
MAT 541: Algebraic Topology
Comments on Problem A

For a set J , let

RJ =
{

f : J−→R
}

=
{

(ri)i∈J : ri∈R
}

, RJ
c =

{

f ∈RJ : |{i∈J : f(i) 6=0}|<∞
}

.

For J infinite countable (especially J=Z+), these sets are often denoted Rω and R∞. If J is finite,
then RJ

c =RJ . For i∈J , let

ei ∈ RJ
c ⊂ RJ , ei(j) =

{

1, if j= i;

0, if j 6= i;

be the i-th coordinate vector.

Let SJ denote the simplicial complex consisting of all finite subsets of J . An abstract simplicial
complex S is a subcomplex of SJ with J = Ver(S); its canonical geometric realization |S| is a
geometric subcomplex of

∣

∣SJ

∣

∣ ⊂ RJ
c ⊂ RJ .

If J is finite, the simplicial topologies on |SJ | and |S| agree with the subspace topologies with
respect to the canonical topology on the finite-dimensional vector space RJ . From now on, J is
thus assumed to be infinite and to contain Z+ as a subset.

There are several natural topologies on RJ :

(T1) product topology, which has open sets of the form

∏

i∈J

Ui, Ui ⊂ R open,
∣

∣{i∈J : Ui 6=R
}
∣

∣ < ∞;

(T2) uniform topology, which has open sets of the form

∏

i∈J

(ri−δ, ri+δ), δ∈R;

(T3) box topology, which has open sets of the form

∏

i∈J

(ai, bi), ai, bi∈R;

(T4) coherent topology, which has open sets U so that U∩V is open in V for every finite-dimensional
subspace V ⊂RJ .

The vector space operations

RJ×RJ −→ RJ , (v, w) −→ v+w, R×RJ −→ RJ , (r, v) −→ rw,

are continuous with respect to any of the four topologies above.



The product topology is strictly coarser than the uniform topology. The latter is strictly coarser
than the box and coherent topologies, while the last two topologies are not comparable:

(T1) ( (T2) ( (T3), (T4), (T3) 6⊂ (T4), (T3) 6⊃ (T4).

Every set U⊂RJ open in the product topology is open in the uniform topology; every set U⊂RJ

open in the uniform topology is open in the box and coherent topologies. The subset

A1 ≡
{

e1+
1

2
(ei−e1) : i∈Z+

}

⊂ |SJ | (1)

is closed in RJ with respect to the uniform topology, but its closure in RJ with respect to the
product topology contains e1/2. However, the restrictions of the two topologies to |SJ | are the
same. The subset

A2 ≡
{

e1+
1

i
(ei−e1) : i∈Z+

}

⊂ |SJ | (2)

is closed in the box and coherent topologies, but the closure of this set in the uniform topology
contains e1. The subset

U =
∞
∏

i=1

(

− 1/i, 1/i
)

×
∏

i∈J−Z+

R ⊂ RZ+

×RJ−Z+

is open in the box topology, but not in the coherent topology because its intersection with the
one-dimensional linear subspace V spanned by the vector

f : J −→ R, f(i) = 1 ∀ i∈J,

is {0} (which is not open in V ).

We next describe a subset B ⊂RJ closed in the coherent topology, but not in the box topology.
Let ℵ be the collection of infinite subsets of Z+. For each σ∈ℵ, define

fσ : J −→ R, fσ(i) =

{

1/min{j∈σ : j>i}, if i∈σ;

0, if i∈J−σ.

We take
B =

{

fσ : σ∈ℵ
}

⊂ RJ . (3)

As shown at the end of this note, the linear span of any finite subset B0 of B contains finitely
many elements of B:

∣

∣Span(B0)∩B
∣

∣ < ∞ if B0⊂B, |B0|< ∞. (4)

Thus, B∩V is a finite set for every finite-dimensional subspace V ⊂RJ and in particular closed
in V . It follows that V ⊂RJ is closed in the coherent topology. Every neighborhood

W =

∞
∏

i∈J

(−δi, δi) ⊂ RJ

of 0 in the box topology contains fσ∈B with

σ =
{

i1<i2<. . .
}

⊂ Z+ s.t. ir+1>1/δr ∀ r∈Z+ .

Thus, B is not closed in the box topology.

There are even more natural topologies on RJ
c :
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(Tc1) the restriction of the product topology on RJ ;

(Tc2) the restriction of the uniform topology on RJ , which is equivalent to the metric topology

d∞(f, g) = max
i∈J

∣

∣f(i)−g(i)
∣

∣;

(Tc3) the restriction of the box topology on RJ ;

(Tc4) the restriction of the coherent topology on RJ , which has open sets U ⊂RJ
c so that U∩RJ0

is open in RJ0 for every finite subset J0⊂J ;

(Tc5) various other metric topologies such as

dp(f, g) =

( ∞
∑

i∈J

∣

∣f(i)−g(i)
∣

∣

p
)1/p

, p∈ [1,∞).

The vector space operations

RJ
c ×RJ

c −→ RJ
c , (v, w) −→ v+w, R×RJ

c −→ RJ
c , (r, v) −→ rw,

are continuous with respect to these topologies. The simplicial topology on |S| is the restriction of
the coherent topology.

For p, q∈ [1,∞) with p<q, let ri∈(0, 1) be a sequence such that

∞
∑

i=1

rpi = ∞,
∞
∑

i=1

rqi < ∞ .

Define

xk =
k

∑

i=1

riei

/

( k
∑

i=1

rpi

)1/p

∈ R∞
c . (5)

The set {xk} is closed in the dp-metric topology and in the box and coherent topologies, but has 0
as a limit point in the dq-metric topology and in the uniform topology. On the other hand, a set
U ⊂RJ

c open in the dq-metric topology is also open in the dp-metric topology and in the coherent
topology. A set U⊂RJ

c open in the uniform topology is also open in the dp-metric topology. A set
U⊂RJ

c open in the box topology is also open in the coherent topology. Thus,

(Tc1) ( (Tc2) ( (Tc5)q ( (Tc5)p ( (Tc4) ∀ q<p,

(Tc5)p 6⊃ (Tc3) ∀ p, (Tc2) ( (Tc3) ⊂ (Tc4) ;

the penultimate inclusion above follows from the sentence containing (2). By this sentence, the
restriction of the topology (Tc2) to |SJ | is still strictly coarser than the restriction of (Tc3). On
the other hand, the restrictions of the topologies (Tc1), (Tc2), and (Tc5)p to |SJ | are the same.

It remains to compare the box topology on RJ
c with the dp-metric topology and with the coherent

topology. Let

B =
{

x∈RJ
c : dp(0, x)=

1

2

}

, W =
∏

i∈J

(−δi, δi) .
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If W∩RJ
c ⊂B, then

∣

∣{i∈J : kδi≥1}
∣

∣ ≤ kp ∀ k∈Z+ . (6)

If W is a neighborhood of 0 in |SJ | in the box topology, then δi > 0 for all i∈ J and (6) implies
that J is countable. Thus,

(Tc5)p 6⊂ (Tc3) ( (Tc4) if J is uncountable.

We next note that the restrictions of the last two topologies to |SJ | satisfy the same property. For
a finite subset S⊂J−{1}, define fS∈|SJ | by

fS : J −→ R, fS(i) =











1−|S|/2|S|, if i=1;

1/2|S|, if i∈S;

0, otherwise.

The intersection of the subset

AJ ≡
{

fS : S⊂J−{1}, 1≤|S|<∞
}

with every finite-dimensional linear subspace V ⊂RJ is finite. Thus, AJ is closed in the coherent
topology. If the neighborhood

W ≡
(

1−δ1, 1+δ1
)

×
∏

i∈J−{1}

(−δi, δi) ⊂ R{1}×RJ−{1}

of e1 is disjoint from AJ , then

min
{

δi : i∈S
}

≤
1

2|S|
∀ S⊂J−{1} s.t.

|S|

2|S|
< δ1 .

This is impossible if J is uncountable.

Suppose A⊂R∞−{0} is closed with respect to the coherent topology. We define a neighborhood

W =
∞
∏

i=1

(−δi, δi) ⊂ Rω

of 0 in the box topology containing no element of A as follows. Suppose i∈Z+ and we have chosen
δ1, . . . , δi−1∈R+ so that

[−δ1, δ1]×. . .×[−δi−1, δi−1] ∩
(

A∩Ri−1
)

= ∅.

Since A∩Ri is closed in Ri, there exists δi∈R+ such that

[−δ1, δ1]×. . .×[−δi, δi] ∩
(

A∩Ri
)

= ∅.

Since A⊂Ri for some i, it follows that W ∩A= ∅. Thus, A is closed in the box topology on R∞.
This establishes that

(Tc5)p ( (Tc3) = (Tc4) if J is countable.
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The same statements hold for the restrictions of these topologies to |SJ |.

One conclusion of the above is that the simplicial topologies on |SJ | and |S| agree with the subspace
topologies with respect to RJ

box if J is countable. The simplicial topology on |S| also agrees with
the subspace topology with respect to RJ

box if the set

{

S∈S : v∈S
}

is (at most) countable for every v ∈Ver(S) for the following reason. If x∈ |S|, then the set Jp of
the vertices of the subcomplex Sp forming the closed star StS(p) of the open simplex containing p
is countable. The corresponding open star StS(p) is an open neighborhood of p in |S| with respect
to the simplicial topologies on |S| and |Sp|. By the countable J case, every U⊂StS(p) open in the

simplicial topology is also open in the subspace topology induced from R
Jp
box

and thus from RJ
box.

Therefore, the simplicial topology on |S| agrees with the subspace topology with respect to RJ
box.

It remains to establish (4). For each k∈Z≥0, define

Z+
k = Z+−{1, . . . , k}, πk : R

J −→ RZ+

k , πk
(

(ri)i∈J
)

= (ri)i∈Z+

k
.

If in addition m∈Z≥0, define

πk+m : RZ+

k −→ RZ+

k+m , πk+m

(

(ri)i∈Z+

k

)

= (ri)i∈Z+

k+m
,

πk;m : RZ+

k −→ Rm, πk;m
(

(ri)i∈Z+

k

)

=
(

rk+1, . . . , rk+m).

We first note that if B0 ⊂ RZ+

k is a finite collection of linearly independent elements, then so is
πk;m(B0)⊂Rm for all m∈Z+ sufficiently large. For each m∈Z+, let

RB0

m =
{

(cf )f∈B0
:
∑

f∈B0

cff(i)=0 ∀ i=k+1, . . . , k+m
}

.

Thus, RB0

1 ⊃RB0

2 ⊃ . . .. . . are linear subspaces of RB0 . If some (cf )f∈B0
belongs to all of them,

∑

f∈B0

cff(i)=0 ∀ i∈Z+
k .

Since the elements of B0 are linearly independent, it follows that cf = 0 for every f ∈B0 and so
RB0
m ={0} for all m sufficiently large.

We now show by induction on |B0| that

∣

∣Span(B0)∩πk(B)
∣

∣ < ∞ if B0⊂πk(B), |B0|< ∞, k∈Z≥0 ; (7)

the k=0 case of this claim is equivalent to (4). If πk(fσ1
) and πk(fσ2

) with σ1, σ2∈ℵ are linearly
dependent, then

σ1∩Z
+
k = σ2∩Z

+
k , πk(fσ1

) = πk(fσ2
).

Thus, (7) is true if |B0|=1. Suppose ℓ∈Z+, (7) is true whenever |B0|≤ ℓ (no matter what k is),
k∈Z+, and B0⊂πk(B) is a subset of linearly independent elements of cardinality ℓ+1. Let m∈Z+
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be such that the elements πk;m(f)∈Rm with f ∈B are linearly independent.

Suppose first that the elements πk+m(f) with f ∈B0 are linearly dependent and thus

Span
(

{πk+m(f) : f ∈B0}
)

= Span
(

{πk+m(f) : f ∈B′
0}
)

for some B′
0⊂B0 with |B′

0|=ℓ. From the inductive assumption, we then obtain

∣

∣Span
(

{πk+m(f) : f ∈B0}
)

∩πk+m(B)
∣

∣ < ∞. (8)

Since each element of πk+m(B) has finitely many preimages in B, (8) implies (7).

Suppose instead that the elements πk+m(f) with f ∈ B0 are linearly independent. Let m′ ∈ Z+

be such that the elements πk+m;m′(f) with f ∈B0 are linearly independent. This implies that for
every f ∈Span(B0)∩πk(B) nonzero there exists

j∈Z+ s.t. k+m< j ≤ k+m+m′, f(j) 6= 0.

From the definition of B, it then follows that

f(i) ∈ {0} ⊔
{

1/j : k< j≤k+m+m′
}

∀ f ∈Span(B0)∩πk(B), k<i≤k+m,
∣

∣πk;m
(

Span(B0)∩πk(B)
)∣

∣ < ∞.

Since the elements πk;m(f) of Rm with f ∈B0 are linearly independent, it follows

∣

∣Span(B0)∩πk(B)
∣

∣ =
∣

∣πk;m
(

Span(B0)∩πk(B)
)
∣

∣ < ∞.

This completes the inductive step.

This note is based on discussions with Xujia Chen, Ying Honh Tham, and Hang Yuan in Fall 2016
who had discovered that the original formulation of Problem A was wrong. If you see any problems
with any of the above statements and/or have suggestions for streamlining any of the arguments
in this note (in particular that the box topology on Rω is not finer than the coherent topology),
please let me know.
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