MAT 644: Complex Curves and Surfaces
Notes for 04/22/20

Last time: Ruled Surfaces

]P)l
Dfn: C-mfld S is ruled if 3 holomor. 7: S—C s.t. 7~ 1(p)~P! VpeC S
= Vpes, <01(N57T_1(p)),7r_1( »=0 = Kg-m (p)=-2+0<0 i
= p,(S)=dim H°(S; K5) =0, x(S)=—0 M

Prp: if 7: S— P! is a projective ruled surface (and 7 is submersion),
then 3 ke Z>° s.t. S~P(Op1 ®Op1 (k) =Fy, (k-th Hirzebruch surface) as P!-bundles over P'.

Examples: Fo~P! xP! (trivial), F;~Bl,P? (later)

Properties of Hirzebruch Surfaces 7: Fp =P(Op1 @Op1 (k) — P! (last time)

(1) m1(Fg)={0} (2) Hodge diamond of Fy is 0 2 0

(2') tautological line bundle y={(¢,v)eP! xC?: vel} — P!, w
tautological line bundle 7= {( 0,0)eFy x (Op1 ®Op1 (k veZ} — Ty, O=c1(7*)e H*(Fy; Z)

H*(PYL, 2)[@)) (&% + k&) > H*(Fi; Z), ol' — (m*a)ud,
isomorphism of graded algebras over H*(P!;Z)

w=PDppte H2(P';Z), m submersion = n*w=PDy Fe H?(Fy;Z), F=[r"1(p)]€ H2(Fx; Z)
fiber class

Properties of Hirzebruch Surfaces 7: Fy, =P(Op1 ®Op1 (k)) —> P! (more)

(3) Pic(Fy) - H?(Fy; Z) is isom.: short exact sequence

exp(2mi-)
—_—

0} —2Z——C C* — {1}

of abelian groups gives exact sequence in H*:

H'(Fy; ©) — H'(Fy; O*) =Pic(Fy) -2 H?(Fy; Z) = H2(Fi; Z) — H?(Fy; O)
— —

HO1(F),)={0} HO2(F),)={0}



(4) Pic(Fy) = H*(Fy; Z) 2 Hy(Fy;Z) generated by fiber class F=[r"1(p)]
and class of either section of 7: Fj, — P!,

Eo = ]P)(OPI @0) - P(Oﬂml @O]pl (k:)) or Eoo = P(O@Oﬂn (k:)) (e P(OPI @Oﬂm (k:))

F-Ey,F-Ex=1 = Pic(Fy), H(Fy; Z), Hy(Fy; Z) ~ ZF ® ZEy ~ ZF ® ZE,,

F,=P(Op1 ©Op1 (k) EO;;
By
™ 2
= +k
Ey
Pl
]P)l
EynEy= = FEy-Ey=0
T p)nr ()= if p,p'eP! distinet — F-F=0
N B~ 7|5, ®Ops () ~ Op (k) — BBy = (e(Ny, Eo), Eo) = k
NF'“EOO ~7*| B, ®Op ~ Op1 (—F) = FEy By = <€(NFkEoo), Ey)=—k

Ey=aFEy+bF, Bp-F=1, Ey-Ey=0 — E,=FEy—kF
K, = aEgtbF, Ky, -F = Kp-F—F-F = -2, Kg, -Ey = K Ey—EyEy = —2—k — Ky, = —2Eg+(k-2)F
{e1(7*), Fy={a(v*),PH)=1, {e1(F*), Eoy={c1(Op ), P')=0 = a(¥*)=Ex

(5) If curve C cFy, is irred., C'# Ey, and C ~aEy+bF, then a,be Z>°:
C,Eyirred., C#E, =— C-Ex>0 <«— beZ>
if C=F, (a,b)=(0,1) v
C,F irred., C#F = (C-F>0 — qeZ?

Crl 1: For keZ™, T}, is the projective surface s.t.
3 holomor. (submersion) 7: S— P! with 771 (p)~P! VpeP! and
irred. curve C' cF}, with C? = —k.

Proof. C=EycF, — C?’=—k v
CcFy, irred., C#Ey, —> C~aFEy+bF with a,beZ>°
— C?=0a%k+2ab>0
= FE4 T} is the unique irred. curve with negative self-intersection
— T} with &’ #k does not contain irred. curve C' with C? = —k. O



Crl 2: Iy %BlpIP’Q.

Proof 1. E, cFy exceptional curve (Eqy ~P!, B2 =—1)
Castelnuovo-Enriques Criterion => ;= blowup of projective surface S at some pe S

so that E, = E), exceptional divisor
EonEy=0 — KS'TF(E()) = K]Irl'Eg =-2-1=-3<0
hP4(S) =hP9(P?) YV (p,q), Kg not positive = S~P? O

Proof 2. Take peP? and P! cP?—{p}.
Projection P?—{p} — P! from p extends to holomor. submersion m: BL,P? — P!
with 77! (z) ~ P! Y zeP!
b/c proper transforms of lines thr. p are disjoint in BlplP>2

EP
-1 BlptP2
T T 7.‘—\ \ / 4 \ T
+1
P! P!

E2=—-1 — BLP’~F; (by Crl. 1)

Crl 3: Blka %qu]FkJrl if
p€EL(Fr) q¢Ex(Fry1)

Proof. E,cBl,Fj, exceptional divisor
Ey cBI,Fy, proper transform of Ey(Fy)
F < BL,Fy, proper transform of fiber thr. p
EnnF=0, Bp = Eup(Fy)?+ordy(Ex(Fy)2E2 = —(k+1)
F~F=~P!, F2=F2+ordp(F)2Eg=—1
Castelnuovo-Enriques Criterion = Bl,Fj = blowup of projective surface S at some ge S
so that F = E, exceptional divisor

Eoo / Eigo Eioo
P —k N —(k+1) —(k+1)
ﬂ.\( / \ Y (ﬂ. ﬂ.( \ 7p (ﬂ. 7T\ \Ep / \7'(’
Tk A\ Lk +(k+1)
Pl \ P! q P!

S contains irred. curve C=7(Ey) with C?=—(k+1)
7: BL,Fr —> P! induces holomor. submersion 7: S — P! with 7= !(z) ~P! VzeP?
Crl. 1 = S~Fp, O



Crl 4: Fy, is rational (birational to P?) V ke Z>°
Proof. Fq =BlpIP’2, Fr11 = blowdown of a blowup of Fy,

Thm: The minimal rational surfaces are P? and F;, with £=0,2,3, ...
Crl 1,4 = P? and Fj, with £=0,2,3,... are minimal rational surfaces
Need to show: every projective surface S birational to P?
can be obtained by a sequence of blowups from P? or some F}.

Lemma 1: Let {Cy},ep1 be a pencil of curves on a surface S. Oy,
If CxnCy=g Y\ NeP', X)X, and C) is smooth ¥ AeP!, then S

7T:S—>]P1, CA3$—>)\, T

is a well-defined holomor. submersion. p!

Proof. {Cy}\epr pencil of curves on S <= 3 holomor.l.b. L— S and
2-dim lin. subspace V < H(L)
s.t. {Cx haept = {571 (0)} [sJepv
CxnCy=F Y\ NeP! <= V—L,, s—>s(x), onto YzeSs
— 1: S—PV*x P!, 2—{seV: s(z)=0},
is well-defined, holomor., 7= 1(\)=C, V AeP!

[C)\] = [C)\I] GHQ(S; Z) V)\, /\’eIP’l - <61(NSC)\), C)\>=C2 =0V AEIF’I
k.= smallest order of nonvanishing derivative D’m of w at ze S
AeP! any, k=min{k,: zeC\} = DFr: (NsCy)®" — T)P! isom. = [C)] = kx generic Cy/

[C)]=[Cx]eH2(S;Z) = k=1 == = submersion O
Lemma 2: Let {C)},cp1 be a pencil of curves on a projective surface S. Cho
If CxnCy=g YA\ NeP, A# ), and Cy~P! for some AeP!, S C1
then S is a blowup of some Fy. Cs
™
Cs

Proof. If Cy irred. V A, then Cy ~P! VA and done by Lemma 1 and Prp

Suppose C}, :Z a;C; with m=>2, a;€Z", C;c S irred. curve
i=1
C,\ﬂciZQ V)\E]Pﬂ—{)\o} - OZC)\-CiZC)\O-CiZZajCj-CZ' —— Ci2<0
j=1
C), connected == C;-C;>0 for some j#i = C?<0Vi

C)\(WCXIQ V}\,)\/Gpl,)\#)\/ > Ks-C)\=<Kc/\,C)\>—<01(N50A>,C)\>=—2—0 ifC/\MP’l

m

- fZZKS'C)\ZKs-C/\O = ZaiKS'Ci
i=1

= Kg-C; <0 for some ¢

Castelnuovo-Enriques — can blow down C; to get projective S’ with pencil {C}} ept
v~ keeping blowing down to get {C}} ept as in Lemma 1



