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Abstract

We provide a thorough construction of a system of compatible determinant line bundles over
spaces of Fredholm operators, fully verify that this system satisfies a number of important prop-
erties, and include explicit formulas for all relevant isomorphisms between these line bundles.
We also completely describe all possible systems of compatible determinant line bundles and
compare the conventions and approaches used elsewhere in the literature.

Contents

1 Introduction 1

2 Properties of the determinant line bundle 3

3 Conceptual considerations and comparison of conventions 15
3.1 Topologizing determinant line bundles . . . . . . . . ... ... . L. 15
3.2 Relation with Knudsen-Mumford . . . . .. .. .. .. ... ... ... ... .. ... 17
3.3 Other conventions . . . . . . . . . . . . . e 23
3.4 Classification of determinant line bundles . . . . . .. .. .. ... ... ....... 24

4 Linear algebra 28
4.1 Finite-dimensional vector spaces . . . . . . . . .. ... o 28
4.2 Exact triples of Fredholm operators. . . . . . . . . .. .. ... ... ... ..., 30
4.3 Stabilizations of Fredholm operators . . . . . . .. .. .. ... oo, 42

5 Topology 46
5.1 Continuity of overlap and exact triple maps . . . . . . . . . . ... ..., 46
5.2 Continuity of dualization isomorphisms . . . . . . ... .. .. .00 52

1 Introduction

A Fredholm operator between Banach vector spaces X and Y is a bounded homomorphism

D: X —Y such that

ImD = {Daf: xeX}
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is closed in Y and the dimensions of its kernel and cokernel,
k(D) = {zeX: Dz=0} and ¢«(D)=Y/(ImD),

are finite.! The space F(X,Y) of Fredholm operators is an open subspace of the space B(X,Y) of
bounded linear operators D: X — Y in the normed topology; see [13, Theorem A.1.5(ii)]. Quillen’s
construction, outlined in [15, Section 2], associates to each Fredholm operator D a Zs-graded one-
dimensional vector space A(D) = det D, called the determinant line of D, and topologizes, in a
systematic way, the set
detX7y = |_| A(D)
DeF(X,Y)

as a line bundle over F(X,Y’) for each pair (X,Y) of Banach vector spaces. There are in fact
infinitely many compatible systems of such topologies, all of which we describe in Section 3.4; they
are isomorphic pairwise. This is contrary to suggestions in many papers that there is a unique way
of topologizing determinant line bundles in a systematic way and can be viewed as capturing the
essence of the unique up to a canonical isomorphism statement in [11, Theorem 1]. We describe
some intrinsic and not so-intrinsic ways of narrowing down the choices and of choosing a specific
system at the end of Section 2 and at the end of Remark 3.1.

The determinant line bundle plays a prominent role in a number of geometric situations, but
unfortunately there appears to be no thorough description of its construction and properties in
the literature. The key issue in its construction is the existence of a collection of (set-theoretic)
trivializations for detx y, such as ij in (2.6) and f@; p in (3.2), that overlap continuously. The
justification for the existence of such a collection in [15] consists of an allusion to some unspec-
ified collection of compatible isomorphisms relating the determinant line bundles in the short
exact triples

0 0 Rk—f—m Rk-ﬁ-m 0
i l l (1.1)
0 ——= R — s Ret™ 0 0

of homomorphisms, where the middle arrow is the projection onto the last m coordinates. Explicit
formulas for such a collection of isomorphisms appear in [1, Section (f)], [9, Section 3.2.1], [12,
Section 20.2], [13, Appendix A.2], [16, Section 2|, and [17, Section (11a)], while [10, Appendix D.2]
and [11, Chapter I] describe it more abstractly. The proof of [13, Theorem A.2.2] uses them to
describe trivializations for determinant line bundles for Fredholm operators without checking that
they overlap continuously, which in fact is not the case, as discovered by [14]; see Section 3.3 for
more details. Key properties of such collections of isomorphisms necessary for the construction of
the determinant line bundle are specified in [1], [12], [17], and the construction itself is then briefly
outlined. The discussion of the relevant linear algebra considerations is more extensive in [10], but
it contains an important deficiency, which is described in Remark 4.9, and does not complete the
construction. However, the general approach of [10, Appendix B] is well-suited for an explicit con-
struction of the determinant line bundle and the analysis of its properties. Explicit formulas for the
above collection are used directly to topologize determinant line bundles over spaces of Fredholm

!The first condition is implied by the other two, but is traditionally stated explicitly.



operators and for Kuranishi structures in [16] and [14], respectively. The latter are closely related
to the two-term case of the bounded complexes of vector bundles for which a determinant line
bundle is constructed in [11]. As explained in detail in Section 3.2, using [11, Theorem I}, which
predates [15], is perhaps the most efficient way for constructing the determinant line bundle and
verifying its properties and would eliminate the need for most of our Section 4, but at the cost of
explicit formulas for important isomorphisms (which may well be useful in specific applications)
and of being self-contained. None of the above works explicitly considers most of the non-trivial
properties of the determinant line bundle for Fredholm operators listed in Section 2.

This paper provides a comprehensive construction of a system of determinant line bundles and
a complete verification of many important properties it satisfies. Section 2 sets up the necessary
notation and precisely describes the properties we later show this system satisfies. Section 3.1
outlines the determinant line bundle construction carried out in this paper and three alternative
approaches, while Section 3.2 provides more details for the approach based on the results obtained
in [11]. Section 3.3 compares several conventions for the determinant line bundle that have appeared
in the literature. Section 3.4 establishes Theorem 2, which describes all determinant line bundle
systems satisfying the properties in Section 2 and shows that such systems correspond to collections
of isomorphisms

A A°(R°) — R, i€Z, ceZT, ¢> —i; (1.2)
in contrast to the viewpoint of the previous paragraph, there are no compatibility conditions on the
isomorphisms in these collections. By Theorem 2, the compatible systems of topologies on determi-
nant line bundles correspond to the compatible systems of isomorphisms for the exact triples (1.1)
and to the compatible collections of isomorphisms for exact triples of Fredholm operators. Sec-
tion 4, which is motivated by [11, Section 1] and [10, Appendix D.2], deals with the linear algebra
preliminaries used in our construction. Section 5 concludes this paper with topological arguments;
this section is motivated by the approach in [13, Appendix A.2]. Many of the individual steps that
we describe in this paper are not new. However, even the full statement of Theorem 1 in Section 2
does not seem to appear elsewhere.

The author would like to thank M. Abouzaid, P. Georgieva, H. Hofer, Y.-Z. Huang, D. McDuff,
D. Salamon, and K. Wehrheim for related discussions, the referee for pointing out additional
relevant literature, and the IAS School of Mathematics for hospitality.

2 Properties of the determinant line bundle

All vector spaces we consider are over R. We denote by (V') the dimension of a vector space V
and by
AV)= APV = VY and A (V) = (A\(V))”

the top exterior power of V' and its dual, whenever d(V') <oco. We view A(V) and \*(V') as graded
lines of degrees
deg A(V), deg X*(V) = (V) + 27 € Zs.

For any two Zs-graded lines L; and Lg, we define
deg L1® Ly = deg L1 + deg Lo,
R:Li®Ly — Lo®Ly, R(U1®U2) = (_1)(degL1)(degL2)U2®v1' (21)



If £1,Lo— F are Zs-graded line bundles (each fiber has a grading varying continuously over F),
the fiberwise isomorphisms R give rise to an isomorphism

R: L1QLy — Lo®Ly
of Zo-graded line bundles over F. If L is a line and v€ L—0, we define v* € L* by v*(v)=1.

For a Fredholm operator D: X — Y, we define

with the grading
deg A(D) =ind D + 2Z = o(k(D)) — o(c(D)) + 2Z € Zs.

This is the same definition as in [12, Section 20.2] and [14, Section 7.4]; we discuss alternative
versions of (2.2) in Section 3.

The line bundles detx y satisfy a number of important compatibility properties, which we now
describe. A homomorphism between Fredholm operators D: X —Y and D’: X’ —Y" is a pair of
homomorphisms ¢: X — X’ and ¢: Y — Y’ so that D’ogy=1/0D; an isomorphism between Fredholm
operators D and D’ is a homomorphism (¢, ) : D — D’ so that ¢ and 1 are isomorphisms. Such
an isomorphism induces isomorphisms

A@): A(r(D)) — A(R(D"),  AMw™): A(e(D')) — A(e(D)),
Tyip: MD) — A(D'), zAa — (A(@)z) A (aoA(®™h). (2.3)

Isomorphisms ¢: X — X’ and ¢/: Y — Y’ between Banach vector spaces induce a homeomorphism
Tpy: F(X,Y) — F(X',Y), D—1poDog¢

in particular, (¢,v): D —Z4 (D) is an isomorphism of Fredholm operators for each D e F(X,Y).
Putting the isomorphisms Zy 4.p together, we obtain a bundle map

i.d,’w cdetxy — I;,wdetX’,Y’ (2.4)

covering the identity on F(X,Y).

Naturality I. The map idm/) is continuous for every isomorphism (¢, 1): (X,Y)— (X', Y’) of
pairs of Banach vector spaces.

If X,Y are as above and T € B(Y, X), let
Up={PeB(X,Y): |TP|<1};
this is an open subset of B(X,Y"). If in addition P€B(X,Y), define

(I)T;pGB(X,X) by @T;p(az):x—i—TPa; VzeX.



The operator ®7.p is invertible for every P€Ur and the map

Ur — F(X)Y), P—op5p=> (-1)(TP),
r=0

is continuous.

We define

FYX,Y)={DeF(X,Y): «(D)={0}},
T k(X,Y)={(D,z) e F*(X,Y)xX: Dz=0} — F*(X,Y), =(D,z)=D.

The first set above is an open subset of F*(X,Y). For each D € F*(X,Y) and each right inverse
T:Y — X of D, the map

(D+Ur)x X — (D+Ur)x X, (D+P,z) — (D+P, ®p,p(x)),

is continuous, linear on each fiber of the projection to the first component, and restricts to a
bijection

K(X,Y)| D+Ur)x k(D).

7= (D+Ur) — (
Thus, £(X,Y) is a subbundle of the trivial Banach bundle
FHX,Y)xX — FH(X,Y).

Normalization I. The topology of detx y
the vector bundle k(X,Y).

F*(X,v) is the topology of the top exterior power of

This condition can alternatively be described as follows. For D € F*(X,Y), each right inverse
T:Y—X of D, and PeB(X,Y), let

Opr.p: k(D+P) — k(D), Op1r.p(z) = @p,p(2). (2.5)
This map is a bijection for every P € Ur and thus induces an isomorphism
AD) = Ak(D)) ® R — A(k(D+P)) @ R = A(D+P).
Putting these isomorphisms together, we obtain a bundle map
Ipr: (D+Ur)xA(D) — detxy | (2.6)

covering the identity on the open neighborhood D+Ur of D in F*(X,Y’). Normalization I is equiv-
alent to the condition that the map Zp 7 is continuous for every D € F*(X,Y’) and right inverse
T:Y —X of D.

For Banach vector spaces X', Y’, X", Y", the direct sum operation

@: FXL,Y)xFX"Y") — F X' X" Y®Y"), (D',D"y — D'& D",



is a continuous map. Let

RX/7X// . X/®X// SN X//EBX/ and
Rr: FIX, V)X F(X",Y") — F(X",Y")x F(X',Y")

be the maps interchanging the factors and
m, o F(XL YY) < F(X"Y") — F(X, Y, F(X",Y")
be the projection maps. We denote by
o FIX ) Y)xFX"Y") — F(X"oX,Y'®Y')  and
@: FXLYY)xFX" Y FX"Y") — FX'eX"o X" Y'oY"'®Y")
the compositions

@OR]: :IRX’ od and (27)

X! ,Ryl Y

@D o P X id]:(XH/,y///) =&o id]:(X/,y/) X D s (28)

respectively.

For Banach vector spaces X1, X9, X3, the composition map
Cx,: F(X1,X2) X F(X9,X3) — F(X1,X3), (D1, D9) — Dy o Dy,
is continuous as well. If X, is another Banach vector space, let
Cxy x5 F (X1, X2) x F(X2, X3) X F(X3,X4) — F(X1,X4)
denote the compositions

Cxy 0 {Cxy Xidr(x5,x0) } = Cx 0 {idF(x, x,) XCxy }- (2.9)

For Banach vector spaces X,Y, X", Y/, X" Y let

T(X,V; X, Y, X" Y")

2.10
CFX,Y)x F(X,Y)x F(X")Y") x B(X', X) x B(X,X") x BY',)Y) x B(Y,Y") (2.10)

be the space of exact triples of Fredholm operators, i.e. the subspace of tuples (D, D', D" ix,jix,iy,jy)
corresponding to the commutative diagrams

0 XX x X 0
iD, lD lD,, (2.11)
0 vy sy Dy 0
with exact rows. For x=".", denote by

THX Y XL YR X" YY) e T(X Y XY X7 YT



the subspace of diagrams (2.11) so that D* is an isomorphism. If te 7'(X,Y; X', Y'; X" V") is as
in (2.11), the homomorphisms

ix: k(D) — (D", jy:¢(D) — ¢(D")
are isomorphisms; let
T : M(DYRAND") — (D), 191" @ (AM(jx)z)@a” — z @ (" oA(jy)), (2.12)

be the natural induced isomorphism. If te 7"(X,Y; X’ Y’; X" Y") is as in (2.11), the homomor-
phisms
ix: (D) — k(D), iy:¢(D") — ¢(D)

are isomorphisms; let
IV AMDY@AND") — MD),  2'® (acA(ix)) ® 101 — (A(ix)2') ® a, (2.13)
be the natural induced isomorphism.
With notation as in (2.10), denote by
o, r: T(X, Y XY XY — F(X,Y), F(X, )Y, F(X",Y")
the restrictions of the projection maps and by
Cr: T( X1, Xo3 X1, X35 X1, X3) x T(Xa, X35 X5, X33 X5, X5) — T (X1, X35 X1, X33 X7, X))

the continuous map sending commutative diagrams

0 Xrt xR x 0 0 X2 X, 2o XY 0
iDi lDl lD’{ lD’Q lDQ J{Dg (2.14)
0 Xy 2o X, 2 Xy 0 0 X4 Xy B XY 0

to the commutative diagram

0 X, x, B x 0
D’2$D’1 D2$D1 D%D’{ (2.15)
0 X4 Xy 2 XY 0

We note that
(7, L, mR) 0 C7 = (Cx, 0 (mcom, meoma), Cxy o (rr,0m, mLoms), Cxyo(TRoM, TROM)),  (2.16)

where

s T (X1, Xo; X1, X X1, X)) x T(Xo, X33 X5, X5; X7, XY)
— T(XlaX2;X17X5;X1/>Xé,)vT(X27X3;X57X§;ngxg)



are the projection maps.

Associating the direct sum D'@® D" with the commutative diagram

ix(z') = (2/,0)

OHX/AX/@X//LX//HO X Ea 4
ix(@,2") =2

D’ D’EED” D" (2.17)

0 y! iy Y'ay” jy y 0 1Y(y/):(y/>0)
iy, y") =y",

we obtain an embedding
to: F(XL YY) FX"Y") — T( X' oX" YY", X' Y X" Y") s.t.
Tcolgy = P, TLOolgy = M1, TROLG = M2.
The isomorphisms (2.12) and (2.13) give rise to canonical identifications
Aidz® D) =A(D) = A(Daidy), (2.18)
(0, 21) A A0, 2) @ ((0,y1) A A0, 50)" < 21N Az @ (Y1 A Aye)”
—> (331, 0)/\. . ./\(:L’k, 0) & ((y1, 0)/\. . ./\(yg,()))*,

for any Fredholm operator D: X — Y and Banach vector space Z.

Associating the composition Dyo D with the commutative diagram

ix(x1) = (21, D1x1)
ix(x1,22) = Dix1—x2
Dy D2oDi@®idy, Ds (2.19)

04>X1l>X1@X2j4X>X24>0

ly (w2) = (Dax2, 22)

iy v
PR e R TR T (g ) = a5 Do,
we obtain an embedding

e F(X1, Xo) x F(X2, X3) — T(X1© X2, X3® Xo; X1, Xo; Xo, X3) s.t.
mcote(Dy, D2) = Cx, (D1, Do) ®idx,, 7ot =m, 7ROl = 2.

In particular,
Léﬂ-édetXﬁBXQ,Xs@Xz = C;(QdetleXB'

If De F(X,Y), the compositions Doidx and idy oD correspond to elements of
T (XX, YoX; X, X;X,Y) and T'(XQY,Y®Y;X,Y;Y,Y),
respectively, with the isomorphisms Z{ and Z{ of (2.12) and (2.13) given by
11" @2 — 2R and TRPR 1R — 2®[

under the identifications (2.18).



Ezact Triples. There exists a collection of (continuous) line bundle isomorphisms
v WEdetX/7y/ & WEdetX//7y// — WédetX’y (2.20)

over T(X,Y; X' Y'; X" Y") parametrized by tuples (X,Y; X’ Y’; X" Y") of Banach vector
spaces with the following properties.

Naturality II. The isomorphisms ¥ commute with isomorphisms of exact triples of Fredholm
operators, i.e. for each isomorphism

0 D, Dy D! 0
\ \ \
o' . KT 2.21
) | ) (2.21)
0 D, Dg DY, 0

of exact triples of Fredholm operators, the diagram

Yn

A(D7) © A(Dr) A(Dr)
N I _
Lottty E Ly 1,1 LoDy
/ ! " Vg !
A(Dg) @ A(Dg) A(Dg)

where f¢*7w*; py are the isomorphisms (2.3) and Ut and Vg are the isomorphisms (2.21) for
the top and bottom exact triples in (2.20), commutes.

Naturality III. For each x="" and te T*(X,Y; X' Y"; X", Y"), the restriction ¥, of ¥ to
the fiber over t is the canonical isomorphism Z of (2.12) or (2.13).
Normalization II. For each te T(X,Y; X', Y'; X", Y") as in (2.10) with D' € F*(X',Y’) and
D" e F*(X",Y"), ¥y is the canonical isomorphism A, p)y of Lemma 4.1 for the short exact
sequence

0 — k(D) — k(D) — k(D") — 0
of finite-dimensional vector spaces.

Compositions. The isomorphisms
Cpy02=V,e(D1.0s) 0 A(D1)@AN(D3) — A(D20Dy)

with D; € F(X1, X2) and Dy € F(Xs, X3) provide liftings of (2.9) and (2.16) to determinant
line bundles, i.e. the diagram

id®Cp,,
A(D1) ® A(Ds) ® A(D3) ——22% o \(Dy) @ M D30D5)
SO _
Cor b i ) b (2.22)
CpyoDy,Dy \
)\(DQODl) ® )\(Dg) )\(Dgo Do ODl)

commutes for all D1 € F(X1, X2), D2 € F(X2, X3), and D3z € F(X3,X4) and the diagram
Uy, @

L2 N(Dy) @ \(D2)
\

¥
)\(DQ ODl)

A(Dy) @ A(DY) ® A(Dy) @ A(D3)

C~D’ D! ®5D// D//Oid®R®id Cp (223)
172 lv 2

Yer(uty)

A(DyoDy) @ A(D3o DY)




commutes for all t; € T(X1, Xo; X1, X%; X!, XJ) and to € T (X2, X3; X5, X4; XY, XY).

Direct Sums. The isomorphisms
éD’,D” = \IJD/GBDN: )\(D/) ® )\(D//) — )\(D)

with D' e F(X',Y’) and D" € F(X",Y") provide liftings of (2.7) and (2.8) to determinant line
bundles, i.e. the diagram

Dpr pr

)\(D/) ® )\(DH) -z o )\(D/@D//)
~ I
Ri IRX’ xRyt y11;D'@D" (2.24)
, o

Dpr pr

A(D") @ A(D') A(D" @ D')

commutes for all D’e F(X',Y’) and D" € F(X",Y") and the diagram

/ " " id®S pr D" / " "
AD") @ A(D") @ A(D"') ————— A(D) @ A(D"&D")
_ _ \
®D’,D”®id Dp!,pep! (225)
v é ! 1" " v
)\(D/@D//) ® )\(D”/) D'eD™,D )\(D/@D”EBDW)

commutes for all D'e F(X',Y"), D" e F(X",Y"), and D" e F(X",Y").

Theorem 1. There exist a collection of topologies on the line bundles detx y — F(X,Y) cor-
responding to pairs (X,Y) of Banach spaces and a collection of line-bundle isomorphisms (2.20)
which satisfy the Naturality LI III, Normalization I, 1I, Compositions, and Direct Sums proper-
ties above.

Some of the properties listed above are implied by other properties:
e Naturality I follows from the continuity of ¥ and Naturality I1I;

e Naturality II follows from Normalization II and the last Compositions property, each applied
twice;

e Naturality III follows from Normalization IT and the two algebraic Compositions properties
(via Naturality II);

e the continuity of ¥ follows from Normalization LIl and the two algebraic Compositions
properties (see proofs of Lemma 5.1 and Corollary 5.4);

e the system of topologies on the line bundles detx y is determined by Normalization I,II and
the two algebraic Compositions properties (see proof of Proposition 5.3).

By the proof of Corollary 4.13, the next property is also implied by the Normalization II prop-
erty and the two algebraic Compositions properties; in Section 3.2, we deduce the two algebraic
Compositions properties from the Exact Squares property.

10



Ezxact Squares. For every commutative diagram

0 0 0
0 D1, —= Dry ——> Dg 0
1L iM 1R
0 Der, —S> Doy —S> Deg 0 (2.26)
L iMm iR
0 Dpr, —2> Dpy —2> Dpgr 0
0 0 0

of exact rows and columns of Fredholm operators, the diagram

U @Up 0id® RRid
A(Dr1,) ® AM(Dgr,) @ A(Dtr) ® A(DBR) — A(D1ym) @ A(Dwm)

\PLV®‘I/R \L\IIM (2-27)

A(Dcr) ® A(Dcr) re A(Dem)

of graded lines, where W, are the isomorphisms (2.20) corresponding to the top, center, and
bottom rows and left, middle, and right columns of the diagram (2.26), commutes.
It is thus consistent with [11, Theorem 1] that the Normalization LII properties and the two
algebraic Compositions properties completely determine a compatible system of topologies on de-
terminant line bundles. The two Direct Sums properties follow from the Exact Squares property
applied to the two diagrams in Figure 1 and the Naturality II property applied to the diagram

OHD”HD,@DHHD/HO

L

0——=D"—-D"¢D ——= D' ——=0.

By the proof of Lemma 5.5, the Normalization I property can be replaced by a dual version. Let
F(X,Y)={DeF(X,Y): v(D)=0}

be the space of injective Fredholm operators. For each Dy € F'(X,Y), right inverse S: ¢(Dy) — Y
for
qDy : Y—)C(Do), y—>y+ImDo,

and D e F(X,Y) sufficiently close to Dy, the homomorphism
qpoS: ¢(Dy) — ¢(D)
is an isomorphism and thus induces an isomorphism

Zpo.s:0: A(Do) — A(D), 1@a — 1@ (awoA(gpoS)™!). (2.28)

11



0 0 D' D’ 0
0 D" D'eD"” D' 0
0 D" D" 0

0 0 0

0 0 0
0 D’ D’ 0 0

O D/@D” D,@DH@D”/ D/l/ 0

O D// D/l @ Dl/l D/// 0

Figure 1: Exact squares of Fredholm operators corresponding to the two Direct Sums properties

Putting these isomorphisms together, we obtain a bundle map
Ipy,s: Upg,sx AM(Do) — detxy vy, s (2.29)

covering the identity on an open neighborhood Up, g of Dy in F/'(X,Y).

Normalization I'. The map fDO,S is continuous for every Dy € F'(X,Y), right inverse
S:¢(Dy)—Y of gp,, and sufficiently small open neighborhood Up, s of Dy in F'(X,Y).

The determinant line bundle is also compatible with dualizations of Fredholm operators. For each
Banach vector space X, let X* denote the dual Banach vector space, i.e. the space of bounded
linear functionals X — R. For each D€ F(X,Y), let D*€ F(Y*, X*) denote the dual operator, i.e.

(D*B}x) = B(Dz) VBeY* zeX.

The map
D: F(X,Y)— F(Y*", X7, D — D*,

12



is then continuous. For each D€ F(X,Y), the homomorphisms

Dp: k(D) — ¢(D*)*, {Dp(z)}(a+Im D*) = a(x) Veer(D), ae X™,

are isomorphisms. For each finite-dimensional vector space V', we define

PAV) — X (V), {P(aah... Aan)Ywr1A. .. Avy) = (=1)E) det (ap(v;))ijer,n (231)

and denote the inverse of P also by P. For each exact triple t of Fredholm operators as in (2.11),
we define the dual triple t* to be given by the diagram

0 y ly y* Y Yl 0
i D l D l i (2.32)
0 X//* J} X* i;( X/* 0 .

This defines an embedding
Dr:T(X,YV; X\ Y X" V") — T(Y*, X5 Y™ X"™ Y™ X™) st
oDy = Dong, npoDy = Dongr, wroDy = Domny,. (2.33)

The advantage of the isomorphism (2.31) over the isomorphism induced by the first pairing in (3.10)
is that the former fits better with short exact sequences; see the last statement of Lemma 4.2.

Dualizations. There exists a collection of (continuous) line bundle isomorphisms
6: detxvy — 'D*detyﬁx* (2.34)

over F(X,Y) parametrized by pairs (X,Y’) of Banach vector spaces with the following proper-
ties.

Normalization III. For every homomorphism ¢: L — {0} from a line,
Ds(z®1*) = 1@ P(A\(Ds)z)  Yaxe L) = L.

Dual Ezxact Triples. The isomorphisms (2.20) and (2.34) provide a lifting of (2.33) to
determinant line bundles, i.e. the diagram

A(D') @ A(D") A(D)
5D//®v§D/oR iﬁD (2.35)
)\(D”*) ®)\(D/*) P )\(D*)

commutes for every te T(X,Y; X', Y'; X" Y") as in (2.10).

By Corollary 5.7 and Section 3.4, each determinant line bundle system as in Theorem 1 determines
a unique system of isomorphisms D satisfying the above two properties. Furthermore, there is a
somewhat smaller family of line bundle systems that satisfy a stronger version of the Normaliza-
tion III property:
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Normalization IIT*. For each D € F*(X,Y), 75,3 is the canonical isomorphism induced by
the first equation (2.30) and the pairing (2.31):

A(D) — XD, z®1* — 1® P(A(Dp)z) . (2.36)

By Lemma 5.6, the isomorphisms (2.36) give rise to a continuous bundle map over F*(X,Y) for any
system of topologies on determinant line bundles as in Theorem 1. In the proof of Corollary 5.7,
we use this to show that the continuity of (2.34) is implied by the Dual Exact Triples property.
However, the latter is compatible with the Normalization III* property only for some determinant
line bundle systems, including the one specified by the isomorphisms ¥ of (4.10).

The dualization isomorphisms Dp given by (4.13) and the identity isomorphisms A; ; in (1.2) seem
rather natural. However, by Theorem 2, the number of systems of topologies on determinant line
bundles compatible with these choices is still infinite.

Combining the Dual Exact Triples property with the Naturality II property applied to the diagram

0 D" i* (D/@D”)* i D'* id 0 TX(ﬁ) = (B’Y”vﬁhﬂ)
iid l(Tx’TY) l (2.37)
0 D' i D@ D' j D'* 0, Ty (Oé) = (05|X”7 a|X/)

where i=(ix,iy) and j=(jx,jy) are as in (2.17), we find that the diagram

Dpr,pr

(D) & \(D") A(D'®D")
5D//®5D/OR B fTXva?(D/@li")* OﬁD’@D”
D prrx pr+
AD"™) @ A(D') ———"——= A(D"*@&D")

commutes, i.e. the dualization and direct sum isomorphisms, D and &, on the determinant lines are
compatible. Combining the Dual Exact Triples property with the Naturality II property applied
to (2.37) with (D', D")=(Dy0D1,idy,), we find that the diagram

G
A(D1) ® M Do) PP A(DsoDy)
_ |
DD2®$7D10R B DDi/ODl
CD*,D*
AND3) @ M(Dy) . A(DtoDs3)

commutes, i.e. the dualization and composition isomorphisms, D and C, , on the determinant lines
are compatible.

Section 4.2 provides explicit formulas for the above isomorphisms Wy, C D1,D2s ) p’.p, and 75D; see
(4.10), (4.22), (4.12), and (4.13), respectively. Such formulas may be useful in some applications.
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3 Conceptual considerations and comparison of conventions

3.1 Topologizing determinant line bundles

For any Banach vector spaces X and Y, the overlap maps between the trivializations fD;f of

detxy in (2.6) are continuous. Thus, the trivializations fpj topologize detx y ) as a line

FH (XY
bundle over F*(X,Y), as required by the Normalization I property on page 5. By Lemma 5.1, the
resulting topology is compatible with the Normalization II property on page 9.

For any Banach vector space X and N €Z=9, let « x:N: X — X ®RY be the natural inclusion. If
Y is another Banach vector space, D€ F(X,Y), and O: RN —Y is any homomorphism, define

o: F(X,Y) — F(X®RY,Y) by te(D) = Deg, Deg(x,u)= Dz + O(u);
the map tg is an embedding. The exact triple

00— X 2N xRV 2 RN .

|» oo | (3.1

0—>Y — oy 0 0
and (2.20) give rise to the isomorphism
To:n: A(D) — MDe),  Zo.p(0) = ¥i(o @ Qye17), (3.2)

where Qp is the standard volume tensor on RV, i.e.
Oy =e1AN...Nen

if e1,..., ey is the standard basis for RYY. By the continuity requirement on the family of isomor-
phisms V¥ and the previous paragraph, the isomorphisms f@; p topologize detx y over the open
subset

Uxo = {DeF(X,Y): ¢(De) =0}.

Since these open subsets cover F(X,Y) as © ranges over all homomorphisms RY — Y and
N ranges over all nonnegative integers, the isomorphisms Zg,p completely specify the topology
on detx y. However, the overlap map

7 7—1 . % *
I®2§DOI@1;D' L@ldetXGBRNl,Y — L®2detX@RN27Y

must be continuous over Ux.g, NUx.e, for any pair of homomorphisms ©; : RM — Y and
O: RN Y. By Proposition 5.3, this is indeed the case for the isomorphisms Wy given by (4.10);
the main ingredient in the proof of this proposition is Proposition 4.8, confirming the first alge-
braic Compositions property on page 9. By Corollary 5.4, the family of these isomorphisms Wy is
continuous with respect to the resulting topology; the main ingredient in the proof of this corollary
is Proposition 4.10, confirming the second algebraic Compositions property.

For each homomorphism § : V — W between finite-dimensional vector spaces, there is a natural
isomorphism

A(8) — A(0) = A(V) & X*(W). (3.3)
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As suggested in [15], a suitable collection of these isomorphisms is fundamental to constructing a
system of determinant line bundles for Fredholm operators. Unfortunately, [15] makes no mention
of what properties of a system of isomorphisms (3.3) are needed for such a construction and gives no
explicit formula for these isomorphisms. The discussion in [15] is also limited to Cauchy-Riemann
operators on Riemann surfaces. The convention (2.2), which is also used in [12, Section 20.2] and
[14, Section 7.4], is compatible with the isomorphisms (3.3) given by

Ts: M0) — X(0), @ y* — (—1) MO p Ay @ (MO Aw y)*7 (3.4)
Vaek()) -0, yeA(cd) -0, ve /\(n‘(/5)> -0,

where Ay and Ay are the isomorphisms of Lemma 4.1. This is precisely the isomorphism of
[14, Lemma 7.4.7] and is used directly to topologize determinant line bundles in the proof of [14,
Proposition 7.4.8].2 While the properties of (3.4) necessary for this construction are verified in [14],
few of the important properties of the resulting determinant line bundles are checked in [14]. The
isomorphism (3.4) appears only indirectly in the construction of this paper; see Remark 4.6.

There are alternative ways of constructing a system of determinant line bundles satisfying the
properties in Section 2.

(1) A system of determinant line bundles for bounded complexes of vector bundles and isomor-
phisms for exact triples of such complexes is constructed in [11, Chapter I]. A system of deter-
minant line bundles for Fredholm operators can then be obtained by associating each Fredholm
operator with a two-term complex, deducing the Exact Squares property for Fredholm opera-
tors from that for bounded complexes and the two algebraic Compositions properties from the
Exact Squares property, and deriving explicit formulas for all isomorphisms. This approach is
described in detail in Section 3.2.

(2) One could explicitly specify a collection of isomorphisms Zg.p as in (3.2) that are compat-
ible with compositions. This is essentially the approach taken in [13], [14], [16], and [17] to
topologize determinant line bundles, without verifying the properties in Section 2. The isomor-
phisms (3.2) can be used to define Exact Triples isomorphisms (2.20) from the Normalization II
property, imposing the commutativity property of Lemma 4.12 by definition, and to derive an
explicit formula for these isomorphisms. The Exact Squares property for Fredholm operators
can then be obtained from the basic Exact Squares property of Lemma 4.3 as in the proof of
Corollary 4.13 and used to confirm the two algebraic Compositions properties.

(3) The commutativity property of Lemma 4.12 could be verified for the isomorphism (4.10) di-
rectly, without using Proposition 4.10, and used to obtain the Exact Squares property as in
the proof of Corollary 4.13. The two algebraic Compositions properties could then be de-
duced either from the Exact Squares property or from the corresponding properties for vector
spaces by an argument similar to the proof of Corollary 4.13. Unfortunately, the proof of the
special case of Proposition 4.10 corresponding to Lemma 4.12 is as elaborate as the proof of
Proposition 4.10 itself; the former involves a bit less notation, but exactly the same steps.

2 As shown in the proof of Proposition 5.3 in this paper, the restriction to injective homomorphisms © in the proof
of [14, Proposition 7.4.8] is unnecessary.
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In all three approaches, the Dual Exact Triples property can be either checked directly or deduced
from more general considerations. The above listed alternatives can be used to replace parts of
Section 4 in this paper, but most of Section 5 would still be needed. It appears the overall approach
of this paper is more efficient than the three alternatives described above.

The equivalence of the topologies arising from the algebraic approach of [11] and the analytic
approach of [15] in many complex-geometric settings is shown in the trilogy [2, 3, 4]; see [2, Theo-
rem 0.1] in particular. Combined with earlier work [6, 7], this trilogy leads to an arithmetic version
of the Grothendick-Riemann-Roch Theorem; see [8]. A thorough discussion of the determinant line
bundle in Akarelov geometry, which is outside of the scope of this paper, is contained in the books
[5, 18].

3.2 Relation with Knudsen-Mumford

The existence of a determinant line bundle system satisfying the properties in Section 2 follows most
readily (but still with some work) from the proof of [11, Theorem 1], which constructs determinant
line bundles for bounded complexes of vector bundles. Unfortunately, a complete construction of a
determinant line bundle based on [11] with a verification of all of the properties listed in Section 2
and with explicit formulas for the relevant isomorphisms does not seem to appear elsewhere; we
describe it below.

For each homomorphism ©: RY — Y,
Ke = {(D,z,u)€Uxe x XORY: (x,u)€r(De)} — Ux:o

is a vector bundle. For each D € Ux.o, the commutative diagram (3.1) gives rise to an exact
sequence

0 — (D) — #(De) ~& RY -2 ¢(D) — 0. (3.5)
Thus, each homomorphism ©: RY — Y determines a two-term graded complex

...—>O—>IC95—®>UX;@><RN—>O—>... (3.6)

of vector bundles over Ux.e, with Kg placed at the O-th and 1-st positions, and a Za-graded line
bundle
Lo = )\(/C@) ® )\*(UX;@ XRN),

the determinant line bundle of the two-term complex (3.6).

For each D€ Ux g, let Z: ¢(D) — R be a right inverse for the surjective map
RY — ¢(D),  u— O(u)+ImD. (3.7)

The diagram

—>0——> k(D) —L (D) 0 ip.x(x) = (D, z,0)

R

..HOHK@’DL{D}XRNHOH...
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is then a quasi-isomorphism of graded complexes over { D}, i.e. a homomorphism of graded complexes
of vector bundles that induces an isomorphism in homology. By [11, Theorem 1], there is then a

canonical isomorphism

I,@;D: )\(D) — ,C@‘D ~ )\(D@).
Since any other right inverse for the homomorphism (3.7) is of the form = + do= for some homo-
morphism =: ¢(D) — k(De), Zg.p is independent of the choice of = by [11, Proposition 2|. If
©’: RN — Y is another homomorphism and ¢: RN —RY" is a homomorphism such that © =©'c,

19
0 Ko 22> Uyo xRN — >0 —> ...
idxid xe id‘XL
[Py,
0 Ko ~2> UxoxRY —=0——> ...

is also a quasi-isomorphism of graded complexes. By the proof of [11, Theorem 1], it also induces
a canonical isomorphism
I@Q@Z Lo — Lo

of line bundles over Ux.g. By the functoriality of the determinant construction of [11, Theorem 1],
ié)’;D = I@/790i,@;D: )\(D) — E@/’D ~ )\(D@/).

Since the line bundle maps Zg/ ¢ are continuous, the isomorphisms ié) p topologize dety y over
Ux.e and endow det y y with a well-defined topology of a line bundle over F(X,Y’), which satisfies
the Normalization I and Naturality I properties.

The proof of [11, Theorem 1] produces analogues of the isomorphisms (2.20) for exact triples of
graded complexes (3.6) of vector bundles, with isomorphisms of exact triples of Fredholm operators
replaced by quasi-isomorphisms of exact triples of bounded complexes. These isomorphisms satisfy
analogues of the Normalization 11, Naturality IL,ITI, and the Exact Squares properties. By the proof
of Corollary 5.4, an exact triple of Fredholm operators gives rise to an exact triple of two-term
complexes (over a point). By the analogue of the Naturality II property for two-term complexes,
the isomorphisms of [11, Theorem 1] then induce via the isomorphisms ié; p isomorphisms Wy for
exact triples of Fredholm operators which satisfy the Normalization IT and Naturality ILIII proper-
ties. These isomorphisms depend continuously on t by the proofs of Lemma 5.1 and Corollary 5.4.
By the proof of Corollary 4.13, an exact square of Fredholm operators as in (2.26) gives rise to an
exact square of two-term complexes. By the analogue of the Exact Squares property for two-term
complexes and the proof of Corollary 4.13, the induced isomorphisms for exact triples of Fredholm
operators satisfy the Exact Squares property for Fredholm operators. The proof of [11, Theorem 1]
implies the existence of the bundle maps 15D as in (2.34) satisfying the analogue of the Dual Exact
Triples property on page 13 for two-term complexes. These bundle maps Dp satisfy the analogue
of the Normalization III* property on page 14 in the case of the system explicitly constructed in
the proof of [11, Theorem 1]; this can be seen from the last paragraph of this section and Section 3.4.

We now show that the two algebraic Compositions properties on page 9 follow from the Exact
Squares and Naturality ILIII properties, thus fully establishing that [11, Theorem 1] gives rise to a
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determinant line bundle system satisfying all properties in Section 2. Applying the Exact Square
and Naturality III properties to the top and center diagrams in Figure 2 and using the identification

A(DjoD}) — A(DsoDP)@A(idxs), 0 — 0@ 101", (3.8)

with «="." or blank, we obtain the two commutative squares in the last diagram in Figure 2. The
two round arrows are the vertical arrows in (2.23); the two half-disk diagrams commute by the
definition of Cpx ps. Thus, the diagram (2.23), which consists of the outermost arrows in the last
diagram in Figure 2, commutes.

The derivation of the first algebraic Compositions property is more involved. Applying the Exact
Squares property to the top diagram in Figure 3, where the left column, the bottom row, and the
center row are the exact triples (2.19) corresponding to the compositions Dyo Dy, D3o Dg, and
Ds3o(Dy0Dy), with the last one augmented by idx,,

ix(z1) = (21, D121, D2 D1 21), iy (z1, 22, 23) = (D121 —22, 23— Dax2),

iy (z2) = (D3Daxg, 2, Daxa), iy (24, 2, x3) = (x4—D3Daoxo, x3— Daxa),

and using identifications similar to (3.8), we find that the top left quadrilateral in Figure 4 com-
mutes. The commuting bottom left quadrilateral in Figure 4 is obtained by applying the Exact
Squares property to the second diagram in Figure 3; a similar exact square gives the commuting
top right quadrilateral. The bottom right quadrilateral arises from the last diagram in Figure 3.
The two arrows that run between the same objects in the middle of Figure 4 are related by the
isomorphism of exact triples of Fredholm operators,

0 —> Dy — D30Dy0D; @ idy, Bidy, — D30Da@idy, —= 0
!
lid ) lid
0)—— Dl IH- D3OD20D1 (&) 1(:1)(2691d)(3 ]H DSODQ@ing - 07

where the top row of the exact row is the exact triple (2.19) corresponding to the composition
(DsoD3)oD;y augmented by idx,,

d(z1, 22, x3) = (1, %2, 3+ Dax2), Y(xa, 2, 23) = (T4, T2, x3+Dax2).

Since f@w =1id, these two arrows are in fact the same by the Naturality II property. The two

half-disk and two triangular diagrams in Figure 4 commute by the definition of C. Thus, the dia-
gram (2.22), which consists of the outermost arrows of the diagram in Figure 4, commutes.

The determinant for a complex of vector bundles in [11, p31] corresponds to reversing the two
factors in (2.2). The isomorphism (3.4) should then be replaced by
M (c(0)) @A (K(8)) — X (W)RA(V),

3.9
y*@x SN (71)(D(V)—D(n(6)))b(n(5)) ()\((S)U /\W?J)* ® TAYY, ( )

with z,y,v as before. This isomorphism differs from the isomorphism (3.4) conjugated by the
isomorphisms (2.1) by (—1) to the power of 9(Im d), which equals N —0(¢(D)) in the case of (3.5).
The dependence on 9(¢(D)) drops out when taking the overlap maps for the trivializations of
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0 Dy Dq DY 0

0 DéoDllegldXé*)DQODl@ldXQ HDgODﬁl@ldxé/ ——0

0 D) D, DY 0
0 0 0
0 0 0

0 D)yoD), DyoD; DYoD! 0

OHDQODll @idXé — DyoD; @idx2 —>D’2/OD/1/ @idXé’ — =0

0 0 0
/ " / " Yy @y
A(D1)@A(DY)@A(Dy) @ A(Dy) A(D1) ® A(Ds)

| |

N(Djo D @idy;) ® M(DjoDf &idxy) ANDyoDy&idy,)  Cp. .,

| 7

\Z
A(DhoD})@A(DYo DY) it A(Da0Dy)

Figure 2: Derivation of the second algebraic Compositions property from the Exact Squares and
Naturality III properties



0 D, D, 0 0
i
0 Doo Dy & idX2 D3oDyoD & idxg@idXS Ds 0
j
0 Do DsoDy @ idX3 Ds 0
0 0 0
0 0 0
0 D20D1 D30D20D1 D ld)(3 D3 0
i
0 DyoD; didx, D3oDyoDy @ idy, ®idx, Ds 0
j
0 ———idy, idx, 0 0
0 0 0
0 0 0
0 DsoDyoDy D3oDyo0Dq GBidX3 idX3 0
i
OHD:))ODQODl@idXQ*>D3ODQOD1@idX2@idX3 idX3 0
j
0 ——idy, idx, 0 0
0 0 0

Figure 3: Exact squares of Fredholm operators used in the derivation of the first algebraic Com-
positions property



id®Cp,,
A(D1)@A(D2)@A(D3) DD A(D1) ® M(D3oDs)

\‘*[’T®‘I’B\ /

ol )

. v . . . ~
Cpypy@id  A(D20Dy@idx,)®N(D3) —== (D30 Dy0 Dy ®idx, ®idyx, ) = A(D3oDyo D @idy,) &by, D300y

|

A(D3oDyo Dy ®idxs,)

\

)\(DgODQODl)

CpyoDq,Dg

)\(DQODl)@)\(Dg)

Figure 4: Commutative diagram used in the derivation of the first algebraic Compositions property from the Exact Squares and
Naturality III properties



the new version of the determinant line bundle, and so the isomorphisms (3.9) still give rise to
a well-defined topology on this bundle. The two versions of the determinant line bundle are
isomorphic by the maps (2.1) composed with (—=1)¢”) in the fiber over D € F(X,Y); neither of
these two maps is continuous, but the composite is continuous. The isomorphism W; for exact
triples of Fredholm operators described by (4.10) for the topology on detx y specified by (3.4)
should then be conjugated by the above isomorphism between the two versions of the determinant
line bundle. In particular, this changes the sign exponent in (4.12) to (ind D’)d(¢(D”)), in addition
to interchanging the kernel and cokernel factors.

3.3 Other conventions

In [9, Section 3.1], A\(D) is defined as the tensor product of A(k(D)) and A(c¢(D)*). In [13, Ap-
pendix A.2], A(D) is defined as the tensor product of A(k(D)) and A(k(D*)). In light of the second
isomorphism in (2.30), these two conventions are essentially identical. They implicitly identify
A (¢(D)) with A(¢(D)*). Such an identification is determined by a pairing of A\(V*) with A(V') for

a finite-dimensional vector space V. There are two such standard pairings:

AVHRANV) — R, aiA. .. Aoy, @ UIA. . . Av, — det (ai(vj))i,j:17.,,7n and

" (3.10)

— (—1)(2) det (Ozi(vj))i’jzl,m,n.
Along with (3.4), these two pairings topologize the new version of the determinant line bundle in
two different ways; the resulting line bundles are isomorphic by the multiplication by (—1) to the
power of (a(c(zD))) in the fiber over D € F(X,Y). Under the second pairing in (3.10), the isomor-
phism (3.4) precisely corresponds to the isomorphism [9, (3.1)]. On the other hand, the analogue
of (3.4) used in the proof of [13, Theorem A.2.2] corresponds under the first pairing in (3.10)
to (3.4) without the sign; see [13, Exercise A.2.3]. In the case of (3.5), the exponent of this sign
is (N —¢(9))c(D), which changes the overlap maps between the trivializations of the determinant
line bundle by (—1) to the power of (N'—N)0(c¢(D)). The overlap maps in the proof of [13, Theo-
rem A.2.2] thus need not be continuous if N—N’ is odd and so do not topologize the determinant
line bundles.

In [17, Section (11a)], A(D) is defined as the tensor product of A(¢(D)*) and A\(k(D)). In [16, Sec-
tion 1.2], A(D) is defined as the tensor product of A(k(D*)) and A\(k(D)). In light of the second iso-
morphism in (2.30), these conventions are essentially identical. Under the second pairing in (3.10),
the isomorphism (3.9) becomes [17, (11.3)]. Under the same pairing, the isomorphism (3.9) corre-
sponds to the isomorphism of [16, Theorem 2.1] multiplied by (—1) to the power of

(o(W)—0(c(9))) (ind §) + 2(x(8))0(c(0)) = d(W)(ind d) + ¢(6) mod 2.

In the case of (3.5), the sign exponent reduces to N (ind D)+40(¢(D)). The dependence on d(c(D))
drops out when taking the overlap maps for the trivializations of this version of the determinant
line bundle, and so the isomorphism of [16, Theorem 2.1] gives rise to a well-defined topology on
this bundle. It is isomorphic to the determinant line bundle of [17, Section (11a)] by the multipli-
cation by (—1)¢P) in the fiber over D € F(X,Y). The interchange of factors in A(D) accounts for
the change of the sign exponent in the direct sum formulas, [16, (3)] and [17, (11.2)], from (4.12),
as explained at the end of the last paragraph in Section 3.2.
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In [15, Section 1] and [10, Appendix D.2], A(D) is defined to be either
ARD))@Me(D))  or  A(k(D)) @ A(e(D));

the notation is somewhat ambiguous, but looks more like the former; the latter is used in [1,
Section (f)]. The usage in [15] is more consistent with the latter convention; the usage in [10] is
sometimes more consistent with the latter and sometimes more consistent with the former.> While
A(k(D)*) and N\*(k(D)) are canonically isomorphic, there are at least two choices of such canonical
isomorphisms, the two provided by the pairings (3.10). The “construction” of the determinant
line bundle in [15] consists of mentioning that each homomorphism ¢ : V' — W between finite-
dimensional vector spaces gives rise to a natural isomorphism

AK(D)*) @ Mce(D)) — MV™) @ (W) or N (k(D)) @ Mc¢(D)) — X (V) @ A\(W),

but no indication is given what it is. In the proof of [10, Proposition D.2.2], this isomorphism is
described as a composition of other isomorphisms, but some of them are not specified.* The con-
struction in [10, Appendix D.2] is fundamentally based on [10, Proposition D.2.6], though its proof
appears to be incomplete; see Remark 4.9 for details. However, the statement of this proposition
is the basis for the construction of the determinant line bundle in this paper and a close cousin
of this proposition, Proposition 4.10, is used to verify the continuity of the bundle map (2.20) for
families of exact triples of Fredholm operators. The construction in [1] is limited to Hilbert spaces
and still omits some details. Neither [1, Section (f)], [10, Appendix D], nor [15] confirms most of
the properties of the determinant line bundle stated in Section 2.

As noted in [15, Section 2|, the section of detxy in the definitions of [15, Section 1] and [10,

Appendix D.2] given by

(D) = 1"®1, if Dis 'isomorphism; (3.11)
0, otherwise;

is continuous; there is no such section if detxy is defined as in (2.2), [9], [14], [16], or [17].
The definition of detxy in [15, Section 1] and [10, Appendix D.2] thus comes with a natural
normalization for the topology, but it does not restrict the topology of detx y any further than
the properties in Section 2; see Section 3.4. The alternative definitions seem more natural from
the geometric viewpoint, as typically the spaces k(D) describe tangent spaces of some, ideally
smooth, moduli spaces, and so it seems desirable not to dualize them. The alternative definitions
also lead to a somewhat nicer appearance of formulas describing key properties of the determinant
line bundle system; for example, [10, Proposition D.2.2] reverses the order of the factors in the
isomorphism of Lemma 4.1.

3.4 Classification of determinant line bundles

There are infinitely many systems of determinant line bundles that satisfy all properties in Sec-
tion 2. Theorem 2, stated and proved in this section, describes all of them.

3For example, the last equality in the last displayed expression in the proof of [10, Proposition D.2.2] uses the
latter definition, while [10, (D.2.9)] uses the former.

4In addition, (det F)~! should be det F' at the end of the statement of this proposition and det H> should be
(det H2)™ in the second-to-last displayed equation in the proof; the first change is necessary for the section (3.11) to
be continuous in the finite-dimensional case.
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For each exact triple t of Fredholm operators, we denote by Wy the isomorphism (4.10). For i€Z
and c€Z2° with ¢>—i, let U, . be this isomorphism for the exact triple

0 *)Ri—i-c *)]Ri—l—Zc — SsRC— 50

c

0 R® R® 0 0,

where the top right and middle arrows are the projections onto the last ¢ coordinates. Thus,

\Pi,c(Qi—f—c@Qz (9] QC®1*) = (—1)C QZ‘+QC®1*.

Suppose {P{} is another collection of isomorphisms for exact triples of Fredholm operators satisfying
all properties in Section 2. For i €Z and ¢ € Z=2° with ¢> —i, let \Ilg,c be this isomorphism for the
exact triple (3.12) and A; . € R* be such that

\I’;;,c = Az}cqji,c . (313)

In particular,
‘ljg,c (Qz+c®Q: (%9 Qc®1*) = (—1)CAZ'7C Qi+20®1*. (314)

By the Normalization II property on page 9, A;o=1 for all i€ 729,
Let t be an exact triple as in (2.11) and
:RY —Y'  and O:RY Y

be homomorphisms such that D' € Uxrer and D" €Uxry, . Let N=N'+N", i: RN — RN be
the inclusion as RN x 0", and it RV " — RN be the projection onto the last N coordinates.
We define

0:RY — X, o', ") =iy (6'(2')) + Q"(z") V(' z") e RN aRY"
o ]RN” N X//, @//(x//) _ jy(é//(m’”)) V! GRN”.

Thus, the first diagram in Figure 5, where the right column is the exact triple

0 RV Lo RN _J_RN' .
le/ l]]\] le//
0 0 0 0 0,

is an exact square of Fredholm operators. By the Exact Squares and Normalization II properties,
the collection {¥{} is thus determined by the isomorphisms

ZA’-é);D: )‘(D) — )‘(D@)a j-/@;D(O-) = \IJZ(O- ® QN@l*)a

corresponding to the exact triples (3.1) with DeUx.e.
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0 D’ Dy, JN 0
0 D De JN 0
0 D" DY, NG 0

0 0 0

0 0 0
0 D D 0.(p)(p) —=0
0 D

l?@D‘444%>(05un¢um)@D““>0

0 0 JNp JNp 0
0 0 0
0 0 0
0 D Deg,, JINp 0
0 D De JN 0

Figure 5: Exact squares of Fredholm operators specifying a determinant line bundle system



Given DeF(X,Y), let X C X be a closed linear subspace such that the operator
D: X — ImD, r — Dz,

is an isomorphism and ©p : R¥» — Y be a homomorphism inducing an isomorphism to ¢(D)
when composed with the projection Y— ¢(D). There is an exact square of Fredholm operators as
in the second diagram in Figure 5, where the right column is the exact triple

0—> k(D) —=k(D)OR" —=R¥p — 0

CT

0——=¢(D) (D) 0 0.

By the Exact Squares and Naturality IL,III properties and (3.13), the isomorphisms iéD; p above
are determined by the isomorphisms \Ilg . and satisfy

T6,:0 = Aind Da(e(p) LoD -

For each homomorphism ©: RN —Y with DeU x:0, there is an exact square of Fredholm opera-
tors as in the last diagram in Figure 5. By the Exact Squares, Naturality 111, and Normalization II
properties and the above equation,

Z6.p = Aina pa(e(p))Zop - (3.15)

The overlap maps fé% Dofé}lD between these isomorphisms are still f@% Doféll, p and in particular

are continuous. The isomorphisms (3.15) are compatible with the isomorphisms

_ Aow)—omw) a(c(s)
Aov)—ow).0(w)

T} ) 5 A(5) — A(0), (3.16)
whenever §: V — W is a homomorphism between finite-dimensional vector spaces. The isomor-
phisms

Ip: (D) —+ A(D), 0 —> ALl b oo

give rise to continuous isomorphisms between the determinant line bundles in the original and new
topologies. The suitable exact triples and dualization isomorphisms are given by

.A' ! / .A 1/ 1"
\Ij/t —Tpo U, OIB}@Ii}, _ ind D’,0(¢(D’))4Yind D" ,0(c(D")) NG

Aind D,o(c(D)) b

—ind D,2(k(D))

(3.17)

)

if tis as in (2.11). The extra factors of A_;; in the second equation above are needed to achieve
the Normalization III property on page 13, while preserving the Dual Exact Triples property. In
the case of the exact triple (3.1), \Ilf‘:f@; D, as the case should be. The new determinant line bun-
dle system also satisfies the Normalization III* property if and only if A_j, ;= Ak 11 for every ke Z™.

The above argument also implies that the Normalization IIT and Dual Exact Triples properties on

page 9 determine the dualization isomorphisms Dp completely. Putting everything together, we
obtain a complete description of systems of determinant line bundles.
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Theorem 2. The map specified by (3.14) sends each system of determinant line bundles satisfying
the properties in Section 2, other than Normalization IIT*, to the functions

{(i,¢): i€Z, c€ZT, c>—i} — R, (i,¢) — Aic,

and is a bijection with the set of all such functions. The determinant line bundle systems that also
satisfy the Normalization IIT* property correspond to the subset of the above functions satisfying
A pp= A’il,l for all k € Z*. In particular, the compatible systems of topologies on determinant
line bundles are in one-to-one correspondence with the admissible systems of isomorphisms ZLs as
in (3.3), (3.4), and (3.16) and with admissible systems of isomorphisms V¢ as in (2.20).

By Theorem 2 and the preceding discussion, the section S of det}yy given by

Sp(o) =

¢, ifo=cl®l%
0, if D is not an isomorphism;

is continuous. This is the analogue of the section (3.11) for the convention (2.2).

Remark 3.1. According to [17, Remark 11.1], there are two possible sign conventions for the
determinant line bundle and the sign convention in [17, Section (11a)] is the same as in [11]. As
described above, the setup in [17, Section (11a)] corresponds to the setup in [11, Chapter I] via
the second pairing in (3.10). The alternatives for [17, (11.2)] and [17, (11.3)] specified in [17,
Remark 11.1] for the “other” sign convention do not satisfy the key commutativity requirement
on the preceding page in [17]. In order for this requirement to be satisfied, the sign in [17, (11.2)]
must be kept precisely the same (contrary to what is explicitly stated in [17, Remark 11.1]); this
convention would then correspond to the setup in [11, Chapter I] via the first pairing in (3.10).
Furthermore, by Theorem 2, there are infinitely many possible sign conventions, at least several
of which seem quite natural. The isomorphisms (3.15) satisfy the two requirements above the
diagram on page 150 in [17] provided Ag ;1 > 0. These systems of isomorphisms can be narrowed
down by replacing the Normalization III property on page 13 with the Normalization III* property
(A_kjk:A’i 1,1 for all keZ™), by specifying the dualization or direct sum isomorphisms, i.e.

A—i,i—f—c = Ail}lAi,c or Ai,c = 8’1 VieZ, CGZEO, c>—1i,
and/or by requiring the isomorphisms Zs to be given by
Zs: A(0) — A(0), 1®1* — (det§) L v@uv*,

whenever §: V — V is an isomorphism and v € A(V)—0 (Ag.=1 for all c€ Z*). The strongest
of these additional conditions, specifying the isomorphisms for direct sums of Fredholm operators,
seems to be the least natural requirement to make.

4 Linear algebra

4.1 Finite-dimensional vector spaces

In this subsection, we make a number of purely algebraic observations concerning finite-dimensional
vector spaces that lie behind the determinant line construction.

28



Lemma 4.1 ([11, Proposition 1(i)]). Every short exact sequence
00—V 5V v" 0 (4.1)
induces a natural isomorphism

Av: AV @ AMV") — M(V).

Proof. If vi,..., v} is a basis for V' and v1,...,v,€V are such that j(v1),...,j(ve) is a basis for V",
vi AL Avy and j(vr) A Aj(ve) span A(V') and A(V"), respectively. By the exactness of (4.1),
i(v)),...,i(v)),v1,...,v¢ is basis for V and so the map

Ay VIA. AV @5(01) AL A (vg) — (V)AL AVE) AviAL L A (4.2)

induces an isomorphism A(V/)@A(V"”) — A(V'). By the exactness of (4.1), each v; €V is determined
by j(v;) € V" up to a linear combination of i(v}),...,i(v}), and so the right-hand side of (4.2) is
determined by v, ..., v, € V" and j(v1),...,j(ve) €V”. Changing the collections v{,...,v; €V’ and
v1,...,0 €V by a kxk-matrix A’ and an ¢x/-matrix A, respectively, changes the wedge products
of the first k vectors and the last ¢ vectors by det A’ and det A, respectively, on both sides of (4.2).
Thus, the isomorphism induced by (4.2) is independent of the choices of collections v{,..., v, €V’
and vy,...,v9 €V as above. It clearly commutes with isomorphisms of short exact sequences. [
The next lemma follows immediately from the definitions of P in (2.31) and of Ay above.

Lemma 4.2. For every finite-dimensional vector space V,
P(v*) = (Pv)* Vo e A(V)-0. (4.3)
For every isomorphism §: V — W between finite-dimensional vector spaces,
AME)P((AO0)v)*) =P(*)  YveAV)-0. (4.4)
For every short exact sequence (4.1),
PNV Ave")*) = P"™) Ay« AG{*)TP(0™) Vo' e A(V') -0, v" e \(V/i(V')) 0. (4.5)

From (4.2), we immediately find that the isomorphisms Ay of Lemma 4.1 satisfy graded commuta-
tivity, as described by the next lemma. Corollary 4.4 below is a special case of this lemma (either
VTR:O or VBLIO).

Lemma 4.3 ([11, Proposition 1(ii)]). For every commutative diagram

0 0 0
0 VrL Vrum Vrr 0
0 VoL Vom Ver 0
0 VBL Veum VBr 0
0 0 0
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of exact rows and columns, the diagram

AVipp ®Avigy © id@R®id

A(VrL) @ A(VeL) @ A(Vrr) ® A(VBR) A(Vrm) @ A(Vewm)
| |

A Nver /\VfM
AV,
A(Ver) @ A(Ver) = A(Vew)
commutes.
Corollary 4.4. For every commutative diagram
0 ir 0
~ T A / \ “““ N
0 0 VLo Ver 0 0
N 7 7
~ v
/ . | \ )
£\ N ,
0 ViL Vee VRr 0
N7 EEE LT - - _ - -7 S

of 4 exact short sequences, the diagram

/\VLC®id
AVLL) @ AM(VLr) @ A(VRR) A(VLc) ® AM(VRRr)
id@/‘\VCR /\\‘/CC
¥ Avee v
A(VLL) @ A(Ver) AVee)

commutes.

4.2 Exact triples of Fredholm operators

We begin this subsection by extending the isomorphism of Lemma 4.1 to exact triples of Fredholm
operators. It is immediate from the explicit formula (4.10) for the new isomorphism that it satisfies
the Naturality II,III, Normalization II, and Direct Sums properties in Section 2. We verify that
it also satisfies the Dual Exact Triples property with ZSD given by (4.13) and the two algebraic
Compositions properties.

We will use the natural pairing of a one-dimensional vector space L with its dual given by
L*®L — R, a®uv— av).
If V is a finite-dimensional vector space and v € A(V'), we denote by
(v)y =dimV + 2Z € Zs
the degree of v as an element of the Zy-line A\(V).

Proposition 4.5 ([10, Proposition D.2.3]). Every exact triple t of Fredholm operators as in (2.11)
mnduces a natural isomorphism

U A(D') @ M(D") — A(D).
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Proof. By the Snake Lemma, (2.11) induces an exact sequence
0 — k(D) X5 k(D) 225 k(D) -2 (D) 5 (D) 25 ¢(D") — 0. (4.6)
By Lemma 4.1, there are then natural isomorphisms

AK(D)) ~ Mrk(D") @ A(Imjx), Ar(D")) =~ AImijyx) ® A(ImJ),

A(e(D')) ~ A(Im §) © A(Imiy ), Ae(D)) ~ A(Imiy) ® A(c(D")). (4.7)

Putting these isomorphisms together and using the natural evaluation isomorphisms, we obtain

AD") @ A(D") = A(K(D")) @ A*(e(D")) @ A(k(D")) ® A*(e(D"))

~ A(5(D)) ® A (Imjx) © X*(Imiy) © X*(Im 6) (4.8)
@ AImjx) @ AMImd) @ A*(¢(D)) @ A(Imiy) =~ A(k(D)) @ A*(¢(D)).
This establishes the claim. ]

For computational purposes, it is essential to specify the isomorphism of Proposition 4.5 explicitly.
With the notation as in (2.11) and (4.7), let

e = (ind D")o(¢(D")) + o(c(D))0(Im §). (4.9)
For t corresponding to (2.11), we define
(2@ (A(6)v Acpnw)* @ (A(Gx)u Awpmyv) @ AGy)y)*)

= (—D(A(ix)zAypyu) ® (Aly)w Agpyy) (4.10)
whenever
, KD) \ (RO N (e(D) «(D)
€MD), ““(iw(m))’ “<jx<n<D>>>’ GA<5<f~e<D~>>>’ y“(iy@(m))’

x,u, v, w,y # 0.
Thus, ¥ satisfies the Normalization II and Naturality II,III properties.

Remark 4.6. If §: V — W is a homomorphism between finite-dimensional vector spaces, the
isomorphism (4.10) applied to the exact sequence

0—0—k(6) —V-2W -5 ¢(6) — 0—0 (4.11)
induces the isomorphism
Us: X (W) @ A(V) — A(0), Us(Ber)=V;(1of@ra1"),
where Wy is the isomorphism (4.10) for the exact sequence (4.11). Explicitly,

U5 (AG)oAww)* @ (uAyw)) = (—1)2VRIVIFRITI =)y, @ 4%,
if  weAr(0)—0, veAV/k())—0, we () —0.
Thus,
g o Uyt M) — A(0) = A\(V) @ X (W),
w®wt —s (—1)C=CEENRED) (y Ay 0) @ (A(E)vAww),

is precisely the isomorphism (3.4).
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For any D'e F(X',Y') and D" e F(X",Y"), let
GNBDQD//: )\(D/) (=) )\(D//) — )\(D/@D”)
be the isomorphism Wy in (4.10) corresponding to the diagram (2.17). Thus,
= (—1)mdDRED (2 0)A. . A2, 0) A (0, 2]) A A0, 20)) (4.12)
@ (45, 0) A Ayer, 0) A (0,57) A .A(0,2))
whenever

TiA. Ay € Mk(D')) -0, YA Az € Me(D')) — 0,
PN Az € NK(D") =0, YA Ayl € A(e(D")) — 0.

The two Direct Sums properties on page 10 follow immediately from (4.12).

The next proposition shows that the isomorphism

which satisfies the Normalization III* property on page 14, satisfies the Dual Exact Triples prop-
erty. The extra factor of (—1)°(P) in (4.13) arises for the same reason as in the paragraph
containing (3.9). Due to this extra factor, the compositions of Dp with Dp« are the multiplication
by (—1)™4P not necessarily the identity, whenever the Banach spaces X and Y are reflexive.

Proposition 4.7. For every exact triple (2.11) of Fredholm operators, the diagram (2.35) com-
mutes.

Proof. With notation as in (2.11) and (2.35), we define
er, = (ind D")(ind D") + (ind D")o(¢(D")) + (ind D")o(c(D”)) + €, er = € + (ind D)2d(c(D)).

The isomorphisms (2.30) intertwine the analogue of the exact sequence (4.6) for t* and the dual
of (4.6):

0— k(D"™) y k(D*) 'y k(D) _ o(D") x ¢(D*) X (D) ——=0
TDD// TDD T@D, iv;;,, lvg lv;g, (4.14)

i * i

0 ——c(D")* Y ¢(D)* — = ¢(D')* 2= k(D")* = k(D)* —> K(D')* —=0.

In particular,
o(Im6*) = 0(Im d) = o(k(D")) + 3(k(D")) + 3(k(D)) = o(c(D")) + d(c(D")) + 0(c(D))

and so 2|(ep, —€R).
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Let x,u,v,w,y be as in (4.10). By (4.14), we can compute ¥ using

# = NDpIP (A ))") € A((D"™), 1= Ao (i) €A s )
o oy K(D'™) ¢(D")
0= Do) X FTEh ) = AP PG € A5y )
= A(Dp)P((Mix)a)) € A(JX(((%))))
By (4.3), (4.4), and the commutativity of the diagram (4.14),
P(A(Dp)z) = (Mi%)9)", (4.15)

MDp)P(w*) = A(iy)a, ADp)A(O") ' P(v*) =

A(Pp)P(y ) A(iy)E, MDp)A(Ey) ™ P(w’) =4,
ADpr)A(x)u = P(u") )
A(Pp)A(ix)z =Py, A(Pp)u = Afj

)\(DD)P((/\(W)U) Aepyy)*) = A3 )E A=) T, (4.17)
P()\(DDN)()\(]X)’U, /\K(D”)U)) = (A(é*)v /\C(D”*)w * s (418)
P(MDp)(A(ix)z Agpyu)) = (AGx)D Aqpy ) s (4.19)
respectively. By (4.13), (4.15), (4.16), (4.18), and (4.10), the image of
2@ (M) Agpryw)” @ (Aix)u Agpryv)@(AGy)y)™ € AM(D') @ A(D") (4.20)
under W oﬁDu®’5D/oR is
(=) (AG3)E Agpry @) @ (AGX)W Acpy§)™ € A(D¥).
By (4.10), (4.13), (4.17), and (4.19), the image of the element (4.20) under Dpo ¥y is
(=D (AGY)Z Anpy @) @ (A% Agpy¥)” € A(D*).
Since 2|(er, —e€R), this establishes the claim. O

For any Dy € F(X1,X2) and Do € F(X2, X3), let
Cp,.0y: A(D1) @ A(Dg) — A(DgoDy)

be the isomorphism Wy in (4.10) corresponding to the diagram (2.19). The exact sequence (4.6) in
this case specializes to

0 — #(D1) — K(DaoD1) 25 k(Dy) -2 ¢(D1) 22 ¢(DyoDy) — ¢(Ds) — 0, (4.21)
5(1‘2) = —x9 + Im D;.
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Let
¢p,,p; = (ind D2)d(e(D1)) + (2(c(D1)) +d(e(D2)))d(Im 6).
Then,

Cpy,02 (218 (0 Ay w)* @ (A(D1)u Ag(p,)v)@Y3)

* (4.22)
= (=1)P1P2(21 A (Dyopy) ) @ (A(D2)w Ae(pyopr)¥2)™s

whenever

11 €AR(D1)) = 0, y2€A(e(D2)) - 0, ueA(%>_07

veA(ﬂ(D;g}(ﬁnpl)> -0 w€A<n(Dg) fimm))

Proposition 4.8 (Commutativity of (2.22), [10, Proposition D.2.6]). For any triple of Fredholm
operators D1: X1 — Xy, Do: Xo— X3, and D3: X35 — Xy, the diagram (2.22) commutes.

- 0.

Proof. We denote by D” D’ the composition D" oD’ of two maps D’ and D” and define

€L = €Dy,Dy + €DyDy D5 €R = €Dy,D3 + €Dy,D3D; -
For i=1,2,3, let
zi € NkK(D;)) — and yi € A(c(D;)) — 0.
For (i,7) € {(1,2),(2,3),(1,23),(12,3)}, let
k(D;D;) X,
i €A JTV ) ; A — i €N J -
i € ( w(Dy) ) A ( D >) % W € (w(Djmm(Di)) v

where Dio=DyD;, Do3=D3D5, and Xo3= X5; see Figure 6. Below we choose these elements in a
compatible way.

Applying Lemma 4.1 to the exact sequence (4.21) with D; and Ds replaced by D; and D; with
(,7) as above, we obtain

0(k(D3)) = (u12,3) + (v12,3), 0(c(D1)) = (v1,23) + (w1,23) ,
D(C(DjDi)) = ( (Dz)) + O(C(Dj)) — <’Uz‘7j>, ind DjDZ' = ind D; 4 ind Dj ,

where (7,7)=(1,2),(2,3). From this, we find that

e, = A+ C({v12)+(v12;3)) + (u12,;3)(v12) mod 2,

er = A+ C((v2,3) +(v1,23)) + (v2,3)(w123) mod 2, (4.23)

where

A = (ind D3Ds) - 3(c(D1)) + (ind D3) - 9(c(D2)), € =0(c(D1)) +0(c(D2)) + 0(c(D3)).

34



In light of the top row in the first diagram in Figure 6, the bottom row in the second diagram, and
Lemma 4.1, we can take

U1,23 = UL,2 As(D3DyDp) U123 and  wizz = A(D2)wy 23 A X3 w3 . (4.24)
x(D1) x(Dg)+Im(Do D)

Along with Corollary 4.4, these equalities insure that

(21N (DaDy) U1,2) A(DsDsDy) U12,3) ® (A(D3)wiz s /\c(D3D2D1)y3)*

N (4.25)
= (ml AN(D3D2D1)U1723) ® ()‘(D3D2)w1723 /\C(DsDle) ()‘(D3)w273 /\C(D3D2) y3))

in A(D3D2D1). In light of the right column and bottom row in the first diagram in Figure 6, the
top row and left column in the second diagram in Figure 6, and Lemma 4.1, we can take

u2,3 = A(D1)ui2,3 A x(ny0y) I, V1,23 = V12 A w(D3Dy)
x(D2) (D3 Dg)NIm(Dq) (4 26)
v123 = MDo)u A wpy) 23, w2 = KA xy W13
x(D3)NIm(DyD1) x(Dg)+Im(D1)

for some

K(DgDQ)
He A(H(Dg) + H(Dng) N Im(D1)> -0

In light of the left column of the first diagram and the right column of the second diagram in
Figure 6, (4.26), and Corollary 4.4, we can take

w3 = AM(D1)u12 Ag(py) V1,2, T3 = AN(D2D1)u12.3 Ne(py) V12,3 = AM(D2)u2,3 Aw(py) V2,3 5 (4.27)

Y2 = V2.3 Ne(Dy) W2,3, Y1 = V1,2 N\e(Dy) W1,2 = V1,23 \(Dy) W1,23 -

Combining the above definitions of x2 and yy with (4.26) and applying Lemma 4.3 to the two
diagrams in Figure 6, we find that

A(D1)2 Aw(pypy) u2,3 = (—1)1239 L2 X (D1 Yus 93 A(pypy) 01,25 5 (4.28)
AM(D2)w1,2 A(DyDy) Y2 = (—1)l2artwn2s)y, Ne(DaDy) W12,3-

By (4.22), (4.27), and (4.28), the images of
T1RY] @ T2@Yys ® 23QY35 € AN(D1) ® A(D2) @ A(Ds3)

under CD20D17D3 o CDl,D2®id and CD1,D30D2 o id®CD2’D3 are

(_1)6L+<v2,3>(w1,23> ((xl Nk(DyDy) ul’g) Nk(D3D2Dy) U12,3) X ()\(Dg)’wlgg /\C(DngDl)yg)* and

*

(—1)rtluza)viz) (g Aw(DsDaD1)41,23) © (A(D3D2)w1,23 Ae(psyDy) (MD3)wa,3 Ac(pypsy) ¥3)) s

respectively. By (4.23), the second and third identities in (4.26), and (4.25), these two elements of
A(D3DyDy) are the same, which establishes the claim. O
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0 k(D2D1) k(D3D2Dr) k(D3D2D1) 0
+ r(D1) + k(D1) + k(D2D1)
W) >
A\ D1 (\}3\:} Dy (\y,\,‘b“ Dy
D3 D
0 QLH(DQ) k(D3 Ds2) QLHK(/%Q)Z) 0
&Y \y“»{b
k(D32) k(D3 D>) k(D3 D>)
0 d_H(DQ)mIm(Dl) +H(D3D2)ﬁ1m(D1) +H(D2)+H(D3D2)ﬂlm(D1) 0
i P N
NG 2
NG
0 0 0
0 0 0
0 k(D3D>) Do k(D3) k(D3) 0
H(D2)+H(D3D2)m1m(D1) H(D3)ﬂ1m(D2D1) R(Dg)ﬂlm(Dg)
\ﬁl— %O;I— "j_
N N
X. D2
0 (D3 Hm (D) ¢«(D2D1) - ¢(Dy) ———0
N \S»
>
X Do X X
0 +H(D3D2)—T—IH’1(D1) d_fi(D:;)—‘—In?l(Dle) R(D3)+13m(D2) 0
o o N
0 0 0

Figure 6: Commutative diagrams of exact sequences used in the proof of Proposition 4.8

Remark 4.9. The proof of this crucial proposition in [10, Appendix D.2] does not appear to
establish anything. Up to notational differences, it describes an expression for

{Cp,op1,05 © Cpy,p, ®1d} (21®Y} ® 22@ys @ 230y5) € A(DsoDao D)
without any signs and simply claims that
{éDLDgoDQ o id®C~'D27D3}(a:1®yf ® 22QYs ® 230Y5) € A(DgoDgoDy)

is given by the same expression, without providing an explicit formula for C D1,D,» USing the state-
ment of Lemma 4.3, or indicating the significance of the grading of the lines A(V'). As illustrated
by the proof of Proposition 4.8 above, the two expressions require auxiliary terms from different
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vectors spaces and it takes significant care to show that it is possible to choose them compatibly.
Furthermore, there are two typos at the end of the proof of the closely related [10, Corollary D.2.4]
with two subscripts that should be different being the same and resulting in the order of two factors
switched between the statements of [10, Proposition D.2.3] and [10, Corollary D.2.4].

Proposition 4.10 (Commutativity of (2.23)). For any pairs (t1,t2) of exact triples of Fredholm
operators as in (2.14), the diagram (2.23) commutes.

Proof. We continue with the notation described in the first sentence of the proof of Proposition 4.8
and define

t12 = CT(fl, fg), €1, = (ind Dlll)(ind D/2) + GD’l,Dé + EDY,DQ + €419 5 €ER = €4y + €ty + €Dy,D5 -

For k=1,2 and x =", let

* * Xk 1
T € )\(K<Dk)) - 07 y;{) € )‘(C(D;f)) - 07 y;c/ € A(Im(lk_ﬂ) -:Im(_Dk)> -0.

With % denoting /,” or a blank, let

e (5g) -0 A nimen) v <N o imwn)

see Figures 7 and 8. For k=1,2,12, let

8: k(DY) — ¢(Dy,),

where Dy = D4D} and DYy = DyDY, be the connecting homomorphisms in the sequences (4.6)
corresponding to t1, to, and t;9, respectively, and

D D// X/
ukeA<M)_o, vke/\(w>—0, wkeA(lkH)_o,
#(Dy) NIm(iy ) jk(K(Dk)) i1 (Im(Dy))
with 112 =11, j12=j1, and 12+1=3; see Figures 7 and 8. Define

- X
w" e /\<~1 7
D) (“(Dz)) + Im

Below we choose these elements in a compatible way.

(D1)> 0 by w” = AGe)d"

In order to describe the two relevant signs, we define
A = (ind D5) (¢} +¢[+¢5) + (ind DY + ind D) ¢} + ¢ K5, C=d+cf +c+c,
Ar =K1Ky + (K] +r5) () + (1 +65) () + ((0) + (")) (v12),
Ar = ¢fey + (ky+rg)(v1) + (1 Fe7) {v2) + ((v1) +(v2)) (v),
where k} =0(k(D})) and ¢ =0(c(D})) with i=1,2 and »=',". Applying Lemma 4.1 to the exact

sequences (4.6) with D* replaced by D, for =" and blank and k=1,2,12, and (4.21) with Dy,
replaced by Dy, for =", and blank and k=1,2, we obtain

ind Dy = ind Dj + ind D5, o(c(Dy)) = 3(c(Dy)) + 0(e(Dy)) — (v ,

4.29
ind DYDY = ind D} +ind D},  d(c(D3DY)) = o(D}) + 2(c(D%)) — (v%). (4.29)
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From this, we find that

e, = A+ C((V)+ (") +(v12)) + Ar + (v12),

er = A+ C((v1)+(v2) +(v)) + AL + (v1) + (v2), (4.30)
modulo 2. By the identities in the second column in (4.29),
(v) + (v1) + (v3) = C — 0(c(D2Dy)) = (v12) + (V') + (V") . (4.31)
From the exact sequences (4.6) and (4.21), we also find
Ry = () (v, = (o) (w), R =) (), g = (0%) + (W),
where i=1,2 and x=",". From this, we find that
(o) ) + (")) + ) (o) + () ) + G0 o) )

= Ap 4 Ar + ((v1) 4 (v2) +(v12)) () +(0") +(v))

modulo 2.

In light of the bottom row and right column in the first diagram in Figure 7, the top row and left
column in the second diagram in Figure 7, and Lemma 4.1, we can take

: /
u = Ai1)u Axyny) s Uy = UL A\ w(DyDy) M
x(D1) x(D2D1)NIm(iy) (4 33)
w=n /\# ’lFD”, w1 = )\(13_10D2)7] A Xé w2 ’
x(D2)+Im(Dy)

iz L(m(D3 D))
for some

k(DaDy) 5 (5(D3))
e A(K(Dl) + /{(DQDl) N Im(l1)> -9 me )\</€(D2) + ]2_21</€(Dg)) N Im(Dl)) — 0

Along with Lemma 4.3 applied to the two diagrams in Figure 7, these equalities insure that

(M) An(Dy) 1) Aw(DyDr) 1) @ (M(D2)wAc(pypyy (Ai3)w2Ae(py)¥3))"
(=)W @D 02D (X (i) (2] A(pypy) ) Aw(DaDy) t12) (4.34)
(=) ()\(i3)w12 AC(D2D1) ()\(DQ)@H A X3 y'Q’))*,

Im(ig)+Im(Do D)

in A(Dng)

We next make use of the three commutative diagrams in Figure 8. They can be viewed as the
three coordinate planes in Z3, with all three diagrams sharing the center and any pair sharing an
axis. We choose v/, w’, ug, va, v1,u”, p arbitrarily, then find ¢, w1, v12,v so that

v’ Ne(Dy) w' =y = \(61)v1 Ae(Dy) W15 V1 A w(pyppr) o’ = (—1)<“”><w1>/\(i1)ﬂ A eioyor) V12,
j1(x(D1)) i1(k(D2)) (435)
AV A oy up = (=D)MMIND) A py v,

~(D2)NIm(igDq) x(Dg)NIm(ig D)
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i1 k(D
0 \ ¢“(D/1) K(D1) n(Dlgﬁlln)a(il) 0
> N
i k(D2D
0 Kk(DyD1) - #(DaD1) J(Dggjf)mfrzl(il) 0
N
0 I{(DIQDII) i1 H(Dng) H(D2D1) 0
- H(D/l) + K(Dl) ﬁ(Dl)‘FN(DQDl)ﬂIm(il)
N N
0 0 0
0 0 0
0 i;l(N(Dlz/)) X5 X5 0
#(D2)+i3 ' (k(D§))NIm(D1) +"‘(D2)+Im(D1) WLJEI(H(DQ’))Hm(Dl)
A\
® i oDy v Dy N Do
X! i3 X
0 d_igl(lm(lg)zDﬂ) ¢(D2D1) T () F i (D2 D) 0
o
X4 i3 X
0 i (ImJ(Dz)) ¢(D2) Im(i:s)Jr13m(Dz) 0
«9"?}— ng»
0 0 0

Figure 7: Commutative diagrams of exact sequences used in the proof of Proposition 4.10
and finally take n, 2}, v” so that

L I (1)) X(Dyoj Hvig A

iz oy
x(Dg)+Im(ip D))

#(Dg)+Im(iz D7) (4.36)
A(2)u2 Aw(py) v2 = ly = M Dy )u" Ne(DY) V"
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By Lemma 4.3 applied to the three commutative squares in Figure 8, (4.35), and (4.36),

.1 .
AD1o3T ) (01 Awiogopy w) At oy (Mi2)wr Aoy 0")
i1(x(D1)) Im(iQDll) j;l(ﬂ(D’z’))ﬂIm(Dl)
= (_1)(u ><w1>)\(iz)()\(51)v1 Ae(Dy) w1) /\j2—1(H(D/2/)) (/\(D’ll)ul/ /\H(Dé/) 1)//)
Im(ip D)
= (=DM G) (0 Ay W) Aty (AG2)us Aw(py) v2)
Im(ig D)
o " + / . / . /
(_1)<u M w)+(w ><U2>()\<12)’U /\N(D ;Sgr?()i - UQ) Aj;1<K(Dé/)) ()\(lg)w A i L(s(DY)) Ug)
2 2+ Im(iz DY) #(Dg)+1Im(ig D))
1 —1
— (_1)<u ><w1>+(v><v12>()\(D1),u/\ - ;m(IDn?()' - v) /\51(&([)/2,)) (/\(Dlo]1 Juia A 7LDt n)
e 251 Im(izD}) #~(Dg)+Im(i3D})

= (=D)FEINDLT Y (G 1 A oy 112) Aptogy (VA iy )

i1(~r(D2)) Im(iy D)) i3 L (w(DY))NIm(Dy)

Along with the second equation in (4.35), this gives

: " __
Aliz)wy A ey V= (v A ) n). (4.37)
i3 H(s(DY))NTm(Dy) i3 L (~(DY))NIm(Dy)

In addition to the choices of ¥} and x} specified in (4.35) and (4.36), we take

i : : !/ i 7
2] = A(1)w Nk(DI) V15 A(2)yr = v Ne(Dy) W s
" ! : (4.38)

MDY Ay v’ Yo = A(02)v2 Ac(py) W2 -
By (4.33), the last two equations in (4.35), the first equation in (4.36), (4.37), and Corollary 4.4,
A2)wi Aoy 91 =0 Aoy @, Ai2)zh Axy) uz = (1) “DND1)u Ay, v,
ADy)w' Acipypy) v = (1) 12N (G12)v12 Ae(pypp) Wiz, (4.39)
2 Aoy oy @ = (D) CUNG ) wrg Awpypry 012
the third identity above also uses
AMD) = AiztoDa) o A(i2), A(d2) = A(i310Da) o A(ja) ™,  A(012) = A(iz T oDa) o A(D1oji h).

By (4.10), the second equality in the first identity in (4.35), the first equality in the last identity
in (4.36), the first and last equations in (4.38), (4.22), and the first two equations in (4.39), the
image of

1@y @ 2] @(A(2)y])* ® 25®ys @ 25 @(A(3)ys)" € MD]) @ A(DY) @ A(Dj) ® A(Dy)

under Cp, p, o ¥y, @y, is

*

(= 1) 2D (A (i1)2) Ag(py)ta) Au(pypy) 1) @ (MD2)wAc(pypyy (Alis)wa Agpy)uh))” -
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0
0 r(D3) i2 #(D2) K (D3)
o k(D%)NIm(DY) x(D2)NIm(i2 D7) k(D2)NIm(i2)
[N N2 .
)2
. 1 .
/ 2 ja _ (k(D3)) )2 "
0 N_C(Dl) Tm(iaD]) \\Jj(DQ)
¥ &Y
0 X} iz iy L (=(DY)) j2 #(Dy)
\+H(Dl2)+lm(D/1) H(Dg)-‘rlm(ilel) &EQ(K/(DQ))
» o
0 0 0
0 w(DY) K(DY DY) K(DY D) 0
& D) R (=(D1) R(D])
o> >
—1 17
01 D1 0j; Df
—1 % D//
0 ¢(D}) . ]le((iiD?))) = ﬁ(Dg) 0
\ )
WY SN2
0 X4 i iz (<(D) P2 w(Df) 0
iy ' (Im(Dy)) iz ' (k(DY))NIm(D) #(Dy)NIm(DY)
&
0 0 0
0 k(D2D1) 1 x(Dy DY) x(Dy DY) 0
+ R(D1)+H(D2D1)ﬂ1m(il) j1(I€(D1)) +j1(R(D2D1))
N Dy Dyoj! g Dyoj!
0 K(Ds) iz ((DY)) iz (D)) 0
K(DQ)ﬂIm(iQDII) Im(ingl) K(D2)+Im(i2Dﬂ)
0 K(Ds) iz ((DY)) iz (D)) 0
‘ %(D2)NIm(D1) i3 L (x(DY))NIm(Dy) QLN(DQ)H;(K(Dg))mm(Dl)
N A\
0 0 0
Figure 8:

Commutative diagrams of exact sequences used in the proof of Proposition 4.10



By (4.22), the first equality in the first identity in (4.35), the second equality in the last identity
in (4.36), the second and third equations in (4.38), (4.10), and the last two equations in (4.39), the
image of this element under Wy, o Cp; p, ®Cpy py 0 Id@R®id is

(—1) eI (X (i) (@ An(pypy) W) Ax(DaDy) 112)

® (A(is)wiz2 Acpypy) (A(D2)@" A X3 ys))"

T3 TIm (D7)
By (4.34) and (4.30)-(4.32), these two elements of A\(D2D;p) are the same, which establishes
the claim. O
4.3 Stabilizations of Fredholm operators

We now describe stabilizations of Fredholm operators which are used to topologize determinant
line bundles in the next section. In this subsection, we use them to deduce the Exact Squares
property on page 11 from Lemma 4.3.

For any Banach vector space X, N €Z=°, and homomorphism ©: RN — Y, let
ix.n: X —XaRY,  Dg: XeRY — Y, and Ze.p: A(D) — A(De)

be as in Section 3.1. Since D = Dgoutx;n and the projection 7y : XaRY —RY identifies c(tx;N)
with R, the corresponding exact triple (2.19) gives rise to the isomorphism

Top: MDe) — MD),  Town(0) = Coy 06 (10(QyoA(m2)) ® ), (4.40)
where Qy is the standard volume tensor on RY as before.

Lemma 4.11. Let X and Y be Banach vector spaces. For any homomorphism ©: RN —Y and
DeF(X,)Y), R .
To.p o To:p = (1) PNidy ).

Proof. Let

~

§: k(Do) — c(tx.ny) XRY  and  6:RY — ¢(D)

be the connecting homomorphisms in the exact sequences (4.21) and (4.6) corresponding to the
composition D= Dgovx.y and the exact triple (3.1), respectively. From the exact sequences

0 —Imd — c(tx;n) — (D) — ¢(Deg) — 0 and

0 — Imd —s ¢(D) — ¢(De) —> 0,
we find that

3(¢(De)) = 0(c(D)) — N +09(Imé) = d(c¢(D)) — o(Im ),
e é+ (ind D)N mod 2, (4.41)

where € and € are the sign exponents in the equations (4.22) and (4.10) corresponding to the com-
position D= Dgouvx,y and the exact triple (3.1), respectively.
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In order to describe the maps Zg.p and f@; D, we choose

Y

K N
vE )\<L)(;J\E(Z®()l)))>’ w e A(m) s.t. A(ma) (v /\X)?E]sév w) = Qn.

From (4.22) and (4.10), we find that

*

Zo.p ((A(tx;N)TAg(pe)v) @ Y) = ( Dz ® (A(De)w Aqpyy)

. . (4.42)
I@;D ($ ® ()\(D@)w /\c( DY ) 1 e()\(bX ‘N m/\n(D@) ) RY".
Combining this with (4.41), we obtain the claim. O
For any exact triple s of vector-space homomorphisms of the form
0 RV LoRN _JLRN
l@’ i@ le” (4.43)
0 y/ Yy My 0
we define A; € R* by
A(l)QN/ /\RN QN” = AS QN; (444)

this number of course depends only on the first row in (4.43). If t is an exact triple of Fredholm
operators as in (2.11), we denote by t; the exact triple

OHXI@RNI ixPi X@RN ix®j X”@RNH — 0
D‘é’ D¢@ D%l)//
0 Y’ R Y Y Y’ 0

of Fredholm operators.

Lemma 4.12. For every exact triple t of Fredholm operators as in (2.11) and for every exact
triple s of homomorphisms as in (4.43), the diagram

A(Dly,) @ A(D%,) T MDe)
Tor,r &Torm o lzw
AD) . A(D") ()P A A(D)
commutes.
Proof. By our assumptions, the diagram
0 X! X X X X 0
0—> X'@RY X&' yorN X9 X”EBRN" —0
A, A ol
0 Y’ X Y ¥ Y’ 0




commutes. By (4.10) applied to the exact triple tp in the top half of this diagram and (4.44),
Wi, (192 0A(7h)® 18 (QigroA(w)) = A7 (- D)V 16 (o (m2)),

where 75: X *aRN" — RN is the projection on the second component and = ='.” or blank. Thus,

the claim follows from Proposition 4.10 applied to the above diagram, along with (4.40). O

Corollary 4.13 (Exact Squares). For every commutative diagram (2.26) of exact rows and columns

of Fredholm operators, the corresponding diagram (2.27) of graded lines commutes as well.

Proof. We augment the domains in (2.26) by a commuting grid of finite-dimensional vector spaces,
obtaining a version of the commutative diagram (2.26) with surjective Fredholm operators; the
conclusion of this corollary holds for such a diagram by Lemma 4.3. The diagrams (2.27) corre-
sponding to the original and new diagrams (2.26) are related by Lemma 4.12. This gives rise to a
cube of commuting diagrams; see Figure 9. We put the new version of (2.27) on the back face and
the diagrams arising from Lemma 4.12 on the top, right, bottom, and left faces; this forces signs
on each edge of the front face in order to make the last four diagrams commute. The resulting sign
distribution on the edges of the front face may be different from the sign distribution (no signs) on
the original version of (2.27). However, by Lemma 4.3, the two sign distributions are equivalent
at least if the original diagram consists of surjective Fredholm operators. Since the signs involve
only the dimensions of the supplementary finite-dimensional vector spaces and the indices of the
Fredholm operators (not the dimensions of their kernels or cokernels), it follows that the two signs
distributions are equivalent in all cases; this establishes Corollary 4.13.

We denote the range of the operator D,, by Y,.. Let
Orp: RV — Vo, Opr: RYT™R — Yoy, Opr: RYEL — Yo, Opr: RVER — Yoy,
be homomorphisms such that
¢((D1L)er)s C((DTR);106pm)» C((DBL);, 065,) s € (DBR)in 0ic00mm) = 0- (4.45)
Let
Nom = Nt + Ntr,  Ncn = Nt + N,  Ncor = Ntr + NBr,  Nem = NgL + NpR,
Nem = New + Ner = Nov + Npw.
We define O, : RN+ —Y,, for (x, %) € {T,C,B}x{L,M,R} — {(T,L)} by
Orr =jT°OTR, OBL=jL°O8BL, OBR =R °iC°OBR =B °jM © ORR,
Orm(zrr, z1R) = it (O1L(211L)) + OTR(TTR), OcCL(2TL, 7BL) = iL(OTL(2TL)) + OBL(%BL),
Ocr (TR, BR) = iR (OTR(ZTR)) +ic(OBR(TBR)),
Opm(zBL, 2BR) = iB(OBL(7BL)) + iM(OBR(ZBR)),
Ocm(TL, TTR, TBL, BR) = iM(OTM(TTL, 2TR)) + ic(OBL(7BL)) + OBR (TBR)

for all z,, € RN+ with (x,%) € {T,B}x{L,R}. For any N’ < N, we denote by i: RN — RN
and j: RY — R the inclusion as RN @0V~ and the projection onto the last N’ coordinates,
respectively. We also define

i/Z RNCL — RNCM7 i/(xTL; xBL) = (xTL> 07 TBL, 0)7

. N N -/ _
j i RYOM — RTCR, '(zTL, TR, ZBL, TBR) = (ZTR, TBR),
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A(Dr1) ©A(Dpr) @A (Drr) @ A(Dpr)

Ur@Up oid®R®id ~ ~
TO¥p oo A(Drm)@A(Dpm)

|
|
L
‘PL|®‘I’R

(=1)*T Tr@Tp 0 id@R®id

ADrr) @A(DpL) @A (Drr) ®A(DBR)

—

A(DCL)®A(DZR)

(1B

I
|
|
I
I
|
I
B Y
CDTILOTR A(DcL)®A(Der) = — = == — -

/‘4 o

A D1m)@A(Dpwm) T

)\(DCM)

Figure 9: The cube of commutative diagrams used in the proof of Corollary 4.13, where D,.= (Dyx)o,.s Lix=Teo,,.D,., and U, are
the isomorphisms (2.20) corresponding to the top, center, and bottom rows and left, middle, and right columns of the regularized
version of the diagram (2.26) described in the proof



for all z,, € RN+, In particular, the diagram in Figure 10 commutes and its 6 rows and 6 columns
are exact.

By the commutativity and exactness properties of the diagram in Figure 10, the diagram (2.26)

with D, replaced by D,.=(Dyx)e,., ic: Xcr, — Xom and jo: Xeym — Xcr replaced by
ic®i’: Xep,oRYer — Xey@RYM and e s Xem®RYM — X @RNer |

respectively, and the remaining homomorphisms i, and j, on X.. by i,®i and j,@®j on X,oBRN=e,
respectively, still commutes and its 3 rows and 3 columns are still exact. Thus, by (4.45), the
Normalization II property on page 9, and Lemma 4.3, the diagram on the back face of the cube in
Figure 9 commutes. Let Z,.=Tg,,.p,, be the isomorphisms defined by (4.40) and

et = NTrNVpL + (ind Dcr,)NTR + (ind Drr)Npr, + (ind Dpr,)Ngr, €r = (ind Drm) N,
e = NTrNNVpL + (ind Dcr,) Ner, er, = (ind Drp,) Ngr, + (ind Drr) NBR.

By the commutativity of the 3 pairs of exact rows and 3 pairs of exact columns in Figure 10 and
Lemma 4.12, the diagrams on the top, right, bottom, and left faces in Figure 9 commute. This
implies that the diagram on the front face of Figure 9 commutes as well. By Lemma 4.3,

€T + €R + €B + €1, € 27 (4.46)
if ¢(Dyx) ={0} for (%,%) € {T,B} x{L,R}. Thus, (4.46) always holds (which can also be checked
directly), which establishes Corollary 4.13 in all cases. O
5 Topology

It remains to topologize each set dety y as a line bundle over F(X,Y") so that the Normalization I
property in Section 2 holds and the fiberwise homomorphisms (4.10) give rise to continuous maps.

5.1 Continuity of overlap and exact triple maps
For Banach vector spaces X,Y, X" Y/ X" YY" let
7-*<X7 )/'7 X/, }//7 X//, Y//) C T(X, }/7 le }//7 X//7 Y”)

denote the subspace of short exact sequences as in (2.11) with surjective Fredholm operators
D,D',D".

Lemma 5.1. Let X, Y, X"\ Y' . X", Y" be Banach vector spaces. The family of maps V¢ given
by (4.10) induces a continuous bundle map

V& ﬂ'fdetxl,y/ & ﬂﬁdetxu,y// — Wédet){,y
over TH(X,Y; X" )Y, X" Y").

Proof. We abbreviate T*(X,Y; X", Y"; X" V") as T*. Let to € T* be as in (2.11), with all seven
homomorphisms carrying subscript 0, and T: Y — X, T7: Y — X', and T”: Y" — X" be right
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0 0 0
0 ‘ 0 ‘ 0
0————|— - —>RNmL i - - — > RNt™M _! e sRNr_ _ _ _ _ >0
N o T
OrL : O1Mm : OTr :
£ . & : £
| T | )T |
0 Yrr, ‘ Yrum | Yrr ‘ 0
i I i
i i , iM Y , iR Y
0————|—o——sRNev _© _ | __sRNem _)_ _ _|_ _ _sRNer _ _ _ _ _ >0
I S |
‘QCL ; QCM : ‘Qc‘r{ ;
s | ic . | Jc g !
0 YoL ‘ Yom | Yer ‘ 0
¥ N N
L Y ) iM Y ) ir Y
0————|———>RVeL L _ | _ _,RNBM_L _ _|__ _,RNBR_ _ _ _ _ >0
e o o
©BL } OBM : ©BR }
- | B g | B s |
0 YBL ‘ YBMm | YBr ‘ 0
| | |
Y Y Y
0 0 0
0 0 0

Figure 10: The panel of commutative diagrams, with exact rows and columns, used in the proof of Corollary 4.13 to regularize the
square grid (2.26)



inverses for Dy, D{,, and D[, respectively. For each t as in (2.11) sufficiently close to ty and x=""

or blank, let
Dpgie: K(D*) — k(D)

be as in (2.5); this map depends on the choice of T*. We need to show that the map
Wit A(k(Dp)) @ M(Dg)) — A(k(Do)) (5.1)
described by
W(A(@ )2 @1 @ MNPy 2" ®1%) = (A( @) Vipe(a’ @) ® 17
depends continuously on t€ 7™ near to.

Since any homomorphism D’ or D sufficiently close to D{, or Dy is surjective, the sign in (4.10)
is +1. Let o, ...,z be a basis for k(Dj) and z1,...,z¢€k(Dp) be such that jx.o(z1),...,jx;0(ze)
is a basis for x(D{). If t as in (2.11) is sufficiently close to to, <I>_z;t(x’1), ey @Bz;t(xjk) is a basis for
k(D') and

ix (Ppgs (1)), - i (P (20)) € X"

is a basis for k(D"). In particular,
x(Ppre(@)) A Ajx (P () = F(1) ‘I’Bz/;t(jx;o(ﬁfl)) A -/\‘I’E)%/;f(ix;o(xe)) :
X(@Bz;t(mﬁ)) A. .. Aix (@52#(93;6)) ANOpL (T1) A ARLL (20)

= g(t) (I)l_)é;t(iX;O(xll)) A ./\(131_)(1);{(1)(;0(:132)) A (I)Bé;t(:lil)/\. . ./\(I)B(l);t(.ivg)
for some RT-valued continuous functions f and g. The homomorphism (5.1) is given by

9(t)
f®)

and thus is continuous. O

\IJ{O;{((x/l/\. . .Ax;€)®(jx;o(331)/\. . ./\jx;o($4))) = ix;o(xll)/\. . ‘/\iX;O(‘/L‘;{;) NTIN...Nxy

Corollary 5.2. Let X and Y be Banach vector spaces. For any homomorphism ©: RN — Y, the
family of isomorphisms Ze.p given by (4.40) induces a continuous bundle map

To: LgdetX@RN7y — detxy
over F*(X,Y).

Proof. By Lemma 4.11, Zg. p is the inverse of the isomorphism :I:f@,D given by (3.2). By Lemma 5.1,
the family of isomorphisms Zg,p induce a continuous bundle map

Io:detxy — L*@detX@RN,y

over F*(X,Y). This implies the claim. O
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Let X and Y be as above. The subsets
Ux;@ = {DGf(X, Y): C(D@) = 0}

form an open cover of F(X,Y’) as © ranges over all homomorphisms RN —Y and N ranges over
all nonnegative integers. We topologize detx y|vy. by requiring the bundle isomorphism

L%detX@RNA/ — detX7y, o —>I@;D(U) VUEA(D@), DG./."(X, Y),

to be a homeomorphism over Ux.g with respect to the topology on the domain induced by the
topology on det ygr~ y|r+(xor~,y) described at the beginning of this section. We next show that
this topology is well-defined.

Proposition 5.3 (Continuity of transition maps). Let X and Y be Banach vector spaces. For any
homomorphisms ©1: RN — Y and ©9: RN2 — Y, the bundle map

—1 Lk *
I@Q;DOIGND . L@1detX@RN1 7}/ — L@2detX®RN2’Y,
s continuous over Ux.9,NUx.0,.

Proof. Let N=Nj+ No,
t,09: RN RN s RV o RV2 — RV

be the canonical embeddings, and
tex = 1dx @t XORY — XoRY
for k=1, 2. Define
0: RN —vY by ©O(u1,u2) = O1(u1) + Oa(ua).
Thus, the diagram

XpRM
\ D91
LX;Ny L1 x \
X LGN XoRN 22y
AN 7 /
X;Ng\ /LZ;X D@2
commutes. By Proposition 4.8, the diagram
o )‘(D@1) o
‘ AL
192;D91 U
: id®C,y D >
Alexing) @ Atr;x) @ A(De) Alexsng) @ A(Dey)

~ [ _ \
CLX;Nl p;x ®id _ C‘X;N Doy

A v CLX;Nch} \&

A(Dg) i = AMex;n) @ A(De) A(D)

~ A A
CLX;NQvQ;X ®id _ CLX;N Doy

| id®CL2;X,D(_) %

Alexing) @ Alizix) @ A(De) Alex;ng) ® A(Dey,)
>

I@1;D@2C’IR;D e

= \(Dey)
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also commutes (excluding the dotted arrows). We define the isomorphisms A, Ay, As in this dia-
gram by
A(o) = 1@ Qyol(m) ® o, Ag(or) = 1@ Qy, oA(m2) ® oy, (5.2)

where my: ¢(1x.n, ) — R is the isomorphism induced by the projection X @R — RNk; thus,
Ze:p = CMLX;N,D(.) °oA, ZTo,:p = @X;Nk,D@k oAy, k=1,2.
Let R: X®RY — X ®RY be the isomorphism given by
R(z,uy,uz) = (x,ug,u1) V(z,ui,uz) € XoRM pRN:
and
Tr:p=Ir,dy Do AM(De) — A(DeoR™") = A(Zray (De)),

T _ 7 —1
IR§N1 :Z-idX@RNQ ’R_1|[/X€DRN2;N1 : A(LXGBRNQ;Nl) — )\(R OLX@]RNQ;Nl) - A(1’2,)()

be the corresponding isomorphisms as in (2.4).
Since 11, x =LxgrN1 N,
. a -1 * *
{ld®cb1;x;7D@} (Al(I@z;Del (U)>) = 1®(QN1 oA(mz)) ® 1®(QNQO)‘<WR;N2)) ®o,

where 7. N, : ¢(t1.x) — R™? is the isomorphism induced by the projection X ®@RY — R™2 onto
the last Ny Euclidean coordinates. Since

Coxany wnix (10(Qi, 0A(m2)) © 10 (U, oA (TR; v, ) = ()N 21 ® (oA (m2))

by (4.22), we find that
Toip ©Zeyp = (~1)"Ig p, . (5.3)

On the other hand, 9, x :R_IOLX@RNQ;Nl. By Proposition 4.8 applied to D@oR_IOLX@R%;N1 and
the Naturality III property on page 9, the diagram

-:fR;Nl ®id

Aexarna:n,) ® A(De) A(2;x) @ A(De)
I_ |
d®ZR;p 5 Cig,x Do
CLXEBRNQ,Nl,D@oRfl ;
AltxerN2;n,) ® A(DeoR™) : A De,)

commutes. Since

Irn, (10(Q, oA (RN, ) = 1 ® (Qy, oA (Tam, )

where 7.y, ¢ ¢(t2.x) — RV is the isomorphism induced by the projection X ®RY — R onto
the first N7 Euclidean coordinates,

{id®C,, x,. 00}~ (A2(Zoy;06, Trip(0)))) = 10(Qh,0A(12)) ® 18 (U, oA (ML, ) © 0 -
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Since

Cuxingrizx (18(Q, 0A(m2)) © 1@ (Qy, oA (T, )
= (=DM 1@ (A(rg/v, )V, A AL, 2N, ) " = 1@ (QyoA(m2))

by (4.22), we find that N
Z(S,ID © Z@2§D = I]E,ID © I(Sll;D(_)z : (54)

From (5.2), (5.3), and (5.4), we conclude that

—1 _ N1N2 T —1
I@Q;D OI@uD = (—1) L ZQUD@Q OIR;D OI®2;D61.

The outer maps on the right-hand side above are continuous over Ux.e, N\Ux.e, by Corollary 5.2,
while the middle map is continuous over Ux.e, NUx.e, by Lemma 5.1. Ul

Corollary 5.4 (Continuity of (2.20)). Let X,Y, X", Y’ X" Y" be Banach vector spaces. The family
of maps V¢ given by (4.10) induces a continuous bundle map

v WidetX/7y/ ® Wﬁdet){//7y// — Wédetx,y
over T(X,Y; X", Y'; X", Y").

Proof. We abbreviate T(X,Y; X" Y'; X" Y") as T. Let tg € T be as in (2.11), with all seven
homomorphisms carrying subscript 0, and

O:RY Y’  and O":RN Yy

be homomorphisms such that Dj € Uxr.er and D{j € Uiy, godn- Let N=N+N" i: RN — RN

be the inclusion as RN x0N" and j: RN — RY" be the projection onto the last N coordinates.
For each t€T as in (2.11), define

O¢:RY — X, O, 2") =iy (0'(x")) + @ (") V(«/,2") e RN aRY",
o' RV — X", o/ (z") = jy (6"(z")) Va' eRY".

Thus, the diagram s(t) given by

0 RV L. RN _J RN 0
l@/ let @v(/
0 y Y sy Yy 0

commutes for every exact triple t as in (2.11), and we obtain an embedding
T — T(XeRV,V; X' oRY Y X"aRYY"),  t— ty.

Since A4 =1, by Lemma 4.12 the diagram

/ " lptﬁ(‘)
I@’;D’éIG"/;D” lI@)UD
_1)(ind D)N""
A(D') @ A(D") D - A(D)

o1



commutes. By the definition of the topologies on the determinant line bundles, the vertical arrows in
the above diagram induce continuous line-bundle isomorphisms over the open subset of 7 consisting
of the exact triples t as in (2.11) so that D' € Ux.,er and D" € Uxn.gy. By Lemma 5.1, the top
arrow induces a continuous line-bundle isomorphism over the same open subset. Thus, the bottom
arrow in this diagram induces a continuous line-bundle isomorphism as well. O

5.2 Continuity of dualization isomorphisms

We begin by verifying the Normalization I’ property on page 12; see Lemma 5.5. This allows
us to confirm the continuity of (2.36) over F*(X,Y); see Lemma 5.6. The continuity of (2.34)
over F(X,Y) then follows from the Dual Exact Triples property on page 13; see the proof of
Corollary 5.7. For each De F(X,Y), let

qp: Y — ¢(D), y—y+ImD,

be the projection map as before.

Lemma 5.5 (Normalization I'). Let X,Y be Banach vector spaces. For every Doe F'(X,Y) and
right inverse S: ¢(Do) —Y for qp,, there exists a neighborhood Up, s of Dy in F'(X,Y) so that
the bundle isomorphism (2.29) is well-defined and continuous.

Proof. By the Open Mapping Theorem for Banach vector space,
Upys ={DeF(X,Y): Y =ImD ®ImS}
is an open neighborhood of Dy in F/(X,Y). Let
nx,7s: Y =ImDy®ImS — Im Dy, Im S
be the projection maps and D 1. Im Dy — X be the inverse of the isomorphism
Dy: X — Im Dy, r — Dyx.
For each D€ Up, g, the map
VYpe.p: Y — Y, y — DoDytomx(y) +ms(y) Vyey,
is an isomorphism so that
D=1vp,p,oDpoidy’  and  ¥p.p,(y) — ¥pin, (S(ap,(y))) € Im D.

By the last property,

Tiax wpipy = Lbo.s:0: M(Do) — A(D).
Since 9 p,;p depends continuously on D, the claim follows from the continuity of (2.20) and the

Naturality III property. O

Lemma 5.6. Let X,Y be Banach vector spaces. The family of maps 2513 given by (2.36) induces
a continuous bundle map

D: detX7y — D*dety*,x*

over F*(X,Y).
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Proof. Let Doe F*(X,Y), T: Y — X be a right inverse for Dy, and
m7: X = k(Do) ®ImT — (D), r—x—TDx VzelX,
be the projection map. Thus, the homomorphism
S:e(Dy) — X7, a+1Im Dy — aly(py) o 71,

is a right inverse for gpx. By the Normalization I property on page 5 and Lemma 5.5, it is sufficient
to show that the map

IB§7S;D*075DofDO7T;D_DO: (Do) — A(D) — A(D*) — \N(D})
depends continuously on DeUp, s. By (2.5), (2.36), and (2.28), this map is given by
z®1* — 1® P(A(Dp,)z),
which establishes the claim. O

Corollary 5.7 (Continuity of (2.34)). Let X,Y be Banach vector spaces. The family of maps Dp
given by (4.13) induces a continuous bundle map

D: detxy — D*dety*7X*
over F(X,Y).

Proof. Let D€ F(X,Y) and ©: RY — Y be a homomorphism so that D € Ux.e. By the Dual
Exact Triples property for the commutative diagram

LX;N

0—X —>XaRN RN 0
]
0 y — y 0 0,
the diagram
A(D) @ A(j) ———=A(De)
ByePoer iﬁ%
A" ® A(D*) ———= \(Dp)

commutes. The horizontal arrows in this diagram induce continuous bundle maps by the continuity
of (2.20); the right vertical arrow induces a continuous bundle map over Ux.g by Lemma 5.6. The
isomorphisms R and ZSj on the left-hand side of this diagram do not depend on D. Thus, the
isomorphisms 75[) also induce continuous bundle maps over Ux.e. ]
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