Xy and an (wgi)ieB,icr+-family of weak regularizations
for { X1} 1epe(1+) over W, respectively, such that

(Rt%f)teN(aB),leP*(I*) =w (R:‘/;I)teN(aB),IeP*(I*) ' (5.32)
Then there exist a neighborhood Wi~ of X1 C Xy such that
XiNnWp cW VIeP(N)-P(I), (5.33)

a smooth family (fit.7,i)te B reric|N] of 1-forms on Xy satisfying (5.7), and an (wi1.)ie B ic|v)-family
(Rt.1)teB,1ep+(1+) of weak regularizations for {X}rep=(r+) over Wi+ such that
(Rt%f)teN/(aB),IeP*(I*) =W (Rt%f)teN/(aB),IeP*(I*y
=) ~ /

(Rt?f)teB,IeP*(I*) —W'nWip« (Rt§1)teB,IeP*([*) : (5.35)

Proof. Let
(Rt;l)tGN(aB)JGP*(N) - (Pt;l;i’ V(t;m)» ‘I't;l;i)teN(aB),z'elc[N]’

(RQ;I)tEB,IEP* I — (pif;l;zﬁ v/(t;l;l)v ;§I§i)t€B,ielcl* .

Choose open subsets W” W" C X and N”(0B) C B such that

wcw”, Wrcw”, W"cWw, N(B)C N'(0B), N"(0B)C N(dB).
By (5.32) and the compactness of B, there exist a neighborhood N° of X+ C N X+ such that
NP C Dom(Wyp+) YteN"(0B), iel*, N7 C Dom(V¥, ;) VteB,icl”,

o /
(\Ijt?l*;i|Nio|XI*mW’”)teN”(aB),iEI* - (\I"t;f*;i|/\ff\x,mww)teN"(aB),z'eI* : (5.36)

We apply Lemma 5.4 with
N(©B)=N"(0B), W=w" W =w",
I*:t;i ) _ . Iy )
(PI*;t;%V( Z)7q’1*;t;z)teN(aB),ieI* - (Pt;l*;uv( Z)7‘I’t;l*;z’/\ff)te]\f”(aj_f;),ief*v

Witsi ) N 1t 158 /
(pW;t;i’ V( )7 \I’W?t?z)teB,iEI* - (pt;l*;z‘7 \% ( )7 \I}t;l*;i

Nf)teB,ieI* )
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the requirement (5.12) is satisfied due to (5.32) and (5.36). There thus exist a smooth fam-
ily (kt,r:i)teB rericin) of 1-forms on X satisfying (5.7) with W' replaced by W” 5 W’ and an
(wi,151) e B,ic|v)-family (pi, VE) W) epicr of regularizations for X7« in X such that
t;i ) _ . I .
(Pt;i,v( Z>7\I}tﬂ)teN’(8B),z‘eI* - (Pt;f*wv( Z)’\Ilt%f*%z‘Mo)teN’(aB),iel*’
((pesis VDN x e v, \Ijt;i’Dom(\Ift;i)\XI*mW,,),feB’l-eI* (5.37)

= ((pgﬂ’ V,(t;i)) |XI* nw, \Il:f;[*;i

/\/f\xjmwﬁ)teB,ieI*‘

Since B is compact, there exists a neighborhood Wr+ of X« C X such that
BxWp C U({t} X U Im(\Ilt;i)) : (5.38)
teB icl*

Since

W cw” and XpnX;=Xpur CW VIEPN)-PI*),

we can shrink Wi« so that

WrnW C | Wi (N xpnwn) VEEB (5.39)
iel*

and that (5.33) holds.
For te B and i€ I CI* with |I|>2, let

-/vt;l*;l = _/\/’fm\I/Eil (Wr+) C Np=yg CNX -, \Ijt;]:qjt;i‘ﬁt;l*;l : -/V;S;I*;I — XiNWp C X;;
the diffeomorphism W7 is independent of the choice of i€l by (4.2). Let

Q\I’“:W;*JNI*;I*’I‘/\Z-J*AI — NX; (5.40)

‘X]ﬂWI*

be the isomorphism of split vector bundles covering ¥y.; as in (2.25) with I’ C I replaced by I C I*.
Analogously to (2.21), we identify 71'?*;[./\[[*;]*_[ with N X7+ so that

Neri=V! (W) C mfeyNpseor - Vi€l
For i€ I CI*, define
(s V1) = DU Y e (1 V) (5:41)
Negi = D0 Norilg . )y Wars = Vi oDV g Ny — Wi C X5 (5.42)

Since (W4,)icr+ is a regularization for X« in X and (5.40) is an isomorphism of split vector bundles,
the tuple ((I\Jt;m-)ig is a regularization for X;NWr« in X in the sense of Definition 4.1 for all I C I*
and t€ B. Since ((ps;, V(“j))jep«_i, W) is an (wy,1;i)ie[v)-regularization for X« in X for all t€ B
and 1€ I*, (P15, ﬁ(t;l?j))jel_i, \/I}t;];i) is an (wy,1,)ie[n)-regularization for XMWy« in X for all t€ B
and ielCI*.
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By the first equation in (5.42),
e O —1
Q\I/t;l (M;[;iﬁ./\/[;[’) C ./\/t;[*;p, :D\I/t;l (W;;I/N[;]_["thl;imNI;ﬂ) C 71_7*;]/./\/’[*;[*_[/

'/\7-15;1*;1’ ’
whenever i€ I’ C I C I*. By the second equation in (5.42),
Qlj[lt;f;fl = Q\I/t;[/ O@‘I]t;_jl N W}(;I/N];[,I/ |f\7t>[-im/\/1-[/ — NXI/

XpynWrps?
~ o N ~ ~ ~ o
Q\I]t;l;l’ (Aft;l';i) - M;I;ia Wi = Wy, 00V Q\I/t;l;l’ (M;I’;i) — X,

whenever i € I’ C I C I* and |I'| >2. Along with (5.41), this implies that the tuple (ﬁt;[)[e’l)*(]*)
satisfies the second bullet condition in Definition 5.2 with [N] replaced by I* for every ¢t € B. Thus,

(ﬁt;l)tEB,IE”P*(I*) = (pt[z;v( i3t) \Ijtlz)ZGICI*,tEB

is an (wr,1;i)te B icr+-family of weak regularizations for {X7};cp«(r+) over Wips.

By (5.38) and (5.39),
XMW C Im(\lfm) VtEN/(aB), XiﬁW,ﬁW[* (@ \I/t;i(Dom(\Ilt;mXImWn) VteB, (543)

whenever ¢ € I[*. Along with the first part of the second bullet condition in Definition 5.2, this
implies that

(et T . = (DU F s (10, V5°9) vieN'oB)
(Pt T v/t ) |X,mW’mW1* {Q\I/t 5T }*777*;[ (p;f;l*;i’ v/(t;l*;i)) ‘X,mW’ﬂW,* VteB,

whenever i€ I C I* and |I|>2. Combining the last four equations with (5.41) and (5.37), we obtain

~ < (t;1;i = it
(Pt;I;iav(t l))teN’(aB),iEIC[* = ((pt;];i7V(t Z))’XIHWI*)teN’(@B);iEIC[*) (5 44)

o S(bI i
((pt;l;hv(t’ ’Z))‘XIHW’OWI*)teB,ieIcI* - ((PQ;I;ivvl(t’ ’l))|XzﬂW’ﬂW1*)teB,ieIcI*'

By (5.43) and (5.37),
DU, (NergNDom(Wry)) = DU, (NyriNDom(Wy, 1)) € Nigrei € Dom(¥y;) Ve N'(9B),
DV, (Naszsi xcgrwraw,. NDom (¥, 1)) = ov, (Naszsilx;0mrow,. "Dom(P}..))

C /\Aft;f*;i

C Dom \I/m VteB,

‘XI*OW” |X AW

whenever ¢ € I C I* and |I| > 2. Along with the second part of the second bullet condition in
Definition 5.2, this implies that

Vte N'(0B),
VteB.

| _ , -1
Viril g, om0 = V6175 © OVt G opom(w.r)

oy /—1
=Wy 0OV I T

Uhril o i
tile Nt;l;i|XImW’r‘|WI* ﬂDom(\I/%;I;i) Ny z\X,nW’mW « NDom (¥} t1; 1)

Combining the last four equations with (5.42) and (5.37), we obtain
(\Pt;l;i|~&\/’t;1;imD0m(\Pt;I;i))tGN/(aB)aZEICI* - (\Pt;l;i|-/Vt;1;imD0m(‘I/t;I;i))teN’(aB)’iGICI* ’ (5 45)
~ P .
(\Ilt;f;l’/\ft;hﬂxmw,ﬁwl* mDom(\I';;I;i))teB,z‘elcl* - (\Ijt;f;i|./\/t;1;i|xlmw/mw[* ﬂDom(\If;;I;i))teB,z‘e]cI*'

v (5.44) and (5.45), (Rur)iep.repe(1+) satisfies (5.34) and (5.35). O
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5.3 Merging weak regularizations and equivalences

By Lemma 5.6 below, two weak regularizations for X over open subsets of Xy that are equivalent
over their intersection can be pasted together over the union of slightly smaller open subsets. By
Corollary 5.7, two weak regularizations that are equivalent over each of two open subsets are also
equivalent over the union of slightly smaller open subsets.

Lemma 5.6. Let X, B, (Wt;i)teB,z’e[N}7 I*, and W' C W be as in Proposition 5.3. Suppose
Wi, W}. C Xy are open subsets such that

Wi, € Wr, XinWp. cW VIeP(N)-PI), (5.46)
and (R;1)ieB,rep+(n) and (ﬁt;[)teB’[e'p*(I*) are an (Wi )eB,ic|N)-family of weak regularizations

for X over W and an (wi)ieB.ic1--family of weak regularizations for {X1}rep«(r+) over Wrx,
respectively, such that

(R’f%f)teB,IeP*(l*) Swaw,- (Rt;f)teB,IeP*(I*) : (5.47)

Then there exists an (wii)iep,ic[n)-family (Rt IteB,1ep+(n) of weak regularizations for X over
W'UW}. such that

(Rt%f)teB,IeP*(N) =wr (Rt;f)teB,IeP*(N)’ (Rt%f)teB,IeP*(I*) =wi, (Rf%l)teB,IeP*(I*) - (5.48)

Proof. Let
(Re;1)teB,1eP(N) = (Pt;l;iav(t;l;i)v\I't;fﬂ')teB,ieIC[N}’ N = Dom(Wy,r;) C N, (5.49)
(Rt;l)teB,IeP*(I*) = (ﬁt;l;i, V(t;l;i)7 \Ilt;f;i)teB,ieIcI*’ N;f i = Dom( i) C NIZ
By (5.47), there exists an (wy;)teB,icr+-family
(R;;I)tEB,IEP* (I*) = (pt HEE v/(t L) \Ilt,l,z)teB icICT*
of weak regularizations for { X1} rep«(r«) over WNW;s such that
(Phizas V') = (o610, VI ¢ s P V) | ¢ e, VIEICT, (5.50)
MIZ_Dom( ) CM[Z’MIZ7 \Il;I;i = \Ilt§l§i"/\/t/;l;i7\Ijt§[;i|~/\/’t,;1;i VZEICI* (551)
Define

W =W -W'nWhi., Wi =W -W'NWi., W = WnWr N (W UW.),
'N‘t(;l;i = \I]t;_ll;z' (WO) ‘XIOWO’ -/VEI T \Ijt_llz (W;*)

n r—1
Xnwe,’ 'N;t;lz \Ijtlz( ﬁ)‘leWm'
By the first assumption in (5.5) and (5.46),

Wenwyp =0, W/UWy. = WeUWRUWh, (5.52)
XN(W'UWp) = Xin(W°UWR) C XiNW VIEP(N)-P(I*). (5.53)
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For te€ B and i€ I C[N] with |I|>2, let

./\7 .= t?l;iu'/\/;f;r};w if IGP(N)_P(I*)v
;15 () ) N : * (T
t;I;iUM;I;iU t; 110 ifrep (I )

By the second statement in (5.52) and (5.53), M;I;i is a neighborhood of X;N (W' UW/.) in
NIﬂ’X[ﬂ(W’UW;*)‘

With t€ B and i€ I as above, define

I 7 = Wy.rii if veN2,UNTY
Wiri: Neri — Xi, Uyri(v) = At’l’z(v)7 1 v /Yt’“ /\[t’[” (5.54)
Uiri(v), if veNgp,, TeP*(I*).

By the first statement in (5.52) and (5.51), these definitions agree on the overlap /\/’pl.iﬂ/\Aftc.’I;i.
Since _ B R

Wi (Molz) N Wi (/\/tOIZ) CWenwr. =0 (5.55)
by the first statement in (5.52) and the maps Wr,; and \Tlt;[;i are injective, (5.51) implies that
the map W, is injective as well. Since the tuple (¥y.1.;)ier is a regularization for X;NW in X
for every I € P*(N) and (Wy,1,)icr is a regularization for X;NWy« in X for every I € P*(I*), we
conclude that (¥.r,)ier is a regularization for X;N(W/UW7.) in X for every I € P*(N). By (5.55)
and (5.51), these regularizations satisfy (5.2).
(t159)

We define a metric ps,r;; and a connection v on the vector bundle ./\/'XI%XI\XIO(W/LJW;*) by

(pﬁ];iav(t;[;i))an lfxEXIm(WOUWm)7

~ A(t'[‘i) . ° %/ T (556)
(pt;[;iav i ){E? lfxEX[ﬂWI*, IEP (I )

(ﬁt;[;ia v(t;];i))x = {

By the first statement in (5.52) and (5.50), these definitions agree on the overlap X;NWrNW7..
Since the tuples

((pr1js VEID ) e, Wy 14) and ((Pes155, \ACE2 PR {I\’t;I;i)

are an wy.;-regularization for X;NW in X; whenever i € I C [N] and an wy.;-regularization for X W«
in X; whenever i € I C I*, respectively, we conclude that the tuple ((psr.;, 6(“1;3'))]'61_1-, \flt;j;i) is an
wei-regularization for X;N(W/UW7}.) in X; whenever i€ I C [N]. By (5.55), the maps (5.54) and
the pairs (5.56) satisfy the first part of the second bullet condition in Definition 5.2.

By the last two paragraphs, the tuple

- L ewni

(Rt;I)IE'P*(N) == (pt;[;’iv v(t )7 \Ijt;l;i)iejc[]\” (557)
is an (we;)iev)-family of weak regularizations for X over W/UW[.. By (5.54) and (5.56), it
satisfies (5.48). O

Corollary 5.7. Let X, B, (Wei)epicin), I*, W CW, and Wi CWr- be as in Lemma 5.6. If

(RE}I))tEBJGP*(N) and (RE?I))tGBJep*(N) are (Wt;i)ie B ic(n)-families of weak regularizations for X
over WUWr« such that

(1) ~ (2) (1) ~ 2)
( t;I)teB,IEP*(N) :W(Rt;f)teB,IEP*(N)’ (Rt;1>t€B,I€P*(I*) :WI*(Rt;I)teB,IGP*(I*)’ (5.58)
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then 0 o
(Rt;f )teB,IeP*(N) gW’UW}* (Rt;l )teB,IeP*(N) :
Proof. Let Rglj) and Rfl) be as in (5.3). By the first assumption in (5.58), there exists an
(Wi )1e B ie[n)-family

(Rt%f)teB JePH(N) = (pt il A » Wy, “)teB,z‘eIc[N] (5.59)

of weak regularizations for X over W such that
(pt;I;hv(t;I;i)) (p(ll)z v t“))
Dom(\l’t;f;i) - Dom(\Ilg I)z) Dom(q’z(e;zl);i)v Wiri = \Ilt Ty

(2) v( ), tIz))

|me7 (ptIz7 |me7

o (5.60)
‘Dom \I/tjl) t; 150 ‘Dom (Pe10)

for all t € B and i € I C [N] with |I| > 2. By the second assumption in (5.58), there exists an
(w;i)te B ier--family

2] — (7 W EIR T
(Rt;l)teB,IeP*(J*) = (pt%fﬂﬁv( Z)>\Ijt§1ﬂ)teB,i€IC1* (5.61)
of weak regularizations for {X;}cp(r+) over Wi« such that
-~ < (t;1;i (1) 1),(t;15 (2) 2),(t; 15
(Pei, VD) = (F’tlwv( M) |X1ﬂW[* (ptlz’v( Mt Z))‘mef*v

Dom(@t;f;i) - Dom(\IlgI)Z) Dom(\Ilg?I)J), ‘I’t;f;i = \Ilzg,ll)z

(5.62)
; ‘Dom(\flt;l;i)’ t; 150 ‘Dom(@t;l;i)

for all te B and i€l CI* with |I|>2.

By (5.60) and (5.62),
(Pt;f;iv V(t;m)) ‘X,ﬂWﬂW,* = (ﬁt;fﬂv §(t;l;i)) ‘X,ﬂWﬂW,* J

Uprg - = Uy -
t’I’Z|Dom(‘yt;l;i)mDom(‘Pt;I;i)|XImWﬁWI* t’I’Z’Dom(‘l’t;f;i)ﬂDom(‘I’t;I;i)\XImeWI*

for all t € B and i € I C I'* with |I| > 2. Thus, the families (5.59) and (5.61) of weak regular-
izations satisfy (5.47). The proof of Lemma 5.6 provides an (wi;).ep,ic|n)-family (5.57) of weak
regularizations for X over W/UW/. such that

(pesrsi, Vg, if x € XOW?;
(Prorsi, VD), = 1 (pura, VE D), if 2 € XNWY., T€P(N)=P(I");
(ﬁt;[;ivv(t ))x, ifiUGX]mWI,*, IEP*(I*),
= Dom(¥y;r;;), if e P(N)—P(I*);
Dom (W) C ~ . N
Dom(\I/t Ii ‘XIQWIUDom(\I’t;I;i)‘XmW}*a if IeP*(I");
Uyri(v), if veDom(\T/t;I;i)
\Tlt;f;i(”u) = Wri(v), if veDom(\I’t;I;i)|XmWI,*, IeP(N)=P(I*);
\/I\/t;[;i(v), if v GDom({flt;I;i)‘XIOW}* , I epP* (I*)
Along with (5.60) and (5.62), these identities imply that
~ (4 .3 1 . ”
(Pt 9619) = (sl T089) §2, wRE)

Dom(¥y,r1) € Dom(W(}), Dom(¥),), Wyr; = 0}

|XIﬁW’;

‘Xm W/UW;, )’ ( ‘Xm W/UW )’

’Dom (Pery)’ t;I;i‘Dom(\I’t;I;i)
for all t€ B and i€ I C[N]. This establishes the claim. O

o8



5.4 From weak regularizations to regularizations

We show below that the first requirement in (2.17) is not material, provided the second requirement
in (2.17) is appropriately modified. By Lemma 5.8 below, a weak regularization for X over Xj
can be cut down to a regularization for X. By Corollary 5.9, two regularizations for X that are
equivalent as weak regularizations over Xy are also equivalent as regularizations.

Lemma 5.8. Let X, B, and (wii)ep,icin) be as in Theorem 2.17 and (Rir)iep,1ep+(n) be an
(wti)eB,ic|N) -family of weak regularizations for X over Xy as in (5.49). Then there exists a
collection of neighborhoods

At <M € BN X,

teB
of Bx Xy with I € P*(N) and |I|>2 such that N ;O\ N1, CNyri for alli€ I CIN] with |I|>2 and
the tuple

v (6150)

/ —
( t;l)teB,IeP*(N) = (Puri; ’qjt%fﬂ‘f\fz’;zﬁNI;i)teB,ieIc[N] (5.63)

is an (Wi )re B ic[N)-family of regularizations for X in the sense of Definition 2.15(2).
Proof. For each I € P*(N) with [I| >2, let 7;: NX;— X1 be the bundle projection map. If in
addition t € B, define
\Ijt;]: U-/V;t;[;i — X(Z)> \Ilt;l(v) = \Ijt;I;i(U) V’L)G./\/;g;];i, iEI;
el
by (4.2), Wyr(v) is well-defined for v €Ny 1., "N 14, Let
prr: NX; — R, pi;1 ((vi)ier) = max { pyri(vi): i€},

to be the square metric on N X7.

For 1€ P*(N) with |I|>2, let
{8} xNer € BXNX;
teB
be a neighborhood of B x X such that N;.;NN7; CNy.r,; for all t€ B and i€ 1. Define

Ner= (D9, 1 WNar), Niro=NgNNpXp  VieB. (5.64)
I'cl
1'|=2
By (5.2),
\I]t;I|NtO.I.8 = \Ijt;f’ (¢] let;f;f’ -N—to-pa \V/ I/CIC [N], ’I/‘ 22 (565)
By (5.64) and (5.65),
DVyr.p (/\/'{’I) C /\/{?1/ vV I'CIC|[N], |I'|>2. (5.66)

If in addition e€ C*°(Bx X ;R"), define
Nir(e) = {veNX;: prr(v)<e(t,mr(v))},  Nura(e) = Nir(e) " NoXr.
In particular,

NeXr= [ {thxNgr NXi(e) = ({8} x N (e) € BXN X,

teB teB
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are neighborhoods of Bx X; in BxN X].
We show below that there exist functions e; € C*°(Bx X ; R") with I C[N], |I|>2, such that
Nir(2WMer) € N, (5.67)
er (6, Urr(v)) = er(t,m1(v)) YoeNyr (2 er) NNy (5.68)
for all t€ B and I'C I C[N] with |[I'| >2. We take N}, ; =Nj;(er). By (5.65) and (5.67),

=Wy oDV

\Ijt;I’Nt’;ImNaX[ ‘/\ft’;lm/\/axl :

Since DWV;.r.;7 is a product Hermitian isomorphism,

OUyr.r (Nea(er)) = (H{weNXrly, @ prr(w)<er(mr(v)}
VEN1 (e1) N v (5.69)

= Nur(er)

‘Ijt;I(M;I(al)ﬂNI;I/);
the last equality holds by (5.68). Combining (5.69) and (4.1), we conclude that

V.1, (Nip) = Nip VI'CIC|N], |I'|>2, teB.

XI/m\Pt;I('/\/;/;ImNI;I’)

Along with the assumption that (Re.1)iep rep+(ny 18 an (wii)iep,icqn)-family of weak regulariza-
tions for X over Xp, this implies that (5.63) is an (wy;)se B ic|n)-family of regularizations for X.

In the remainder of this proof, we inductively construct functions e; € C*°(B x X;R™) satisfy-
ing (5.67) and (5.68). By (5.65) and (5.67), (5.68) for all I’ C I C [N] with |I’| > 2 is equivalent
to (5.68) for such I', I with |[I—I'|=1. For each (€7, let

P=HN), PZ(N) € P(N)
denote the collections of subsets of cardinality £ and of cardinality greater than ¢, respectively.

Suppose £ € {2,..., N} and we have chosen ¢; for all I € P>¢(N) so that (5.67) and (5.68) are
satisfied by all elements of P~>¢(N),

\Ijt;l1 (M;11;8(2e+1511)) N \I’t;IQ (M;12;3(2£+1512)) C ‘Ilt;llUIQ (M;11U12;8(2£+1811U12)) (570)

for all Iy, Iy € P~*(N), and

\I’t;h (M;I1;3(2Z+1511)) N Xlz C \Ijt;hUIz (-N’t;hub;@(zeJrlshUIQ)) (5-71)

whenever I} € P>¥(N) and I, € P(N). Furthermore, (5.70) and (5.71) hold with 2*! and the
inclusions replaced by C €[0,21] and the equalities.

For t€ B and I* C I C[N] with I* € P=Y(N), let

Wireir = {Ws1(u,v): (u,v) € Ny ®Np1—1+) WNp X1, prr(u) <2 e (mr(w)),
pr.r(v) <2€51(7r[(v))} C Xp.

60



By (5.67) and (2.14),

Uyr (Nyro(29ter)) = Wi 0 X = 0
for all I* C I C[N] with I* € P={(N). Along with (5.71), this implies that

Wi (M;I;B(Qzﬂfl)) —Werrrur N X =0 (5.72)

for all I* € P=Y(N) and I € P>¢(N). By (5.70), (5.67) with I replaced by I; UIy, and (5.65) with
(I,I/) replaced by (IlLJIQ,Iik), (I1UI2,I2), and (IlU[Q,IfUIQ),

Wersin, O Wer, (Nuno(2n,)) C Yirun Narrune(2%erun)) (5.73)
for all I} C Iy C[N] with I} ¢ P=¢(N) and I, € P>Y(N). By (5.70), (5.67) with I replaced by I;UI5,
and (5.65) with (1, ') replaced by (I;Uls, I7), (I;Uls, I3), and (I;Ul, IFUL),

Wiz, O Wersin C Yerrury (Narrurgo(2%errun) (5.74)

for all I C I C [N] and I} C I, C [N] with I}, I} € P={(N) and I} # I5. By (5.71), (5.67) with I
replaced by I1UIs, (5.65) with (I,I’) replaced by (I31UIly, IT) and ([;UIly, IfUIy), and (4.1) with
(I*,I) replaced by (I1Uls, I3),

Wersn, 0 X1, € Vepon (Nerruno(2%erun)) (5.75)
for all I} CI, C [N] with It € P={(N) and L e P*(N)—P*(I}).

For each I* € P=*(N), let

Wi = Xp — U Wy (Mro(2ler)) — U Wy (N2 er)) = Wi r-ur — U X1,

I*CIC[N] IeP>£(N) IC[N]
Ig T
X;]* =X — UWt?I*J’ XI/* = U{t}XXt/;I*v Wrs = U{t}XWt;I*‘
I*CICIN] teB teB

Since ¥y, depends continuously on ¢, X/. is a closed subset of Bx Xy and Wy« is an open subset.
By (5.73), (5.74), and the definition of W+,

Wiry NV, (M;b;a(%é’h)) =0, Wi "Wipg, =0, Wi N X, =10 (5.76)

for all I; € P=Y(N), I, € P>*(N) in the first case, I3 C I, C[N] with I3 € P=(N) and I} # I} in the
second case, and I € P(N)—"P(I}) in the third case. By (5.72), X]7. C Wy«. Since the closed sets
X]. are disjoint, there exist open subsets

Wi = [ J{t}x W/ ¢ BxXy VI*eP/(N) st
teB
Wi W =0 VI, IePTHN), [ #15, X C Wi, Wi CWpe VI"ePTH(N).  (5.77)

For each I* € P=Y(N), define

WI* = U{t}XAW/t;[* = W}* U U U{t}XWt;I*;Ia

teB teB [*CIC[N]
'/\/Z;I*;a = \Ij;[l* (Wt§1*)7 NéXI* = U{t}x'/\/;‘,/;l*;a'
teB
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By (5.67) and (5.65),
{’U eENg X+ |\Ilt;1(u) : UE/\[t;[;a(QeJrlE])ﬂN];[*, pr.r+(v) <2€€1(t, W[(u))} - JVZ;I*;@ (5.78)

for all t € B and I* C I C [N]. By the last assumption in (5.77), the first statement in (5.76),
and (5.73),

Wt;[f N1, (Nino(2%er,)) C Vyrrun, (M;Ifulg;8(2£5[i‘ub)) (5.79)

for all I} € P=Y(N) and I, € P>Y(N). By the first and last assumptions in (5.77), the second
statements in (5.76), and (5.74),

Wiirs N\ Wit C Uyrrors (Nyrrorgo(2%errun)) (5.80)

for all I, I € P=*(N) with I} #1I;. By the last assumption in (5.77), the last statement in (5.76),
and (5.75),

Wt;l; N X1, € Vypun (Neruno(2erun)) (5.81)
for all I} € P=¢(N) and I, € P*(N)—P*(I}).

Since W= is a neighborhood of Bx X+ in BxXy, N, X1~ is a neighborhood of BxX - in BxNyXp-.
Thus, there exists an open subset

N' Xy = U{t}x/\/t’;l* C BXNXp st Nijpg=NoXp- NNy VteB.
teB

Choose /. € C™®°(Bx X+;RT) so that
NXp-(2th) CN° X« NN X« (5.82)
Let

X =Xren (U (Naro@en),  Xp = ({8 x Xure0,

Iep=UE+D(N) teB
Icr
Xl{;[* =X — U\Ilt;l(/\/‘t;l;a(Qggl))v XI/* = U{t}XXt{;I*'
Iep=UE+D(N) teB
IcrI

Since Wy depends continuously on ¢, X}. is an open subset of B x X«. Let {nrs,7;.} be a
partition of unity on B x X+ subordinate to the open cover {X7+g, X].} of Bx Xj-.

Define

Er*:9+ X[*;a — R+ by
8]*;3(75, \I»'t;[(u)) = 8[(75,71’[(U)) VUGM;[;3(2€+1€[)ON];[*7 IEP:(Z—H)(N), I“cl.

By (5.70), (5.67), (5.65), and (5.68), these definitions agree on the overlaps. Let

/ /
6[* == 77[*;85[*;6 + 77[*5]* . BXX]* — R+
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We next observe that
N (2Wer) C N, Nyrp(2er) C Nl VteB, I"e PTY(N). (5.83)

By (5.82), this is the case for the fibers over X}. —Xj+.5. The second inclusion in (5.83) for the
fibers over X7+.9—X7. is a special case of (5.78). The first inclusion in (5.83) for these fibers follows
from (5.67) and (5.66) with I'=1*. If (t,x) € X}.NAX=.5, then

ep(t,x) <ep(t,x)  or  ep(t,z) <epp(t, ).
Either of these cases implies (5.83).

By the first inclusion in (5.83), e+ satisfies (5.67) with I=1I*. Since e« =ey+.p on Xp«,9—XJ., €1
satisfies (5.68) with I’=1I* and |I|=/¢+1 and thus for all I D I*. By the second inclusion in (5.83),

\Ilt;l* (M;I*;8(2Z51*)) C Wt;[* . (584)

By (5.81), e+ thus satisfies (5.71) with I; =I* and 27! replaced by 2¢. By (5.84) and (5.79), e~
satisfies (5.70) with I; =I*, |I5| > ¢, and 2*! replaced by 2¢. By (5.84) and (5.80), (5.70) with 2¢*+!
replaced by 2 is satisfied whenever |I1|, |Iz|=¢. By the downward induction on |I|, we thus obtain
functions e; € C*°(B x X;RT) satisfying (5.67) and (5.68), as well as (5.70) and (5.71). O

Corollary 5.9. Let X, B, and (wii)iep,ic(n) be as in Theorem 2.17 and (iﬁgl))teB and (%iQ))teB be
(wti)ie B,ic|N) -families of reqularizations for X that are equivalent as families of weak regularizations
for X over Xy, i.e.

R 2y, (RD)sen. (5.85)

Then they are equivalent as families of regqularizations for X as in (2.28).

Proof. Let (9%%1)),563 and (%gz))tEB be as in (5.3). By (5.85), there exists an (wi;i)se g icv)-family
(Ri)iep of weak regularizations for X over Xy which satisfies the conditions below (5.4). By
Lemma 5.8, it can be cut down to an (we;i)ep icinv)-family (R})iep of regularizations for X. Since
the latter still satisfies the conditions below (5.4), we obtain (2.28). O

Remark 5.10. Lemmas 5.6 and 5.8, Corollaries 5.7 and 5.9, and their proofs apply in the smooth
category as well (as opposed to the symplectic category). For a smooth regularization, we need only
Riemannian metrics pyr,; on the real rank 2 vector bundles N, ,X; which are preserved by the
differentials DWy.7.rr.
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