MAT 531: Topology& Geometry, 11
Spring 2011

Solutions to Problem Set 8

Problem 1 (15pts)

Suppose X is a topological space and P={Sy; ,kov} is a presheaf on X. Let

SU = {(Uonfa)aefl: UaCU open, U= U Ua;fO‘GSU";
acA

Va,B€A, peUs,NUs AW CULNUg open s.t. p€W, pw,u, fa=pwusfs}/ ~
where (Ua,fa)aeA ~ (U(/x/?fé/)a/GA/ Zf v OZEA, O/GA,, pe UaﬂU(;/
HWCUQQU(;/ s.t. pGVV, pW,Uafa:pW7U//f(;/.

Whenever U CV are open subsets of X, the homomorphisms pyy induce homomorphisms
puv: Sy — Su, [(Vas fa)aca] — [(VaNU, pvrv,v, fa)acAal

so that P={Sx; pu,v} is a presheaf on X. Show that

(a) P =a(B(P));

(b) the presheaf homomorphism {py}: P — P

QYU Sy — S'U, f — [(U, f)],

is injective (resp. an isomorphism) if and only if P satisfies 5.7(C1) (resp. is complete);
(c) if R is a subsheaf of S, then a(S/R) =~ a(S)/a(R).
(a) By definition, a(5(P)) is the presheaf of continuous sections of the sheaf w: §(P) — X, i.e.
Sy =T(U; B(P)), Sy — Sy, [f— flu,

whenever U C V' are open subsets of X. If f: U — S(P) is any section, f(p) € B(P), and so
f(p)=pp,u,(fp) for some neighborhood U, of p in U and f, € Sy,. If in addition s is continuous,

10y, ={a€Up: f(@)=pou,(fp)}

is an open neighborhood of p in U. On the other hand, if ¢ € U,NUy and pgu,(fp) = quUp,(fp/),
then there exists a neighborhood W of ¢ in U,NU,s such that pw,u,(fp) = PW,U,, (fpr). Thus, for every
feT(U; 5(P)), there exists a tuple (Uy, fo)ac.a such that {Uy}ac4 is an open cover of U, f, €Sy, for
all a, € A and p€ UyNUp there exists a neighborhood W of p in UsNUp such that pw,u, fo=pw,u, f5,
and

F(®) = ppu.(fa) VgeU,, acA.

Conversely, any collection (Uy, fa)aca With fo € Sy, covering U, and satisfying the overlap condition
determines an element of f€I'(U; 5(P)) by the last displayed expression; the value of f(p) is indepen-
dent of the choice of a€ A such that p€ U, because of the overlap condition. Collections (Uy, fo)acA



and (U, fl))area with fo € Su,, fl, € Su,_,, covering U, and satisfying the overlap condition deter-
mine the same element feI'(U;B(P)) if and only if for all a€ A, &/ € A’, and pe U,NU, there exists
a neighborhood W of p in Uy NU, such that pw,u, foa =pw,u, fhs, since

ppua (fo) = ppwowu.(fa),  powewur, (for) = ppur, (for)

and 80 pp v, (fa) = ppur, (fly) is equivalent to the existence of W as above. Thus, we have constructed
a bijective map B

Su — L(U; B(P)).
This map is a homomorphism of K-modules, since the K-module operations on I'(U; 3(P)) are deter-

mined by the K-operations on sections over open covers {Uy }aea of U, which in turn correspond to
the K-module operations in {Sy, }ac.a. Whenever U CV are open subsets of X, the diagram

T L(V;B(P))
Su L(U; B(P))

commutes, since both vertical arrows are restrictions on elements of open covers of U. Thus, the
presheaves P and a(3(P)) are isomorphic.

(b) If [(U, f)]=0€ Sy, every peU has a neighborhood W, CU such that pw,.vf=0. So,
ker oy = {fESU: 3 open cover {Uqy }aca of U s.t. py,vf = pu,v0 VozE.A}.

Thus, ker ¢y = 0 for all if and only if P satisfies 5.7(C1).

Suppose ¢y is an isomorphism for all open subsets U of X. If (U,, fa)aca is a collection such that
fa €Uq, {Uq}aca is an open cover of U, and

PUNUs Usfa = PUUs U8 Y @, B €A,

then [(Ua, fo)aca] € Sy (W =U,NUgz can be used for the overlap condition). Thus, there exists f € Sy
such that

[(Uv f)] = [(Uaa fa)ozeA] S gU-

This means that for every o€ A and peU,, there exists an open neighborhood Wi, of p in U, such
that

pWa;p,UafOl = pWa;p7Uf = pWa;p7Uo¢pUa7Uf E SWO(;P :

Since {Wa:ptpev,, is an open cover of U, and P satisfies 5.7(C4), it follows that f, = py,vf € Su,
for every a€ A. Thus, P satisfies (Cy).

Conversely, suppose P is a complete presheaf and [(Uy, fa)aca] € Sy. For every pair a, 8 € A and
every point pe U,NUpg there exists a neighborhood W, g., of p in U,NUg such that

pWa,ﬁ;prafa = pWa,B;vaBfIB *
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Since {Wa,g:p }peUanu, is an open cover of U, NUg,

PWor i UaUs (PUAUS Un far) = PWoa g Ua S = PWer s Us B = PWoa i UarUs (PUAUS,U5S8) 5

and P satisfies (C1) of Definition 5.7, it follows that py,nu,,vU. fa = pu.nus,us fs for all a, B€ A. Since
P also satisfies (C3) of Definition 5.7, there exists f € Sy such that

pUa,Uf = fa VacA = [U7 f] = [(Uaafa)aEA]7

i.e. the homomorphism ¢ is surjective.

(c) Let ¢: S—S/R and qu: T'(U;S) — I'(U; S)/T(U; R) be the quotient projection maps. Denote
by {T'(U;S/R)} the completion of {I'(U;S)/T(U;R)}, as in the statement of the problem. Define a
homomorphism of presheaves

{ev}:a(S)/a(R) — a(S/R) by  ¢u:T(U;S/R) — I(U;S/R),
(PU([(UaaQUa(fa))aEA])‘Ua =qofo € T(Us; S/R).

If qu., (fo)=qu. (fl), then fo—fl, € T(Uy; R) and thus go fo=gof,, € T'(Uy; S/R). Since
[(UmQUa (fa))aeA] € f(U;S/R),

for every pair o, 3 € A and every point p € U,NUp there exists a neighborhood W C U,NUg of p
such that gw (falw) = qw (fslw) and thus go fo|w = go fglw. Since {Ua}aca is an open cover of U,
it follows that @y ([(Ua, qu, (fa))aca]) is a well-defined (continuous) section of S/R over U, i.e. an
element of I'(U; S/R), as required. If

(Ua, qua (fa))aca ~ (Ugr qur, (for))arears

for every pe U,NU/, there exists a neighborhood W of p in U,NU!, such that qw (falw) = aw (for|w)

and thus go fo|lw = gofu|y,- So ¢u([(Ua, qu, (fa))aeca]) depends only on [(Us, qu, (fa))aeal, and not
(Ua, fa)acA, i.e. the map

oy:T(U;8/R) — T'(U;S/R)

is well-defined. Since ¢ and gy, are homomorphisms of K-modules, so is ¢p. It is immediate that ¢
commutes with the restriction maps and therefore {¢y} is a homomorphism of presheaves.

If gof,=0€T(U;S/R), then f, € T(U;R) C T'(U;S) and qu,(f) = 0 € T(U;S/R). Thus, {¢v}
is injective. On the other hand, suppose g € I'(U;S/R). For each p € X, choose s(p) € S, such that
q(s(p))=g(p). Since 7: S — X and 7’: S/R — X are local homeomorphisms, for each p€ X there
exist neighborhoods U, of p in U, Uy, of s(p) in S, and Uy, of g(p) in S/R such that

W:Us(p) —>Up and 7' Ug(p) —)Up
are homeomorphisms. Since m=7"0gq, q: Usp) —> Uy(p) 1s also a homeomorphism. Let

-1
fp = {W‘Us(p)} : Up — Us(p) C S



Since m’'og=idy, it follows that
qo fp=gqo {W\Us<p)}_1 =gqo {Q|U5(p>}_1 o {F/!Ug(m}_l o{n’og}lu, = glu,-
We conclude that
((Up, qu, (fp))pev] € D(U;S8/R)  and v ([(Up, qu, (fp))pev]) = 9;

i.e. {¢y} is surjective. Note that if p;,ps €U, then
qofp1 |Up1 Up, = g‘Upl NUpy — qofp2 ‘Ul’l Up, - qUy, NUp, (fpl |Up1ﬁUp2) = qUy, NUp, (fpz |UplﬂUp2)a

i.e. the overlap condition is indeed satisfied.
Note: Tt follows from (a) that P is a complete pre-sheaf. We now check this directly.

If {Us}taca is an open cover of U and f, € Sy, are elements satisfying the overlap condition in the
definition of Sy above, denote by [(Ua, fo)aca] € Sy the equivalence class of (Uy, fo)aca. If re K, let

r- [(Uaa fa)aEA] = [(Ua’ r fa)an.A}'

The tuple (Uy, - fa)aca still satisfies the overlap condition (the same open sets W work, since pw.r,
and pw,y, are homomorphisms of K-modules) and therefore [(Ua, - fa)ae.A] €Sy. If (Ua, fa)aca~

(Ul for)avenr, then
Uo7+ fa)aca ~ (Ué/v r- fé/)a’EA’

(the same open sets W work) and therefore the multiplication map K x Sy — Sy is well-defined. If
[(qu? foq)oqe./h] s [(Ua27 fag)agEAz] € S'U’

define

[(Uap fal)a1€A1] + [(Uaz7 fOéQ)aQE.AQ] = [(Ual mUOLQ? PUq; NUay Uay fa1 +PUalmUa2,Ua2 fozz)ale.Al,azeAz] .
The tuple
(Uays NUasg s PUsy WUay Uay for T PUw, NUay Uay faz)ar €A1 ane As
satisfies the overlap condition for the following reason. If ai,83; € A; and as,2 € Ay and p €
Ua,NUq,NUg, NUg,, there exists an open neighborhood W of p in this 4-fold intersection such that
PW,Uq, fa1 = pVV,Uﬁ1 fﬁl ) meQQfa2 - pVV,U52f,B2 )

this open set W is obtained by intersecting the two W’s in the overlap condition for the two tuples
being summed. This open set W also works for the sum tuple:

pWaUal mUag (pUal mU&Q ,Ual fal +pUa1 mU(!2 7U(12 fa2) = pW,Ual fal + pWU(XQ fa2
= pw,us, f1 T Pw,Us, I (1)

= PWUs, (WU, (PUs, (Usy Us, [81FPUs U, Usy 8-



Thus,

[(Uay MUy, PUw, Uy Uay Jor + PUa WUy Uay far Jar €A1 cne Az | € SU-
If
(Uays far)area, ~ (U(/;/l’f;’l)a’leA’l and (Uags fas)azeAs ~ (Ué/zv féé)agéA’Qa
then

(qu mUO{Q y PUalﬂUaz,Ual fa1 + onqﬁUUQ,UO(2 focg)oq c€A1,a2€A2
/ !/ ! /
~ (Ua’lmUa'QaPU;,lﬂU;,Q,U;,l foy + puz, o, UL, fay)at ey apen,

as we can use the intersection of the open sets W corresponding to (a1, ) and (a4, ) by a compu-
tation similar to (1) above. Thus, Sy is a K-module.

If UCV and [(Va, fa)aca] € Sy, then

[(VaﬁUy PVanU,Vy fa)aEA] S gU;

the overlap condition still holds, with W used for the first tuple replaced by WNU. Furthermore,

[(Vaafa)aeA] = [(Vclwfé/)a'EA'] € SV _
= [(VaﬂUa pVaﬂU,Vafa)aeA] = [(Vo/zﬂUv pV;,ﬂU,VO’(,f&/)a'EAI] € SU’

as each W used in the first equivalence condition can be replaced with WNU. Thus, the map py,y is
well-defined. It must be a homomorphism of K-modules, because pyy is. Furthermore, if UCV CW,

PUW = PU,VOPV,W

since pyr wr = purvropyrwr whenever U' C V' C W’ are open subsets of X. Thus, P ={S,py,y} is
indeed a presheaf on X.

Suppose U is an open subset of X and {V,},¢r is an open cover of U. Suppose in addition that
[(Uayfa)aeA] egU7 [(U(iy’vfc/y’)a'GA'] ESUa ﬁVW,U [(Uaafoz)aeA] = ﬁV»y,U [(Ué/’f(;’)a’EA’] v FYGF
By definition,

ﬁV.Y,U [(Uayfa)oaeA] = [(UaﬂvwapUaﬂVﬂ,,Uafa)aeA] € SVW
ﬁvw,U[(UC/wfé')a'eA'] = [(Uc/um/wPU&,mVW,UQ,fQ')a'eA'] € Sy,

By definition of the equality of the two, for every p € U,NU/, NV, there exists a neighborhood
W CU,NU!, NV, of p such that

PWUa S = PW.ULAV, (PUAV; Ua for)
!/
= Pwu’,nv, (pU;,ﬂVW,U;, fo/) = PW,U, Jor

By definition of equivalence, this means that

(Uaa fa)aEA ~ (Uav f(;’)a/efl/ Le. [(UCU fa)aE.A] = [(Ué/’ fé/)o/E.A’] € gU'



Thus, P satisfies (C) of Definition 5.7.

Suppose U is an open subset of X, {V, },cr is an open cover of U, [(U, a;, fy,a)acA,] GS’VW, and

/jVﬂ,l NV, Vo [(U'yl,on f'yl,oc)aeAyl} = pVA“ﬁVAYQ,VAY2 [(Uvg,om fvg,a)aEAm] v Y1, 72 el

By definition, this equality implies that for all y1,v%2 €', oy € Ay, as € A,,, and p € Uy, o, MU, 005
there exists a neighborhood W of p in U, o, NU,,,a, such that

PWU, oy rrsar = PW,U, o, Vg (PUS, 0 AV Uny oy fr1,01)
= PW,Ung 00NV (pU“/Q@Q V51 .Uqg a9 f727a2) = PW,Uys 00 f7270‘2‘

Thus, the collection (Uy o, fy,a)ac A, ~er satisfies the overlap condition in the definition of Sy and

[(U'y,aaf'y,a)ozEAn,,'yEF] € SU s.t. ﬁVV,U([(U%ou fv,a)aEAy,’yeF]) = [(U’Y,Ou f%a)aEAy] V’}/EF.

Thus, P satisfies (Cy) of Definition 5.7 and therefore is a complete presheaf.

Problem 2: Chapter 5, #17 (5pts)

Give an example of a fine sheaf which contains a subsheaf which is not fine.

The sheaf S of germs of continuous functions over a topological space X is a fine sheaf by 5.10 (the ar-
gument in the continuous case is the same as in the smooth case). It contains the sheaf R = X XRgiscreet
of germs of locally constant functions. By 5.31, I:IP(X;R) %Hgng(X; R); thus, by 5.33 R is not a fine
sheaf as long as Hﬁng(X;R) # 0 for some p #0 (e.g. X = S' by deRham or Hurewicz’s theorem).
A similar example is obtained by considering R as the subsheaf of germs of locally constant smooth
functions contained in the sheaf of germs of smooth 0-forms £°. In addition, if S is any sheaf, the sheaf
Sp of germs of discontinuous sections of S is a fine sheaf (see 5.22) and contains S as the subsheaf of
germs of continuous sections of §; this provides an example whenever S is not a fine sheaf.

In fact, the sheaf K = X X Kgjscreet, Where K is a ring with unity 1, is not fine as long as X contains
two nonempty connected subsets Vi and V5 such that ViNVa # 0, Vi ¢ Vi, and Vo ¢ Vy. If so, let
U; be the complement of a point x2 in Vo —V; and Us be the complement of a point x1 in Vi — V5.
Then, {Uy,Us} is a locally finite open cover of X (as long as X is T1). If L: K — K is any sheaf
homomorphism, the sets

A={zeX: L,=0} =m (L1 (Xx0)N X x1),
B={zeX: L;#0} =m (L (X x(K—-0)) N X x1)

are open and disjoint in X, since X x0, X x1 and X x(K—0) are open in K, L a continuous map, and
m1: K — X is a local homeomorphism which is injective on X x1. Thus, (V1UV2)NA and (V1UVL)NB
form an open partition of V;UVs. Since V3UV5 is connected, every sheaf homomorphism L: K — K
is either identically 0 on V3 UVs or nowhere 0 on Vi UV5. It follows that there exists no partition of
identity {Lj, Lo} on K subordinate to {Uy,Us}: L1 would have to vanish at ps € Vo—Uj, because the
support of L1 must be contained in Uy, and would have to equal the identity at p; € V1 —Us, because
the support of Lo must be contained in U and Ly + Ly =id.



Problem 3 (10pts)

Let K be any ring containing 1. For each i € 2", let V; = K ; this is a K-module. Whenever i < j,
define o
pji:Vi— Vi by pii(v) =277y

this is a homomorphism of K-modules. Since py; = prjpji whenever ¢ < j <k, we have a directed
system and get a direct-limit K-module

—
Voo =1limV; = lim V.
7+ T—>00

(a) Suppose 2=0€ K (e.g. K=7Z3). Show that Voo ={0}.
(b) Suppose 2 is a unit in K (e.g. K=R). Show that Voo = K as K-modules.

(c) Suppose 2 is not a unit in K, but 2#0€ K, and K is an integral domain (e.g. K=7). Show
that the K-module Vi s not finitely generated.

An element of V, is an equivalence class [i,v], where i € ZT, v €V, and [i,v] = [j,w] if there exists
k>1,j such that 28—ty =2F"Jw e K; in particular, [i,v]=[j, 2/ ~*v] whenever i <j.

(a) Since 2=0, [i,v]=[i+1,2v]=[i+1,0] for all [i,v] € Voo; so Voo ={0}.
(b) Define a homomorphism
h: K — Vi by  v—[1,].

If h(v) =0 for some v € K, then 27171y =0 € V;1; for some j > 1. Since 2 is a unit in K (has an

inverse), it follows that v=0€ Vj41 =K thus, h is injective. On the other hand, for every j€Z" and
weV;=K,

w=2"1 27y = l,w] = [1, (271 tw] = h((271) w);
thus, h is also surjective.

(c) Suppose Vi is spanned by [i1,v1],. .., [ig,vx] for some iy,...,ix € ZT and v1,...,vp € K. Let
i = max{iy,...,ix}. Since [ij,v;] = [i,28 %y - 1], Vo is spanned by the single element [i,1]. In
particular, [i4+1,1]=k[i, 1] for some k€ K and so

QUAD=(HD) = ol eV = K

for some j >i. Thus, 2/7¢(2k—1)=0¢€ K. Since K is an integral domain, it follows that 2k = 1,
contrary to the assumption that 2 is not a unit in K.



