Math53: Ordinary Differential Equations
Winter 2004

Solutions to Problem Set 2

PS2-Problem 1 (20pts)

(a; 10pts) Use the second-order integrating factor method to find the real general solution of

y" + 4y = 4 cos 2t.

(1)

Here is one approach. The general real solution y=y(t) of this equation is given by y =Rez, where

z=2z(t) is the complex general solution of
2+ 4z = 4e*.
The characteristic polynomial for this equation is
M40 A+4=(\+2i)(\— 20).
Thus, the two characteristic roots are A\ =2¢ and Ao =—-2i, and
(e((—Qi)—(Zi))t(e—(—Qi)tz)l)/ — QN | g,
Multiplying both sides of (2) by e~?" and using (3), we obtain
Az =4 = (Y 1A =4 = (e_4it(62itz)’)/ =4.
Integrating twice, we obtain
(e_4it(e2itz)')/ =4 = M) =4+ 01 = (¥2) = dte" + Crett

. . , 4 . Cy .
— 2= /(4te4’t+0164”)dt = I(te‘m — /64tht) + fe‘m
i i

_ }tezut i 164it 4 ge4it + Oy,

? 4 43
Since we can replace (1/4)+(C1/41) with Cq, the general solution of (2) is

1 . , )
z(t) = “te? 4 01?4 Che 2,
i

Taking the real part of this equation and modifying the constants, we obtain

y(t) = Rez(t) = tsin 2t + Cy cos 2t+Chsin 2t

(2)



Here is another approach. The characteristic polynomial and roots for the original equation are
the same as for its complex version. Thus, (3) holds with z replaced by y, and
Y 4y =4dcos2t = e Py +4y) =de M cos2A — (e_4it(e%ty)')/ = de %% cos 2t.

Integrating the last expression once, we obtain
e~ 4t (2ily) :/462it cos 2t dt = 4/(:032 2t dt — 42’/005 2t sin 2t dt
1 . .
= 2/(cos4t +1)dt — 2i/sin4tdt =3 sin 2t + 2t + %cosélt +C = %e‘m 4+ 2t+C1.

The second and last equalities above follow from Euler’s formula, applied in opposite directions.
The third inequality uses the half-angle trigonometric formulas. Finally, proceeding as in the second
integration step of the first approach, we obtain

2it 4it it | L Vowie L g Crogy 0
= [ (2t 4+ C Z)dt = —te't 4 - e Z+C
ey /(e + Crel™ 4 )t = e 4 2l 4 Zmelt 4 D+ O
t

£ y(t) — Z(eﬁt . e*?it) + 0162“ + 02672# — tgin 2t + CleQit + 026721'15'

As before, the complex form Cje?*+Che™ 2" is equivalent to the real form A; cos 2t+ A, sin 2t.

Remarks: (1) When the nonhomogeneous term, i.e. RHS in (1), is coswt or sinwt, the first ap-
proach, i.e. complexifying the ODE, is generally faster, but riskier if you are not used to complex
numbers. This is the case whether you use the second-order integrating factor approach or the
method of undetermined coefficients. Note that if the the forcing term is sin wt, you would need to
take the imaginary part of the complex solution.

(2) The complex form Cye®+®t 4-Cye® =t of the general solution of an ODE is always equivalent
to the real form A;e® cos bt+ Age® sin bt.

(b; 10pts) Use the second-order integrating factor method to find the real general solution of
y' 4+ 5y +4y=t-et. (4)
In this case, the characteristic polynomial is
M4sd+4=A+1)(A+4).
Thus, the two characteristic roots are A{ =—1 and Ay =—4, and
(OO 0y = Dy 45y ay), (5)
Multiplying both sides of (4) by e! and using (5), we obtain

V' 45y Fdy=t-et = 45y Ay =t = (e¥(My)) =t



Integrating twice, we obtain
—3t( At N/ 1o at, v Lo 3 3t
e (eMy) = tdtzit +C = (e y)zite + Cre
4t 1 2 3t 3t Lo 3 3t C1 s
= e y<t):§ te*dt +Cy [e dtzé(te — [ 2te dt)—i—?e
1 1 C 1 1 1 C
= gt%i”t — g(tegt — /e3tdt) + ?le?”f = 6t2€3t - §t63t + 2—7@3’5 + ?161“ + Cb.

Since we can replace (1/27)4(C1/3) with C1, the general solution of (4) is

y(t) = %™t — Lte ™t 4+ Cre™" 4 Coe™

Remark: In these two cases, the second-order integrating factor approach is not any easier and
perhaps a bit harder than the method of undetermined coefficients. In general, the method of un-
determined coefficients will be faster whenever it is applicable, i.e. you know what form a solution
should have. On the other hand, the integrating factor approach works for all forcing terms.

Section 4.1, Problems 12,14 (18pts)

4.1:12; 8pts: Show that y1(t) = e L cos2t and yo(t) = e sin2t form a fundamental set of solu-
tions for
y" + 2y + 5y = 0.
Find a solution satisfying y(0)=—1 and y'(0)=0.
The functions y;(t) and y2(t) are linearly independent, since tan 2t =ys(t)/y1(t) is not a constant

function. Thus, in order to prove the first statement, we only need to check that y;(¢) and ya(t)
solve the ODE:

yi(t) = e '(—2sin2t —cos2t) = y{(t) =e "(—4cos2t+ 2sin2t + 2sin 2t + cos 2t)
=et (4 sin 2t — 3 cos 2t) ;
y5(t) = e (2 cos 2t — sin 2t) = y5(t) = e '(—4sin2t — 2cos 2t — 2 cos 2t + sin 2t)
= ¢t (4 cos 2t + 3sin 2t) .
Plugging these expressions into the ODE, we obtain

y! + 2y} 4+ 5y1 = e *(4sin2t — 3cos 2t — 4sin 2t — 2 cos 2t + 5 cos 2t) = 0;
y! + 2y 4+ 5y1 = e *( — 4cos 2t — 3sin 2t + 4 cos 2t — 2sin 2t + 5sin 2¢) = 0,

as needed. For the initial-value problem, we need to find C; and C3 such that y(0) = —1 and
y'(0)=0 if y=C191+Caya. Using the above expressions for y; and y5, we find that

y(0)=Cy =-1 and y'(0) = —C1 +2C, = 0.



Thus, C;=—1/2, and the solution to the initial value problem is |y(t) = —e ' cos 2t — se~'sin 2t

4.1:14 (a; 2pts) Show that y1(t) =t is a solution of

t2y" +ty' — 4y = 0. (6)
We need to plug in y; into (6). Since yj =2t and y{ =2,

2yl ity —dy =12 24t-2t —4-t2 =0,
as needed.
(b; 8pts) Let ya(t) =v(t)y1(t) =v(t)t2. Show that ys is a solution of (6) if and only if v satisfies
50" + tv” = 0. (7)
Solve this equation for v and describe the general solution of (6).
We need to plug in yo into (6):
yy(t) = t20/(t) + 2tv(t) = yh(t) = 20" (t) + 2t (t) + 2t/ (t) + 2v(t) = 0" + 4w’ + 2v
= 0=ty +tyh — dyz = (t" + 470" + 2t%0) + (£ + 2t%0) — 4t%v =t + 5t%0.
Dividing the last expression by 3, we obtain (7). In order to solve (7), we first divide this equation
by ¢ and then multiply by the integrating factor e/(>/4 = |¢|5_ or just by ¢°:
5+t =0 = N +5th =0 = @)Y =0 = ) =0C

— JH) =01t = v(t):—%t_4+02.

Since we need to find a single non-constant solution of (7), we can take

o) =t""  and  y(t) =v(t)yp(t) =t =12

The general solution of (6) is thus given |y(t) = C1t? 4+ Cot 2

Section 4.2, Problems 4 (4pts)
Use the substitution v=1' to write the second-order ODE
y" + 2y + 2y = sin 2nt

as a system of two first-order equations.
Since v = 1/,
v =1vy" = =2y — 2y +sin 27t = —2v — 2y + sin 27t.

Thus, the above second-order ODE is equivalent to the system

y =v
v/ = —2v — 2y + sin 27t.



Section 4.3, Problems 4,10,14,26 (26pts)
4.3:4; 5pts: Find the general solution of the ODE
2 —y' —y=0.
The characteristic polynomial for this equation is
A2 A —1=(2 +1)(A—1).

Thus, the two characteristic roots are \y =—1/2 and As =1. Since they are real and distinct, and
the general solution of the ODE is | y(t) = C1et 4+ Cye /2

4.3:10; 8pts: Find the general solution of the ODE
v+ 2y + 17y = 0.
The characteristic polynomial for this equation is
MADA+17T=A=2)A=X2), AL do=—-1+£V1-17=—1=+4i.
Thus, the two characteristic roots are complex, and so is the general solution of the ODE

y(t) — Cle(fl+4i)t + 026(71741')15'

The corresponding general real solution is given by |y(t) = Cre™! cos 4t + Cye ™t sin 4t

4.3:14; 5pts: Find the general solution of the ODE
y" — 6y + 9y = 0.
The characteristic polynomial for this equation is
M —6A+9=(\—3)>2

Thus, this equation has a repeated root, A=3, and the general solution of the ODE is

y(t) = Cre3t + Oyte!

4.3:26; 8pts: Find the solution to the initial value problem
W'+y=0, y(1)=0, y(1)=-2.
The characteristic polynomial for this equation is

AN 41 = (2X +4)(2) — ).



Thus, the two roots, Ay =i/2 and A=—i/2 are distinct, and the general (complex) solution is
y(t) = Creit’? 4 Cye /2,
The initial conditions y(1)=0 and y/(1)= —2 give
0=y(1l) = Cre'? + Cre/? and -2=9'(1) = Cléei/z — Cg%e_zﬂ.
Thus, C; =2ie™ "2 and Cy=—2ie"/?, and

y(t) = 2ie 26t/ — 24e/2e /2 = 9 (1 t71/2 _ mit=1)/2)
=2i-2isin((t—1)/2) = —4sin((t—1)/2).

Thus, the solution to the initial value problem is ’ y(t) = —4sin((t—1)/2) ‘ Please check that this
function indeed satisfies the ODE and the initial conditions.

Section 4.4, Problem 17 (8pts)

Prove that an overdamped solution of my” +puyky=0 can cross the time axis no more than once.
Rewrite the given equation as

k
y”—i—ay/-i-azo — y”+20y/+w(2]y:0,

where 2c=p/m and w3 = k/m. The characteristic equation is A\2+2cA+w2=0. Its roots are

AN =—c—/2—w? and Aoy =—c+/c2—wi

Since the system is overdamped, cz—wg >0, and we have two distinct real roots A1 # Ay <0. The
general solution is of the form
y(t)=CreMt + 2t

The number of times any such curve crosses the t-axis is the number of values of ¢ for which

Cle)\lt + 026)\2t — e/\lt(cvl + 026()\2*)\1%) = 0.

Since et is never zero, the point (¢,y(t)) will lie on the t-axis if and only if
(a—A1)t (a—A1)t G
Ci+ Coe'2™M =0 — V27 :_?
2

Now, if C1/Cy > 0, the right hand side is negative or zero. It has no logarithm and hence there
are no times ¢ where y(t)=0. If C1/Cy < 0, the solution curve intersects the t-axis only at time

Note that A\; # Ao above. Thus, the solution curve never intersects the t-axis more than once.



Section 4.5, Problems 2,6,16,18,26,30,32,42 (74pts)
4.5:2; 6pts: Using an exponential forcing term, find a particular solution of the equation
y' + 6y + 8y =—3e"".
We look for the particular solution of the form y,(t) = Ae~'. After making the substitutions:
y(t) = ATy (t) = —Ae™',  y(t) = Ae”,
the equation becomes:
Ae ! —6Ae7 '+ 84e ' = -3¢ = 34e'=-3¢! = A=-1
Thus, a particular solution is  |y(t) = —e™*
4.5:6; 8pts: Use the form y = acoswt + bsinwt to find a particular solution of the equation
y" + 9y = sin 2t
Let yp(t) = acos 2t + bsin2t. After making the substitutions:
yp(t) = acos 2t + bsin 2t, Y, (t) = —2asin 2t 4 2b cos 2t, Y, (t) = —4a cos 2t — 4bsin 2t,
the equation y” + 9y = sin 2¢ becomes:

—4a cos 2t — 4bsin 2t + 9a cos 2t + 9bsin 2t = sin 2t

1
= DHacos2t+ 5bsin2t =sin2t — a:O,b:g

A particular solution is | y(t) = 1 sin 2t

4.5:16; 8pts: Find a particular solution of the equation
y" +5y +6y=4—1*
The forcing term is a quadratic polynomial, so we look for a particular solution of the form
yp(t) = at? + bt +c, = y(t)=2at+b, = y)(t)=2a.
The equation becomes:

y' 4+ 5y +6y=4—12 = 2a+5(2at+0b)+6(at® + bt +c) =4t
= 6at® + (10a + 6b)t + (2a + 5b + 6¢) = —t* + 4.

Thus, a,b, c must satisfy:

1 5 53
=-1, 1 b= 2 b =4 = b= — = .
6a , 10a +6 0, 2a+ 5b+ 6¢ = a 5’ 13 c 103



So, a particular solution is | y,(t) = —étQ + %t + %

4.5:18; 12pts: For the equation
y// + 3y/ + 2y — 36741‘/7

first solve the associated homogeneous equation, then find a particular solution. Using Theorem 5.2,
form the general solution, and then find the solution satisfying initial conditions y(0)=1, y'(0)=0.
The homogeneous equation y” + 3y’ + 2 = 0 has characteristic equation

M43 +2=A+1)(A+2) =0,
with zeros Ay = —1 and Ay = —2. Thus, the homogeneous solution is
yn(t)=Cre™t 4 Che™ 2t
For y,=Ae™*, y/ = —4Ae™* and y) =16 Ae~*. Substituting into the inhomogeneous ODE, we get

1
164e™ % + 3(—44e™) +24e M =3¢ — 64=3 — A= 3

Thus, a particular solution is y,(t)= %e*“. By Theorem 5.2, the general solution is

y=Cre !t + Coe 2 4 Tt

The given initial conditions imply:

1
yO) =Ci+Co+5=1, ¥(0)=-Ci -2, -2=0 = =3, Ch=-5/2

So, the solution to the initial value problem is y = 3e t — %e*% + %e*‘“

4.5:26; 10pts: In the equation y"+4y=4cos 2t, the forcing term is also a solution of the associated
homogeneous equation. Use this to find a particular solution.

Our strategy is to look at the equation 2z’ +4z =e?*, of which the given equation is the real part.
The characteristic equation of the homogeneous equation z”+4z=0 is A24+4=0. Its roots are £2i.

So, the homogeneous solution is:
2p = Clemt + Czelet

The forcing term of 2" +4z=4e?"* is also a solution of the homogeneous equation. Thus, we try to
find a particular solution of the form zp:AteQZt:

2z, = Ate*t = zy = At (1 +2it) = zy = 4A* (i —t).
After substituting these into 2" 4 4z = 4%, we get:

, . . 1
4A2H (i —t) + 4Ate = 4e¥ —  4iA=4 — A=-=—i
2

— 2, = —ite®™ = —it(cos 2t + isin 2t) = tsin 2t — it cos 2L.



Its real part is a particular solution we are looking for: |y, = Re(zp) = tsin2t

4.5:30; 10pts: If y¢(t) and y,(t) are solutions of

v +py +ay=ft) and Y +py' +qy=g(),

respectively, show that z(t) = ay(t) + Byg(t) is a solution of

y' +py +ay=af(t)+ Bg(t),
where « and B are any real numbers.
We are given that:
yr +pyr+aqyp = f(t)  and g+ pyy 4 qye = g(t)
We plug in z(t) into y”"+py’+qy=caf(t)+Fg(t) and use these two properties of y¢ and yg:
2"+ pz’ + qz = (ayy + Byg)" + playy + Byg) + alayy + Byg)

= (o} + Byg) + plays + Byy) + alayy + Byy)

= a(y} +pyy + qur) + B, + vy, + qyy)

= af(t) + By(t).
Thus, z(t) =ayy(t)+By,.(t) is a solution of ¥’ +py' +qy=af(t)+pLg(t).
4.5:32; 12pts: Use the previous exercise to find a particular solution of the equation

y"—y:t—e_t.

The forcing term is the linear combination t—e™* = 1-¢+ (—1)e!. We first find a particular
solution y,, of y”—y =+t, and then a particular solution y,, of ¥y —y = —e~*. By the previous

exercise, Yp, —Yp, Will be a particular solution to our equation. To find y,,, substitute y=at+b into
Y —y=t = —at—-b=t = a=-1,b=0, = vy, (t)=—t

To find y,,, note that the characteristic equation for the homogeneous equation y"—y =0 is A2—1=0.
Its roots are Ay = —1 and Ay =1, giving the homogeneous solution

Yp = Cre~t + Oye.

t

It follows that the forcing term e™" is a solution of the homogeneous equation. So we try to find

Yp, Of the form y,, (t)=Ate™":
Yp, = Ate™! = Ypy = Ae”t(1—-t) = Ypy = Ae”H(t —2).
The equation now becomes:
7t‘

1 1
et =y, —yp=Ae T (t—-2) - At = —24=1 = AZ_i = ym(t):—ite



So a particular solution of 3/ —y=t—e~! is Yp = Upr —Yp, = —t + st

4.5:42; 12pts: Find a particular solution of the equation 3" + 5y + 4y = te™t
The characteristic equation for the corresponding homogeneous equation y” +5y'+4=0 is
M5 +4=A+1)(A+4)=0.
Its are roots Ay = —1 and Ay = —4, and the homogeneous solution is
n=Cre 4 4+ Che™!
In particular, et is a solution to the homogeneous equation. Thus, we modify the hint in Exer-
cise 39, and look for a particular solution of the form y,=t(at+b)e ™"

yp(t) =tlat +b)e™" =y (t)=(—at’ + (2a —b)t + b)e™"
= yg(t) = (at® + (—4a+b)t + (2a—2b))e
Substituting, we get:

|
SH
I

|

1
te ' =9 + 5y +4y = (6at + (2a +3b))e? = 6a=1, 2a+3b=0, = a=c,

Thus, a solution of 3”45y +4y=te~! is Yp = &

Section 4.6, Problem 13

Verify that y1(t) =t and y2(t)=t=3 are solutions to the homogeneous equation
t2y" + 3ty — 3y = 0.
Use variation of parameters to find the general solution to
2y + 3ty — 3y =t"".
For the first part, plug in y; (t) =t and yo(t)=t"3 into the homogeneous equation:
yp=t, ¥i=1, /=0 = >y +3ty; —3y1=t>-0+3t-1-3-t=0;
y=t3, yh= =3t o/ =12t7° = Pyl+3tyh—3ys =12 (12t7°) + 3t - (=3t7) -3t =0,
as needed. We look for a solution to the inhomogeneous equation of the form y, = viy1 +v2ys.
Then,
y;, = (y1v] + y2vh) + yiv1 + yhve = (tv] + t_3v§) + v — 3t
We set the expression in the parenthesis to zero. Thus,
yzl, =uv — 3ty = yg =) + 12t vy — 3t_4v§ == to +3typ—3yp — 3t_2v2 =t1

Since we also assumed that tv] -+t ~3v}=0, we need to solve the system

/ —4,./
U1+t U2:0 / 1_3 / 1 1_2 12
= vy = —t Vg=——t =— v1=—=t % vg=—=t
{v1—3t4v§:t3 17y 227y T8 778
1 _ 1 _ 1 _
- Yp = v1y1 + Vay2 = —gt 2ot— 8t2 t 3:—175 !

: : _ -3 1,—-1
Thus, the general solution is y(t) = Cit + Cot™> — 3t

10



