
MAT 644: Complex Curves and Surfaces
Notes for 03/30/20

Last time: (1) a compactification M1,1 of M1,1≡(H, SL2Z) by adding the disk

D ≡
{
q∈C : |q|<e−2π

}
with q = e2πiτ ∈D

∗, [τ ] ∈
{
z∈H : Im z>1

}/(1 Z

0 1

)
.

(2) line bundles Lk=L⊗k
1 −→M1,1

(3) sections of Lk are the modular forms (on H) of weight k:

f : H −→ C s.t. f

(
aτ+b

cτ+d

)
= (cτ+d)kf(τ) ∀ τ ∈H,

(
a b
c d

)
∈SL2Z (1)

with f̃(q) ≡ f

(
1

2πi
ln q

)
extending over q=0

Example of modular form of weight 2k:

Gk : H −→ C, Gk(τ) =
∑

(m,n)∈Z2−{0}

1

(mτ+n)2k
.

Last time: Gk satisfies (1) with k replaced by 2k (easy)

=⇒ get G̃k : D
∗−→C, G̃k(q) ≡ Gk

(
1

2πi
ln q

)

Prp 1: G̃k(q) = 2ζ(2k)+2
(2πi)2k

(2k−1)!

∞∑

n=1

σ2k−1(n)q
n, where

ζ(s) ≡

∞∑

n=1

1

ns
if Re s>1, σk(n) =

∑

d∈Z+, d|n

dk if n∈Z
+.

Prp =⇒ G̃k extends over q=0 =⇒ Gk is a modular form of weight 2k

Last time: deduced Prp 1 from

Lemma 1: if k≥2 and q=e2πiτ ∈H, then
∑

n∈Z

1

(τ+n)k
=

(−2πi)k

(k−1)!

∞∑

d=1

dk−1qd.

Claim: πi
q+1

q−1
= π

cosπτ

sinπτ
=

1

τ
+

∞∑

n=1

(
1

τ+n
+

1

τ−n

)
(converges if τ 6∈Z)

1st equality follows from 2 cosπτ=eπiτ+e−πiτ , 2i sinπτ=eπiτ−e−πiτ

2nd equality: LHS and RHS have same poles (all simple, at τ ∈Z) and residues (all 1)
=⇒ LHS−RHS holomorphic on C

Since it is bounded along τ= it as t−→∞ and vanishes at τ=1/2, LHS−RHS=0

Claim =⇒
1

τ
+

∞∑

n=1

(
1

τ+n
+

1

τ−n

)
= πi− 2πi

∞∑

d=1

qd

Differentiate k−1 times w.r.t. τ :

(−1)k−1(k−1)!
∑

n∈Z

1

(τ+n)k
= −2πi(2πi)k−1

∞∑

d=1

dk−1qd

This gives Lemma 1.



Note: Gk(τ=∞)≡G̃k(q=0)=2ζ(2k) 6=0

Lemma 2: if k∈Z
+, ζ(2k) =

(2π)2k

2(2k)!
Bk, where Bk is the k-th Bernoulli number:

x

ex−1
≡ 1−

x

2
−

∞∑

k=1

(−1)kBk

x2k

(2k)!
⇐⇒ z

cos z

sin z
≡ 1−

∞∑

k=1

22kBk

(2k)!
z2k ;

the equivalence of the two definitions is obtained by moving x
2 to LHS and taking z= x

2i

Crl 1: Gk(τ=∞)=
(2π)2k

(2k)!
Bk, e.g. G2(τ=∞)=

π4

45
, G3(τ=∞)=

2π6

45·21

Pf of Lemma 2: Claim with z=πτ gives

z
cos z

sin z
= 1+2

∞∑

n=1

z2

z2−(πn)2
= 1− 2

∞∑

n=1

∞∑

k=1

z2k

π2kn2k

= 1−
∞∑

k=1

(
2

∞∑

n=1

1

n2k

)
z2k

π2k
≡ 1−

∞∑

k=1

2ζ(2k)
z2k

π2k
.

This gives Lemma 2.

Remaining goal for Part II: M1,1 is the moduli space of
stable nodal genus 1 curves with 1 marked point

(1) extend the universal family from M1,1 to M1,1

(2) prove compactness
Do (1) by relating modular forms to cubic curves in P

2

Define modular forms g2, g3 : H−→C of weights 4 and 6 by

g2(τ) = 60G2(τ), g3(τ) = 140G3(τ) .

Crl 2: g2(τ=∞)3−27g3(τ=∞)2=0

For τ ∈H, let Λτ ≡Z⊕Zτ be the corresponding lattice.

Prp 2: ∀ τ ∈H, ∃ embedding Φ̃τ : Sτ ≡C/Λτ −֒→P
2 such that

Φ̃τ (0) = [0, 1, 0] and Im Φ̃τ =
{
[X,Y, Z]∈P

2 : Y 2Z = 4X3−g2(τ)XZ2−g3(τ)Z
3
}
.

Previously: (S, p) = elliptic curves =⇒ O(3p)−→S induces ϕ : S −֒→P
2 as a cubic

Explicitly: take x = meromorphic function on S with (x)∞=2p
y = meromorphic function on S with (y)∞=3p

=⇒ ϕ : S −→ P
2, ϕ(z) =

[
x(z), y(z), 1

]
, ϕ(p) = [0, 1, 0].
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(S, p)=(Sτ , z=0): take x = Weierstrass P-function, y=x′≡ d
dzx:

x(z)≡Pτ (z)≡
1

z2
+

∑

γ∈Λτ−{0}

(
1

(z−γ)2
−

1

γ2

)

converges if z 6∈Λτ b/c

∫

C−Bδ(0)

1

R3
does

Pτ (z+γ)=P(z) ∀ z∈C, γ∈Λτ =⇒ Pτ is well-defined on Sτ

Lemma 3: P ′
τ (z)

2 = 4Pτ (z)
3−g2(τ)Pτ (z)−g3(τ)

Proof:
1

(γ−z)2
=

d

dz

(
1

γ−z

)
=

∞∑

m=0

1

γm+1
zm−1 ·m =

1

γ2
+

∞∑

m=1

1

γm+2
(m+1)zm

=⇒ Pτ (z) =
1

z2
+

∞∑

m=1

( ∑

γ∈Λτ−{0}

1

γm+2

)
(m+1)zm =

1

z2
+

∞∑

k=1

Gk+1(τ)(2k+1)z2k

=
1

z2
+3G2(τ)z

2+5G3(τ)z
4+. . .

=⇒ P ′
τ (z) = −

2

z3
+

∞∑

k=1

Gk+1(τ)2k(2k+1)z2k−1 = −
2

z3
+6G2(τ)z+20G3(τ)z

3+. . .

Thus, 4Pτ (z)
3− P ′

τ (z)
2−60G2(τ)Pτ (z)−140G3(τ) is holomorphic on Sτ , = 0 at z=0 =⇒ ≡ 0

Lemma 3 =⇒ Prp 2: Φ̃τ (z) =
[
Pτ (z),P

′
τ (z), 1

]

Define U ′≡
{
(q, [X,Y, Z])∈D×P

2 : Y 2Z=4X3−g̃2(q)XZ2−g̃3(q)Z
3
}

Implicit FT =⇒ U ′ is smooth; Z2 acts on U ′ by (−1)·(q, [X,−Y, Z])

Since M1,1 is obtained by gluing M1,1 and (D,Z2) along (H ′,Z2×Z) as in the bottom row below,
we get a family of curves U −→M1,1 by gluing U and (U ′,Z2) along (W|H′ ,Z2×Z) as in the top row:

U=(W, SL2Z)

��

(W|H′ ,Z2×Z)
(ι̃,φ)

oo

��

(Φ̃,π1)
// (U ′,Z2)

��

U=U∪(W|H′ ,Z2×Z)(U
′,Z2)

��

M1,1=(H, SL2Z) (H ′,Z2×Z)
(ι,φ)

oo
(Φ,π1)

// (D,Z2) M1,1=M1,1∪(H′,Z2×Z)(D,Z2)

where H ′≡{τ ∈H : Im τ >1}, φ(±1, k)=±

(
1 k
0 1

)
, Φ(τ)=e2πiτ

W≡(H×C)
/
∼, (τ, z)∼(τ, z+mτ+n) ∀ (τ, z)∈H×C, m,n∈Z

Z2×Z acts on W by (±1, k)·[τ, z]=(τ+k,±z)

The fiber of U −→M1,1 over [τ ]∈M1,1=M1,1−{q=0} is the smooth elliptic curve (Sτ , 0)
The fiber of U −→M1,1 over q=0 (or τ=∞) is the plane cubic

C ≡
{
[X,Y, Z]∈P

2 : Y 2Z=4X3−g̃2(q=0)XZ2−g̃3(q=0)Z3
}
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Plane cubic Ca,b≡
{
[X,Y, Z]∈P

2 : Y 2Z=4X3−aXZ2−bZ3
}

contains [0, 1, 0]
near [0, 1, 0]: Z=4X3−aXZ2−bZ3

=⇒ [0, 1, 0] is a smooth point of Ca,b
Ca,b∩

{
[X,Y, 0]∈P

2}={[0, 1, 0]}
=⇒ [0, 1, 0] is a flex point of Ca,b (order 3 contact with the line {Z=0})
on Z 6=0: Y 2=4X3−aX−b
=⇒ Ca,b is smooth iff 4X3−aX−b has simple roots iff the discriminant D(a, b) 6= 0:

D(a, b) ≡ (r1−r2)
2(r1−r3)

2(r2−r3)
2 =

1

16
(a3−27b2)

Weight 12 modular form ∆: H−→C, ∆(τ)=g2(τ)
3−27g3(τ)

2
{
[X,Y, Z]∈P

2 : Y 2Z=4X3−g2(τ)XZ2−g3(τ)Z
3
}
≈ Sτ ≡C/Λτ

smooth cubic in P
2 =⇒ ∆(τ) 6=0 ∀ τ ∈H

Crl 2 =⇒ ∆(q=0)=∆(τ=∞)=0
=⇒ the fiber of U −→M1,1 over q=0 is a plane cubic with one simple node, not [0, 1, 0]

[0, 1, 0]
Z=0

node

Added after discussion: ∆ is a modular form of weight 12 and thus a section of L12=L⊗12
1 . Its

only zero is the point q=0 in D; the stabilizer of this point is Z2. By Prp 1, this zero is transverse.
Thus, ∫

M1,1

c1
(
L⊗12
1

)
=

1

2
. (2)

By Problems 1 and 2d on HW4, ∫

M1,1

c1
(
L1

)
=

1

2
·
1

n3
, (3)

where n3 is the number of plane rational cubics that pass through 8 general points in P
2. By (2)

and (3), n3=12. A direct way of computing this number is suggested by the hint for Problem 2c
on HW4; see also Section 2.3 in math/0507105. Another approach is explained in

https://www.math.tamu.edu/∼frank.sottile/research/pages/shapiro/real cubics.html
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