
MAT 320: Introduction to Analysis, Spring 2019
Solutions to Problem Set 6 (43pts)

Problem D (6pts)

Let dR be the standard metric on R, dR(x, x
′)= |x−x′|. What are the closures in (R, dR) of

N, S =
{
2m : m∈Z

}
, and [−2, 2]∩Q ?

Note that ∞ 6∈ R. Give examples (3 in total) of a closed non-compact subset of (R, dR), of a
bounded non-compact subset of (R, dR), and of a closed bounded non-compact subset of (Q, dR|Q).
Answers only.

The closures in (R, dR) of N, S = {2m : m ∈ Z}, and [−2, 2]∩Q are N , S∪{0} , and [−2, 2] ,

respectively. Examples of a closed non-compact subset of (R, dR), of a bounded non-compact

subset of (R, dR), and of a closed bounded non-compact subset of (Q, dR|Q) are N , [−2, 2]∩Q ,

and [−2, 2]∩Q , respectively (the last set is closed in (Q, dR|Q) because it is an intersection of

closed subset of R with Q; it is not closed in (R, dR)).

Problem E (6pts)

Let (X, d) be a metric space, C be some collection of subsets of X (i.e. each element B ∈ C is a

subset B⊂X), and A =
⋃

B∈C

B.

(a) Show that A ⊃
⋃

B∈C

B, where A,B⊂X are the closures of A and B, respectively, in (X, d).

(b) Show that the opposite inclusion holds if C is finite, but may not hold if C is countable.

(a; 2pts) Since A⊃B for every B∈C, A⊃B for every B∈C.

(b; 4pts) The set
⋃

B∈C

B contains A because B ⊃ B. If C is finite, this union is a closed subset

of (X, d) and thus contains A (because A is the smallest closed subset of (X, d) containing A: all
closed subsets of (X, d) containing A also contain A). On the other hand,

⋃

p∈Q

{p} = R 6⊂ Q =
⋃

p∈Q

{p} =
⋃

p∈Q

{p} .

Problem F (10pts)

Let d and d′ be two metrics on the same set X that are uniformly equivalent: there exists C ∈R+

such that
C−1d(x, x′) ≤ d′(x, x′) ≤ Cd(x, x′) ∀ x, x′∈X. (1)

(a) Show that a subset U⊂X is open/closed w.r.t. d if and only if U⊂X is open/closed w.r.t. d′.

(b) Show that a sequence (xn)n converges to x (resp. is Cauchy) w.r.t. d if and only if (xn)n
converges to x (resp. is Cauchy) w.r.t. d′.



(c) Show that (X, d) is bounded/complete/compact if and only if (X, d′) is.

(a; 3pts) We denote by Br(x), B
′
r(x)⊂X the (open) balls of radius r∈R+ around x∈X w.r.t. d

and d′, respectively. Since d(x, x′)≤Cd′(x, x′) for all x, x′∈X,

B′
r(x) ≡

{
x′∈X : d′(x, x′)<r

}
⊂

{
x′∈X : d(x, x′)<Cr

}
= BCr(x).

Suppose U ⊂X is d-open and x∈U . Thus, there exists r ∈R+ so that Br(x)⊂U . By the above
equation,

B′
r/C(x) ⊂ Br(x) ⊂ U.

Therefore, every d-open subset U⊂X is a union of open d′-balls and is thus also d′-open. Since a
closed subset is the complement of an open subset, this implies that every d-closed subset A⊂X
is also d′-closed. These two conclusions use only the first inequality in (1). The second inequal-
ity (1) reverses the roles of d and d′ and thus gives that every d′-open/closed subset of X is also
d-open/closed.

(b; 3pts) A sequence (xn)n converges to x∈X if for every open set U⊂X with x∈U there exists
N ∈N such that xn∈U for all n≥N . Since this definition involves only open sets and they are same
w.r.t. d and d′ by (a), it follows that the notions of convergence with respect to the two metrics
are also the same.

Suppose a sequence (xn)n is Cauchy w.r.t. d; we show that it is also Cauchy w.r.t. d′. Let ǫ> 0.
Since (xn)n is Cauchy w.r.t. d, there exists N ∈Z+ so that d(xm, xn)<ǫ/C for all m,n≥N . Along
with the second inequality in (1), this implies that

d′(xm, xn) ≤ Cd(xm, xn) < ǫ ∀ m,n≥N.

Thus, (xn)n is also Cauchy w.r.t. d′. By the symmetry of (1), this implies that a d′-Cauchy se-
quence is also d-Cauchy.

(c; 4pts) If (X, d) is bounded, X =BR(x) for some x∈X and R∈R+. By the second inequality
in (1), this implies that

X=BR(x) ⊂ B′
CR(x) ⊂ X.

Thus, (X, d′) is also bounded.

Suppose (X, d) is complete; we show that (X, d′) is also complete. Let (xn)n be a sequence in X
which is Cauchy w.r.t. d′. By (b), it is also d-Cauchy and thus converges to some x∈X w.r.t. d.
By (b) again, the last conclusion implies that it converges to x w.r.t. d′ as well. Thus, every d′-
Cauchy sequence d′-converges to some x∈X and so (X, d′) is complete. By the symmetry of (1),
this implies that (X, d) is complete if (X, d′) is.

A space X is compact if every open cover C of X has a finite subcover C′. Since this definition
involves only open sets and they are same w.r.t. d and d′ by (a), it follows that the notions of
compactness with respect to the two metrics are also the same.

Note: The notions of closed, converge, and compact are purely topological notions: they are defined
using only the open sets in a space and not the metric directly. Thus, if metrics d and d′ on X define
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the same subsets of X to be open (as happens in the first part of (a)), then they automatically
define the same notions of closed subsets, convergence for sequences in X, and compactness for
subsets of X (as happens in the second part of (a), the first part of (b), and the last part of (c)).
On the other hand, the notions of Cauchy, bounded, and complete are actually metric notions: they
are defined directly in terms of the metric and do not depend just on the open sets. For example,
the functions

d, d′ : (−π/2, π/2)2 −→ R≥0, d(x, x′) = |x−x′|, d′(x, x′) =
∣∣ tan(x)−tan(x′)

∣∣,

are metrics on X = (−π/2, π/2) which define the same open sets. The metric space (X, d) is
bounded, but is not complete (the sequence −π/2+1/n is d-Cauchy, but has no d-limit in X). The
metric space (X, d′) is not bounded, but is complete (the sequence −π/2+1/n is not d′-Cauchy,
and so it no longer causes a problem). The map

f : (X, d′) −→ (R, dR), f(x) = tan(x),

is an isometry (i.e. f is bijective and d′(x, x′)=dR(f(x), f
′(x′)) for all x, x′∈X). Thus, (X, d′) and

(R, dR) are isomorphic as metric spaces and so have the same properties as metric spaces (and we
know that (R, dR) is not bounded, but is complete).

Problem G (8pts)

Let (X, dX) and (Y, dY ) be two metric spaces. Define

d1, d2, d3 : (X×Y )2 −→ R, di
(
(x, y), (x′, y′)

)
=





max(dX(x, x′), dY (y, y
′)), if i=1;

(
dX(x, x′)2+dY (y, y

′)2
)1/2

, if i=2;

dX(x, x′)+dY (y, y
′), if i=3.

(a) Show that these three functions are metrics and that any two of them are uniformly equivalent.

(b) Take (X, dX), (Y, dY ) = (R, dR), i.e. R with the standard metric. On a whole page by itself,
draw 3 huge (but separate) copies of the first quadrant of the xy-plane. On the i-th copy,
clearly draw the open unit ball Bi

1((2, 2)) around (2, 2)∈R2 with respect to the metric di (make
sure it comes out large). On the same copy, clearly indicate what it means for this ball to be
also open with respect to the metric di+1 (with d4≡d1), as F-(a) says should be the case. You
can add a few words clarifying the diagrams, but they should be mostly clear by themselves.

(a; 4pts) The functions di take values only in R≥0 b/c the functions dX and dY do. The functions di
vanish if and only if the two inputs are the same b/c this is the case for the functions dX and dY
and because the latter take values in R≥0. The functions di are symmetric in the two inputs b/c the
functions dX and dY are. The functions di satisfy the triangle inequality because the functions dX
and dY do. This is immediate for i=1, 3. For i=2, this follows from

(
(a+b)2+(c+d)2

)1/2
≤ (a2+c2)1/2+(b2+d2)1/2 .

This inequality can be verified by squaring both sides, simplifying, squaring again, and simplifying
again (just simple algebra). This is a special case of Cauchy-Schwartz Inequality, which is in turn a
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special case of Hölder’s Inequality (which allows arbitrary p≥1 instead of 2 above). Thus, all three
maps di are metrics on X×Y . Since

d1(z, z
′) ≤ d2(z, z

′) ≤ d3(z, z
′) ≤ 2d1(z, z

′) ∀ z, z′∈X×Y,

these metrics are uniformly equivalent.

(b; 4pts) See the last page.

Problem 13.12 (CMx2)

Let (X, d) be a metric space.

(a) Show that a closed subset E of a compact subset F of (X, d) is also compact.

(b) Show that a finite union of compact subsets of (X, d) is also compact.

(a) Let C be an open cover of E; we show that C contains a finite subcover C′ of E. The collection

C̃ ≡ C ∪ {X−E}

of subsets of X is an open cover of F (every element of C is an open subset of X and the (possibly)
extra element X−E of C̃ is open b/c E is closed; this collection covers F b/c C covers E and X−E
covers the rest of F ). Since F is compact, C̃ contains a finite subcover C̃′ of F ⊃E. The collection

C′ ≡ C̃′ − {X−E},

i.e. C̃′ with the extra element {X−E} of C̃ taken out of it if it is in there, is then a finite subcol-
lection of C covering E (b/c X−E does not cover any part of E).

(b) Let E1, . . . , En be compact subsets of X and C be an open cover of E≡
⋃
Ei; we show that C

contains a finite subcover C′ of E. Since each Ei compact and C is an open cover of Ei, C contains
a finite subcollection C′

i covering Ei. The collection

C′ ≡
n⋃

i=1

C′
i

is then a finite subcollection of C covering E.

Problem 13.14 (3pts)

Let (X, d) be a compact nonempty metric space. Define

diamd(X) = sup
{
d(x, x′) : x, x′∈X

}
.

Show that diamd(X)=d(x0, x
′
0) for some x0, x

′
0∈X.

Let xi, x
′
i∈X be a sequence of points so that that d(xi, x

′
i)−→diamd(X) in R. Since X is compact,

there exists a subsequence (xik , x
′
ik
) so that the sequences xik , x

′
ik

converge to some x0, x
′
0 ∈ X.

Since ∣∣d(x0, x′0)−d(xik , x
′
ik
)
∣∣ ≤ d

(
x0, xik

)
+d

(
x′0, x

′
ik

)
−→ 0

and d(xik , x
′
ik
)−→diamd(X), d(x0, x

′
0)=diamd(X).

Note: Ross states this for a compact subset E⊂Rn with a standard product metric dR on Rn, but
this does not matter.
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Problem 13.3 (6pts)

Let B be the set of all bounded sequences x≡(x1, x2, . . .). Define

d(x,x′) = sup
{
|xi−x′i| : i=1, 2, . . .

}
.

(a) Show that d is a metric on B.

(b) Does d(x,x′) =
∞∑

i=1

|xi−x′i| define a metric on B?

(c) Show that the metric space (B, d) in 13.3a is complete.

(a; CM) Let x,x′∈B. Thus, there exist M,M ′∈R+ such that |xi|≤M and |x′i|≤M ′ for all i∈N.
This implies that

d(x,x′) ≤ sup
{
|xi|+|x′i| : i=1, 2, . . .

}

≤ sup
{
|xi| : i=1, 2, . . .

}
+ sup

{
|x′i| : i=1, 2, . . .

}
≤ M+M ′.

Thus, d(x,x′)∈R≥0. Furthermore, d(x,x′)=0 if and only if |xi−x′i|=0 for every i∈N, i.e. x=x′.
In addition,

d(x,x′) ≡ sup
{
|xi−x′i| : i=1, 2, . . .

}
= sup

{
|x′i−xi| : i=1, 2, . . .

}
≡ d(x′,x) .

If x′′∈B, then

d(x,x′′) ≡ sup
{
|xi−x′′i | : i=1, 2, . . .

}
≤ sup

{
|xi−x′i|+|x′i−x′′i | : i=1, 2, . . .

}

≤ sup
{
|xi−x′i| : i=1, 2, . . .

}
+ sup

{
|x′i−x′′i | : i=1, 2, . . .

}
≡ d(x,x′) + d(x′,x′′).

Thus, d : B×B−→R satisfies the four conditions for being a metric.

(b; 1pt) No because this d can value ∞, e.g. with x=(0, 0, . . .) and x′=(1, 1, . . .).

(c; 4pts) Let (x(n))n be a Cauchy sequence in (B, d) with x(n) =
(
x
(n)
1 , x

(n)
2 , . . .). For each

i ∈ N fixed, x
(1)
i , x

(2)
i , . . . is then a Cauchy sequence in R and so converges to some xi ∈ R. Let

x=(x1, x2, . . .). We show below that x∈B and that the sequence x(n) converges to x in (B, d).

Let ǫ∈R+. Since the sequence (x(n))n is Cauchy sequence (B, d), there exists N ∈N so that

∣∣x(m)
i −x

(n)
i

∣∣ ≤ d
(
x(m),x(n)

)
< ǫ ∀ m,n≥N, i∈N;

the first inequality above always holds. Since the sequence x
(1)
i , x

(2)
i , . . . converges to some xi ∈R

for each i∈N, there exists ni∈Z+ such that

ni ≥ N,
∣∣x(ni)

i −xi
∣∣ < ǫ ∀ i∈N.

Combining the last two inequalities with the triangle inequality, we obtain

∣∣x(m)
i −xi

∣∣ ≤
∣∣x(m)

i −x
(ni)
i

∣∣+
∣∣x(ni)

i −xi
∣∣ < ǫ+ǫ ∀ m≥N, i∈N,

d
(
x(m),x

)
≡ sup

{∣∣x(m)
i −xi

∣∣ : i∈N
}
≤ 2ǫ ∀ m≥N.

5



This shows that the sequence x(n) converges to x in (B, d).

Note: The space (B, d) is known in functional analysis as ℓ∞. It is a Banach vector space, i.e. a
vector space with a norm ‖ · ‖ (given by ‖x‖ = sup |xi| in this case) so that the induced metric
(i.e. d(x, x′)=‖x−x′‖) is complete.

Problem 13.15 (CMx2)

Let (B, d) be as in 13.3a and let

F = B1(0) ≡
{
x∈B : sup{|xi| : i=1, 2, . . .}≤1

}
.

be the closed unit ball centered at the origin of the vector space B.

(a) Show F is closed and bounded.

(b) Show F is not compact. Hint: show that the open unit balls

B1(x) ≡
{
x′∈B : d(x,x′)<1

}

form an open cover U of F , but no finite subcollection of U covers B because any two of the
points

x(1) = (−1, 1, 1, 1, . . .), x(2) = (1,−1, 1, 1, . . .), x(3) = (1, 1,−1, 1, . . .), . . .

of F lie in different elements of U .

(a) F is closed because it is a closed ball. It is bounded because it is contained in B2(0), for example.

(b) The open balls B1(x) with x ∈ F are open and cover F because x ∈B1(x). If x′,x′′ ∈B1(x)
for some x∈F , then d(x′,x′′)< 2 by the triangle inequality. Since d(x(m),x(n))=2 for all m 6=n,
no two of the infinitely many points x(n)∈F can be contained in the same B1(x). Thus, no finite
subcollection of the balls B1(x) covers F and so F is not compact.

Alternatively, d(x(m),x(n))=2 for all m 6=n. Thus, no subsequence of x(n) is Cauchy. This implies
that no subsequence of x(n) converges, and so F is not compact in (B, d).

Note: This problem provides an example of a non-compact closed bounded subspace F of a Banach
vector space and indicates the significance of the role played by Rk in the Heine-Borel Theorem
(Theorem 13.12 in Ross). A simpler, but less interesting, example of a non-compact complete
bounded metric space (X, d) is provided by an infinite set X with the discrete metric

d : X2 −→ R≥0, d(x, x′) =

{
0, if x=x′;

1, if x 6=x′.

The open unit balls B1(x)={x} then cover X, but no (finite) subcollection of them does.
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x2

y

2

B1
1((2, 2))

p

B2
δ
(p)

B1
1((2, 2)) is d2-open b/c

∀ p∈B1
1((2, 2)) ∃δ∈R+

s.t. B2
δ
(p)⊂B1

1((2, 2))

x2

y

2

B2
1((2, 2))

p

B3
δ
(p)

B2
1((2, 2)) is d3-open b/c

∀ p∈B2
1((2, 2)) ∃δ∈R+

s.t. B3
δ
(p)⊂B2

1((2, 2))

x2

y

2

B3
1((2, 2))

p

B1
δ
(p)

B3
1((2, 2)) is d1-open b/c

∀ p∈B3
1((2, 2)) ∃δ∈R+

s.t. B1
δ
(p)⊂B3

1((2, 2))
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