MAT 531: Topology& Geometry, 11
Spring 2006

Problem Set 8
Due on Thursday, 4/6, in class

1. Suppose X is a topological space and P ={Sy; puy} is a presheaf on X. Let

SL{ = {(Uavfoz)aeA: U, CU open, U= Uua§
acA
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JW C U, ﬂ?xlé st. peW, pwu, fa:pw%fé.
Whenever U CV are open subsets of M, the homomorphisms py,1y induce homomorphisms
puy: Sv — Su,

so that P={Sy; pu.v} is a presheaf on M.

(a) Show that if P is a complete presheaf, then P is isomorphic to P.
(b) Show that P is necessarily a complete presheaf.

(c) If R is a subsheaf of S, show that

a(S/R) = a(S)/a(R).

Hint: You may want to use Chapter 5, #2,5 (p216).
Note: The presheaf P is isomorphic to a(3(P)), where o and 3 are as in Subsection 5.6.

2. We have defined Cech cohomology for sheafs or presheafs of K-modules. All such objects are
abelian. The sets H° and H' can be defined for sheafs or presheafs of non-abelian groups as
well. The main example of interest is the sheaf S of germs of smooth (or continuous) functions
to a Lie group G.' If U ={U,} is an open cover, f€C°(U;S), and g€ C'(U; S), define

f €C'WUsS) by (B0F)avar = Faolu, v, For luny et
dig € C*U;S) by (D19)aparas = galw‘uaomualmu@ 'g;olaz‘uaomualmuQQ " Jaoon ‘uaomualmu%’
where for all ag, a1, a0 € A, f€COU;S), g CH(U;S), and he C?(U; S),

fag € T(Uny; S), Gapay € T(UayNUay; S), hagoras € T'(UagMUa, \Uq0; S).
Define an action of C°(U;S) on C'(U;S) by
{F* g avar = faolyy rute, * 9o0ar * fai luey ctte, € TUagMUay:S).

(a) Show that under this action CO(U; S) maps ker 0y into itself.
(b) Show that for every Cech 1-cocycle g (i.e. g€ker d;) for an open cover U ={Uy }acA,
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1This means that G is a smooth manifold and a group so that the group operations are smooth. Examples include

O(k), SO(k), U(k), SU(k).



where e is the “zero” (or “identity”) section of S (i.e. e(m) is the identity element of the group S,
for every me M).
By part (a), we can define
ﬁO(Q;S) = ker Oy and ﬁl(g;S) :keral/éD(Q;S).

The first set is a group being the kernel of a group homomorphism. If U’ = {U. }oecn is a
refinement of Y ={U, }ac, any refining map p: A'— A induces group homomorphisms

py: CPU; S) — CPU';S),
which commute with dp, 91, and the action of C%(-;S) on C'(-;S), similarly to Section 5.33.
Thus, p induces a group homomorphism and a map

Rg,xu:f[o(g;S) — H(U';S) and Rgﬂyuzf]l(g;é‘) — HYU'; S).

(c) Show that these maps are independent of the choice of f.
Thus, we can again define H°(M;S) and H'(M;S) by taking the direct limit of all H°(U;S)
and H'(U;S) over open covers of M. The first set is a group, while the second need not be
(unless S is a sheaf of abelian groups). These sets will be denoted by H°(M;G) and H'(M;G)
if S is the sheaf of germs of smooth (or continuous) functions into a Lie group G. As in the

abelian case, H°(M;S) is the space of global sections of S.
(d) Show that there is a natural correspondence

{isomorphism classes of rank-k real vector bundles over M} «— H' (M;O0(k)).

(e) What are the analogues of these statements for complex vector bundles? (state them and
indicate the changes in the argument; do not re-write the entire solution).

Hint: For (d) and (e), you might want to look over Sections 3 and 5 in Notes on Vector Bundles.
Do not forget that H'(M;S) is a direct limit.

. (a) Show that the set of isomorphism classes of line bundles on M forms an abelian group under
the tensor product (i.e. satisfies 3 properties for a group and another for abelian). Show that in
the real case all nontrivial elements are of order two.

(b) Show that the correspondence

{isomorphism classes of real line bundles over M } —— HY(M;Zs)

of the previous problem is a group isomorphism.
(c) Show that there is a natural group isomorphism

{isomorphism classes of complex line bundles over M } — H 2(M i 7).

Hint: ses/les

Note: The groups H'! (M ; Zg) and H? (M ; Z) are naturally isomorphic to the singular cohomol-
ogy groups H'! (M; Zz) and H? (M; Z). The image of a real line bundle L

wi(L) € HY(M;Zs)
is the first Stiefel-Whitney class of L; the image of a complex line bundle
ci(L) € H*(M;Z)

is the first Chern class of L. However, this is not how these characteristic classes are normally
defined.



