
MAT 319/320 Midterm I
March 7, 2019 11:30am-12:50pm

Name:
first name first

ID:

DO NOT OPEN THIS EXAM YET

Placement preference: 1. I strongly want to stay in MAT 319.
2. I somewhat prefer to stay in MAT 319.

circle one 3. I have no preference between MAT 319 and 320.
4. I hope to be transferred to MAT 320.

Expected graduation: May/August/December (circle one) 20 (year)

Plans after graduation:

Availability for possible meeting in Math 3-111 on Friday, 3/8: e.g. 8-9:50,11-11:50,...

Instructions

(1) Please fill in the information above; do not write anything below.

(2) This exam is closed-book and closed-notes; no calculators, no phones, etc.

(3) Please write legibly to receive credit. If your solution to a problem does not fit on the page
on which the problem is stated, please indicate on that page where in the exam to find (the
rest of) your solution.

(4) You may continue your solutions on additional sheets of paper provided by the proctors. If
you do so, please write your name and ID number at the top of each of them and staple them
to the back of the exam (stapler available); otherwise, these sheets may get lost.

(5) Anything handed in will be graded; incorrect statements will be penalized even if they are
in addition to complete and correct solutions. If you do not want something graded, please
erase it or cross it out.

(6) If you need more blank paper, ask a proctor.

1 (9pts) 2 (11pts) 3 (10pts) 4 (20pts) 5 (10pts) 6 (20pts) Tot (80pts)

Placement: MAT 319 MAT 320



Problem 1 (9pts)

For each of the following subsets S of R below, determine whether S is bounded below and above;
write YES or NO in the table below. Then find the minimum, maximum, infimum, and supremum of
each of the sets and record your answer in the table below. If something does not exist, write DNE.

(a) S = Z =
{

0,±1,±2, . . .
}

(b) S =
{

m2 : m∈Z
}

(c) S =
{

r∈Q : r2 ≤ 3
}

Answer ONLY. Only the answers appearing in the table below will be graded. Each correct answer
is worth 1/2 point (with the overall score rounded to a whole number).

(a) (b) (c)

bounded below?

bounded above?

min

max

inf

sup



Problem 2 (11pts)

Let (sn)=s1, s2, . . . be the sequence defined recursively by

s1 = 1, sn+1 =
√
2+sn ∀n≥1.

(a) Write out the first 3 terms of this sequence (answer only):

(b) Prove that
√
3 is not a rational number.

(c) Use mathematical induction to prove that sn (as defined above) is not a rational number for
all n≥2. Hint: proof by contradiction might be useful for the recursive/inductive step.



Problem 3 (10pts)

(a) Find lim
n√

4n2+9
; justify your answer.

(b) Find lim
3n

n!
; justify your answer.



Problem 4 (20pts)

Below are “mixed-up” versions of the condition for convergence of a sequence (sn)n∈N. Answer the
followup questions.

(a) For every n∈N and every real number ǫ>0, there exists s∈R such that |sn−s|<ǫ.

(b) For every s∈R, every n∈N, and every real number ǫ>0, |sn−s|<2ǫ2.

(c) For every s∈R and every real number ǫ>0, there exists n∈N such that |sn−s|<3ǫ3.

(d) There exists s∈R such that for every real number ǫ>0 and every n∈N, |sn−s|<4ǫ4.

(e) There exist s∈R and a real number ǫ>0 such that for every n∈N, |sn−s|<5+ǫ5.

(f) There exists s∈R such that for every real number ǫ>0, there exists N>0 such that for n>N ,
|sn−s|<6ǫ6.

Which condition above is equivalent to the convergence of the sequence (sn)n∈N? ( )

Which condition above is satisfied by every sequence of real numbers? ( )

Which condition above is satisfied by no sequence of real numbers? ( )

Which condition above is equivalent to the denseness of the set {sn : n∈N} in R? ( )

Which condition above is equivalent to the sequence (sn)n∈N being constant? ( )

Prove that the remaining condition is equivalent to the boundness of the sequence (sn)n∈N.



Problem 5 (10pts)

Let (sn)=s1, s2, . . . and (tn)= t1, t2, . . . be bounded sequences of nonnegative numbers.

(a) Show that lim sup(sntn) ≤ (lim sup sn)(lim sup tn).

(b) Give an example of bounded sequences (sn) and (tn) of nonnegative numbers so that the in-
equality in (a) is strict (<), specifying the sequences and the three relevant lim sup’s (no further
explanation is needed in (b)).



Problem 6 (20pts)

Suppose a1, a2, a3, . . . is a sequence such that a1, a2, a3 . . . ≥ 0 and the series
∞
∑

n=2

a2
n

converges.

For each question below, circle your answer and justify it below

(a) Does the sequence a1, a2, a3, . . . converge? yes no impossible to tell

(b) Does the series
∞
∑

n=2

1

7+an
converge? yes no impossible to tell

(c) Does the series
∞
∑

n=1

a3
n

converge? yes no impossible to tell

(d) Does the series
∞
∑

n=1

an converge? yes no impossible to tell

(e) Does the series
∞
∑

n=1

an

n
converge? yes no impossible to tell


