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Abstract

We describe the extent to which Ionel-Parker’s proposed refinement of the standard relative
Gromov-Witten invariants sharpens the usual symplectic sum formula. The key product oper-
ation on the target spaces for the refined invariants is specified in terms of abelian covers of
symplectic divisors, making it suitable for studying from a topological perspective. We give
several qualitative applications of this refinement, which include vanishing results for Gromov-
Witten invariants.
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1 Introduction

Gromov-Witten invariants of symplectic manifolds, which include nonsingular projective varieties,
are certain counts of pseudo-holomorphic curves that play prominent roles in symplectic topology,
algebraic geometry, and string theory. The decomposition formulas, known as symplectic sum
formulas in symplectic topology and degeneration formulas in algebraic geometry, are one of the
main tools used to compute Gromov-Witten invariants; they relate Gromov-Witten invariants
of one symplectic manifold to Gromov-Witten invariants of two simpler symplectic manifolds.
Unfortunately, the formulas of [15, 16] do not completely determine the former in terms of the
latter in many cases because of the so-called vanishing cycles: second homology classes in the
first manifold which vanish when projected to the union of the other two manifolds; see (1.12).
A refinement to the usual relative Gromov-Witten invariants of [14, 16] is sketched in [11]; the
aim of this refinement is to resolve the unfortunate deficiency of the formulas of [15, 16] in [12].
In [5], we formally constructed the refinement to relative invariants suggested in [11] and discussed
the invariance and computability aspects of the resulting curve counts. In this paper, we describe
the extent to which it sharpens the usual symplectic sum formula and obtain some qualitative
applications.

1.1 Relative GW-invariants

Let (X,w) be a compact symplectic manifold and J be an w-tame almost complex structure on X.
For g, k€ 77" and A€ Hy(X;Z), we denote by ﬁ%k (X, A) the moduli space of stable J-holomorphic
k-marked degree A maps from connected nodal curves of genus g. By [18, 6, 2], this moduli
space carries a virtual class, which is independent of J and of representative w in a deformation
equivalence class of symplectic forms on X. If V C X is a compact symplectic divisor (symplectic
submanifold of real codimension 2), £ € Z=° s = (s1,...,s¢) is an {-tuple of positive integers
such that

si+...+s0=4-V, (1.1)

and J restricts to an almost complex structure on V, let ﬁ;k;s(X ,A) denote the moduli space
of stable J-holomorphic (k+¢)-marked maps from connected nodal curves of genus g that have
contact with V' at the last ¢ marked points of orders sy, ..., sp. According to [16, 14], this moduli
space carries a virtual class, which is independent of J and of representative w in a deformation
equivalence class of symplectic forms on (X, V).



There are natural evaluation morphisms

evx =eviX...xevy: My x(X, A), My (X, A) — XF, (1.2)
eVY = Va1 X. .. XEeViiy ﬁ;k;s(X, A) — V=V, (1.3)

sending each stable map to its values at the marked points. The (absolute) GW-invariants of (X, w)
are obtained by pulling back elements of H*(X*;Q) by the morphism (1.2) and integrating them
and other natural classes on My (X, A) against the virtual class of M, (X, A). The (relative)
GWe-invariants of (X, V,w) are obtained by pulling back elements of H*(X*;Q) and H*(Vs;Q) by

the morphisms (1.2) and (1.3), and integrating them and other natural classes on ;k;S(X, A)
against the virtual class of ﬁ;k;S(X ,A).

As emphasized in [11, Section 5], two preimages of the same point in Vs under (1.3) determine an

element of
RY =ker {iX_y,: Ho(X-V;Z) — Hy(X;Z)}, (1.4)

where L§_VZ X —V — X is the inclusion; see [5, Section 2.1]. The elements of R}/(, called rim tori
in [11], can be represented by circle bundles over loops 7 in V; see [5, Section 3.1]. By standard
topological considerations,

Hy(V;Z)

RY ~ H\(V;Z ,
X 1( )X H)\g

where HY = {ANV: A€ H3(X;Z)}; (1.5)

see [5, Corollary 3.2].

The main claim of [11, Section 5] is that the above observations can be used to lift (1.3) over some
regular (Galois), possibly disconnected (unramified) covering

ﬂ}/(;si ‘/}X;s — Vs, (1.6)

the topology of this cover is specified in [5, Section 6.1]. Its group of deck transformations is

XRX;S (17)

for a certain submodule R’)XS of RE/{ For example,

X;s —

ged($)RY, if [mo(V) = 1.

As discussed in [5, Section 1.1], the topology of the covering (1.6) is usually very complicated.
Since

evk =¥ w06 s My pa(X,4) — Vi (1.8)
for some morphism
~ 5V T
eV}/{: SIng,k;s<)(7‘4) — VX;S: (1'9)



the numbers obtained by pulling back elements of H *(XA/X;S;Q) by (1.9), instead of elements of
H*(V5;Q) by (1.3), and integrating them and other natural classes on ﬁ;k;s(){, A) against the vir-
(X, A) refine the usual GW-invariants of (X, V,w). We will call these numbers

=V
tual class of M .
the IP-counts for (X, V,w). These numbers generally depend on the choice of the lift (1.9).

The construction of the coverings (1.6) is recalled in Section 2.2. The lifts (1.9) can be chosen
systematically in a manner suitable for use in the symplectic sum context; see Proposition 2.2.
In [5], we deduced vanishing results for the standard GW-invariants of (X, V,w) from the existence
of the lifts (1.9). We use a very basic case of these vanishing results in Section 6 to streamline the

proof of [12, (15.4)], after correcting its statement; this formula computes the GW-invariants of
the blowup }P’g of P2 at 9 points.

1.2 Symplectic sum formulas

Let (X,wx) and (Y,wy) be compact symplectic manifolds with a common compact symplectic
divisor V. C X,Y. We note that

e(NxV) = —e(NyV) € H*(V;7Z) (1.10)
if and only if there exists an isomorphism
O: NxVRNyV =V xC (1.11)

of complex line bundles. A symplectic sum of symplectic manifolds (X,wx) and (Y,wy) with a
common symplectic divisor V' such that (1.10) holds is a symplectic manifold (Z,wz)=(X#vY, wy)
obtained from X and Y by gluing the complements of tubular neighborhoods of V in X and Y
along their common boundary as directed by ®. In fact, the symplectic sum construction of [8, 24]
produces a symplectic fibration 7: Z — A with central fiber Zy=XUy Y, where A C C is a disk
centered at the origin and Z is a symplectic manifold with symplectic form wz such that

e T is surjective and is a submersion outside of V C Zj,
e the restriction wy of wz to Zy, = 7~ !()\) is nondegenerate for every A€ A*,
* wz|x=wx, wzly =wy.

The symplectic manifolds (Z),wy) with A € A* are then symplectically deformation equivalent
to each other and denoted (X#yY,wy). However, different homotopy classes of the isomor-
phisms (1.11) give rise to generally different topological manifolds; see [7]. There is also a retraction
q: Z— Zj such that gy =¢|z, restricts to a diffeomorphism

Z - (V) — 20—V

and to an S'-fiber bundle q)fl(V) —V, whenever A€ A*. We denote by qx: X#1Y — XUyY a
typical collapsing map ¢,.

The symplectic sum formulas of [16, 15] for GW-invariants relate the absolute GW-invariants of a
smooth fiber Z) =X#Y to the GW-invariants of a singular fiber Zp= XUy Y and to the relative
GW-invariants of the pairs (X,V) and (Y, V). The first relation is often called a degeneration



relation for GWs ST name AG name
X#vY vs. XUyY degeneration formula invariance property
X#vY vs. (X, V) and (Y, V) || decomposition formula | degeneration formula

Table 1: ST and AG terminology describing the two types of symplectic sum formulas for GW-
invariants; our terminology is in sans-serif.

formula for GW-invariants in symplectic topology and an invariance property of GW-invariants in
algebraic geometry; the formula [16, (5.7)] and the second formula at the bottom of [15, p201] fall
under this category. The second relation is often called a decomposition formula for GW-invariants in
symplectic topology and a degeneration formula for GW-invariants in algebraic geometry; the three
formulas [16, (5.4),(5.7),(5.8)] together and the first formula at the bottom of [15, p201] fall under
this category. In order to reduce confusion, we will call the first relation an invariance property and
the second a decomposition formula; see Table 1. As indicated below, a decomposition formula for
GWe-invariants is an immediate consequence of an invariance property in the basic symplectic sum
settings of [16, 15]. However, the difference between the two formulas turns out to be insurmount-
able in the refined setting of [12] and substantial in the (unrefined) multifold degeneration settings
of [25, 10, 1].

With VC X, Y as above, let

Ry = ker {qu.: Ho(X#VY;Z) — Hy(XUyY;Z)}, (1.12)
Hy(X;Z)xy Ho(Y;Z) = {(Ax, Ay) € Ho(X;Z) x Hy (Y Z): Ax-xV = AyyV}.

As recalled in [5, Section 2.2], there is a natural homomorphism
Ho(X;Z) xy Hy(Y;Z) — Hy(X#VY5Z) /Ry, (Ax,Ay) — Ax#vAy. (1.13)

It is obtained by representing Ax and Ay by cycles in X and Y with the same contacts with V'
and smoothing out the nodes of the resulting cycle into X UyY C Z. Let n€ Hao(X#vY; Z)/R}/(,Y
be an 7?,‘)/( y-coset of Ho(X#vY;7Z) and g€ Z79. According to the invariance formulas of [16, 15],
the sum of the genus g GW-invariants of X#yY with degrees A €7 is the same as the sum of the
genus g GW-invariants of XUy Y of degrees

(Ax,Ay) € Ho(X;Z)xy Ho(Y5Z) st AxdbvAy =1

with the same cohomological insertions. The allowed cohomological insertions consist of intrinsic
classes on moduli spaces of stable maps, such as - and A-classes, and pullbacks of cohomology
classes on Z by the evaluation morphism (1.2); we will call such insertions ®-admissible inputs.
Two characterizations of cohomology classes on a smooth fiber Zy = X#yY that are restrictions of
cohomology classes on Z are provided in [5, Section 4.4]. By Gromov’s Compactness Theorem for
J-holomorphic curves, both sums have only finitely many possibly nonzero terms for each fixed g
and 7 (independently of the cohomological insertions).

The GW-invariants of XUyY count curves that lie in X and Y and meet the divisor V' at the same
points of V' and with the same order of contact; see Figure 1. The contacts of such a curve with V'



Y (gY;hAY;l) (9Y;2,AY;2)
2
s CJ 2 2
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(9x,Ax)

Figure 1: A curve in XUyY possibly contributing to the genus gx+gy 119y .2 degree (Ax, Ay.1+Ay2)
GWe-invariant of XUyY and the corresponding bipartite graph.

can be described by a tuple SEZﬁ_, where €729 is the number of nodes on V. Its contribution to
the corresponding GW-invariant of X UyY is the product of the orders of contacts,

(s)=s1-..."5¢.

The combinatorial structure of such a curve is described by a bipartite graph I'. The vertices of T’
specify the genus and degree of each maximal connected curve mapped into X and Y'; its edges
determine the meeting pattern between the components and the degrees of contacts with V. In
the terminology of [15], " corresponds to a triple (I'1,T'9, I), with I'; and I's specifying the com-
ponents mapped into X and Y, respectively, and I determining the distribution of the marked
points between the components. Each graph I' and an ordering of £=¢(I") relative contact points
determine moduli spaces ﬁlﬂ/ (X) and ﬁ{f (Y) of relative stable maps into (X, V) and (Y, V) from
disconnected domains with the same relative contact vector s=s(I"). These moduli spaces are quo-
tients of products of moduli spaces of stable maps into (X, V') and (Y, V') from connected domains
by Aut(I'1, I|r,) and Aut(I'e, I|r,), respectively.

The morphisms (1.2) and (1.3) induce morphisms on ﬁ¥ (X) and ﬁ¥ (Y). Let
Wy, (X UyY) € My, (X) x My (V)
denote the preimage of the diagonal AZ C V2 under the product evaluation morphism
ev xevy: MY (X)x My (V) — V2. (1.14)

The moduli space of curves into XUyY of type I is the quotient of ﬁ‘p/ (XUyY) by the action of the
symmetric group S, permuting the relative marked points. The number of such maps is computed
by pulling back the Poincare dual PDY A of AY by (1.14) and integrating it over the product of
the moduli spaces along with the original cohomology insertions. By the Kunneth formula for
cohomology [23, Theorem 60.6],

N
PD;/A = Z KX QRy;; € H(n_l)e(VSQ;Q) (1.15)
i=1
for some Kx.;, Ky, € H*(Vs; Q). Thus, the contribution to the GW-invariant of XUyY from maps

of type I is the sum of N products of relative invariants of (X, V) and (Y, V) with relative inser-
tions kx; and Ky, times (s(I')) /¢(T")!. So, in this case, a decomposition formula for GW-invariants



is a direct consequence of an invariance property for GW-invariants.

An obvious deficiency of the decomposition formulas of [16, 15] is that they express sums of GW-
invariants of X#yY over degrees differing by elements of R}/( y in terms of relative GW-invariants
of (X, V) and (Y, V); it would of course be preferable to expreés individual GW-invariants of X#Y
in terms of relative GW-invariants of (X, V) and (Y, V). The rim tori refinement of relative invari-
ants is introduced in [11] with the aim of resolving this deficiency in [12].

For ¢€7Z=° and sEZﬂ_, let

~ ~ ~ -1
Vxyis = Vxsxy,Vys = {ﬂ-)‘?;s Xﬁx‘f;s} (AY). (1.16)
The idea of [12] is that there is a continuous map

Gax.Ay: Vxys — Ax#vAy C Ho(X#Y;Z) (1.17)

such that its composition with the restriction of
& x &V MY (X) <MY, (V) —> Vs X s (1.18)

to ﬁ}/ (X Uy Y) is the homology degree of the glued map into X#yY'; see Proposition 4.2 and
Figure 2. Thus, the space of maps into X UyY contributing to the GW-invariant of X#yY of a
degree A€ Ax#yAy is the preimage of

~

Viys = 0ay.a, (4) (1.19)

under the morphism (1.18).

Each ?)g{y;s is a closed oriented submanifold of the oriented manifold ‘A/X;S X XA/Y;S. As suggested by

[12, Definition 10.2], it thus determines a Z-cohomology class on YA/X;SX?Y;S; see the last paragraph
on page 118 in [22]. For our purposes, it is sufficient to consider its image

PD)V(»Q‘/_SA € H* (Vs x Vy.s; Q) (1.20)

in the Q-cohomology cohomology of VX s X Vy .s. In Section 3.1, we describe the class (1 20) as a
homomorphism on the Q-homology of VX 8 ><Vy .s obtained by intersecting cycles with VX y:s- The
contribution to the IP-count of XUyY from maps of type I' is computed by pulling back this class
by the morphism (1.18). Thus, the approach of [12] expresses GW-invariants of X#Y of each
degree A€ Ho(X#yY';Z) in terms of IP-counts of XUyY, i.e. provides a refined invariance property
for GW-invariants. It can be summarized as follows.

Theorem (Refined Invariance Property for GW-Invariants). Let (X,wx) and (Y,wy) be compact
symplectic manifolds with a common compact symplectic divisor V C X, Y and ® be an isomor-
phism of complex line bundles as in (1.11). For all g€ Z7°, A€ Ho(X#vY;7Z), and ®-admissible
mnsertions K,

X#vY NXUV V,A
ngvjv </€) - Z Z 9,(Ax,Ay);s (/ﬁ PDX,Y;SA)’ (121)
(Ax,Ay)EH2(X;Z)x v Ha2(Y3Z) seZ,
AcAx#v Ay f>0

where GW denotes an IP-count for XUy Y.



If the Q-homology of either 17X.S or ‘73/-5 is finitely generated, then

PDYY A = an@ny,eH(” DV s x Vyis: Q) (1.22)
=1

for some Kx; € H*(‘/}X;s; Q) and Ky, € H*(Y/}y;s;@). This is also the case if the submodule R‘)/cy
of Hy(X#vY;Z) is finite; see Corollary 4.3. In such cases, the approach of [12] provides a refined
decomposition formula for GW-invariants of X#Y in terms of IP-counts for (X,V) and (Y,V).
However, in general the homologies of ‘A/X;S and ‘7y;s are not finitely generated and a Kunneth
decomposition (1.22) need not exist; see Example 3.7. In these cases, the approach of [12] does not

provide a decomposition formula for GW-invariants of X#yY in terms of any kind of invariants
of (X, V) and (Y,V).

1.3 Vanishing applications

Even in cases when a Kunneth decomposition (1.22) exists (and R}/(;Y #{0}, |s| #0), the use of
the refined decomposition formula of [12] for quantitative applications does not appear practical
outside of rare cases, in part because of the dependence of the IP-counts for (X, V') and (Y, V) on

the lifts (1.9). However, we are able to extract some qualitative applications from the approach of
[11, 12].

Let (X,w) be a symplectic manifold and V' C X be a common symplectic divisor with connected
components Vi,...,Vy. Denote by

X7X — Vix...xVy

the covering projection corresponding to the preimage of HX under the natural homomorphism
m(Vix...xVy) — Hi(Vix...x Vi Z) = @ Hi(Vis Z) = Hi(V; Z),

ie. ‘7X;(1)N in the notation of Section 2.2. We will call V' C X virtually connected if the cokernel of
the composition homomorphism

H\(Vi; Z) — Hi(V;Z2) — Hi (V3 Z)x (1.23)

is finite for every component V,. C V. For example, this is the case if V is connected or X =P'xF and
V' ={0,00} x F for some connected symplectic manifold F'; the homomorphism (1.23) is surjective
in both cases. We will call a class A€ Hy(X —V; Z) w-effective if for every w-tame almost complex
structure J on (X, V) there exists a J-holomorphic map u: ¥ — X —V from a compact Riemann
surface such that

ul[X] = A€ Ho(X-V;Z).
We denote by Eff,(X,V)C Ho(X —V;Z) the subset of effective classes.

Theorem 1.1. Let (X, wx) and (Y,wy) be compact symplectic manifolds with a common compact
symplectic divisor VC X, Y and ® be an isomorphism of complex line bundles as in (1.11). Suppose
RXY is infinite, V C X is virtually connected, and H, (VX, Q) is finitely generated. If

A€ Hy(X#VY;Z) — 137V (Bff, (X, V) — i PV Y (Eff,, (Y, V), (1.24)
then all degree A GW-invariants of X#vY with ®-admissible inputs vanish.



By [5, Corollary 4.2(1)], R}/(,Y is infinite if either of the homomorphisms

i, Hy(V;Z) — Hy(X;7) or W Hy(V;Z) — Hy(Y;Z)
is injective and

Hi(V;Q) # {BNxV: BEH3(X;Q)} + {BNyV: BEH3(Y;Q)}.

In light of [20, Assertion 6] in the case Hi(V;Z) is of rank 1 and its extension [21], the finite
generation condition can be satisfied only if x(V)=0 (assuming R}/(,Y is infinite). All covers of the
fibrations in [5, Theorem 1.1] have finitely generated homology. A characterization of abelian cov-
ers with finitely generated homology for an arbitrary compact base is provided by [4, Theorem 1],
though it appears difficult to use in practice.

In a typical situation, most classes A€ Hy(X#vY';Z) with potentially nonzero GW-invariants sat-
isfy (1.24). For example, if X and Y are Kahler, V C X is ample, and V CY is anti-ample, then
X —V and Y —V contain no curves and the restriction (1.24) is no longer necessary. The same is
the case if PDxV and PDyV are nonzero multiples of the cohomology classes represented by wx
and wy, respectively. Remark 4.8 describes a generalization of Theorem 1.1.

If X — ¥; and Y — Yy are possibly singular fibrations over curves with the same smooth
fiber F and V C X,Y is a union of finitely many fibers, all elements A in the image of Hy(F';Z)
in Hy(X#Y;Z) fail the condition (1.24). For example, T?® with n > 1 is the symplectic sum of
P!xT?"~2 with itself along V = {0, 0o }xT?"~2 with respect to the canonical isomorphism (1.11). By
Theorem 1.1, the GW-invariants of T?" in classes A not contained in a fiber vanish. By changing
the projection, we recover the vanishing of all GW-invariants of T?" with n > 1, except in degree 0.

The K3 surface K3 is the symplectic sum of the blowup @3 of P? at 9 points with itself along a
smooth fiber V' =F of the fibration @g — P! with respect to the canonical isomorphism (1.11). In
this case, Theorem 1.1 recovers the vanishing of the GW-invariants of K3 except in degrees that
are multiples of a fiber of the fibration K3 — P! (all GW-invariants of K3 are known to vanish).

The symplectic sum of P! x F with itself along V = {0,00} x F' with respect to the canonical
isomorphism (1.11) is T2 x F. Applying Theorem 1.1 in this case to the genus 1 GW-invariants in
the section class A= [T? x pt], we obtain the following statement about the maximal abelian cover
F— F| i.e. the covering projection corresponding to the commutator subgroup of 7 (F).

Corollary 1.2. Let (F,w) be a compact connected symplectic manifold. If H1(F;Q) # {0} and
X(F)#0, then H.(F;Q) is not finitely generated over Q.

By [20, Assertion 6] in the case H;(F';Z) is of rank 1 and its extension [21], the conclusion of this
corollary holds for all finite simplicial complexes F' (not just compact symplectic manifolds) and for
all infinite abelian covers (not just the maximal one). Thus, its conclusion is not surprising. What
perhaps is surprising is that this purely topological property is detected by the refined invariance
property for GW-invariants arising from [12].



1.4 GW-invariants and the flux group

We next describe qualitative applications of the refined decomposition formula of [12] that equate
GW-invariants of the symplectic sum in classes differing by some rim tori. In certain cases, these
observations suffice to express individual GW-invariants of the symplectic sum in terms of the usual
relative GW-invariants of the two pieces.

If V is any topological space, a loop of homeomorphisms
U: V—V, te[0,1], ¥o= "y,

and a point x €V determines a loop t — ¥;(x) in V' and thus an element of H;(V;Z). The latter
is independent of the choice of 2 € V. We denote the set of all elements of H;(V;Z) obtained in
this way by Flux(V'). It is a subgroup of H;(V;Z), usually called the flux subgroup (or group). If in
addition V' C X is a compact oriented submanifold of a compact oriented manifold and H;(V;Z)x
is as in (1.5), let

FIUX(V)X C Hl(V; Z)X

denote the image of Flux(V') under the quotient projection.

Let V C X be a symplectic divisor with topological components Vi,...,Vy. For each r=1,..., N,
denote by fx v, € H1(SxV;;Z) the homology class of a fiber of the circle bundle in NxV, —V,.. If
Y is another symplectic manifold containing V' and ® is an isomorphism of complex line bundles

as in (1.11), let
(5@1 HQ(X#VY,Z) — Hl(SXV; Z)

be the connecting homomorphism of the Mayer-Vietoris sequence for X#vY = (X—V ) Y-V), i.e. as
in the first exact sequence in the proof of [5, Lemma 4.1] with m=c¢=2. For each A€ Ax#yAy,

N
0o(A) =Y |Aly,fxv, € Hi(SxV;Z),  where |Aly,=Ax -xV, €Z. (1.25)

r=1
If NxV, =V, xC, fxv, #0 and so the number |Aly, depends only on Ax#vAy C Ho(X#VY;Z).

Proposition 1.3. Let (X,wx) and (Y,wy) be compact symplectic manifolds, VC X,Y be a com-
mon compact connected symplectic divisor such that NxV ~V xC and Flux(V)x=H1(V;Z)x, and
O be an isomorphism of complez line bundles as in (1.11). If

Al,AQ GHQ(X#VY;Z) and Al—AQ € ‘A1|VR§,Y7 (126)
then the GW-invariants of X#vY of degrees A1 and As with ®-admissible inputs are the same.

Proposition 1.4. Let (X,wx) and (Y,wy) be compact symplectic manifolds, VC X, Y be a com-
mon compact symplectic divisor with topological components Vy, ..., Vy such that NxV =~V xC and
Flux(V)x=H1(V;Z)x, and ® be an isomorphism of complex line bundles as in (1.11). If

Ay, Ay € Ho( XY Z), A1—A; € Ry, (1.27)

and |A1 |y, is prime relative to |R¥(7Y| for every r, then the GW-invariants of X#vY of degrees A;
and Ao with ®-admissible inputs are the same.
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If the vanishing cycles module R}/(’Y is infinite, we call the numbers |A;|y,. and ]R}/(Y] relatively
prime if |A;|y, = £1. Propositions 1.3 and 1.4 are special cases of Theorem 4.9. The latter also
leads to a vanishing result for the GW-invariants of X#yY in the spirit of Theorem 1.1, but with
different assumptions; see Corollary 4.10.

The flux condition in the above propositions is automatically satisfied if V' is a union of the
tori T?"~2. The relevant covers XA/X;S and XA/Y;S are then of the form R™ x T™'; the groups of
deck transformations act trivially on them and thus on the Poincare duals (1.20) of the diagonals
components (1.19). This approach provides a direct justification of Propositions 1.3 and 1.4 from
the refined invariance property for GW-invariance arising from [12] when V' is a union of tori.

1.5 Miscellaneous considerations

The algebraic approach of [15] considers only Kahler fibrations 7: Z — A which come with an
ample line bundle £ — Z. Since every element of R}/(Y in Z, can be represented by a totally
real submanifold, its homology intersection with every co7mplex hyperplane in Z) is zero. Thus, by
the Lefschetz Theorem on (1,1)-classes [9, p163], an element of R}/(’Y in Z) determines a class in
H" 2 Z,\)@H™""2(Z)), where n is the complex dimension of Z, X, and Y. In particular, curve
classes in Hy(Z)y;Z) differing by an element of R}/( y differ by a torsion class. This observation and
Theorem 1.1 suggest the following conjecture about non-Kahler symplectic sums.

Conjecture 1.5. Let (X,wx) and (Y, wy) be compact symplectic manifolds with a common com-
pact symplectic divisor V' C X, Y and ® be an isomorphism of complex line bundles as in (1.11). If
A1, Ay € Hy(X#VY;Z), Ay —As € ng, and some GW-invariants of X#yY of degrees A; and A,
are nonzero, then A;— Ay is a torsion class.

Remark 1.6. The reasoning above Corollary 1.5 does not apply outside of the Kahler setting. For
example, let X =P'x T2, V ={0, 00} x T2,

fifor T2 — XV, fi(e,e%) = (2,6,e), foe, ) = (1,1 ).

Since the images of the embeddings f; and fo are disjoint symplectic submanifolds of X, we can
choose an almost complex structure Jy on X which is standard around V' and makes these images
Jx-holomorphic. The two maps f; and fy differ by a rim torus. Since both maps miss V, they
induce J-holomorphic maps into Z = X#yX, which differ by a non-trivial element of R}/( X%ZQ.

1.6 Outline of the paper

We review the notation for abelian covers from [5] in Section 2.1 and the definition of the cover-
ings (1.6) in Section 2.2. In Section 4.1, we define the map (1.17) as a special case of the map (3.4)
for arbitrary abelian covers constructed in Section 3.1. In Section 4.2, the map (3.4) is used to con-
struct and study the diagonal components (3.6) and their cohomology classes (3.9), which specialize
to (1.19) an (1.20), respectively, in the symplectic sum context. Theorem 1.1 and Corollary 1.2 are
established in Section 4.3. A rim tori refinement of (1.17) is defined in Section 5.2 as a special case
of the convolution product on abelian covers defined in Section 5.1; see (5.24) and (5.5). Section 6
streamlines the computation of some GW-invariants of ]@3 in [12] by making use of a vanishing
result for relative GW-invariants, which is an immediate consequence of the existence of IP-counts,
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and corrects some statements in [12] concerning these counts.

The purpose of this paper is to investigate the topological aspects of the rim tori refinement to
the standard symplectic sum formula. We pre-suppose that the latter has been established and
describe the necessary steps to implement the suggestion of [12] as an enhancement on an existing
analytic proof. We deduce some qualitative applications arising from this refinement and discuss
its usability for quantitative purposes. A significant number of examples are included in Section 4
for illustrative purposes; some of them are also used in Section 6.

The authors would like to thank E. Ionel, D. McDuff, M. McLean, J. Milnor, and J. Starr for
enlightening discussions.

2 Review of preliminaries

The coverings (1.6) are special cases of the abelian covers described in Section 2.1. The former
are constructed in [5, Section 6.1] and reviewed in Section 2.2. We also recall a crucial statement
concerning choices of the lifts (1.9) established in [5]; see Proposition 2.2.

2.1 Abelian covers of topological spaces

Let Z4 CZ denote the nonzero integers. For a tuple s=(s1,...,s¢) € Zi with £€ 729, we denote

by ged(s) the greatest common divisor of s1, ..., sp; if £=0, we set ged(s)=0.

Let V' be a topological space. For any submodule H C H1(V;Z), let

H{(V:Z
qu: H\(V;Z) — Ry = 1(H) (2.1)
be the projection to the corresponding quotient module. If Vi, ..., Vi are the topological compo-
nents of V., 01,..., 0y €Z29 and s; GZf, ..., SN EZiN, then the topological space

_ 1l ¢
Vorsy =V x . x VN

is connected.

With V and sq,...,sy as above, define

N
Oyisy sy Hi(Vay.sy; Z) = @H1 (Ve 2)% — H1(V;Z), (2:2)
r=1
N ¢
q)V;sl...sN (('}’r;i)igﬂr,rgN) = Z Z SryiVrsi -
r=1i=1

For any submodule H C H,(V;Z), let

Hey sy = Oyl o (H) C Hi(Vey sy Z), (2.3)
Ru
/H;s1...sN = Im{QHO(I)V;sl...sN} C Ru, Rus,.sn = 7;1 XR/H;sl...sN . (2.4)
;S1...SN

12



If ged(s,) =1 for every r=1,..., N, then
R}{;sl...sN = RH§51~~~SN = RH :

If V' is connected, then Ry =ged(s)Rp for any scZ' and Hy=H.

For each r=1,..., N, let ‘A/T — V., be the maximal abelian cover of V,., i.e. the covering projection
corresponding to the commutator subgroup of 71(V'). The group of deck transformations of this
regular covering is H;(V,;Z). The maximal abelian cover of Vg, s, is given by

N
‘/Sl...SN = H ‘/rzr — ‘/vS1...SN ; (25)
r=1
there is a natural action of H;(Vs;Z) on this space. For any submodule H C Hy(V;Z), let

/ 37 17
THis;..sn - VH;sl...sN Vsl...sN/Hs1...sN — Vsl...sN )

Ru

(2.6)

5 B =,
WH;Sl...SN . VH;Sl...SN == R/ XVH;Sl...SN ? ‘/Sl...SN .

H;sy...sn

The groups of deck transformations of these regular coverings are

DeCk(ﬂ-}’I;SL..SN) = RI]’I;SL..SN and DeCk(ﬂ-H;Sl---SN) = 7?’I—I;Sl---SN7 <27)
respectively. We will write elements of the second covering in (2.6) as

. Ru =
([’V]H;Slmsz\m [w]H) Sy XV]{‘I;SL..SN’ (2'8)

H;Sl...SN

with the first component denoting the image of v& Hy (Vs Z) under the homomorphism

1..8N
Ru
R/

H;sy..sn

H1(V;Z) — 'RH —

and the second component denoting the image of T € ‘A/Slms N

A collection {~;} C H1(V';Z) of representatives for the elements of Ry /Ry, . induces a homo-
morphism
H\(V;Z) — Deck(mprs,..sy), 17— Oy,

as follows. For every n € Hy(V;Z) and a coset representative v;, let v;(n) be the unique coset
representative from the chosen collection such that

Vi +n— ’7](77) - (I)V;s1...sN (77]) €H (29)
for some n; € Hy(Vs,..sy:Z). Define

@77: ‘7H§51-~-5N — ‘7H§51---5N7 @n([Vj]H;Sl---SN7 [f]H) = ([Vj(n)]H;Sl---SN7 [WJE]H) (2'10)

Since (2.9) determines 7); up to an element of Hy, s, , the last component of ©, is well-defined.

The coverings Vs, . s, often do not have finitely generated homology groups. Some cases when their
homology groups are finitely generated are described in [5, Section 5.2].

The next example underlines most examples in Section 4.
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Example 2.1 ([5, Example 5.1]). If V=T? ¢€Z*, and H={0}, then

L
IA/H;S = (Cx']I‘g(Z*l), where Tg(hl) = {(zi)ngE(CZ: Zsizi € Z@iZ}/Z% c T =V,.
i=1
The second covering in (2.6) can be written as
CxT2D — 1% (2 [zi)ict) — [zi—z} . (2.11)
Sili<e

Under the standard identification of Hy(T?;7Z) with Z@iZ, the action of Hy(T?;Z)® on this cover
is given by

L ¢
1 1
(vi)i<e - (2 [zili<e) = (z+€ Z:lsi’%", [Zﬂr[si Z:lsi/’w]iq) ‘ (2.12)
1= 1= =

The group of deck transformations of this cover is Zggc d(s) ®ged(s)Z?. The action of the second

component is induced by the action of Hy(T?;7Z)% via the surjective homomorphism

l
Hy(T%2)% — ged(s) Hi (T? 2), (Vi)ir<e — Y s (2.13)
i'=1

2.2 The rim tori covers and lifts

The coverings (1.6) are defined below as special cases of the abelian covers (2.6). The relative
evaluation morphisms (1.3) lift over these coverings, though not uniquely. Fixing lifts of these
morphisms (as is essentially done in [11]) corresponds to choosing base points in certain spaces; see
[5, Remark 6.7]. These choices can be made in a systematic manner; see Proposition 2.2.

Let X be a manifold and V C X be a closed submanifold of codimension ¢. Denote by SxV C NxV
the sphere subbundle of the normal bundle of V' in X, which we will view as a hypersurface in X,
and let

RY =ker {X_y,: H(X-V;Z)— H(X;Z)}. (2.14)

If in addition X and V are compact and oriented, we define
NV: H (X;Z) — H._(V;Z), ANV =PDy((PDxA)|v),
AY: Hp(VZ) — Hppe1(SxV32),  AX(y) = PDsyv(gx (PDv7)),
where q}?: SxV —V is the projection map. Let

_ H(V;2)

Hy = {ANV:A€H.1(X;Z2)} C Hi(V;Z), Hi(V;Z)x = g (2.15)
X
By [5, Corollary 3.2], the homomorphism
SV oA H (Vi Z)x — RY C H(X~V32) (2.16)

is well-defined and is an isomorphism.
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With notation as in (2.1),

Let Vi, ..., Vy be the topological components of V. For ¢y, ...,¢n €ZZ% and s; er, ...,SN eZiN,
define
1% v
HX;S1...SN = (HX)SI_”SN - Hl(‘/SL..sN;Z)y
\% . |4 —
R/)(;Sl...SN = /]{)‘é;slmsN C Hl(v7 Z)X ’ RX;Sl...SN - RH}Q;SL..SN :

The rim tori covers (1.6) are the abelian covers

% _ IV > _‘7/
= =V

!/
Ty. =T . . —
X;s1..8N HYsy..sy* " X5s1..8N 818N ‘/;1'~~SN’

v 5 P
WX;Sl...SN :ﬂ—Hg(/;Sl...SN . VX;SI---SN = VH;;SL..SN ‘/sl-“sN'
By (2.7), the groups of deck transformations of these regular coverings are
% _ IV 1% _ pV
DeCk(ﬂ-X;sL..sN) =R and DeCk(ﬂ-X;sl...sN) - RX;S1...SN )

X;s1...8N

respectively. We will write elements of the second covering in (2.17) as

R}/( i
([’V]X;Sl...SNv [ZE]X) € % ><‘/X;sl...sN )
X;S1...SN

with notation as in (2.8) for H=HY.

(2.17)

(2.18)

(2.19)

If ¥ is a compact oriented m-dimensional manifold, A € H,,(X;Z), k € ZZ°, and p>m, let

Xy 1(X, A) be the space of tuples (z1, . . ., 2, f) such that f € L} (3; X), f.[E]=A4, and 21, . .

2K €EX

are distinct points. If m=c and r=1,..., N, each isolated point z € f~!(V}.) has well-defined order

of contact with V;., ord""f € Z: see the beginning of [5, Section 2.1]. If in addition sy, . .

before and (1.1) holds for each (V,s)=(V,,s,), let

xVa-Vn (X, A) C Xy oty 4.0y (X, A)

Z,k;s1...sN
be the subspace of tuples (21, ..., Zkt+e,+..+05, f) such that
fﬁl(‘/r‘) = {Zk—&—fl—l—...—&—frfl—l-l) s 7Zk+fl+...+fr} Vr= 17 s 7N7
ord}r f =80 Vi=1,2,.... 4, r=1,...

)

Bhk4+01+... 40 _1+i
We denote by

v Vi,V
eV =€Vl X. . . XeViyp 4. iy le,k;sl.{\.]sN (X, A) — ‘/Sln-SN
the total relative evaluation morphism. Any pair f, ' € 36?12:5’1‘./751\7 (X, A) with

evy (f) = evi (f) e Vi

determines an element [f#4—f")] of RY C H(X —V;Z); see [5, Section 2.1].
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By [5, Lemma 6.3], the morphism (2.20) lifts over the coverings (2.17). Such lifts can be chosen so
that they are compatible with the morphisms between the configuration spaces of maps obtained
by dropping some of the components of V and the corresponding relative contact points; see
[5, Figure 1]. They can also be chosen compatibly with the isomorphism (2.16), in the sense
described below.

Proposition 2.2 ([5, Theorem 6.5]). Suppose X is a compact oriented manifold, V C X is a com-
pact oriented submanifold of codimension ¢ with connected components Vi,...,Vy, A€ H(X;Z),
and s, EZi’“ forr=1,...,N. Let {v;} CH1(V;Z) be a collection of representatives for the elements
OfR}/(/RS}/;sl...sN' If ¥ is a compact oriented c-dimensional manifold and k€ Z=°, there exists a lift

~ Vi,..,V i
Vi Byl N (X, A) — Vs, sy (2.21)

of the morphism evy in (2.20) over the covering W}/('Sl---SN in (2.17) with the following property.

For any f,f Ef{g,;7s’1VNSN (X, A) with

&/}/((f) = ([’Yj]X§Sl~-~SN7 [’Yﬂx) and é{f‘)/((f/) = ([’Yj,]Xﬁlu-SN? [&\]X) (2'22)

for some T € I/}sl,‘,sN, v € Hi(Vs, sniZ), and j,j' indexing the coset representatives, the map
components of £ and £ satisfy

[HH=1] = B (AKX (Prisy.sy (V)75 —757)) € H(X =V, Z). (2.23)

Furthermore, &V (f') is the unique point in W}/(,S:_l'.SN (ev(f')) so that (2.23) holds for a given value
~V '
of evy (f).

3 Diagonal components for abelian covers

In Section 3.1, we define diagonal components for arbitrary abelian covers that specialize to (1.19)
in the symplectic sum setting. Each diagonal component VIZhHQ;SIN_SN in (3.6) determines an inter-
section homomorphism (3.7) on the product of two abelian covers of Vs, s, and thus a cohomology
class (3.9), as suggested by [12, Definition 10.2]; in the symplectic sum context, this class specializes
to (1.20). In Section 3.2, we describe cases when these classes split into products of cohomology
classes from the two factors and when these classes are the same for different choices of 7; see
Lemmas 3.4 and 3.8.

3.1 Notation and examples

We continue with the notation for the abelian covers of a topological space V' with connected

components Vi,..., Vy introduced in Section 2.1. For s; ertl, ..., SN ertN, denote by
1% 2 _
AS1---SN - ‘/Sl---SN = VSl-nsN X VS1-~~SN

the diagonal. For any submodules Hy, Ho C H1(V;Z), define

>y R .y / / —1/ AV
VHl,HQ;Sl...SN - VHl;Sl...SN X‘/SIA.ASN VHQ;Sl...SN = {ﬂ—Hl;SL..SN XT(HQ;Sl...SN} (Asl...sN)7

it it s o (3.1)
Vi, Hysy..sy = VHisi. sy XVay.sn Viysi..sy = {WHl;SL..SN X7TH2;81-..SN} (Asl...SN .
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Thus,

17/ . P
VHl,HQ;Sl...SN - U { v ‘T H17 Hg) . xe‘/sl...SN}u
YEH) (Ve .55 32)
1% R R XV}
Hy,Hais1..sy — Rl / Hi,H2;s1...8N °
Hl;sl...sN H2;S1...SN

If HioC H1(V;Z) is a module containing H; and Hj, define

H Jit . .

/Hlliqz VHl,Hg;sl...sN — ,R’%Im;sl...sN C RH12 ) \Ilell,QHQ([’Y"T]HN [‘T]H2) = [(I)V;SL..SN (7)] Hio
where [y']m,, denotes the coset of v € H1(V;Z) modulo Hjs. Since v above is well-defined up to
an element of

(Hl)sl...sN + (H2)sl..‘sN - (H12)sl...sN )

the map \11,111?,21{2 is well-defined. Combining \I/I{Iil,QHg with the homomorphism,

RHl RHz RH12

/ / ’

!/
Hi;si...sy RHg;sl...sN Hi2;81...8N (32)
([’Yl]Hl;Sl...SN’ [72}H2;51...SN) — [’71 _72]H12;Sl...SNa

we obtain a continuous map

Hiz
\Ij 1, Ho VH1,H2751 SN >RH12781 SN

its target is a discrete set.

The map (3.2) can be lifted to a map (not a homomorphism) to Rp,, by choosing collections

{711 b {20} € Hi(V3Z) (3.3)

of representatives for the elements of Ry, /Ry o, o\ and R, /Riy, o, s, respectively:

([’Vl;jl]Hl;SlmSN’ [’72§j2]H2;51~--SN) — [’Yl;jl *’72;j2]H12'

We can then “lift” U2 {0 a continuous map
Hy,Hz

o Hiz
\le Ho* VHl,HQ;Sl-uSN > RHs (3'4)

\I’gl Hy (([71;j1]H1;51-~SN7 [')"ﬂHl)v ([72;j2]H2;S1-~SN’ [/x\]H2)) = [@V;SlmsN (7)+71;j1 _72;]'2}H12 ’

The latter gives rise to the refined gluing degree map (1.17) in the symplectic sum context;
see (4.10). This map is compatible with the deck transformations (2.10) associated with the
collections (3.3), i.e

\Ilgﬁfb (677(‘%1)’ ) \I]Hl 1,Ho (381, $2) + [77]H12>

o (3.5)
\P512H2 (xl’ 977(:62)) = lllgl,Hz (xl’ ‘TZ) - [n]Hm
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for all (%1,%2) €?H17H2;S1---SN and n€H1<V; Z).

For n€ R, ys,..sy and 1€ Rp,,, let

=5 H —1 S50 T H —1,~
Vit Hasosy = \avm ) My Vilsosy = {Yalm ) (). (3.6)

These subsets of Vi, .s,..sy X Viyss,..sy are closed.

If in addition V' is an oriented manifold, then so are the subsets (3.6). Thus, they define intersection
homomorphisms

H* (VH1§SI~--SN X VH2§51-~SN; Q) — Q’ h—h- VIZl,HQ;Sl...SN’ h- Vgl,HQ;Sl...S]\N (37)

as follows. On the homology of dimension different from half the dimension, we take these ho-
momorphisms to be zero. A (rational multiple of a) homology class of half the dimension can be
represented by a smooth map

h: Z—>‘7H1;51MSN X ‘7]{2;51“.51\, (3.8)

from a compact oriented manifold which intersects the submanifolds (3.6) transversely. Thus,
their preimages in Z are closed zero-dimensional submanifolds of Z. We take the intersection
numbers in (3.7) to be the signed cardinalities of these finite sets (divided by the appropriate
multiple if necessary). A cobordism between two representatives for the same homology class
provides cobordisms between the preimages of the submanifolds (3.6) with respect to the two
representatives; thus, the intersection homomorphisms (3.7) are well-defined. By the Universal
Coefficient Theorem [23, Theorem 53.5], these homomorphisms correspond to some elements

PD?

Hi,Ha;s1...8N

A, PD! A€ H (Virysy. sy X Vit s Q), (3.9)

Hi,Hg2;s1...8N

respectively. Since the homologies of ‘/}Hl;sl...s ~ and ‘A/HQ;SL“S ~ may not be finitely generated, these
classes need not admit finite Kunneth decompositions as in (1.22). By Examples 3.1-3.3 and
Lemma 3.4 below, they do admit such decompositions in some interesting cases.

Example 3.1. Let V =T2, (cZT, and sc Z'. We identify H,(V;Z) with Z@®iZ and denote by
0C H1(V;Z) the zero submodule. By Example 2.1,

{7070;3 = {(a;, [zi+s;1w]i§g, Y, [zi—i-si_ly]ig) ECxTz(Z_l) xCx']I‘g(g_l)}.

Let {v;} C Z@iZ be a collection of representatives for the elements of Zgeq(s) DiZgeq(s)- 1t is

convenient to identify base points for the components of 170;5 as
(ls)osss [Eslo) = (€715, 167 7 jli<e) € Vios = Cx T2,
The map (3.4) with Hy, Hy, H12=0 is then given by
‘T’g,o;si ‘70,0;5 — LB, ‘T’g,o;s (:1:, 2], , [Z/]) =l (r—y);
see (2.12) and (2.13). The diagonal components 170770;5 are naturally indexed by Z@®iZ and

%70;3 = Anggﬂ N (Cng(f_l) xCxTz(e_l) C (C><’]I‘2€><(C><’]I‘%, (3.10)
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where
AL = {(@+7,0)eC?} and Al = {([zits; i< [li<e) €(T2 7))

are translates of the diagonals. In particular,

h- (AngngZ) =0 VheH,(CxTXxCxT*;Q), feZPIL.

Combining the last observation with (3.10),
PD] A =0¢€ H*(CxT: VxCxT 7 V;Q)  Viezaiz, (3.11)
This is consistent with the vanishing of the GW-invariants of K3; see Example 4.4.
Example 3.2. For V=T? (cZ*t, scZ!, and H=H(V;7),
Ul s Vors = { (2 [2ili<e, [2i— 57 '2lice) €CxTe "D x T} — Ry ={0}.
The preimage of 1707 H:s :170? His under the automorphism

@si (Cx']I‘g(Z_l) XT% — CXTz(Z_l) XT%, @s (Z, [Zi]l'gg, [Z,;]igg) = (Z, [Zi]igg, [Z;—Si_lz]igg),

is the intersection
CxAg2e NCx Ti(“’ xT? c CxT*xT*.

Since B¢ induces the identity on the cohomology, it follows that

PDY 1 = 1% (PD ez Agee) | pote 1 par € H (Cx T2V T, Q). (3.12)

72
In the /=1 case, T2 consists of |s|? points and (3.12) reduces to

PD{ ;7.9 A = 1xPDp(pt) € H*({1,...,5’} xCxT* Q). (3.13)

In the symplectic sum decomposition for P2 = ]@g#v(]?l x V), (3.13) corresponds to putting the
whole fiber on the X-side and a point on the Y-side; see Example 4.6.

Example 3.3. Let F be a compact connected oriented manifold, V = {0,000} x F, {1, {5 € Z=°,
S1 EZQ, and SQGZfE. We take

Hy=Hy=Hi;=HA C Hl(V,Z) = Hl(F,Z) @Hl(F7Z)

to be the diagonal subgroup. By [5, Example 6.2], YA/HA;Sls2 :ﬁo;s, where s is the merged tuple of
s1 and —sy. With the identifications of [5, Examples 3.6,4.7], the map (3.4) becomes

H,(F;Z) H\(F;Z) - -

Fisxp By — Hi(F;Z

aed(®) H) (F:Z) ~ ged(s) (P 2)  Fos s Fos — Hi(E5 D),
o b

\IjHivHNSlSQ ([7]'1}0;5, [7j2]0;s> h'x]07 [1‘]0) = q>F;s('7)+'7j1 Y52 -
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If F=T? and ¢ =/{1+/{5 >0, we associate representatives v; for the elements of Lged(s) B1Zged(s)

200—1)

with base points for the connected components of Cx Tg as in Example 3.1. Then,

Vira Hasiss = 1 (2, (211 wli<er (220 — 55, wli<es ) U, ([21:04 57 Vi< [22:0— 550 Yi<ey) ) -
_ _ _ _ 2(0-1
2,y €C, ([21+51, li<er 22— 50, 2li<e ), ([210+ 514 Yli<er (22— 50,4 Yli<e,) € T2V},
\T’HA : ‘/}HA,HA;S1S2 — ZGBiZ? \T’HA (x, [Z]7y7 [Z/]) = E(x—y)_

Ha,Haj8182 Ha,Haj8182

The diagonal components 17[3
in Example 3.1. Thus,

A Hass, A€ again indexed by Z&iZ and have the same structure as

PD}, A=06€H (Vs X Viass: Q) VicZoiZ. (3.14)

Hajssis2

This is consistent with the vanishing of the GW-invariants of T? x T?; see Example 4.5.

3.2 Some properties

We begin this section by describing cases when the diagonal classes (3.9) split into products of
cohomology classes from the two factors. We then show in certain cases these classes are the same
for different choices of 7.

Lemma 3.4. Suppose V is a compact oriented manifold with topological components Vi, ..., Vyn,
Hl,HQ C H12 C Hl(V;Z)

are submodules, s, € Zf;, 1€ RHygs1..sy5 and € Riy,. The classes (3.9) admit finite Kunneth

decompositions as in (1.22) if either Ry, is finite or V is connected and H,(Vi,,; Q) is finitely
generated.

Proof. The inclusions H; C Hi5 induce projections

/fIlQ,HZ‘: VI/{igsl.A.SN E‘/vsl---SN/(‘[{'L‘)Sl---SN — Vf/flz;sl...SN E‘/vsl---SN/(‘[{12)51---5N .

Combining them with the restrictions of the homomorphism (3.2) to each component of the domain,
we obtain a covering projection

O: Vi, is1..sn X VHyisi sy > VHygisi.sy X VHygsy . sy

such that
7TH1;51...SN XWHQ;Sl...SN = 7TH12§81...SN X7TH12;51...SN o 6)7
Hiz  _ gyHiz R
\IJHI,H2 B \IIH12,H12 © @‘VH17H2;51---5N. (3.15)
Thus,
n _ * n
PDH1,H2;S1.--SNA =0 (PDH12,H12;51.--SNA) (3'16)

for every n€Ruyy:s1..5y -
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If Ry, is finite, then YA/HIQ;SI._,SN is a finite cover of a compact manifold and so its homology is
finitely generated. By the Kunneth formula for cohomology [23, Corollary 60.7],

H* (Vle;sl...sN X‘7H12;s1.v.sN§ Q) ~ H* (‘7H12;S1...SN§ Q) ® H* (Vle;sl...sN;Q)-

Thus, PD?I o
12,M112;81...8N
PD? A. In light of [5, Lemma 5.2], the same reasoning applies if V' is connected and

Hi,H2;s1...sN
~

H,(VH,,; Q) is finitely generated.

admits a Kunneth decomposition in this case. By (3.16), so does the class

The identity (3.16) holds with ¥ and 7 replaced by ¥ and 7 if the relevant collections

{1 b 2 b ey CHL(VS Z)
are compatible, i.e.
{[7l;j1]H12 }7 {['72;j2]H12} = {['712;j]H12 }
Changing the first or second collection would change a Kunneth decomposition of the cohomol-
ogy class PDZIL Ho ;sl...sNA by pulling back the cohomology classes involved by diffeomorphisms of
the topological components of the factors of the domain. Thus, the existence of a Kunneth de-
composition for this class is independent of the three collections. We can thus assume that these

collections are compatible and (3.16) holds. The reasoning in the previous paragraph then also
applies to PD’/ A. O

Hiy,Hz;s1...85

Remark 3.5. The statement of Lemma 3.4 for a connected V and its proof can be adapted to a
disconnected V. For each r=1,..., N, let

Ry = qu(H1(VisZ)) C Ry

these modules span Ry. The first factor in the definition of ?H;Sl,_,s ~ in (2.6) is finite if and only if
the submodule _
RH;Sl...SN = Z RH;T‘ C 7?/I‘I

1<r<N
£r7#0

has finite index. This index is finite if ¢, # 0 whenever H;(V;; Q) # {0} or if V ={0,00} x F' for
some connected F' and

H=Hx C H\(V;Z) = H\(F; Z) & H\(F; Z)

is the diagonal. If this index is finite for H = Hi9, the argument in the proof of Lemma 3.4
concerning connected V' applies via [5, Remark 5.3], which extends [5, Lemma 5.2] to this setting.

Remark 3.6. By [4, Theorem 1], H*(‘/}le;(@) is finitely generated if H*(T/}H; Q) is finitely generated
for some submodule H C Hyo. Thus, the last condition in Lemma 3.4 could instead require that
H*(X/}H, Q) be finitely generated for some submodule H C Hyo. The approach in the proof applies
directly, without use of [4, Theorem 1], if in addition H contains either H; or Hs.

The next example indicates that the cohomology classes (3.9) of the diagonal components (3.6)
generally do not admit a Kunneth decomposition as in (1.22) if (R p,, is infinite and) the homology
of XA/H12 is not finitely generated. By [27, Corollary], the manifold V' appearing in Example 3.7 is
not symplectic. We use this particular V for the sake of simplicity. The complex blowup of T* at
a point could be used instead, but the notation would become a bit more involved.
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Example 3.7. The maximal abelian cover V of V = (S! x §3)#P?2 is R x §3 with copies of P2
connected at (i,pt) € Rx S3, with i € Z. If P} is a P! in the i-th P2, {P!: i € Z} is a basis for
H5(V;Q). The topological components of Vo,0:1) =V Xy V are described by

Joe = L0r8,2): eV}, yel
For example, 170070;(1) =Ayp is the diagonal and

1, ifi=j;

e (3.17)
0, ifi#j.

1 1 170
Py XBj - Voou) = {

If eq,...,en is a basis for QV, then the element
e1®e1 + ... +eny®eny € Q¥ QY

cannot be written as a sum of fewer than N products a;;&3;. Along with (3.17), this implies that the
cohomology class on V xV determined by V000~(1) does not admit a finite Kunneth decomposition.

Let V, V4,...,Vy, and Hj2 be as in Lemma 3.4. For each r=1,..., N, denote by
FIUX(VT)HH C Ry,

the image of Flux(V,) under the homomorphism
H\(V;Z) — H(V;Z) —

Lemma 3.8. Suppose V', Vi,...,Vn, Hi,Ho, Hi2, and s, are as in Lemma 3.4. If

N
M, €Ruy,  and 71—z € @D ged (s, ) Flux(V,) iy,
r=1
then B ~ R R
PD7I]{11,H2;51...SNA = PD}?LHQ;SL..SNA € H* (VHUSI---SN X VH2§51---SN; Q) : (318)
Proof. Let
N
¥ = (Yri)i<tr < € @D Flux(V,) 94
r=1
be such that
ﬁl - 52 = [(I)V;Sl...SN (’Y)} His € 73’1112 . (319)

For each r=1,...,N and i =1,...,4,, let ¥,.;;: V;, — V,. be a loop of diffeomorphisms generat-
ing 7y,,; such that V¥,.;.o=id. These loops lift to paths of diffeomorphisms

~ ~ ~

rize: Ve — Vi, tel0,1], Wy = idf/,«’ i1 (Trii) = Yrsi - Ty

\T’t: ‘?Hl;sl...sN — ‘7H1;sl...sN7 t e [07 1]7 E’t([(f/ﬁr;i)igﬁ,.,rgN] ng) = [(@T;i?t(/jr;i))igfhrgN] His'
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In particular, \Tll:@@V;SPSN (v)- By (3.5) and (3.19),

Vgi,Hz;sl...SN = {{\I}l Xid\/}H%slmsN}(VIZ?,HQ;SL..SN)'

Thus, the smooth proper map
172
[0, 1] x Vi,

Ha:si..sy — VH1§51-~-SN XVH2§51--~SN7 (tvilvEQ) — (\I/t(%l)va)y

Its intersection with a smooth map h
and with

. . T 1772
is a cobordism between VHl, and VHl, Ho:

Ho;sy...8N S1...SN "

as in (3.8) is a compact cobordism between the intersections of h with Vgi Hysy..sx

‘Afgf Hosy. sy Thus, the intersection homomorphisms on the homology induced by the two diagonal
components are the same; this establishes (3.18). O

4 The refined invariance property

We now provide the details needed to refine the usual symplectic sum formula, as suggested in [12,
Sections 3,10] and outlined in Section 1.2. Once the lifts (1.9) of (1.3) are chosen systematically
as in Proposition 2.2, the fiber products (1.16) of the coverings (1.6) for (X, V) and (Y, V') over
the diagonal in V5 x Vg can be split into unions of topological components (1.19), as suggested
by [12, (3.10)]. We define the crucial refined degree-gluing map (1.17) in Section 4.1 as a special
case of the map (3.4) for arbitrary abelian covers. It is used in Section 4.2 to define the diagonal
components (1.19). Corollary 4.3 describes cases when the Poincare duals of these components
split as in (1.22). The approach of [11, 12] can then be used to distinguish the GW-invariants of
X#vY in degrees differing by elements of RY% y in terms of the IP-counts of (X, V) and (Y, V).
Otherwise, they can be distinguished only in terms of the TP-counts of the singular fiber XUy Y.
The assertions made in Sections 1.3 and 1.4 are established in Section 4.3.

4.1 The refined gluing degree map

We begin this section by defining the refined gluing degree map (1.17) as a special case of the con-
tinuous map (3.4) on the diagonal fiber product of two abelian covers of the divisor V. We then
show that its composition with the lifted evaluation morphisms (2.21) gives the degree of the glued
map, provided the coset representatives in the constructions of (3.4) and (2.21) are chosen in the
same way; see Figure 2 and Proposition 4.2.

Throughout this section, X and Y denote compact oriented manifolds, V' C X,Y is a compact
oriented submanifold of codimension ¢, and ¢: SxV — Sy V is an orientation-reversing diffeomor-
phism commuting with the projections to V. With

qv - SXv:SyV —V
denoting the bundle projection map, define
H(SV;Z)xy = {Asy € H(SV;Z): qv.(Asv)Eker i3y, Nkeruy, }. (4.1)
Let

H{(X;Z)xvH(Y;Z) = {(Ax,Ay) € H(X; Z)x H(Y; Z):
Ax-xVy=AyvyV, Vr=1,...,N},
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where -x and -y are the homology intersection pairings in X and Y, respectively.

Let X#,Y be the manifold obtained by gluing the complements of tubular neighborhoods of V'
in X and Y by ¢ along their common boundary. We denote by

qo: X#Y — XUyY

a continuous map which restricts to the identity outside of a tubular neighborhood of SxV =, Sy V,
is a diffeomorphism on the complement of dp L(V), and restricts to the bundle projection SxV — V.
Let

Ry = {7 or (Ax—v) iy or (Ay_v): (Ax_v, Ay_v) € RXGRY ). (4.3)
y [, Lemma 4.1], this definition of RE/(,Y agrees with (1.12) in the ¢=2 case.

Define

Hy(V;Z)
4 . . . 1 9
AX,Y' Hl(vvz>X @ Hl(VﬂZ)Y — H)‘é_'_H;// ) ([’VX]H)‘Q [’VY}HS‘K) — [’VX_'YY] HY+HY"

Denote by F;,Y the image of the composition

X-V Y-V AY
(sve —tsve ) xy H{(V;Z)
H (SV; Z)Xy _ RXEBRY = H\(V;Z)x ® Hi(V;Z)y % Vo
Hy+Hy

with the second arrow above given by the isomorphisms in (2.16). Let H;Y C H1(V;Z) be the

preimage of F;y under the quotient projection

Hy(V;7Z)

Hy(V:7) — =52
1(V32) HY+HY

By [5, Corollary 4.4(1)], there is a commutative diagram

~V

H(7) g D) Axy H, (Vi)
Hy Hy Hy y
X-V AV v .
LSXV*OAXEB‘SYV oAy, zlﬁ‘\“}/(y (4 4)
X#oY | X#oY
tx—vs Ty v

RY & RY R}’(’Y

of homomorphisms, with both vertical arrows being isomorphisms.

Let V4,..., VN be the topological components of V', s1 GZQ, ..., SN EZiN, and
~, 5
VX7Y§51-~-5N ~ VHY ,HY:s1..sNn VXYSl SN T VH JHY s SN

see (3.1). Choose collections
{7xi} {wy} © Hu(V;2) (4.5)
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of coset representatives for the elements of R /R
these collections determine a smooth map

 and R)‘f/R’Y‘{Sl._.SN. As described above (3.4),

1...8

v
~Hy y .
vV gV
Hy Hy Rxy

VX y: Vaysisy — Ry, —— Ry C H(X#Y; D),
with ER?Y as in (4.4).
Let Yy, Yy be compact oriented ¢-dimensional manifolds, kx,ky € Z=%, and (Ax,Ay) be an
element of H.(X;Z)xy H.(Y;Z). Denote by
SR XN (X, Ax) — Vxissy and 607 XUV (Y Ay) — Vg, sy

the lifted relative evaluation morphisms of Proposition 2.2 for (X, V) and (Y, V') compatible with
the coset representatives (4.5). Let

Vi,V  (~V _~V1-1,5
%(észi/V):(kkaY);sl-..SN ((X’ Y)’ (AX’ AY)) - {eVX XeVY} (VX7Y§SI~~~SN) (4 6)
—1 :
= {evixevy } (AJ oy)-
Each element (fx, fy) of this space gives rise to a marked map
Ex#oty € || X5 sy bxshy Y, Ag); (4.7)
A#EA)(#¢AY
see [, Section 2.2].
Fix a base point zs, . sy € Vs,..sy- Suppose
Vi,V Vi,V
%ZIXJCXJQ\;I-HSN (X’ AX)’ :{Zlmky;lgu-sz\f (Y’ AY) 7& 0.
Choose
f. — (Z. Z. f.) c xVh...,VN (X A )
X = X;l""’ X;kx+é1+...+é]\r7 X Ex,k‘x;SL..SN » 41X )5 (4 8)
o __(_o ° ° V1,0, Vi :
£ = (Vs 2yttt JY) € X500 e s (Yo Ay)
such that

EV}/( (f)'(),evg (f{/) = Tsq..sn € ‘/;1...51\7 .

These two marked maps correspond to the initially chosen base points, denoted by fy, in the proof
of [5, Theorem 6.5]. Let

Axy = [[3x#taly] € H(X#Y; Z), (4.9)
and define
Gax Ay Vv sy — H(X#Y;7) by
Gaxay (,9) = Axy — Uy (v (£%), &7 (£)) + Py (7.5)-
The last map is the intended refined gluing degree map of [12, (3.10)]. By Proposition 4.2 below,

it gives the degree A4 of each glued map (4.7). The statement of Proposition 4.2 is illustrated in
Figure 2, where we abbreviate s;...sy as s and ignore the absolute marked points.

(4.10)
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eV XEV ~
%YEX,Ey) ((X> Y)v(AX>AY)) = = VX,Ys
ev‘)/( ><ev¥ :}V-SXWQ
#w A;/ JAx Ay
d
LI Xsypsy (X#Y, Ag) = H (X#Y;7)

A#EAx#<pAy
Figure 2: The evaluation and gluing maps of Proposition 4.2.

Remark 4.1. The map component fx#, fy of fx#,fy depends on the choices made in the con-
struction of [5, Section 2.2]. However, the degree (homology class) of fx#,fy does not depend on
these choices.

Proposition 4.2. Suppose X and Y are oriented manifolds, V C X,Y is a compact oriented sub-
manifold of codimension ¢ with connected components Vi, ..., Vn, ¢: SxV — Sy V is an orientation-
reversing diffeomorphism commuting with the projections to V', and

(Ax,Ay) € H(X;Z)xy H(Y;Z), s, €ZY with r=1,... N.

Then,
[fX#gon] = JAx Ay (QNVE/((fX)? é{/'}‘i(fy)) (411)
for all pairs (fx,fy) in X{&0Y (0o ((X,Y), (Ax, Ay)).

Proof. Let T € ‘751,,,51\,, v* € Hi(Vs,..sy3 Z), and 7% ,vy € Hi1(V;Z) be elements of the collections
n (4.5) such that

VX (£%) = (DX ]xs1sn: 17 2)x)  and &V (E)) = (W ]visr..sns [Fx)- (4.12)

Thus, _
‘IJ}/(,Y (eﬂ‘/’gé (fx) evy (fy)) = ER}/(,Y ( [‘I’V;S1...SN (7')+73(—’Y§'/] HY Y) . (4.13)

Since the two sides of (4.11) take discrete values and are continuous in (fx, fy ), it is sufficient to
verify (4.11) under the assumption that

eV}/((fX ,ev (fY = Tsq..sn S ‘/Sl SN *
Let v,y € H1(Vs, . sn; Z), and vx, vy € H1(V;Z) be elements of the collections in (4.5) such that

& (fx) = (x]xsisn: 7 Zlx)  and &y (fy) = ([ lvisisns [V Z]x).- (4.14)

Thus, _
Yy (v (Ex), 67y (Fy)) = Ry ([Pvisy..sn (V) +7x —7v] HXY) : (4.15)
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By (4.12), (4.14), and (2.23),

[t (= £0)] = 3 0 (A% (Prisyosy (VY =7") +1x —7%)) € H(X =V 7Z),
(A= 19)] = 5 (AY (Prsysy (V) +y =) € H(Y =V Z).

Thus,
[ixttafy] = [Fetaft] = 2500 (It (- 130)) + o B ([h-13]) (4.16)
= g v (DX (Pvarsn (=) F1x =1 — 1% +77)-
From (4.9) and (4.16), we find that
[f)#gon} =Axy — E)K{y(,y ( [®V§51-~~5N (V") +7rx _'Y;f} HY y)
+ %E/{,Y([(I)V;Sl---sw (7)+'7X _'YY] HY Y)-
Comparing this with (4.10), (4.13) and (4.15), we obtain the claim. O

4.2 Diagonal components for rim tori covers

We now use the refined gluing degree map (4.10) to split fiber products of rim tori covers into diag-
onal components and describe some of their properties. This completes the details needed to refine
the usual symplectic sum formula, as suggested in [12, Sections 3,10] and outlined in Section 1.2.
We include three examples of applying the refined invariance property for GW-invariants in simple
cases when the diagonal splits and its Kunneth decomposition can be easily determined.

Similarly to (3.6), we define

Vidvisiosn = 92y, (A = Vi (v VA€ Agpdy C H(X#Y:Z).  (4.17)
Similarly to (3.9), let
v,A _ ppA-Ax, « (T o ,
PDX,Y;sl...sNA = PDHX,;¥iS1...sNA €eH (VX;sl...sN XVY;sl...sNa Q) (4.18)

denote the cohomology class determined by the closed submanifold (4.17). Lemma 3.4 gives the
following description of some cases when this class admits a finite Kunneth decomposition.

Corollary 4.3. Suppose X, Y, V, ¢, (Ax,Ay), and s, € Zi‘ are as in Proposition 4.2 and
Ae Ax#, Ay . The class (4.18) admits a finite Kunneth decomposition as in (1.22) if either R}/(?Y

is finite or V is connected and H*(‘A/H)\gy; Q) is finitely generated.

Example 4.4. We take X,Y:@g to be the blowup of P? at 9 points and V =F to be a smooth
fiber of the fibration IP% —P!; see the beginning of Section 6. By [5, Examples 3.5,4.6],

H},H&HYW ={0} c H(V;Z) =~ Z*.

27



Let |A|ly €Z be as in (1.25). By (3.11),
PD;/(:I;‘/;SA =0€H" (?X;s XVY;S?@) (4.19)

for all s € Z* with £ > 0 and A € Ho(X#,Y;Z) with |A|y = [s|. Since the contribution to the
GW-invariant of X# /Y in a degree A € Ax#,Ay from its splitting as Ax#, Ay is obtained by
pulling back the classes (4.19) with |s|=|A|y by évx xévy., this contribution vanishes if | A|y #0.
IfC C]T% is a holomorphic curve disjoint from V, its projection to P! misses a point and thus C is a
union of fibers. Therefore, the fiber class of I@g and its multiples are the only classes that have zero
intersection with V' and a priori may have nonzero GW-invariants. By (4.19), all GW-invariants
of X#.Y in non-fiber classes vanish. This is a direct illustration of the vanishing statement of
Theorem 1.1. For the standard identification ¢, X#.Y =Ks. By [13, Theorem 2.4], K3 admits
an almost complex structure J with no J-holomorphic curves. Thus, (4.19) is consistent with the
vanishing of all GW-invariants of Ks.

Example 4.5. We take X, Y =P! xT? and V ={0, 00} x T2. By [5, Examples 3.6,4.7],
HY,Hy Hyy = Ha C H(V;Z) = Hi(T* Z) & Hi(T* Z) ~ Z* & 77,
where H is the diagonal subgroup. By (3.14),
PD A = 0 € H* (Vg0 X Vyis,505 Q) (4.20)

for all s; € Z%, sy € Z* with €140 >0 and A € Hy(X#,Y;7Z) with |Aly = [s1]|+|s|. Similarly
to Example 4.4, this implies that all GW-invariants of X#/Y in non-fiber classes vanish and
provides another direct illustration of the vanishing statement of Theorem 1.1. For the standard
identification ¢, X#.,Y =T?<T2. By [13, Theorem 2.4], T?xT? admits an almost complex structure .J

with no J-holomorphic curves. Thus, (4.20) is consistent with the vanishing of all GW-invariants
of T?x T2

Example 4.6. We now take X:I@Q, Y =P!'xT? and V=FCX,Y to be a smooth fiber. By [5,
Examples 3.5,3.6],
HY = {0}, Hy,HXy = Hi(V;Z) = Z*.

Since R}/(,Y =H(V; Z)/H)‘gy, there are no rim tori in X#,Y in this case. By (3.13),

7A * (T > %
PDY{,Y;(I)A = 1XPDT2(pt) cH (VX,(l) XVY;(l);Q) = H ((CxTQ’Q) (421)

for all Ae Hy(X#,Y;7Z) with |Aly=1. Let s1,...,89,f€ Ha(X;Z) denote the homology classes of
the 9 sections corresponding to the exceptional divisors and of the fiber class and s, € Ha(Y;Z)
denote the homology classes of the section class and of the fiber class. Let

Asa = (sitdffs € Ha(X#Y 7).

The only decompositions A;.q= Ax#,Ay into classes Ay, Ay with possibly nonzero GW-invariants
are of the form

Ai;d = (Ei—i-dlf)?%w(ﬁ—l-dgf) with dy,ds EZZO, di+dsy=d.
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Thus, the refined invariance property for GW-invariants of [12], the decomposition (4.21), and
dimensional considerations give

X#,Y P2 F _ —— PIxT2,F
GW, 7¢ (pt?) = Z GW, ") ovani(n) (P55 1) GWy o gyt 1) (Pt PDr2(pt)), (4.22)
dl,dQGZZO
di1+do=d

where ptY denotes g point constraints (pullback of PD X#wy)g(pt) by the evaluation map at g

absolute points) and GW denotes the IP-counts with the relative constraints
e H'(Vy0);Q) = H(C:Q)  and  PDpa(pt) € H2 (Vi1 Q) = H*(T% Q).

Since the first class above is the pullback of the cohomology class 1 on T? by the covering map,
(4.22) reduces to

X#,Y PZ.F -1, P1xT?,F )
GW, 77 (pt?) = >, GW caniy PE T GWY ) (6 PDe (pt)), (4.23)
dy,d2€7.20
di1+do=d

with the standard relative GW-invariants on the right-hand side above. Since RX,Y = {0}, the
standard symplectic sum formulas of [16, 15] leave nothing to be refined in this case. In the proof
of Lemma 6.12, (4.23) is deduced from (6.15) and (6.16). The last statement is a consequence
of (1.8) and Vﬁg%(l) ~ C. The same conclusions are obtained in the proof of [12, Lemma 15.2]

through a simultaneous triple induction with three separate applications of the standard symplectic
sum formula.

We next turn to connections with the flux group defined in Section 1.4. Let X, Y, V, Vi,..., Vy,
¢, and ¢ be as in Proposition 4.2. For each r=1,..., N, define

Flux(V,)xy = %;/(,Y (Flux(VT)H)xéy) - R}/(7Y C H(X#,Y;7). (4.24)
In particular,
Flux(V)xy = ox P2 (AX (Flux(V7))) = 73 (A (Flux(17)).
Since %Y(,Y is an isomorphism, the next statement follows immediately from (4.10) and Lemma 3.8.
Corollary 4.7. Suppose X, Y, V, ¢, (Ax,Ay), and STGZiT are as in Proposition 4.2. If

N
Ay, Ay € Ax#t Ay and  Ay—Ay € @) ged(s,)Flux(V; ) x,y C He(X#,Y;Z), (4.25)

r=1

then
V, Ay _ V,Az * (17 U .
]‘:)D){,}/;Sl...SNA - ]‘:)D.X,Y';Sl...SNA € H (VX§SI---SN X VY;sl,_.sNa Q) :
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4.3 Proofs of qualitative implications

In this section, we establish the assertions made in Sections 1.3 and 1.4. We first obtain Theo-
rem 1.1 and deduce Corollary 1.2 from it. We then state and prove Theorem 4.9, which includes
Propositions 1.3 and 1.4 as special cases, and conclude with Corollary 4.10.

Proof of Theorem 1.1. Let Vi,...,Vx be the connected components of V. Suppose g € Z=°,
Ais as in (1.24), and k4 is a ®-admissible input for the GW-invariants of X#Y such that the
corresponding GW-invariant is nonzero,

GW TV (ky) #0. (4.26)

In light of (1.21), (4.26) implies that there exist an element (Ax, Ay) of (4.2) and relative contact
vectors s; € Z, ... sy € Z'~ such that

—— XUyY VA
A€ AxatvAy, ngv(AVX7AY)§Sl-~-SN (ﬁ#; PDX,Y;sl...sNA) 70, (4.27)

where GW is an TP-count for X Uy Y as described in Section 1.2.

By (4.27) and (1.24), ¢, #0 for some r=1,..., N. Reordering the components of Vi,...,Vy, we
can assume that

(. #0 Yr=1,...,N and l,=0 Yr=N'+41,...,N,

for some N'=1,...,N. Let W denote the union of the first N’ components of V. By (2.17)
and (2.6),
i <> RV RY — —~
VX;Sl---SN ><‘/vy§sl---SN = R/V X X v X W&;Sl...SN/ XW}I/;Sl...SNl : (428)
X;s1...SN Y;si...sy

Since H1(V1;7Z) is finitely generated, the index of ged(sy)H(Vi;Z) in Hy(Vi;2) is finite. If V.C X
is virtually connected, the cokernel of the homomorphism (1.23) with » =1 is finite and so the
image of ged(s;)H1(Vi;Z) under this homomorphism is of a finite index. Thus, the first quotient
on the right-hand side of (4.28) is finite if V' C X is virtually connected.

For each element [y] in the product of the two quotients on the right-hand side of (4.28), let
V4, . W W . (7 % .
PDX,Y;ysl...SI\;A €H ({[V]} X W&;sl...sN/ X W}/’;sl..AsN/ ’ Q) CH (VX;SL.-SN X VY;sl...sN, Q)
be the cohomology class obtained by restricting PD;";‘,,SI._.SNA to the topological component

{[7]} X W),(;sl...sN/ X W}/’;sl.l.sN/ C VX;51~--SN X VY;Sl--.SN

and then extending it by zero over the remaining components. By (4.27),

e XUVY ‘/7147 *
Wga(AXaAY)ZSImSN (’{#; PDX,Y;’Ysl.A.sNA) # 0 (4.29)

for some ~*.
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Suppose the homology of TA/X is finitely generated. The natural projections
v —1I]v ad HY —HY

induce covering maps

N N
‘7)( — WX X HVT — HV} .
r=N’+1 r=1
By [4, Theorem 1], the Q-homology of the middle space above is finitely generated; thus, so is
H,(Wx; Q). From [5, Remark 5.3, we then conclude that H, (W)/(;sl...sNﬂQ) is finitely generated
as well. By the Kunneth formula for cohomology [23, Corollary 60.7], this implies that

m
V,A; ~ ~ * T = )
PDX Y'Ll SNA = Z /{X;i®/{Y;i € H (W&;Sl...SN/ X W),/;Sl...SN/’Q) (430)
i=1

for some %X;iEH*(W)/{;sl...sNMQ) and Ky EH*(/W{/;SL..SN/;Q)' By (4.29) and (4.30),
o vaV - — Y,V ~
Contr?’w (H#;X, R y Z GWF H#;X; Hx;i) GWF (K#;y; Iﬁy;i) 7& 0 (4.31)

— X,V — Y,V .
for some absolute insertions ky.x for X and kg, for Y, with GW and GW  denoting the
disconnected IP-counts associated with the moduli spaces in (1.14).

Since R}/(,Y is infinite, H;(V;Z) contains an infinite cyclic subgroup G ~Z on which the quotient
projection

Hy(V3Z) —
is injective. In particular, all classes
A-n=A-Rxy(yy ) € Ho(X#vY;Z), e,

are distinct. Since the first quotient on the right-hand side in (4.28) is finite, G contains an infinite
cyclic subgroup Gg so that the deck transformation

67]: VX;S1...SN — VX;S1...SN

maps each topological component of ?X;sl...sN to itself whenever € Gy. In light of (4.10) and (3.5),
this implies that

m
P, A = (00} (PDYAT, L, 8) = 3 (Ofr) o
=1

X#VY(

and that the (I',v*, Ky, x, k4.y) contribution to GW k4) is given by

m
Contrl’é*nw* (HJ#;X, Ii#;y) = Z GTNI{(’V(/{#;X; @;%X;i) GTN?V(I{#;}/;%y;i). (4.32)
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Since H*(/Wx;sl...s]\,,;@) is finitely generated and CT\JN?V is linear in its (relative) inputs, (4.31)
implies that infinitely many of the numbers (4.32) with n € Gy are nonzero (if the dimension of
H *(Wx;sl...sN,;Q) is d, every set of d consecutive numbers (4.32) contains at least one nonzero
number). However, this contradicts Gromov’s Compactness, since all classes A—n have the same
symplectic energy. Therefore, (4.26) cannot hold. O

Remark 4.8. Let W be the union of the first N <N connected components of V. The conclusion
of Theorem 4.8 remains valid if

A€ Hy(X#vY; Z) — iy (Bl (X, W) = 730 (Bffy (V,1))
and the cokernel of the homomorphism (1.23) is surjective for every r=1,..., N’
Proof of Corollary 1.2. Let
A= [T%xpt] € Hy(T?x F).

The moduli space of genus 1 degree A stable morphisms for a product almost complex structure
on T? x F and its obstruction bundle are described by

M (T?x F; A) ~ F and Obs ~ H%;@TF,

where HOT’ZI is the space of harmonic (0, 1)-forms on T2. Thus, the genus 1 degree A GW-invariant
of T2x F is .
GWT ;7 () = (TF, F) = x(F). (4.33)

On the other hand, T? x F is the symplectic sum of P! x F' with itself along V = {0, 00} x F' with
respect to the canonical isomorphism (1.11) and

Ag o (Ho(X =V 2) + 57y (Ha(Y -V 2)),

where X,Y are the two copies of P'xF'. By [5, Example 3.6], the homomorphism (1.23) is surjective
for r=1,2 and so V C X is virtually connected. By [5, Example 6.2],

Vx = FxF/H\(V;Z), (T1,%2) ~ (v-T1,7-T2),

where ' —» F is the maximal abelian cover. By Serre’s Spectral Sequence (e.g. Theorem 9.2.1,
9.2.17, or 9.3.1 in [26] applied with Zs-coefficients in the last two cases) for the fiber bundle

13—>17X—>F,

the Q-cohomology of 17X is finitely generated if this is the case for Q-cohomology of F. By [5,
Example 4.7],
’R}/{’Y ~ H,(F;7);

thus, R}/(,Y is infinite if H(F;Q)+#0. Combining these observations with Theorem 1.1, we conclude
that ,
GWEF() =0

if H1(F;Q)+#0 and H*(ﬁ, Q) is finitely generated. Comparing with (4.33), we conclude that the
latter is not the case if x(F')#0. O

32



We next turn to the assertions made in Section 1.4. With X, Y, V, and ® as in Propositions 1.3
and 1.4, let

Flux(V;)x,y C Ry C Hao(X#VY;Z)
be as in the ¢=2 case of (4.24).

Theorem 4.9. Let (X,wx) and (Y,wy) be compact symplectic manifolds, VC X,Y be a common
compact symplectic divisor with topological components Vi,...,Vyn, and ® be an isomorphism of
complez line bundles as in (1.11). Suppose NxV, =V, xC for allr=1,...,N" and some N'<N. If
N/
Ay Ay € Hy(X#VY5Z)  and  Ay—Ay € P [Aily, Flux(V;)xy, (4.34)
r=1

then the GW-invariants of X#vY of degrees A1 and As with ®-admissible inputs are the same.
Proof. By (1.21), GW;{fl“’Y(/i#) and GW;(ZPY (k) are sums of the IP-counts for XUy} of the form

— XUyY V,A o XUvY V,A
GWQ:(AXyAY)§Sl~~~SN(R#;PDX,Y};SL..SNA) and GWQ,(AX7AY)§SI~--SN(H#;PDX,YQ;SL..SNA)7 (4.35)

respectively. These sums are taken over all (Ax, Ay) in (4.2) and s; €Z%, ..., sy €Z'N such that
A1, Ay € Ax#vAy, s =Ax xV = Ay vV = |Ai]y, =|Asly, Vr=1,....,N'. (4.36)

By the second assumptions in (4.34) and (4.36), the second assumption in (4.25) is satisfied.
By Corollary 4.7, the two numbers in (4.35) are thus the same for all relevant (Ax, Ay) and
516261,...,SN€Z£N. ]

Under the assumptions of Proposition 1.3, N, N'=1 and Flux(V})xy =RY% . Thus, the second
condition in (4.34) reduces to the second condition in (1.26) in this case. Under the assumptions
of Proposition 1.4,

N
|Ayly, Flux(V,)xy = Flux(V;)xy Vr=1,...,N, P Flux(V;)xy = Ry
r=1

Thus, the second condition in (4.34) reduces to the second condition in (1.27) in this case. Com-
bining Theorem 4.9 with Gromov’s Compactness, we obtain the following statement.

Corollary 4.10. Let (X,wy) and (Y,wy) be compact symplectic manifolds, V C X,Y be a common
compact symplectic divisor with topological components Vi,...,Vn, and ® be an isomorphism of
complex line bundles as in (1.11). Suppose Nx Vi« =V« xC and Flux(V,«)xy is infinite for some
r*=1,...,N. If Ac Hy(X#vY;Z) is such that |Aly,. #0, then all degree A GW-invariants of
X#vY with ®-admissible inputs vanish.

5 The convolution product on covers

In Section 5.1, we describe a convolution-like operation on abelian covers that takes a product
of covers for VUV and for VUV” to a cover for V'UV”. In the symplectic sum context, this
operation takes a product of rim tori covers for (X, V'UV) and (Y, VUV") to a rim tori cover for
(XF#vY,V'UV"); see Section 5.2. This operation is needed to make sense of [12, (10.8)], which
expresses GW-invariants of (X#Y, V/UV") in terms of GW-invariants of (X, VUV) and (Y, VUV").
Throughout Sections 5.1 and 5.2, we let H1 (V)= H;(V;Z) for any topological space V. We continue
with the notation of Section 2.
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5.1 Abelian covers
Let V, V', V" be topological spaces,

W =Vv'uv”, W' =v'uy, w"=vuv”,
and Ha be the diagonal submodule of Hi (V)& H;(V). Denote by

L: Hl(V,)@Hl(V”) — H1(V’)@Hl(V)@Hl(V)@Hl(V”),
Y & Hl(V/)EDHl(V) — Hl(V), Y & Hl(V)@Hl(V”) — Hl(V),
Yy & H1(V’)@Hl(V)EBHl(V)@Hl(V”) — Hl(V)@Hl(V)

the canonical inclusion and projections.

Fix submodules

Hy, Hy C Hi(V), HioC Hi(V)SH(V), Hyc H(V)eH, V"),
H, c Hy(VY®H.(V), H,C Hi(V)®H(V"), Hy C Hi(V)OH(V)DH,(V)®H(V"),

such that

Hl@HQ,HA Cf.flg, ﬁl@ﬁg,O@HA@OCﬁlg, (5.1)
L(ng) D) ﬁlz ﬁkerﬂ'v, Wv(ﬁl) C Hl, Wv(ﬁz) C HQ, Wv(ﬁlz) D) H12. (5.2)

Choose a collection of representatives
{3} € Hu(V)@H\(V) (5.3)
for the cosets of ﬁlg.

Let Vi,...,Vn, V{,...,V{y, and V{,..., V], be the topological components of V, V', and V",
respectively, and

N N’ N

_ £ P £ n_ (. £
S = (Sr;i)igér,rgN S HZ TS = (Sr;i)iéf’r,TSN’ € HZ:E, s = (Sr;i>iSf§f,TSN” S HZ:E . (5.4)
r=1 r=1 r=1
Denote by
Ts: Whe=Vi x Vg — Vg and Ts: Wi =Vex Vi — Vs
the projection maps. Let
—~ — — 1y
~ o~ — ! " — - -
WHl,Hg;s/ss” =W Hys's XVSW Hy;ss” — {ﬂ—soﬂHl;s’s XT‘-SOT(HQ;SSH} (AS )
We will describe a continuous map
:H12,ﬁ12 = —~
S5, w L Hysisst T Wlo{m;slsu (5.5)

so that the diagram in Figure 3 commutes.
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=Hi2,Hi2

~A [Pl
et =~ oyt = o
Hi,Hy;s Hi,Hy;s’'ss” Hiygs's”
\ | o !
THy;s XTHg;s 7.‘-Hl;s’sXﬂ-HQ;ss” Hli;S/SN

g X T,
Ag <Xy AV <V,

Vi V2,
Figure 3: The convolution product and related morphisms.

Choose collections
{(Vj )} CH(VSHL(V),  {(h2:42575,)} € Hi(V)SHL(V"), (5.6)
{3} c Hi(V"YeH, (V")
of representatives for the elements of
th
R/ ’ R/ ’ R,

Hi;s's Ho;ss!!

respectively. Suppose
X = (([7;1 ) ’Yl;jl]ﬁl;szy [/I'\/, ’YEU\]I}I) ) ([’YQUQ ) 7}12]?[2;55//7 [57 f//][?2))

for some v € Hy(Vs). Let h € 5 and ¥ be a coset representative from the collection in (5.3)
such that

(71;]’1 ) 72;]2) + (q)V;S(’V)a 0) = 5/ +h. (58)
By the last assumption in (5.2),
(W', h,h") € Hia (5.9)

for some (B', h"). Let (v/,~") e Hi(V))®H1(V])), he Hys, and § be a coset representative from the
collection in (5.7) such that

(V= A=) = (Rvrg (V), @ymgr (V) + 5 + b (5.10)

We set

=12, H e I
:ﬁ'i?ﬁzlz (X) - ([7]15)112;5/5/” [7,'1‘,7’7”'33”][?[12)' (511)

Below we show that the right-hand side of the above expression depends only on x.

With the tuple (5.9) fixed, (7/,7") is defined by (5.10) up to an element of (Io{lz)sls//; such an
element has no effect on the right-hand side of (5.11). By the first assumption in (5.2), (5.9) is

determined by the left-hand side in (5.8) up to an element of H 12; such an element has no effect
on (7/,7") in (5.10).

Suppose (v, 8) € (Hi)gs and so

X = (([’y{;jl”yl?f'l]fh;s’s’ [a'f/’ ﬁ’}/'/x\]ﬁl), ([’72;3‘2,’}/5/;]'2}1}2;58//, [E’ /‘T\”]HQ))'
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By the second assumption in (5.2), ®y.(5) € Hi. By the first inclusion in the first assumption

n (5.1), this change thus adds (®y.s(3),0) to h in (5.8). By the first inclusion in the second
assumption in (5.1), it adds ®y.¢(a) to A’ in (5.9) and subtracts o from 4 in (5.10). Thus, (5.11)
becomes

—H H = ([ /,—1 "o
HfHQH (X) - ([7];112;8'5”’ [’7 o ( ) v ]le)

which agrees with (5.11).
Suppose («, 8) € (ﬁz)ssu and so

X = (([’Yi;jlaryl;jl]ﬁl;slsﬂ [53\/"7'/‘/5]]? ) ([72732772,32][{2 e [a L B A//]HQ))'

By the third assumption in (5.2), ®y.s(a) € Hy. By the first assumption in (5.1), this change thus

subtracts (®y.s(a),0) from b in (5.8). By the second assumption in (5.1), it adds ®yw».e/(B) to h”
in (5.9) and subtracts 8 from ~” in (5.10). Thus, (5.11) becomes

ghedha o (5] BB ).

which agrees with (5.11). It follows that the right-hand side of (5.11) depends only on x.

Let Hio C H1(V) denote the image of H 12 under the homomorphism
Hi(V)oH1(V) — Hi(V), (Y1,72) —> 11 =2

Thus, the homomorphism

H(WV)eH(V) _ (V) B
His, Mo 1-112 — Ry, = Hyp Ang,ﬁlz(hl’%]ﬁhz) = [Vl—vz]Hm, (5.12)

is well-defined and is an isomorphism. By the middle two assumptions in (5.2), there is a natural
projection map

—~

g X s : W’fh;s 1g X I/V”H2 < — Vs X Vhys,
which restricts to a map
~A | i .
s - WH1 Hyis'ss! VHLHQ;Sv

see [5, (5.11)]. If the (unparametrized) collections {71, }, {72,5, } C H1(V') obtained from (5.6) are
the same as the collections (3.3) used in the construction of (3.4), then

TH ~A °
Vi, (G () = A, (W) € R,
with ¥=%(x) given by (5.8).
The collections (5.6) can be chosen so that the induced collections {vi.;,} and {72.j,} contain

precisely one representative for each coset in Ry, / R}Il s and R,/ R}b;s , respectively, if and only
if the inclusions in the two middle conditions in (5.2) are equalities. In such a case,

— [~A H 17/ A7
WZLHQ .g’ss!! = { } ( Hi?Hg (ﬁ)) - W/ﬁl;s’s XW//ﬁQ;ss’/ (513)
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is a closed subset for every 1€ Rpy,,. If in addition V, V/, V" are oriented manifolds, then so is the
subset (5.13). The cohomology class determined by this submanifold as in Section 3.1 satisfies

PDnHl H2 s ss” - {%S X%S} (PDnHl Ho; SA) €H” (W/H is’s X ﬁ/71312;55”; Q)’ (5'14)

with PD]} . A as in (3.9).
Example 5.1. Let F be a connected topological space, V,V"=F, V' =),

Hy,Hio, H =0, Hy=H\(V), Hio=H\(V)®H\(V), Hy=Ha C Hi(V)&H(V"),
ﬁlQ == {(070[704—’_57/8): a766H1(F)} - HI(V/>EBH1(V)®H1(V)@H1(V/,)
In this case, the collection (5.3) consists of a single element, which we can take ¥=0. Let s1 ez4,
SQGZ{E, and
{711 {r2ia s {2} € Hi(F) (5.15)

be collections of representatives for the cosets of ged(s1)H1(F'), ged(s2)Hi(F'), and ged (s, s2)Hy(F),
respectively. With identifications as in Example 3.3, the map (5.11) becomes

H(F) Hy(F) W B xp B ., )
ged(s1)H1(F) ~ ged(sy,so) Hy(F) © 081 75 70m1m2) 7 ged(sy) Hy (F)

([’yl;j1]0;gcd(s1)a [712;j12]0;gcd(slsg)v [’7'%\]07 [/x\’ f//]0) — ([72§j2]0;gcd(52)’ [7/,'55\/,]0)7

Fol}
X Fo;s .

where 7" € Hi(Fs,) and 72,5, is an element of the second collection in (5.15) such that

P, (V) F 715 V12512 = PR, (V) 2,5, € Hi(F).

Example 5.2. Suppose in addition that F = T? and ¢,/ > 1. With the identifications as in
Examples 2.1 and 3.1 and in the second half of Example 3.3,

F0§S1 X Fs, FO'Sl(—S2)

= { (=, [zi+s7, 2] Z<el,ya([zi+sf;¢1y]igel,[zg;i—sz_;z-ly]igzg))erTWl l)x(CxTW 2)}
where £=£1+£5. The map (5.11) becomes
(, [zt sy wli<en, v, (21 Wli<ons (22— 55,1 )i<es))
— (G (Co—ty), [oa+ 05 53} (o —ty)] ., ) € CxTEY. (5.16)
y (5.14),
PDY 11, s = {idx 7, } (PDf g1, A) € H (Cx T2V xCx T2 ,Q) (5.17)

where H=H;(F),

sy - CXTSE( Si) T2, sy (Us [213)i<en s [225)i<en) = [Zl;i—sf;}y]igl,

and
PDY 17, A € H (CxTal ™Y % T24; Q)

is described by (3.12).
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5.2 Rim tori covers

We begin this section by defining the rim tori convolution [12, (10.8)] as a special case of the
continuous map (5.5); see (5.24). We then show that its composition with the lifted evaluation
morphisms (2.21) for the input divisors is compatible with lifted evaluation morphisms for the out-
put divisor, provided the relevant coset representatives are chosen consistently; see Proposition 5.3
and Figure 4. We continue with the notation introduced at the beginning of Section 4.1.

Throughout this section, X and Y denote compact oriented manifolds, V, V' C X and V,V" CY
are compact oriented disjoint submanifolds of codimension ¢, and

W =Vv'uv”, W' =v'uy, w" =vuv”.

Let ¢: SxV — Sy V be an orientation-reversing diffeomorphism commuting with the projections
to V and X#.Y be the manifold obtained by gluing the complements of tubular neighborhoods
of Vin X and Y by ¢ along their common boundary. Define

= X#,Y

RN,y = ker {gouorx 57y .+ Hd(X#Y —W;Z) — H(XUyY; Z)},
where g, : X#.Y — XUy Y is a smooth map obtained by collapsing circles in the boundaries of
the two complements; see [5, Section 2.2].

With H(SV;Z)x,y given by (4.1), denote by o % and H % the images of the homomorphisms

(v —esv) ~ H(V)  H(V)

. 4 vV =
HC(SV, Z)X,Y RX @RY — H% H}‘// and

G S N v o~ Hy(VNYSH(V)  Hy(V)®H (V"
H(SV;Z)xy sV v RY eRY" =5 1( )Eﬁ// 1( )69 1( )@W"l( )’
HX HY

respectively; the second homomorphisms above are the isomorphisms of [5, Corollary 3.2]. Let
H)‘é,y and H)‘éy be the preimages of H )SX/ and H )S%,, respectively, under the quotient projections

Hy(V) o Hy(V)

H(V)eoH (V) — HY HY and
H (VYeH (V)  H(V)&H (V"
H(V)eH (V) H, (V) HL (V") — i >W, V) g, Au(V) W,,l( ).
HX HY

In particular,

HY®oHY Ha C HYy, HY oH}  00HA®0C HYy, wv(HYy)=HYy. (5.18)
By (2.15),

mv(HY ) =HY Cc H\(V), wv(Hy")=Hy C Hi(V). (5.19)

Define

ﬁf;‘?,y = HYy NHi (V) ®020®H (V).
Thus, the modules

Hy=HY, Hy=Hy, Hiy=HYy, Hay=HYy, Hi=HY 6 Hy=H}", Hy=H\y
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satisfy the conditions (5.1) and (5.2); all four inclusions in (5.2) are in fact equalities in this case.

By [5, Proposition 4.9], ﬁX’Y:HKV#%Y and there is a natural isomorphism

gv . V) OH (W)
XY - =V
HX,Y

— RY vy C He(X#,Y —W32);

the V', V" = {) case of this isomorphism is the composition of the right vertical arrow in (4.4)
with (5.12). Let
{745} € Hi(V)OH.(V) (5.20)

be a collection of coset representatives for
Hy (V) H: (V)

4
ﬁV %RX,Y C Hc(X#(pY,Z)
XY

With s,s/,s” as in (5.4), let

—
olagl! = / ” .
WX,Y,S SS WH)V(V 7H¥V :s'ss”

Choose collections
{7 bt CHI(V)  and {3} € Hi(V)oH (V") (5.21)

of representatives for the elements of

1% v w SV
RX ~ RH}‘? RY ~ RH¥ and RX#«pY ~ Hy v
o o ) W o ) W ~
RX;S RHX;S RY;S RH¥;S ’R’X#(‘QY;S’S” RIO‘I¥Y;SISN

By (5.19),
mv (HY +Im @yyrgs) = HY +Im vy € Hy(V),
my (HY " +Im Spygen) = HY +Im ®ys C Hy(V).
Thus, there exist collections
{(Vrx)y C Hi(VYOH(V), {(wisj) ) € Hi(V)@H (V") (5.22)

of representatives for the elements of

/ "
RW RHW/ RW RHW”
X ~ X and Y ~ Y
W' ~ / W/ ~ /
RX§S/S RHX(V/;S/S 7?’Y;ss” RH;/,VN;SS”

so that the corresponding (unparametrized) collections {vx.;, }, {7y, } C Hi(V) are the same as
the first two collections in (5.21). As described in Sections 4.1 and 5.1, the collections (5.20), (5.21),
and (5.22) determine smooth maps

~ ~HY ~

Uy y=RYyol H;Vf’;,y: Vxyis — Ry C H(X#Y;Z), (5.23)

SV v
vy’ _HxyvHxy = =
=Xy :‘:HX(V/,H;//VN : WX,Y;s’ss” — WX#¢Y;SISII . (5.24)
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We show below that the second map can be compatible with the lifted evaluation morphisms of
Proposition 2.2.

Let ¥x,Yy be compact oriented c-dimensional manifolds, kx,ky € ZZ°, and (Ay, Ay) be an
element of H.(X;7Z)xy H.(Y;Z). Denote by

—~ ’ V \v4 = —~ " V,VN -
eVV e '}:EX kx;s’ s(X AX) — WIX'S’S’ ev¥UV ny ky ;ss! (Y’ AY) - W”Y;ss”a (5 25)
and ev }/(:;:JVY %gx#zy .s's!! (X#@Y A#) — WX#*PY .g's!
the lifted relative evaluation morphisms of Proposition 2.2 for the relative pairs
(X,V'uv), (Y, VuVv"”), and (X#Y,V'uv”)
compatible with the two collections in (5.22) and the last collection in (5.21). Let
ZAA%4 VIOV s v -1
:{(EX,Ey),(kX7kY)§S/SS”((X Y)7 (AX7AY ) - {ev Vy } (WX,Y;S'SSH> (526)
= {Wsoev}/( WV Wsoev)‘fuvﬁ}_l(A;/) .
Each element (fx, fy) of this space gives rise to a marked map
Ettefy € |20 ey kb s (XHY Ag); (5.27)

A#EAx#LPAY
see [5, Section 2.2].

Proposition 5.3. Suppose X, Y, VCX,Y, ¢, and (Ax, Ay) are as in Proposition 4.2, V' C X—V
and V" CY =V are compact oriented submanifolds of codimension ¢, and s,s',s" are as in (5.4).
Let é{,}/(’uv, eA\’/)‘fUVH, and é{/y(/#;f; be the lifted evaluation morphisms as in (5.25) compatible with

the two collections in (5.22) and the last collection in (5.21). Then there exists a collection
{ng} C Hi(V)@H (V")

indezed as the collection in (5.20) with the following property. If (fx,fy) is an element of the fiber
product (5.26) such that

3 <V ~ VoV
‘I’}/gy (eVXU (fX)»eVYU (fY)) = [’Y#;j]gxy € R}/(,Yv (5.28)
then
~V'VV"~ V! - m VU
Eey” (60K Y (Ex), ey () = Oy, (VK Ry (Exttfy)). (5.29)
Proof. Fix base points xs € Vs, xl, € V), 2, € V), Let
o __ ° ° ° V'V
fX = (ZX;17 ] ZX;kx+(1+...+f3V+ZN’ fX) € %EX kx;S'S(X’ AX)7
o __ ° . ° v,V
fY = (ZY;17 DR ZY,ky-‘er—‘——l-ZN—l-éx]’ fY) %Zy ky ss’’ (Y7 AY)
be such that
evy( Uv(f)'() = (:L"S,,xs), ev¥uv (fy) = (xs,x'slu), (5.30)
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! "
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EXEVX#,Y

HC (X#LpYa Z) X WX#wY;s’s”

V/,V”
xzx #Xy:s's" (X#SDY, A#)
Ap€Ax#,Ay

Figure 4: The evaluation and gluing maps of Proposition 5.3; see Remark 5.4 regarding the com-
mutativity of this diagram.

and (5.28) holds for (fx,fy)=(f%, ). We choose ny.; so that (5.29) holds for (fx,fy)=(f},fy).
We then show that (5.29) holds for all (fx, fy) satisfying (5.30), with (f$, fy) replaced by (fx, fy),
and (5.28). Since both sides of (5.29) are continuous lifts of the evaluation morphism

Xy (X, Y), (Ax, Ay)) — VL x VL, (fx,fy) — (ev¥ (fx),ev¥ (fy)),  (5.31)

(Bx,Dy);s’ss”

over the covering projection
WX#wY;s’s” — VS// X VS//,/

and this morphism is surjective on every topological component of the domain, it follows that
(5.29) holds for all (fx, fy) satisfying (5.28). If a pair (f}, f3) satisfying (5.30) and (5.28) does not
exist, then the value of 74.; does not matter.

By (5.30)
eNV}/(/UV(f;() - ([7}.7 73{;]’])(;5’57 [55\,7 V'ZE]X)a e~V¥UV”(f;') = ([73./;]'7 Py/',.]Y;ss”a [./f, i'\/,]Y) (532)

for some v € Hy(Vs) and elements (v;%,7%;) and (73-4,7;°) of the two collections in (5.22). Since
(5.28) holds for (fx,fy)=(f%,fy ), there exists (h'®, h®, h'"®) efl)‘é’y such that

BeHYy, (V) + (Pris(1),0) = v + 10 (5.33)

Let (,7/0’ ,Y//o) E Hl(‘/sll)@Hl(V//

), ]?Lj € ﬁgy, and 7; be a coset representative from the last collection
in (5.21) such that

(V=R =h"%) = (@ure (7°), Pymen (V")) + 55 + by (5.34)

By (5.11) and (5.32)-(5.34),
=V VV"  ~V'uv £e ~ Vuv” £2)) = (12, o &1 N8 A 535
Exy (evx T (ER), evy T ( v) = (Wjlxs,viss s V& A" 2" xu,y)- (5.35)

41



Since both sides of (5.29) are lifts of (5.31), there exist a€ H(V,) and f€ H(V],) such that

Sy B = (Hlxaovws (00T, 67" 7" |x4,v) (5.36)

for some a € Hy(V},), B€ H1(V,), and a coset representative 3/ from the last collection in (5.21).
By (2.10), (5.35), and (5.36), (5.29) with

T}#;j = %/j — ’% — (@V/;s/(a), (I)V//;S//(ﬁ)) S Hl(V’)@Hl (V//) (537)
holds for (fx, fy)=(f%,fy).

Let (fx, fy) be any pair satisfying (5.30) and (5.28). By the first assumption and (5.32),

&Y (fy) = (I 1xlxss, [ T, ay-Tx),

éKZVUVH(fY) = ([’VY;]';’Y;'/]Y'SS” [/Bf //'%\H]Y)v
for some o, € Hy(Vs), o' € Hi(V},), B" € H1(V)), and elements (v}, vx;;) and (yy,5,7]) of the two
collections in (5.22). By (5.28), there exists (h', h, h'") EH}QY such that

(5.38)

helYy,  (vxyvy) + (Prs(y+a—F),0) = vy +h. (5.39)

Let (v,~") e Hy(V))®H1(V]), zeﬁl)‘gy, and 4 be a coset representative from the last collection
n (5.21) such that

(Vi=h A =n") = (Pvrg (7)), Pvrer (") + 5 + b (5.40)
By (5.11) and (5.38)-(5.40),

:—\V,,V,VH "VVI V V V/l
=XY (eVXU (fx), vy (fY))

~/

(Blxg,viwst Vo' -2 4" 8" 7" xu,v)- (5.41)

By (2.23), (5.32), and (5.38),
[Pt = 1%)] = 13 i (AY (@vrar (@) +9) =7, Brs(@) +7x5 =75 5)) (5.42)
(A= 13)] = e (AY (@ (B) +9v45 =185, Prmer (B") +9) —)°)).-

By (5.42), (5.33), and (5.39),

[(Fxttaly W= (Fttat )] = i ime - (LEH=130)]) + o o ([ 13)])
= 9N{B/(,Y ((¢V’;s’ (O‘,) +7] 73 , Py, 5(5)7 (I)V;s (6)7 (I)V“;s” (ﬁ”) +7§'/_7§,.) (0 h—h* 0))
— RY y (Brrgr (@) (V=) = (V= 1*), 0,0, Dy (B") + () =B ) = (7 —B"*));

the last equality makes use of the second inclusion in the middle statement in (5.18). Combining
the above with (5.34) and (5.40), we find that

[(fxttafy WH—(f3ttafy))]

X#,Y -W . oy o o (5.43)
_ sz§#wy* (AX#w ((I)W;s/s”(a’+'y’—ry' ,ﬁ/,+7”*’y” )+’Y*’Yj))-
By [5, Proposition 6.6], Proposition 2.2 applied to (X#,Y, W), (5.35), and (5.43),
Gn#](evx#}: (fﬁ@fY)) ([%]X#¢Y;s/s" [’Yoé V /'fﬂ]X#wy)-
Comparing with (5.41), we obtain (5.29). O
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Remark 5.4. In order to make the diagram in Figure 4 fully commutative, the second component
in the bottom morphism should be twisted by suitable deck transformations ©,, Ay of Wxa, vss

By [5, Proposition 6.6], these deck transformations correspond to the differences between the
possible lifts for (X#,Y,W). An intention of [11, Section 5] is to take @nA# =1id by choosing the

lifts (1.9) consistently across different relative pairs. This property, which is used in [12, (10.8)],
is implicit in the two set-theoretic descriptions of the rim tori covers; see [5, Remark 6.7] for
more details.

For each A€ Ax#,Ay, let

Wiy wssr = {1Tsx 7} (Vidyis) © W xis X Wy g, (5.44)
with ‘A/)éY;S as in (4.17) and

Ts: W’X;S/S — VX;S and Ts: ﬁ/?y;ssu — \7X;S

being the natural projection maps; see [5, (6.4)]. The cohomology class determined by the sub-
manifold (5.44) satisfies

PD Yy s & = {FsxTs ) (PDYYA) € H (W x5 x Wy 1551 Q), (5.45)
with PDY% A as in (4.18).

Example 5.5. With X =P2 Y =P!xT2, and V=FC X,Y as in Example 4.6, we take V'=0 and
V"=F"CY to be a fiber different from F. In this case,

HY, HYy HY =0 Hp=H\(V), HYy=H(V)eH(V), HY =HxC H(V)eH V"),
HYy ={(0,a,a+8,8): a,fe Hi(F)} ¢ Hi(V) o H (V) H (V) H (V").
The smooth map (5.24) can be described as in Example 5.2. By (5.17) and (4.21),
PD ¢4y = 1x1xPDpa(pt) € H* (CxCxT% Q), (5.46)
if the (Y, VUV") covering is written as
CxT? — T2 x T2, (21, [22]) — ([z2—21), [z2+21]).
Applying (5.46) to the decomposition
(P2, F) = (P2, F)#r (P' x T2, {0, 00} x T?)

as in Example 4.6, we obtain

P2 F — P2 —— P! xT2,{0,00} x F
CGWerarn (Pt 1) = D GWooap) (0t 1) GWogyari) 1) (PDr2(pt), 1).
dl,dzEZZO
di+do=d

By the same considerations as in Example 4.6, this identity reduces to

P2.F Ty P2.F ) PLxT2,{0,00}x F
GWoioarny (P 1) = 3 GWo Sy (5 1) GWy Ly (ot D).
dy,d2€22°

di+do=d
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This equation is consistent with

P1xT2,{0,00} x F 1, ifdy=0;
GW05+d2f()() ( tl) {0, if da #0;

the last statement can be seen directly from the moduli space consisting of the sections in the first
case and being empty in the second case. Putting one point on the Y side, we similarly obtain

) . _ g—1. P! xT?,{0,00} x F .
nggsﬂrdf( )(ptg’l) - Z ng 15l+d1f(1)( t ’1)GW1,5+d2f;(1),(1) (pt,pt, 1)'
dy,do €220

di+do=d

In light of Theorem 6.1 and Lemma 6.7, this identity is consistent with

1 o
Z GWY 0% (pts pt, 1)¢% = 4G/ (g),

with G(g) given by (6.3). A direct reason for the last equation, which corrects the statement in
the middle case of the last claim in [11, Lemma 14.5], is indicated in the proof of this lemma; see
Remarks 6.5 and 6.8 for related comments.

6 The Bryan-Leung formula

One of the three applications of the symplectic sum formula appearing in [12] is an alternative proof
of [3, Theorem 1.2], a closed formula for the GW-invariants of the blowup P of P? at 9 points.
The approach of [12] is significantly more efficient than the original proof in [3], though less direct,
as it relies heavily on the symplectic sum formula. Unfortunately, the argument in [12] contains
some unnecessary statements and several incorrect statements, including one which results in the
incorrect main conclusion, [12, (15.4)]. It is also missing a crucial intermediate observation; see
Lemma 6.4 and Remark 6.13. Some of the incorrect claims in [11] concern basic points regarding
IP-counts. The approach in [12] in fact indicates an effective proof of [3, Theorem 1.2] via the
standard symplectic sum formula. In this section, we correct and slightly streamline the argument
in [12] by making use of the vanishing result of [5, Theorem 1.1] in a case when it is an obvious
consequence of the existence of the lift (1.9); see (6.16).

Let HA"% be a blowup of P? at the 9 intersection points of a general pair of smooth cubic curves C;
and Cy and 7: ]@’3 — P! be the projection to the pencil parametrizing the cubics spanned by C;
and Cy. This fibration has 9 sections Si,...,S9 corresponding to the 9 exceptional divisors. The
homology classes s1,...,89 of S1,...,Sg and the homology class f of a smooth fiber F' form a basis
for an index 3 sublattice of HQ(]/}\%; Z)~7'". For g€ Z>°, define

[e.9] @2
Fglq) = Z ngi;i+df(ptg)qd> (6.1)
d=0

where the summand denotes the genus g degree s;+df GW-invariant of @3 with g point constraints.
Since 522 =—1, there is only one holomorphic curve in the homology class s; and thus

Folg) € 1+qQllqll,  Fylq) € qQllg]] ¥V geZ™. (6.2)
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Let

= Zg(d)qd, where o(d) = Zr. (6.3)

d=1 r|d
Theorem 6.1 ([3, Theorem 1.2]). For every g€ Z=",

—12
Folq) = (Hu—qd)) (4C'(0))” - (6.4)

d=1

6.1 Genus 1 GW-invariants of P! x T?

We begin with some observations concerning the genus 1 GW-invariants of P! xT? and (P!xT?2, F),
where F =pxT? is a fiber of the projection to the first component. We denote by s and § the
homology classes of P! x ¢ and F, respectively.

Lemma 6.2 ([12, Lemma 14.4]). The genus 1 GW-invariants of P x T? satisfy
1 2
Z dGWY 7 (g = 2G(g).

Proof. Let L=0Oq2(p—q) — T? be a non-torsion line bundle (L% % Or for all k€ Z*). The only
holomorphic maps in P(L@®Op2)~P! xT? in the homology class df are then covers of

Fy =P(0®O12) and  Fy =P(L®0),

and these maps are regular. Since the number of degree d covers T? — T? (or equivalently of
subgroups of Z? of index d) is o (d), My o(P*x T2, df) consists of 20(d) elements. Since the order of
the automorphism group of each of these elements is d, we conclude that

1 2
GWY 7 () = 20(d)/d,
as claimed. O

Lemma 6.3 ([12, Lemma 14.5]). The genus 1 GW-invariants of (P! x T2, F) with two point con-
straints satisfy

Z GW} o (bt pt)? = 4G (g)-

Proof. Suppose X is a connected nodal genus 1 curve and u: ¥ — P! xT? is a degree s-+df stable
map. Since mou: ¥ —> P! has degree 1 and every holomorphic map P! — T? is constant, 3
contains a unique irreducible component Yy~P! such that u: g — P! x¢s is an isomorphism for
some ¢ € T2, If ¥; is another irreducible rational component of 3, then uly, is constant. Since
Y is of genus 1, ¥ contains at most one (precisely one if d>0) irreducible genus 1 component ;
furthermore, uly, is a degree d (unbranched) cover of ¢; x T? for some ¢; € P'. Every such stable
map is regular.

Thus, the subspace
= F
{[u, z1,91] 6932171;(1)(}?1 x T2, s+df): u(z1)=pty, u(y1)=pty}
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consists of maps u: gUY; — P xT? such that u: S — P! x ma(pt,) is an isomorphism and
u: Y1 — mi(pt;) x T? is a degree d cover. There are o(d) such maps u, each of which has an
automorphism of order d. For each choice of the map wu, there are d choices for the preimage of pt;
and d choices for the nodes on 1. Thus,

Pl xT2,F
GWLd?;(U (pt;pt) = o(d)/d-d-d = do(d);
this establishes the claim. O

For any compact symplectic manifold X, we denote by
Y1 € H? (Mg (X, A); Q)

the first chern class of the universal cotangent line bundle for the first marked point. For each
deZ29 let

1 2 ) *
GW?&TEH (mlf], pt) = / P (eviPDpi y72f) (ev5PDp1 12pt)
[ 2 (P xT2,54df)]vir

Pl xT2,F . _ * *
GW1,5+df;(1) (Tl [i1; pt) = /[93151‘(1) (B T2 o) (1 (eleDIP’l x T2 f) (erPDFpt) :

Lemma 6.4. For every d€Z>9,

1 2 1 2
GWy i (Tl pt) = GWY 0 (lf], pt).- (6.5)

Proof. As we explained below,
P
{[U7$7y]€m1,1;(1)(P1XT275+dﬂ3 u(x) €f, u(y)=pt}
~ {[u,xl, x9] Eﬁl,g(Pl x T2, s+df): u(zy)€f, u(q:g):pt},

where pt € F' is a fixed point. Both spaces contain three irreducible components, which we describe
below and which have essentially the same deformation/obstruction theory (after capping with
in the third case); see Figure 5. This implies the claim.

One of the components common to both spaces is isomorphic to
P! x {[u,xﬁ]eﬁl,l('ﬂ?,d): u(zh)=pty },

if pt = (pty, pty) € P! x T2, A generic element of this component is a morphism from a smooth
genus 1 curve and a rational tail carrying the two marked points which restricts to a degree d
morphism to a fiber of 71 (specified by P!) on the genus 1 curve and an isomorphism from the tail
to the section sy through pt.

Another component is isomorphic to
{lu, 21,25 €M1 5(f, d) : u(ah)=pty}.

A generic element of this component is a morphism from a smooth genus 1 curve carrying the first
marked point and a rational tail carrying the second marked point which restricts to a degree d
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Figure 5: The three components of 9% o(P* x T2, 5+df)

morphism to the fiber § of 71 on the genus 1 curve and an isomorphism from the tail to sp.

The last component of the absolute moduli space is isomorphic to
{lu, 2}, 22) €My o(F,d): u(wg)=pt}.

A generic element of this component is a morphism from a smooth genus 1 curve carrying the
second marked point and a rational tail carrying the first marked point which restricts to a degree d
morphism to the fiber F' of m; on the genus 1 curve and an isomorphism from the tail to a section of
7 (through the image of the first marked point of an element of 90, o(F, d)). The last component
of the relative moduli space is described in the same way, except the morphism on the genus 1
component above is replaced by the C*-equivalence class of a morphism into the rubber P! x T?
from a smooth genus 1 component with a rational tail carrying two marked points which restricts
to a degree d morphism into a fiber of 71, but not over 0, co € P!, and an isomorphism from the tail
to a section of m1. The restriction of 1 to this component of the moduli space is the pullback of
the first chern class of the conormal bundle to f by the first evaluation map. Thus, this restriction
vanishes in the absolute and relative cases. O

Remark 6.5. Lemma 6.2 corrects the first statement of [12, Lemma 14.4]; the other two, one of
which is similarly off, are never used. Lemma 6.3 is the second statement of [12, Lemma 14.5];
the other two are never used. The proof of [12, Lemma 14.5] has two mutually canceling errors,
ignoring the automorphisms of the cover and the choices of the node on the genus 1 component.
The statement at the end of the first paragraph of the proof in [12] is true only generically or
after imposing the constraints; otherwise, there could be maps with a component mapped into the
rubber. The third statement of [12, Lemma 14.5] and its proof incorrectly describe the IP-counts
of (P! x T2,V = FyUF,,) as being indexed by the rim tori, suggesting that the rim tori cover
17@1”@;(1)7(1) is Z2x Fy x F. As explained in [5, Example 6.9], 17@@2;(1),(1) ~CxT? and there is
only one IP-count of each type appearing in the third statement of [12, Lemma 14.5]; there is no
indexing by the rim tori.

6.2 GW-invariants of P2

We next make some observations concerning absolute GW-invariants of I?Pg and relative GW-
invariants of (P2, F), where F'a~T? is a fiber of the projection P3 —P!. From

(sit+df)-f=1, (ci(TP2),f) =0, and (c(TP3),s;) =1,
we find that
dime 90y o(P2, df) = 0+ (2—3)(1—1) = 0,
S . aeF 5
dime My o (B3, 5i+df) = dime My .1y (P5, si+df) = 1+ (2—-3)(1—g) = g.
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P2 P2 :
Thus, GWlf’df(), GW g;‘;i n df(ptg), and GVVg5 i (1 )(ptg ), where pt? denotes g absolute point con-
straints, are rational numbers. These invariants are independent of the choice of the complex
structure on P3 and (P3, F).

Lemma 6.6 ([12, p1019]). The genus 1 GW-invariants of @g in the fiber classes are described by

Y dGW % 0q" = G(g).

d=1

Proof. 1f I@g is obtained by blowing up P? at 9 general points, there is only one degree f holomorphic
curve; this is the proper transform of the unique cubic passing through the 9 points. In this case,
ﬁm(ﬁ%, df) consists of the o(d) unbranched covers of this cubic, all of which are regular and have
an automorphism of order d. Thus,

B
dGW ) = o(d),

as claimed. O

Lemma 6.7 ([12, Lemma 14.8]). Let d,g € Z2°. The absolute and relative degree s;+df genus g
G W-invariants of ]P’2 and (IP’g, F) with g point insertions satisfy
P2
oW, (P 1) = GW.5 Ly (pt?).

Proof. Let J be a generic almost complex structure on (@3, F). Suppose ¥ is a connected nodal
genus g curve and u: X —>]§’3 is a degree s;+df J-holomorphic stable map. If ¥; is an irreducible
component of 3 such that u: 3; — I is not constant, then the genus of ¥; is at least one and the
sum of the genera of the remaining components of ¥ is at most g—1. Therefore, if the g points are
in general position, u(X) does not contain all of them. It follows that all of the maps contributing
to the absolute invariant with g point insertions are F-regular and thus contribute in the same way
to the relative invariant. O

Remark 6.8. Lemma 6.7 corrects the statement of [12, Lemma 14.8]. The latter and its proof
incorrectly describe the IP-counts of (Pg, F') as being indexed by the rim tori, suggesting that the

rim tori cover F 2.(1) is Z2x F. As explained in [5, Example 6.8], F; ~C and there is only one
97

B33(1)
IP-count appearing in the statement of [12 Lemma 14.8]; it is the count appearing in (4.22). Its
relative constraint is the pullback of 1€ H° ( B2;(1)) Q) by a lifted evaluation map (1.9); there is no

indexing by the rim tori.

6.3 Proof of Theorem 6.1

For each deZ=0, let

IP)Q M ™ vir ES _ *
GW, %, +df(Tl []) = deg([t,1 (P, s;+df)] " N1 Nevil) = / ~ Previl
(0111 (P25 +df)]vir
The g=0 case of (6.4) is proved in [12] by obtaining two different expressions for
o0 @2
0) =D GWS g(nlfl)d’ (6.6)
d=0

and setting them equal.
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Figure 6: The genus 1 TRR on My 2(X, A)

Lemma 6.9 ([12, Lemma 15.1]). Let X be a symplectic 4-manifold with canonical class Kx.

(a) For every f€ H*(X;Q),
1

wao(f) = ﬂKX'f-
(b) For every A€ Hy(X;Z) with A-Kx <0 and f€ H*(X;Q),

f-A

GW{{A (Tl(f)a ptiKX.A71> = ﬂ(AA + KXA) GWS{A (pt*KX-Afl)
—Kx-A—1 o o
- 2 (—K;{(‘Ao—l) (f-Ao)(Ao- A1) GWE, (p~ExAo—hyawi, (pKx-).
Ao,A1€H2(X;Z)—0
Ag+A1=A

Proof. (a) If h: Y — X represents the Poincare dual of f (after passing to a multiple if necessary),
{(y, [, 21]) €Y xM11(X,0): h(y)=u(z1)} =Y xMi,

and the obstruction bundle is isomorphic to mih*TX @5E*, where E — M, 1 is the Hodge line
bundle. Thus,

GWTo(f) = (e(nih* TX @T3E),Y x My 1)

= (e (TX), V) e (B), M) = oK S

(b) Let k=—Kx-A and {H;}, {H;} C H*(X; Q) be dual bases. Choose a representative F'C X for f
and k—1 general points pts, ..., pt; € X. By the genus 1 topological recursion relation, illustrated
in Figure 6 and explained in [17],

1
= _—_A A.
(08} 1500+ A,

where Ag, A, C ﬁl,k(X ,A) are the virtual divisors whose virtually generic elements are mor-
phisms from the genus 1 irreducible nodal curve and from a smooth genus 1 curve with a rational
tail which carries the first marked point.

By the Kunneth decomposition of the diagonal in X2 and the divisor relation, the degree of the
intersection of

ﬁlm(X, A) = {[u,:nl, o) €My (X, A): u(xr) € f, u(ze)=pty, ... ,u(mk):ptk}
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with Ag is

! ZGW (i B £, pt5 ) = S (Hi A) (i A) (- A)GW 4 (bt )

i

1 _
= g(A'A)(f'A)GWéA(Ptk b.
This gives the first term in our formula.

The intersection of ﬁ/lk(X , A) with the components of A.; whose generic element restricts to a
morphism of degree A1 =0 on the genus 1 component is the same as with the subset of these com-
ponents consisting of morphisms from domains with no marked points on the genus 1 component
(since the virtual complex dimension of 9 1(X,0) is 1, it contains no elements passing through
any of the points pts, ..., pt;). Thus, similarly to the above, the degree of this intersection is

S GWEA(Hi, ot GWIG () = 37 (Hi A)(F- A)GWE () 5 Ko

% )

_ i(f.A)(KX.A)GwéfA(ptkfl);

the first equality follows from part (a). This gives the second term in our formula. The intersection
of ﬁ;k(X , A) with the components of A.; whose generic element restricts to a morphism of degree
A1 =A on the genus 1 component is empty, since the domain of any morphism in the intersection
would contain a union of irreducible components on which the morphism is of degree 0 and which
carries at least one of the last k—1 points (for stability), but F' does not contain any of the points

pty, ..., Dt

For dimensional reasons, the intersection of ﬁllk (X, A) with the components of A,; whose generic
element restricts to a morphism of degree A; # 0 on the genus 1 component and Ay # 0 on the
genus 0 tail consists of morphisms from the domains so that the rational tail carries —Kx-Ag—1
of the last k—1 marked points. Thus, similarly to the above, the degree of this intersection is

—Kx-A-1 B oK

Kx-A-1 o |
:Z(_K;:,Ao_l)(Hi.Ao)(f-Ao)GWSfAO(pt Kx-A0=1) (F;- A))GWE , (pt—5x4)

- (—KX-A—l

—KX-A0—1>(f Ao) (Ao A1) GWi a, (bt~ X A0 GW, (pt~ ).

This gives the last term in our formula. O

Corollary 6.10 ([12, (15.7)]). The genus 0 and 1 GW-invariants of I/P\% satisfy

H(q) = - (aFo(a) — Fola)) + Fola) - Gla). (6.7

Proof. We apply Lemma 6.9(b) with X:@S and A=s;+df. In this case,

~Kx-(s;+df) = —1, (s;+df)? =2d—1, Moxp(X,df) =0 VdeZ .
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Thus,

~d—1 52 B2 B3
H(q) =), ﬁgwo,gsmi()qd + Y GWhi0d® - diGW (g™

d=0 do€z>0,d ezt
do+di1=d
The claim now follows from the g=0 case of (6.1) and Lemma 6.6. O

Corollary 6.11. The genus 1 relative GW-invariants of (P* x T2, F) satisfy

1 .
—L d=0;
GWPlXTQ,’F 7_1 [ﬂ; pt) = 127 - if )
o) ) dGWY <70, if d>0.
Proof. We apply Lemma 6.9(b) with X =P! xT? and A=s-+df to the right-hand side of (6.5). In
this case,
—Kx-(s+df) = =2, (s+df)*=2d, VdeZ.

Thus,

d—1 1,2 1,2
3 GWo.ta (pt) + > GWE L (pt) - diGWE ). (6.8)
doEZ>O d1€Z+
do+di=d

GWY 1 (nfl.pt) =

Since the composition of a degree s-+df morphism to P! x T? with the projection to the second
factor is a degree d morphism to T? and there are no such morphisms from P! if de Z*,

Mo (B X T2, 5+df), My 1,1y (B x T2, s4+df) =0 VdeZ™. (6.9)

Thus, the first genus 0 term on the right-hand side of (6.8) vanishes unless d =0 and the second
unless dy=0; in the exceptional cases, they equal 1. The claim now follows from Lemma 6.4. [

We next obtain a second expression for H(q) by applying the symplectic sum formula to the
decomposition
= P24 (P! xT?) (6.10)

and moving the fiber constraint to the P! x T? side. Since Rglxw =0, the homomorphism
#: Hy(P3; Z) x p Hy(P* X T2, Z) —» Hy(P%: Z.)
is well-defined; see [5, Corollary 4.2(2)]. Since
(a151+...+agsg + d'f) - F = (as + d"f) - F

if and only if a1+...4+a9 =a and s#s=s;, the symplectic sum formula gives
?gﬁﬂrdf (nlf]) = Z GWO sﬂrd/f 1 G GWIE;ﬁi}in(ﬁ [7]; pt)

d'd"ez=0

d'+d"=d

+ 2 GWTZ i (P8 WG ity ().

d d”EZ>O
d'+d"=d

GW

(6.11)

o1



where the relative constraints are listed after the semi-columns.

By (6.9),

1 2
Gwlgsj-g”f%) (nlfl;f) =0  Vvd'eZ".

On the other hand, the morphism
—=F
{[u, z,y] €Ny 1.1) (P'xT?,5): u(z)ef} — f, [u, z,y] — u(x),

is an isomorphism and the restriction of ; under this isomorphism is the first chern class of the
conormal bundle to a fiber T? in P! x T2, i.e. 0. Thus, the second sum in (6.11) vanishes.

Combining (6.11) with the above conclusion, the g=0 case of Lemma 6.7, and Corollary 6.11, we
find that
1 @2 @2 ]P>1 TQ
5GWok a0+ D GW L) d"GWY 52 0).
d/EZZO,d”EZJr
d'+d"=d

GWIE o (milf)) = -

Along with (6.6), the g=0 case of (6.1), and Lemma 6.2, this identity gives

H(q) = — 35 Fola) + Fola) - 26(a). (612
By (6.2), (6.7), and (6.12),
Fo(0) =1, q;q log Fo(q) = 12G(q). (6.13)
Since L - T
Eqdi log (H(l_qd)) =

d=1 d= 1

(6.13) implies the g =0 case of (6.4). The full statement of
next lemma.

o0

=2 ol =Cla),

d=

(6.4) follows from this case and the

Lemma 6.12. For every gcZ™t,
Fyla) = Fg-1(a) - 4G’ (q)- (6.14)

Proof. In light of Lemmas 6.3 and 6.7, this statement is equivalent to (4.23), which was obtained
based on the approach to the symplectic sum formula in [12]. We now give a proof by applying
the usual symplectic sum theorem to the splitting (6. 1(D and moving one point to the P! x T? side.
Since g—1 points stay on the IP’2 side, the genus on the IP2 side in the symplectic sum formula must
be at least g—1 for the invariants not to vanish. Thus, sumlarly to (6.11), we obtain

P2 1. Pl xT2,F )
GW 5 () = Y ng 151+d’ () (P GWY 7y (Pt pt)
d/ d// Z>0
d'+d'=d
P3,F -1, P! xT2,F
+ Z GW, 5 +d’f(1)( ’pt)GW05+d”f(1)(pt ).

d’ d”EZ>0
d'+d"=d

(6.15)

52



By [5, Theorem 1.1],
P3,F —1.
W, d,f;(l)(ptg ;pt) =0, (6.16)
This particular statement holds because the relative evaluation morphism (1.3) factors through the
lift to 120 ~C; see [5, Example 6.8]. Combining (6.15) with (6.16) and Lemma 6.7, we find that
9

G

o0 —~ ~.

I[DQ d . ]PQ 1 d/ Pl XTQ,F . d//
> GW, 5 4 (pt?) g = > GW,* ) o rai (Pt )g GW, i) (P PE)G
d=0 d',d"ez=0

The claim now follows from (6.1) and Lemma 6.3. O

Remark 6.13. Lemma 6.9(b) extends [12, Lemma 15.1(b)] from the Kx-A=—1 case, using the
same argument; the Kx-A=—2 case is needed to obtain the crucial identity [12, (15.8)], i.e. (6.12)
above. Our use of (6.16) avoids the need for [12, Lemma 15.2(c)] and directly establishes the last
equation in [12, Section 15.3]. The statement of the symplectic sum formula in the middle of [12,
p1020] is wrong, as it should involve relative GW-invariants; as stated, the last factor is not even
zero-dimensional. The next displayed expression in [12] has the same problem and does not lead
o [12, (15.8)]. Because of problems with these formulas, Lemma 6.4 never even arises in [12].
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