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MAT 320: Introduction to Analysis, Spring 2019

Baire Spaces

Let (X, d) be a metric space and AC X. The interior of A, or Int A, is the largest open subsct of X
contained in A; this is the union of all open subsets contained in A. The interior of A is empty if
and only if no nonempty open subsct U of X is contained in A, i.e. every nonempty open subset U
of X intersects X — A. The last condition means that X — A is dense in X.

A metric space (X, d) is called Baire if the intersection

o0
(U.cC X

n=I1

is dense in (X, d) for every sequence Uy, Us,...C X of dense open subsets of (X, d); this is Ross’s
property 21.7a. This is equivalent to the condition that the union
"o
F,cX
1

n=

of closed sets Fi, Fy,...C X with cmpty interiors has empty interior; this is Ross’s property 21.7h.
This condition is in turn equivalent to the condition that no nonempty open subset W C X is a
countable union of nowhere dense subsets of X, i.e. every open subset W C X is of Category 2.

The equivalence of the first two conditions above is obtained as follows. Let Uy, Us,...C X be any
sequence of subsets and B, = X —U,,. Each set U, is open (resp. dense) in X if and only if cach
set B, is closed (resp. has empty interior in X); the sccond equivalence is by the first paragraph
above. The intersection of the sets U, is dense in X if and only if its complement

X — mU,, = U(‘X*Un) = U]Bn.
n=1 n=1 n=]

has empty interior.
Baire Category Theorem. A complete metric space is a Baire space.

This implies that a complete metric space (X, d) is of Category 2 in itsclf. This is the statement
of Ross’s Theorem 21.8, i.c. this theorem is a corollary of the usual formulation of Baire Category
Theorem, which is much weaker than the theorem itself. For example, let (X, d) be a metric space
consisting of Q and another isolated point p*, e.g.

lx—2/|, ifa ' eQ;
X =Qu{p*}, d(z,z") = {1, ifa£a’, pre{v, '}
0, if =2,
A nowhere dense subset /7 in this space cannot contain p* (because {p*} is open in this metric

space). Thus, (X,d) is of Category 2. However, the open subset Q of X is not of the second
category, since it is a countable union of its own points, which arc nowhere dense in Q and X.



21.11 Theorem.

No nondegenerate interval I in R can be written as the union of two or more disjoint nondegenerate
! . ]

closed intervals. (An interval is “nondegenerate” if it has more than one point.)

We first note that I cannot be written as the union of finitelv many disjoint nondegenerate closed
intervals,
I = [a,j,bl]L_![(12,1)2]1:14..l_l[a/,;,(tl,¢]., (1)

with k>2. If it were possible to do so, we could assume that
ap < by <ar<by<...<ap<b.

The open interval interval (b1, a2) would then be missing from the right side of (1), and so this
union would not be an interval. The same reasoning would apply if the first interval in (1) were of
the form (—o0, b1] or the last were of the form [ay, +00).

It remains to consider a decomposition of I into infinitely many disjoint nondegenerate closed
intervals. Since every such interval contains a rational number, the number of these intervals must
be countable. Thus, suppose that

I'=| |lan,bs]. (2)

neN

Let a=inf ] € RU{-o0} and b=sup I € RU{+oo}. If a€ I, then a,, =a for some m€N. Dropping
the interval [am, by] from both sides of (2), we would get a similar decomposition for an interval
without the left endpoint. By the same reasoning, we can drop the right endpoint from I. We can
thus assume that a,b¢& I, i.e. I is open in R. '

Let E be the set of the endpoints a,, b, of all intervals in (2) along with a if a€ R and b if beR.
Since . oo
E =R - (<00,a) ~ (b,+00) = | J(an, bn),

n=1
the subset F is closed in R. We show that it is also perfect, i.e. for every 2 € £ and § € R™ the
open ball (x—4d, z+46) around z in R contains a point 2’ € I¥ different from 2. Since x €I and I CRR
is open,

INn(z=46,2), IN(xz,x+35) # 0.

By (2), there thus exist &, m €N such that
[as, bl (=6, 2), [am, bu] N(w, z+8) # 0.

If 2 =a, for some n, then x ¢ [ag, by] and thus 2’ =bp € EN(v—4d,z). If =0, for some n, then
x & |am, by and thus 2’ = a,, € EN(x,2+4d). In either case, we find a point 2’ ¢ EN(x—3,2+73)
different from 2. The same reasoning applies to decompositions as in (2) containing an interval
form (—o00,b,] or an interval of the form [a,,, +00).

In summary, we find that £ C R is a perfect subset. Since E is countable, this contradicts the
conclusion of Discussion 21.10 and so a decomposition (2) does not exist.



21.11 Theorem.
No interval I in R can be written as the union of two or more disjoint nondegenerate closed inter-
vals. (An interval is “nondegenerate” if it has more than one point.)

A closed nondegenerate interval is all of R, or a closed half-infinite interval (—oo,b] with b€ R or
[a,+00) with a €R, or a closed bounded interval with [a, ] with a,b€R and a <b. Suppose there
is a decomposition of R of the form

R = (—00,b] U [a, +o0) I_Haa,ba] (1)
a€A

for some indexing set A and a, b, aq, by € R with aq < by. Since every interval [aq, b contains a
rational number, the set A is at most countable. Let E be the set of the endpoints a, b, aq, bs of
all intervals in (1). Since

E =R - (-00,b) - (a,+00) = | J(aa,ba),
acA

the subset I is closed in R. We show in the next paragraph that E is also perfect. Since E is
nonempty, but at most countable, this contradicts the conclusion of Discussion 21.10, and so a
decomposition (1) does not exist.

We now show that the set E of endpoints of the intervals in (1) is perfect, i.e. for every 2 € E and
§ € R* the open ball (z—4,z+d) around z in R contains a point 2’ € E different from z. By (1),
there exist 8,y € A such that

lag, bg]N(z -0, z), [ay, by]N(z,2+8) # 0.
If 2 is a left endpoint, i.e. x=a or x=a, for some a€ A, then x ¢ [ag, bg] and thus
a'=bg € EN(z—4,z).
If 2 is a right endpoint, i.c. =0 or £ =b, for some a€ A, then z ¢[a,,b,] and thus
2'=a, € EN(z,2+46).
In cither case, we find a point 2’ € EN(z—4d, z+4) different from z.

Suppose I is any interval decomposed as the union of two or more disjoint nondegenerate closed
intervals. Let by be the right endpoint of an interval in the decomposition and a, be the left
endpoint of another interval in the decomposition so that bg < ay. The intervals [aq,bq| in the
decomposition of I so that aq, ba € (bg, ay) then decompose the open interval (bg, a,) into disjoint
closed intervals. Adding (—oo,bs] and [aq,+o0) to this decomposition of (bg,ay), we obtain a
decomposition of R as in (1). Since the latter does not exist, we conclude that no interval I in R
can be written as the union of two or more disjoint nondegenerate closed intervals.



