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Lemma 0: S“ cmpt conn. C-surface, Σ“ cmpt conn. C-curve, f : SÝÑΣ holomor. onto
D branch cover σ : rΣÝÑΣ and holomor. rf : SÝÑ rΣ

s.t. f “ rf ˝σ and rf´1przq is conn. @ rzP rΣ.

Proof. For generic zPΣ, the fiber Fz ”f´1pzq is smooth

ùñ Fz “
ÿ

i

Fz,i with Fz,i ĂS smooth conn. curve.

index i defined locally, but not globally
Fz,i with zPΣ generic limit to curves Fz1,i Ăf´1pz1q with z1 PΣ non-generic
Fz,iXFz,j “H if i‰j ùñ either Fz1,iXFz1,j “H or Fz1,i “Fz1,j

Take rΣ”
 

pz, iq : zPΣ, Fz,i Pπ0pf´1pzqq
(
, σ : rΣÝÑΣ, σpz, iq“z

rf : SÝÑ rΣ, Fz,i QxÝÑpz, iqP rΣ
σ : rΣÝÑΣ is a covering projection over Σ´B, BĂΣ finite
ùñ D! holomor. str on rΣ s.t. σ : rΣÝÑΣ holomor ùñ rf : SÝÑ rΣ holomor.

Crl 1: S“ cmpt conn. C-surface. If h1,0pSq“1, then χpSqě0.

Proof. Fix pPS. Define µp : SÝÑAlbpSq”H1,0pSq˚{ΛS «C{Λ

µppp1q“

ż p1

p

¨ : H1,0pSqÝÑC, ΛS ”
 ż

γ

¨ : γ PH1pS;Zq
(

Ă H1,0pSq˚ lattice

integration along a path from pPS fixed to p1 PS

Lemma 0 ùñ D branch cover σ : rΣÝÑC{Λ and holomor. rµp : SÝÑ rΣ
s.t. µP “rµp˝σ and rµ´1

p przq is conn. @ rzP rΣ
rf˚ : H1,0prΣqÝÑH1,0pSq injective, gprΣqěgpC{Λq“1, h1,0pSq“1 ùñ χprΣq“0

χpSq“χprΣqχp rF q ` corrections from singular fibers
rF ” generic fiber of rf rF conn. ùñ correctionsě0 (χ of singular fiber ěχp rF ))

partial pf on pp508-10

Crl 2: S“ cmpt conn. Kähler surface. If χpSqă0, then h1,0pSqě2.

Proof. χpSq“2`b2pSq´4h1,0pSqă0 ùñ h1,0pSqě1
Crl 1 ùñ h1,0pSq‰1

Note: The first statement in the above proof uses h0,1pSq“h1,0pSq. If S is a cmpt conn. C-surface
and h0,1pSq ‰h1,0pSq, then h0,1pSq “h1,0pSq`1 (see HW4 #3). Thus, the conclusions of the first
line of the proof and of Crl 2 hold for cmpt conn. C-surfaces.

4








