
MAT 644: Complex Curves and Surfaces
Notes for 04/20/20

Last time: S“ C-surface, M “ C-mfld
(1) f : S 99KM is rational map if f : S´F ÝÑM is holomorphic for some finite F ĂS

(2) rational f : S 99KS1 is birational if Dg : S1
99KS rational s.t. g˝f “ idS and f ˝g“ idS1

outside of divisors on S, S1

Prp: S, S1 “ projective surface. Then f : S 99KS1 is birational
iff D blowups π : rSÝÑS and π1 : rSÝÑS1 s.t. π1 “f ˝π wherever RHS is defined
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rZ0, Z1, Z2s
p1“r0,1,0s, p2“r0,0,1s, q“pr0,1s,r0,1sq

//❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴ prZ0, Z1s, rZ0, Z2sq

S, S1 birational ùñ (1) π1pSq«π1pS1q: π1 does not change under blowups
(2) hp,qpSq“hp,qpS1q if pp, qq‰p1, 1q: these hp,q do not change under blowups

(3) PnpSq“PnpS1q: H0pKbn
S q

tdπu˚

ÝÑ H0pKbn
rS q isomor. if π : rSÝÑS is blowup

PnpSq”dimH0pKbn
S q n-th pluri-genus, P1pSq“h2,0pSq if S is cmpt Kähler

Today: Rational Surfaces
Dfn: Projective surface S is rational if S is birational to P2

ùñ S“ cmpt connected, π1pSq“0, PnpSq”dimH0pKbn
S q “ 0 @nPZ`

Next Monday (?): converse to (weaker version of) this, Castelnuovo-Enriques Thm

Examples: P2, P1ˆP1 minimal (no exceptional curves); blowups of these
Today: more minimal rational surfaces

Dfn: C-mfld S is ruled if D holomor. π : SÝÑC s.t. π´1ppq«P1 @ pPC
(can assume dimCS“2 ùñ dimCC“1)

Example 0: S“CˆP1
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Lemma 1: If π : SÝÑC is holomor. s.t. π´1ppq«P1 @ pPC and dimCS“2 (or π is submersion),
then π is a P1-bundle over C (π : SÝÑC locally trivial).

Need to show: @pPC, D neighborhood Up ĂC of p and holomorphic trivialization Φp of S|Up
:
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No problem in smooth category if π is submersion:

horizontal lifts of paths Φp “exp: NSSp «SpˆTpCÝÑS

NSSp ” normal bundle of Sp in S

Claim: if dimCS“2, then π is submersion

Proof of “Need to show” in holomor. category.

Choose positive l.b. LÝÑS s.t. H1pS;Lp´Spqq“0 (can do by Thm B, G&H p159)
(if dimCSą2, want H1pS; ISp

pLqq“0 with ISp
”tf POS : f |Sp

“0u)
L positive ùñ L|Sp

“OP1pdq with dPZ` (Sp «P1)
π submersion ùñ rSqs“rSpsPH2pS;Zq @ qPC

ùñ L|Sq
“OP1pdq @ qPC b/c d“xc1pLq, Sqy

H1pS;Lp´Spqq“0 ùñ H0pS;LqÝÑH0pSp;L|Sp
q«Cd`1 onto:

0 ÝÑ OS

`
Lp´Spq

˘
ÝÑ OSpLq ÝÑ OSpLpq

ˇ̌
Sp

ÝÑ 0

6 Can choose σ0, . . . , σd PH0pS;Lq s.t. σ0|Sp
, . . . , σd|Sp

is basis for H0pSp;L|Sp
q

ùñ σ0|Sq
, . . . , σd|Sq

is basis for H0pSq;L|Sq
q @ qPC near p

ùñ ιq : Sq ãÝÑPd, xÝÑrσ0pxq, . . . , σdpxqs, is embedding as nondegen. degree d curve
ùñ can choose rp1, . . . , rpd´1 PSp spanning Pd´2 ĂPd (rpi ‰ rpj)

Choose lifts γi : pUp, pqÝÑpS, rpiq ùñ (i) γi&́Sp

(ii) ιqpγ1pqqq, . . . , ιqpγd´1pqqqPPd span some H2
q ”Pd´2 ĂPd @ qPC near p
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Pick P1 ĂPd´H2
p ùñ P1XH2

q “H @ qPC near p

ùñ get projection πq : P
d´H2

q ÝÑP1, xÝÑpH2
qxqXP1

if x, x1 P ιqpSqq´H2
q with πpxq“πpx1q,

then H2
q , x, x

1 lie in hypersurface H ĂPn with |ιqpSqqXH|ąd ùñ ιqpSqqĂH X

Define Φp : S|Up
ÝÑUpˆP1 by Φp|Sq

”πq˝ιq : Sq´tγipqqu
1:1

ÝÑtquˆP1

extends over tγipqqu b/c Sq is a curve; injective by above
Φp is holomorphic b/c πq, ιq depend holomor. on q
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Proof of Claim. Let pPC.
rSps“krSqsPH2pX;Qq for some kPZ` and generic qPC ùñ deg NSSp “0
´2“KS ¨Sq “pKS ¨Spq{k“

`
xKSp

, Spy´deg NSSp

˘
{k“´2{k ùñ k“1

k“mintlPZ` : Dl
xπ‰0 for some xPSpu ùñ pNSSpqbk ÝÑSpˆC isom.

Lemma 2: if SÝÑC is a Pk´1-bundle and C is a smooth C-curve,
then D EÝÑC holomor. v.b. of rank k`1 s.t. S«PE as Pk´1-bundles over C.

Proof. E ÐÑ
 
rgαβ : UαXUβ ÝÑGLkC

(
P qH1pC; GLkCq

S ÐÑ
 
gαβ : UαXUβ ÝÑPGLkC

(
P qH1pC; PGLkCq

6 enough to show qH1pC; GLkCqÝÑ qH1pC; PGLkCq onto

Note: qH1pC;Gq” qH1 for sheaf of holomorphic functions with values in group G

GLkC,PGLkC not abelian ùñ qH1pC; ¨q not a group, qH2pC; ¨q not defined

Short exact sequence
t1u ÝÑ C˚ ÝÑ GLkC ÝÑ PGLkC ÝÑ t1u

of groups gives exact sequence in qH˚:

qH1pC; GLkCq ÝÑ qH1pC; PGLkCq ÝÑ qH2pC;C˚q” qH2pC;O˚q

Claim: qH2pC;O˚q“0 ùñ Lemma 2

Proof of Claim. Short exact sequence

t0u ÝÑ Z ÝÑ C
expp2πi¨q
ÝÝÝÝÝÑ C˚ ÝÑ t1u

of abelian groups gives exact sequence in qH˚:

qH2pC;Cq” qH2pC;Oqloooomoooon
H0,2pCq“t0u

ÝÑ qH2pC;C˚q” qH2pC;O˚q ÝÑ qH3pC;Zqloooomoooon
H3pC;Zq“t0u

More on qH1 with values in non-abelian groups: MAT 545 HW2 #6
math/1905.11316 Appendix A

Crl: if SÝÑP1 is a projective ruled surface,
then D kPZě0 s.t. S«PpOP1 ‘OP1pkqq”Fk (k-th Hirzebruch surface) as P1-bundles over P1.

Proof. Lemmas 1,2 ùñ S«E for some EÝÑP1 holomor. v.b. of rank 2
Grothendieck’s Thm (MAT 545 HW6 #6) ùñ E« OP1paq‘OP1pbqloooooooomoooooooon

«pO
P1

‘O
P1

pb´aqqbO
P1

paq

for some a, bPZ, aďb

ùñ S«PpOP1 ‘OP1pkqq with k”b´aPZě0

Examples: F0 «P1ˆP1 (trivial)
F1 «BlpP

2 (later)
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Properties of Hirzebruch Surfaces π : Fk ”PpOP1 ‘OP1pkqqÝÑP1

(1) π1pFkq“t0u: homotopy exact sequence of the fiber bundle P1 ÝÑFk ÝÑP1 and π1pP1q“t0u

(2) H˚pFkq«H˚pP1qbH˚pP1q as graded Z-modules (not algebras, unless k“0)

ùñ hp,qpFkq “

$
’&
’%

1, if pp, qq“p0, 0q, p2, 2q;

2, if pp, qq“p1, 1q;

0, otherwise.

Reason for «. Let E“OP1 ‘OP1pkq,
rγ”

 
pℓ, vqPPEˆE : vPℓ

(
ÝÑPE tautological line bundle,

u”c1prγ˚qPH2pPE;Zq ùñ t1, u|PEp
u is basis for H˚pPEp;Zq for all pPC

Take θ : Zt1, uuloomoon
Z´Span of 1,u

ÝÑH˚pPE;Zq obvious map

Zt1, uu
θ

ÝÑ H˚pPE;ZqÝÑH˚pPEp;Zq isom. @ pPC

6 θ is a cohomology extension of the fiber for fiber bundle P1 ÝÑPE
π

ÝÑP1

Spanier Thm 5.7.9 (MAT 566?) ùñ H˚pP1;ZqbZt1, uuÝÑH˚pPEp;Zq, αbβÝÑpπ˚αqYθpβq,
is isom. of graded Z-modules

Note: rγĂπ˚EÝÑPE ùñ rγ˚bπ˚E contains trivial C-subbundle
ùñ u2`pπ˚c1pEqqu`π˚c2pEq“eprγ˚bπ˚Eq“0

6 H˚pP1;Zqrus
L`
u2`c1pEqu`c2pEq

˘
ÝÑ H˚pPE;Zq, αbβ ÝÑ pπ˚αqYθpβq,

is isomorphism of graded Z-algebras (the product is preserved)
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