MAT 542: Algebraic Topology, Fall 2016

Suggested Problems for Week 8

You may hand in solutions to at most 2 problems every 2 weeks and no later than 2 weeks
after the necessary material for them is covered in class.

From Munkres: 31.1, 32.1-3, 33.2-5, 34.1

Problem L

Let X, Z be smooth manifolds, f: Z —> X be a smooth map, and W C X be a neighborhood
of f(Z)C X. Show that there exists a neighborhood U CW of f(Z)C X such that

H,(U;R) =0 Vp>dimZ.

Hint. By Sard’s theorem, there exists a smooth triangulation of X such that Int ¢ is trans-
verse to f for every simplex o.

Note. Let NeZt with N >3. Let
[o¢]
X = J{zeR": |z—(1/i,0,...,0)|=1/i}.
=1

Thus, X is a wedge of countably many (N—1)-spheres with one point (the origin) in common
and with collapsing radii. It is the image of a smooth map

f:ZTx SN RV,

It is shown in the 1962 paper of Barratt-Milnor that H,(X)#0 for infinitely many values
of p. If you can find a direct proof of this, you can submit it as Problem L’.

Problem M
Let S™ C R™! denote the unit sphere and define
ry: S — ST, rl(xl,...,mn+1) = (— xl,xg,...,mn+1) .

Use Mayer-Vietoris to show that there is a commutative diagram

H,(S") H,(S™)
Hy 1 (5" Hy 1 (S™7Y)

Conclude that the degree of 71 is —1 and the degree of the antipodal map on S™ is (—1)"*1.



