TOPICS IN CONFORMALLY COMPACT EINSTEIN METRICS

MICHAEL T. ANDERSON

1. Introduction.

Conformal compactifications of Einstein metrics were introduced by Penrose [38], as a means to study the behavior of gravitational fields at infinity, i.e. the asymptotic behavior of solutions to the vacuum Einstein equations at null infinity. This has remained a very active area of research, cf. [27], [19] for recent surveys. In the context of Riemannian metrics, the modern study of conformally compact Einstein metrics began with the work of Fefferman- Graham [26], in connection with their study of conformal invariants of Riemannian metrics. Recent mathematical work in this area has been significantly influenced by the AdS/CFT (or gravity-gauge) correspondence in string theory, introduced by Maldacena [36]. We will only comment briefly here on aspects of the AdS/CFT correspondence, and refer to [2], [42], [7] for general surveys.

In this paper, we discuss recent mathematical progress in this area, focusing mainly on global aspects of conformally compact Einstein metrics and the global existence question for the Dirichlet problem. One reason for this is that it now appears that the beginnings of a general existence theory for such metrics may be emerging, at least in dimension 4. Of course to date there is no general theory for the existence of complete Einstein metrics on manifolds, with two notable exceptions; the existence theory for Kähler-Einstein metrics due to Calabi, Yau, Aubin and others, and the existence theory in dimension 3, due to Perelman, Hamilton and Thurston. In contrast to the situation for compact 4-manifolds, an existence theory for conformally compact Einstein metrics may not be that far beyond the current horizon.

We discuss numerous open problems on this topic; some new results are also presented, cf. in particular Theorem 3.4 and the discussion and results in Sections 4 and 5.

In brief, the contents of the paper are as follows. The groundwork is laid in §2, where we discuss the moduli space of conformally compact Einstein metrics and the boundary map to the space of conformal infinities. The general situation is also illustrated by the discussion of a simple but important class of examples, the static AdS black hole metrics. Section 3 deals with the general asympototic behavior of the metrics near conformal infinity, and the control of the asymptotic behavior by the metric at infinity. It will be seen that at least in even dimensions, this issue is now quite well understood. Then in Section 4 we turn to the analysis of the behavior of the metrics on compact regions, away from infinity, mostly in dimension 4 where the possible degenerations can be described in terms of orbifold and cusp degenerations. In Section 5, we conclude with a discussion of the possibility of actually finding examples where orbifold or cusp degenerations occur.

I would like to thank David Calderbank, Tom Farrell, Lowell Jones, Claude LeBrun, Rafe Mazzeo and Michael Singer for discussions related to various issues in the paper. Thanks also to Vestislav Apostolov and collegues for organizing an interesting workshop at the CRM, Montreal in July, 04.

Partially supported by NSF Grant DMS 0305865. 1

2. Conformally compact Einstein metrics.

Let M be the interior of a compact (n + 1)-dimensional manifold M̄ with boundary ∂M. A complete Riemannian metric g on M is C^{m,α} conformally compact if there is a defining function ρ on M̄ such that the conformally equivalent metric

(2.1) ~g = ρ^2g

extends to a C^{m,α} metric on the compactification M̄. Here ρ is a smooth, non-negative function on M̄ with ρ^{−1}(0) = ∂M and dρ ≠ 0 on ∂M. The induced metric γ = ~g|_{∂M} is the boundary metric associated to the compactification ~g. Since there are many possible defining functions, there are many conformal compactifications of a given metric g, and so only the conformal class [γ] of γ on ∂M, called conformal infinity, is uniquely determined by (M, g). Clearly any manifold M carries many conformally compact metrics but we are mainly concerned here with Einstein metrics g, normalized so that (2.2) Ric_g = −ng. A simple computation for conformal changes of metric shows that if g is at least C^2 conformally compact, then the sectional curvature K_g of g satisfies

(2.3) |K_g + 1| = O(ρ^2).

Thus, the local geometry of (M, g) approaches that of hyperbolic space, and conformally compact Einstein metrics are frequently called asymptotically hyperbolic (AH), or also Poincaré-Einstein. All these notions will be used here interchangeably. The natural “threshold level” for smoothness is C^2, since even if g is C^{m,α} conformally compact, m > 2, (2.3) cannot be improved to |K_g + 1| = o(ρ^2) in general.

Mathematically, an obviously basic issue in this area is the Dirichlet problem for conformally compact Einstein metrics: given the topological data (M, ∂M), and a conformal class [γ] on ∂M, does there exist a conformally compact Einstein metric g on M, with conformal infinity [γ]? In one form or another, this question is the basic leitmotiv throughout this paper. As will be seen later, uniqueness of solutions with a given conformal infinity fails in general.

To set the stage, we first examine the structure of the moduli space of Poincaré-Einstein metrics on a given (n + 1)-manifold M. Let E^{m,α} be the space of Poincaré-Einstein metrics on M which admit a C^2 conformal compactification ḡ as in (2.1), with C^{m,α} boundary metric γ on ∂M. Here 0 < α < 1, m ≥ 2, and we allow m = ∞ or m = ω, the latter corresponding to real-analytic. The topology on E^{m,α} is given by a weighted Hölder norm, cf. (2.7) below; briefly, the topology is somewhat stronger than the C^2 topology on metrics on M̄ under a conformal compactification ~g as in (2.1). Let E^{m,α} = E^{m,α}/Diff^{m+1,α}_1 (M̄), where Diff^{m+1,α}_1 (M̄) is the group of C^{m+1,α} diffeomorphisms of M̄ inducing the identity on ∂M, acting on E in the usual way by pullback. Next, let Met^{m,α}(∂M) be the space of C^{m,α} metrics on ∂M and C^{m,α} = C^{m,α}(∂M) the corresponding space of pointwise conformal classes.

The natural boundary map,

(2.4) Π : E^{m,α} → C^{m,α}, Π[g] = [γ],

takes a conformally compact Einstein metric g on M to its conformal infinity on ∂M. Thus, global existence for the Dirichlet problem is equivalent to the surjectivity of Π, while uniqueness is equivalent to the injectivity of Π.

The following result describes the general structure of E and the map Π, building on previous work of Graham-Lee [29] and Biquard [15].

Theorem 2.1. (Manifold structure [5], [6]) Let M be a compact, oriented (n + 1)-manifold with boundary ∂M with n ≥ 3. If E^{m,α} is non-empty, then E^{m,α} is a smooth infinite dimensional manifold. Further, the boundary map Π : E^{m,α} → C^{m,α} is a C^∞ smooth Fredholm map of index 0.

When m < ∞, E^{m,α} has the structure of a Banach manifold, while E^∞ has the structure of a Fréchet manifold. For n = 3, one expects that Theorem 2.1 also holds for m ≥ 2, but this is an open problem.

Theorem 2.1 shows that the moduli space E has a very satisfactory global structure. In particular if M carries some Poincaré-Einstein metric, then it also carries a large set of them, mapping under Π to at least a variety of finite codimension in C. Recall that a metric g ∈ E is a regular point of Π if D_gΠ is surjective. Since Π is Fredholm of index 0, D_gΠ is injective at regular points; hence, by the inverse function theorem, Π is a local diffeomorphism in a neighborhood of each regular point.

Remark 2.2. Note that Theorem 2.1 does not hold, as stated, when n = 1, i.e. in dimension 2. In this case, the space E as defined above is infinite dimensional, but it becomes finite dimensional when one divides out by the larger group of diffeomorphisms isotopic to the identity on M̄. This space of conformally compact (geometrically finite) hyperbolic metrics on a surface Σ is a smooth, finite dimensional manifold, but the conformal infinity is unique. The boundary ∂Σ is a collection of circles and there is only one conformal structure on S^1 up to diffeomorphism. In particular, Π is not of index 0.

When n = 2, Einstein metrics are again hyperbolic, and the space of such metrics, modulo diffeomorphisms isotopic to the identity, is parametrized by the Teichmüller space of conformal classes on Riemann surfaces forming ∂M. Thus, Theorem 2.1 does hold for n = 2. However, we point out that the map Φ in (2.7) below used in constructing E is not Fredholm when n = 1, 2. Thus, the proof of Theorem 2.1 does not extend to the case n = 2.

It is worthwhile to examine the local structure of the boundary map Π near singular points in more detail. To do this, we need to discuss some background material, related to the proof of Theorem 2.1. Given a boundary metric γ, one may form the standard “hyperbolic cone” metric on γ by setting, in a neighborhood of ∂M,

g_γ = ρ^{−2}(dρ^2 + γ),

and extending g_γ to M in a fixed but arbitrary way. Given a fixed background metric g_0 ∈ E^{m,α} with boundary metric γ_0, for γ near γ_0, let g(γ) = g_0 + η(g_γ - g_{γ0} ), where η is a cutoff function supported near ∂M. Thus g(γ) is close to g_0 and consider metrics g near g_0 of the form

(2.5) g = g(γ) + h,

where h is a symmetric bilinear form on M which decays as O(ρ^2).

Essentially following [15], the Bianchi-gauged Einstein operator at g_0 is defined by

(2.6) Φ(g) = Ric_g + ng + δ^∗_g β_{g(γ)}(g).

We view Φ as a map (2.7) Φ : Met^{m,α}(∂M) × S^{m,α}_2 (M) → S^{m−2,α}_2 (M), Φ(γ, h) = Φ(g(γ) + h), where S^{m,α}_2 (M) is the space of symmetric bilinear forms h on M, of the form h = ρ^2h̄, with h̄ bounded in Cm,α(M). It turns out that if g_0 ∈ Em,α then the variety Φ−1(0) forms a local slice for the action of diffeomorphisms on E^{m,α} near g_0.

The derivative of Φ at g_0 with respect to the second factor is the linearized Einstein operator (2.8) L(h) = D^∗Dh − 2R(h), h ∈ S^{m,α}_2 (M). By [29], this map is Fredholm, and so has finite dimensional kernel and cokernel. Let K be the kernel of L on S^{m,α}_2 (M); K is also the kernel of L on L^2(M, g). To prove Theorem 2.1, it suffices to show that Φ is a submersion at any g_0 ∈ E^{m,α}, and for this one needs to show that the pairing

(2.9) ∫ M ⟨DΦ^{~g}(γ̇_0), κ⟩dV_{g0} is non-degenerate, in the sense that for any κ ∈ K_{g0} , there exists a variation γ̇_0 of γ_0 = Π(g_0) such that (2.9) is non-zero. This is actually not so easy in general, and we refer to [6] for details.

The boundary map Π is locally, near g_0, just the projection map on the first factor of Φ^{−1}(0) in (2.7). Thus, locally, a slice for E^{m,α} through g_0 is written as a (possibly multivalued and singular) graph over Met^{m,α}(∂M). The kernel K of DΠ at g is the subspace at which the graph is vertical, and corresponds to the kernel K of the operator L in (2.8).

To understand the singularities of Π in more detail, note that since Π is Fredholm, it is locally proper, i.e. for any g ∈ E^{m,α}, there exists an open set U with g ∈ U such that Π|_U is a proper map onto its image V ⊂ C. This means that Π has a local degree, deg_gΠ ∈ Z, cf. [41], [13]; in fact if U is chosen sufficiently small, then deg_gΠ = −1, 0 or +1. If deg_gΠ ≠ 0, then Π is locally surjective onto a neighborhood of γ = Π(g); this may or not be the case if deg_gΠ = 0. Observe however that (of course) deg_gΠ is not continuous in g.

The local degree can be calculated by examining the behavior of Π on generic, finite dimensional slices. Thus, let B be any p-dimensional local affine subspace (or submanifold) of Met^{m,α}(∂M) with γ = Π(g) ∈ B and consider the restriction of Φ to B × S^{m,α}_2 (M), and correspondingly, the graph E^{m,α}_B = Φ^{−1}(0) ∩ Π^{−1}(B) of E^{m,α} over B. For a generic choice of B, E^{m,α}_B is a p-dimensional manifold, and thus one can examine the behavior of Π|_Em,α_B in the context of the study of singularities of smooth mappings between equidimensional manifolds. By construction, cf. [13] for instance, one has for generic B,

deg_gΠ = deg_gΠ|_Em,α_B .

Consider for example the situation where B is 1-dimensional. Then E^{m,α}_B is a local curve in Met^{m,α}(∂M) × S^{m,α}_2 (M) graphed over the interval B = (−ε, ε), with 0 corresponding to γ. One sees that if deg_gΠ|_Em,α_B = ±1, then Π is locally surjective near γ, while if deg_gΠ|_Em,α_B = 0, then locally Π|_Em,α_B is a fold map, equivalent to x → x^2 on (−ε, ε). In this case, at least in a small neighborhood U of g, Π is not surjective onto a neighborhood of γ; there is a local “wall” in C, (the image of the fold locus), which Π(U) does not cross.

Some natural questions related to this discussion are the following: is the set of critical points of Π a non-degenerate critical submanifold (in sense of Bott)? Is it possible that Π maps a connected manifold or variety of dimension ≥ 1 onto a point γ ∈ C?

At this point, it is useful to illustrate the discussion on the basis of some concrete examples.

Example 2.3. (Static AdS black hole metrics). Let N^{n−1} be any closed (n−1)-dimensional manifold, which carries an Einstein metric g_N satisfying

(2.10) Ric_{gN} = k(n − 2)g_N ,

where k = +1, 0 or −1. We assume n ≥ 3. Consider the metric g_m on R^2 × N defined by

(2.11) g_m = V^{−1}dr^2 + V dθ^2 + r^2g_N ,

where

(2.12) V (r) = k + r^2 − 2m r^{n−2} . Here r ∈ [r_+, ∞), where r_+ is the largest root of V , and the circular parameter θ ∈ [0, β], where

(2.13) β = 4πr_+/(nr^2_+ + k(n − 2)).

This choice of β is required so that the metric g_m is smooth at the locus {r = r_+}; if β is arbitrary, the metric will have cone singularities normal to the locus {r = r_+}, although the metric is otherwise smooth. Since this locus is the fixed point set of the isometric S^1 action given by rotation in θ, the set {r = r_+} is diffeomorphic to N and is totally geodesic; it corresponds to the horizon of the black hole. A simple computation shows that the metrics g_m are Einstein, satisfying (2.2). Further, it is easy to see these metrics are smoothly conformally compact; the conformal infinity of g_m is given by the conformal class of the product metric on S^1(β) × (N, g_N ).

We discuss the cases k > 0, k = 0, k < 0 in turn. I. Suppose k = +1.

As a function of m ∈ (0, ∞), observe that β has a maximum value of β_0 = 2π(^{n−2}_n )^{1/2}, and for every m ≠ m_0, there are two values m^± of m giving the same value of β. Thus two metrics have the same conformal infinity; in particular, the boundary map Π in (2.4) is not 1-1 along this curve. This behavior is the first example of non-uniqueness for the Dirichlet problem, and was discovered in [32] in the context of the AdS Schwarzschild metrics, where N = S^2(1).

The map Π is a fold map, (of the form x → x^2), in a neighborhood of the curve g_m near m = m_0. The local degree at g_{m0} is 0 and Π is not locally surjective. In fact, Theorem 2.4 below implies that Π is globally not surjective, in that the conformal class of S^1(L)×(N, g_N ), for L > β_0, is not in Im Π, cf. [5]. Observe that this result requires global smoothness of the Einstein metrics; if one allows cone singularities along the horizon N = {r = r_+}, i.e. if β is allowed to be arbitrary, then one can go past the “wall” through S^1(β_0) × (N, g_N ). This clearly illustrates the global nature of the global existence or surjectivity problem.

II. Suppose k = 0.

In this case β = 4πr_+/(nr^2_+) is a monotone function of r_+ or m, so that it assumes all values in R^+ as m ∈ (0, ∞). On the curve g_m, Π is 1-1.

However, the actual situation is somewhat more subtle than this. Suppose for instance that N = T^{n−1}, so that M = R^2 × T^{n−1} is a solid torus. Topologically, the disc D^2 = R^2 can be attached onto any simple closed curve in the boundary ∂M = T^n instead of just the “trivial” S^1 factor in the product T^n = S^1 × T^{n−1}. The resulting manifolds are all diffeomorphic. This can also be done metrically, preserving the Einstein condition, cf. [4], and leads to the existence of infinitely many distinct Einstein metrics on R^2 × T^{n−1} with the same conformal infinity (T^n, [g_0]), where g_0 is any flat metric.

Each of these metrics lies in a distinct component of the moduli space E, so that E has infinitely many components. This situation is closely related to the mapping class group SL(n, Z) of T^n, i.e. the group of diffeomorphisms of T^n modulo those homotopic to the identity map, (so called “large diffeomorphisms”). Any element of SL(n, Z) extends to a diffeomorphism of the solid torus R^2 ×T^{n−1}, and while SL(n, Z) acts trivially on the moduli space of flat metrics on T^n, the action on E is highly non-trivial, giving rise to the distinct components of E. Similar constructions can obviously be carried out for manifolds N of the form N = T^k × N^′, k ≥ 1, but it would be interesting to investigate the most general version of this phenomenon.

III. Suppose k = −1.

Again β is a monotone function of m, and so takes on all values in R^+ ; the boundary map Π is 1-1 on the curve g_m. Further aspects of this case are discussed later in §5.

These simple examples already show a number of subtle features of the global behavior of the boundary map Π. With regard to the global surjectivity question, the basic property that one needs to make progress is to understand whether Π is a proper map; if Π is not proper, it is important to understand exactly what possible degenerations of Poincaré- Einstein metrics can or do occur with controlled conformal infinity. Recall that Π is proper if and only if Π^{−1}(K) is compact in E, whenever K is compact in C.

If Π is proper, then one has a well-defined Z_2-valued degree, cf. [41]. In fact, since the spaces E and C can be given a well-defined orientation, one has a Z-valued degree, given by

(2.14) deg Π = ∑ g_i∈Π^{−1}[γ] (−1)^{indgi} , where [γ] is a regular value of Π and ind_{gi} is the L^2 index of D_{gi} Π, i.e. the number of negative eigenvalues of the operator L in (2.8) at g_i acting on L^2, cf. [5]. Of course if deg Π ≠ 0, then Π is surjective; (if deg Π = 0, then Π may or may not be surjective). Note that deg Π is defined on each component E_0 of E and may differ on different components.

Let M = M^4 be a 4-manifold, satisfying

(2.15) H_2(∂M, R) → H_2(M, R) → 0.

It is proved in [5] that Π is then proper, when restricted to the space E^0 of Einstein metrics whose conformal infinity is of non-negative scalar curvature. More precisely,

(2.16) Π^0 : E^0 → C^0

is proper, where C^0 is the space of conformal classes having a non-flat representative of non-negative scalar curvature and E^0 = Π^{−1}(C^0); in particular there are only finitely many components to E_0, compare with Example 2.3, Case II above.

In situations where Π is proper, the degree can be calculated in a number of concrete situations by the following:

Theorem 2.4. (Isometry Extension, [5]) Let (M^{n+1}, g) be a C^2 conformally compact Einstein metric with C^∞ boundary metric γ, n ≥ 3. Then any connected group G of conformal isometries of (∂M, γ) extends to a group G of isometries of (M, g).

This result has a number of immediate consequences. For instance, it implies that the Poincaré (or hyperbolic) metric is the unique C^2 conformally compact Einstein metric on an (n + 1)-manifold with conformal infinity given by the round metric on S^n; see also [12], [39] for previous special cases of this result. In particular, one has on (B^4, S^3),

deg Π^0 = 1,

so that Π is surjective onto C^0. On the other hand, on (M^4, S^3), M^4 ≠ B^4,

deg Π^0 = 0, since Π cannot be surjective in this case. Another application of Theorem 2.4 is the following:

Corollary 2.5. Let M be any compact (n + 1)-manifold with boundary ∂M, n ≥ 3, and let M̂ = M ∪_{∂M} M be the closed manifold obtained by doubling M across its boundary. Suppose ∂M admits an effective S^1 action, but M̂ admits no effective S^1 action. Then Π = Π(M) is not surjective; in fact ImΠ ∩ Met_S1 (∂M) = ∅, where Met_S1 (∂M) is the space of S^1 invariant metrics on ∂M. The space Met_S1 (∂M) is of infinite dimension and codimension in Met(∂M).

As a simple example, let M̂ = Σ_g ×N, where Σ is any surface of genus g ≥ 1 and N is any K(π, 1) manifold with π having no center; e.g. N has a metric of non-positive curvature. Let σ be a closed curve in Σ_g which disconnects Σ_g into two diffeomorphic components Σ^+ and Σ^− with common boundary σ, and let M = Σ^+ × N. By [22], M̂ does not admit an effective S^1 action, but of course ∂M = S^1 × N admits such actions. Hence, Corollary 2.5 holds for such M.

On the other hand, if Σ = S^2 is of genus 0, then M = R^2 × N does admit S^1-invariant Poincaré-Einstein metrics, as discussed in Example 2.3.

A basic issue is to extend the theory described above beyond boundary metrics of nonnegative scalar curvature C^0. This will be one of the themes discussed below. We begin with the analysis of Poincaré-Einstein metrics near the boundary, i.e. conformal infinity.

3. Behavior near the Boundary.

In this section, we study the behavior of Poincaré-Einstein metrics in a neighborhood of conformal infinity (∂M, γ).

For many purposes, the most natural compactifications are those defined by geodesic defining functions. Thus, a compactification ḡ = ρ^2g as in (2.1) is called geodesic if ρ(x) = dist_ḡ(x, ∂M). Each choice of boundary metric γ ∈ [γ] determines a unique geodesic defining function ρ. For a geodesic compactification, one typically loses one derivative in the possible smoothness, but this will not be of major concern here, cf. also [11, App.B] on restoring loss of derivatives.

The Gauss Lemma gives the splitting

(3.1) ḡ = dρ^2 + g_ρ, g = ρ^{−2}(dρ^2 + g_ρ),

where g_ρ is a curve of metrics on ∂M. A simple and natural idea to examine the behavior of g near infinity is to expand the curve of metrics g_ρ on ∂M in a Taylor series in ρ. Surprisingly (at first), this turns out not always to be possible, as discovered in [26]. It turns out that the exact form of the expansion depends on whether n is odd or even. If n is odd, i.e M is even-dimensional, then

(3.2) g_ρ ∼ g_{(0)} + ρ^2g_{(2)} + .... + ρ^{n−1}g_{(n−1)} + ρ^ng_{(n)} + ρ^{n+1}g_{(n+1)} + ...

This expansion is even in powers of ρ up to order n. The coefficients g_{(2k)}, 2k ≤ (n − 1) are locally determined via the Einstein equations (2.2) by the boundary metric γ = g_{(0)}. They are explicitly computable expressions in the curvature of γ and its covariant derivatives, although their complexity grows rapidly with k. The term g_{(n)} is transverse-traceless, i.e.

(3.3) tr_γ g_{(n)} = 0, δ_γ g_{(n)} = 0,

but is otherwise undetermined by γ and the Einstein equations; it depends on the particular structure of the AH Einstein metric (M, g) near infinity. If n is even, one has

(3.4) g_ρ ∼ g_{(0)} + ρ^2g_{(2)} + .... + ρ^{n−2}g_{(n−2)} + ρ^ng_{(n)} + ρ^n log ρ H + ρ^{n+1}g_{(n+1)} + ...

Again (via the Einstein equations) the terms g_{(2k)} up to order n−2 are explicitly computable from the boundary metric γ, as is the coefficient H of the first log ρ term. The term H is transverse-traceless. The term g_{(n)} satisfies

(3.5) tr_γ g_{(n)} = τ, δ_γ g_{(n)} = δ,

where again τ and δ are explicitly determined by the boundary metric γ and its derivatives; however, as before g_{(n)} is otherwise undetermined by γ. There are (log ρ)^k terms that appear in the expansion at order > n.

Note also that these expansions (3.2) and (3.4) depend on the choice of boundary metric. Transformation properties of the coefficients g_{(i)}, i ≤ n, under conformal changes have been explicitly studied in the physics literature, cf. [24]. As discovered by Fefferman-Graham [26], the term H is conformally invariant, or more precisely covariant: if ~γ = ϕ^2γ, then ~H = ϕ2−nH. Remark 3.1. Analogous to the Fefferman-Graham expansion above, there is a formal expansion of a vacuum solution to the Einstein equations near null infinity, although this has been carried out in detail only in dimension 3+1, cf. [16]. This expansion is closely related to the properties of the Penrose conformal compactification. More recently, as discussed in [20], logarithmic terms appear in the expansion in general, and these play an important role in understanding the global structure of the space-time.

Mathematically, it is of some importance to keep in mind that the expansions (3.2), (3.4) are only formal, obtained by conformally compactifiying the Einstein equations and taking iterated Lie derivatives of ḡ at ρ = 0;

(3.6) g_{(k)} = 1 k! L^{(k)}_T ḡ, where T = ∇ρ. If ḡ ∈ C^{m,α}(M̄), then the expansions hold up to order m + α. However, boundary regularity results are needed to ensure that if an AH Einstein metric g with boundary metric γ satisfies γ ∈ C^{m,α}(∂M), then the compactification ḡ ∈ C^{m,α}(M̄) or C^{m′,α′} (M̄). In both cases n odd or even, the Einstein equations determine all higher order coefficients g_{(k)} (and coefficients of the log terms), in terms of g_{(0)} and g_{(n)}, so that an AH Einstein metric is formally determined by g_{(0)} and g_{(n)} near ∂M. The term g_{(0)} corresponds to Dirichlet boundary data on ∂M, while g_{(n)} corresponds to Neumann boundary data, (in analogy with the scalar Laplace operator). Thus, on AH Einstein metrics, the formal correspondence

(3.7) g_{(0)} → g_{(n)}

is analogous to the Dirichlet-to-Neumann map for harmonic functions. However, the map (3.7) is only well-defined if there is a unique AH Einstein metric with boundary data γ = g_{(0)}; as seen above on the curve of AdS Schwarzschild metrics for example, this is not always the case. Understanding the correspondence (3.7) is a basic issue, both mathematically and in certain aspects of the AdS/CFT correspondence. Again in a formal sense, knowing g_{(0)} and g_{(n)} allows one to locally construct the bulk gravitational field, i.e. the Poincaré-Einstein metric, at least near ∂M via the expansion (3.2) or (3.4).

To begin to make some of the discussion above more rigorous, we next discuss the boundary regularity issue; many aspects of this have been resolved over the past few years. Suppose first n = 3, so dim M = 4. If g ∈ E^{m,α}, m ≥ 2, then by definition g has a C^2 conformal compactification to a C^{m,α} boundary metric γ. In [4], it is proved that there is a C^{m,α} conformal compactification ~g ∈ C^{m,α}(M̄) of g, cf. also [6]. This result also holds if m = ∞ or m = ω. It is proved using the fact that 4-dimensional Einstein metrics satisfy the Bach equations, cf. [14], which are conformally invariant. In suitable gauges, the Bach equation can be recast as a non-degenerate elliptic system of equations for a conformal compactification ~g, and the result follows from elliptic boundary regularity.

In dimension 4, the Bach tensor is the Fefferman-Graham obstruction tensor H above. In any even dimension, the system of equations

(3.8) H = 0

is conformally invariant, and is satisfied by metrics conformal to Einstein metrics. Thus, one might expect that the method using the Bach equation in [4], [6] when n = 3 can be extended to all n odd. This is in fact the case, and has been worked out in detail by Helliwell [31]. Thus, essentially the same regularity results hold for n odd.

When n is even, so that dim M is odd, this type of boundary regularity cannot hold of course, due to the presence of the logarithmic terms in the FG expansion. A result of Lee [35] shows that if g ∈ E^{m,α} and m < n, then g is C^{m,α} conformally compact. This is optimal, but does not reach the important threshold level m = n, where logarithmic terms and the important g_{(n)} term first appear. Recently, Chruściel et al. [21] have proved that when g ∈ E^∞, i.e. g has a C^∞ boundary metric γ, then g has a C^∞ polyhomogeneous conformal compactification, so that the expansion (3.4) exists as an asymptotic series. Moreover, if γ ∈ C^{m,α}(∂M), then the expansion exists up to order k, where k can be made large by choosing m sufficiently large; (in general m must be much larger than k). Finally, it has recently been proved by Kichenassamy [34] that when g ∈ E^ω and g_{(n)} is real-analytic, the formal series (3.4) exists, i.e. it is summable, and it converges to g_ρ.

These results have the following immediate consequence. Suppose n is odd. Given any real-analytic symmetric bilinear forms g_{(0)} and g_{(n)} on ∂M, satisfying (3.3), there exists a unique C^ω conformally compact Einstein metric g defined in a thickening ∂M × [0, ε) of ∂M. If instead n is even, given any analytic symmetric bilinear forms g_{(0)} and g_{(n)} on ∂M, satisfying (3.5), there exists a unique C^∞ polyhomogeneous conformally compact Einstein metric g defined in a thickening ∂M × [0, ε) of ∂M. In both cases, the expansions (3.2) or (3.4) converge to the metric g_ρ. These results follow from the work in [4], [6], [31] when n is odd, and [34] when n is even. Since analytic data g_{(0)} and g_{(n)} may be specified arbitrarily and independently of each other, subject only to the constraint (3.3) or (3.5), to give “local” AH Einstein metrics, defined in a neighborhood of ∂M, this shows that the correspondence (3.7) must depend highly on global properties of Poincaré-Einstein metrics.

On the other hand, it is well-known that the use of analytic data to solve elliptic-type problems is misleading. While the Dirichlet or Neumann problem is formally well-posed, the Cauchy problem is not. Standard examples involving Laplace operator and harmonic functions show that even if Cauchy data on a boundary converge smoothly to limit Cauchy data on the boundary, the corresponding solutions do not converge to a limit in any neighborhood of the boundary.

To pass from analytic to smooth boundary data, one needs apriori estimates or equivalently a stability result. In this respect, one has the following:

Theorem 3.2. (Local Stability, [4], [6]) Let g be a C^2 conformally compact Einstein metric, defined in a region Ω = [0, ρ_0] × ∂M containing ∂M, where ρ is a geodesic compactification. Suppose there exists a compactification ~g with C^{m,α} boundary metric γ, such that (3.9) ||~g||_C1,α_{(Ω)} ≤ K.

If n = 3, then there is a (possibly different) compactification, also called ~g, such that, in Ω^′ = [0,^{ρ0}_2 ] × ∂M, one has the estimate (3.10) ||~g||_Cm,α_{(Ω}′_) ≤ C, where the constant C depends only on K, m, α, n and ρ_0.

This result is proved simultaneously with the boundary regularity result itself, i.e. using the fact that ~g is a solution of the Bach equations together with standard estimates for solutions of elliptic systems of PDE’s.

Using similar ideas as discussed above in connection with (3.8), Theorem 3.2 also holds for all n odd, at least if C^2 is replaced by C^{n,α} and C^{1,α} is replaced by C^{n,α} in (3.9), with m > n in (3.10), cf. [31].

Theorem 3.2 shows that if two solutions are close in a weak norm, (C^{1,α} or C^{n,α}), then they are close in a strong norm, C^{m,α}, m > n, provided the boundary metrics are close in a strong norm. It would be very interesting if a similar result can be proved when n is even, (i.e. in odd dimensions). A direct generalization is of course not possible, due again to the logarithmic terms. Redefining the Hölder norms to take such logarithmic terms into account, it would be very surprising if such a stability result did not hold; however, a proof remains to be established.

In even dimensions, the local stability theorem allows one to pass to limits in the analytic data problem above. Thus, suppose γ = g_{(0)} and g_{(n)} are arbitrary C^{m,α} data on ∂M, subject to the constraint (3.3). Let γ_i and (g_{(n)})_i be a sequence of analytic data satisfying (3.3) converging to γ and g_{(n)} in the C^{m,α} topology, (such sequences always exist), and let ~g_i be the corresponding sequence of conformal compactifications of Poincaré-Einstein metrics defined in regions Ω_i. If the hypothesis (3.9), (with C^{1,α} replaced by C^{n,α} for n > 3), held on the sequence {~g_i}, i.e. Ω_i = Ω is uniform, then it follows that {~g_i} converges in the C^{m,α} topology on Ω to a limit ~g ∈ C^{m,α}(Ω). The metric ~g is a conformal compactification of a Poincaré-Einstein metric g, defined at least on Ω. In other words, it would then follow that arbitrary smooth γ and g_{(n)} can be realized as local boundary data.

However, the following result shows this cannot be the case:

Theorem 3.3. (Unique Continuation, [8]) Let data (g_{(0)}, g_{(n)}) be arbitrarily given, satisfying the constraints (3.3) or (3.5), in some open set U ⊂ ∂M, with (g_{(0)}, g_{(n)}) ∈ C^{m,α}(U), for m > n and any n ≥ 3. If g is a C^{m,α} conformally compact Einstein metric realizing the data (g_{(0)}, g_{(n)}), defined in a neighborhood Ω with Ω ∩ ∂M = U, then g is the unique such metric, up to local isometry.

This result implies in particular that local Cauchy data in an open set U ⊂ ∂M determine the global behavior of the metric, and the topology of the manifold, up to covering spaces; here we use the fact that Einstein metrics are real-analytic in the interior, and so trivially satisfy a unique continuation property. It follows that (g_{(0)}, g_{(n)}) in U necessarily determine (g_{(0)}, g_{(n)}) outside U. (This is of course obvious for analytic data (g_{(0)}, g_{(n)}) on ∂M).

It then follows that, for {~g_i} as above, the weak uniform bound (3.9) cannot hold in general. The metrics must degenerate in a small neighborhood Ω of U ⊂ ∂M, for “most” choices of g_{(n)}, given any fixed choice of γ = g_{(0)} on ∂M.

We now contrast this situation with the situation for globally defined Poincaré-Einstein metrics. For emphasis, for the result below we require that (M, g) is globally conformally compact, i.e. M is the interior of a compact manifold with boundary, and g is complete and globally defined on M.

Theorem 3.4. (Control near Boundary) Let (M^{n+1}, g) be a globally conformally compact Poincaré-Einstein metric, with n odd, so that dim M is even. Suppose that g is C^2 conformally compact, with C^{m,α} boundary metric γ, with m > n and m ≥ 6 if n = 3. Then there exists a neighborhood Ω = [0, ρ_0] × ∂M of ∂M, depending only on the boundary data (∂M, γ) such that (3.11) ||~g||_Cm,α_{(Ω)} ≤ C, in some compactification ~g.

The bound (3.11) implies that the boundary map Π is proper near conformal infinity, in the sense that if one has a fixed boundary metric γ, or compact set of boundary metrics γ ∈ Γ, then the set of Poincaré-Einstein metrics with boundary metric γ, (or γ ∈ Γ), is compact, as far as their behavior in Ω is concerned; any sequence has a convergent subsequence on a fixed domain Ω, where Ω only depends on the boundary data. Proof: This result is proved for n = 3 in [5], and the proof for arbitrary n odd is very similar. Thus, we refer to [5] for much of the proof, and only discuss those situations where the proof needs to be modified in higher dimensions.

There are several steps in the proof. First, let ḡ be the geodesic compactification of g determined by γ, and let τ be the distance to the cutlocus of the normal exponential map from (∂M, γ) into (M, ḡ). Here of course g is any Poincaré-Einstein metric on M with boundary metric γ, (or γ ∈ Γ). The first (and most important) step is to prove that there is a constant τ_0 > 0, depending only on n and γ (or Γ) such that

(3.12) τ(x) ≥ τ_0.

The estimate (3.12) already implies for instance that the topology of M cannot become non-trivial too close to the boundary ∂M. The proof of (3.12) in [5, Prop.4.5] holds with only minor and essentially obvious changes in all even dimensions, given the local stability result, Theorem 3.2. As noted in [5, Remark 2.4], one should use the renormalized action in place of the renormalized volume or L^2 norm of the Weyl curvature. Also, the classification of R^n -invariant solutions as AdS toral black holes is given in [9], (again the proof of this holds in all dimensions).

Next, let ζ(x) = ζ^{n,α}(x) be the C^{n,α} harmonic radius of (M, ḡ) at x, for a fixed α < 1. The next claim, (cf. [5, Prop.4.4]) is that there is a constant ζ_0, depending only on n and γ, such that

(3.13) ζ(x) ≥ ζ_0τ(x).

(The proof in [5, Prop.4.4] uses the L^p curvature radius, but the proof works equally well for the much stronger C^{n,α} harmonic radius).

The proof of (3.13) is by contradiction. If (3.13) does not hold, then there exist x_i ∈ (M_i, g_i) such that ξ(x_i) << τ(x_i). Choose x_i to realize the minimum of the ratio ξ/τ. One then takes a blow-up limit of the rescalings g^′_i = ζ(x_i)^{−2}ḡ_i based at x_i. Since ζ^′(x_i) = 1, ζ^′(y_i) ≥^1_2 for y_i within bounded g^′_i-distance to x_i. It follows that in a subsequence, one has convergence to a complete limit (N, g^′, x). The local stability result, Theorem 3.2, implies that the convergence to the limit is in the (strong) C^{n,α} topology. The radius ζ is continuous in this topology, and hence the limit (N, g^′) cannot be flat, since ζ^′(x) = 1. Here one must also use the non-collapse or volume comparison estimates in [5, Lemma3.8ff]. Thus, to obtain a contradiction, it suffices to prove that the limit (N, g^′) must be flat. To do this, one distinguishes the following two situations:

I. dist_g′_i (x_i, ∂M_i) ≤ D, for some D < ∞. In this case, the limit N has a boundary (∂N, γ^′). Since this limit is the blow-up of (∂M_i, γ_i), it is clear that (∂N, γ^′) is flat (R^n , δ), where δ is the flat metric. (Here we use of course the fact that Γ is compact). Moreover,

∂N is totally geodesic in N. As in [5], (N, g^′) is Ricci-flat, Ric_g′ = 0. The proof that N is actually flat in [5] used the fact that N contains a line; when n = 3, i.e. in dimension 4, this implies N is flat. This of course does not hold in higher dimensions. Instead, one can argue as follows. Since N is Ricci-flat and has flat and totally geodesic boundary R^n , the reflection double of N across R^n is a weak C^1 solution of the Einstein equations Ric_g′ = 0 on R^{n+1} . Elliptic regularity implies that g^′ is then real-analytic across R^n . It then follows easily from the Cauchy-Kovalevsky theorem that (N, g^′) is flat. This gives the required contradiction in this case.

II. dist_g′_i (x_i, ∂M_i) → ∞ as i → ∞. For this case, we give a different and simpler proof than that in [5, Prop.4.4, Case II].

Let d_i(x) = dist_g′_i (x_i, ∂M_i). It follows easily from Case I above that

ζ_i(y_i) ≥ (1 − δ)d_i(y_i),

for y_i within bounded distance to (∂M, g^′_i), with δ → 1 as i → ∞. This just corresponds to the statement that the geometry becomes flat near ∂M_i with respect to g^′_i, which has been proved in Case I. Now by hypothesis, at x_i, ζ_i(x_i)/d_i(x_i) → 0, (since the ratio is scale-invariant and ζ_i(x_i) = 1 in the scale g^′_i). Therefore, by continuity, there are points y_i such that ζ(y_i) =^1_2 d(y_i), with ζ(z_i) ≥^1_2 d(z_i), for all z_i such that d(z_i) ≤ d(y_i). One now works in the scale ĝ_i = ζ_i(y_i)^{−2}g_i where ζ̂_i(y_i) = 1 and hence dist_{ĝi} (y_i, ∂M) = 2. The proof is now completed just as in Case I. Thus, one may pass to a limit (N, ĝ, y). On the one hand, the limit (N, ĝ) is not flat, since, by Theorem 3.2 the convergence to the limit is in C^{n,α} and ζ is continuous in this topology, so that ζ̂(y) = 1. As before, (N, ĝ) has flat and totally geodesic boundary, and the same proof as in Case I implies that (N, ĝ) is flat, giving again a contradiction.

Taken together, (3.12) and (3.13) imply that ζ(x) ≥ τ_1 > 0, for all x in a neighborhood of ∂M of fixed size in (M, ḡ). The bound (3.11) is then a consequence of the local stability result, Theorem 3.2.

An odd dimensional analogue of Theorem 3.4 is unknown, and it would be very interesting to know if a suitable version of it holds. The exact formulation would of course have to be modified somewhat, due to the logarithmic terms. Using Kichenassamy’s result [34], Javaheri [33] has proved an analogue of Theorem 3.4 in odd dimensions in the context of analytic boundary metrics.

4. Behavior away from the Boundary.

At least in even dimensions, the analysis in §3 shows that the global behavior of the boundary map Π depends only on the behavior of Einstein metrics in the interior, a fixed distance away from the boundary, (depending only on the boundary metric), in a geodesic compactification. Thus, the issue of whether Π is proper becomes a question on the behavior of Einstein metrics in the interior, i.e. on compact sets, away from infinity; the structure near infinity is uniformly controlled by the data at infinity.

Thus, in effect, one is dealing with the behavior of Einstein metrics on compact manifolds (with boundary). Presumably, the degeneration of such metrics has the same general features as the degeneration of Einstein metrics on compact manifolds without boundary. A detailed study of degenerations of Einstein metrics on compact 4-manifolds was first carried out in [3]. Since there is no general theory of such degenerations in higher dimensions, we restrict in this section to dimension 4.

Let {g_i} be a sequence of Poincaré-Einstein metrics on a fixed 4-manifold M, with conformal infinities {γ_i} ⊂ Γ, where Γ is a compact set in C^{m,α}. There are three possibilities for the behavior of {g_i}, in subsequences; cf. [5] for a more detailed discussion.

I. Convergence: A subsequence of {g_i} converges, modulo diffeomorphisms, to a limit Poincaré-Einstein metric g on M, with boundary metric γ ∈ Γ. There is a compactification ~g_i = ρ^2g_i of g_i such that the subsequence {~g_i} converges in the C^{m,α} topology on M̄.

II. Orbifolds: A subsequence of {g_i} converges, modulo diffeomorphisms, to a limit Poincaré-Einstein orbifold-singular metric g on M, with boundary metric γ ∈ Γ. The singular metric g is a smooth metric on an orbifold V , and M is a smooth resolution of V . There are only a finite number of singularities, each the vertex of a cone on a spherical space form. Away from the singularities, the convergence is smooth, as in I. The subsequence (M, g_i) converges to (V, g) in the Gromov-Hausdorff topology, [30].

III. Cusps: A subsequence of {g_i} converges, modulo diffeomorphisms, to a limit Poincaré- Einstein metric with cusps g on a connected manifold N, with boundary metric γ ∈ Γ, possibly with a finite number of orbifold singularities.

More precisely, the limit (N, g) has conformal infinity (∂M, γ), but has in addition a collection of complete, finite volume ends. Thus there is a compact hypersurface H ⊂ N, disconnecting N into two non-compact regions, the outside and inside; the outside region contains conformal infinity, and so has the same number of components as ∂M, while the inside region is connected and the metric g is complete and of finite volume.

If x_i are base points in (M, g_i) within bounded distance to ∂M in the geodesic compactification ḡ_i, then the sequence (M, g_i, x_i) converges in the pointed Gromov-Hausdorff topology, (cf. [30]), to the limit (N, g, x). The convergence is smooth, in the sense of I, away from any orbifold singular points, and uniform on compact sets in N̄ = N ∪ ∂N, where ∂N = ∂M. Note that if one chooses other base points y_i in (M, g_i) with dist_{ḡi} (y_i, ∂M) → ∞, then (M, g_i, y_i) may limit on other complete, finite volume manifolds (N^′, g^′, y); see the discussion regarding the case of surfaces below. However, since they play no role in the analysis here, we ignore these other components of the limit.

If the boundary map Π is to be proper, one must show that only the convergence case above occurs, i.e. rule out the possible formation of orbifold and cusp limits. We discuss these in turn.

The orbifold limits are topological, in the sense that essential 2-cycles in M not coming from ∂M must be collapsed to points under {g_i}. Thus, for example, if one has a surjection

(4.1) H_2(∂M, R) → H_2(M, R) → 0,

for instance M = B^4, then orbifold limits cannot occur, cf. [5]. The condition (4.1) however is not necessary, and there are 4-manifolds not satisfying (4.1) which do not admit any orbifold degenerations. A list of some examples is given in [5, §6]. Also, it appears that the families of self-dual Poincaré-Einstein metrics constructed by Calderbank-Singer [17], which are natural analogues of the Gibbons-Hawking metrics, do not admit orbifold degenerations, [18]. In fact, at this time, it seems that the only known example of orbifold degenerations is that of the Taub-Bolt curve of metrics on T (S^2) which degenerate to the orbifold C(RP^3 ), cf. [5]; I am grateful to Michael Singer for pointing this out.

Remark 4.1. In this context, it is worth noting that the manifold theorem, Theorem 2.1, holds also for orbifolds. Thus, let V be an (n + 1)-dimensional orbifold with boundary, in the sense that V is a smooth manifold away from from finitely many singular points in the interior, each having a neighborhood homeomorphic to the cone on a spherical space form. (Note that this definition of orbifold is much more restrictive than the general definition due to Thurston). Let E^{m,α}(V ) be the moduli space of orbifold smooth Poincaré-Einstein metrics on V , defined as in §2. Then Theorem 2.1 holds for E^{m,α}(V ); the proof is exactly the same. In fact, all the discussion and results above, from §2 to the classification I-III above, holds equally well for Poincaré-Einstein orbifold metrics.

As will be seen in the following, it would be very interesting to understand to what extent Theorem 2.1 generalizes to metrics with other singularities (e.g. cusps) on a compact manifold with boundary, cf. also [37] for some further results in this direction.

Although the situation of orbifold degenerations still needs to be better understood in general, the issue of cusp formation is much more serious and much less well-understood. As seen in Example 2.3(II), there are at least some situations where cusp degenerations can occur. There are no known relations between the possibility of cusp formation and the topology of M, (as is the case with orbifold degenerations); this is a fundamental and very interesting open problem, which exists also for Einstein metrics on compact manifolds. It would also be useful to obtain more detailed information about the geometry of cusp ends.

Instead of trying to find situations where orbifold and cusp formation can be ruled out, (as in (4.1) for example), one can take a different perspective. Namely, these are the only possible degenerations of Poincaré-Einstein metrics with controlled conformal infinity and so it is natural to consider an enlarged space of Poincaré-Einstein metrics which includes these limits.

Thus, let Ē be the completion of the moduli space E of Poincaré-Einstein metrics with respect to the pointed Gromov-Hausdorff topology; the base points x are chosen so that (4.2) dist_ḡ(x, ∂M) = 1, for example. The discussion concerning I-III above shows that metrics in Ē with controlled conformal infinity γ ∈ Γ are compact in this topology; any sequence in Ē has a convergent subsequence to a limit in Ē with conformal infinity [γ] ∈ Γ. Note that this topology on Ē is quite different than the (unpointed) Gromov-Hausdorff topology; if {g_i} is a sequence in E converging to a cusp metric in Ē, then dist_{GH} (g_i, g_0) → ∞, for any fixed g_0 ∈ E. This is because diam_{gi} M → ∞, and the diameter is continuous in the Gromov-Hausdorff topology. In particular, although the Gromov-Hausdorff topology is a metric topology on E, this is not known for the pointed Gromov-Hausdorff topology on Ē.

Let ∂E = Ē \ E, so that ∂E consists of orbifold and cusped Poincaré-Einstein metrics, obtained as limits of smooth Poincaré-Einstein metrics on M. If g_i ∈ E converges to g ∈ ∂E, then for any fixed R, the metrics g_i on B_{xi} (R) converge smoothly to the limit metric g on B_x(R), away from any orbifold singular points; here x_i are base points satisfying (4.2) and x_i → x. Briefly, away from orbifold singular points, one has smooth convergence on compact subsets. Further, the compactified metrics ḡ_i converge in C^{m,α} to ḡ up the boundary ∂M. (As always, the smooth convergence is understood to be modulo diffeomorphisms). Note that the closure of E in the Gromov-Hausdorff topology consists of E together with orbifoldsingular Poincaré-Einstein metrics obtained as limits.

Now one has an extension Π̄ of Π to Ē, and

(4.3) Π̄ : Ē → C

is continuous, cf. [5]. Moreover, by construction, Π̄ is proper.

If Ē has roughly the structure of a manifold, then as is the case with E^0 before, one can define a degree deg Π̄ associated with each component of Ē and

deg Π̄ = deg Π.

So deg Π̄ ≠ 0 implies at least that almost every choice of conformal class in C is the conformal infinity of a smooth Poincaré-Einstein metric on M.

Unfortunately, very little is known about the structure of Ē, even regarding its point set topology. As a first step, the following conjecture seems very plausible:

Conjecture 4.2. For any component E_0 of E, Π̄(∂E_0) has empty interior in C.

The intuition leading to Conjecture 4.2 is that Π has Fredholm index 0. As a simple illustration, let E = {(x, y, z) ∈ R^3 : z ∈ (0, 1)}. Then Ē = E ∪ ∂E, ∂E = {z = 1} is a manifold with boundary and the projection map π : E → R^2 , π(x, y, z) = (x, y, 0) has the property that π maps ∂E onto π(E). Of course Conjecture 4.2 fails on this example; however, the index of the map π is one.

Similarly, if Π(∂E_0) did have non-trivial interior V ⊂ C, and if E_0 is reasonably wellbehaved, one would expect there are curves σ in E_0 on which Π is constant, i.e. for all γ ∈ U, there exists σ_γ (t) ⊂ E_0, with σ_γ (t) ⊂ E_0 for t > 0 and σ_γ (0) ∈ ∂E_0, such that Π ∘ σ_γ = γ. Hence, if γ is a regular value of Π, then index Π ≥ 1, which is impossible.

As will be seen in §5, (cf. Example 5.2), Conjecture 4.2 is probably false if E_0 is replaced by E. As a toy model where this conjecture fails, (with index π = 0), let E_i be the collection of planes in R^3 given by E_i = {z = 1 −^1_i }. Now connect these planes by a collection of tubes or wormholes, deleting the corresponding discs in {E_i} and let E be the resulting connected space. Then Ē = E ∪ E_∞, where E_∞ = {z = 1}. As above, let π : E → R^2 be the projection onto E_0 = {z = 0}. One may then choose the connecting tubes so that π is continuous and surjective on E, on Ē, and on ∂E = E_∞. By choosing the tubes to become arbitrarily small and dense near ∂E, one may arrange that E is uniformly locally path connected.

One would not expect that E_0 or E_0 has such a complicated structure. Instead, it seems more likely that both ∂E_0 and Π(∂E_0) should be lower-dimensional in the spaces Ē and C respectively. If codim ∂E_0 = 1 in Ē_0, then ∂E_0 acts as a topological boundary and so Ē_0 does not have the structure of a manifold; at best it is a manifold with boundary. In this case, it will be difficult to define a suitable degree. On the other hand, if codim ∂E_0 > 1, then the metric boundary ∂E_0 is not topological and one expects that Ē_0 behaves sufficiently well to allow one to define a degree deg Π̄ on Ē_0. It would of course be very interesting to make progress on these speculative remarks.

An interesting alternate path is to try extend the map Φ in (2.6)-(2.7) to singular metrics which effectively model orbifold singular and cusp metrics on the manifold M. This is perhaps easier in the orbifold case, since the behavior of the Einstein metrics g_i converging to an orbifold limit g is quite well-understood. If Φ can be extended to such an enlarged space, consisting of smooth and singular metrics on M modelling orbifolds and cusps, such that Φ is still a smooth mapping, with Fredholm linearization L, then the same proof as Theorem 2.1 will show that Ē is a smooth manifold. For a discussion of orbifold singular metrics on a manifold M, (as opposed to smooth metrics on an orbifold associated to M), cf. [3].

With regard to the work to follow in §5, it is worthwhile to describe in some detail the simplest situation where curves of Einstein metrics form cusps, i.e. the case of hyperbolic metrics on surfaces. Thus, let (Σ, g_Σ) be any complete conformally compact Riemann surface with non-empty boundary of constant negative curvature, normalized so that

(4.4) K_Σ = Ric_Σ = −1,

and with π_1(Σ) ≠ 0. Topologically, Σ is S^2 with at least two discs removed, or a surface of genus g ≥ 1, with at least one disc removed. The boundary ∂Σ is a union of q circles, ∂Σ = ∪^q_1S^1, with q ≥ 1. In the free homotopy class of each end E_i of Σ, one has a unique closed geodesic σ_i, 1 ≤ i ≤ q, of length α_i > 0.

Let M be the moduli space of such metrics satisfying (4.4). There are several definitions of the moduli space, depending on the choice of the action of the diffeomorphism group on ∂Σ. To obtain a finite dimensional space, M is considered as the space of all conformally compact metrics satisfying (4.4) divided out by the action of all diffeomorphisms of Σ̄ = Σ ∪ ∂Σ mapping ∂Σ onto itself. It is well-known, cf. [1] for example, that M is a smooth orbifold, of dimension

(4.5) m = dim_RM = 6g − 6 + 3q,

(with m = 2 if g = 0 and q = 2). The boundary map

(4.6) Π : M → C/Diff

is a constant map, since S^1 has a unique conformal structure up to diffeomorphism. Thus one has index Π = m > 0.

The boundary ∂M of the moduli space M with respect to the Deligne-Mumford compactification consists of Riemann surfaces with nodes or punctures; this coincides with the boundary in the pointed Gromov-Hausdorff topology, where ∂M is represented by complete hyperbolic metrics which have cusp ends, obtained by shrinking a collection of disjoint closed geodesics in Σ to 0 length. Note that such geodesics may or may not include geodesics from the collection {σ_i}. Thus ∂M is stratified by the moduli spaces of Riemann surfaces of lower genus, and a positive number of punctures; the strata are of dimension d = 6g − 6 + 3q − 2p, where p is the number of cusp ends, (punctures). In particular, ∂M has codimension 2 in M. The closure E = M ∪ ∂M has the structure of a real-analytic variety, cf. [1]. The boundary map extends to E, and it is still the constant map.

One would like to have a similar concrete description of cusp formation on some class of examples in higher dimensions. However, no such examples are known. Observe that conformally compact metrics are not closed under products; also the product of a compact metric and conformally compact metric is not conformally compact. In §5, we discuss a construction of families of conformally compact metrics forming cusps, based on the model of this behavior for surfaces. However, perhaps surprisingly, this does not lead to examples of Einstein metrics.

The following remains a simple but basic open question: does there exist a curve of Poincaré-Einstein metrics on M^{n+1}, n ≥ 3, which converges to a Poincaré-Einstein metric with cusps?

Remark 4.3. The classification of degenerations in I-III above is special to dimension 4 and very little is known in such generality in higher dimensions. However, in the presence of symmetry, the equations for Einstein metrics on higher dimensional manifolds can be reduced to the Einstein equations coupled to other fields in lower dimensions, via the well-known Kaluza-Klein procedure. In this regard, note that Theorem 2.4 implies that symmetries of a boundary metric γ are automatically inherited by any Einstein metric (N, g) filling (∂N, γ).

For example, suppose the compact group G acts freely and isometrically on a Poincaré- Einstein metric (N^{n+1}, g_N ). Let M = N/G be the orbit space of this action; then the metric g_N may be written in the form

(4.7) g_N = π^∗g_M + ⟨θ, θ⟩,

where π : N → M is the projection onto the orbit space, θ is a connection 1-form on N with values in the Lie algebra L(G) and ⟨, ⟩ is a family of left-invariant metrics on L(G) parametrized by x ∈ M.

The Einstein equations (2.2) for g_N become the Einstein equations for g_M coupled to the gauge field θ and form ⟨, ⟩. When dim M = 4, one can then consider whether the results above for the Einstein equations generalize to the Einstein equations coupled to various extra fields. This has been worked out in detail by Javaheri [33] for the case that G = S^1 and the action is static, so that the metric (4.7) has the form of a warped product; the equations on M^4 then take the form of the Einstein equations coupled to a scalar field. Note that already in this case, the Fefferman-Graham expansion on M^4 has logarithmic terms, due to the extra scalar field.

5. Discussion on Cusp and Orbifold Formation.

In this section, we show that it is not very easy to find continuous curves of Poincaré- Einstein metrics on a fixed manifold which limit on Poincaré-Einstein metrics with cusps. This gives some evidence, not particularly strong at the moment, but nevertheless suggesting that cusps may not form in components E_0 of E. Although the main focus of this section is on cusp formation, it will be seen that similar results often apply to orbifold formation.

Let (N, g_0) be a Poincaré-Einstein metric with cusps. As in §2, let S^{m,α}_2 be the space of symmetric bilinear forms on N which are bounded in C^{m,α} with respect to g_0 and decay in C^{m,α} at conformal infinity on the order of ρ^2. The map Φ = Φ^{g0} is then defined as in (2.6)-(2.7).

Conjecture 5.1. Let (N, g_0) be a Poincaré-Einstein with cusps, and suppose that

(5.1) K_N ≤ 0,

i.e. g_0 has non-positive curvature. Then the map Φ^{g0} is a submersion at g_0, and the boundary map Π taking Poincaré-Einstein metrics with cusps on N to conformal classes C is a diffeomorphism in a neighborhood of g_0.

Conjecture 5.1 stands in stark contrast to Conjecture 4.2; they almost contradict each other. In fact, they would contradict each other if one knew that Conjecture 4.2 holds and that every γ ∈ Im Π near γ_0 from Proposition 5.1 is the limit of a sequence γ_i = Π(g_i) with g_i in a connected component E_0. If this were the case, it would follow that cusps satisfying (5.1) cannot form as limits within E_0. Exactly the same remarks apply to orbifolds in place of cusps, since Conjecture 5.1 does hold for orbifold Poincaré-Einstein metrics on an orbifold V . In this context, it is worth considering some concrete examples:

Example 5.2. Let g_C be the standard hyperbolic cusp metric on N = R × T^n given by

(5.2) g_C = dr^2 + e^{2r}γ_T n ,

where γ_T n is any flat metric on the torus T^n. Clearly (N, g_C ) satisfies (5.1), so Conjecture 5.1 would imply that Π is a local diffeomorphism near g_C , i.e. any boundary metric γ near a flat metric γ_T n on T^n is the conformal infinity of a complete Poincaré-Einstein cusp metric on R × T^n. On the other hand, as discussed in Example 2.3(II), there is an infinite sequence of conformally compact twisted toral black hole metrics g_i on M = R^2 × T^{n−1}. The metrics g_i converge to g_C in the pointed Gromov-Hausdorff topology, cf. [4]. These metrics all lie in distinct components E_i of E(M). If Π_i : E_i → C is the boundary map, then we conjecture that for all i large, Π_i is surjective onto a fixed neighborhood V of Π(g_i) = (T^n, γ_T n ).

In this case, every conformal class [γ] ∈ V, for some open set V ⊂ C containing g_T n is the conformal infinity of an infinite sequence of Poincaré-Einstein metrics on M, limiting on a Poincaré-Einstein cusp metric on N. This indicates that Conjecture 4.2 is false if the assumption that E_0 is connected is dropped.

We point out that exactly the same discussion holds with R × T^n replaced by any conformally compact hyperbolic manifold N, with a collection of cusp ends. As shown in [23], the cusp ends can be Dehn filled with solid tori to produce Poincaré-Einstein metrics (M_i, g_i) with a fixed conformal infinity. In this case, instead of having infinitely many components E_i = E_i(M) of E on a fixed manifold M, one has a collection of components E_i = E(M_i) on infinitely many topologically distinct manifolds M_i, with common boundary ∂N.

The discussion above presents some speculative evidence that cusps do not form within Ē_0, for any component E_0 of E. Next, we present a construction of (connected) families of conformally compact metrics which are very close to being Einstein, and which do limit on cusps. This seems to be the simplest possible construction of such metrics, since it is based on the formation of cusps on surfaces. However, we argue that rather surprisingly, it is unlikely that these metrics can be perturbed to nearby Poincaré-Einstein metrics.

To begin the construction, return to the static AdS black hole metrics (2.11) on R^2 × N, with k = −1. In this situation, g_m is well-defined for negative values of m; in fact, g_m is well-defined for m ∈ [m_−, ∞), where

(5.3) m_− = − 1 n − 2 ( n − 2 n )^{n/2}, with r_+ = ( n − 2 n )^{1/2}.

For the extremal value m_− of m, V (r_+) = V^′(r_+) = 0, and a simple calculation, (cf. (5.6) below) shows that the horizon {r = r_+} occurs at infinite distance to any given point in (R^2 × N, g_{m−} ); the horizon in this case is called degenerate, (with zero surface gravity). Note that β(m_−) = ∞, so that the θ-circles are in fact lines R. As m decreases to m_−, the horizon diverges to infinity, (in the opposite direction from the conformal infinity), while the length of the θ-circles expands to ∞. Thus, the metric g_{m−} is a complete metric on the manifold R × R × N = R^2 × N, but is no longer conformally compact; the conformal infinity is R × (N, g_N ).

However, one may divide the infinite θ-factor R of the metric g_{m−} by Z to obtain a complete metric g_E on C × N = R × S^1 × N of the form

(5.4) g_E = V^{−1}dr^2 + V dθ^2 + r^2g_N ,

where V (r) = −1 + r^2 −^{2m−}_{rn−2} , with m_− and r_+ given by (5.3). The length β of the θparameter in (5.4) is now arbitrary. The metric g_E is called an extreme black hole metric, and is Poincaré-Einstein with a single cusp end; g_E has a smooth conformal compactification to the boundary metric S^1(β) × (N, g_N ).

To understand the behavior of the metric g_E in the cusp region, we convert to geodesic coordinates. Let ds = V^{−1/2}dr, so that, (up to an additive constant),

(5.5) s = ∫ r_++1 V^{−1/2}(r)dr. Thus, as r → r_+, s → −∞, while as r → ∞, s → ∞. The metric (5.4) takes the form

(5.6) g_E = ds^2 + V (s)dθ^2 + r^2(s)g_N ,

and the integral curves of ∇s are geodesics. A simple calculation shows that

(5.7) V (s) = ne^{2√ns}(1 + ε(s)), as s → −∞,

where ε(s) → 0 as s → −∞.

As s → −∞, the length of the θ-circles of course goes to 0, i.e. one has a collapse. However, the collapse can be unwrapped by passing to large covering spaces of the S^1 factor; on any sequence of base points x_i with s(x_i) → −∞, one may choose coverings so that the length of the S^1 factor at x_i is approximately 1. One may then pass to a pointed limit to obtain the metric

(5.8) g_∞ = ds^2 + e^{2√ns}dθ^2 + r^2_+g_N .

The metric (5.8) is a product of the constant curvature metric on the cusp C = R × S^1 with a rescaling of the metric g_N on N. By (2.10), the Ricci curvature of r^2_+g_N equals −r^{−2}_+ (n − 2) = −ng_N , while the curvature of the cusp metric is also −n. The metric (5.8) (of course) has Ricci curvature Ric_{g∞} = −ng_∞. The limit (5.8) is unique, up to rescalings of the length of the S^1 factor.

The curvature of the extremal metric g_E converges to that of g_∞ exponentially fast in s. Straightforward computation from the estimates above shows that (5.9) ||R_{gE} − R_{g∞} || ≤ Ce^{√ns}, as s → −∞, where the norm is the L^∞ norm. The same estimate holds for all covariant derivatives of these curvatures.

We now make g_E conformally compact, by closing off the cusp end. To do this, glue Σ × N, where Σ is any hyperbolic surface with an open expanding end, onto the cusp end of g_E . For simplicity, assume that Σ has a single end; it is easy to generalize the construction below to any finite number of ends.

Thus, let (Σ, g_Σ) be any conformally compact Riemann surface with connected, nonempty boundary of constant negative curvature, normalized so that

(5.10) K_Σ = Ric_Σ = −n,

and with π_1(Σ) ≠ 0. Let σ be the unique closed geodesic in the free homotopy class of the end E of Σ, and let α be the length of σ. We will only consider metrics g_Σ in the moduli space M, discussed in §4, for which

(5.11) α ≤ ε,

where ε is fixed and sufficiently small. Let M_ε be the domain in M satisfying (5.11).

Let T (τ) be the tubular neighborhood of radius τ about σ; coordinates may be introduced in this region so that the metric on T (τ) has the form

(5.12) g_Σ = dt^2 + cosh^2( √ nt)dθ^2, where the length of θ is α and t ∈ (−τ, τ). For α (arbitrarily) small, the expression (5.12) is valid for τ (arbitrarily) large.

Next, on the product Σ × N, form the product metric

(5.13) g_D = g_Σ + r^2_+g_N .

The metric g_D is Einstein, of Ricci curvature −n.

We now truncate the two metrics g_D and g_E and glue them together. To begin, topologically, set M = Σ × N. While the product metric g_D on M is Einstein, it is not conformally compact. This metric has one end E of the form C × N, where C is an expanding cusp. In the τ-tubular neighbhorhood of the geodesic σ ⊂ E ⊂ Σ, the metric has the form (5.12). Choose R large (to be determined below), and let D_R be the region in Σ × N where t ≤ R, in the end E. Thus, ∂D_R = S^1(L^−) × (r^2_+g_N ) where

(5.14) L^− = cosh( √ nR)α. Next, take the conformally compact extreme metric g_E on C × N, and truncate it to the region E^R where s ≥ −R. The length of the boundary circle ∂C is then

(5.15) L^+ = V^{1/2}(−R)β.

To perform the glueing, we require that the lengths of the circles agree, L^− = L^+. Since the length β is fixed, given the length α, this imposes the relation

(5.16) α = {cosh( √ nR)}^{−1}V^{1/2}(−R)β. The parameter t in (5.12) is related with the parameter s in (5.6) by setting t − R = s + R.

Given these choices, one may easily construct a conformally compact approximate Einstein metric ~g on M by attaching the truncated metrics D_R and E^R along their boundaries and smoothing the seam in a neighborhood U of radius 1 of the boundaries. The metric (M, ~g) is smoothly conformally compact, and Einstein outside the glueing region U. Conformal infinity is given by the conformal class (∂M, [γ_0(β)]), where ∂M = S^1 × N, and γ_0(β) = β^2dθ^2 + g_N , with θ ∈ [0, 1].

Let Φ = Φ^{~g} be as in (2.6)-(2.7). Then by construction, Φ^{~g}(~g) = 0 outside U. An elementary computation, using (5.9) and simple estimates for the 2^{nd} fundamental forms of the boundaries of (D_R, g_D) and (E^R, g_E ) gives the estimate (5.17) |Φ^{~g}(~g)| ≤ Ce^{−√nR}, inside U, where C is independent of R.

This gives the construction of the approximate solutions ~g. In fact the construction gives a smooth moduli space ~M_ε of approximate solutions on M, naturally diffeomorphic to the moduli space M_ε on Σ. One has a natural boundary map

(5.18) ~Π : ~M_ε → C,

which is the constant map to the conformal class [γ_0(β)]; note that dim ~M = m = 6g − 3.

From (5.17), for ε sufficiently small, or equivalently R sufficiently large, one would expect that it should be possible to perturb the metrics ~g to exact Einstein metrics g on M, i.e. perturb ~g to g satisfying Φ^{~g}(g) = 0. Following the proof of Theorem 2.1, it is not difficult to show that Φ^{~g} is a submersion at ~g, so that the image of Φ^{~g} contains an open ball B(μ) ⊂ C about Φ^{~g}(~g). However, one needs to obtain a lower bound on the radius μ of such a ball, independent of R, or at least prove that (5.19) μ >> e^{−√nR}, for R large.

Now it is clear that the linearized operator L in (2.8) cannot be uniformly invertible at ~g ∈ ~M. In fact, there is an approximate kernel ~K of L acting on forms in S^{m,α}_2 , induced by forms κ tangent to the moduli space M of hyperbolic metrics on Σ and extended to M in a natural way, so that, if ||~κ||_L∞ = 1, then (5.20) ||L(~κ)||_L∞ → 0, as the glueing radius R → ∞. Note that forms κ tangent to M, (equivalent to holomorphic quadratic differentials on Σ), decay to 0 on the end E outside the closed geodesic σ.

Suppose that the Einstein manifold (N, g_N ) in (2.10) has the property that

(5.21) K_N ≤ 0,

i.e. g_N has non-positive curvature. Then it is not particularly difficult to show, although we will not give the details here, that L is uniformly invertible on the orthogonal complement ~K⊥ of ~K in S^{m,α}_2 with respect to the L2 metric. One has then dim ~K = m = 6g − 3.

There are now two methods to try to establish (5.19) and thus obtain a Poincaré-Einstein metric g near ~g. First, one can try to arrange that

(5.22) Φ^{~g}(~g) ∈ ~K^⊥, possibly by modifying or perturbing ~g, and iteratively solve Φ^{~g}(g) = 0 within the space S^{m,α}_2 . This would lead to the existence of a Poincaré-Einstein metric g with the same boundary metric as ~g. However this is not possible:

Proposition 5.3. There is no Einstein metric on M with conformal infinity given by S^1(β) × (N, g_N ).

Proof: This is an immediate consequence of Corollary 2.5.

Thus, to obtain an Einstein metric g on M close to ~g requires changing the boundary metric of ~g, i.e. working outside the space S^{m,α}_2 . This means one must use the dependence of Φ^{~g} on the boundary metrics to try to kill the cokernel of L, as in the proof of Theorem 2.1. In turn, this requires proving that the pairing (2.9) is non-degenerate and bounded below. More precisely, for any ~κ ∈ ~K, there must exist a variation γ̇ of the boundary metric γ_0, with ||~κ||_L∞ ≤ 1 and ||γ̇||_L∞ ≤ 1, such that

(5.23) | ∫ M ⟨DΦ^{~g}(γ̇), ~κ⟩dV | ≥ μ^′, where μ^′ also satisfies (5.19).

We have not been able to verify (5.23), and expect it is not true. First, the choice of ~K is not canonical, and to establish (5.23), one needs a precise definition or choice. If ~K is defined as forms tangent to the moduli space M_ε on Σ, naturally extended to forms on M and which have compact support, then κ = 0 near infinity. However, by the definition given in §2, the support of DΦ^{~g}(γ̇) is near ∂M. Thus, this definition implies that the integrals in (5.23) are all 0.

However one defines ~K exactly, (for instance as the space of eigenforms with small eigenvalues of L acting on S^{m,α}_2 ), the support of any ~κ ∈ ~K with L^∞ norm 1 will be almost completely contained in the region D from (5.14). Thus, such forms must decay quickly at infinity, and we expect the decay is too fast to give the lower bound (5.23). However, we have not been able to verify this in detail. Instead, we give other, heuristic, arguments which suggest that (5.23) must fail.

First, when (5.21) holds, a straightforward computation shows that the extremal black hole (N, g_E ) also has non-positive curvature, cf. [10] for instance. Thus, (5.1) holds and Conjecture 5.1 would imply that any metric γ on the boundary S^1 × N sufficiently close to γ_0(β) is the boundary metric of a Poincaré-Einstein g_γ with a cusp end on the manifold R × S^1 × N. The metric g_γ is asymptotic to the extreme metric g_E , or equivalently to the metric g_∞ in (5.8) down the cusp end. This is because g_∞ is rigid, in that it admits no bounded infinitesimal Einstein deformations. Consequently, exactly the same construction of the approximate Einstein metrics as above may be carried out with g_γ in place of the extremal black hole metric g_E .

This now gives an infinite dimensional moduli space ~E of approximate Einstein metrics and a corresponding boundary map

(5.24) ~Π : ~E → C.

The map ~Π is surjective onto a neighborhood of γ_0(β) and has fibers ~Π^{−1}(γ) = ~M_γ diffeomorphic to ~M as before. Thus, ~Π is Fredholm of index m = 6g − 3. Clearly ~Π is a submersion, so that the dimension of the kernel of D_{~g} ~Π is m, at every ~g ∈ ~E.

Now if (5.23) holds, (for some choice of ~K), one expects it should hold equally well on ~M_γ in place of ~M. This implies the existence of a space of Poincaré-Einstein metrics E and smooth boundary map

(5.25) Π : E → C.

We abuse notation here slightly and assume that E consists only of metrics close to the approximate Einstein metrics ~g ∈ ~E; thus E is a connected open subset of the full moduli space.

Both maps ~Π and Π extend as continuous maps to the completions ~E and E of the moduli spaces ~E and E respectively. The boundary ∂ ~E consists of the (original) cusp metrics g_γ constructed as perturbations of the extreme metric g_E ; in particular, the metrics in ∂ ~E are all Einstein. For metrics ~g near ∂ ~E, the estimate (5.17) holds, with R very large. Hence, one has ∂ ~E = ∂E, and Π maps ∂E onto an open set in C. This of course contradicts Conjecture 4.2. In fact the maps D_{~g} ~Π and D_gΠ are both Fredholm, and are arbitrarily close for R sufficiently large. The Fredholm index is constant under small perturbations and since index D_{~g} ~Π = 6g − 3, while index D_{~g} ~Π = 0, one has a contradiction.

Although the arguments above require some further justifications to be made completely rigorous, they strongly suggest that (5.23) does not hold and that metrics in ~M or ~E cannot be perturbed to Poincaré-Einstein metrics on M. Further independent evidence for this is also given by Corollary 2.5, which implies that if the space E, close to ~E exists, then Im Π must miss the infinite-dimensional space of S^1-invariant metrics on ∂M. We see no good reason why this should be the case.

This leads again then to the basic question raised at the end of §4 and discussed above; are there situations where Poincaré-Einstein cusps form as limits of metrics in a component E_0 of E? Resolution of this question would represent major progress on understanding the global existence question for the Dirichlet problem.

References

[1] W. Abikoff, The Real-Analytic Theory of Teichmuller Spaces, Lecture Notes in Math., vol. 820, Springer Verlag, Berlin, (1980).

[2] O. Aharony, S.S. Gubser, J. Maldacena, H. Ooguri and Y. Oz, Large N field theories, string theory and gravity, Phys. Reports 323, (2000), 183-386; hep-th/9905011 [3] M. Anderson, The L^2 structure of moduli spaces of Einstein metrics on 4-manifolds, Geom. & Funct.

Analysis, 2, (1992), 29-89.

[4] M. Anderson, Boundary regularity, uniquenes and non-uniqueness for AH Einstein metrics on 4- manifolds, Advances in Math. 179, (2003), 205-249; math.DG/0104171.

[5] M. Anderson, Einstein metrics with prescribed conformal infinity on 4-manifolds, (preprint, May 01/Feb 04), math.DG/0105243.

[6] M. Anderson, Some results on the structure of conformally compact Einstein metrics, (preprint, Feb.

04), math.DG/0402198.

[7] M. Anderson, Geometric aspects of the AdS/CFT correspondence, in: AdS/CFT Correspondence:

Einstein Metrics and Their Conformal Boundaries, (O. Biquard, Ed.), Euro. Math. Soc., (2005), 1-31.

[8] M. Anderson, Unique continuation results for Ricci curvature, (preprint), math.DG/0501067. [9] M. Anderson, P. Chruściel and E. Delay, Non-trivial static, geodesically complete vacuum space-times with a negative cosmological constant, Jour. High Energy Phys., 10, (2002), 063, 1-27; gr-qc/0211006.

[10] M. Anderson, P. Chruściel and E. Delay, Non-trivial static, geodesically complete vacuum space-times with a negative cosmological constant II, n ≥ 5, in: AdS/CFT Correspondence: Einstein Metrics and Their Conformal Boundaries, (O. Biquard, Ed.), Euro. Math. Soc., (2005), 165-204.

[11] L. Andersson and P. Chruściel, Solutions of the constraint equations in general relativity satidfying ”hyperboloidal boundary conditions”, Dissertationes Mathematicae, (Warsaw), (1996), 1-100.

[12] L. Andersson and M. Dahl, Scalar curvature rigidity for asymptotically hyperbolic manifolds, Ann.

Glob. Anal. Geom. 16, (1998), 1-27.

[13] P. Benevieri and M. Furi, A simple notion of orientability for Fredholm maps of index 0 between Banach manifolds and degree theory, Ann. Sci. Math. Quebec, 22, (1998), 131-148.

[14] A. Besse, Einstein Manifolds, Ergebnisse Series, vol. 3:10, Springer Verlag, New York, (1987). [15] O. Biquard, Metriques d’Einstein asymptotiquement symmetriques, Asterisque, vol. 265, (2000). [16] H. Bondi, M.G.J. van der Berg and A.W.K. Metzner, Gravitational waves in general relativity, VII, Proc. Royal Soc. London, A269, (1962), 21-52.

[17] D.M.J. Calderbank and M. A. Singer, Einstein metrics and complex singularities, Inventiones Math.

156, (2004), 405-443; math.DG/0206229.

[18] D. Calderbank and M. Singer, (personal communication).

[19] D. Christodoulou, On the global initial value problem and the issue of singularities, Class. Quantum Grav. 16:12A, (1999), A23-A35.

[20] P. Chruściel, M.A.H. MacCallum and D. Singleton, Gravitational waves in general relativity, Phil.

Trans. Royal Soc. London, A350, (1995), 113-141; gr-qc/9305021.

[21] P. Chruściel, E. Delay, J.M. Lee and D. Skinner, Boundary regularity of conformally compact Einstein metrics, (preprint), math.DG/0401386.

[22] P. E. Conner and F. Raymond, Deforming homotopy equivalences to homeomorphisms in aspherical manifolds, Bulletin Amer. Math. Soc. 83, (1977), 36-85.

[23] G. Craig, Dehn filling and asymptotically hyperbolic Einstein manifolds, (Thesis, SUNY at Stony Brook, 2004), math.DG/0502491.

[24] S. deHaro, K. Skenderis and S. Solodukhin, Holographic reconstruction of spacetime and renormalization in the AdS/CFT correspondence, Comm. Math. Phys. 217, (2001), 595-622; hep-th/0002230.

[25] K. D. Elworthy and A. J. Tromba, Differential structures and Fredholm maps on Banach manifolds, Proc. Symp. Pure Math. vol. 15, (1970), 45-94.

[26] C. Fefferman and C.R. Graham, Conformal invariants, in: “Élie Cartan et les Mathematiques d’Aujourd’hui”, Astérisque, 1985, Numero hors serie, Soc. Math. France, Paris, pp. 95-116.

[27] H. Friedrich, Smoothness at null infinity and the structure of initial data, in “The Einstein equations and the Large Scale Behavior of Gravitational Fields”, Ed. P. Chruściel and H. Friedrich, Birkhäuser Verlag, (2004), 121-203; gr-qc/0304003.

[28] G. W. Gibbons and S. W. Hawking, Gravitational multi-instantons, Phys. Lett. 75B, (1978), 430-432. [29] C.R. Graham and J.M. Lee, Einstein metrics with prescribed conformal infinity on the ball, Advances in Math. 87, (1991), 186-225.

[30] M. Gromov, Metric Structures for Riemannian and Non-Riemannian Spaces, Propress in Mathematics Series, vol. 152, Birkhäuser Verlag, Boston, (1999).

[31] D. Helliwell, (to appear).

[32] S. W. Hawking and D. N. Page, Thermodynamics of black holes in Anti-de Sitter space, Comm.

Math. Phys. 87, (1983), 577-588.

[33] M. Javaheri, Conformally compact Einstein metrics with symmetry on 5-manifolds, (to appear). [34] S. Kichenassamy, On a conjecture of Fefferman and Graham, Advances in Math. 184, (2004), 268-288. [35] J.M. Lee, Fredholm operators and Einstein metrics on conformally compact manifolds, (preprint, May 01), math.DG/0104386.

[36] J. Maldacena, The large N limit of superconformal field theories and supergravity, Adv. Theor. Math.

Phys. 2, (1998), 231-252; hep-th/9711200.

[37] R. Mazzeo and F. Pacard, Maskit combinations of Poincaré-Einstein metrics, (preprint), math.DG/0211099.

[38] R. Penrose, Zero rest-mass fields including gravitation, Proc. Royal Soc. London, A284, (1965), 159-203.

[39] J. Qing, On the rigidity for conformally compact Einstein manifolds, Int. Math. Res. Not. 21, (2003), 1141-1153; math.DG/0305084.

[40] R.K. Sachs, Gravitational waves in general relativity VIII, Proc. Royal Soc. London, A270, (1962), 103-126.

[41] S. Smale, An infinite dimensional version of Sard’s theorem, Amer. Jour. of Math. 87, (1965), 861- 866.

[42] E. Witten, Anti de Sitter space and holography, Adv. Theor. Math. Phys. 2, (1998), 253-291; hepth/9802150.

March, 2005

Department of Mathematics S.U.N.Y. at Stony Brook Stony Brook, N.Y. 11794-3561 anderson@math.sunysb.edu