MAT 531: Topology& Geometry, 11
Spring 2011

Solutions to Problem Set 7

Problem 1 (15pts)

Let X be a path-connected topological space and (S«(X),d) the singular chain complex of continuous
simplices into X with integer coefficients. Denote by H1(X;7Z) the corresponding first homology group.
(a) Show that there exists a well-defined surjective homomorphism

h:m(X,x0) — H1(X;Z).

(b) Show that the kernel of this homomorphism is the commutator subgroup of m1(X,xo) so that h
nduces an isomorphism

P m (X, 20)/ [m1(X, 20), 71 (X, 30)| — H1(X;7Z).

This is the first part of the Hurewicz Theorem.

The motivation for this result is that 71 (X, o) is generated by loops based at xg€ X, i.e. continuous
maps a: I — X such that «(0) =a(1) =z, while H;(X;Z) is generated by formal linear combinations
of 1-simplicies, i.e. continuous maps

f:A'=T — X.

In particular, a loop (as well as any path) in X is a 1-simplex. However, the equivalence relations
on paths and 1-simplicies used to define 71 (X, 29) and Hi(X;Z) and the groups structures are quite
different. So we will need to show that equivalent paths are equivalent as 1-simplicies and a product
of two paths corresponds to the sum of the two 1-simplicies.

We will denote the path-homotopy equivalence class of a path « (loop or not) by [a] and the image of
a 1-simplex in S7(X)/0S2(X) by {a}. It will be essential to distinguish between a point z¢€ X and
the k-simplex taking the entire standard k-simplex A* to zy. Denote the latter by fr o

Lemma 0: If a: I — X is a loop, da=0.

Lemma 1: If xoe X, fi 4, €0S2(X).

Lemma 2: If o, : I — X are path-homotopic, then a— €Sy (X).

Lemma 3: If o, B: [ — X are paths such that (1) =3(0), then a+—a*f € 0S2(X).
Lemma 4: If a: I— X and &: [ — X is its inverse, then a+a € 0S8 (X).

Lemma 5: If F: A> — X is a 2-simplex, then

[(Foid)+(Fod)+(Foi3)] = [id] € m (X, F(1,0)).

First, recall the maps L} and L? used to define the boundaries of 1- and 2-simplicies:

gAY — AT (0) =1, 11 (0) = 0;

(
L?: Al — A2 2(s) = (1—-s,5), 3(s)=1(0,5), 13(s)=(s,0) Vsel;



Figure 1: The boundary maps le: AV — Al and LJZZ Al — A2,

see Figure 1. These maps respect the orders of the vertices. By the above, if « is a loop based at x,

da =aouy—aoi] = fouu) — fou0) = foz — fom = 0.

For Lemma 1, note that

2 2 2
af?,xo = fZ,xo o Lo — f2,$() SR + fQ,CC() Oly = fl,xo - fo() + fl,xo - fo()J

since fa 4, © LJQ- maps all of I to zg. For Lemma 2, choose a path-homotopy from « to (3, i.e. a

continuous map
F:IxI —X s.t. F(s,0) = a(s), F(s,1)=p8(s), F(0,t)=F(1,t) V¥ s,t€l0,1].
There is a quotient map
q: IxT — A? s.t. q(s,0) = (s5,0), q(s,1) =¢q(0,s), q(0,t)=(0,0), q(1,t) = (1—t,¢),

i.e. ¢ contracts the left edge of I xI and maps the other three edges linearly onto the edges of AZ?.
Since F' is constant along the fibers of ¢, F' induces a continuous map

F:A> —X st. F=Foq = F(s,00=a(s), F(0,t)=p(t), F(s,1—s)=x1 Vs,tcl
— OJF=Foi—Fold4+Foil=fi —B+a

see Figure 2. Along with Lemma 1, this implies Lemma 2.
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Figure 2: A path homotopy gives rise to a boundary between the corresponding 1-simplices.

For Lemma 3, define

a(z+2y), if x+2y<1;

F:A> —X by F(z,y)= ,
Blx+2y—1), if x4+2y>1.
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Figure 3: A boundary between the 1-simplex corresponding to a composition of paths and the sum of
the 1-simplices corresponding to the paths.

see Figure 3. This map is well-defined and continuous, since it is continuous on the two closed sets
and agrees on the overlap, where it equals o(1)=/(0). Furthermore,

F(L%(S)) = F(1-s,s) = B(s), F(L%(S)) = F(s,0) = a(s);

«a(2s), if 25<1;
F((s) = F(0.9) = {5223)—1) if 23;~

— aF:FOLg—FOL%ﬂ-FOL%:B—a*,@—l—a.
For Lemma 4, note that
a+a = (a+a—axa) + (axa—fiao) + f1,00)-

Since axa is path-homotopic to the constant path f; ,(g), each of the three expressions above belongs
to 0S2(X) by Lemmas 1-3. This implies Lemma 4.

For Lemma 5, choose a continuous map ¢: I xI — A? such that

(1-2s,2s), if s€[0,1/2];
q(s,0) = (0,3—4s5), ifse[1/2,3/4];  q(s,1) = q(0,1) = ¢(1,t) = (1,0) V s,tel.
(4s—3,0), if s€[3/4,1];

Then, Fog is a path-homotopy from (Foud)x((Fo.})x(Fo3)) to the constant loop J1,F(1,0); see Figure 4.
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(Foud)* ((Foup)*(Foi3))
Figure 4: Boundary of a 2-simplex is loop homotopic to the constant loop.

(a) We now define the homomorphism
h:m (X, z9) — H1(X;Z) by h(le]) = {a} € Hi(X;7Z).
By Lemma 0, 0a=0 and thus {«} € H;(X;Z). By Lemma 2, the map h is well-defined, i.e.

=0 = Ao} ={B}



By Lemma 3, h is indeed a homomorphism:

h(led*[8]) = h(laxp]) = {axB} = {a}+{B} = h(la]) + h([8])-

To show that h is surjective, for each z € X choose a path v,: (1,0,1) — (X, zg, z) from xg to z. If

N
c= Zaiai S Sl(X),
=1

let Qe = (701(0)*0-1*’701(1))(11 SRR (VUN(O)*UN*WUN(U)GN

This is a product of loops at zg. It is essential that a; €7Z, i.e. we are dealing with integer homology.
The loop «, is not uniquely determined by ¢, even if the paths , are fixed, as it depends on the
ordering of the o;’s. This is irrelevant, however, at this point. Since h is a homomorphism,

N N
h(lae) = > aib ([0 %1% 0,0)]) = D 0i{ Yo 0)*0i% T (1)}
i=1 =1

N N
= ai({1o0} Hoi} {1 }) = {e} + D ail{oi0)} — {0 })-
=1 =1

The third equality above follows from Lemma 3 (not from h being a homomorphism). If c¢€ker 0,

N N
i (f1,0:1) = f1,0:(0)) = Oc =10 == Zaz‘({%i(o)} —{Ve;y}) =0
i1 i=1

= h(lad)) = {c} € Hi(X;Z) V c€ kerd.
This shows that h is surjective.
(b) Since the group H;(X;Z) is abelian, h must vanish on the commutator subgroup of 7 (X; o).
Since this subgroup is normal, h induces a group homomorphism
®: Abel(m1 (X, 2z0)) =m1(X, 20) / [m1 (X, x0), m (X, 20)| — H1(X;Z).
We will show that this map is an isomorphism by constructing an inverse ¥ for ®.
If o is a loop based at x¢, denote its image (and the image of [«]) in Abel(m; (X, zg)) by («). For each

1-simplex 0 €S1(X), let
g(0) = {ao) € Abel(m (X, z0)).

Since S1(X) is a free abelian group with a basis consisting of 1-simplicies o and Abel(m (X, zg)) is
abelian, g extends to a homomorphism

g: S1(X) — Abel(m (X, z0)).
If F: A2— X is a 2-simplex,
9(OF) = g(Fouf) — g(Fouf) + g(Fou3)
= (vrzon * (Fod) Truzay) = (Yeeson *(Ford) ¥ Truzay) + (Yregon * (Fod) ¥ puzay)
= <(7F(1,0)*(FOL(2))*’7F(0,1)) * (’VF(O,O)*(FOL%)*'?F(O,l))il * (7F(0,0)*(FOL%)*WF(LO)»
= <’YF(1,0) * ((FOL%)*(FOL%)*(FOL%)) * ’7F(1,0)>-
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By Lemma 5, (Fou2)x(Fou2)*(Fo.3) is path-homotopic to the constant loop at F(1,0) and thus

[Yr(1,0) * (Foug)x(Foid)x(Foi3)) * ¥r1,0)] = [id] € m1(X, m0)
— 9(OF) = (vr(1,0) * (Foig)*(Foi2)*(Foi3)) * Yp(1,0)) = 0 € Abel (w1 (X, z9)).

It follows that g vanishes on the subgroup 0S2(X) of S1(X) and therefore induces a homomorphism
U: 81(X)/082(X) — Abel(mi (X, zo)).
If a is a loop at xg, vz, is a loop at xg, and thus

V(@((e) = ¥({o}) = {va@* 0 o)} = {ro* 0 Tao } = {Yao} + {0} — {12} = {0}
= Yod=Id: Abel(m (X, zo)) — Abel(m1 (X, z0)).

This implies that @ is injective. On the other hand, it is surjective by part (a).

Problem 2 (10pts)

(a) Prove Mayer-Vietoris for Cohomology: If M is a smooth manifold, U,V C M open subsets, and
M=UUYV, then there exists an exact sequence

0 — HYp(M) 2% HYp(U)@ HYon (V) <22 HY, n(UNV) 22

20 Hl g (M) L5 Hi g (U)@ Hlr (V) 25 Hip(UNV) 25

01

where fila) = (alu, aly) and  gi(B,7) = Blunv — Yvnv-

(b) Suppose M is a compact connected orientable n-dimensional submanifold of R"*'. Show that
R M has exactly two connected components. How is the compactness of M used?

(a) We construct an exact sequence of cochain complexes and then apply Proposition 5.17 (ses of
cochain complezxes gives les in cohomology). Define

0 — (B*(M),dy) 5 (B ()@ E*(V), dp@dy) -2 (E*(UNV), dyry) — 0
by  f(a) = (alv,elv) and g(8,7) = Blunv — Ylunv-

The homomorphisms f and g preserve the grading of the complexes (take p-forms to p-forms) and
commute with the differentials by Proposition 2.23b (restriction to a submanifold is the same as the
pullback by the inclusion map). Thus, f and g are indeed homomorphisms of cochain complexes. The
homomorphisms f is injective since M = U UV and it is immediate that go f =0, i.e. Imf C kerg.
By the Pasting Lemma for smooth functions, Imf D ker g. Thus, the sequence above is exact at the
first two positions. To see that it is exact at the third position, i.e. g is surjective, let {py, oy} be a
partition of unity subordinate to the open cover {U,V'} of M, i.e.

ou,pv: M—10,1], suppey CU, suppey CV, ¢+ ey =1



If we E*(UNV), define pywe E*(U) and pywe E*(V) by

(ovw)| = pv(p{wlp}, ifpelnV; fovwl] = ou(){wl}, if pelinv;
p 0, if peU—supp pvy; p 0, if pe V—supp ou.

Since supp ¢y CV is a closed subset of M, U is the union of the open subsets UNV and U—supp @y -
Since the definition of pyw is smooth on UNV and U —supp ¢y and agrees on the overlap, pyw is a
well-defined smooth form on U, i.e. an element of E*(U). Similarly, ¢oyw € E*(V). By definition,

9(pvw, —prw) = {evw}|yny — (= {evw} o) = evivavw + eulvavw = w.

Thus, g is surjective. The Mayer-Vietoris sequence in cohomology is the long exact sequence corre-
sponding to the above short exact sequence of chain complexes via Proposition 5.17.

Note: According to the above and the proof of Proposition 5.17, the MV boundary homomorphism §
is obtained as follows. Choose ¢ € C°°(M) such that supp p CV and supp{l—¢} CU. Then,

de € EY(M) s.t. suppde C UNV.

Thus, if we E¥(UNV), then dpAw is a well-defined k-form on M (it is 0 outside of supp de Cc UNV). If
in addition dw=0, then d(dpAw)=0 and so dpAw determines an element of Hg:é(]\/[ ). Furthermore,
for every ne E*¥=1({UNV), dpAn is a well-defined k-form on M and

d(deAn) = dp Adn € EFTH(M).
Thus, the homomorphism
op: HP(UNV) — HPTY(M), [w] — [dpAw],

is well-defined (the image of [w] is independent of the choice of representative w, since any two such
choices differ by an image of d, which is sent to zero by h). This is the boundary homomorphism 4, of
Proposition 5.17 in the given case, with ¢y =¢ and gy =1—¢. Furthermore, this homomorphism is
independent of the choice of ¢ by Proposition 5.17, but this can also be seen directly. If ¢/ € C*° (M)
is another function such that supp ¢’ CV and supp{l—¢'} CU, then supp{p—¢'} CUNV and thus
(p—¢')w is a well-defined k-form on M for every k-form w on UNV. If in addition, w is closed,

d((p—¢)w) = (dp —d¢') A\w =dp Aw —dy' Aw = [dp Aw] = [d¢’ Aw] € HPTL(M).

In contrast, dp A w need not be an exact form on M; it looks like d(pw) if dw =0, but pw is not
a well-defined k-form on M because supp ¢ is contained in V, not in UNV, and w is defined only
on UNV. On the other hand, if we€ E*(V), ¢w is a well-defined k-form on M, and so [dpAw] =0 in

Hﬁ’:é(M); this corresponds to d;ogr =0.

(b) Since M is a compact subspace of the Hausdorff space R"*!, R"*! — M is an open subspace
of R™! and thus a smooth manifold. Thus, the number of connected components is the dimension
of H) r(R"™1— M) as a real vector space. We will apply Mayer-Vietoris with U =R"*! — A and V
a nice neighborhood of M in R"*!, so that R"*!' =UUV. The goal is not to determine H} (R"*1),
but HY, 5 (U).



Let N'— M be the normal bundle of M in R**!. Since M and R"*! are orientable, N is orientable
by Problem 4 on PS6. Since the codimension of M in R™*! is one, A is a line bundle. Since it is
orientable, N is trivial, i.e. isomorphic to M xR, by Lemma 12.1 in Lecture Notes. In particular,
(N, M) is diffeomorphic to (M xR, M x0), via a diffecomorphism restricting to the identity on M. In
general, we can choose a neighborhood V of M in R"*! so that (V, M) is diffeomorphic to (N, M), via
a diffeomorphism restricting to the identity on M. Thus, in this case, we can choose a neighborhood V'
of M in R"*! such that (N, M) is diffeomorphism to (M xR, M x0), via a diffeomorphism restricting
to the identity on M. This implies that

Unv =R -M)NV =V - M~ MxR*,  where R*=R—{0}.
The first four terms of MV for M =UUV are
0 — Hgeg(R") — Hep(U)®Hr(V) — Hger(UNV) — Hi.p(R™H).
Since R™*! and M are connected,
Hi p(R"™) =R, Hip(V) = Hion(MxR) =R, Hi.p(UNV)~ Hi.p(MxR") ~ R
By the Poincare Lemma, H ClleR(]R”H) = 0. Thus, the above sequence reduces to
0—R-— HLr(U)®R — R> — 0.

Since this sequence is exact, it follows that ngR(U ) ~ R? i.e. R""1-M ~U has exactly two connected
components.

Problem 3 (10pts)

(a) Show that the inclusion map S™ — R —0 induces an isomorphism in cohomology.
(b) Show that for all n>0 and p€Z,
R?, if p=n=0;
HL (8" = (R, if p=0,n, n#£0;

0, otherwise.

(¢) Show that S™ is not a product of two positive-dimensional manifolds.
(a) Let i: S — R —0 be the inclusion and

T:R”+1—O—>Sn, r(z) = —,

the standard retraction. Then, roi=idgrn and ior is smoothly homotopic to idgn+1_g via the map
Flz,t) = (1—t)ﬁ ttz
z
Thus, by Chapter 5, #19,
i*or* =idgn = id: Hj.j(S™) — Hj.g(S™) and

Pl = idjura_ = id: Hjon(R™~0) — Hio (R™-0)



This means that
i Hioq(R"—0) — Hj,g(S™)

is an isomorphism.

(b) If p< 0 or p>n, H) 5(S™) =0 by definition because EP(S™) =0 in these cases. The space S°
consists of two points and thus ngR(SO) ~R2. The n,p=1 case is done in 4.18 (it can also be verified
from MV).

Suppose n > 1 and the statement holds for n. Let U and V be the complements of the south and
north poles in S”*!, respectively. Since these open subsets of S”*! are diffeomorphic to R"+1,

R, if p=0,

chi)eR(U) ~ H(I:l)eR(V) ~ {0 1fp7£0

by the Poincare Lemma. Furthermore, UNYV is diffeomorphic to R"*! — 0. By part (a) and the
induction assumption,
R, if p=0,n;
HE (UNV)~ HE (S™) ~ < 7 T
acr ) acr(5") {0, if p#£0,n.
By MV, applied to S"! =UUV, the sequence
-1 -1 -1
HY (@ HY (V) — HL R (UNV) — HY (8™ — HY (U)eHE (V)

is exact for all p>1. Thus, if 2<p<n, H} ;(S"™)=0, since the two groups surrounding H%_ (")
vanish. In the p=n+12>2 case, the above sequence becomes

0 — R — Hj (5" — 0.
Thus, Hg:}%(S"“) ~R. In the remaining p=1 case, we consider the first 5 terms of the long sequence:
0 —>Hc(1)eR(Sn+1) HngR(U)@ngR(V) _>H((i)eR(Uﬂv) i>‘HvéeR(SnJrl) HH&eR(U)@HéeR(V)'
Since n>1, St U, V, and UNV are connected and this sequence reduces to
0— R — ROR — R 2% HL (") — 0.

Since this sequence is exact, §y must be the zero homomorphism and thus HJ 3 (S"™!) =0. This
completes verification of the inductive step.

Caution: In order to conclude that dg is the zero homomorphism, it is essential that R is a field, rather
than a ring. The same conclusion about dg holds if we replace R by any field. However, if we replace
R by the ring Z, we could have

0-—=2Z2% 7207 27 2 7, 0,  fola) = (a,0), go(b,c)=(0,2¢), do(d)=d+ 2Z.

This is an exact sequence of Z-modules (i.e. abelian groups). In general, if R is a ring, the last group
must be all torsion.



Remark: The fact that H} ;(S™)=0 for n>2 can be obtained immediately, without any induction,
from Hurewicz Theorem and de Rham Theorem (to be proved):

m(S") =0 = Hi(S™Z)=Abel(m(S") =0 = Hi(S";R)~ H(5";Z)®zR =0
= Hi r(S™) ~ (Hi1(S™R))" =~ 0.

(¢) Suppose S™ = MP x N7 for some p,q > 0. Since S™ is compact and orientable, so are M and N
(see Problem 5 on the 06 midterm). Let aw€ EP(M) and € EY(N) be nowhere-zero top forms. By
Problem 5 on the 06 midterm,

manTs 8 € E™(S™)

is a nowhere-zero top form. Therefore,
[ manms = [mianms] £0€ Hi(s")
by Stokes’” Theorem. On the other hand,
[mlanm;B] = [nia] A [m38] = ai[e] A 3(B].
Since 0< p,q< n, by part (b)
H{g(S") =0, Hip(S")=0 = nila]=0, m[f]=0 = [rfarn;B]=ri[e]An}[5]=0.

This is a contradiction.

Problem 4 (20pts)

(a) Use Mayer-Vietoris (not Kunneth formula) to compute H} ¢(T?), where T? is the two-torus,
S'x S Find a basis for H} g (T?); justify your answer.

(b) Let X4 be a compact connected orientable surface of genus g (donut with g holes). Let BC X, be
a small closed ball or a single point. Relate Hi (34— B) to Hj z(Xg).

(c) Show that

R, if p=0,2;
Hi g (3g) = {R¥, if p=1;
0, otherwise.

(a) View T? as a donut lying flat on a table. Let U and V be the complements of the top and bottom
circles in T2, respectively. Formally,

U=58"x(S"—{1}) = S'xR, V=8'x(5"-{-1}) ~ S' xR — UNV ~ S'xR*.
By the invariance of the de Rham cohomology under smooth homotopies
R, if p=0,1;
0, ifp£0,1;
R2, ifp=0,1;
0, if p#£0,1.

H(Ii)eR(U) ~ H(Ii)eR(V) ~ ngR(Sl) ~ {

H(Ii)eR(UmV) ~ ngR(Slusl) ~ ngR(Sl)@ngR(Sl) ~ {



Since 7% is connected, | HY, 5 (T?) ~ R| By MV,

0 — Her(T?) — Hir(U)®Hgr(V) — Hir(UNV)
-, Hior(T?) — Hig(U)®Hier (V) 5 Hi g (UNV) — Hiog(T?) — Hior(U)®Hior (V).
The remaining groups vanish for dimensional reasons. Plugging in for the known groups, we obtain
0 — R — ROR — R?
20y JHY p(T?) — ReR 25 R — H2 o (T%) — 0.

By the exactness of the sequence, the image of §) must be R. Since H} (S') is nonzero and the
inclusion map S' xR~ — S xR induces an isomorphism in cohomology (being a smooth homotopy
equivalence), the inclusion map

UNV ~ S'x(RTURT) — U ~ S'xR

induces a nontrivial homomorphism on the first cohomology. Thus, the homomorphism g; in the
above sequence is nontrivial. Its cokernel is H, geR(T 2). Since T? is compact and oriented, H, geR(T 2)

is nonzero and Im g; CR?. Thus, Im g; is a one-dimensional subspace of R? and Hd2€R(T2) ~ R | (this

can also be obtained by studying g; in more detail). The above exact sequence then induces an exact
sequence
0 — Imfy~R — H g(T?) — RER 2% Im gy ~R' — 0.

From this exact sequence we conclude that | H} ¢ (T?) ~ R?

The one-dimensional vector space HY (T?) consists of the constant functions on 72. Thus the
constant function 1 forms a basis for H) 5 (7?). If df is the standard volume form on S!, as in
4.18, or any other nowhere-zero one-form on S', then 73dfAn3dé is a nowhere-zero top form on 72.
Therefore,

[75d0) A [75d6] = [17dO A w3d0) # 0 € H2 g (T?)

and {[r}d6], [r5df]} must be a linearly independent set of vectors in HJ (T?). Since HJ. gy (T?)
is two-dimensional, this is a basis for H} g (7?). Finally, since H3, (T?) is one-dimensional and
[r7d0) A[r3d6)] is nonzero, it forms a basis for H3, 5 (T?).

Remark: Note that we have determined H} ;(7?) as a graded ring. By the above, we have an
isomorphism of graded rings

Hion(T%) = A" Hloy(T%) = AR{[}d6), [x3d0]} ~ AR,

where R{[n}d0f], [r3d0]} is the vector space with basis {[n]df], [r5df]}. The first equality above holds
for all tori.

(b) Since ¥, is connected, so is ¥, — B and therefore

H((i)eR(Zg_B) ~ H((i)eR(Zg) ~ R.
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Let V' be a small open ball in ¥, containing B. Then, (¥,—B)NV is either an open disk with a point
removed or an open annulus, so that

R, if p=0,1,

(Z,—B)NV =~ S'x(~1,1) — ngR(Zg—B)mngR(Sl)z{o £ 920 1

by the invariance of the de Rham cohomology under smooth homotopy equivalences. Since X, is the
union of the open subsets ¥, —B and V, by MV
0 — Haor(Sg) — Her(Xg—B)©Hger (V) — ngR((Eg_B)mv)
0 Hion(Sg) — Hien(Sg—B)® Hier(V) 5 Hix (%~ B)NV)
2 Hion(Sg) — Hion(Sg—B)OHir(V) — Hion((Z,-B)NV).
Plugging in for the known groups, we obtain
0 —R-—RpR — R
2, Hior(2g) — Hior(Zy—B)@0 “5 R
= Hiop(Bg) — Hier(Sg—B)&0 — 0.
By exactness, dp must be zero and therefore we have an exact sequence
0 — Hiop(Sg) — Hior(Sg—B) 2 Hion (Sg—B) W) ~R =5 Hi,(Sy) — Hiop(S—B) — 0.

In the next paragraph we show that the homomorphism §; is nonzero. By exactness, g; must then be
trivial and we obtain two exact sequences

0— HéeR(Eg) — HéeR(Zg_B) & 07 0—R i> ngR(Eg) — ngR(Zg_B) — 0.
From this, we conclude that

R, if p=0;
ngR(Eg—B) ~ H&eR(Eg), if p=1;
H3 (30 /R, if p=2.

Furthermore, the isomorphism between H} (3,) and HJ g(X,— B) is induced by the inclusion
Sy—B—3,

In order to see that the homomorphism
61 : H&eR((EQ_B>mV) — ngR(EQ)

is nonzero, we use Problem 2a and the definition of § given in the Note there. Choose ¢ € C*(3,)
such that supp ¢ CV and supp{l—¢} CX,—B. Let

y=midf € E'(Rx(1/2,1)) = E*((Z,—B)NV).

We will show that
5([7]) = [de Av] = [dp Amfdf] #0 € Hi r(5,)
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by showing that the integral of d¢ Ay over the orientable manifold 3, is not zero. Since the compact
set supp(1—¢)Nsupp p is contained in the open annulus V — B, there exist 1/2<r<R<1 such that

supp(1—¢p)Nsuppp C A=S"x[r,R] C V—B = Plsixr =1, @lsixg =0.

Since dy A m7df vanishes outside of A,

/ dgo/\w’fd@z/dap/\wfd@z/d(gmrfd@) :/ pmydo
M A A 0A

= i(/ pmridf — mfd&) = i/ midf = £27 # 0.
SxR Slxr Slxr

The third equality above follows from Stokes’ Theorem.

Remark: If M is a connected non-compact n-dimensional manifold, H}, (M) =0; see Spivak p369 for
a proof. This fact would simplify the solution, but first needs to be established.

(c) The cases g=0, 1 were proved in Problem 3b and part (a) above. Suppose g>1 and the statement
holds for g. Since X, is connected, H), 5 (Z4+1) ~ R. Note that

Sgt1 = Sg#Tn = Sg#T?,

i.e. £441 can be obtained from X, and T? by removing small open disks from the two surfaces and
joining the two boundary circles together. We thus can write

Ygr1 = (By—B1) U (T?—By),

where By and By are slightly smaller closed balls. The overlap of U and V' in X471 is a small band
around the circle joining the two surfaces. Thus,

R, ifp=0,1,

Y,—B1)N(T?-By) ~ S'x(-1,1) = H? .((X,—B1)N(T*-By)) ~ H? .(S') ~
(Xg—B1)N( 2) (-1,1) fer (Zg=B)N( 9)) =~ HY r(S") 0, if p£0.1,

by the invariance of the de Rham cohomology under smooth homotopy equivalences. By the induction
assumption and part (b),

R, if p=0; R, if p=0;
HY 2(2=Bp) ~ {R¥, if p=1; and  HY L(T?—Bo) =~ {R?% ifp=1;
0, otherwise; 0, otherwise.

Since Y441 is the union of open subsets ¥, — B and T? - By, by MV
0— H((i)eR(EQ-H) — ngR(Zg_Bl)@ngR(T2_BQ) — ngR((Zg_Bl)m(T2_BQ))

=% Hiog(Sg41) — Hier(Sg—B1)BHier(T?—B2) — Hi g ((Sg—B1)N(T%—By))
— Hir(Zg41) — Hicr(Bg—B1)@Hi g (T°— By).

Plugging in for the known groups, we obtain

00— R-—RBpR — R

1] 1)
= HYoq(Zg41) — R¥OR? — R 25 Hi p(Zg41) — 0.
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By exactness, dp must be zero and therefore we have an exact sequence

00— HéeR(Engl) R%0+2 I, R —> HdeR(Engl) — 0.

Since X441 is compact and orientable, H3, g (Xg41) is nonzero. Therefore, the homomorphism 4; is
nonzero and thus an isomorphism, while the homomorphism g; is zero. It follows that

HéeR(Zg-‘rl) ~ R2g+2 and Hd2e R(EQ-H) ~R.
This completes verification of the inductive step.

Remark: The de Rham cohomology of ¥, can be determined without Mayer-Vietoris. Since X, is
connected, ngR(Zg) ~ R. Since Y, is a 2-dimensional compact orientable manifold, by the Poincare
Duality (to be proved)

Hien(Zg) ~ (Hier (%)) ~ R.

Finally, by Hurewicz Theorem (Problem 1) and de Rham Theorem (to be proved):

m(Xg) = <a1, bi,..., a4, bg\alblal_lbl_l e agbgaglb;1> = Hi(%Z)= Abel(m(Eg)) ~ 729
= Hi1(Zy;R) ~ Hi(Z4;Z)@zR =~ R — Hi.g(Zy) ~ (Hi(Z4;R))" ~ R¥.

Problem 5 (10pts)

(a) Suppose q:NM—>M s a regular covering projection with a finite group of deck transformations G
(so that M =M /G). Show that

q*: H;lkeR(M) — ngR(M)G = {aEngR<M): g*a:a VQGG}

is an isomorphism. Does this statement continue to hold if G is not assumed to be finite?
(b) Determine Hj, (K), where K is the Klein bottle. Find a basis for H}, p (K); justify your answer.

(a) If g€ G, g=qog and
¢*[B] = {gog}* 18] = g"¢" [B] ¥ [8] € Hir(M).

Thus, the image of ¢* is contained in H(’i‘eR(]\;I )4, We next show that the image of ¢* is all of

H} g (M)C. If a€ E*(M) is such that [a] € Hi g (M), let

= |Zga€E*

geG

Since dg*=g¢*d, da=0 and

o= g Ll = g \gGZG o7 2l = ] € Hian (4.

geG geG
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On the other hand, since & € E* (M)G, & =q*p for some € E*(M) by Problem 6b on PS6. Since

da =0 and q is a local diffeomorphism (and thus ¢*: E*(M) — E*(M) is injective), d3=0. Thus,
[Ble H*(M) and

[a] = [a] = ¢"[f] € H*(M).

Thus, the map .
q* : H:ikeR(M) — ngR(M)G

is surjective. Finally, we show that ¢* is injective. Suppose € E*(M) and ¢*f8 = da for some

a€ E*(M). With & defined as above,

75 dga:fE gda:fE gqﬁsz qTB=qp.
|G| e G| e |G| e G| e

da

Since &€ E*(M)%, & = ¢*y for some y€ E*(M) and
¢'dy=dqy =da=q"pB.
Since ¢ is a local diffeomorphism, ¢* is injective and thus
f=dyv = [B]=[0] € Hg.r(M),
i.e. ¢* is injective on cohomology.

The statement may not hold if G is infinite. For example, if ¢: R — S is the standard covering map,
the map
(]*: HéeR(Sl)%R — HéeR(R):O

cannot be injective.

(b) Since K is connected, H} ;(K)~R. By Exercise 3 on p454 of Munkres, there is a 2:1 covering
map ¢: T? — K. The corresponding group of covering transformations is isomorphic to Zs. Let ¢ be
the non-trivial diffeomorphism. From Exercise 3, it can be written as

(e, e%) = (=™ e) = (gi(e™), ga(e")).
With df as in Problem 4a,

g'midl = {mog}*dd = {g1om }*dl = 7] gid0 = 7] db;
g m5d = {my0g}*dl = {gaome}*dO = w595d0 = 75 (—dl) = —w5d0;
g* (rfdOAT3d0) = g*nidl A g*m3df = 7{df A (—m5d6) = —midf A T3db.

By Problem 4a, {[rjdf], [r5d6]} and {[x}d0]A[r3d6]} are bases for Hj g(T?) and H3, ,(T?), respec-
tively. Thus, by part (a),

HéeR(K) ~ H&eR(TQ)G = R{[T{'Tde]} ~ Rv ngR(K) ~ ngR(T2)G =0.

Since the isomorphisms are induced by ¢*, a basis for H, éeR(K ) consists of the equivalence class of the
one-form v on K such that ¢*a=ndf. A basis for H], ;(K) is formed by the constant function 1.
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Problem 6: Chapter 5, #4 (5pts)

A smooth function f on a manifold M determines a section f of the sheaf of germs of smooth func-
tions, €>°(M). The set f~1(0) is closed, while £~(0) is open. How do you reconcile these two facts?
Consider examples.

The section f of the sheaf €>°(M) vanishes at some pe M if its germ at p is the same as the germ of
the O-function at p. This means that for every pef~1(0), there exists an open neighborhood U, of p
in M such that f|y, =0, so that

0= J 0

peEM

is open in M. In other words, vanishing of f at a point p means vanishing of f on a neighborhood
of p; the latter is an open condition on p.

As an example, suppose f: R— R, f(x)==z. Then, f(0)=0, but £(0)#0 because f does not vanish

on a neighborhood of 0. As another example, suppose f: R— R is a smooth function such that
flz)=0 Vz<0, f(z) >0 Vz>0.

Then, f~1(0)=R~, while f~(0)=R~U{0}.

Problem 7 (5pts)
Let K=7 and let m: So —> R be the corresponding skyscraper sheaf, with the only non-trivial stack
over 0€R; see Subsection 5.11. What is Sy as a topological space?

This is a line with countably many origins, indexed by Z. Explicitly, Sg = R* U0 XZ as sets. The
projection map is given by

m:So — R, m(x) =

x, if z € R%;
0, ifzeOxZ.

Each fiber of this projection map is a Z-module, either 0 or Z. A basis for the topology on Sy consists
of the intervals (a,b) with ab>0, and the sets

(a,0)m = (a,0) U {0xm} U (0,b),

with ab < 0 (i.e. a and b have different signs) and m € Z. This topology is forced on Sy by the
requirement that each point x € R* and (0, m) €0xZ have a neighborhood U such that 7: U — 7 (U)
is a homeomorphism. With the given topology,

m: (—00,00); — R
is a homeomorphism for all me€Z. For k €Z, the multiplication map by & induces a homeomorphism
(—00,00)m — (—00, 00)km,
while the addition map restricts to a homeomorphism
{(m1,m2)} U{(z,2): 2€R*} — (=00, 00)m,+ms-

Thus, the Z-module operations are continuous.
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