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Abstract

We use mirror formulas for the stable quotients analogue of Givental’s J-function for twisted
projective invariants obtained in a previous paper to obtain mirror formulas for the analogues
of the double and triple Givental’s J-functions (with descendants at all marked points) in this
setting. We then observe that the genus 0 stable quotients invariants need not satisfy the divisor,
string, or dilaton relations of the Gromov-Witten theory, but they do possess the integrality
properties of the genus 0 three-point Gromov-Witten invariants of Calabi-Yau manifolds. We
also relate the stable quotients invariants to the BPS counts arising in Gromov-Witten theory
and obtain mirror formulas for certain twisted Hurwitz numbers.
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1 Introduction

Gromov-Witten invariants of projective varieties are counts of curves that are conjectured (and
known in some cases) to possess a rich structure. In particular, so-called mirror formulas relate
these symplectic invariants of a nonsingular variety X to complex-geometric invariants of the mirror
family of X. In genus 0, this relation is often described by assembling two-point Gromov-Witten
invariants (but without constraints on the second marked point) into a generating function, known
as Givental’s J-function, and expressing it in terms of an explicit hypergeometric series. The
genus 0 Gromov-Witten invariants of a projective complete intersection X are equal to the twisted
Gromov-Witten invariants of the ambient space associated to the direct sum of positive line bundles
corresponding to X. The genus 0 mirror formula in Gromov-Witten theory extends to the twisted
Gromov-Witten invariants associated with direct sums of line bundles over projective spaces; see
[7, 8, 11]. By [5], the analogue of Givental’s J-function for the twisted stable quotients invariants
defined in [12] satisfies a simpler version of the mirror formula from Gromov-Witten theory. In
this paper, we obtain mirror formulas for the stable quotients analogues of the double and triple
Givental’s J-functions for direct sums of line bundles. We use them to test the stable quotients
invariants for the analogues of the standard properties satisfied by Gromov-Witten invariants.
In the future, we intend to apply the methods of this paper to show that the stable quotients
and Gromov-Witten invariants of projective complete intersections are related by a simple mirror
transform, in all genera, but with at least one marked point.

1.1 Stable quotients

The moduli spaces of stable quotients, @g,m(X ,d), constructed in [12] and generalized in [4], provide
an alternative to the moduli spaces of stable maps, ﬁgm(X ,d), for compactifying spaces of degree d
morphisms from genus g nonsingular curves with m marked points to a projective variety X (with
a choice of polarization). A stable tuple of quotients is a tuple

(C, Yy Ym; S1CCM RO, . .. ,SpC(C”P(X)(’)C), (1.1)
where C is a connected (at worst) nodal curve, y,...,yn, €C* are distinct smooth points, and

S1CcC"®0O¢,.. .,SPCCnP®OC



are subsheaves such that the supports of the torsions of C"'®@0¢/S1, ..., C"®0O¢ /S, are contained
in C*—{y1,...,ym} and the Q-line bundle

we(yr4- .. +ym) ® (APSF) @ ... @ (A'PSH)" — C

is ample for all e€ QT; this implies that 2g+m > 2.

In this paper, we are concerned only with the case g=0. For m,dy,...,d, € Z=% and nq, ..., np €L,
the moduli space B
Qom (P I xP 7 (dy, ..., dy)) (1.2)

parameterizing the stable tuples of quotients as in (1.1) with h'(C,O¢) =0, i.e. C is a rational
curve, rk(S;) =1, and deg(S;) =—d;, is a nonsingular irreducible Deligne-Mumford stack and

dim Qg ,,, (P™ " x...xP™ ! (dy,...,dp)) = (dr+1)n1 + ... + (dp+1)np —p — 3+ m;
see [5, Propositions 2.1,2.2].
As in the case of stable maps, there are evaluation morphisms,

evit Qo (P ' X xP™ 7 (dy,...,dp)) — P x P i=1,2,...,m,
corresponding to each marked point. There is also a universal curve

U — Qo (P, d)
with m sections o1, ...,0p (given by the marked points) and p universal rank 1 subsheaves
S, CcC"0y.
In the case p=1, we will denote S; by §. For each ¢=1,2,...,m, let
Vi = —m.(07) € H* (Qo (P, d))

be the first chern class of the universal cotangent line bundle as usual.

The twisted invariants of projective spaces that we study in this paper are indexed by tuples

a=(ay,...,a;)€(Z*)" of nonzero integers, with 1€ Z=°. For each such tuple a, let
l l
\a\:Z|ak|, (a) = Hak/Hak, al = Hak!, aa:H Lak\’
k=1 ak>0 ap<0 ap>0 k=1
vp(a) =n —|al, = |{k: (1) ak>0}| {(a) = (T (a) — £ (a).

If in addition n,d€Z™, let

Via = €D Rom.(8*) & @ R'm.(S*) — Qpn ("1, d), (1.3)

ap>0 ar<0

where m: U — Qy.,,,(P"~ 1, d) is the universal curve and m>2; these sheaves are locally free.



By [4, Theorem 4.5.2 and Proposition 6.2.3],
SQ?L;a(Cly"-ycm)E/ Hev %, m>2, dezt, ¢; ez,
QO (I[Dn 1 d)

where x € H?(P"1) is the hyperplane class, are invariants of the total space Xn:a of the vector
bundle

GB Opn—l(ak)}X . — Xn;(ak)ak>0 , (1.4)
ni(ag)ay >0
ap<0
where Xo:(44),, 50 C P"~! is a nonsingular complete intersection of multi-degree (ag)q>0. If

vp(a)=0, i.e. X5 is a Calabi-Yau complete intersection, let

SQEy Zq SQFalcty -, cm),
with GW%;a(c)E<a> if |c|=n—4—{¢(a)+m and 0 otherwise.

1.2 SQ-invariants and GW-invariants

In Gromov-Witten theory, there is a natural evaluation morphism ev: & —P"~! from the universal
curve T: U—)i)ﬁo m(P"1 d). If n,d€Z", the sheaf

V) = = P Rm.ev* Opa-i(ar) ® @D R'meev* Opai(ar) — Mom(P", d), (1.5)

ap>0 ap<0

is locally free. It is well-known that
CWI _(c1,...,cm) E/ Hev* ¢ m,eZ>0, dezZ™,
’ Mo,y (PP—1 d)
are also invariants of X,,.5. If 1,(a)=0 and m>2, let
GW%{él’ Z Qd GWd Cla RS cm)7
with GW%;a(c)E<a> if |c|=n—4—/¢(a)+m and 0 otherwise.

Stable-quotients invariants and Gromov-Witten invariants are equal in many cases, but differ for
many Calabi-Yau targets, as we now describe. Let

ard —apd—1
11 T @wsn) 111 (aw-n
Frualw, ) qu m@d a0l o0 - cQuw)([d],  (16)
I (s =wr)
i0(q) = Fun0.0),  Jnalg) = 2L (L.7)

jo(Q) ow (O,q)'

The term w™ above is irrelevant for the purposes of the main formulas of Sections 1-3. Its intro-
duction is related to the expansion (4.9), which is used in an essential way in the proof of (3.14) in
Section 10.



Theorem 1. Let 1€ 720, n€Z*, and ac (Z*)! be such that v,(a)=0. If m=2,3 and c€ (Z=°)",
then

> "SQl,(c) €Z  VdEL, (1.8)
GW§ .. (Q) = To(¢)™* SQ5,a(q) — m.2(a) Jnzalq) , (1.9)

where 0y,2 is the Kronecker delta function and Q — ge’na(D) s the mirror map. Furthermore, the
genus 0 three-marked stable-quotients invariants of X,.a satisfy the analogue of the dilaton equation
of Gromov-Witten theory if and only if €~ (a) >0 and of the divisor and string relations if and only
if 0 (a)>1.

The relation (1.9) follows from the explicit mirror formulas for the stable-quotients analogues of
the double and triple Givental’s J-functions provided by Theorem 2 in Section 2 and similar re-
sults in Gromov-Witten theory [15, 21]; see Section 2 for more details. By [3, Theorem 1.2.2 and
Corollaries 1.4.1,1.4.2], (1.9) holds for m >3 as well. As the mirror formulas of Theorem 2 relate
SQ-invariants to the hypergeometric series arising in the B-model of the mirror family without
a change of variables, (1.9) illustrates the principle that the mirror map relating Gromov-Witten
theory to the B-model reflects the choice of the curve-counting theory in the A-model and is not
intrinsic to mirror symmetry itself.

The analogue of (1.9) for GW-invariants is well-known. By [13, Proposition 7.3.2], the genus 0 GW-
invariants of a Calabi-Yau manifold with 3+ marked points are integer. The m =2 case of (1.8)
for GW-invariants is implied by the m =3 case and the divisor relation. The m =2, 3 cases of (1.8)
for SQ-invariants follow from the m =2,3 cases of (1.8) for GW-invariants and from (1.9), since
In(q),Q(q) € Z[[q]]; the integrality of the coefficients of Q(q) whenever £~ (a) =0 is a special case
of [10, Theorem 1].} Since (1.9) extends to m >3 by [3], so does (1.8), but without the d*~™ factors.

Since In(q) =1 if and only if £~ (a) =0 and Jy,.a(¢) = 0 if and only if £~ (a) =0, 1, (1.9) implies
that the primary SQ- and GW-invariants of Calabi-Yau complete intersections are the same if
¢=(a) > 1; by Theorem 2, this is also the case for the descendant invariants. Stable-quotients
replacements for the divisor, string, or dilaton relations [9, Section 26.3] for an arbitrary Calabi-
Yau complete intersection X,.o are provided by (2.23), (2.24), and (2.25), respectively. For the
sake of comparison, we list a few genus 0 SQ- and GW-invariants of the quintic threefold X5 (5)C P4
in Table 1; these are obtained from (2.33) and (2.34), respectively.

1.3 SQ-invariants and BPS states

Using (1.9), the genus 0 two- and three-marked SQ-invariants of a Calabi-Yau complete intersection
threefold X,.a can be expressed in terms of the BPS counts of GW-theory. For example, by the
m=2 case of (1.9),

SQua(q) = (@)Jnalg) = > BPSL,(1,1)In (1 — g%e™a(@)), (1.10)
d=1

'The integrality of the coefficients of I(g) and of Q(g) in the cases £~ (a)>0 is immediate from their definitions.



d dGW4 ., (1,1) dSQL..(1,1)

1 2875 6725

2 4876875 16482625

3 8564575000 44704818125

4 15517926796875 126533974065625

5 28663236110956000 366622331794131725

6 53621944306062201000 1078002594137326617625

7 101216230345800061125625 3201813567943782886368125

8 192323666400003538944396875 9579628267176528143932815625

9 367299732093982242625847031250 28820906443427523291443507328125
10 | 704288164978454714776724365580000 | 87086311562396929291553775833982625

Table 1: Some genus 0 GW- and SQ-invariants of a quintic threefold X, s)
where BPSZ;a(l, 1) are the genus 0 two-marked BPS counts for X,,., defined by
GWLL(Q ZBPS (1,1)In (1 - Q%).

If all genus 0 curves in X,,.5 of degree at most d were smooth and had normal bundles O(—1)y30(—1),
the number of degree d genus 0 curves in X,,., would be BPS,‘i;a(l, 1); see [18, Section 1].

Under the regularity assumption of the previous paragraph, the moduli space

Qoz( s )E{UEQ02 nia,d): evi(u) € Hy, eVQ(u)EHQ},

where Hy, Hy CP"~! are generic hyperplanes, would split into the topological components:

° Zé ’l(d) of stable quotients with torsion of degree d and thus corresponding to a constant map
to HiNHo;

. Zé’l(d) of stable quotients with image in a genus 0 curve C'C X,,.5 of degree d¢ <d.

For C' C X,.a as above, Z(];l(d) consists of the closed subspaces Z(];J_%n(d), with r € Z" and der <d,
whose generic element has torsion of degree d—dcr. We note that

dim Zgi, (d) = 2r—2 4+ d—dcr +2 = d — (de—2)r,

which implies that each Zé%ﬂ(d) is an irreducible component if do > 1. If do =1, Zéi(d) is con-
tained in Zé’,ld(d), but still gives rise to a separate contribution to SQfll;a(l, 1), according to (1.10).

The number SQZ;a(Q, 0), which arises from the constrained moduli space

Qo2 (Xnard) = Z3°(d) = 257 (d),



is (a) times the coefficient [Jy.a(q)]a of ¢¢ in Ju.a(q); see [5, Theorem 1]. The contribution of
Z,'(d) to SQz;a(Q,O) is the same; this explains the first term on the right-hand side of (1.10).
Under the above regularity assumption, (1.10) can be re-written as

SQpa(l, 1) = @ [na(@la+ Y %[[e"ma@ud,rdc, (1.11)

C r=1

where the outer sum is taken over all genus 0 curves C' C X,,.a. This suggests that the contri-
bution of Zé%"(d) to SQg;a(l, 1) is %[[e‘]“;a(q)}]d,mc. This contribution depends on the embedding
into P*~!, which is as expected, given the nature of SQ-invariants.

Since the embedding C'—P"~! corresponds to an inclusion Op1(—d¢) — C"®Op1, each element
of Zéi(d) corresponds to a tuple

(Caylva;SCS/®d675/CC2®OC), where
(C,y1,y2; SCC*®0c) € Qo o(P',d), (C,y1,y2: 5" CC*®0OC) € Qpao(P', 7).

This modular style definition readily extends to arbitrary genus, number of marked points, and
dimension of projective space. The arising deformation-obstruction theory can be studied as in
[12, Section 6].

1.4 Outline of the paper

Theorem 1 is a direct consequence of Theorem 2 in Section 2, which in turn is the non-equivariant
specialization of Theorem 3 in Section 3. We adapt the approaches of [20, 16, 15] from Gromov-
Witten theory, outlined in Sections 5 and 6, to show that certain equivariant two-point generat-
ing functions, including the stable-quotients analogue of the double Givental’s J-function, satisfy
certain good properties which guarantee uniqueness. The proof that these generating functions
satisfy the required properties follows principles similar to the proof of the analogous statements
in [20, 16, 15] and uses the localization theorem of [1]; it is carried out in Sections 7 and 8.

This approach also implies that certain equivariant three-point generating functions, including
the stable-quotients analogue of the triple Givental’s J-function, are determined by three-point
primary (without w-classes) SQ-invariants. In the Fano cases, i.e. v,(a) >0, enough of these in-
variants are essentially trivial for dimensional reasons to confirm Proposition 3.1 in these cases;
see Corollary 9.1. However, there is no dimensional reason for the vanishing of these invariants to
extend to the Calabi-Yau cases, i.e. v,(a) =0; thus, a different argument is needed in these cases.
We employ the same kind of trick as used in [5] to confirm mirror symmetry for the stable quotients
analogue of Givental’s J-function and essentially deduce the Calabi-Yau cases from the Fano cases.
Specifically, we show that the equivariant three-point mirror formula of Proposition 3.1 is equiv-
alent to the closed formula for twisted three-point Hurwitz numbers of Proposition 4.1, whenever
la] <n. In Section 9, we show that the validity of the latter does not depend n; since it holds
whenever |a| <n, it follows that it holds for all a, and so the equivariant three-point mirror formula
of Proposition 3.1 holds whenever |a| <n. Along with [21], Proposition 3.1 finally leads to the
mirror formula for the stable-quotients analogue of the triple Givental’s J-function in Theorem 3;
see Section 10.



The closed formulas for twisted Hurwitz numbers of Propositions 4.1 and 4.2 are among the key
ingredients in computing the genus 1 twisted stable quotients invariants with 1 marked point. At
the same time, this paper and [21] provide an approach to comparing the (equivariant) genus g
m-fold Givental’s J-functions,

e(Via)
(711—101) cee (hm_wm)

in the SQ- and GW-theories for all g > 0 and m > 1 with 2g4+m > 2. By Proposition 6.3 and
Lemmas 6.5 and 6.6, in the genus 0 case the restrictions of these generating functions to insertions
at only one marked point agree whenever v, >1. In all cases, the approach of [21] can be adapted
to show that (1.12) is a sum over (at least) trivalent m-marked graphs with coefficients that involve
equivariant m/-pointed Hurwitz numbers with m’ <m, which are conversely completely determined
by the stable-quotients analogue of the m/-pointed Givental’s J-function with insertions at only
one marked point through relations that do not involve n. Since these relations hold whenever
vn(a) >0, they hold for all a. We intend to clarify these points in a future paper.

' m

D qMevi x ... xevin b e H*(P" Y[t .. 5 [ [d]] (1.12)
d=0

The Gromov-Witten analogues of Theorem 2 and its equivariant version, Theorem 3 in Section 3,
extend to the so-called concavex vector bundles over products of projective spaces, i.e. vector bundles

of the form l

@ OIP’"lflx...xIP"P_l(ak;la ces ,ak;p) — Pl XIPmp_l,
k=1
where for each given k£ = 1,2,...,1 either ag.1,...,arp € 720, with ar;; # 0 for some 7, or
k1, - - - 0kp €4~ . The stable quotients analogue of these bundles are the sheaves
l
P @... 08" — U — Qua(P™  x.. xP (dy,...,dp)) (1.13)

k=1
with the same condition on ay.;, where §; — U is the universal subsheaf corresponding to the i-th
factor. We will comment on the necessary modifications at each step of the proof.
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2 Main theorem

We arrange stable quotients invariants with two and three marked points into generating functions
in Section 2.1 and give explicit closed formulas for them in Section 2.2. In Section 2.3, we use
these formulas to relate SQ and GW-invariants, with descendants, and obtain replacements for the
divisor, string, and dilaton relations for SQ-invariants.



2.1 Givental’s J-functions

For computational purposes, it is convenient to define variations of the bundle (1.3) by

Vi) = = P R'n.(S*(—01)) & EP R'7.(S**(—01)) — Qp,m(P" . d),

ap>0 ap<0 (2 1)
na = @ RO S*ak @ Rl S*ak 0.2)) N @O,m(Pn_lad);
ap>0 ap <0

where n,d€Z*, m>2, and 7: U —>@07m(]P’"*1, d) is the universal curve; these sheaves are also
locally free. Whenever v, (a) >0, [5, Theorem 1] provides an explicit closed formula for the stable
quotients analogue of Givental’s J-function, the power series

e(V(d))
h—1r

Zpalz,hq) =1+ quevl*[ e H*(P" H[h "[[q]], (2.2)
d=1

where evy : Qgo(P"" !, d) — P! is as before and x € H?(P"~ ') is the hyperplane class. In this
paper, we obtain a closed formula for the power series

e = (B[] [[a]]; (2:3)

0 (d))
Zn x,h,q) =1+ devy, (
7a( Q) dzgq 1 [h "

see (2.26).

We also give explicit formulas for the stable quotients analogues of the double and triple Givental’s
J-functions, the power series

e(Viia)
hi—1)(h2 —12)

Z.;;a<$1,$2, h, h27q) = iqd{evl XeV?}*[( ] S H*(Pn_l)[hl_17 hQ_I] HqH’ (2'4)
d=1

(Vi)
ho —12)(h3 —3)

Zy (@1, 3, 3, I, By, By, q) = qu{e\fl X evsy XeVS}*[(h1_¢l)( (2.5)

where z; =7z is the pull-back of the hyperplane class in P"~1 by the i-th projection map and

evy Xevy: @072(1[””_1, d) — PPl prt,

ev e n—1 n—1 n—1 n—1 (26)
1><eV2><eV3.Q073(IP’ ,d)—>]P> x P x P
are the total evaluation maps. Let

. 1

Zn;a(xlyan)hlahQ?q) = h +h inlx? (33175527711,7:&27(1),

1 2 $1,82>0
S1+s2=n—1
Zn'a(xla$27x3ahl)h27h3)q) - ! Z xilengd ($1,$2,$3,h1,h2,h3,q)' <27)
’ hyhahs

81,52,83>0
51,82,83<n—1
S1+S2+s3=2n—2



For each s €720, define

oo
Zih(w, hg) = 2* + Y _qlevi.

(VD) oyt
e(Vihevge® ] e 1 (Y [[q].

— h—1n
=1 . (2.8)
AG) _ s ZOO d e(V,Sfla)\)ev;xs s« mon—1yr3—1
Zn;a(l', h7 Q) =z + d:1q CVix h_wl €H (]P) )[h ] Hq]]7

where evy,evy: @072(Pn_1,d) — P!, Thus, Z(g . as Zn(.)a:Zn;a, and

)

. (07 (a)4+s — - (0 (a)+s
@GO ) = @2 @) s>,

where Ei(a) = max (% {(a),0).

By Theorem 2 below, Z,gfa, Zr(Ls;, and the stable quotients analogues of the double and triple
Givental’s J-functions, (2.4) and (2.5), are explicit transforms of Givental’s J-function Z,., and

its “reflection” Zn;a; this transform depends only on a (and s in the first two cases).

2.2 Mirror symmetry

Givental’s J-function Zn;a and its “reflection” Zma in Gromov-Witten and stable-quotients theories
are described by the hypergeometric series (1.6) and

apd—1 —apd
HO HO (apw+r) Ho ]jl(akw—r)
Fra(w,q) qu vn(e)d S22 T e € Q(w)[[q]]- (2.9)
1;[1 ((w+r)" - w”)

These are power series in ¢ with constant term 1 whose coefficients are rational functions in w
which are regular at w = 0. We denote the subgroup of all such power series by P and define

D: Q(w)[[q]] — Q(w)[[q]], M:P—P by
pr={1+ 2 iy, Mag=p(He0) G

If v,(a) =0 and s € Z=°, let
I(¢) = M°Foa(0,9),  Is(q) = M Fua(0, 9). (2.11)
For example, I,(q)=1if s<{~(a), I,(¢)=1 if s</t(a),

IT (axd)! TI ((—1)29(—ayd)!)

dak>0 ap <0

4 ()"

NE

jZ*(a)(Q) - jé*(a)(‘]) - if Vn(a):07

a
Il

0

and more generally [ e (a) (@ q)=1 +r+(a) (@) for all s>0. If v, (a) >0, we set I(q), I (q)=1.

S

10



It is also convenient to introduce

ard —aid
HO Hl(akarT) HO Hl(akw*T)
Fra(w,q) qu va(a)d 27T e € Q(w)([q]] (2.12)
];[1(w+7“)”

and the associated power series I3(q) = M®F),.a(0, ¢) in the v, (a) =0 case. In the case 0 <v,(a)<n,
we define cgds), €Q with d, s,s' >0 by

Z Z c /ws qd — SDan;a(w,q/w””(a))

d=0s'= (213)
_ wstJrE* (a)Fn;a (w, q/wun(a)) _ wSDS+€+(a)Fn;a (w’ q/wun(a)).

(0)

Since ¢, = 05+, the relations
s—vp(a)dy
SN VA = 50000 Vs €270, 5 <s—vy(a)d, (2.14)
d1,d2>0 =0
d1+d2:d
inductively define c( » €Q in terms of the numbers c(d 1 with di <d. For example, & S), =0, and
ap— 1 —ak—l
s—un(a) l [T II (akw—+r) [T II (apw—r)
ap>0 r=1 ap<0 r=1 —vp(a)+1
Z C 'w + H Ak w+1)n—€+(a)—€*(a)—s SEE Q[[U)H
If 8 <0 or v,(a)=0,n, we set C( ), = 04,0055’ -
For s1, $2, 53, d€Z20 with s1, 59,53<n—1, let
[((1—aq)i, (a)fc, (a)ic, (@) '], if v (2) =0;
@ = do T , : 2.15
s do d1§2:d3>0( ) 0 tl;Il Cst Zt (a),8t—vn(a)di—Le(a) * if Vn(a) >0; ( )
d0+7d1-7kd27+d3 d
where
n—¢t(a) n—~_0~ .
. (t(a), ift=1;
= J[ & I H Ita st=n—1l-s;, U(a)= {E_( ) o 3. (2.16)
t=s+1 t=s+1 (a)’ itt=2,3;

and [f(q)]a is the coefficient of q° of f(q)€Q[[g]]. In particular, I¢=1if s>n—("(a) and I¢=1 if
s>n—{"(a). Since I;=1; ¢ (a) = l;14+(a), We find that

(@)= (1—-a%) " ifs<t(a), Ig)=01—a%)" ifs<tF(a)
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see [21, Proposition 4.4]. This implies that

oo

(d)

81 S92, qu =1

if v,(a) =0, s1+s2+s3 =2n—2, min(sy,s2,s3) < ¢ (a). (2.17)
d=0

(0) ~(0)

We use this observation in Section 2.3. Since ¢, , =05 s, Cs;,s0,53 = 1.

Finally, for each s€Z*, we define D°Z,,.a(z, h, q), D Zn.a(, i, q) € H*(P"1)[A][[¢]] inductively by

. . . 1 d .
QOZn;a(xy ha Q) = Zn;a(x7 ha Q)a ©5Zn;a(xa h: q) RPN {l’ + EQ} Qs_lzn;a(-x; ha Q)7
.(q) da (2.18)
0 il ) = al ), D Zra(o ) = i {4 R0 D )
Iy(q) dg

Theorem 2. Ifl€Z7°, neZ*t, and ac (Z*)!, the stable quotients analogue of the double Givental’s
J-function satisfies

. 1 . .
Zna(1, 22, M1, ho,q) = T Z Zfﬁé)(ﬂﬁl,hva)Zﬁi)(@,haQ)- (2.19)
$1,52>0

S1+s2=n—1
If in addition v, >0,

Zpa(21, 29,3, A1, ha, i3, q)

3
1
- h1hahs Z §?352,53qdz7(1 a) (1‘1, hl’ HZ o ) xt’ ht ) ’ (2'20)
d7 k) ’ ZO t:2
st 58 <ni—1

51+52+53+Vn(a)d—2n—2

ooSVn

l’ h, q Z Z (o). Z*(a) hS*Vn(a)d*S”DS'Zma(JJ, h, q), (2.21)
where (Z,0*) = (Z,47),(Z,07).

2.3 Some computations

The first identity in Theorem 2 also holds for the Gromov-Witten analogues of the generating
series Z,’; a Z,(sz),, and Z,(f;, see [15, Theorem 1.2] for the general (toric) case. If v,(a)>2—/("(a),
the analogues of (2.20), (2.21), (2.26), and (2.27) hold in Gromov-Witten theory as well. Thus, in
this case the double Givental’s J-functions in Gromov-Witten and stable quotients theories agree.

If v,(a)=1 and £~ (a) =0, the analogue of (2.21) in Gromov-Witten theory holds with {x +h qd%}

replaced by {a!q +x+ hqd%} in (2.18). Finally, if v,(a)=0 and ¢~ (a) <1, the analogue of (2.21)
in Gromov-Witten theory holds with

D% a2, 1, Q) = ?EZ; {x+thQ}©S—lz‘ma<m,h, Q) Vsezt,
D% Fpalr, 1, Q) = fé;’; {x+h@ Q}@S*Zmamm@ v sez*,
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where Q = ge/»=(@ . The same comparison applies to the equivariant version of Theorem 2, The-
orem 3 in Section 3, and its Gromov-Witten analogue; see [15, Theorem 4.1] for the general toric
case. Thus, just as is the case for the standard Givental’s J-function, the mirror formulas for
the double Givental’s J-function in the stable quotients theory are simpler versions of the mirror
formulas for the double Givental’s J-function in the Gromov-Witten theory. Furthermore, just
as in Gromov-Witten theory, the generating functions Zr(f;, Zr(Ls;, and Z; .a above do not change

when the tuple (a1, ..., q;) is replaced by (a1, ..., a;, 1); this is consistent with [4, Proposition 4.6.1].

Comparing Theorem 2 and [5, (1.7)] with [15, Theorem 1.2] and the m =3 case of [21, Theorem A],
we find that

2?%2Y($17--~,$3,ﬁ1,-~-7h3aﬂ?) (2.22)
2.22

:j'()(q)mee Jna(q)<hi+ +hm)Z.n;a(x17.__’xm7h1’.__7hm7q)

with Q= ge’»=2(@ as before and m=2, 3; we intend to extend this comparison to m >3 in a future
paper. The same relations hold between the generating series Z,,.o described below. For m=2, 3,
b1, b2, b3, c1,¢2,c3>0, let

a), if by, by, b3=0, c1+cotcz=n—1-/L(a);
SQ?L;a(TblclvaQCQ,TbSC;J,) = {< > 1,92,93 1TC2TC3 ( )

, otherwise;

0
(a), if b1,b2=0, c1+ca=n—2—{(a);
{

SQg;a(Tb1claTb202) = %>7 if {b17b2} = {Oa_l}acl_‘_CQ:n_l_E(a)?
0, otherwise;
SQ.a(Tp,C1, Thy, Cm) = / e(VT(L‘Q) H (wb ev;z®) VvdeZt,
QO m(]Pm lrd) =1
SQnia Zq SQ (Thy €1y - s T, Cm)-

Since GW-invariants satisfy the divisor, string, and dilaton relations, (2.22) leads to modified
versions of these relations for SQ-invariants:

c1,c2,1 c1,c2 c1+1,c2
1,02,U ™ ) -4
Io(@) T (@)SQEL>" (@), a0 = SQ (@)by,by +SQut a2 (@), —1,6,
(2.23)
+S 61.’62+1(Q)b1,b2—1 )
T0SQEH2 ()b b0 = SQUEE (Q)by—1,60 + SQi (@)1 621 » (2.24)
S %1§;f270(q)b1:b271 = _Jnva(Q)S %1;;1627 (Q)bl,bz,O . (225)

The discrepancy from the corresponding relations of GW-invariants is exhibited by the power series
Iy and I (or equivalently Jy.a(q)).

By (3.12), (3.9), (1.6), and (2.9)

Fn;a(x/ﬁ, q/SUVn(a))
Io(q)

Fn;a(x/hy Q/xljn(a))

Zneal,li,q) = e
: Io(g)

) Zn;a(ﬂ% h7 q) =

, (2.26)

13



if v,(a) >0.2 For s€ ZT, define

: Fra(w, : 1 d
DFa(w, q) = M D Fpa(w, q) = { +3 }95 Fpa(w, g),
Io(q) I(q)
- Fn'a 3 1 d
D0 F.a(w, q) = M D Fpa(w, q) = w—— {1+ g }@ Ea(w,q).
Io(q) Ii(q) dg
Combining (2.26) with (2.19) and (2.21), we find that
: 1 i) (T1 g sy i(s2) (T2 4
Zn;a($1,$2,h1,h27q) = X an;é (7 ) - T 2Fn;a = ’ (2'27)
e, ) Gy
S$1+s2=n—1
where
) oo s—vn(a)d é o )qd
s * a s
nia(w, q) Z Z = Vn(a)d —— D% Fra(w,q), . (2.28)

with (F,¢*) = (F,¢7),(F,£t).3 Thus, (2.26) and Theorem 2 provide closed formulas for the
twisted genus 0 two-point and three-point SQ-invariants of projective spaces.

The equivariant versions of the generating functions Zn;a defined in (2.7) are ideally suited for
further computations, such as of genus 0 invariants with more marked points and of positive-genus
twisted invariants with at least one marked point. However, for the purposes of computing the
genus 0 two-point and three-point invariants, it is more natural to consider the generating functions

(VD)
ha —1) (M2 —2)

(Vi)
ﬁ2-¢2)(53—¢3)] ’

00
Z:;;a(xlvx% hla h2, Q) = Z qd{eV1 XeVQ}*[(
d=1

(2.29)

7z (x1, 19,13, 1, ho, h3, q) = W evy xevy X evsty
wal®, w2, w3, 0, Mo, By, q) = Y q?{evi xevy xevs} [(ﬁl—wl)(

where Vfl‘;ig is given by (1.3) and the evaluation maps are as in (2.6). In the case £(a) >0, (2.27)

immediately gives

Z:L;a(xla z2, hla hg, Q)

£(a)
(@) T 150 (51) <$1 q ) (s2) (sz q ) (2.30)
= B R ﬂ?sll‘SQFn;a —, : Fn;a T '
h1+h2 51,520 1 o T hl xl{n(a) h2 x;n(a)
S1+s2=n—

and similarly for the three-point generating function in (2.29). In general, (3.28), (3.30), (3.15),

2The right-hand sides of these expressions should be first simplified in Q(z, i)[[¢]], eliminating division by z, and
then projected to H*(P"~)[A][[q]].

3The right-hand side of (2.27) should be first simplified in Q(z1, x2, fi1, h2)[[q]], eliminating division by =1 and x,
and then projected to H*(P" ™ xP"~1)[h, h2][[q]].
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the second identity in (3.12), (3.31), the middle identity in (3.13), and (2.28) give

* a s1 .8 a) q(s2)x [ L
Zn;a($17x27h17h2’Q) = < > E <$11$22+Z( )F’gé) (hz’ l/fz](a)>
1 )

s1+s2=n—1 (231)

o sl+€(a) SQFT(lsé) <x1 q )FT(L?;)(J”?7 q > ;
hy’ x”"(a) 7 ha x;n(a)

where F,ES;*(w, q) = Frgsz)i(wa q)— 1.4

An analogue of (2.31) for the three-point generating function in (2.29) can be similarly obtained
from (3.29), the last identity in (3.13), and (2.17). In particular, in the Calabi-Yau case, v,(a) =0,

a S1 89 S s3)x [ L

51,852,830
51,82,83<n—1
S1+82+s3=2n—2

4t @ s pleae (220 frlsa) (28
ha hs3
S S S S S x
+x11+€(a)$22$33(331,52,33( )Fé zi) <hl )HFT(L;I (hz7Q>>

£ o
+ Z xsr‘r (a) 52 33 L 52,33 HFT(LSatx (, >}’

s1>0~ (a), s2,53>0
$1,82,83<n—1
S1+82+83=2n—2

(2.32)

where

1
(1—a2q)l, (g)fc, ()T, (a)
This presentation of the three-point formula eliminates division by z, even if ¢(a) < 0, since
F,gs;*(w, q) is divisible by w® ®=5 for s </~ (a).

Cs1,52,53 (@) =1 +E:1,82,53 (q) =

In the Calabi-Yau case, i.e. v,(a)=0, we find that

@+ 03 S0 = @@, SQT o) - &
(1_aaq) IC(Q)

, (2.33)

whenever cy, ¢z, c3 € Z2°, ¢j4+co = n—2—/£(a) in the first equation, and c¢;+ca+c3 = n—1—/(a)
in the second equation. The ¢; = 0 case of (2.33) agrees with the W /G = X,,.a case of [3,
Corollary 5.5.4(bc)|. By (2.33),
max(cy,co) > n—{"(a) = SQZ;a(Cl, c2)(q) =0 VdeZ™,
max(cy, ¢, c3) > n—L"(a) = SQZ;a(Cl,CQ,Cg)(q) =0 VdeZ",

“The right-hand side of (2.31) should be first simplified in Q(z1, x2, A1, Ai2)[[q]], eliminating division by z; and o,
and then projected to H*(P"~ ' xP"~1)[h1, h2][[q]]-
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as the case should be for intrinsic invariants of X,,.a. On the other hand,

@)+ Qi GWe(Q) = @ Gwpee) - — B0 23y
0 (1-a) IT Tl (0
t=1 c=

with the same assumptions on ¢, ¢z, c3 as in (2.33) and Q = ge/2(9) | as before; see [16, (1.5)] and
[21, (1.7)], respectively.

In the case of products of projective spaces and concavex sheaves (1.13), the analogues of the above
mirror formulas relate power series

Fnh SNpsa € Q(w) qua s 7%3“7 (235)
Zir)l e (Pt <P Y [ (g 0] (2.36)
Zonpa € H (P P ™) [t i s ap) ] (2.37)

with F and Z denoting F, F, F', Z, Z, or Z and m=2,3. The coefficients of q‘lil. . .qu in (2.36)
and (2.37) are defined by the same pushforwards as in (2.4), (2.5), (2.8), and (2.29), with the
degree d of the stable quotients replaced by (di,...,d,) and z® by z7*.. .xzp. The coefficients of
g .qu in (2.35) are obtained from the coefficients in (1.6), (2.9), and (2.12) by replacing axd
and apx by ap1di+. . .+agpd, and ag 21+, . .+agprp, in the numerator and taking the product of
the denominators with (n,z,d)=(n;, x;,d;) for each i=1,...,p;

T1,. ., ap € HY (P x . x Pl

now correspond to the pullbacks of the hyperplane classes by the projection maps. If £~ (a) =0,
the analogue of (2.30) with (a)z!(® replaced by the products of ag. 211 +...+appr1, and sums
over pairs of p-tuples (si.1,...,s1p) and (S2.1,...,S2p) With s1,;+s2,; = n; —1 provides a closed
formula for Z; ., ... In general, the relation (2.31) extends to this case by replacing (a)xf(a) by
the products and ratios of the terms ay.12:1+. . . +akpTiyp.

3 Equivariant mirror formulas

We begin this section by reviewing the equivariant setup used in [20, 16, 5], closely following [5,
and Z; .,

and of the hypergeometric series Fna and Fn .2, We state an equivariant version of Theorem 2
see Theorem 3 below. This theorem immediately implies Theorem 2. The proof of the two-
point mirror formulas in Theorem 3 is outlined in Sections 5 and 6 and completed in Sections 7
and 8. We conclude this section with a specialization of the three-point formula of Theorem 3 in
Proposition 3.1, which is proved in Section 9 and is a key step in the proof of the full three-point
formula of Theorem 3 in Section 10.

Section 3|. After defining equivariant versions of the generating functions Z,(l 21, Z7(l 21, Z;kL A

3.1 Equivariant setup

The quotient of the classifying space for the n-torus T is BT = (P°°)™. Thus, the group cohomology
of T is
Hr = H*(BT) = Q[ay,. .., an],
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where a; =7} c1(7*), 7 — P> is the tautological line bundle, and 7; : (P>°)™ — P is the projection
to the i-th component. The field of fractions of Hy will be denoted by

Qa =Q(agy...,an).

We denote the equivariant Q-cohomology of a topological space M with a T-action by Hj(M).
If the T-action on M lifts to an action on a complex vector bundle V. — M, let (V') € Hy(M)
denote the equivariant euler class of V. A continuous T-equivariant map f: M — M’ between two
compact oriented manifolds induces a pushforward homomorphism

fe: HE (M) — Hi(M').

The standard action of T on C* 1,
(ewl7 . ,ew”) (21 ey 2n) = (eielzl, ... ,ew“zn),
descends to a T-action on P"~!, which has n fixed points:
P, =11,0,...,0], P, =10,1,0,...,0], ..., P,=]0,...,0,1]. (3.1)

This standard T-action on P"~! lifts to a natural T-action on the tautological line bundle y — P?~1,
since v CP"~1 x C" is preserved by the diagonal T-action. With

x =e(y*) € HE(P" 1)
denoting the equivariant hyperplane class, the equivariant cohomology of P*~! is given by
Hiy(P" Y =Qx, a1, ...,a5]/(x—a1) ... (x—ap). (3.2)

Let x; € HE((P"~1)™) be the pull-back of x by the t-th projection map.

The standard T-representation on C" (as well as any other representation) induces T-actions on

@O,m(]}”"_l,d), u, V,(g; Vfldg, and V,sd;, see (1.3) and (2.1) for the notation. Thus, V,(ﬁ; Vﬁﬂl, and

VV(L‘Q have well-defined equivariant euler classes
d . d . d [~ n—
e(Vid), e(Viid), e(Vid) € Hi(Qo (P, d)).

The universal cotangent line bundle for the i-th marked point also has a well-defined equivariant
Euler class, which will still be denoted by ;.

Similarly to (2.2) and (2.3), let

o0
Zn;a(x7 h, Q> =1+ Z qdevl*

o~ (3.3)
7 = d e(VT(L:iE)l) * (mn—1 -1
Zna(X,h,q) =1+ ) glev, el I Hy (P [[,q]]-

d=1



For each s€Z=29, let

s (d) %S
>(s Vn * n— —
Z0hxhg) = 25 + Y glevy, e(hi):;?x] e Hy(P" H[[n ", q]],
d=1
5 (s) s — d e(ﬁfﬁ)ev%xs * (mon—1 -1 (34)
Zn;a(x7 ha q) =z + Zq €V1x ,{_7% € HT(]P )Hh aQH
d=1

Similarly to (2.4) and (2.5), we define

e(V)
P —41)(ha =)

o
2 a(x1,%2, 0, 2, 0) = Y g ey XeVQ}*[(
d=1

] € Hy(P" H[[nr', 1yt q]], (3.5)

e(Via)
(hi—1)(ha—1p2) (ha—13) |

o0
Z (X1, X, X3, 11, Mg, i3, q) = D q*{evi xevy XeVs}*[ (3.6)
=1

with the total pushforwards by the total evaluation maps taken in equivariant cohomology. Simi-
larly to (2.7), let

; PD(AL)

' PD(AI(P?TL)A)
Znia(X1,X2,X3, b1, ho, h3, q) = " hihghy

+ 25 (x1,%2, 1, B2, q)
(3.7)

+ Zr*z;a(xlv X2,X3, h1, ha, I3, Q)7

where PD(A&)_I) and PD(AI(P:i)_l) are the equivariant Poincaré duals of the (small) diagonals in

Pl x P! and P*~ ! xP*~ 1 xP*~ 1, respectively.

The above Poincaré duals can be written as

2 \ _ T <5152
PD(Ap,1) = g (—1)"spx7'x57,
51,582,720
s1+se2+r=n—1
(3) _ 2) 51 ,52<,53
PD(Ag,,) = E 8757
51,52,83,7>0 (3-8)
s1+s2+s3+r=2n—2
= E E (_1)T1+T2+r3 MroSriSrySr X1 X5 X5%
51,82,83,r>0 70,71,72,73>0

51,82,83<n—1  r1<81,r0<582,m73<33
s1+89+s3+r=2n—2 ro+ri+reot+rs=r

where s, 1, sg) €Q[aq, ..., ay,] are the r-th elementary symmetric polynomial in a1, ..., ay,, the

sum of all degree » monomials in a1, . .., a,, and the degree r term in (1-s;+s3 —. . .)?, respectively.
All three expressions for the Poincaré duals can be confirmed by pairing them with xﬁlx? and
x!'xb x5, with t1,t9,t3 <n—1, and using the Localization Theorem of [1] on (P"~1)™ and the
Residue Theorem on S? to reduce the equivariant integrals of x*** on P"~! to the polynomials 1,
these are the homogeneous polynomials in the power series expansion of 1/(1—aj)(1—az3)... The

coefficient of x]'x52x5* in the second expression for PD(AIEEL),I) is precisely CAEQSQ, s5(0), with (?EI,)S% s3
as in Theorem 3; see the end of Section 3.2. This provides a direct check of the degree 0 term

in (3.14).
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3.2 Equivariant mirror symmetry

The equivariant analogues of the power series in (1.6) and (2.9) are given by

apd —apd—1
o 11 Hasctrn) 1T (aex—rn)
yn;a(xv h,q) = d“kd>0’":i — T::l) € Qlay, ..., an, %] Hh_17q“’
%1 (oot - T x-an))
S e
o T1 T () TT T (asx—rh)
j}n;a(xv h.q) = d“kd>0 T:O ak<0rn1 € Qlai, an,x][[h 17q]]
= (H (x—ar-+rh) — 1 <x—ak>>
r=1 \k=1 k=1

The second products in the denominators above are irrelevant for the statements in this section,
but are material to (4.9) and thus to the proof of (3.14) in this paper.

For each s€Z*, we define D°Z,,.a(x, i, q), D* Zp.a(x, i, q) € HA(P"1)[[i71, ¢]] inductively by

. 1 d .
D0Za(%,1,q) = Zna(,h,9), D°Zna(x,hyq) = - {X+ ﬁq}’Ds‘lZn;a(x, h,q),
1:(a) 4 (3.10)
.. .. . 1 d . '
QOZn;a(Xa h? Q) = Zn;a(x7 h7 q)7 53SZn;a(xa h) Q) = = {X + hQ} 53871271;3(}(7 h) Q)
Is(q) dq
Theorem 3. If1€72°, n€Z*, and ac(Z*)!, then
. 1 (s (s
Zn;a(xla)(?)hlvh?)q) = hl + h2 Z (_1)TST‘ZT(L;211)(X17hl)q)z?(l;;)(x27h27Q)7 (311)
S1,82,r>0
sl+13242»r:n71
where s, € Qq is the r-th elementary symmetric polynomial in aq,. .., an. If in addition v,(a) >0,
n;a h = n;a h
Zoal(X, B q) = M’ Zal(x, B q) = M7 (3.12)
Io(q) Io(q)
and there exist Cigrs),, @:?SQ,SS € Qlaa, ..., an[lq]] with s,s, 51,592,583, 7€Z>0 such that
r vn(a)d ~(d 51 ~
éz,g’(o) = 5077"53’5/’ [[éi(s,s’(a) ) ‘a:O]]d = Cg,z’ ’ [[ 5(1,52,53 |o¢f ]]d gcf,sg,ss ’ (3'13)

the coefficients of ¢% in éys),(q) and ég:?sgm(q) are degree r—vy(a)d homogeneous symmetric poly-
nomial in aq,as,...,q,, and

Zn;a(xlu X2, X3, h17 h27 h37 Q)

3
1 A~ (r 7(s1) 5(st)
- hi1hohs Z C§1?52,S3 (q)Zn;é (Xla hy, Q) H Zn;a (Xta Ry, Q) ) (3'14)

r,81,52,53>0 t=2
$1,82,83<n—1
$1+82+s3+r=2n—2

X h, q chs —0*(a),s’ )( )hs " SDS na(x h, Q) (3.15)

r=0 5'=0
where (Z,0*) = (Z,07),(Z,01).
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Setting =0 in (3.11), (3.12), (3.14), and (3.15), we obtain (2.19), (2.26), (2.20) and (2.21), re-
spectively.

We now completely describe the power series éyg, of Theorem 3; it will be shown in Section 5 that
they indeed satisfy (3.15). Let

ard —ayd
| ow TI [T (ax+h) TT Tl (axx—rh)
©0yn;a(x7 h, q) = 7 (q) quak>0r—1 — ap<0r=1 ' (3.16)
a0 [T TT (x— i + k)

1k=1

T

For s€Z™, let
s 1 d s—1 s
£y yn;a(xa h,Q) = m X_‘_hqdiq £y, yma(xa ha Q) €x +qQ[a1,,an]HqH (317)

Comparing with (2.12), we find that

D% Vn:a(x, I, q){azo =x"D°Fp.a(x/h, q/x" @), where (3.18)
Fha(w,q) 1 { q d } _1
DF, a(w,q) = 222 DSE (w,q) = —— <14 = D a(w,q) VseZt.
For r,s,s' >0, define C( o € Qlau, ..., an][lq]] by
133 (@)% T = D Vna(x, o). (3.19)
'=0r=0

By (3.16), (3.17), and (3.19), the coefficient of ¢? in Cirs), is a degree r — vy (a)d homogeneous
symmetric polynomial in .. By (3.17) and (3.18),

) =1, %@ =0Vs>s, CU(0) =000 (3.20)

$,8 S,8
By the first two statements above, the relations

s—r1

Z Z A(rl C(T2 o (@) = 0r 005 VT, §er?0 r<s'<s, (3.21)
r1,r9>0 t=0
r1+ro="r
inductively define @ETS)LT € Qlag, . .., an][[q]] with r <s'<s in terms of the power series C( V) with

ri<rorrp=r and t<s'—r. By (3.20) and (3.21),

éj(gos)/ = (55 s’ 52;)/(0) = 57",053,3’ )

cv)

and the coefficient of ¢¢ in C,), is a degree r— vy, (a)d homogeneous symmetric polynomial in a. If

s' <0, we set (Afys), = 0,00s,5. If vp(a)>0,

ovn(@)d) _ (d) d Vs >u,(a)d

s,s’ ‘a:O - Cs,s’fun(a)dq
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by (3.19), (3.18), and (2.13). Thus, setting a =0 in (3.21) and comparing with (2.14) with '
replaced by s’ —vy,(a)d, we obtain the second identity in (3.13).

We next completely describe the power series &I?SQ,SS of Theorem 3; it will be shown in Section 10
that they indeed satisfy (3.14). For each r€Z=°, let p,, HT) €Q[z1, 22, . . .] be such that

pr(ar,a,...)=aof +ab+...=H(s1,s0,...). (3.22)
For r,v € ZZ°, we define H." €Q[s1,s2,...][[z]] by
(1—-2)~1, if v=0, r=0;
HI(2) = LAY (1—2)"s1, (1—2) " 1sg,. .. ), if v=0, r>1; (3.23)
riV%H(TJ’”)(sl, coySu—1,8,—(=1)"z,8041,...), if v>0.

In particular, the coefficient of 2¢ in H,(,r)(z) is a degree r—vd homogeneous symmetric polynomial
in a,

HOO) =m,  [HEVE)| ], =1 (3.24)
The second identity above follows from [21, Lemma B.3|. Using induction via Newton’s identity
[2, p577], the first identity in (3.24) can be reduced to

T T

> (Dneusi =0, D (=D (r—typsi=p, VreZt;
t=0 t=0

these two identities are equivalent to

(1-aiu)(1-aou)... 4 d (I-ou)(l—asu)... __ou | opu
(1—aju)(l—au)... dz (1—oquz)(l—agu2)...| .y l—aju  l—asu
Let
70 Moty (20) ) ()57 ()
Ci7sy5(0) = > - = - C (@) (9)C0 () (3.25)
ro,r1,r2,r3>0 S1+71 (Q) So+12 (q) $3+713 (q)
r1<81,m2<82,r3<83
rot+ri+re+rz=r
where ,
CO@) = D (=1)"svC) ey e (@) (3.26)
,r/7,r//20
r'+r'=r

S

with (C, £*) = (C, ), ((f,ﬁ*). Since the coefficients of ¢% in Hy) and in 53"), are degree r— vy, (a)d

homogeneous symmetric polynomials in «, the coefficient of ¢% in @f?sz,% is also a degree r— vy, (a)d
homogeneous symmetric polynomial in . The last identity in (3.13) follows from (3.25), the second
identity in (3.24), the middle identity in (3.13), and (2.15).
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3.3 Related mirror formulas
Similarly to (2.29), we define
d
e(Vid)
hy—11)(ha —12)

e(Vid)
(71 —¢1)(ﬁ2—¢2)(h3—¢3)] ’

Zpa(X1,X2, 1, h2,q) = Z q*{evy ><€V2}*[(

(3.27)

o0
Zp.a(X1,%2,%x3, 01, M2, I3, q) = Z qd{evl X evy X eV3}*[
d=1
with the evaluation maps as in (2.6). For each s€Z=9, let

d
(,a)ev’gxS

)% e(Vn * (mn—1 -1

Zpa (X h, q ;q eVl*lhwl] € Hy(P )Hh 7‘]”7
hi—1n

Since x1,x2 € Hi (P! x]P”fl)@@[alW’an] Q4 are invertible, the first equation in (3.8) gives

Z(a))'

(d)
Z 87«'21* X h q Zq eVl*[ Vn,a)eVQX ] € H%(Pn_l)[[h_la‘ﬂ]'

() > (-1)" srx} 202" (%2, 1, q) qu{ldxevl} mse(Vita) {idx eva}*(PD(Apn-1)x
81,852,720 h—1 _
s1+s2t+r=n—1

> —t(a)
_ qu{iderl} 71’26( ){ldXeV;} S?D(A]Pn 1) )
=" Y1) 205 (e ),

81,82,r>0
s1+so+r=n—1

where my: PP 1x Qg o(P" 1, d) — Qg o(P" 1, d) is the projection map. Combining the last identity
with (3.11), we obtain
Zp-a(Xx1,%2, b1, h2, q)
_ 1
Chy+he

S (1) (x5 288 (ko B q) + 2SR (1, B, ) 25 (k2. B, ). (3:28)
51,582,720
S1+s2+r=n—1

Similar reasoning gives

152 (s3)*
51,582,853 (O)xl Zna (x3,h3,q)
hyhohs
7,51,52,53>0
$1,82,83<n—1
s1+s2+s3+r=2n—2

+CO(0)x5 252 (xa, ha, ) 253 (x5, 3, @)

1 ~
Z:L;a(xl7x27x37h17h27h37q) = Z (C(r)
5 (3.29)
+C0,, o (0258 (x1, i, ) T] 2558 (xe. e )
t=2
pu _ 3
+(a)x; PCWz (@) 258 (xi by ) [T 258 (e, e g ) ,
t=2
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where ag:?:z,szs (9) :CS71?82753 (9) _@:?52783 (0).
On the other hand, by (3.15) and the first identity in (3.12),

28V (x, b, q) = —(a)x @)+

5 s s (3.30)
Z Z 5— Z (a),s’— )(Q) h &Y yn;a(xa h, Q)a
r=0s'=
where
g Vnia(x, 1, q) - 1 { d } 1y
DVpa(x, h,q) = B2 2L DY (x, ], q) = = X+ hqg— D Da(x, h,
7a( q) Io(q) 7a< q) Is(q) qdq ,a( q)

for all s€Zt and (¥,1)=(¥,1),(Y,1). By (3.9), (1.6), and (2.9),

D Vnsa(x, B, q)| o0 = X*D° Fya(x/h, q/x7" @), where (3.31)
- Fn'a(w Q) = q d 1
D Fa(w,q) = 2222 D, (w,q) = < {1 + = D5 a(w,q) VseZt,
Io(q) 15(q) wdg

with (, F,I)=(Y,F,I),(Y,F,I). Simplifying the right-hand side of (3.30) in Qq(x,k)[[E ", q|]
to eliminate division by x and setting a=0, we obtain (2.31).
3.4 Other three-point generating functions

The main step in the proof of the mirror formula (3.14) for the stable quotients analogue of the
triple Givental’s J-function involves determining a mirror formula for the generating function

0o (d)

7 Vna * (TDN— —

Zé?;g(x, h,q) =1+ E q%ev. h( " )] e Hi (P H[[n 1, q]], (3.32)
d=1

where evy : @0’3(19”_1,0{) — P! is the evaluation map at the first marked point. By (3.33),
the SQ-invariants do not satisfy the string relation [9, Section 26.3] in the pure Calabi-Yau cases,
vp(a) = 0 and £~ (a) = 0 (when Iy(g) # 1), even though the relevant forgetful morphism, fa 3
below, is defined. Since in these cases the twisted invariants of P! are intrinsic invariants of the
corresponding complete intersection X,,.a, this implies that the construction of virtual fundamental
class in [4] does not respect the forgetful morphism

f23 Q03( n;a, )—)QO,Q(Xn;aad)a

at least in the Calabi-Yau cases.
Proposition 3.1. If1€Z2°, ncZ*, and ac(Z*)" are such that v,(a) >0, then

1 Zn;a(xa ha Q)

Z,(lg’,.l)(x, h,q) =h~ :
23 Io(q)

(3.33)
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In principle, this proposition is contained in [3, Corollary 1.4.1]. We give a direct proof, along
the lines of [5]. In the process of proving this proposition, we establish the mirror formula for
equivariant Hurwitz numbers in Proposition 4.1. This in turn allows us to derive (3.14) from (3.11)
and (3.15) following the approach of [21]; see Section 10.

Similarly to (3.32), let

. > f32e(VA) e _
200 g =1+ :qdevl*[% e HAP" H[[n ", q]], (3.34)
d=1

where evy : @073 (P"=1 d) — P! is the evaluation map at the first marked point and
foz: Qoa(P" !, d) — Qoo(P" 1, d)
is the forgetful morphism. By the proof of the string relation [9, Section 26.3],
200, hq) = B Zna(x, 1, ). (3.35)
We use this identity to establish the mirror formula for Hurwitz numbers in Proposition 4.2.

As stated in Section 1, Theorem 3 generalizes to products of projective spaces and concavex
sheaves (1.13). The relevant torus action is then the product of the actions on the components
described above. If its weights are denoted by «y,;, withi=1,...,p and j=1,...,n;, the analogues
of the above mirror formulas relate power series

:)}nl,...,np;a S @[al;la e 7ap;npvxla e aXp] Hh_17 qi,--- 7QPH7 (336)
Zleven) e Ja (Pl x P Y [ - )], (3.37)
Zr e € HE (P <P ™ [y an, - gl ] (3.38)

with Y and Z denoting ), V), Y, Z, Z, or Z and m=2,3. The coefficients of qfl. . .q;l” in (3.37)
and (3.38) are defined by the same pushforwards as in (3.4), (3.5), (3.6), and (3.27) with the
degree d of the stable quotients replaced by (di,...,d,) and x* by xj'...x;”. The coefficients of
qfl. . .qZ" in (3.36) are obtained from the coefficients in (3.9) and (3.16) by replacing ard and axx
by ap.1di+...+appd, and ag.1x1+. ..+ ap,pX, in the numerator and taking the product of the
denominators with (n,x,d)=(n;,x;,d;) for each s=1,...,p; in the i-th factor, oy is also replaced
by a.;
X1,. .., Xp € Hp(P™ 1 x. . x Pl

now correspond to the pullbacks of the equivariant hyperplane classes by the projection maps. The
statements of Theorem 3, (3.28), and (3.29) extend by replacing the symmetric polynomials by
products of symmetric polynomials in the p different sets of variables and <a>x£(a) by the products
and ratios of the terms a,1x1+...+ay,Xp; our proofs extend directly to this situation.

4 Equivariant twisted Hurwitz numbers

The fixed loci of the T-action on @Oym(IP’”_l, d) involve moduli spaces of weighted curves and cer-
tain vector bundles, which we describe in this section. As a corollary of the proof of Theorem 3,
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we obtain closed formulas for euler classes of these vector bundles in some cases. These formulas,
described in Propositions 4.1 and 4.2 below, are a key ingredient in computing the genus 1 stable
quotients invariants.

A stable d-tuple of flecks on a quasi-stable m-marked curve is a tuple

(C;yh---aym;ﬁl,---v@d)? (41)

where C is a connected (at worst) nodal curve, yi,...,yn € C* are distinct smooth points, and
U1y, 9a € C*—{y1,...,Ym}, such that the Q-line bundle

we(y1+- - +ym + €(@i+...+3a)) — C
is ample for all e€ Q™T; this again implies that 2g+m >2. An isomorphism
¢ (Coyts - Ymi 1 Ba) — (€Y1 Ymi 15 -+ Ga)
between curves with m marked points and d flecks is an isomorphism ¢: C —C’ such that
¢(yi):y§ Vi=1,...,m, QS(@]-):Q} Vi=1,...,d

The automorphism group of any stable curve with m marked points and d flecks is finite. For
g, m,deZ=° the moduli space M n1a Parameterizing the stable d-tuples of flecks as in (4.1) with
h'(C,Oc¢) =g is a nonsingular irreducible proper Deligne-Mumford stack; see [5, Proposition 2.3].
Ifm>m'>2, let
fm’,m: mO,m|d — m{],mﬂd—&—m—m”
(vala" : 7ym;Z)17--- 7@03) — (C/7y17'"7ym’;:g17"‘7:gdaym’+17' : '7ym)7

be the morphism converting the last m—m’ marked points into the last m—m/ flecks and contracting
components of C if necessary.

Any tuple as in (4.1) induces a quasi-stable quotient
Oc(—91—...—94) COc=C'®0;.

For any ordered partition d=d;+...+d, with di,...,d, €729, this correspondence gives rise to a
morphism

Mg — Qg (POx...xP° (dy,...,dp)).

In turn, this morphism induces an isomorphism

¢ My mia/Say % - xSa, — Qg (P x...xP’, (d1,...,dp)), (4.2)
with the symmetric group Sy, acting on mg’mld by permuting the points 91,...,7q,, Sq, acting on
Mgm‘d by permuting the points Jq, +1, .- -, Yd,+dy, €tc.

There is again a universal curve
U — My mia
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with sections o1,...,0, and 61,...64. Let

i = —m(0}), b = —m.(67) € H? (Mgm|a)

be the first chern classes of the universal cotangent line bundles. For m>2, d’,d€Z" with d’ <d,
and r=(r1,...,rg) € (Z20)7, let

S, = O( —01— ... —Og_a —Tla'dfd/+1 — ... —Td/&d) — U — MO,m|d-

If ﬁEH%, denote by o
S (B) — U — Moy (4.3)

the sheaf S with the T-action so that
o(S(8)) = Bx 1+ 1xe(SE) € HiU) = Hy @ H*U).

Similarly to (2.1), let

@ ROW* S* @ Rlﬂ—* S* ( )) — ﬂO,m|da

ap>0 ar<0 o (4.4)
Var EB ROTI'* S:(p @ le Sr(B)* (—o )) — Momjd

ap>0 ap<0

where 7: U — MOW is the projection as before; these sheaves are locally free. If m' € ZT,
2<m’ <m, and re (Z2°)"™ let

VE(B) = FrymVar (8), VEX(B) = Fry mVa¥ (B) — Mo mja- (4.5)

In the case m’=m, we will denote the bundles Vﬁdg (8) and V(d) (B) by Vo (8) and " (B), respec-
tively.

The equivariant euler classes of the bundles védr)(ﬁ) and Va(ldlz (B) enter into the localization com-
putations in Sections 7-9. As a corollary of these computations, we obtain closed formulas for the
euler classes of these bundles in the case m =3; see Propositions 4.1 and 4.2 below. These formulas
are a key ingredient in computing the genus 0 three-point and genus 1 SQ-invariants.

If f€Qq[lg]] and d€Z=Y, let [f].a € Qa denote the coefficient of ¢ in f. If f= f(2) is a rational
function in z and possibly some other variables, for any zg € P! DC let

2= zo = o j{f (4.6)

where the integral is taken over a positively oriented loop around z = zy with no other singular
points of fdz, denote the residue of the 1-form fdz. If 21, ..., z, € P! is any collection of points, let

R f=Y R fG) (47)
=1

be the sum of the corresponding residues.
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For any variable y and r € Z=°) let s,(y) denote the r-th elementary symmetric polynomial in
{y—ax}. We define power series Ly.a,&na € Qa[x][[¢]] by

Ln;a € x+qQq [X]HQ}]? Sn (Ln;a(xa Q)) - qaaLn a(x Q)‘a| = n(X)a (48)

gn;a € qQq [X} Hqu X+ q fn a(x Q) Ln;a(X7 Q)-

By [21, Remark 4.5], the coefficients of the power series
e~Smaland/hy (ai, h,q) € Qalh][[q]]

are regular at h=0. Thus, there is an expansion
. [e.e]
e_sn;a(ain)/hy ala h q Z q) 7: al’ (49)
r=0

with (i)%?;(x, q)—1, @%{l‘(x, q), <I>£L27)a(x, q), ... € qQu[x][[q]]. Furthermore,

L(a)+1

5O (x ) = X - Sp—1(x) (Loa(x@)\
(I)n;a( 7C_7) <Ln;a(xa Q) Snfl(Ln;a(qun - |a|qaaLn;a(X7Q>|a> ( X ) . (4.10)

Proposition 4.1. If 1€Z>°, n€Z*, and ac(Z*)!, then

e ()

T
= & /Mo,sld ,J}e(vfd) (i) (n — 1) (hy— ) (3 —103)

fn;a(ﬂiaq) §n;a(o‘i»Q> fn;a(‘%j#l)
e M m o 1 -1 41
= () 6@0&[[}11 7h2 7h3 7Q]]
h1h2h3 (I)n a(azv Q)

for everyi=1,...,n.
Proposition 4.2. If1€7Z2° neZ*, and aE(Z*)l, then

o(Vaiy () Juh o (1)

b=0 r=0 d=0 /Mo 3ld kl;[e( D —ar)) (h —r) (hy —1p2) #=0 B+

[[yn;@(ai, h, Q)ﬂ q

QT

fn;a(ai,Q)+€n;a(ai,Q)
. " " Q Hhil hyt H
€
hth « 1 »'%2 aq

for everyi=1,...,n.

®Only the case £~ (a) =0 is explicitly considered in [21], but the argument is the same in all cases.
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5 Outline of the proof of Theorem 3

The first identity in (3.12) is the subject of [5, Theorem 3]. The proof of the remaining statements
of Theorem 3 follows the same principle as the proof of [16, Theorem 4]; it is outlined below.
However, its adaptation to the present situation requires a number of modifications. In particular,
the twisted stable quotients invariants are not known to satisfy the analogue of the string relation
of Gromov-Witten theory (in fact, by Proposition 3.1, in general they do not). This requires a
direct proof of the key properties for the stable quotients analogue of double Givental’s J-function
described in Lemmas 6.5 and 6.6 below; in Gromov-Witten theory, these properties are deduced
from the analogous properties for three-point invariants, which simplifies the argument. We thus
describe the argument in detail.

Let Qo [2]] = Qa[[A 1] +Qa[h] denote the Q,-algebra of Laurent series in A~! (with finite principal
part). We will view the Qu-algebra Q, (%) of rational functions in & with coefficients in Q, as a
subalgebra of Q,[[/]] via the embedding given by taking the Laurent series of rational functions at

h~t=0. If
Z ZF h~"q" € Qa1 [[g]]

d=0r=—
for some Ny€Z and F()(d) € Qq, we define

Z Z F(d (mod A™P),

d=0r=—

i.e. we drop AP and higher powers of A~!, instead of higher powers of A.

For 1<i,j<n with i # j and d € ZT, let

akd [lkd 1

[T 1T (anos+7 25 1 Il (apas —r23%)
Q:g(d) — ap>0r=1 —— ap<0 7r=0 c Qa,
d 1] 11 (ai—ak—i-ria";ai)
r=1k=1
(r,k)#(d.j)
apd—1 —apd ) _ (51)
1 11 (akai—i-r . a’) IT 11 (akai—ra’;%>
Q:z(d) = ap>0 r=0 — ap<0 r=1 c Qa ‘
d [T 11 (ai—ak—l—r—o‘j;ai)
r=1 k=1
(r,k)#(d.j)

We will follow the five steps in [20, Section 1.3] to verify (3.11), the second statement in (3.12),
and (3.15):

(M1) if F,F' € H{’E(]Pm_l)ﬂ—hﬂ Hq”,
F(x=ai, h,q) € Qa(h)[[q]] € QalTRN|[[4]] Vi=1,2,...,n

F' is recursive in the sense of Definition 6.1, and F and F’ satisfy a mutual polynomiality
condition (MPC) of Definition 6.2, then the transforms of 7’ of Lemma 6.4 are also recursive
and satisfy the same MPC with respect to F;
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(M2) if F, 7 € Hs®"H)[A][[4]],
F(x=a;,h,q) € QL +q- @a(h)[[QH C Qu[TA]] Hq]] vi=L2,...,n

F' is recursive in the sense of Definition 6.1, and F and F’ satisfy a fixed MPC, then F’ is
determined by its “mod h~! part”;

(M3) the two sides of the second identity in (3.12) and the Z case in (3.15) are ¢-recursive in the
sense of Definition 6.1 with € as in (5.1), while the two sides of the Z case in (3.15) are
¢-recursive in the sense of Definition 6.1 with € as in (5.1);

(M4) the two sides of each of the equations in (3.12) and (3.15) satisfy the same MPC (dependent
on the equation) with respect to Vp.a(x, h, q);

(M5) the two sides of each of the four equations in (3.12) and (3.15), viewed as elements of
Hi(P"YH[AT[[q]], agree mod A"

The first two claims above, (M1) and (M2), sum up Lemma 6.4 and Proposition 6.3, respectively.

By Lemmas 6.5 and 6.6, the stable quotients generatlng functions ZT(L 2\ and ZT(l e)1 are €-recursive and
C-recursive and satisfy MPCs with respect to Z,. a(x, ,q). Along with the first identity in (3.12),

the latter implies that they satisfy MPCs with respect to yn;a. It is immediate from (3.4) that
A )(X h,q), Z flg(x h,q) = x° (mod h_l) VseZ". (5.2)

By the proof of the first identity in (3.12), as well as of its Gromov-Witten analogue, the power se-
ries yn;a is @-recursive and satisfies the same MPC with respect to j}n;a as fo;, see [5, Lemma 5.4].
A nearly identical argument shows that the power series V,.a is €-recursive and satisfies the same

MPC with respect to j}n;a as Z,ssz)i, see [16, Section 4.3| for the £~ (a)=0 case. Since
j}n;a<x, h, Q) =1 (mod h_l),

this establishes the second identity in (3.12). Along with (3.12), the admissibility of transforms (i)
and (ii) in Lemma 6.4 implies that both sides of the Z equation in (3.15) are @-recursive and

cv)

satisfy the same MPC with respect to yn;a, no matter what the coefficients C_ /, are. Similarly,

both sides of the Z equation in (3.15) are ¢-recursive and satisfy the same MPC with respect
to Yn:a- By (3.10), (3.12), (3.9), (3.21), (3.19), (3.17), and (3.16),

ZZCS b ()t (o) (D BT DY Zpa(x, ) = x* (mod BT,
o (5.3)

s

Z ~§T)£+ () (@ P DY Za(x,h,q) 2 x* (mod h71). 6

r=0 s'=0

Thus, (3.15) follows from (M2).

SLHS of (3.21) with s replaced by s—£~(a) is the coefficient of hsxfT(x/h)SlHi(a) in the first identity in (5.3) if
s>£(a); LHS of (3.21) with s replaced by s—£*(a) is the coefficient of hsxfr(x/h)surﬁ(a) in the second identity
in (5.3) if s >4 (a).
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The proof of (3.11) follows the same principle, which we apply to a multiple of (3.11). For each
i=1,2,....n, let
o1 = [[(x—on) € HZE™). (5.4
ki

By the Localization Theorem [1], ¢; is the equivariant Poincaré dual of the fixed point P; € P"~1;
see [20, Section 3.1]. Since x|p, =,

Zpalai, aj, by, B, q) Z/ Za(X1,%g, hiy, 2, q) :/ Za(X1, %9, hi1, ha, @) i X bj
P;x P; Pr—1xpn—1

d (5.5)

1 e(V\D) evidievip;
77114—7121_[ +Z / h1_¢1)( ¢2) 7

k;ﬁ 02]P>n ld

the last equality holds by the defining property of the cohomology push-forward [20, (3. 11)} By
Lemmas 6.5 and 6.6, Z,. a(X1,%2, I, ho, q) is ¢-recursive and satisfies the same MPC as Z, .a With
respect to Zp.a(x, hi, q) for (x,h) = (x1, h1) and xo = oy fixed. T It is also @-recursive and satisfies
the same MPC as Z,., with respect to Z,.a(x, fi, q) for (x, h) = (x2, fig) and x; = q; fixed. By (M1)
and (M2), it is thus sufficient to compare

(h1+hg) Zna(x1, %2, h1, B, q)  and > (—1)"s, 2558 (%1, i1, ) 252 (x2, B, q) (5.6)
81,582,720
s1+s2+r=n—1
for all x; =a; and xp =0 with ¢,7=1,2,...,n modulo hl_lz

()

> e(Vn.a)evigevid;
(h1+h2) na(auajahhh% )g Z (_l)rsrafla;Z—Fqu/ n,aﬁ 12 ];
o1,52020 o1 JQoa(nta) 2= Y2
s1+sa+r=n—1

ST s 25 (L, ) 252 (0 B ) =Y (<180l 25 (0. Ba, ).
51,582,720 51,82,720
s1+s2+r=n—1 s1+so+r=n—1

In order to see that the two right-hand side power series are the same, it is sufficient to compare
them modulo Ay L.

V)evie,
Z( 1 STOJSIOJSQ +Zq / ( h);il;/ievﬂb] ~ Z <—1)TS7~OJ;-910[;2;

1
51,82,7>0 d=1 Qo2 (P"~1,d) 51,82,7>0
s1+so+r=n—1 s1+s2+r=n—1
r s1 S(s2) r s1 .8

> ()0 ZiE (g, he, ) = Y (=) spa el
81,852,720 81,852,720
s1+s2+r=n—1 s1t+s2t+r=n—1

From this we conclude that the two expressions in (5.6) are the same; this proves (3.11).

By Proposition 6.3 and Lemmas 6.5 and 6.6, the stable quotients analogue of triple Givental’s
J-function is determined by the primary three-point SQ-invariants. Since all such invariants are

"In other words, the coefficient of every power of ﬁz_l in Z.n;a(x7 aj, h, b2, q) is @-recursive and satisfies the same
MPC as Zp;a(x, ki, q) with respect to Zn;a(X, i, q).
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related to the corresponding GW-invariants by [3, Theorem 1.2.2 and Corollaries 1.4.1,1.4.2], a
version of (3.14) can be proved by comparing it to its GW-analogue provided by [21, Theorem B].
We instead prove (3.14) directly in Section 10 by reducing the computation to the two-point
formulas of Theorem 3 and the mirror formula for Hurwitz numbers in Propositions 4.1. In the
process, we obtain a precise description of the equivariant structure coefficients appearing in (3.14),
which is not done in [21].

6 Recursivity, polynomiality, and admissible transforms

This section describes the algebraic observations used in the proof of Theorem 3. It is based on
[20, Sections 2.1, 2.2] and [16, Section 4.1]. Let

] = {1,2,...,n}.

Definition 6.1. Let C = (C’J(d))dwez+ be any collection of elements of Q4. A power series
FeHi(PH[AT[q]] is C-recursive if the following holds: if d* € Z=" is such that

[Fix=anha)] g € Qulh) C QulW]  Vdel@'], i€,
and [F(ay, h, q)]] is regular at i=(o;—c;)/d for all d<d* and i#j, then

er
[7 (i B @)] g Zzhoi_%[[]:aj,zq]]qd* dl e € Qalh, A7) C QaflA].  (6.1)
d=1 j#i ' d

Thus, if Fe H:(P"1)[[R][[q]] is C-recursive, for any collection C, then

F(x=ai,h,q) € Qa(h)[[q]] € QallRN[lg]]  Vieln],

as can be seen by induction on d, and

Flonhg) = ZZP‘ fwuzzh Flag, (aj—aq)/drq)  Viel], (62)
d=0r=—N, d=1 j#i "

for some F] (d) € Q. The nominal issue with defining C-recursivity by (6.2), as is normally done, is
that a priori the evaluation of F(aj, h, ¢) at h=(a;j—;)/d need not be well-defined, since F(a, I, q)
is a power series with coefficients in Q[[A~!]); a priori they may not converge anywhere. However,
taking the coefficient of each power of ¢ in (6.2) shows by induction on the degree d that this
evaluation does make sense; this is the substance of Definition 6.1.

Definition 6.2. Let € Q,(x) be such that n(x=a;) € Q, is well-defined and nonzero for every
€[n]. For any F=F(x,h,q), F =F'(x,h,q) € H:(P")[A][[q]], let

% 7 (h, 2,q) Z H o an) F(ai i, qe"*) F(ai, —h, q) € Qal[A]l[[2 qll- (6.3)
k;éz

If F, F' € Hy(P"~")[1][[g]], the pair (F, F') satisfies the n mutual polynomiality condition (1-MPC)
if % 7 € Qalh][[2, q]]-
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If F, f’er(IP”fl)ﬂhﬂ[[q]] and
F(x=aj,h,q), F (x=aj,h,q) € Qa(fi)[[q]] Vie[n], (6.4)

then the pair (F, F’) satisfies the n-MPC if and only if the pair (F’, F) does; see [20, Lemma 2.2]
for the n=1, £*(a)=1, £~ (a)=0 case (the proof readily carries over to the general case). Thus, if
(6.4) holds, the statement that F and F’ satisfy the MPC is unambiguous.

Proposition 6.3. Let n€Qu(x) be such that n(x=a;) € Qq is well-defined and nonzero for every
€n]. If 7.7 € Hy (P H)[Allqll,
Fx=ai,hq) € Qy +q-Qa(h)[[q]] € QullAT[[q]]  Vi€[n],
F' is recursive, and F and F' satisfy the n-MPC, then F' =0 (mod A~') if and only if 7' = 0.

This is essentially [20, Proposition 2.1}, with the assumptions corrected in [16, Footnote 3]. The
proof in [20], which treats the n=1 case, readily extends to the general case; see also the paragraph
following [16, Proposition 4.3].

Lemma 6.4. Let C' = (C’](d))d”eZJr be any collection of elements of Qn and n € Qq(x) be such
that n(x= ;) €Qq is well-defined and nonzero for every i€ [n]. If F,F' € H:(P" )[kT[[q]],

Fix=aiha) € Q) [[d]] € QuIHl[[d]  Viel]
F' is C-recursive (and satisfies the n-MPC with respect to F), then

(i) {X—l—ﬁqd%} F'is C-recursive (and satisfies the n-MPC with respect to F);

(ii) if f€Qalh][[ql], then fF' is C-recursive (and satisfies the n-MPC with respect to F ).

This lemma is essentially contained in [20, Lemma 2.3]. The proof in [20], which treats the n=1
case, readily extends to the general case; see also the paragraph following [16, Lemma 4.4].

The next two sections establish Lemmas 6.5 and 6.6 below, the m =2 cases of which complete the
proofs of (3.11), the second statement in (3.12), and (3.15). The m =3 cases of these lemmas are
used in the proof of Proposition 3.1 and 4.1 in Section 9. If m>m’>2 let

fm’,m : @O,m(Pn_lv d) — @OJn’ (]P)n_l7 d) (65)
denote the forgetful morphism dropping the last m—m’ points; this morphism is defined if m’ > 2
or d>0. With the bundles )
Vi, Vil — Qo (P71, )
defined by (2.1), let
(d . ) w(d . ed _ -
V= Fr VAV = fr VS Qo (PP ). (6.6)

n;a;m n;a;m m’,m

For b= (by,...,by)€(ZZ0)™! and w=(ws, ..., wm) € HE (PP 1)™™L let

e( () ) j=m

Bl g) = Zq%«w%%?ﬂﬁww>e%WHmﬂmn
- ‘J:Q - (6.7)
o eV yi=m 1yrp—1
20 (%, h,q) Zq V| g [T eviwy)| € 2@ ] [[d]].

j=2
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where ev; : Q(),m(]P’”*l, d) — P""!is the evaluation map at the j-th marked point and the degree 0
terms in the m’=2 case are defined by

eW9 ), eV ) =1 if m >3,

n;a; n;a;

ea) e(P0),)
n;a; 2 n;a; b2 —(—h ba if -9
evl*[ = (52evama) |, eviy = (152 evyms) (—h)? g if m
Lemma 6.5. Let | € Z=°, m,m/,n € Z* with m >m’ > 2 and a € (Z*)!. For all b € (Z=0)m~!

and w e Hi(P"~ 1)1 the power series 21(1 o wz, and ZT(L -y defined by (6.7) are ¢ and €-recursive,
respectively.

Lemma 6.6. Let [€Z2°, m,m/ ,n€ZT with m>m'>2, ac(Z*),

For all be (Z=°)""! and we HA(P" 1™ 1 the power series

pm—22(B:w) /(x, R, q) and pm—2z® )(x, h,q)

nia; m n;a; m
satisfy the 1) and 7j-MPC, respectively, with respect to the power series Zn.a(x, h,q) defined by (3.3).

By Lemma 6.5, the power series Z(;), and qu)i defined by (3 4) are ¢ and (’i—recurswe respec-
tively. Furthermore, the power series Z,.a defined by (3.7) is €-recursive for (x,h) = (x1, h;) and

X2 = «j fixed and is ¢-recursive for (x,h) = (x2,h2) and x; = ¢ fixed. By Lemma 6.6, Z,(fz),l and
foz)i satisfy the 1 and 7-MPC, respectively, with respect to the power series Zn;a(x, h,q) defined
by (3.3). Furthermore, the power series Z'n;a defined by (3.7) satisfies the n-MPC with respect to
Zn;a(x, h,q) for (x,h)=(x1, 1) and xo =q; fixed and the 7}-MPC with respect to Zn;a(x, h, q) for
(x, h)=(x2, ho) and x; =q; fixed.

In the case of products of projective spaces and concavex sheaves (1.13), Definition 6.1 becomes
inductive on the total degree di+...4d, of qill...qu. The power series F is evaluated at
(X1,...,%p) = (1534, ...,0py,) for the purposes of the C-recursivity condition (6.1) and (6.2).
The relevant structure coefficients, extending (5.1), are given by

s P Qg —CQsii Tkl f p Qs j— Qs
Il H<Zak9tat;it+rw> I1 H <Zak;t04t;it—7“wds’“>

ara >0 r=1 \i=1 <0 =0\
C{ - (s;d) = 7
L-tp d ns
d 1T 11 (as;is — Qg+ %>
r=1k=1
(rk)#(d.5)
=l D Qg j—0Qls:g “kisd Qgoi—Olgs
H Z At Oty +r % H H Z Qf:t Oty — T %
ag;1>0 =0 \t=1 a1 <0 r=1 \i=1
J . ;
Q:’Ll ip (87d) 7

d ns
Xsyj —Xsiis
d [T I (a5§is — Qg+ = >
r=1k=1
(rk)#(d.5)
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with s € [p] and j#is. The double sums in these equations are then replaced by triple sums over
s€|p|, j€[ns]—is, and d€Z*, and with F evaluated at

Jasy, ift=s; Qg — Qg
Xy = ] z —
Oy, i tF£S;

The secondary coefficients 77 (d) in (6.2) now become Fj ; (di,...,dp), with is € [ns] and ds €
77%. In the analogue of Definition 6.2, € R(xq,... ,Xp) is such that the evaluation of 1 at
(tsiys ..., apy,) for all elements (i1,...,ip) of [n1] x...x [n,] is well-defined and not zero, ®r
is a power series in zi,...,%, and qi,...,¢qp, the sum is taken over all elements (i1,...,%,) of
[n1] x...x[ny], the leading fraction is replaced by

77(041;1'1; s 7ap%’ip)eal;ilZ1+m+ap;ipzp

12[ [] (asii, —as)

s=1 k#is

and the ge#-insertion in the first power series is replaced by the insertions gie™1,... 7qpeth.
Lemma 6.6 holds with

p
H Z ak;sxs

ag;1>0s=1

> .
H Z Qf:sXs

ag;1<0s=1

N(xXi,...,Xp) =

7 Recursivity for stable quotients

In this section, we use the classical localization theorem [1] to show that the generating functions

Z(bﬁw)

ooy and Zflbaw) defined in (6.7) are recursive. The argument is similar to the proof in [5,

m/
Section 6] of recursivity for the generating function Z'n;a defined by (3.3), but requires some mod-

ifications.

If T acts smoothly on a smooth compact oriented manifold M, there is a well-defined integration-
along-the-fiber homomorphism

/ :Hy (M) — Hy
M

for the fiber bundle BM — BT. The classical localization theorem of [1] relates it to integration
along the fixed locus of the T-action. The latter is a union of smooth compact orientable mani-
folds F'; T acts on the normal bundle N'F of each F'. Once an orientation of F' is chosen, there is
a well-defined integration-along-the-fiber homomorphism

/:H;;(F) — HE.
F

The localization theorem states that

_ nlr .
fr=2 [ et Yueman, (7.1
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where the sum is taken over all components F' of the fixed locus of T. Part of the statement of (7.1)
is that e(NF') is invertible in H3(F)®gja,,....a,]Qa- In the case of the standard action of T on pr—1
(7.1) implies that

nlp :/ ndi € Qu Ve HaP™Y), i=1,2,....n, (7.2)
Ppn—1
with ¢; as in (5.4).

7.1 Fixed locus data

The proof of Lemma 6.5 involves a localization computation on @Om(ﬂ’m_l, d). Thus, we need to
describe the fixed loci of the T-action on @OM(P”_I, d), their normal bundles, and the restrictions
of the relevant cohomology classes to these fixed loci.

As in the case of stable maps described in [9, Section 27.3], the fixed loci of the T-action on
Qo.m(P""1,d) are indexed by decorated graphs,

I'= (Ver, Edg; u, 0, 19), (7.3)

where (Ver, Edg) is a connected graph that has no loops, with Ver and Edg denoting its sets of
vertices and edges, and

w: Ver — [n], 0: VerUEdg — Z=%, and 9: [m] — Ver
are maps such that
p(vr) # p(ve) if {vr,va} € Edg, o(e) #0 VeeEdg, (7.4)
val(v) = ‘19_1(1))‘+|{66Edg: veel|+o(v) > 2 Vv e Ver.

In Figure 1, the vertices of a decorated graph I" are indicated by dots. The values of the map (y, )
on some of the vertices are indicated next to those vertices. Similarly, the values of the map 0 on
some of the edges are indicated next to them. The elements of the sets [m] are shown in bold face;
they are linked by line segments to their images under ¥. By (7.4), no two consecutive vertices
have the same first label and thus j#:.

With T" as in (7.3), let

D= > o)+ > oe)

vEVer ecEdg

be the degree of I'. For each v € Ver, let
E, = {eEEdg: vEe}

be the set of edges leaving from v. There is a unique partial order < on Ver that has a unique

minimal element vy, such that vy, =9(1) and v <w if there exist distinct vertices vy, ..., vg € Ver
such that
v € {Umin, V1, - - - s Vk—1}, w=uvg, and {Umin,v1},{v1,02},...,{vk_1,v%} € Edg,
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(’L,do) (.]7 0) (k’5)
d0€Z+

Figure 1: Two trees with val(vmin) =2 and a tree with val(vpin) >3

i.e. v lies between vy and w in (Ver, Edg). If e={v1,v2} € Edg is any edge in I" with v; <va, let

Le = ({Ul’UQ}’ {e};ﬂeaaeﬂ96)7 where
pe=pler ele) =€), Vele =0, Ve {12} —e, De(l) = v, Ve(2) = va;

see Figure 2.
With m/<m as in Lemmas 6.5 and 6.6, let
Ver,,y = {ve€ Ver: v=9(i) for some i€ [m']}, Edg,, = {{vi,v2} €Edg: v1,v2€ Ver,, };

in particular, the graph (Ver,,, Edg,, ) is a tree. For each v € Ver,,,/, define

Tt By —Edg,, — Z1 by rm/;v({v,v'}) = Z 0({01702}) + Z d(w),
{v1,v2}€Edg we Ver
v <vy v 2w
O (0) =0(W) + Y Tmy(e).
e€E,—Edg,,

As described in [12, Section 7.3], the fixed locus Qr of Qg ,,,(P"~!,|T'|) corresponding to a decorated
graph I' consists of the stable quotients

(valv s 7yTVL7S - (Cn®OC)

over quasi-stable rational m-marked curves that satisfy the following conditions. The components
of C on which the corresponding quotient is torsion-free are rational and correspond to the edges
of T'; the restriction of S to any such component corresponds to a morphism to P"~! of the
opposite degree to that of the subsheaf. Furthermore, if e={v1,v2} is an edge, the corresponding
morphism f. is a degree-d(e) cover of the line

1 1
Pu(v1)7u(v2) cPr
1 2 1 2
w \d—’/

(4,0)  (5,0) (4:0)  (k,0)

Figure 2: The subtrees corresponding to the edges of the last graph in Figure 1.
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passing through the fixed points P,,,) and P,,,); it is ramified only over P,,) and P,,). In
particular, f. is unique up to isomorphism. The remaining components of C are indexed by the
vertices v € Ver of valence val(v) >3. The restriction of S to such a component C, of C (or possibly
a connected union of irreducible components) is a subsheaf of the trivial subsheaf P,y CC"®0Og,
of degree —d(v); thus, the induced morphism takes C, to the fixed point Py € P?~!. Each such
component C, also carries |9~ (v) |+ E,| marked points, corresponding to the marked points and/or
the nodes of C; we index these points by the set 9~ (v)UE, in the canonical way. Thus, as stacks,

Qr~ ] Qojo-1()1m P 0w) x ] @r.

vEVer ecEdg
val(v)>3

H m07|19‘1(v)\Jrll*ivlla(v)/ga(’v) X H Qr.

7.5
e, echdg (75)

( HMOM1(v>|+Ev|a<v>/Sa<v>> 11 Zoo),

vEVer ecEdg
val(v)>3

Q

Q

with each cyclic group Zy(.) acting trivially. For example, in the case of the last diagram in Figure 1,

Qr ~ (ﬂomdo/gdo X ﬂ072|5/g5) /Zax Ly

is a fixed locus in @072(19’”_1, dot5+d+d’). If m’ <m is as in Lemmas 6.5 and 6.6, the morphism f,/ ,
in (6.5) sends the locus Qr of Q,,,,(P"~*, d) to (a subset of) the locus Qr , of Qg (P" !, d), where

Fm’ = (Verm/, Edgm/, ,Uf‘Verm/ ) [ ’ 19| [m’}) ’

as fmm contracts the ends of the elements of @Oml (P"~1,d) that do not carry any of the marked
points indexed by the set [m/].

If v € Ver and val(v) >3, for the purposes of definitions (4.4) and (4.5) we identify [|[9~1(v)|+|E,|]
with the set ¥~1(v)_E, indexing the marked points on C, so that the element 1 in the former is iden-
tified with 1€ [m] if J(1)=v and with the unique edge e; ={v_,v} with v~ <v separating v from
the marked point 1 otherwise. Similarly, if v <9(2), we associate the element 2 of [[97(v)|+|E,|]
with 2 € [m] if ¥9(2) =v and with the unique edge e ={v,v;} with v; <9(2) separating v from the
marked point 2 otherwise. Finally, if m’ <m is as in Lemmas 6.5 and 6.6 and v € Ver,,/, we as-
sociate the |E,~Edg,, | largest elements of [[9~! (v)[+|E,|] with the subset E,~Edg,,,, of 97! (v)LIE,.

If " is a decorated graph as above and e={vy, vy} € Edg with v; <ws, let

Te: Qr — Qr, C Qa(P",0(e))

be the projection in the decomposition (7.5) and

Wesvy = _71-:1/}17 Wesvg = —W:% € HZ(QF)

Similarly, for each v € Ver such that val(v) >3, let
ot Qr — Mo j9-1(0) |4 [E0 [ (0) / So(w)
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be the corresponding projection and
d}v;e = sze € HQ(QF) VoveE,.
By [9, Section 27.2],

Qo) ~ Fp(vs—o) ~
s = —-1,2. 7.6
W »Ye o(e) ¢ ( )
By [12, Section 7.4], the euler class of the normal bundle of Qr in @ ,,(P"~*,|T'[) is described by
e NQF) * g v * * 0
- ( o= 11 I~ e (W (a0 —ar))  [[rre(HOfITP 2 0(—y1)/C)
#(Vmin) veVer k#u(v) ecEdg
val(v)>3
(7.7)
< T (Zew) I (Mewvu).
vEVer ecE, veEVer “e€lE,
val(v)=2,971(v)=0 val(v)>3

where C C HY(f*TP"®@O(—y1)) denotes the trivial T-representation. The terms on the first line
correspond to the deformations of the sheaf without changing the domain, while the terms on the
second line correspond to the deformations of the domain. By (6.6), (2.1), (4.4), and (4.5),

e(Vn|1;|m ‘Qr: HﬂeVaaZU Hﬂe na ,
veVer, s ecEd,
Vfl(v)>3 =
i) _ (d(v)
e(Vn;a;m,)‘QF = H e Va, rr U Qp(v)) H e Vna (7.8)
vle(V)er>23 ecEdg, :
< [meW) () [ me(Mi).
UEVGI{( /)>;/er2 eckdg,,s—Edg,
By [9, Section 27.2],
e(Via) p(v2)
=¢ 0
. ST oG ~ e, |
o3P a(e ) vV e={v1,ve} with v1 <ve, (7.9)
— Qt/i(v?) 0
/Fe e(HO(feT]P’"@)O( v1))/C) uton (2(€))
with €402 (3(e)) and €4+ (d(e)) given by (5.1).
7.2 Proof of Lemma 6.5
We apply the localization theorem to
e(V@. evigp B,
Z(bw n;a;m D s
i’ (e, 9) Zq /Q (Pr=1,d) h—11 H(d}j eV @)
Om ]:2
BD Jevigs m (7.10)
e /) )evio; v
zb=) (a, h, / U Y evioo; )
n;a;m’ q ;}q o (Pr—1,4) h_wl 11;12(1/}] J J)
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where ¢; is the equivariant Poincaré dual of the fixed point P;€P"~! asin (5.4), and the degree 0
terms in the m=2 case are defined by

5(d) *

eV, L )evid .

[ S B ei) = (1)l
Qo,2(P"~1,0) a1

vy (d) *

eV, o )eVidi

/ P R fevm) = (—h) 2l
Qo 2(P"=1,0) Y1

Since ¢;|p; = 0 unless j = i, a decorated graph as in (7.3) contributes to the two expressions
in (7.10) only if the first marked point is attached to a vertex labeled i, i.e. p(vmin) =1 for the
smallest element vy, € Ver. We show that, just as for Givental’s J-function, the (d, j)-summand
in (6.2) with C=¢,& and F=2"®), z(b=)

i.e.
n;a;m n;a;m/’ €

Qf(d)qd (b, Q:Z(d)qd 5 (b,
oA Z;L;a’mz,(oaj, (aj—a;)/d,q) and P Zfl;a;mi, (o, (aj—0y)/d, q), (7.11)
d

respectively, is the sum over all graphs such that p(vmin) =1, i.e. the first marked point is mapped
to the fixed point P; € P""1, vy, is a bivalent vertex, i.e. 9(vmin) =0, 97 (Umin) = {1}, the only
edge leaving this vertex is labeled d, and the other vertex of this edge is labeled j. We also show
that the first sum on the right-hand side of (6.2) is the sum over all graphs such that p(vmin) =1
and val(vmin) > 3.

If T is a decorated graph with p(vmin) =1 as above,
eVTqbi‘QF - H(az_ak) = e(TN(Umin)Pn_l)' (712)
ki

Suppose in addition that val(vmin) =2 and |E,_, |=1. Let v1 = (vmin)+ be the immediate successor
of Upin in I' and €3 ={vmin, v1} be the edge leaving vpi,. If |Edg|>1 or val(vi)>2, i.e. T' is not as
in the first diagram in Figure 1, we break I' at v; into two “sub-graphs”:

(i) T'y =T, consisting of the vertices vy, <v1, the edge {vmin, v1}, with the d-value of 0 at both
vertices, and a marked point at v and vy;

(ii) 9 consisting of all vertices, edges, and marked points of I', other than the vertex vy, and
the edge {vmin, v1}, and with the marked point 1 attached at vy;

see Figure 3. By (7.5),
Qr ~ Qr, X r,. (7.13)

Let 71, m2: Qr — Qr,, @r, be the component projection maps. By (7.7) and (7.8),

N0 (SN ) () Y, i)

e(TpiIP”_l) e(TpZ.IP"_l) 2 e(Tpu(v”
e(WI) o, = nie(Mi?) gDy e(WI) )], = aie(W)) - mse(PI2)).
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1 2 1

w
(4,0)  (4,0) (4:2)

Fl F2
3

Figure 3: The two sub-graphs of the second graph in Figure 1.

Combining the above splittings with (7.6), (7.9), and (7.12), we find that

e(V(m) ,)ev*(b- j=m ' 1
o[ X mam/ 7T b vt o
T o h=11 jl:IZ(w] i) @re(NQr)
. v - (I «
:w%meﬂfz/wmwm%mH | |
h— Qpvy) ~%i Q h—1 ! (NQFZ) =i |’
o(e1) "2 o(er)

the same identity holds with V replaced by V and @f(vl)(b(el)) by @f(vl)(b(el)). By the first
equation in (7.10) with i replaced by p(v1) and the localization formula (7.1), the sum of the last
factor above over all possibilities for I's, with I'; held fixed, is

o —Q

ba
5 (b, (v1)
Qﬁﬁﬁ%mwwmm—%VWﬁhﬁ—@m<0@3”>f@mmm

if V is replaced by V, then the sum becomes

5 (b,) i = ) | 2
Z i Qo) (Quon) — i) /0(e1),q) — Om2 “er) @2/ Py -

In the m =2 case, the contributions of the one-edge graph I';,(,,)(0(e1)) such as 9(v1) =0, as in the
first diagram in Figure 1, to the two expressions in (7.10) are

0D @(e1)) @) [ @i — (o) 2 ED 0(e1)) ) [ =) V2
o 0 @2lPu

a o wQ’ P, and ]
(v1) '” ) n(vy) Qp(vg) — X

o(e1)

respectively. Thus, the contributions to the two expressions in (7.10) from all graphs I' such that
0(vmin) =0, p(v1) =4, and d(e;) =d are given by (7.11), i.e. they are the (d, j)-summands in the
recursions (6.2) for Z( 77")/ and Zflamz

Suppose next that I' is a graph such that p(vmin) =17 and val(vyi,) >3. If [Ver|>1, i.e. T' is not as
in the first diagram in Figure 4, we break I' at vy, into “sub-graphs”:

(i) Ty consisting of the vertex {vmin} only, with the same p and d-values as in I', with the same

marked points as before, along with a marked point e for each edge e€ E from vmin;

VUmin

(ii) for each e€E, , , I'ce consisting of the branch of I beginning with the edge e at viyin, with
the 0-value of v, replaced by 0, and with one marked point at vpin;
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\/ d J
Iy Fc;e

Figure 4: The two sub-graphs of the last graph in Figure 1.

see Figures 4 and 8. By (7.5),

QF ~ QFO HQFC ‘e MO m0|0(vmin) (Vmin) HQFC e (714)

eckE ecE

Ymin Ymin

Where mo = |ﬁl9_1 ('Umin) | + |E'Umin ‘ :

Let 7o, 7;e be the component projection maps in (7.14). Since 91|g, = 731, T acts trivially on
Mo,mo [0(vmin)?

U1 =1x 1 € HE (Momop(omn) = HT @ H* (Mo mofo(vmin) )
i.e. T acts trivially on the universal cotangent line bundle for the first marked point on ﬂ07m0|a(vmm),
and the dimension of Mg (o) 18 720 +0(Vmin) — 3,

1 mo+0(Vmin)—3

h— ’Qr - Z iy oY1 -

r=0
Since mo+0(vmin) <m+|T'| and ' contributes to the coefficient of ¢/'! in (7.10), it follows that (6.2)
holds with F replaced by 2>, and Zébaiz, with Ny=m+d—2, C7(d)=¢(d) in the first case,

n;a;m

and Cg(d) :€f(d) in the second case.

The argument in this section extends to products of projective spaces and concavex sheaves (1.13)
as described in [5, Section 6].

8 Polynomiality for stable quotients

In this section, we use the classical localization theorem [1] to show that the generating functions
R 2Z(b w), and A" 2Z(b w) defined in (6.7) satisfy specific mutual polynomiality conditions of

n;a;m
Definition 6.2 with respect to the generating function Zn;a defined in (3.3). T he argument is similar
to the proof in [5, Section 7] of self-polynomiality for the generating function 2,5 defined in (3.3),
but requires some modifications.
8.1 Proof of Lemma 6.6
The proof involves applying the classical localization theorem [1] with (n+1)-torus
T = C* x T,

where T = (C*)" as before. We denote the weight of the standard action of the one-torus C* on C
by h. Thus, by Section 3.1,

HE o~ Q). Hi~Qha,... o)
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Throughout this section, V' =C@®C denotes the representation of C* with the weights 0 and —h.
The induced action on PV has two fixed points:

a1 =10, ¢=I[0,1].
With v — PV denoting the tautological line bundle,
e('yi“)‘ql =0, e(fyf)‘q2 =—h, e(T,PV)=nh, e(T,PV)=—-k (8.1)
this follows from our definition of the weights in [5, Section 3].

For each d€Z>", the action of T on C"®Sym?V* induces an action on
X, = P(C"@Symdv*).
It has (d+1)n fixed points:
P(r)=[Pou®"v"],  i€[n], re{0}uld],
if (u,v) are the standard coordinates on V and P; € C" is the i-th coordinate vector (so that

[P]=P;eP" ). Let B
Q=e(y") € H (Xq)

denote the equivariant hyperplane class.

For all i€ [n| and r € {0}U[d],

Qe = citrh,  e(TpXa) = { 11 H (Q—ay,—sh) }

s=0k=1
(8,k)#(r,0)

Q=a;+rh

Since

BX,=P(B (C”@Syde*)) —» BT and

c(B(C"®@SymV*)) = H H (1 - (a+sh)) € H*(BT),
s=0 k=1

the ﬁ‘—equivariant cohomology of X4 is given by

d n
HE(X4) = H*(BXa) = 0 (BT[] / T T (@~ (cx+3m))
s=0k=1
d n
zQ[Q,h,al,...,an]/H H (Q—ak —sh)
s=0 k=1
d n
CQa[ﬁ,Q]/HH(Q—ak—sh).

s=0k=1
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In particular, every element of H%(%d) is a polynomial in Q with coefficients in Q,[%] of degree at
most (d+1)n—1.
For each deZ=0, let

Xy ={beQq, (PV xP" ! (1,d)): evi(b) €qu x "1, eva(b) Eqax P}, (8.3)
A general element of b of X/, determines a morphism

(f,9): P' — (PV,P"1),
up to an automorphism of the domain P!. Thus, the morphism
go fTL:PV — P!

is well-defined and determines an element 6(b) €X,4. By [5, Section 7], this morphism extends to a
T-equivariant morphism

0=20,: %Id —)?d. 8

If deZ*, there is also a natural forgetful morphism
F: X — Qy (P71, d),
which drops the first sheaf in the pair and contracts one component of the domain if necessary. If

in addition m>m'>2, f,  is as in (6.5), and Vy(i)l is as in (1.3), let

v Vs Qo (P d)

n;a;m m',m

From the usual short exact sequence for the restriction along o1, we find that

eV ) = (@evix@e (VD ) € HE(Qpm(P",d)). (8.4)

n;a;m/’

In the case d=0, we set

F (WO ) = (a)evi(1xx'®) € H*(Qy,.(PV xP"1,(1,0))),

nam

Fre(WY) ) =1€ H*(Qy,,(BV xP"1,(1,0))).
Lemma 8.1. Let [€Z2°, m,m/,ne€Zt with m>m/>2, and ac (Z*)'. With Z,. a,Zéanz,,Zg)ézz,

as in (3.3) and (6.7),
(_h)m72q); 2 bw) (h < Q)

= Z / 0"z g (Viﬁ;m,) 2evywo Hw Yevi(e(yy)wy).

with (2,V,7) = (£,V,1), (Z,V, ).

Since the right-hand sides of the above expressions lie in H%[[z, q]] € QulA][[z, q]], this lemma is a
more precise version of Lemma 6.6.

(8.5)

8This morphism is the composition of the morphism 64 defined in [5] in the m =2 case with the forgetful morphism

Qo,m (PVXP”_17 (17 d)) — QO,Q (vapn_lv (1, d)) .
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(\ S S

4 (60 (,2) (3.0 (1,3)
Figure 5: A graph representing a fixed locus in X/;; i#1,3

8.2 Proof of Lemma 8.1

We apply the localization theorem of [1] to the T-action on X!,. We show that each fixed locus of
the T-action on X/, contributing to the right-hand sides in (8.5) corresponds to a pair (I'1,T's) of
decorated graphs as in (7.3), with I'; and T's contributing to the two generating functions in the
subscript of the corresponding correlator ® evaluated at x =« for some i€ [n].

Similarly to Section 7, the fixed loci of the T-action on Qom(PV xP*=1 (d',d)) correspond to
decorated graphs I' with m marked points distributed between the ends of I'. The map 0 should
now take values in pairs of nonnegative integers, indicating the degrees of the two subsheaves. The
map p should similarly take values in the pairs (7,j) with ¢ € [2] and j € [n], indicating the fixed
point (g;, Pj) to which the vertex is mapped. The p-values on consecutive vertices must differ by
precisely one of the two components.

The situation for the T-action on
X C Qo (BV X P, (1, )

is simpler, however. There is a unique edge of positive PV-degree; we draw it as a thick line in
Figure 5. The first component of the value of 0 on all other edges and on all vertices must be 0; so
we drop it. The first component of the value of i1 on the vertices changes only when the thick edge
is crossed. Thus, we drop the first components of the vertex labels as well, with the convention
that these components are 1 on the left side of the thick edge and 2 on the right. In particular, the
vertices to the left of the thick edge (including the left endpoint) lie in ¢ x P"~! and the vertices
to its right lie in go x P"~!. Thus, by (8.3), the marked point 1 is attached to a vertex to the left
of the thick edge and the marked point 2 is attached to a vertex to the right. By the localization
formula (7.1) and the first equation in (8.1), I' does not contribute to the right-hand sides in (8.5)
unless the marked points indexed by j > 3 are also attached to vertices to the right of the thick
edge. Finally, the remaining, second component of y takes the same value i € [n] on the two vertices
of the thick edge.

Let A; denote the set of graphs as above so that the p-value on the two endpoints of the thick edge
is labeled i; see Figure 5. We break each graph I' € 4; into three sub-graphs:

(i) T'y consisting of all vertices of I to the left of the thick edge, including its left vertex v; with
its 0-value, and a new marked point attached to vy;

(ii) T'p consisting of the thick edge eq, its two vertices v; and vg, with d-values set to 0, and new
marked points 1 and 2 attached to v; and ve, respectively;

(iii) 'y consisting of all vertices to the right of the thick edge, including its right vertex vo with
its 0-value, and a new marked point attached to vo;
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(1,4) (i,0) (4,0) (4,0) (i,2) (3,0) (1,3)
Iy I'o I’y

Figure 6: The three sub-graphs of the graph in Figure 5

see Figure 6. From (7.5), we then obtain a splitting of the fixed locus in X/, corresponding to I':
Qr ~ Qr, X Qry X Qr, C Qoa(P" ™, [T1]) X Qp2(PV,1) X Qg (P" ™, [Ta)). (8.6)

The exceptional cases are |[I'j|=0 and m =2, |I's] =0; the above isomorphism then holds with the
corresponding component replaced by a point.

Let 7y, mo, and 7o denote the three component projection maps in (8.6). By (7.7),

e(NQF)  x e(Ner) * e(NQrz) * *
R o R G e e

Since for every j=m/+1,...m the closest vertex of Ver,, lies to the right of the thick edge, by (7.8)
and (8.4),

F*e(V(IFI) /) = oy )7719( (|F1|)) 2e(V(|.F2|)I) ’

o e (8.8)
Fe(Vam) g, = iilei)mie (Vi) mie(Vuin).
Since Qr, consists of a degree 1 map, by the last two identities in (8.1)
Wegivy = N, Wegswy = —h. (8.9)

The morphism 6 takes the locus Qr to a fixed point Py(r) € X4. It is immediate that k=14. By
continuity considerations, r=|I'1|. Thus, by the first identity in (8.2),

0|, = a; + 1]k (8.10)

Combining (8.7)-(8.10) and the second equation in (8.1), we obtain

e07Q)z px g (Vfl‘l;‘zn,)w evh T H¢J€V (e(v])w;)

q|F|
Qr (NQF)
o evme2 M(@)e®E ] p i iy e(Via')evso; 1
= kl;l.(aiak){e 4 Qr, h—v2 Qr, e(NQr,) (8.11)
(WD yevin TT (P evtamy)
T j=2 L
Qr, (=h) =1 Qr, e(NQFQ)

This identity remains valid with |I'1|=0 and/or m=2, |I'y| =0 if we set the corresponding integral
to 1 or to hP2ws|p,, respectively.
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We now sum up the last identity over all I" € A;. This is the same as summing over all pairs (I';, I'2)
of decorated graphs such that

(1) T’y is a 2-pointed graph of degree d; >0 such that the marked point 2 is attached to a vertex
labeled ;

(2) T'y is an m-pointed graph of degree dy > 0 such that the marked point 1 is attached to a
vertex labeled .

By the localization formula (7.1) and symmetry,

V(' 1‘)>ev*¢'
1+ hzy [T / e( 2Pi
2. { ar, (= 2)e(N Qr,)
hz\d e(Vn;a)eV2¢i 3 ' B
+;(qe ) /O,Q(Pnl,d)hwg_Z”?a(o‘“h’qe )i
j=m
(Vi levion T1 (47 eviey) }

Om.2liP2ws| p, + quz{ /Qr e(J\/Qrz)(]—_ﬁ—%)

Iy 2

(|F ‘) * b; * .
(Vn am?)CV1 0 jl:[2 (¢ eviw;) o
=0m B2 + E / =Z a;,—h,q).
)2 2|P (Bt (_h_wl) n;a;m’ ( q)

d=max(3—m,0)

Combining with this with (7.1), we obtain

Z / (G*Q)ZF* T(Ld;)im ) 2evi s H ,(7[) ’ev ’Yl)wj)

7=3
= m 22 H na(auh qe )Zflbanz (au h,Q)
k;éz
= ( h)m Qq)nznaz(b w) (h727Q)a

n;a;m/’

as claimed in the Z identity in (8.5).

From (8.7)-(8.10), we also find that (8.11) holds with V and V replaced by V and 7 by 7, with
the same conventions in the |I';| =0 and m = 2, |T'9| = 0 cases. We then sum up the resulting
identity over all pairs (I'1,I'2) of decorated graphs as in the previous paragraph. The sum of the
terms in the first curly brackets over all possibilities for I'; is exactly the same as before, while the
sum of the terms in the second curly brackets over all possibilities for I'y is described by the same
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expression as before with V(| 7‘7)1, and Z (b, m), replaced by V(l T'BL, and Z (b, ),, respectively. Thus,

Z / D910 ) utrevis T] Wevi(eai)e)

7j=3
- m2z 2 nia (i, 1, g0") 280, (0, 1, q)
H na (2] n:a:m’ (2] )
k;éz
= (—h)" QQ)?ZnaZ(b =) (h, z,q),

nam

as claimed in the Z identity in (8.5).

In the case of products of projective spaces and concavex sheaves (1.13), the spaces
Qom(PV P! (1,d) and X4 =P(C"®Sym’V*)
are replaced by
Qo (PV P I xP™ ! (1,dy,...,dp)) and P(C"®@Sym™V*)x...xP(C"®@Sym™V*),

respectively. Lemma 8.1 extends to this situation by replacing z and ¢ in (8.5) by z1,..., 2, and

q1,- -5 4p, q* by Qih- . -qu, X, by %&1,_..7%, e(0792) By (072214407 %0)2p  and the indices d and n

on the bundles V,V by (dy,...,dp) and (n1,...,ny), and summing over dy,...,d, >0 instead of
d>0. The vertices of the thick edge in Figure 5 are now labeled by a tuple (i1, ..., i) with iz € [ng],
as needed for the extension of Definition 6.2 described at the end of Section 6. The relation (8.10)
becomes

G*Qs Or = Qg + |F1|sh7

where |I'; |5 is the sum of the s-th components of the values of ? on the vertices and edges of I';
(corresponding to the degree of the maps to P"s~!). Otherwise, the proof is identical.

9 Stable quotients vs. Hurwitz numbers

Our proof of Propositions 4.1 and 4.2 that describe twisted Hurwitz numbers on ﬂo,:s\d is analogous
to the proof of [5, Theorem 4], which describes similar integrals on M ojq. In particular, we show
that it is sufficient to verify the statements of Propositions 4.1 and 4.2 for each fixed a and for all
n sufficiently large (compared to |a|). For v,(a) >0, we obtain the statements of Propositions 4.1
and 4.2 by analyzing the secondary (middle) terms in the recursion (6.2) for the three-point gen-

erating functions Zr(LOalg) nd 21(10;2) defined in (3.32) and (3.34), respectively. We also use (3.35)
and (3.33). The latter is the string equation for stable quotients invariants; in Proposition 9.3,
we show that it is equivalent to Proposition 4.2 whenever va) > 0. In Proposition 9.2, we show
that (3.33) is equivalent to Proposition 4.1 whenever v, (a)>0. We confirm Proposition 4.1 when-
ever v, (a) >0 using Proposition 6.3; see Corollary 9.1. Since it is sufficient to verify the statement
of Proposition 4.1 with v,(a) >0, the v,(a) =0 case of Proposition 4.1 then concludes the proof

of (3.33).

47



9.1 Proof of Propositions 3.1, 4.1, and 4.2

With n and a as in Propositions 4.1 and 4.2 and by, by, b3, 7€ Z=9, let

>> Dyl

A= 30 [
7 Mo 314 He V1 ( i— Q)
k;éz
f(l.)lzbz’b3)(a / ar az)) blwawlB '
- WMo a He M (=)

By [5, Remark 8.5],

) . b1+b2+b3
€nia(i, q) FO00 (0, ) (9.1)

(b1 b2,b3) _
Faa T (i) = by by lbs! a

thus, it is sufficient to show that

1

(0 0,0)
Fna (i q) = v+
(I>£LO;;(O"L'7 q)

(9.2)

By the same reasoning as in [5, Remarks 8.4,8.5],

f(b1,1)27bg)(ai q) — é?’b;a(a’h Q)b1+b2

070763 .
n;a;r b1'b2‘ fr(t;a;r )(aiv Q)7

thus, it is sufficient to show that

1) .
ZZ Frad (@ mo{(}ibﬂ[{yma»(ai,h,q)]]q;rqr}:l- (9.3)

b=0 r=0

Corollary 9.1. Let [€Z2°, n€ZT, and ac(Z*)'. If vu(a) >0,

20V (x,h,q) = b Zpa(x, hyq) € HEP Y[, )]

n;a;3

Proof. By Lemma 6.4(ii) and Lemmas 6.5 and 6.6, the series hZ© )(x, h,q) and Z,.a(x, h, q) are

n;a;3
C-recursive and satisfy the n-MPC with respect to Z,.a(x, I, ¢), no matter what n and a are. It is
immediate that
Zpa(x,h,¢) =1 mod Rt

If v,(a) >0 and deZ™,

dim Qg 5(P"" !, d) — tkV\ s = vy (a)d + (n—1) > n—1 = dimP" L.

Thus,
hZT(LOalg (x,h,q) =1 mod h !,
whenever v, (a)>0. The claim now follows from Proposition 6.3. O

48



Proposition 9.2. If1€72°, ncZ*, and ac(Z*)" are such that v,(a) >0, then

> Zn'a ’ hv
20D, b q) = 1 Zmel )
" Io(q)
if and only if (9.2) holds for all i €[n].

Proposition 9.3. If1€77°, ncZ*, and ac(Z*)" are such that v,(a) >n, then

€ (H+®" 1) [[n1.4]] (9.4)

200 (x,h,q) = b Zpalx, hyq) € (HEP™ ) [, q]] (9.5)

if and only if (9.3) holds for all i €[n].
For any t,t' €[d] with t#t', let Ay € H*(Mg jq) denote the class of the diagonal divisor

{[Cayh' . -;?ﬁn?@l; .. 7gd] EMg,mw: Qt:@t’}-

At == ZAtt/ .

t'>t

For any t€[d], let

We denote by 51,59, ... the elementary symmetric polynomials in

{Br} = {(i—on)™ '+ k#i}
for any given number of formal variables . Let

—ay  —ay . Aa(ag
Aa(ei) = ] (ag*ai) T (a™a;™), A”%a(“”‘nmf—c)xk)'

ap>0 ap<0 ki

Proof of (9.2). By (1) in the proof of [5, Proposition 8.3],

[F597 0] 1 f1 (258 1 f1 T (e 8

a:d __][ ax>01=1 \=1 ap <0 1=
d (o Ry d
Afa(ai) Mo sja IT II(1- e e
o —Qap QG —Qp

fetit=1

= /Ha;d(ozi_l,sh .. ,Ed)

for some Haq € Q[y,51,...,54] dependent only on a and d, but not on n.? Similarly, for any
d,d €720 there exists yadd/ €Qly,s1,...,54], independent of n, such that

|:|:hd [[j}n;a(ai, h, Q)]] :|:| = Az;a(ai)j}a;dw (y,ﬁl, e 75d’) . (97)
qd

h;d!

Thus, by (4.9), there exist &a,q, d! ()ie(@[y,sl, ...,54], independent of n, such that

_ y d _
[[gn;a(ah Q)ﬂq;d = r?jo [[log yn;a(aia h, q)ﬂ d = An;a(ai)ga;d (O% 1a51a e a5d—1)a

q;

. 1 En;a(aiﬂ) . . _
H:q)nc,%(aza Q)]] = 9:{ s ei h yn;a(aia hu Q) = Ardza(al)é(aot)j (Oéz 17517 AR 75d)‘
¢d h=0h ad ' ;

9Whatever polynomial works for n>d works for all n; this can be seen by setting the extra £;’s to 0.
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We conclude that (9.2) is equivalent to

S Haa, @), =040 Vdez.

dy,d2>0
di+dso=d

By Corollary 9.1 and Proposition 9.2, these relations hold whenever v, (a) > 0; since they do not
involve n, they thus hold for all pairs (n,a). O

Proof of (9.3). For te[d+1] and reZ=°, we define 9}, AL, € H*(Mg 34) by

(r=1)f530¢a+1, i t<d;

o *‘A7 Aty = oAy +
Yy = fast tr = Jo3l {07 if t=d+1.

Similarly to (1) in the proof of [5, Proposition 8.3],

d ag rag
ap>0 = e(Vé‘:?r(ai)) = H H (arci — M)y + apAf,) - H (aka; — Mgy q)
t=1X=1 A=1
d —aip—1 —rap—1
ar<0 = e(Vé‘i?T(ai)) = H (arci + My + arAl,) - H (akos + Mj).
t=1 A=0 A=0

Thus, similarly to (9.6),

q7d = (b) (ai_l?ﬁl?"’?ﬁd)

(b

for some Ha;i,d € Qly, s1,...,54] dependent only on a, r, b, and d, but not on n. Thus, by (9.7)

with a=0, (9.3) is equivalent to

oo
b .
> Z(—l)bﬂé;zz;dlyw;dg,dﬂb =0dq0 VdeZ?.

d1,d>>0 b=0

d1+do=d
By (3.35) and Proposition 9.3, these relations hold whenever v, (a) > 0; since they do not involve n,
they thus hold for all pairs (n,a). O
9.2 Proof of Proposition 9.2

We study the secondary (middle) terms in the recursions (6.2) for

~ Z (%, h :
Zna(x,hq) = hilin’a.(x’ 4) and ZT('L(‘)A:'[:S) (x,h,q).
Io(q) dy
We show that (9.4) implies (9.2) by considering the r = —1 coefficients in these recursions. Con-
versely, if (9.2) holds, we show that the r = —1 coefficients in these recursions are described in

the same degree-recursive way in terms of the corresponding power series; Proposition 6.3 and
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Lemma 6.5 then imply that Z( b _ gn;a.lo

na3_
By Lemmas 6.4 and 6.5,
0o Ny—1
Zna (ag,h,q) = Z Z{Zna} d)h~ rqd'{’zzh_aj_az (O‘]a( _ai)/dv(I)a
d=0 r=0 d=1 j#i
(9.8)
oo Ng
Znialai 1, q) dzzl{zna}’“ )h~ qu+dz§7;h_ a]._az a0y, (0 —s)/d, q),
or 1 j#1

for some NyeZt and {Z,.a}7(d), {Zp.a}}(d) €Qq. It is immediate that

Z{zna} ) —Z{Zna} S D) D6 LU ISR

d= 1]7& &
= _ZZ Czﬁ_%{h LZa(ai hq)} =

{h 1Zna(azvh Q)}
d=1 j#i h=

= hg:{(){h Zn;a(aiv h7 Q)} —1;

—000

the first and second equalities above follow from the first equation in (9.8), while the third from the
Residue Theorem on P! and (9.8) again, which implies that the coefficients of ¢% in Z,, a(ei, B, q)
are regular in i away from h=(a;—«;)/d with d€Z" and j#i and h=0, c0. Combining the last
identity with the first statement in (3.12), and (4.9), we obtain

(0) o0 b
q)n ( ) én'a(Q) (_ ) ~
gt = 2D ; ,
Z{Zna} 0((])2 Z b' fLS:RO hb Z (alah7Q) . (99)
b=1
By Lemma 6.5,
0,1 (0,1 r 0,1
o) = SR + 35 I e, o)
or =1 j#i

for some Ny € Z" and {Znoalg} (d) € Qq. By Section 7.2, the secondary coefficients {Zn0a13 7(d)
arise from the contributions of decorated graphs I" as in (7.3) such that the vertex vy, to Wthh
the first marked point is attached is of valence 3 or higher. In this case, there are four types of

such graphs:
(i) single-vertex graphs;

)
(ii) graphs with either marked point 2 or 3, but not both, attached to vmin, i-e. |97 (vmin)| =2;
) ~2
)

)

(iii) graphs with two edges leaving vpin, i.e. |E

Umin ‘

(iv) graphs with |97 (vmin)|, |Eo,... | =1, but 9(vmin) >0;
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(j27*)

1 1 3 1 2 1 2
. . d ds
2 (ZadO) (Z?do) A . . -
(.]a*) (ZadO) d3 (Z7d0) (.]a *)
3 2 3 dyezt 3

(.j37 *)
Figure 7: The 4 types of graphs determining the secondary coefficients {Zn a: 3}7"( )

see Figure 7.

By (7.7), (7.8), and (7.12), the contribution of the graphs of type (i) to Z{ na3} (d)g? is

(d)
a (i) _ 000,
Z /M()Bd []e( V1 ~ T a) (5.10)

N(ai—ay))
k#i

In the three remaining cases, we split each decorated graph I' into subgraphs as on page 40; see
Figure 8. Let mg, mc,e denote the projection maps in the decomposition (7.14). By (7.7) and (7.8),

_eWNVOD) T 2t (1T o, ‘ . eNQr..) .
e(TpPr1) — kH#woe(Vl (ai—ay)) eegﬂm Wc;ee(TpiIP”—l) (Wesvpmm —ToWe) | -

e( |F| )‘Qp Oe(V(lfol)(az)) . Hﬂﬁ;ee(vgg”l))

eGEvmin

Thus, the contribution of T' to Z {Z ©.1) Hd)q? is

na3

(do)

: e(Va (i) T

N e

q\F\ e(vél;a‘))evlgbi‘Qr _ 2 : <qdo/ e€Ev iy

N N do! 71 S(do)
I I C R ) 012)
Fce *
X Hq|Fce\ bg+1/ (V(‘ |))6V1¢i>

e€Ey ;. o Tese (NQFC?E)

where mg =97 (vmin)|+|Ev,..,| (= 3 if T is of type (ii) or (iii), = 2 if T is of type (iv) above) and
do=0(Vmin)-

We now sum up (9.12) over all possibilities for I" of each of the three types. For each ecE,_. , let
ve € Ver denote the vertex of e other than vyi,. By (7.6) and Section 7.2, the sum of the factor
corresponding to e € E,, . over all possibilities for I'. with d(e)=d. and p(ve)=je fixed is

(fl)be"'1 R N {h (bet1) (al,h q)}

Yje i
h= 7

10The same argument, with slightly more notation, can be used to show that all secondary coefficients are described
in the same degree-recursive way, thus bypassing Proposition 6.3 and Lemma 6.5.
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; (4,0) (j2,%)
2 i,d \Lo—/ 2% i,d,
(4, do) 0 G (4, do) 1 0 3
] ] (5.0) (s, %)

Figure 8: The subgraphs of the 2 middle graphs in Figure 7

where Z = Z,,., in cases (ii) and (iii) and Z = 2! a?z in case (iv). Thus, by the Residue Theorem

on P! and Lemma, 6.5, the sum of the factors corresponding to e E over all possibilities for I'; is

VUmin

Z(O[i, ha Q) b Z(O[“ ha Q) 65 0> in cases (11)7(111)’
—)be g I AL qybe “\&, 1L 4q) | e 1
(=1) h:o,oo{ hbet1 } (=1) hgjo hbet1 0, in case (iv). (9-13)

Combining (9. 12) and (9.13) with (9.1), the first equation in (3.12), and (4.9), we find that the
contribution to Z {Z (0.1)31

n;a;3

}H(d)q? from all graphs T of types (ii) and (iii) above is given by

—Gnal &g, bl 1 :
fr(L?éO’O)(ai’q) Z (=€ ,a(b' q)) H <h§0{hbeﬂzma(ai,h,q)} —5be,0>

bE(ZZO)EUmin eeEUmin
(0,0,0) 1 _énalopa) [Eopnin
= ~Fn;é ’ (041'7Q) R 4 e h Zn;a(aia h, Q) -1
h=0 | h
(P(O) . |E”min |
_ FH?Z;O,O) (ai7Q)< n,{i(az,q) . 1> 7
Io(q)
with |E, . |=1 1n (ii) and =2 in (iii). Using [5, Theorem 4] instead of (9.1), we find that the
contribution to Z {Znoalg)} (d)q? from all graphs T of type (iv) above is given by

> gna Q;, q ))b+1 1 0,1 gna 0427 ( ) 0,1
Z OIS AT T S (@i o) p = Z B e (GRS

b=0

Putting this all together and taking into account that there are two flavors of type (ii) graphs, we
conclude that

+(0) 2
(bn'a iy

Z{zn"alg — FOPO (g, gy 2rl@i0)”
Io(q)

. i fn;a(ai,Q)b R
b! h=0
b=1

1=

(9.14)

—1)° .
(G288 ena .

This is the same degree-recursive relation as (9.9) if and only if (9.2) holds.

9.3 Proof of Proposition 9.3

We next apply the same argument to the power series

Zna(x,h,q) = h_lzn;a(x, h,q) and Z(O’l)(x, h,q).

n;a;2
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In this case, (9.9) becomes

© (0) EREVN
S o)t = <q 25“‘ {(h}} zn;am@-,h,q)}. (9.15)
d=0

The graphs contributing to {Z,.a}7(d) are the same as before, as are the decomposition (7.14)
and the first splitting in (9.11). However, the second splitting in (9.11) changes. For graphs I' of
type (i) and (ii) with 9(3) =vmin, it becomes

e( (IT7) )|Q Se(vggol)(ai)) * e(v(|rce|))

n;a;2

with the second factor being 1 for the graphs of type (i) and e€ E,_, denoting the unique element
for the graphs of type (ii). For graphs of type (ii) with ©(2)=wvmin, graphs of type (iii), and graphs
of type (iv), it becomes

e(Viiad)lgr = mie(Vajr, (@),

e(Viaa)lgp = me(Vuir.., (20) - mlseVina™").

(Vi) g, = me(Va" (@) - mie V"),

respectively.

Thus, similarly to (9.10), the contribution of the graphs of type (i) to Z {ZT(LOa12} (d)q? is

o

> d V( )( e
E q J/ e( a;0 z : (0(]b 9% { ( 1) ()}

M y n; Qi q Fb+1 Zn;@(ai7 h, Q) q -
d=0 d! Mo 314 | |e(V1( a0 =0 | hbt+l [{ ]]q;o

(az —ay))
ki

Similarly to (9.13), the sum of the factor corresponding to an edge e €E,,_. in the analogue of (9.12)

over all possibilities for I'; is

Umin

il % — 0p,,0, in cases (ii) with ¥(3) =vmin, (iii) with e=ey;
(e d ot {Zaleho k5, i cases (i) with 9(2) =t ) with e e
23(0 Y i’h7 : :
hmo "aﬁie(ilq)}, in case (iv).

Thus, the contribution to Z {Z(O 1 Hd)q® from all graphs T of types (ii) with ¥(3) = v and

n;a;3
¥(2) =vmin 18

nOaOOO a“ Z - ;a Oé ) 4 ) <9% { ,a;;;vl 7Q)} _ 517,0) — (M _ 1>‘F7(L(,)£(7)0) (ai7Q)

b—0 h=0 Iy (Q)

oo
and Z

b=0 r=1

o0

(0.05), s r
]:n;a;r (aza Q)ﬁmO{ hb+1 HZn;@(az7 ha Q)]] o q 5
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respectively. Similarly, the contribution from all graphs I' of type (iii) is

3) (_gn;a(ah Q))b2 Zn;a(ai> h, Q)
Z Z (0 e < bo! (hgjo{ b2 +1 } - 51’270)

b2,b3>0 r=1
(_1)b3 vy r
E%O{ Abs+1 [[Zn;@(aia h, q)ﬂ o q

+(0) © b
[ Ppalai, q) OOb (—1)° 12 ' ,
- (Pl )Zzﬁm 9%{ S SO )

b=0 r=1

Finally, the contribution from all graphs I of type (iv) is given by

= gn;a(aiaQ)b (—1)° 0,1
_Z b! hgjl hb Z?S;a;g(aiaha Q) :
b=1 ’ o

Putting this all together and using the first equation in (3.12), but now with a= and thus Ip=1,
we conclude that

. [’<lNe’e} _1\b .
S 28t - B 55500 o f I o] o)

b=0 r=0
Enalcis q)° (-1)° 01
N Z b! ;?_{0 hb Z’r(l;a;2) (ai7 h, Q) .
b=1 ’ -

This is the same degree-recursive relation as (9.15) if and only if (9.3) holds.

10 Proof of (3.14)

The equivariant cohomology of P*~1 x P*~1 xP*~1 is given by

n n n
Hi(P" I xP" I x P = Q[ala---aanaxlaX%XB]/{H X1 —ay), H X2 —ay), H X3~y }
k=1 k=1 k=1

Thus, by the defining property of the cohomology pushforward [20, (3.11)], the three-point power
series Zp,.a in (3.3) is completely determined by the n® power series

: )eV1¢11 evsdi, evidi,
Zn.ali,, iy, iy, B, B, B3, Q) 10.1
(i iy, Qi P, o i Z / S(Br—1.d) ﬁ1—¢1)(ﬁ2—¢2)(h3—¢3) (10.1)

The localization formula (7.1) reduces this expression to a sum over decorated trees as in Section 7.
Each of these trees has a unique special vertex vy: the vertex where the branches from the three
marked points come together (one or more of the marked points may be attached to this vertex).
We compute this sum by breaking each such tree I' at vg into up to 4 “sub-graphs”:

(i) Ty consisting of the vertex vy only, with 3 marked points and with the same p and d-values
as in I';
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(,0)
1 2 2 €2y, 2
d U1 1
= 1 (i, do)
(1,00 (5,2)  (5,0) 1
3 es U3
3
Iy Lo (,0)
I's

Figure 9: The 4 sub-graphs of the second graph in Figure 1, with label ¢ replaced by i;.

(ii) for each marked point t=1,2,3 of I with ¥(t) #vo, It consisting of the branch of I' running
between the vertices ¥(t) and vy, with the d-value of vy replaced by 0 and with one new
marked point attached to vg;

see Figure 9. The contribution of the vertex graphs (i) is accounted for by the Hurwitz numbers of
Proposition 4.1, while the contribution of each of the strands is accounted for by the SQ-analogue
of the double Givental’s J-function computed by (3.11), (3.12), and (3.15). Putting these contri-
butions together, we will obtain (3.14).

Let i=p(vo) and dp=0(vp). For each t=1,2,3 with 9¥(t) #vo, let e;={vo, v} be the edge leaving
vo in the direction of ¥(t). By (7.5),

3 3
Qr ~ Qr, x [[@r. = Mo zia,/Sa0) x [ [@r , (10.2)
t=1 t=1
where the ¢-th factor is defined to be a point if ¥(¢) =vg. Let 7, ..., 73 be the component projection

maps in (10.2). By (7.7) and (7.8),

e(NQF) o e "(do) Ol — Oy . ’ * e(NQFt) .
e(Tp PT) _g (A (e men) tljl< o1y e Owt)) 03

3
e(V,S'il)) ’Qr = mhe( H7T e V,S‘FtD ,
t=1
with the ¢-factor defined to be 1 if ¥(t) =wvg. Thus, the contribution of I' to (10.1) is

e () Hw

1 Z qdo
TI(i—a) do! / (o) (0; —
kl;lz ) b1,b2,b3>0 Mo ,3jaq kl;é[z e( ( Oék)) (104)

(b1+1)/ (Végl‘)) ev1¢llev2¢2 Hq|Ft| - bt+l/ ( (IFtD)evld)l evf@'t
e1;vo (NQFI hl _1/11 1—9 et’vo r (NQFt)(ht—"l/}t) ’

qlfllw

where the ¢-th factor on the second line is defined to be &, (bt 1) I(t)=
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We next sum up (10.4) over all possibilities for I'. Let

Zn§a(ai17ai> hla fL, Q)a if tzl;

Z' hqa‘ 7h’ = 5
Z( s T Q) {Zn;a(ai,aiwha hth)> ift:2’3'

By (7.6) and Section 7.2, the sum of the factor in (10.4) corresponding to each t=1,2,3 over all
possibilities for I'; with 9(e;) =d; and p(vy) =7 fixed is

(0% R’ (Y Z (R, i, e, q) )

h= Y~
dy

Thus, by the Residue Theorem on P! and Lemma 6.5, the sum of the factor in (10.4) corresponding
to each t=1, 2,3 over all possibilities for I'; non-trivial is

Zi(h, iy, e, q) Zi(h, o,y e,y q) —(bit1
R\
9 9 - k#i

Since the last term above is the contribution from the trivial sub-graph I';, the sum of the factor
in (10.4) corresponding to each t=1,2, 3 over all possibilities for I'; with p(vg)=1 fixed is

. Z'(h7a'>ht>Q)
) [t-factor in (10.4)] = (1)“}3&&% ; (10.5)
I
this takes into account the graphs I" with J(¢) =
By (10.4), (10.5), and Proposition 4.1,
Zn;a(ail y Qg y Ujg s hl) h?a h37 q)
(10.6)

= 3
]. 1 )
= 5 R {e_gn;a(aiv‘I)/hZi(h, oy, ht, q)}
; sn1 (i) Dhta(ai, q) 1= =0 LA ¢

By (3.11), (3.15), (3.12), and (4.9),

L e ooV o
r?jo{he Enalen)/h 2, (p, ait,m,q)} - > ((—1) S,
5¢,5t,74>0

si+si+ri=n—1

s} = (0)
5(r1) (I)n;a(aia Q)Ln a(ai7 Q)
X z :Cs;t— sy—ry —0=( )(q)

jO( ) Isé ry (Q)

! 11
STy

ZT(L?;) (ait7 htv q))
for t=2,3. Combining this with (3.26), [14, Proposition 4.4], and (2.16), we find that

1 )
hfﬁo{ —e~Smalend/hZ (1 oy By, q) }

h
n—1 & A, (107)
n a 19 L a 19 ST S
- E E C Tt) a c> = (a q) 27(7,7;) (aita hta Q)
s¢=07r:=0 ]Ist-i-?"t( )
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for t=2,3. By the same reasoning,

1 .
hiiio{ ﬁe_fn;a(aiv(ﬂ/hz’i(h’ i, hl; q) }

. 10.8
Dy, 21(0517 Q)Ln;a(aia Q)Sl B ( )

= c (r1)
Z Z Hg1+1”1 (q)

27({?;) (ail ) hlv Q))

$1=07r1=0
where o)
Lya(a; 8,
#fhasa) = (2 0) b @), (10.9)
1
On the other hand, by (4.10) and (4.8),
@51021(05“ Q)3Ln;a(aia Q)S Ln;a(aiy Q) —He) . 1 a I s—|a| 9 dL
0 @ = an 2 Dl 7
i=1 Sn—l(ai)(bn;a(a’UQ) t =1
n
1 d H nia(i, q), if s=|a]—1;
a®dg s+11 al z Ln.a(ai, q)*F17121 0 otherwise.
The collection {Ly.a(ci,q)~!} is the set of n roots y of the equation
1—s1y+...4+(—1)"sy" — a?qy’(® = 0.
Thus, if s>0 and s+1<|al,
d < d Sn—1 Sn—2 Sup(a)+s+1
SN Lo g)s il = Zq(lal-s-1) ( Pnml Pn=2 0 hjal-s—1Pvn(@)FsHL )
dq ; ’n,a(aﬂ q) qu Sn ) Sn ) ) ( ) s 9
where H(") is as in (3.22). If |a|=n, {Ln.a(i, q)} is the set of n roots y of the equation
y" — (1—a?q) 's1y" ' + (1—a%¢) lsoy" 2 — ... + (=1)"(1—a%¢)'s, = 0.
Thus, if s+1<|a|=n
- _ja/dL (s+1-n)/_a
;Ln;a(ai,q)s ‘aldT; =aH,’ " (a%), (10.10)
1=
where H{ is as in (3.23). If |a| <n, {Lna(as, q)} is the set of n roots y of the equation
vy — Slyn—l 4.+ (_l)un(a)—lsun(a)_1y|a|+1 + (_1)Vn(a) (Sun(a) _ (_1)Vn(a)aaq)y\a|
+ (—1)”"(3)+lsyn(a)+1yla‘_1 +...+(=1)"s, =0.

Thus, if s+1<Ja|<n, (10.10) still holds. Combining the equations in this paragraph, we find that
- (1)7(1(321(041’ Q)gLn;a(aia Q)S (Ln;a(a’ia Q) ) —ta@) . /HSI;;") (aaq), if s >n — 1;
i=1 sn—l(ai)@ﬁ??ﬁ(ai,q) QG f0<s<n-—1.

Combining this with (10.6)-(10.9) and (3.25), we obtain (3.14).

0,
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