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Lemma 0: S= cmpt conn. C-surface, ¥ = cmpt conn. C-curve, f: S— X% holomor onto
3 branch cover o: E—»Z and holomor. f S —>E
s.t. f= foa and f 1(2) is conn. Vel S £

ag
Proof. For generic ze X, the fiber F,=f!(z) is smooth Xi’]
= I, =Z F.; with F,;c.S smooth conn. curve.

i
index ¢ defined locally, but not globally
F,; with z€X generic limit to curves F,, ;< f~!(2/) with z’€X non-generic
Fz’iﬂFz’j = ifi#£j = either Fz’,isz’,j = or Fz’,i ZFZ/’]

Take iz{(z,i): 2€%, F emo(f1(2)}, o S, o(zi)=z
fiS—3, F“E)x—»(z,i)ei
Y—Yisa covering projection over ¥—B, BcX ﬁmte
— 3! holomor. str on X s.t. 0: ¥ — % holomor = f S—3 holomor.

Crl 1: S= cmpt conn. C-surface. If h10(S) =1, then x(S)=0.

Proof. Fix peS. Define ju,: S—> Alb(S)=HY0(S)*/As~C/A

/

P
Mp(P/):f HY(S)—C, Ag={ f tyeH (S Z)y = HY(S)* lattice
p

v
integration along a path from pe S fixed to p'e S

Lemma 0 = d branch cover o: f)—>(C/A and holomor. fi,: S —3
s.t. pp = fipoo and ﬁ;l(N) is conn. VZeX
F* HYO(S) — HY0(S) injective, ¢(X)=g(C/A)=1, h0(S)=1 — x(Z)=0

X(S)= Y(E)x(F) + corrections from singular fibers
F'= generic fiber of f F' conn. = corrections>0 (y of singular fiber > X(F )
partial pf on pp508-10

Crl 2: S= cmpt conn. Kihler surface. If x(S) <0, then h!9(S)>2.

Proof. x(S)=2+by(S)—4h10(S)<0 = h10(9)>1
Crl1 = hb0(9)#1 O

Note: The first statement in the above proof uses h%!(S)=h10(S). If S is a cmpt conn. C-surface
and h%1(S) #hb0(S), then h%1(S)=h10(S)+1 (see HW4 #3). Thus, the conclusions of the first
line of the proof and of Crl 2 hold for cmpt conn. C-surfaces.
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