Math53: Ordinary Differential Equations
Winter 2004

Problem Set 4 Solutions

Section 7.2: 8,14 (6pts)

7.2:8; 2pts: Consider the line L in R? with the parametric equation

= () (%)

Is L the solution set for a system of linear equations?

=(6)-(3)H(8) = roon e

Thus, L is the solution set for the one-equation system |z = —2, (z,y) € R?| in two variables.

7.2:14; 4pts: Find a parametric representation for the solution set of the system of equations

T, + 229 — 223 + 14 = 2
m2—3x3—x4:3
:L’g—x420

What is its dimension? How would you describe the solution set?

T1 + 2209 — 223+ 14 = 2 T+ 219 — x4 = 2 T, = —4—Txy
To —3x3 — T4 =3 <~ To —4xs =3 <~ To =3+ 4xy
x3—m4:O I3 = T4 T3 = X4
X1 —4 —Txy —4 -7
. wp | | 3dm | [ 3}, 4
x3 T4 0 1
T4 T4 0 1

The solution is a line in R*, and it has dimension 1.
Section 7.4: 16,20 (7pts)

Determine whether each of the matrices

3 -1
A—<0 0> and B =

S O =
S ==
=

is singular. If not, find its inverse.

Since the determinant of A is zero, Since the matrix B is upper-triangular, det B



is the product of the diagonal entries. Thus, det B=1%#0 and ‘B is nonsingular| The inverse of
any non-singular matrix can be computed in three steps, which for a 3x3 matrix are:

det Bll det Blg det Blg det Bll —det Bgl det Bgl
B — det B21 det BQQ det 323 — —det 312 det B22 —det 332
det B3; det B3y det Bss det B3 —det Bys  det Bss

det Bll —det Bgl det Bgl
—det Blg det B22 —det ng
det B13 —det Bys det Bss

det B

where B;; is the square matrix obtained from B by removing ith row and jth column of B. In this
case, we get

100 1 -1 0 1
B — 110 — 0 1 -1 — 0 1 -1
011 0 O 1 0

Section 7.5: 14,26 (9pts)

7.5:14; Tpts: Check whether the vectors

-8 -2 8
v = 9 Vo = 0 vy = | —18
—6 7 40

are linearly independent. If not, find a nontrivial linear combination that equals zero.
Since there are three three-vectors, we can simply check whether the determinant of the correspond-

ing matrix is nongero:

-8 -2 8 4 1 —4
det { 9 0 —18 ) =(-2)-9-det 1 0 -2
-6 7 40 —6 7 40

=—18(4-0-40+ (-6)-1-(-2)+(4)-1-7—(4)-0-(-6)—4-7-(-2)—40-1-1) = 0.

Thus, the three vectors are ‘linearly dependent ‘ We now need to find a solution to the linear
System

4 1 —4 o 0 4c1 +cp —4e3 =0 c1 = 2c3
1 0 -2 co|l=10 <~ c1—2c3=0 <~ deg+c0 =0
=6 7 40/ \cs 0 —6¢1 4 Teg + 40c3 = 0 28¢3 4 Tea = 0
(4] 2
=2
“ “ - c | =14 < |2vi —4vy +v3 =0
Cy = —463 3 1



7.5:26; 2pts: Find a basis for the nullspace of the matrix A = (—3 5).
We need to find a solution to

A<61> =0 < —3c14+5e=0 < c;=3¢;/5 = <01>= <5>
C9 Co 3

Thus, the single-element set {V1 = <g> } is a basis for the nullspace of A.

Section 7.6: 14,28,44 (21pts)

7.6:14 (a; 5pts) Let A be an nxn-matriz. If row i is a linear combination of the preceding rows,
prove that the determinant of A is zero. State and prove a similar statement about the columns of
A.

We first state and prove the analogous statement for the columns of A:

If column j is a linear combination of the preceding columns, then det A=0.

Let A=[vi,Va,...,Vy], where v; denotes the jth column. Suppose that the jth column is a linear
combination of the columns that precede it, i.e.

C1
Cj—1 0
vij=cvi+...+¢-1Vj1 — A -1 =
0 0
0

Thus, the equation Ax=0 has a nonzero solution, and det A=0 by Corollary 6.3 on p385. On the
other hand, if the ith row of A is a linear combination of its preceding rows, then the ith column
of the transpose AT of A is a linear combination of the preceding columns of A”, and thus

det A = det AT =0.
(b; 3pts) Explain why the determinant of each of the following matrices is zero:
1 2 3 1 2 3 1 1 0 1 15
-1 11 3 0 3 -1 11 -1 11
0 3 4 -1 10 1 31 1 0 2
In the first matrix, the third row is the sum of its first two rows. In the second matrix, the third
column is the sum of its first two columns. In the third matrix, the third row equals twice its first

row added to its second row. In the fourth matrix, the third column is the sum of twice its first
column and three times its second column. By part (a) of the problem, it follows that all four



matrices have zero determinant.

7.6:28; 8pts: Compute the determinant of the matrix

-1 0 -1
A=11 1 2
2 1 3

If the nullspace of this matriz is nontrivial, find a basis for it. Determine if the column vectors in
the matrixz are linearly independent.

To calculate the determinant, expand along the first row:

det [ 1 1 2 | =(-1)det bz + (—1) det Ll =—-1+1=0.
9 1 3 1 3 2 1

Since det A=0, the nullspace of A is nontrivial, and the column vectors of A are linearly dependent.
We now find a basis for null(A):

-1 0 -1 1 0 —cp—c3=0 c3=—01
1 1 2 co | =10 <= c1+c+2c3=0 <= co—c1 =0
2 1 3 c3 0 2c1 +co+3c3 =0 cg—c1=0
C1 1
Cy) = C1
= <= co | = 1 |c.
{63:_01 C3 -1

Thus, {(1,1,—1)T} is a basis for null(A).

7.6:44; 5pts: Compute the determinant of the matrix

1 2 =3
0 6 -2
-2 3 2

Is there a monzero vector in the nullspace?
To compute the determinant, expand along the first column:

1 2 -3
det | 0 6 —2 zl-det<§ _22>—2.det<2 :g)
-2 3 2
= (6-2—(—2)3) —2(2(-2) — (-3)6) =18 — 28 =

the nullspace is trivial‘ it consists only of the zero vector.

Since det A0,
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Figure 1: Component and Phase-Plane Plots for Problem 8.2:13

Section 8.1: 10 (4pts)

Show that the functions x(t)=e' and y(t)=e~" are solutions to the initial value problem
Tz = :132y
{ , ) z(0)=1, y(0)=1.

The initial conditions are satisfied, since 2(0) =e” =1 and y(0) =" =1. Both equations hold,
since:

Section 8.2: 13 (7pts)

Match each component plot in the first row of Figure 1 with its phase-plane plot in the second row.
FExplain your reasoning.

I. x and y start, at t=0, at a small nonzero value. Thus, the corresponding phase-plane sketch
is D. Note also that x and y exhibit an oscillatory behavior that dies out as ¢t becomes large. Thus,
(z(t),y(t)) must spiral down to a point as t — oo. This is the case only in D.

II. z starts out very large, while y starts at a small nonzero value. Thus, the corresponding phase-
plane sketch is A. Note also that for ¢ large, x ascends to a small nonzero value, while y decays to
zero. In other words, (z(t),y(t)) approaches a nonzero point on the z-axis from the left and above.
This is the case only in A.

III. = starts at a small nonzero value, while y starts out very large. Thus, the corresponding phase-
plane sketch is B. Note also that for ¢ large, x decays to zero, while y ascends to a small nonzero



value. In other words, (x(t),y(t)) approaches a nonzero point on the y-axis from the right and
below. This is the case only in B.

IV. x starts out at a small nonzero value, while y starts at zero. Thus, the corresponding phase-
plane sketch is C. Note also that = and y oscillate around finite values without decay. Thus,
(z(t),y(t)) must move along a curve around some region in the plane, except at the beginning.
This is the case only in C.

In brief, [I—D, Il—A, MI——B, IV——C]|

Section 9.1: 6,54 (10pts)
. e . . . -2 5
9.1:6; 3pts: Find the characteristic polynomial and eigenvalues for the matric A= 0 2

p(\) = det(A—A\I) = det (‘20_A QEA> =(-2-N)2-)N)=[\—-4

The eigenvalues are the zeros of p(A): ‘ A1 =—2and A\ =2 ‘

6 0

9.1:54; 7Tpts: Diagonalize the matriz A = <8 9

> by first finding its eigenvalues and the

corresponding eigenvectors.
Since this matrix is lower-triangular, the eigenvalues are the diagonal entries: A1 =6 and Ao =—2.

. . 0 .
Furthermore, an eigenvector for Ay is vo= < 1). We next find an eigenvector for Ai:

(A—)q[)vl =0 < 00 “ = 0 < 8¢ —8c0 =0 <= cy=¢c; = v = 1 .
8§ —8 Co 0 1

We have A = VDV ™!, where

o= (5 £) (5 ) veeman () = v (4 )

Section 9.2: 1,4,10,24,26,30,38,40,44 (71pts)

9.2:1; 9pts: Find the general solution to the system of linear ODFEs

y'=<(2) :?)y, y =y(®).

Sketch the phase-plane portrait of solution curves.
Since the matrix A is upper-triangular in this case, the eigenvalues of A are the two diagonal

. 1Y\ . . . .
entries, A\ =2 and Ay =—1. Furthermore, v{ = < 0> is an eigenvector for A with eigenvalue A\; =2.
We next find an eigenvector vy corresponding to Ay =—1:

2—)\2 —6 Cc1 . 0 301—60220
0 -1 — )\2 Co - 0

< 1 =2c9 — Vg = 2
0=0 1 = 2C2 2= 14/



Figure 2: Phase-Plane Plots for Problems 9.2:1 and 9.2:4

The general solution to the ODE is thus given by

y(t) = Cye? <(1)> + Cye™t <i> or x(t) = C1e?* + 2Cse7, y(t) = Cre™?

A phase-plane sketch is the first plot in Figure 2. The origin is a saddle point. The solutions move
away from the origin along the two half-lines generated by the vectors v; and —vi, since A\; >0,
and approach the origin along the two half-lines generated by the vectors vo and —vsy, since Ao <0.
Other solution curves approach one of the first two half-lines as t — oo and one of the latter two
half-lines as t — —o0.

9.2:4; 9pts: Find the general solution to the system of linear ODEs

Y=<;f:f>% y =y(t).

Sketch the phase-plane portrait of solution curves.
Since the matrix A is upper-triangular in this case, the eigenvalues of A are the two diagonal

0
A1 =-3. We next find an eigenvector vo corresponding to Ao =—1:

3 6 ) () e =0 s v (T
0 “1-x ) \ea) ~ N0 0=0 L= 7o 2= \1 )

The general solution to the ODE is thus given by

entries, A\{ = —3 and Ay = —1. Furthermore, v; = < ) is an eigenvector for A with eigenvalue

y(t) = Cre™3 <(1)> + Coe™t ( 13> or x(t) = Cre 3 — 30", y(t) = Coe™?

A phase-plane sketch is the second plot in Figure 2. The origin is a nodal sink. The solutions ap-
proach the origin along the four half-lines generated by the vectors +v; and £vs, since A1, Ay <0.
All other solution curves must also approach the origin as t — oco. Their slope approaches that of
the half-lines generated by vy as t — 0o and that of the half-lines generated by v as t — —oo,



since Ao > \1. However, none of these solution curves approaches a horizontal line as t — —oc.

9.2:10; 5pts: Find the solution to the initial value problem

y = <_03 :?) y,  y(0)= G)

By 9.2:4, it remains to find C7 and C5 such that

1 -3 1 1 —3Cy =1 Ci=4
0) = C C — — =
y(0) 1<0>+ 2<1> <1> {02:1 {02:1

Thus, the solution to the IVP is

y(t) = de=¥ <(1)> +et (‘f’) or m(t) = de=3t — et y(t) = et

9.2:24; 9pts: Find the general solution to the system of linear ODFEs

y = <_41 _32>y, y =y(t).

Sketch the phase-plane portrait of solution curves.
The characteristic polynomial for this system is

A2 — (14 3)A+ ((-1) -3 — (-2) - 4) = A — 2\ +5.

Thus, the two eigenvalues are A, Ao = 14+2i. We next find an eigenvector vy corresponding to

A =1+2i:
<—1—)\1 -2 > <c1> _ <0> — —(2+2i)c; —2co =0
4 33—\ Cy 0 dey 4 (2—2i)ce =0

. 1
— o =—(14i)c; = wvi= <—1—i>’

Since our matrix is real, while v is complex, its complex conjugate

_ 1
vzEvie <—1—|—z’>

must be an eigenvector with eigenvalue Ay =\; =1—2i. Thus, the general solution to the ODE is

C eQit—l-C €—2it
_ At Aot _ ‘ 17" +Co ‘ '
y(t) = Cre’''vy + Cae™'vy = e <_(Cle2zt+c2e—2zt) _ Z'(Cle2zt_c2e—2zt)
o Aqcos2t + Ay sin 2t
=€ —(Al —|—A2) COS 2t+ (Al—AQ)SiH 2t




au N
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Figure 3: Phase-Plane Plots for Problems 9.2:24 and 9.2:26

A phase-plane sketch is the first plot in Figure 3. The origin is a spiral source. The solutions
spiral away from the origin as t increases. They spiral out counterclockwise, since the entry in the
lower-left corner of the matrix is positive.

9.2:26; 9pts: Find the general solution to the system of linear ODFEs

y' = <_02 _44> y, y=y().

Sketch the phase-plane portrait of solution curves.
The characteristic polynomial for this system is

A= (0—DA+ ((—4)-0—4-(=2)) =\ +4\ +38.

Thus, the two eigenvalues are Aj, Ao =2(—1414). We next find an eigenvector v; corresponding to

A =2(=1+1):
<O—)\1 4 > <c1> <o> 2(1—i)cy +4co =0
= <
-2 —4-)\ )\ 0 —2¢; — 2(1+i)cy = 0

. —1—1
= g =—(14i)ce = V1:< 1 >

Since our matrix is real, while v; is complex, its complex conjugate

_ —1+413
(1)

must be an eigenvector with eigenvalue Ao = \; =2(—1—4). Thus, the general solution to the ODE is

Cl e2it + 026—21'15

_| g2 (—(ArtAg) cos 2t + (Ay — Ap) sin 2t
B Aqcos2t + Agsin 2t

y(t) — Ole)\ltvl + 026)\2tv2 — e—2t <_(Cle2it+02€—2it) _ i(01€2it_02€—2it)>




A phase-plane sketch is the second plot in Figure 3. The origin is a spiral sink. The solutions spiral
into the origin as ¢ increases. They spin clockwise, since the entry in the lower-left corner of the
matrix is negative.

9.2:30; 5pts: Find the solution to the initial value problem

y = <_41 _32>y7 y(0) = (?)

By 9.2:24, it remains to find A; and As such that

o= (i) - () = b =

Thus, the solution to the IVP is

oy —sin2¢
y(t)=e <cos 2t +Sin2t>

9.2:38; 10pts: Find the general solution to the system of linear ODFEs

y’=<::1)’ _11>y, y =y(t).

Sketch the phase-plane portrait of solution curves.
The characteristic polynomial for this system is

M= (B-DA+((3)- (1) =1- (1)) =2 + 4\ +4= (A +2)%

Thus, there is only one eigenvalue, A=—2. We next find an eigenvector v; for A=—2:

(—3—)\ 1 ><c1>_<0><:> —ate=0 :>V_<1>
1 —1-x)\e 0 e 4y =0 =" ! 1)

We now pick a simple vector va, express Avy—Avy in terms of vi, and then compute e*4vsy:

V2:<(1)> - sz—)\w:(:i’>_<_02>:(_1).vl

tA —2

= tAvy = (—t)vi + (—2t)ve = €"“'vo = —te 2

tvl +e “va.

The general solution to the ODE is thus given by

y(t) = Cre vy + Co( — te ?tvy + e_2tv2) =|e 2 <

C1+Cy—Cot
C1 — COqt

A phase-plane sketch is the first plot in Figure 4. The origin is a degenerate nodal sink. Each
solution curve descends to the origin as t — 00, and its slope approaches 1 as t — 4o00. In order

10
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Figure 4: Phase-Plane Plots for Problems 9.2:38 and 9.2:40

to see which way the solution curves move on the two sides of the line Rv;, we need to determine
whether Cy >0 or C5 <0 on each of the two sides of this line. The line itself corresponds to Cy=0.
We know that if Co >0, the point y(t) corresponding to C and ¢ will lie either to the left or to the
right of the line, with left or right being the same for all C; and t. Thus, we can test this using
C1=0 and t=0. In this case, y(t)=(1,0) lies to the right of the line. Thus, Cy is positive to the
right of the line. By looking at y(t), we see that if Cy >0, the z- and y-coordinates of y(¢) become
very large and positive as t — —o0, and become negative as t — o0o0. Thus, the solution curves on
the right of the line Rv; rise up in the direction of +v; as t — —o0 and approach the origin from
below left as t — 0o. The picture on the left side of the line Rv; is just a reflection about the origin.

9.2:40; 10pts: Find the general solution to the system of linear ODFEs

y’=<_42 _21>y, y =y(t).

Sketch the phase-plane portrait of solution curves.
The characteristic polynomial for this system is

A — (2420 + ((-2) -2 — (1) - 4) = A%

Thus, there is only one eigenvalue, A=0. We next find an eigenvector v; for A=0:

<_2_)‘ ! ><61>—<0> e TP e=l L e — —<1>
4 2—A co 0 deg + 209 =0 2 ! ! -2/

We now pick a simple vector va, express Avo—Avy in terms of vq, and then compute e*4vy:

V2:<(1)> — sz—)\V2:<_42>_<8>:(_2).V1

= tAve = (=2t)vy + (0t) vy = ethvy = (—Qt)e_Otvl 4 e Oy,

The general solution to the ODE is thus given by

y(t) = Cre %y + 02( —2te Vv + e_OtVQ) = <

C1+Cy—2C5t
—2C1 +4C5t

11



A phase-plane sketch is the second plot in Figure 4. The origin is an unstable equilibrium, and so
is every point on the line y=—2z.

9.2:44; 5pts: Find the solution to the initial value problem

y = <:? _11>y, y(0) = <_03>-

By 9.2:38, it remains to find C; and C5 such that
C1+Cy 0 Ci+Cy,=0 Ci=-3
y(0) = = = =
Cl -3 01 =-3 02 =3

Thus, the solution to the IVP is |y (t) = —3e~2 < t >

1+1

Section 9.4: 14 (10pts)

Solve the initial value problem

-3 0 -1 1
y=1|3 2 3]y, y(0)=| -1
2 0 O 2

The characteristic polynomial p(A) for the matrix is:

3-A 0 -1 ey
det(A—AI) = det 3 2—=X 3 | =(2=X)det
2 0 -=A 2 A

= —A=2)(N+32+2)=-A=2)A+ 1)\ +2).

The eigenvalues are A\ =—2, Ay =—1, A\3=2. For each of these, we find an eigenvector:
-3-\ 0 -1 c1 0 —c1—c3=0
A =-—2: 3 2— )\ 3 co]l=10 <~ 3c1 +4cy +3c3=0
2 0 =M/ \es 0 2¢1 4 2¢3 = 0
c3 = —cC 1
<— { 3 ! == V] = 0
Cy = 0 -1
-3-X 0 -1 c1 0 —2c1—c3=0
Ay =—1: 3 2— Ay 3 co =10 <~ 3c1 +3ca+3c3 =0
2 0 =X/ \es 0 21 +¢c3=0
1
=-2
<~ “ “ — Vg = 1
C2 — C]_ _2

12



—3-Xx3 0 -1 a1 0 =51 —c3 =0
A3 =2: 3 2— )3 3 co ]l =10 <~ 3c1 +3c3 =0
2 0 =3 3 0 2c1 —2c3 =0
0
C1
— — v3=|1
{03 = 0

Thus, the general solution is:

1 1 0
y(t) = CreMivy 4+ CoeMlvy + C3e™lvy =Cre ™ | 0 | +Coe [ 1 | +C3e? | 1
-1 -2 0
From the initial condition, we obtain
1 1 0 1 Cir+Cy=1
y(o) :Cl 0 +02 1 +C3 1 = -1 < 02+03:—1
-1 —2 0 2 —C1—205=2
Ci=1-0C Cy=-3
= C3=—-1-0Cy <~ Ch =
—1-0Cy=2 C3 =

Plugging these constants into the general solution gives

1 1 0 e~ — 3¢t
yt)=4e 2| 0 | =3t | 1 | +22 1] = —3e7t+2e*
-1 -2 0 —4e™ 2 4 et

Section 9.5: 8,12,14 (18pts)

9.5:8; 5pts: Find ¢t for A= <g 2)

ta tb 10 0 1
tA-(O ta>_at<0 1>+bt<0 0>—atI+st.

Since B? is the zero matrix and at/ is diagonal,

We split tA as

el — eat and B =1+ bhtB = <é b1t> .

Since (atl)(btB) = (btB)(atl),

1 bt 1 bt e bt e
tA _  atl+btB __ _atl btB __ _at _ at _
et =e =e"e"” =e I<0 1>— e <0 1>—<0 eat>

13




-2 0
-3 =3
Since A is lower-triangular, the eigenvalues of A are its diagonal entries, Ay = —2 and Ay = —3.

9.5:12; 8pts: Compute et for A=
. . . 0 .
Furthermore, an eigenvector corresponding to Ay is vo= <1> We next find an eigenvector for A;:

< -3 _3_)\1> <02> = <O> <~ 3ci — 9 =0 < 9 =-3¢c; — v = <_3>

These give us a diagonalization of A, A=PDP~!, where:
(-2 0 (1 0 4 (10
- (0 ) (G = ()
tA tD p—1 __ 1 0 6_2t 0 1 0
= e =herh _<—3 1)L o e3) 31
(1 0\ [e? 0 _ e 2 0
T\ =3 1)\ 373 e ) T |\ —3e72 £ 3673 o3

9.5:14; 5pts: Compute ' for A= <_11 _01>

tA:<_tt _Ot>:—t<(1) (1)>+t<(1) 8):(—t)]+tB.

Since B? is the zero-matrix and (—t)I is diagonal,

We split tA as

et =t and P =1 +tB= <1 [1)>

Since (—tI)(tB) = (tB)(—tI),

—t
tA _ (-t)I+tB _ _—tI btB _ _—t 10 N 10 _ [ € 0
€ € ©c el < t 1 > © < t 1 te t et

Section 9.8: 6,18,29 (27pts)

9.8:6; 15pts: Find the general solution of the system y' = Ay + f, where
4 2 t
A_<—1 2> and f= <e3t>'

14



The characteristic polynomial for A is
det(A—XI) = A% — (tr A)A + det A = A% — 6 + 10.

The eigenvalues of A are the roots of this polynomial: A;, Ag =3+i. We next find an eigenvector

for Aq:
(4—)\1 2 > <c1> B (0) — (1—i)cr +2c0 =0
-1 2-M /) \ e 0 —c1 — (1+4i)ea =0
— o =—(14i)cg = v = <1+Z>.

-1
1—4
-1
solution to the homogeneous system y’ = Ay is

yu(t) = CreMtvy 4 Chet?tvy = OBt <1_+12> 4 CoeBit (1_—1z>

The complex conjugate of vy, i.e. vo = < ), is an eigenvector for Ay = A;. Thus, the general

(1)
= (A cost+Agsint)e? <_11> + (Ay cost— Ay sint)e? <(1)> .

The next step is to find a particular solution y, to the inhomogeneous system, using

t
yp(t) = Y(t)/ Y (s)"f(s)ds,
0
where Y (t) = (y1(t) y2(t)) is a fundamental matrix and {y;(¢),y2(t)} is a fundamental set of
solutions for the homogeneous system. We can use either complex or real solutions:
N it A\ it o .
Y(t) = e <(1—_i—zz)te (1—id)e > or Y(t) = <cost sint cost+smt> @

e —e % —cost —sint

In the first case, the fundamental solutions y; and y» of the homogeneous system correspond to
the (C1=1,C3=0) and (C1=0,C3=1) cases of (eql). In the second case, they correspond to the
(A1=1,A5=0) and (A1 =0, A2=1) cases of (eql). As (eq2) might suggest, it is easier to use the
complex solutions. In the complex case:

_ a1 et —(1—i)e ™ _ i (—se” (s _ (1—4)e~?s
Y(it) " =e 5 < it (14i)et = Y ' (s)f(s) 5 _ . .
We next compute

¢ N d 1+2 s=t . it ¢ N —1 . —it
/(1—1—@)6“(18 = Teﬂs:o =(1-i)(e"-1) = /(1—z)e “ds = (1+i)(e " —1);
0 0

/Se—(3+z’)sd8 _ ;(86—(3“)3 B /e—(3+i)sd8) R S C Y Pl (G ER) P
—(3+4) 10 50
¢ , 3—i N 4 —30 ,
—(3+z)sd -2 -3+t T 9 —(3+z)t_1
— /0 se s= 2l e )
t . 3+14 , 4+ 30 ;
= /0 se” (373 = —%()Zte_(g’_z)t + %(e_@_z)t—l).

15



Putting everything together, we obtain

/Y ) (s

1+i)e’ (1—2’)6_“ i [ 3Zite= (Bt L 43— (B0t _ (1 44)e
( it —it |5 j(%te_(g_i) _5% ~B=0)t | (1—)ett +Y(t)v

—€ —€
et 2zte—3t + _e — 4 1 /10t +1 — 100e3
2 ( L3y §ée—3t + 2z'> Y=g ( 5t + 3+ 50¢” ) Yy

for some veC. Since Y (¢)v is a solution of the homogeneous system, the last expression is still a
solution of the inhomogeneous system even if we drop the last term. Thus, the general solution of
the inhomogeneous system is

y(t) = yn(t) + yp(t)
. 1 ) 1 10t + 1 — 100e3!
3t _ 3t _ 1
= [(Ajcost+Agsint)e (_1> + (Ag cost—Aj sint)e <0> =5 < 5t 43 4 5063t >

Another way of finding y, is to use the method of undetermined coefficients. In this case, this
would be mean finding a1, by, ¢; and asg, ba, co, such that

3t bt
Y]IDZAYP"‘f for yp(t) = <a16 o +Cl>

ase3 + bot + ¢

9.8:18; 8pts: Solve the initial value problem

/ _ _7 _3 _ 1
The characteristic polynomial for A is

M4 (trAN+det A= N+ +4=A\+1)(\+4).

The eigenvalues of A are the roots of this polynomial: A, Ao = —1,—4. We next find the corre-
sponding eigenvectors:

-T7—X -3 cal 0 —6c1 —3co =0
A =—1: = <
6 2=\ C2 0 6c1 +3co =0

1
<~ Cy = —2¢0 — Vi = <_2>.

. -3 Cl> <O> —3c1 —3co =0
Ao = —4: = —
2 < 6 2—)\2> <C2 0 6c1 + 6eg = 0

<~ Cy) = —C1 :>V2:<_11>.
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Thus, a fundamental matrix for this system is

vy - @ ) - (50 ) = vo- (4 L) =vor-(37)

—1 —4t —4t —t —4t —t
tA 1 _ [ e e -1 -1\ _ 2e " —e e —e
= e = Y(t)Y(O) - <_26—t _e—4t> < ) 1 > - <26_t—2€_4t Qe—t_e—4t>
Finally,
26—4t _e—t 6_4t _e—t 1 26—4t _e—t
_ tA _ —
y(t) =e y(O) - <2€_t—26_4t 26_t—€_4t> <0> - <26—t_2€—4t>

9.8:29; 4pts: Show that if A is an nxn matriz, the function

t
y(t) = etyq +/ et =) (s) ds
0

solves the initial value problem y'=Ay +f, y(0)=yo.
We first check that the initial condition is satisfied:

0
y(0) = 04 <yo +/ e_sf(s)ds> = Iyo = yo,
0

as required. We next use the product rule to check that the ODE is satisfied

y(t) =4 <YO + /Ot e_SAf(s)ds>

— y/(t) = Aet <y0 + /0 t e—sAf(s)ds> + et (e ()) = Ay(t) + £(t).

PS4-Problem 30 (20pts)

(a) Find simple conditions on smooth functions P= P(t), Q=Q(t), and a=a(t) that are equiva-
lent to

Q' +ay)) = Ply" +py +ay),  p=0p(t), ¢=qt), (3)

for every smooth function y=y(t).
Expand LHS and compare with RHS:

QW +ay)) = QY + (Q'+Qa)y + (Qa)'y = Py’ + Ppy' + Pay ~ =
P=Q, @ +Qa=pP, (Qu)=qP <= |P=Q, P'+Pa=pP, (Pa)=qP

(b) Find an integrating factor for the second-order ODE (eq3) with constant p and q. Use it to
find P=P(t) and R=R(t) such that

(P(Ry)l)/ =P +py + qv), p,q = const.

17



By (a), we need to find a nonzero solution to the system

() =( ) () roro oz W

The characteristic polynomial for the constant-coefficient matrix in (eq4) is \2— —pA+q=0. Let A
and )\2 be the two roots of this quadratic equation. Note that Ay =—X; and Ao = —)\2 must then be
the roots of A24+pA+¢=0, i.e. the characteristic polynomial for the second-order ODE. The reason
is that o B ) o

)\1 + )\2 = —()\1+)\2) = —p and )\1 . )\2 = (—)\1) . (—)\2) = )\1 . )\2 =dq.

We next find an eigenvector for the eigenvalue Ai:
(0 S))-0) = et = (2)-(6)
q -1 2 0 qcr — Aea =0 &) A2
P\ _ suf1Y_( e
= (m) = () = (L

Thus, we can take | P(t) = e, a(t) = —Xa| By the above,

e—)\lt(y/l+py/+qy) — (e—)\lt(yl_)\zy))/ _ (e—)\lte)\gt(e—)\gty)/)/ _ (€(A2_>‘1)t(€_>\2ty),)/7 (5)

where \; and A2 are the roots of the characteristic polynomial associated to the ODE (eq3). The
middle equality above is obtained from our knowledge of an integrating factor for a first-order ODE,
especially one with a constant coefficient. The equality of the first and last terms in (eq5) recovers
the formula used in the integrating-factor approach to solving any linear second-order ODE with
constant coefficients.

(¢) If p,q,r=const, find functions P=P(t)#0, P=P(t), Q=Q(t), and R=R(t), such that
(P(Q(Ry))) = PO +py" +ay + 1)

for all smooth function y=1y(t).
We first find functions P=P(t), Q=Q(t), a=a(t), and b=>b(t), such that

P(y" +py"+qy' +ry) = (Qy" +ay +by)) = Qy"” + (Q'+Qa)y” + ((Qa) +Qb)y' + (Qb)'y
= P=Q, P'+Pa=pP, (Pa)+(Pb)=qP, (Pb)=rP.

Thus, we need a nonzero solution to the ODE

/

P p —1 0 P
(Pa) =|l¢qg 0 -1 (Pa) P=P(t), a=a(t), b=0b(t). (6)
(PD) r 0 0 (PD)
The characteristic polynomial for this equation is
p —1 0 p—A -1 0
det g 0 —1]—XA| =det qg - -1
r 0 0 r 0 =X

= (p= N (A)(A) +r(-1)(1) = (=N)g(-1) = =(N° = pA? + g\ — 7).
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Let 5\1,~ 5\2, and A3 be the roots of this cubic polynomial. Note that A\ = —5\1, Ay = —5\2, and
A3 =—A\3 must then be the roots of

M4 pA2 g+ =0,

i.e. the characteristic polynomial for the third-order ODE 3" +py” +qy'+ry= f, since

AMF A+ A3 = —(5\14-5\2—1—5\3) =—p, A3 = (—5\1)(—)\2)(—5\3) = —AAA3 = —r,
and A do+AiAz+AeAs = (= A1) (= A2)+ (= A1) (= Az)+ (=X

~—
—
|
w
~
Il
(=

We next find an eigenvector for the eigenvalue \; of the matrix in (eq6):

p—M\ -1 0 c1 0 (5\2-1-5\3)61 —c2=0 cl 1
q —5\1 -1 co =10 - qcy — 5\162 —c3=0 - co | = 5\2—1—5\3
r 0 —5\1 C3 0 rcy — 5\1@3 =0 C3 5\25\3
P 1 e—)\lt
— | (Pa) | =M [ Mot s | = | —(atAg)e Mt
(Pb) 5\25\3 )\2)\36_)‘1t

Thus, we can take P(t)=e M a(t) = —(Aa+A3), and b(t) = A\2A3. By the above,

e_)‘lt(y”’+py"—|—qy’+ry) _ (e_Alt(y”_()\2+)\3)y/—|—)\2)\3y))/
= (e—)\lte)\gt (e(A3—)\2)t(e—)\3ty),)/)/ (7)
= (e()\z—)\l)t (e()\3_)\2)t(6_)‘3ty)/),)/,

where A1, A2, and A3 are the roots of the characteristic polynomial associated to the ODE

"

v +py" +aqy +ry =1

The middle equality in (eq7) is obtained from (eqb) with A\; and A9 replaced by A2 and A3, respec-
tively. The equality of the first and last terms in (eq7) can be used to solve any linear third-order
ODE with constant coefficients.

Can you guess and prove the analogue of (eq7) for linear ODEs with constant coefficients of any
order?

Section 9.6: 7,9

9.6:7 Determine whether the origin is an unstable, stable, or asymptotically stable equilibrium for

the system
/o 1 —4 _
y' = (1 )y y=y(®).

Sketch the phase-plane portrait of solution curves.
The characteristic polynomial for this system is

M-+ GBDA+ (1 3) = (H4) - 1) =22+ 220+ 1= (A + 1)%
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Thus, the matrix has only one eigenvalue A= XA; = —1. Since this eigenvalue is negative and it is
the only eigenvalue, the origin is an | asymptotically stable| point. It is a degenerate sink. The
phase-plane portrait is similar to that in the first sketch of Figure 4, except the half-lines have
slope .5, instead of 1.

9.6:9 Determine whether the origin is an unstable, stable, or asymptotically stable equilibrium for
the system

3 —4 2
y=1|-2 -7 4]y, y =y(t).
-3 -8 4

The characteristic polynomial for this system is

3= —4 2

det [ -2 —7-X2 4 | =-(N+6A2+11A+6)=-A+1)(A+2)(A+3).
-3 -8 4—-A
All three eigenvalues A1, Ao, A3 = —1, —2, —3 are negative. Thus, the origin is a nodal sink and an

asymptotically stable | equilibrium point.

Section 9.7: 17

Find the general solution of the equation y™® + 36y=13y".
The characteristic polynomial for y* — 13y” + 36y = 0 is:

Mo13A2 436 =N =M\ =9 = (A +2)(A —2)(A +3)(A = 3).

It has four distinct roots: +2, +3. Thus, the general solution is:

y(t) :Ole—?;t + 026—21& + Cg€2t + C463t
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