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Abstract

In a recent paper, we obtained a WDV V-type relation for real genus 0 Gromov-Witten invariants
with conjugate pairs of insertions; it specializes to a complete recursion in the case of odd-
dimensional projective spaces. This note provides another, more complex-geometric, proof of
the latter. The main part of this approach readily extends to real symplectic manifolds with
empty real locus, but not to the general case.

1 Introduction

The classical problem of enumerating (complex) rational curves in a complex projective space P"
is solved in [11, 13] using the WDVV relation of Gromov-Witten theory. Over the past decade,
significant progress has been made in real enumerative geometry and real Gromov-Witten theory.
Invariant signed counts of real rational curves with point constraints in real surfaces and in many
real threefolds are defined in [16] and [17], respectively. An approach to interpreting these counts
in the style of Gromov-Witten theory, i.e. as counts of parametrizations of such curves, is presented
in [2, 14]. Signed counts of real curves with conjugate pairs of arbitrary (not necessarily point)
constraints in arbitrary dimensions are defined in [5] and extended to more general settings in [3].
Two different WDV V-type relations for the real Gromov-Witten invariants of real surfaces as de-
fined in [2, 14], along with the ideas behind them, are stated in [15]; they yield complete recursions
for counts of real rational curves in P? as defined in [16]. Other recursions for counts of real curves
in some real surfaces have since been established by completely different methods in [4, 1, 8, 9].

In [7], we obtain a WDV V-type relation for real genus 0 Gromov-Witten invariants with conju-
gate pairs of constraints without restricting to low-dimensional real symplectic manifolds. In the
case of P2"~! it specializes to the complete recursions of Theorem 1.1 and Corollary 1.2. These
recursions are sufficiently simple to characterize the cases when the aforementioned real invariants
are nonzero and thus the existence of real rational curves passing through the specified constraints
is guaranteed; see [7, Corollary 1.3]. The main proof of the WDV V-type relation in [7] is based
on establishing a homology relation on the three-dimensional Deligne-Mumford space RMj 3 of
genus 0 real curves with 3 conjugate pairs of marked points. We also give an alternative proof
in [7] which is closer to the proof of [13, Theorem 10.4], but makes use of a conjugate marking.
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In this note, we describe a more complex-geometric variation of the second approach in [7]. In
order to focus on the approach itself, we restrict to P?»~1, but it can be applied in some other cases
as well; see Remark 2.2. We work with the explicit system of orientations on the moduli spaces
of real maps to P2"~! defined in [3, Appendix A.1] from an algebro-geometric point of view; the
orientations used in [7] are described from the point of view of symplectic topology. The analysis
of the sign of the key gluing map of Lemma 3.1 is carried out in Section 4 using polynomials. The
primary motivations for this note are to make the proof of Theorem 1.1 and Corollary 1.2 more
accessible, in particular to algebraic geometers who may have no interest in the general case of
the real WDVV relation of [7, Theorem 2.1], and to highlight the difficulties eliminated by the
homology relation of [7, Proposition 3.3].

Each odd-dimensional projective space P?"~! has two standard anti-holomorphic involutions (au-
tomorphisms of order 2):

TQnZP2n_1 —)]PQn_l, [Zl,...,Zgn] — [22,21,...,227“22”,1], (11)
Mon - p-l Eﬂn_l, [Zl, ceey ZQn] — [*22, 21y vy —Z2n, Zanl]. (12)
The fixed locus of the first involution is RP?"~!, while the fixed locus of the second involution is

empty. Let
T=1y, n=np : Pt — P!,

For ¢ = Ton, M2, and c=7,7, a map u: P! — P?"~1 is (¢, c)-real if uoc = ¢pou. For k€ Z2°, a
k-marked (¢, c)-real map is a tuple

(u7 (Zf_a Zl_)7 ceey (Z]jv ij))?
where zf, 2] -eey z,":, 2y € P! are distinct points with zj =c(z; ) and u is a (¢, c¢)-real map. Such
a tuple is c-equivalent to another k-marked (¢, ¢)-real map
(', (272 )s s (55 20))

if there exists a biholomorphic map h: P! — P! such that
hoc = coh, u' =uoh, and zF=h(z%) Vi=1,... k.

If in addition d € Z*, denote by imo,k(JP?"—l,dW the moduli space of c-equivalence classes of
k-marked degree d holomorphic (¢, ¢)-real maps.

By [5, Theorem 6.5], a natural compactification
ﬁo’k(]}ﬂnfl’ d)T27L,T B 93{07,6(@2”*17 d)TQn,T

is orientable. If d ¢ 27, ﬁo,k (P2n=1 d)™n7 has no boundary and thus carries a Z-homology class;
see [5, Theorem 1.6]. By [3, Lemma 1.9],

Mo k(P> )T =0 VdeZ,  MpP L d)™" =0 Vd¢?2Z,
and a natural compactification

Mo (P21, d)*" > Mo (P2, d) P



is orientable for ¢ = 1o,,m0,. If d &€ 27Z, ﬁ()’k(IF’Q”*l, d)™n" has no boundary and thus carries a
Z-homology class; see [3, Proposition 1.1]. If d€2Z, a glued moduli space

Mo (P, d)? = Mo (P>, d)>™ U Mg (P>, d)*7 (1.3)

is orientable and has no boundary; see [3, Theorem 1.7] and [3, Remark 1.11].

The glued compactified moduli spaces come with natural evaluation maps

evi: Mo (PP d)? — P2t [u, (27, 27), - (7, 2) ] — w(z).
Thus, for c1,...,c, €ZT, we define
NY(cty. .. cx) = / eviH® ... eviH* € Z, (1.4)
Mo, (P27 —1,d)®

where H € H2(P?"~1) is the hyperplane class. For dimensional reasons,
NY(cr,oosen) 20 = ca+...+cep=n(d+1)—2+k. (1.5)

Similarly to [13, Lemma 10.1], the numbers (1.4) are enumerative counts of real curves in P21,
i.e. of curves preserved by ¢, but now with some sign. They satisfy the usual divisor relation [10,
Section 26.3]. By [3, Theorem 1.10], the numbers (1.4) with ¢ =Ty, 2, vanish if either d or any
¢; is even; see also [3, Remark 1.11], [7, Corollary 2.6], and [7, Theorem 2.2].

The nonzero numbers (1.4) depend on the chosen orientation of the moduli space and are thus
well-defined only up to sign, a priori depending on the degree d. With the choices in [3],

Nf"(cl,...,ck) = —Ng%(cl,...,ck); (16)
see [3, Theorem 1.10]. Thus, it is sufficient to compute the numbers
(cr,- ) = (F1)MDENG (e, ey (1.7)

with ¢ =n9,, d>1 odd, and ¢; >3 odd; we comment on the sign modification in Remark 1.3. For
any d,c1,...,c,€ZT, let

<Cl,...,6k>52n 1:/ eviﬂcl ...evZHCkEZ%,
Mo, (P2n—1,d)

where 90 (P21, d) is the usual moduli space of stable (complex) k-marked genus 0 degree d

holomorphic maps to P?"~!, denote the (complex) genus 0 Gromov-Witten invariants of P27~

they are computed in [13, Theorem 10.4]. Finally, if ¢1,...,cx€Z and I C{1,...,k}, let ¢; denote

a tuple with the entries ¢; with ¢ €I, in some order.

Theorem 1.1. Let ¢="19,,12, and d, k,n,c,cq,...,c, €ZT. If k>2 and c1,...,cL €27,

<01,62+20,03,...,ck>3—<cl+20,02,03,...,ck>3: Z Z Z 2”(

2dy+do=d IL1J={3,....k} 2i+j=2n—1
dy,d2>1 i,j>1

2n—1 2n—1

<20,C1701,2i>§1 <C2,CJ7J'>§2—<207C270172i>§1 <C1,CJJ>32>~



Corollary 1.2. Let ¢=1op,12, and d,k,n,c1,...,c, €ZT. If d€2Z or ¢; €27 for some i,

<Cl,C2,. . .,Ck>$ =0.

Ifk>2 and c1,...,c €27,

<cl,02,03,...,ck>3:d<cl+02—1,03,...,ck>§+ Z Z Z 2'”(

2dy+do=d IUJ={3,....k} 2i+j=2n—1
di,d2>1 i,j>1

do{er—1,e2,er,2i) " ez )5 — di{en—1,er, 20

<627 CJ7j>Z)2> .
The formula of Theorem 1.1 immediately implies the recursion of Corollary 1.2, which in turn
determines all numbers Nf(cl, ey Ck), With ¢="Toy, 2y, from the single number

(2n—1)" = N[**(2n—1),

i.e. the number of To,-real lines through a point in P?"~!. The absolute value of this number is of
course 1. With the choice of the orientations as in [3, Section 5.2],

(2n—1)7 = (—1); (18)
see [3, Corollary 5.4]. Taking d=1 in Corollary 1.2, we obtain
(c1,. .., ck>71-2" = <2n—1>71-2" = (-1)"!

whenever c1,...,c; €ZT are odd and ¢1+...+cp =2n—2+k. Some other numbers obtained from
Corollary 1.2 are shown in [7, Tables 1,2].

Theorem 1.1 follows from Corollary 1.2 by interchanging co and c3, which has no effect on the
left-hand side of the formula in Corollary 1.2, and setting the two right-hand sides equal. Starting
as in the proof of [13, Theorem 10.4], we establish the ¢ =1y, case of the recursion of Corollary 1.2
in Section 2 as follows. Denote by Mg 4 the Deligne-Mumford moduli space of stable (complex)
4-marked rational curves. Let

o 1 § -
Jo123: Mo g1 (P77, d)*" — Mo,

Foab e i
Y

_ _ ot g (1.9)
[(28_720)7'”7(leazk;)7u]—>[ZO)21>Z2723

where [Zar A Zgr ] € Mo.4 is the stabilization of the domain of the stable map with the marked

points z('f , zf , z;r , z; only, be the morphism forgetting the map to P?"~! and all marked points

other than ZO+ ,zfr ,z; ,zgr . By adding in c¢3 = 1 if necessary, it can be assumed that £ > 3 in
Corollary 1.2. In Section 2, we compare two expressions for the integral of the pull-back of the
orientation class on Mo 4 by fo123 over the two-dimensional space of maps passing through the
constraints H1 =Y HY He ... H¢; see (2.1). As in the proof of [13, Theorem 10.4], we consider
the preimages of two different representatives of the point class (the Poincare dual of the orientation
class): nodal two-component curves, with one of them having the 0-th and 1st marked points on a
common component and the other having the 0-th and 2nd marked points on a common component;

see Figure 1, where U — My 4 denotes the universal curve and 7 can be viewed as the cross-ratio

20 — 22 21 — 22

7r([20721’22’23]) - 20— 23 21— 23
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Figure 1: The universal curve U —>ﬂ0,4

The domains of the preimages of these representatives now have three components, though each
preimage is still encoded by just two of the components. The number of possible types of the
preimages in this case is 7, instead of 1 as in [13]; see Figures 2 and 3. In contrast to the proof of
[13, Theorem 10.4], the sign of the contribution of each element in the preimage must be carefully
considered; see Proposition 2.1. With the exception of one case (the rightmost diagram in Figures 2
and 3), each element in the preimage is regular with respect to the restriction of fyi23 to the space
of maps meeting the constraints, with fg123 locally of the form

C—C, v—vU Oor v—7,

with respect to a standard gluing parameter v € C. In the exceptional case, each element is
the zero set of the map v — |v|? in some coordinates and so does not contribute to the curve
count. Setting the sums of all contributions from each of the two degenerations equal, we obtain
Corollary 1.2. This approach can also be used to prove [7, Theorem 2.1] whenever the fixed locus
of the anti-symplectic involution is empty; see Remark 2.2.

Remark 1.3. There are several systematic ways of orienting the moduli spaces ﬁoyk(}?%*l,d)d”c,
one of which is more natural from the point of view of algebraic geometry and the others from the
point of view of symplectic topology. In [3, Section 5.2], these moduli spaces are oriented using
coefficients of polynomials describing holomorphic maps P! —P?"~1; we use these orientations to
define the numbers (1.4) with ¢ = 19, and the opposite orientations to define the numbers (1.4)
with ¢ =m2, (as needed to orient the glued space (1.3) if d€2Z). This choice introduces a sign into
the statement of Lemma 3.1, as compared to [7, Lemma 5.1]; the sign shifts in (1.7) offset the sign
of Lemma 3.1. The orientations of moduli spaces used in [7] are induced from various pinching
constructions of symplectic topology, which do not appear as natural in the context of counting
curves in projective spaces. The two systems of orientations on the moduli spaces ﬁ()’k(IF’Q”*l, d)®c
agree (up to a sign independent of d) if and only if n is even. As explained in Remark 3.2, the sign
shifts in (1.7) indirectly switch the two systems of orientations so that [7, Theorem 2.1] applies to
the numbers (1.7). This difference between the two systems of orientations is related to a subtle
sign issue missed in the description of the localization data for real maps to P4 *! in the first three
versions of [3]; see Remark 3.2 for more details.

In Section 3, we compare different orientations of moduli spaces of constrained real maps and es-
tablish Lemma 3.3. It leads to Corollary 3.4, which implies Proposition 2.1, the key step in the
proof of Corollary 1.2 in Section 2.
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2 Proof of Corollary 1.2

By (1.6) and the vanishing of the real invariants for d € 2Z, it is sufficient to assume that d in
Theorem 1.1 is odd and ¢ =1m2,. Let

ﬁ(lg (d) = ﬁ(),k (]P)%rl7 d), ﬁf(d) = ﬁo,k (]Pﬂnfl, d) men

we use the same conventions for the uncompactified moduli spaces. We assume that k£ > 3 and
1,...,c, €ZT are odd and satisfy the equation on the right-hand side of (1.5). Let

for23: ﬁfﬂ(d) — m0,4

denote the forgetful morphism in (1.9), with the marked points on the left-hand side indexed by
0,1,...,k. Let Qo4 GHQ(MOA) be the Poincare dual of the point class and define

- n(d—1)
Nj(cl, o) =(-1) 3 1/R fhasQoaeviH L eviH evyH ... eviH™ . (2.1)
k

+1(d

Choose a generic collection of linear subspaces Hy, ..., H, C P?"~! of complex codimensions
c1—1,1,¢2,..., ¢y, respectively. For any Ae M4, let

— . R
Zy = {u€ fons(N\): evi(u) € H; Vi=0,1,...,k} C My, 1(d).

This set is a compact oriented 0-dimensional submanifold of ﬁﬂ,f 11(d), i.e. a finite set of signed
points, if A is generic. The number (2.1) is the signed cardinality *Z)| of this set.

We prove Corollary 1.2 by explicitly describing the elements of Z; ;) and Zjj o, with notation
as in Figure 1, and determining their contribution to the number (2.1). The domain ¥, of each
element u of Z; 1) and Z|; o) consists of at least two irreducible components. Since the fixed point
locus of the involution 79, on P?*~! is empty,

—R — -
M1 (d) = Mo g (P21, d) 720

and 3, has an odd number of irreducible components; the involution 7,, associated with w restricts
to 17 on one of the components and interchanges the others in pairs. For dimensional reasons, the
number of irreducible components of ¥, cannot be greater than 3 and thus must be precisely 3.
Each map u with its marked points is completely determined by its restriction u® to the compo-
nent Y& of ¥, preserved by 7, and its restriction u® to either of the other components.

We depict all possibilities for the elements of Z[; ;) and Z|; o) in Figures 2 and 3, respectively. In
each of the diagrams, the vertical line represents the irreducible component ¥X of ¥, preserved
by ny, while the two horizontal lines represent the components of ¥, interchanged by n,; the
integers next to the lines specify the degrees of u on the corresponding components. The larger
dots on the three lines indicate the locations of the marked points za' , zfr , z; , z;’ ; we label them by



1 a1 1 -1 1 -1
| .+1 dl 71 d1 71 dl
Coe Cc3 Co
Cod C34
C3e _ _ _ dg
1 6171 1 6171 1 6171 1 01—1
—————e—— & ——— & —o—— dl
c3 c2 C2 C3
do da do _
c1—1 1 1 c1—1
e d; e T e
Ca C3 C2 C3 16 C2 (3 Ca (3
1e c1—1¢
0171 i 0171‘
——e—+—0— o ———e—o—
C2 Cc3 C2 c3 Co c3

Figure 2: Domains of elements of Z|; j

the codimensions of the constraints they map to, i.e. ¢c1—1, 1, ¢2, ¢3, in order to make the connection
with the expression in Corollary 1.2 more apparent. If a marked point z;r lies on the bottom
component, its conjugate z; lies on the top component. In such a case, we indicate the conjugate
point by a small dot on the upper component and label it with ¢;; the restriction of u to the upper
component maps this point to the linear subspace

H; = non(H;) C P71

By the definition of Z ), each diagram in Figure 2 contains a node separating the marked
points z{f,zf (i.e. the larger dots labeled by ¢; —1,1) from the marked points 23,23 (i.e. the
larger dots labeled by co, ¢3). Similarly, each diagram in Figure 3 contains a node separating the
marked points zar , z; from the marked points zf , zgr . We arrange the diagrams in both cases so
that the pair of marked points containing 0 lies above the other pair. The remaining marked points,

sz, .. ,z,f, are distributed between the three components in some way.

Each element u of Z}; 3 and Z|; g corresponds, via the restriction to 25 and the upper component,
to a pair (u®, u®), with

(W] € My, 1 (dr), (W] € M1 (do), 2dv+dy =d, kyit+ky =k+1,

such that u® and u® meet at the pair of extra marked points and pass through Hy, ..., H, or their
conjugates as required by the distribution of the marked points. Each such pair u= (u(c, uR) is an
isolated element of

Mo 41 (P21, dy) x M, 4 (n, do)

and has a well-defined contribution £(u) to the number (2.1), i.e. the signed number of nearby
elements of 7y, with A€ My 4. By the next proposition,

£(u) = (~1) P2
for all elements u represented by the three diagrams in the first rows of Figures 2 and 3,

£(u) = (1) D72



e c1—1 c2 c1—1 c2 cp—1
1 A5t g ;1 dy ; dy
1e c3 1
IK C34
d
3¢ co c1—1 co c1—1 Cco c1—1 2C2 c1—1 dy
c3 1 1 ¢3
d d d
2 Cl_l 202 2 Co 6171
e, T d T d
1 C3 1 C3 Co 1 C3 1 C3
Coe c1—1¢
6171 Co Clil‘
Y — e
1 C3 1 C3 1 C3

Figure 3: Domains of elements of Z[; g

for the three diagrams in the second rows in these figures, and e(u) =0 for the remaining, right-most
diagram in each of the figures. Even if there were a contribution from the right-most diagram, it
would have been the same for Z}; 1) and Z[; g] and so would have had no effect on the recursion of
Theorem 1.1.

Proposition 2.1. Suppose u€ Zy 1.

(1) If S& contains either of the marked points z , 25, then e(u)=(—1)™"d2=1/2,
(2) If R contains either of the marked points 2, 2", then (u)=—(—1)"d2=1/2,
(3) If R contains neither of the marked points zg , 2y, z5 , 25 , then e(u)=0.

The same statements with 1 and 2 interchanged hold for u€ Zy o).

Proof. We apply Corollary 3.4 with k replaced by k+1, {1,2,3,4} by {0,1,2,3}, and with linear
subspaces of codimensions ¢; —1,1,¢a,...,cx. We take JC{0,1,...,k} to be the subset indexing
the pairs of marked points of u that lie on the central component X, I to be the subset indexing
the pairs with the first marked point on the upper component, i.e. the domain of «C, and I~ to
be the complement of ItU.J in {1,...,k}. Since ¢; €27 and 0¢& I, the set on the left-hand side
of (3.6) is empty. Since Ny, 4,.7+ j - (H) is 0-dimensional in this case, Corollary 3.4 compares the
sign of the elements of Ny, 4,.7+ 77— (H) with the sign of the nearby elements of Zj.

Since the first case above corresponds to the first case on the right-hand side of (3.6), the two
signs differ by (—1)"%. Taking into account the extra sign in (2.1), we obtain the first claim of
the proposition. Since the second case above corresponds to the second case on the right-hand side
of (3.6), we similarly obtain the second claim. The final claim of the proposition follows from the
last statement of Corollary 3.4. O

Proof of Corollary 1.2. We determine the number of elements represented by each diagram in
Figures 2 and 3. Splitting the set {4,...,k} into subsets I and J in all possible ways, we put the
pairs of marked points indexed by J on the central component 25, one point of each pair indexed



by I on the top component, and thus the other point in the pair on the bottom component. This
gives 21 choices of the distribution and requires u€ to pass through either H;, with i € I, or the
conjugate complex hyperplane H;. By Proposition 2.1, the contribution e(u) is independent of
this choice. Thus, we can simply multiply the number for one of these distributions by 2|, With
the constraints completely distributed, we replace the node condition by the usual splitting of the
diagonal, i.e. an extra constraint of H® for u® and of H? for u® with all possible i and j so that
i+j=2n—1. Thus, the contribution to the number (2.1) from each diagram in Figures 2 and 3,
each partition {4,...,k}=TUJ, and each partition 2n—1=1i+j is
2n—1 2n—1

(—1)" DR (e iy NP (cg,d) = elepiyy (eqi)mn (2.2)

where

e =1 for the three diagrams in the first rows of the figures, e=—1 for the second rows, and e=0
for the right-most diagrams;

e [ is the union of I and the subset of {0,1,2,3} indexing the pairs of marked points on the top
and bottom components (e.g. {0, 1,3} for the second diagram in the first row of Figure 2);

e J is the union of J and the subset of {0,1,2,3} indexing the pairs of marked points on the
vertical component (e.g. {2} for the second diagram in the first row of Figure 2);

e co=c1—1, with ¢; as in (2.1), and ¢; =1 for the purposes of the definitions of ¢; and c; in (2.2).

Since ¢; —1€2Z, the last factor in (2.2) vanishes in the case of the last two diagrams in the second
rows of both figures; see [7, Theorem 2.2], which is an immediate consequence of Lemma 3.3 in
this case. Furthermore, if dy =0 and the complex invariant in (2.2) is nonzero, then |I| =2 for
dimensional reasons; thus, the only d; =0 contributions arise from the first diagrams in Figures 2
and 3 with I=40.

By the previous paragraph, only the three diagrams in the first row and the first diagram in the
second row of each figure contribute to the number (2.1). The contribution from Figure 2, which
corresponds to A=[1,1] in Mg 4, thus equals

e+ 3 % S ol (d1<c1—1, er,20)y (eaicsieq )

2d1+da=d ILJ={4,....k} 2i+j=2n—1
dy,d2>1 1,7 >1

+di{c1—1,¢c3,¢c1, 2i>§jn71<02, CJ,j>Zj" +di{c1—1, e, 1, 2i>5fn71<03, CJJ>Z§”

_ d2<Cl - 1, c2,C3,CJ, 2i>1§fn—1<cj7 ]>Zzn> |

The contribution from Figure 3, which corresponds to A=[1,0] in M 4, similarly equals

d<cl+02—1,03,...,ck>g2"+ Z Z Z 21|<

2d1+do=d IUJ={4,....k} 2i+j=2n—1
dy,d2>1 5,j>1

2n—1 PQn—l

dy{er—1,c0,¢1,2i),  (es,c0,5)0" +daler—1,ca,c3,00,20)y (e, )"

+ d1<C1 _17 C2,CJ, 2i>[5fn71<c37 CJ7j>Zin - d1<cl _17 C3,CJI, 2i>§fn71<027 CJ, J>dzn> :



2n
d

<Cl,...,Ck>7d72n :d<61+62—1703,...,ck>z2n + Z Z Z 2'1(

2d1+do=d ILJ={4,....k} 2i+j=2n—1
di,d2>1 1,5>1

2y (er—1, ez earen i)y, (i) = difer=Loen20), " (e en,es )

Setting the two expressions equal and solving for <cl, ey ck> , we obtain

tdp{er—Loen,er, 20y (es,er,d) " — 2di(er—1Les e, 2i); (e, cj,j>Z§"> ;

this formula simplifies to the statement of Corollary 1.2. O

Remark 2.2. The above extends directly to real symplectic manifolds (X, w, ¢) such that the fixed
locus X? of ¢ is empty. If X? (), the spaces Z1,1) and Z} o) defined in this section could also
contain two-component maps (u,uz) of two types:

(1) the involution on the domain interchanges the two components of the domain and fixes the
node (this corresponds to sphere bubbling in open GW-theory);

(2) the involution on the domain restricts to 7 on each component of the domain and fixes the
node (this corresponds to disk bubbling in open GW-theory).

As the above degenerations are of real codimension one, their intersections with Z; 1; and Z; )
are one-dimensional. Bubble maps of the first type appear in the second proof of |7, Theorem 2.1]
and do not contribute to the number in [7, (6.2)] by [7, Lemma 6.2]. By the same reasoning, these
bubble maps would not contribute to the analogue of (2.1) for general real symplectic manifolds
as in [7, Theorem 2.1]. However, the proof of [7, Lemma 6.2] does not apply to the spaces of
two-component bubble maps of the second type above, because they can further degenerate into
three real bubbles and the function u— 21 () in the proof of [7, Lemma 6.2] vanishes along some
of these degenerations; the problem degenerations correspond to the intersections of the closures of
different strata of two-component maps. The conclusion of [7, Lemma 6.2] can fail for the closures
of the individual strata of two-component maps, though it may perhaps hold for the connected
components of the union of such closures under the assumptions of [7, Theorem 2.1]. For real
symplectic manifolds of dimension 6 (and thus with fixed locus of dimension 3), this issue may be
related to some linking phenomena to which an allusion is made in [15, Remark 4]; these phenomena
do not effect the WDVV relation of [7, Theorem 2.1] though.

3 Sign computations

For de€Z™, denote by Ny C ﬁgR(d) the sub-orbifold of maps from domains consisting of precisely
three components and let

Ny = |_| -/\7d1,d2 ) where

2d1+do=d
d12>0,d2>0

Ny do = { (€, u®) € MT(dy) x M (d2) : evo(uC) =evo(u®)},
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with the marked points indexed by 0. Identifying the marked point zf]C of the domain of «® with
the first marked point z5 of the domain of u® and the marked point 7(z{) of the map 12, 0u®on
with n(28), we obtain a double covering

q:./\7d —)Nd.

The canonical orientations of P2"~! and 9% (d;) and the chosen orientation of ¥ (dz) induce
an orientation on Aj. The actions of the deck transformation on the moduli spaces I3 (d2) and
9T (dy) and the condition evy(u®)=evo(u®) are all orientation-reversing because

e the first action is the conjugation of the marked point;

e the second action corresponds to the complex conjugation on img (d1), which is of even complex
dimension, and to the conjugation of the marked point;

e the third action corresponds to the complex conjugation on P?7~1,

In particular, Ny is not orientable (/\Nfd is connected by [3, Appendix A.1]).

Let L& —9MT(d1) and L® — MR (d) be the tautological line bundles and
L=niL° @cmL® — Ny,

where 71, 2 are the component projection maps. The action of the natural lift of the deck trans-
formation on L is C-antilinear on each fiber and induces a vector bundle L over Nj. This is the
normal line bundle of Ay in ﬁ]f(d): as described in Section 4, there is a gluing map

O: U — M, (d), (3.1)

where U C L is a neighborhood of the zero set in L. The orientation on the total space of L descends
to an orientation on the quotient vector bundle of L.

Lemma 3.1. The restriction of the gluing map (3.1) to Ng, 4, Eq(./vdhdz) is orientation-preserving
with respect to the orientation on the total space of L described above if and only if ndy € 2Z.

This lemma is proved in Section 4. In Corollary 3.4, Lemma 3.1 is applied to marked moduli
spaces over topological components Ndl,dz; r+,g1- of Ny on which the two conjugate bubbles can
be systematically distinguished. These topological components are thus oriented by the choice of
which conjugate bubble is distinguished. In the case of the diagrams in Figures 2 and 3, we take
the bubble corresponding to the upper line segment to be the distinguished one.

Remark 3.2. Moduli spaces in GW-theory are normally oriented by orienting the index of the
linearized J-operator via a pinching off construction; see the proof of [7, Lemma 5.2]. In complex
GW-theory, the standard orientations of the index bundles are essentially complex and gluing maps
like (3.1) are automatically orientation-preserving. In similarity with the situation in complex GW-
theory, analogous gluing maps are assumed to be orientation-preserving in [12, (11)] without any
comment; this was also assumed to be the case in the early versions of [3]. In [3, Section 5.2], the

moduli spaces M (d) are oriented directly; this is the orientation used in this paper as described in
Section 4. If n€2Z, the resulting orientation agrees with the orientation induced by a real square
root of Ag)p(TIPQ"*1, dnay,) via the pinching off construction of [3, Section 2.1]; see the paragraph
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above Remark 6.9 in [3]. Thus, in this case, the gluing map (3.1) is orientation-preserving, as
Lemma 3.1 states. If n¢2Z, Agp(T P27=1 dng,) does not admit a real square root. In this case,

Lemma 3.1 implies that the chosen orientations of ﬁ?(d) differ from orientations arising via a sys-
tematic pinching off construction, as in [6, Sections 4,6], by (—1)™4=1/2 for d odd. The implication
of this subtle issue for purely computational purposes is that the Euler class of the normal bundle

of a fixed locus in ﬁ]}f(d) described in [3, Section 6.2] should be multiplied by (—1)™(¢=%)/2 where
dp is the degree on the central component.

For k€ Z™, there is a fibration
7 ME(d) — ME(d)

obtained by forgetting the k pairs of conjugate marked points. The fiber of 7 over any point [u] of
the base is isomorphic to an open subspace of (P!)*¥ by the map

bl {(21, cee azk)e(Pl)k: Zi#'zjvn(zj) \V/Z#]} — mt%(d)a
(Z1y. vy 2K) — [(21,7)(21)), cel (zk,n(zk)),u].

For each subset 1 C{1,...,k}, let ¢4 ,.; denote the modification of ¢, taking the i-th component z;
of (z1,...,2) to the second element in the i-th conjugate pair whenever i € I; thus, tj .0 = tk,u-
The canonical orientations of 9 (d) and of P! induce via ¢ 4.7 an orientation on 901 (d) and thus

R . . . . . . . 1
on M, (d), which we will call the I-orientation. The orientation on this space, which is used to
define the numbers (1.4), is the (-orientation. Since 7 is an orientation-reversing involution on P!,
the [-orientation agrees with the canonical orientation if and only if |I| is even.

For each i=1,...,k, let
eV, = 12n0ev;: ﬁ]}j(d) — p2!

be the evaluation map at the second point in the i-th conjugate pair. Denote by
ev=evyx...xevy: My (d) — (P21 (3.2)
the total evaluation map at the first point in each conjugation pair. For each I C{1,... k}, let
evy: ﬁ]}j(d) — (P2
be the modification of ev obtained by replacing ev; with &v; whenever ¢ € I.

For any subspace H CPP?"~1 let H=1y,(H) as before. If H=(Hj, ..., Hy,) is a tuple of subspaces
of P21 let
(H) = Hy x ... x H, C (PP""1)F,

For each I C {1,...,k}, denote by (H); C (P?"~1)¥ the modification of (H) obtained by replacing
the i-th component H; with H; whenever i € I. We define an involution on (P2"~1)* by

Or: (PQH_I)]C — (PQn_l)k, (:L‘l, - ,:Ek) — (@];1(ZE1), ey @I;k(l‘k)),
x, ifieI;

where Ori(x) = o
Non(x), ifiel.
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Let
ﬁ]}j(H)[ = {UGﬁ]}f(d)[: eV](U)E <H>1}

This subspace does not depend on the choice of I, but its orientation imposed below does in general.

Suppose H = (Hy, ..., Hy) is a tuple of complex linear subspaces of P?"~! that are in general
position, i.e. so that the restriction of the total evaluation map (3.2) to every stratum of the
moduli space (consisting of maps from domains of a fixed topological type) is transverse to (H)

in (Pr=O)k If1c{1,...,k}, ﬁ]}j(H)I is then a smooth manifold. The complex orientations on (H);
and (P?"~1)k  the I-orientation on ﬁf(d), and the map evy induce an orientation on ﬁE(H)I.

Lemma 3.3. Let d,k,ne€Z*, H= (Hy,...,Hy) be a general tuple of complex linear subspaces
of P2"=1 of complex codimensions c1,...,cy, respectively, and I C{1,... k}. The orientations of
ﬁ]}f(H) = ﬁ?(H)@ and ﬁ]}f(H)I are the same if and only if the set {i € I : ¢; € 2Z} is of even
cardinality.

Proof. By the transversality assumption,

T(f)ﬁlg(d)l) ‘mﬂﬁ(H)I g T((PQn—l)k) | ),
T (9 (H);) r(H))

is an isomorphism of vector bundles. The orientation on the right-hand side of (3.3) induced by
the complex orientations of (P2"~1)¥ and (H); induce an orientation on the left-hand side of (3.3).
Along with the I-orientation on 9y (d), the latter induces an orientation on 95 (H);. By the
Chain Rule, devy =dOjodev. The sign of the isomorphism

w0, TE ey TE ),

(3.3)

evy:

— O

T((H)) T((H)r)
is (—1) to the cardinality of the set {i€l: ¢; #2Z}. The I-orientation on ﬁf(d) differs from the
canonical one by (—l)u |. Combining the two signs, we obtain the claim. O

If d=2d1+dy and {1,... k}=ITUJUI", let

—R
Nay do:1+,5,1- (H) C Nag, g, 00, (H)

be the subset consisting of maps from marked three-component domains so that the central com-
ponent carries the marked points in the pairs indexed by J, one of the other components carries
the first points in the pairs indexed by I, and the third component carries the first points in the
pairs indexed by I~. With notation as at the beginning of this section, we will associate I with
the space of bubble components u® used to orient J\/’dl’d% 1+ .1~ (H); these bubble components now
carry marked points indexed by ITLI~, in addition to the marked point corresponding to the node.
As in complex GW-theory, a small modification of the gluing map (3.1) gives rise to a gluing map

where Ug C L is a neighborhood of the zero section in L — Ny, 4,.1+ 7 ;- (H). If k>4, let
7R —_
f1234: My (d) — Mo

be the projection onto the first marked points in the first four conjugate pairs.
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Corollary 3.4. Let d,k,n € Z" be such that k > 4 and H = (Hy,...,H) be a general tuple
of complex linear subspaces of P2"~1 of complex codimensions ci,...,cy, respectively. Suppose
d1 € Z2° and dy € Z are such that d = 2dy+ds and IT,1-,J C {1,...,k} form a partition of
{1,...,k} such that

Itn{1,2,3,4}| =2 or |[I"N{1,2,3,4}| =2. (3.4)
Let Nd17d2;[+,(]7[7 be oriented as in the paragraph after Lemma 3.1.
(1) If JN{1,2,3,4} #0, the sequence

R

df
0 — T(Ng, dyir+,01- (H)) — T(My (H) 2y

)‘Nd1,d2;1+,J,1*(H) f1234TM0’4 —0 <3'5)

of vector bundles over Ny, q,.1+ j1- (H) is exact; it is compatible with the canonical orientations
if and only if
€2Z, if |[ITN{1,2,3,4}|=2;

¢ 27, if |[I7N{1,2,3,4}|=2. (3.6)

{iel™: c;e2Z}|+nd {
(2) If Jn{1,2,3,4} =0, the image of a fiber of U — Ny, a,.1+ j1- (H) under fia340®gy is of real
dimension 1.

Remark 3.5. The requirement (3.4) insures that fia34 is constant along Ny, g,.7+ s~ (H) and so
the composition of the two arrows in (3.5) is trivial. The conclusion of Corollary 3.4 is compatible
with changing the distinguisged conjugate component in the paragraph after Lemma 3.1 (which
interchanges I™ and I~ and thus the two cases on the right-hand side of (3.6)) for the following
reason. Let

Wy, (H; 17, 17) = {ueMpgy ey (d): evi(u) € H Viel™, evi(u)eH; Viel }.
The space Ny, a,.1+ 17— (H) is oriented as the preimage of the cycle
evo: My, (H; I, T7) —s P21

by the evaluation map at the marked point of Sﬁ]ﬁ)}u ;(dz2) corresponding to the chosen node.

Interchanging I* and I~ replaces this cycle and the evaluation map with their conjugates, as
before Lemma 3.3. If the cardinalities of the sets {i € IT: ¢; € 2Z} are of the same parity, the

complex dimension of ﬁi (H; I",17) is odd and so the codimension of the cycle evy above is
even. By the same argument as in the proof of Lemma 3.3, the orientation of Ny, 4,.1+ j - (H)
thus changes, as expected from the change in the validity of (3.6) in this case. If the cardinalities
of the sets {i € I*: ¢; €27} are of different parities, the codimension of the cycle evy above is odd.
Interchanging I™ and I~ then does not change the orientation of Nay do:r+.0.1- (H), as expected
from the validity of (3.6) not changing in this case.

Proof of Corollary 3.4. (1) By Lemma 3.1, the gluing map
—R
(I)HI UH — f)ﬁd (H)[—
is orientation-preserving if and only if nd; is even. The differential

d(fi2340Pm): L — { fi2340@u} TMoa (3.7)
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is the composition of the differential for smoothing the nodes in ﬁf(d),

d(f123000%): LEL — { f123400C} T Mo 4,

where L’ is the analogue of L for the second node, with the embedding
L—Lol, v —> (’U, dnu(v));

see the last part of Section 4. The restriction of the latter differential to the component, L or L/,
corresponding to the node separating off two of the marked points {1, 2, 3,4} is a C-linear isomor-
phism, while the restriction to the other component is trivial. If |[ITN{1,2,3,4}| =2, the former
component is L and (3.7) is an orientation-preserving map. If [I~N{1,2,3,4}| =2, the former
component is L’ and (3.7) is an orientation-reversing map. Combining these two observations, we
find that the sequence

R

d 1o
0— T(Ndhdz;lﬂj,lf (H)) — T(md (H);- J1234

. __
TMps—0
)lNdez;H’,J,I— (H) f1234 0:4

of vector bundles over Ny, 4,.1+ - (H) is exact; it is compatible with the orientations if and only if

L ez {12343 =2;
n
"¢ 2z, if|I-n{1,2,3,4}|=2.

Combining this with Lemma 3.3, we obtain the first claim of Corollary 3.4.
(2) If JN{1,2,3,4} =0, the morphism

7(C —_
f1234: Moy (d) —> Moy

is locally of the form
LeL — Moy, (v,0") — avd/,

for some a dependent only on Ny, 4,. Thus, the restriction of f to ﬁf(d) is locally of the form
L — ﬂoA, v — avv,

which implies the last claim of Corollary 3.4. O

4 Comparison of orientations

We now verify Lemma 3.1 by explicitly describing and comparing the relevant orientations. This
argument is fundamentally different from the proof of [7, Lemma 5.1].

Let ¥ be the nodal surface consisting of three components:
(1) Yo=P! with nodes at [c,1] and [1, —¢/] for some ¢, ¢ € C* with cc' # —1;
(2) £+ =P! with the node at [1,0], which is joined to ¥ at [c, 1], and

(3) £~ =P! with the node at [0, 1], which is joined to X at [1, —(].
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A holomorphic map u: ¥ —P™ ! corresponds to three maps:

(1) ug: P! —P™~! typically given by

do dO
— |:A1H($_a1;ry)a cee aAmH (x_am;ry):| 5
r=1 r=1

(2) ut: P —Pm~! typically given by

d+
— |:BIH(x_b1;Ty)7'-- mH mry :|
r=1

(3) u: Pt —Pm~! typically given by

[ H o). H x+y]

for some A;, B;, B, aj.y, bi,y, bl.. € C* such that

ﬂ{a”' r=1,...,do}, ﬂ{b”' r=1,...,d"}, ﬂ{b cd7y =0,
[Bi,...,Bn] = [All_[(c—al;r), el AmH(c—am;r)} and
rd—Ol
[Bi,.. ., = [A1H 1+a1,.c), mH L+ amc ]

r=1

The intersection conditions above are equivalent to the condition that the polynomials in each of

the three sets describing ug, u™, u~ have no common factor; the other two conditions are equivalent
to u+([l, O]) :uo([c, 1]) and u_([O, 1]) :Uo([l, _cl])'

Deformations of maps of the form u above are described by the holomorphic maps

dt d-
|:A1H T—=a1,y H( *(Cijl;rU)y) H((C,+b,1;rvl)x+y)>"-v
r=1
dt d-
mH =iy H( —(ctbmyv)y) [ [ (¢ +b,0)2+y) |,
r=1

with v, v' € C* corresponding to the smoothings of the two nodes.

We next take m=2n. For deZ™", let

AZd = {([al;la-- .,al;d],...,[an;l,-- . aan;d])e(symd(c)n:
ﬂ{am: r=1,...,d}N ﬂ{—l/ﬁ;ri r=1,...,d} _@}-
r=1 r=1
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A typical (1)2,,7)-real degree do=ds holomorphic map u® =ug from P! to P?"~! is of the form

do do da da
[z, y] — {Alﬂ(w—al;ry), A [@z+y), ... A [(e—ansv), AnH(CW’x+y)]

r=1 r=1 r=1 r=1

for some A;, a;,, € C* with

([al;l, s Qlidg)s e [Ansly - e Gnidy]) € (Sym®C)" — A" s -

If u® =wt is described as in the first paragraph of this section with d* =d;, u™ =ng,outon is

given by

d1 d1 dl dl
[:c, y] — |: - FQH (Eﬂf—i-y%BilH (Eflf—i-y% ceey _Bi%H (an;rl‘—Fy), BQn—lH(an—l;r$+y):| .
r=1 r=1 r=1 r=1

The resulting map u: ¥ — P?"~1 is (n9,,n)-real if ¢ =& In such a case, the restriction of the
gluing map (3.1) to an open subspace of U can be taken to be

do dq
v [A1H<w—amy> TT (& (b)) (@b -+1)).
r=1 r=1
ds dy
A @) T] (b)) (@ bran) 2-+9)). - |
r=1 r=1

with v € C* corresponding to an element of L (based on the complex case in the previous paragraph).

As explained in [3, Section 2.1], an orientation on 9ME(d) is equivalent to an orientation on the
space 9ﬁ1§(d) of parametrized real maps. The latter is determined by the map

((Sym®C)” — A7 ) x RE*"1 — 0 (d),

([al;l,.. al.d] [an.l,.. an.d] [Al,...,A ]) —
d
|:A1Hx alry AlHalr«T'i_y , An Hx anry Hanrx+y:|
r=1 r=1 r=1

where RP?"~! = (C"—{0})/R* and [x,y] € P'. This map is an isomorphism over the open subset

of ﬁéR(d) consisting of maps u such that u([1,0]) does not lie in any of the coordinate subspaces
of P?"~1: see [3, Section 5.2].

For ce C* as above, i=1,2, and be C* with |b| <|c|, let

c+b, if 127Z;
heah) = 4 H0E
(c+b) -, ifie2Z.

The explicit gluing map ® described above locally corresponds to the map

B =(P1,By): (CM)2" x (C%)" x RP*™1 — (CT)" x RP? L
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where d=2d;+do, given by

B hea (boi—1;(r41)/2), i r<2dy, v &2Z;
(I)l;i;r((bj;s)jSZna(aj;s)jgn ) [Aly- 7An]) = hC;Q(bQi;r/Q)a if7"§2d1, r € 27;

s<di s<d2 .
Qisr—2d; if > 2dy;

di
Dy ((bjis)j<ans (ajis)j<n - [A1, .o, Ag]) = Ai/ I hea(boir).
r=1

s<dy s5<da

The sign of ® is (—1)"¥, which establishes Lemma 3.1.
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