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Abstract

We show that the recent work of Lee [24] implies existence of a large
class of new singularity-free strictly static Lorentzian vacuum solutions of
the Einstein equations with a negative cosmological constant. This holds
in all space-time dimensions greater than or equal to four, and leads both
to strictly static solutions and to black hole solutions. The construction
allows in principle for metrics (whether black hole or not) with Yang-Mills-
dilaton fields interacting with gravity through a Kaluza-Klein coupling.

1 Introduction

In recent work [3] we have constructed a large class of non-trivial static, geodesi-
cally complete, four-dimensional vacuum space-times with a negative cosmo-
logical constant. The object of this paper is to establish existence of higher
dimensional analogues of the above.

More precisely, we wish to show that for A < 0 and n > 4 there exist n—
dimensional strictly static' solutions (.#,g) of the vacuum Einstein equations
with the following properties:

1. (A ,g) is diffeomorphic to R x X, for some (n — 1)-dimensional spacelike
Cauchy surface ¥, with the R factor corresponding to the action of the
isometry group.

2. (3, gy), where gy, is the metric induced by g on X, is a complete Rieman-
nian manifold.
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1We shall say that a space-time is strictly static if it contains a globally timelike hypersur-
face orthogonal Killing vector field.



3. (A ,g) is geodesically complete.

4. All polynomial invariants of g constructed using the curvature tensor and
its derivatives up to any finite order are bounded on .# .

5. (#,g) admits a globally hyperbolic (in the sense of manifolds with bound-
ary) conformal completion with a timelike .#. The completion is smooth
if n is even, and is of differentiability class at least C"~2 if n is odd.

6. (2,9x) is a conformally compactifiable manifold, with the same differen-
tiabilities as in point 5.

7. The connected component of the group of isometries of (., g) is exactly
R, with an associated Killing vector X being timelike throughout .# .

8. There exist no local solutions of the Killing equation other than the (glob-
ally defined) timelike Killing vector field X.

An example of a manifold satisfying points 1-6 above is of course n-dimensional
anti-de Sitter solution. Clearly it does not satisfy points 7 and 8.

We expect that there exist stationary and not static solutions as above,
which can be constructed by solving an asymptotic Dirichlet problem for the
Einstein equations in a conformally compactifiable setting. We are planning to
study this question in the future.

In a black hole context we have an obvious variation of the above, we discuss
this in more detail in Section 2.3.

Throughout this work we restrict attention to dimension n > 4.

Our approach is, in some sense, opposite to that in [25,28], where techniques
previously used in general relativity have been employed to obtain uniqueness
results in a Riemannian setting. Here we start with Riemannian Einstein met-
rics and obtain Lorentzian ones by “Wick rotation”, as follows: Suppose that
(M, g) is an n-dimensional conformally compactifiable Einstein manifold of the
form M = ¥ x S', and that S' acts on M by rotations of the S factor while
preserving the metric. Denote by X = 9, the associated Killing vector field, and
assume that X is orthogonal to the sets ¥ x {exp(iT)}, where exp(i7) € S* C C.
Then the metric g can be (globally) written in the form

g:uszZ—l-gz, Lxu=ZLxgs =gs(X,-) =0. (1.1)
It is straightforward to check that the space-time (. := R x X, g), with
g=—u’dt’ + gs (1.2)

is a static solution of the vacuum Einstein equations with negative cosmological
constant, with Killing vector field 0;.

In order to continue, some definitions are in order: Let M be the interior of
a smooth, compact, n-dimensional manifold-with-boundary M. A Riemannian
manifold (M, g) will be said to be conformally compact at infinity, or confor-
mally compact, if



for a smooth function z on M such that = vanishes precisely on the boundary
OM of M, with non-vanishing gradient there. Further g is a Riemannian metric
which is regular up-to-boundary on M; the differentiability properties near M
of a conformally compact metric g will always refer to those of g. The operator

P:=Ap+2(n-1),

where Ap is the Lichnerowicz Laplacian (cf., e.g., [24]) associated with g, plays
an important role in the study of such metrics. An Einstein metric g with scalar
curvature —n(n — 1) will be said non-degenerate if P has trivial L? kernel on
the space of trace-free symmetric 2-tensors. We prove the following openness
theorem around static metrics for which the Killing vector field has no zeros
(see Section 3.1 for terminology):

THEOREM 1.1 Let (M,g) be a non-degenerate, strictly globally static confor-
mally compact Riemannian Einstein metric, with conformal infinity v := [g|on]
(conformal equivalence class), then any small static perturbation of 7y is the con-
formal infinity of a strictly globally static Riemannian Finstein metric on M.

Theorem 1.1 is established by the arguments presented at the beginning of
Section 2.2, compare [3] for a more detailed treatment. In Section 2.2 we also
describe a subclass of Riemannian metrics given by Theorem 1.1 that leads to
Lorentzian Einstein metrics with the properties 1-8 listed above. In particu-
lar we show that our construction provides non-trivial solutions near the AdS
solution in all dimensions.

By an abuse of terminology, Riemannian solutions for which the set of zeros
of the Killing vector field X contains an n — 2 dimensional surface N = N"2
will be referred to as black hole solutions; N will be called? the horizon. The
corresponding openness result here reads:

THEOREM 1.2 Let (M, g) be a non-degenerate, globally static conformally com-
pact Riemannian Einstein metric, with strictly globally static conformal infinity
v. Suppose that

1. either M = N x R?, with the action of S* being by rotations of R?, or

2. H,_3(M) = {0}, and the zero set of X is a smooth (n — 2)—dimensional
submanifold with trivial normal bundle.

Then any small globally static perturbation of v is the conformal infinity of a
static black hole solution with horizon N.

The proof of Theorem 1.2 is given at the end of Section 2.3.

This paper is organised as follows: In Section 2.1 we review some results
concerning the Riemannian equivalent of the problem at hand. In Section 2.2
we sketch the construction of the new solutions, and we show that our results
in the remaining sections prove existence of non-trivial solutions which are near

%In the corresponding Lorentzian solution the set N will be the pointwise equivalent of the
black hole bifurcation surface, i.e., the intersection of the past and future event horizons.



the n-dimensional anti-de Sitter one. In Sections 2.3 and 2.4 we discuss how
the method here can be used to produce solutions with black holes, and with
Kaluza-Klein type coupling to matter. In Section 3 we give conditions under
which hypersurface-orthogonality descends from the boundary to the interior:
this is done under the hypothesis of topological staticity in Section 3.1, and under
the hypothesis of ezistence of a twist potential in Section 3.2. Appendix A
studies the action of Killing vector fields near the conformal boundary, and
contains results about extendibility of conformal isometries of M to isometries
of M. In Appendix B we derive the norm and twist equations for Einstein
metrics in all dimensions; those equations are of course well known in dimension
four. In Appendix C we study the structure of the metric near fixed points of
the action of the isometry group, as needed for the analysis of Section 3. In
Appendix D we calculate the sectional curvatures of n-dimensional Kottler-type
solutions, proving in particular the existence of a large family of non-degenerate
n-dimensional black hole solutions, for any n.

2 The solutions

We start by a review of the associated Riemannian problem:

2.1 The Riemannian solutions

An important result on the structure of conformally compact Einstein manifolds
is the following — an improvement of earlier results in [8,21] (¢f. also [1,2,15]
for related or similar results):

THEOREM 2.1 (Lee [24]) Let M be the interior of a smooth, compact, n-dimensional
manifold-with-boundary M, n > 4, and let gy be a non-degenerate Einstein
metric on M that is conformally compact of class C*"P with 2 <1< n —2 and

0 < B < 1. Let p be a smooth defining function for OM, and let vy = p>golons-
Then there is a constant € > 0 such that for any CP Riemannian metric v on
OM with ||y — yollcus < €, there exists an Einstein metric g on M that has [7]

as conformal infinity and is conformally compact of class CHP.

The non-degeneracy condition above will hold e.g. in the following circum-
stances:

THEOREM 2.2 Under the remaining hypotheses of Theorem 2.1, Ar, + 2(n — 1)
has trivial L? kernel on the space of trace-free symmetric 2-tensors if either of
the following hypotheses is satisfied:

(a) At each point, the sectional curvature of gy is either nonpositive, or bounded
below by —2(n — 1)/n.

(b) The Yamabe invariant of [7y] is nonnegative and go has sectional curva-
tures bounded above by (n — 1)(n —9)/8(n — 2).

Here gy has been normalised so that its scalar curvature equals —n(n — 1).



Point (b) of Theorem 2.2 is due to Lee [24]. Point (a) is easily inferred from
Lee’s arguments, for completeness we give the proof in Appendix D.

The regularity of the solutions above can be improved as follows [12]; the
following result is the only exception to the rule that n > 4 in this paper:

THEOREM 2.3 Let g be a C? conformally compactifiable Einstein metric on an
n-dimensional manifold M with smooth boundary metric [y], n > 3.

1. If n is even or equal to three, then there exists a differentiable structure
on M such that g is smoothly compactifiable.

2. Let n be odd, then there ezist local coordinates (z,v™)

so that

near the boundary

g = 27 2(dz? + yapdzdz®) , (2.1)
with the functions yap of the form

vaB(z,v") = pap(z,v*,2" ' Ing), (2.2)
with ¢pap(z,v3,2) — smooth functions of all their arguments. Further,
there exists a differentiable structure on M so that g is smoothly compact-

ifiable if and only if (0,¢48)(0,v4,0) vanishes.

Explicit formulae for (9,¢45)(0,v%,0) in low dimensions can be found
in [22]. Tt follows from the results in [16] that (9,¢45)(0,v4,0) = 0 when ~(0)
has a representative which is Einstein, so that the filling metric g is smoothly
compactifiable in this case, independently of the dimension.

2.2 From Riemannian to Lorentzian solutions

In order to implement the procedure leading from (1.1) to (1.2), we start by
solving the Einstein equation for ¢ with a prescribed conformal infinity [y] on
OM = 9% x S', using e.g. Theorem 2.1. One further assumes that rotations
of the S! factor are conformal isometries of [y]. In order to carry through
the construction one needs to know that conformal isometries of [y] extend
to isometries of g. This is proved in [1] in dimension four without further
restrictions, and under a non-degeneracy condition in higher dimensions; we
give an alternative proof of this fact in Appendix A. A somewhat weaker
version of the extension result in Appendix A has been independently proved,
using essentially the same argument, by Wang [29]; compare [27] for yet another
independent similar result. We include the details of our proof, because in the
course thereof we derive some properties of Killing vector fields which are used
elsewhere in the paper. The final step is to ensure hypersurface-orthogonality
of the U(1) action. This is done in the next section.

We refer the reader to [3] for a detailed analysis of the four-dimensional case,
where considerably stronger results are available. However, even in dimension
four the results on hypersurface-orthogonality in Section 3.2 do not follow from
those in [3].



In order to show that the intersection of the set of hypotheses of our re-
sults below is not empty, let (M, gg) be the Riemannian equivalent of the n-
dimensional anti-de Sitter space-time, with go obtained by reversing the proce-
dure described above. Thus, M is diffeomorphic to B! x S1, where B™! is
the (n — 1)—dimensional open unit ball. Let a be any strictly positive function
on the unit (n — 2)-dimensional sphere "2, and consider the following metric
v on S"2:

y=0o’dp’ +h,  Lyh=h(ds)=0. (2.3)

Here ¢ is the coordinate along the S' factor of M. Since gy has negative
sectional curvatures, by Lee’s theorem 2.2 there exists an Einstein metric on M
with conformal infinity [y] provided that « is sufficiently close to one and h is
sufficiently close to the unit round metric.> By Proposition A.1 8, extends to
a Killing vector field X on M. Since the corresponding Killing vector field in
(M, go) did not have any zeros, continuous dependence of solutions of (A.14)
upon the metric implies that the same will hold for X (making « closer to 1 and
h closer to the unit round metric if necessary). In fact, this also shows that the
orbit space M/S! will be a smooth manifold, diffeomorphic to B"~!. The fact
that H,_3(B" ') = {0} implies existence of the twist potential 7, and since the
boundary action is hypersurface orthogonal we can use Theorem 3.3 to obtain
hypersurface-orthogonality throughout M. Therefore the Riemannian solutions
so obtained lead to Lorentzian equivalents, as described above.

Let us justify the claims made in the Introduction. Point 1 follows im-
mediately from the discussion around Equation (1.1). Point 6 follows from
Theorem 2.3 and from what is said in the proof of Theorem 3.3. Point 2 is a
straightforward corollary of point 6. Point 4 follows from well known properties
of conformally compactifiable metrics. The geodesic completeness of the static
metrics so obtained has been proved in [3, Section 4]. Global hyperbolicity in
point 5 is established in the course of the proof of Theorem 4.1 of [13], while the
differentiability properties claimed in point 5 follow from point 6. The argument
given at the end of [3, Section 4] gives non-existence of other global or local
Killing vector fields when the boundary metric has no conformal isometries.

2.3 Black hole solutions

Let us pass to a discussion of static black hole solutions in higher dimensions.
The standard examples of static Riemannian AdS-type black hole solutions are
on the manifold M = N"~2 x R?, with N := N™ 2 compact, and with metric
of form:

Gm =V ldr? + Vdé? + r’gy , (2.4)

where gy is any Einstein metric, Ricyy, = Agn, with gy scaled so that A =
+(n —3) or 0. Then for V = V(r) given by

V=c+r:—(2m)/r"?, (2.5)

3For definiteness we only consider metrics close to anti-de Sitter, though an identical ar-
gument can be used whenever the results of [1], or those of [24], apply. In particular, in view
of the results of [1], in dimension four the construction described here applies in much larger
generality.



with ¢ = &1 or 0 respectively, g,, is static Einstein, with Ricg,, = —(n — 1)gm.
These are just the analogues of Kottler metrics in higher dimensions. The
length of S' 3 @ is determined by m together with the requirement that g,,
be a smooth metric at the “horizon” r = ry, the largest root of V(r). (This
restriction of course disappears in the Lorentzian setting).

Now each such g,, is a 1-parameter family of metrics, parameterised by
the mass m. One expects that for generic values of m, the metric g,, is non-
degenerate, as defined in the introduction. In fact, when n = 4, the AdS-
Schwarzschild metric has non-trivial kernel exactly for one specific value of m,*
while the toroidal black holes, as well as the higher genus Kottler black holes,
are always non-degenerate. Those last two results are well known, and in any
case are proved in Appendix D, where we also show existence of a large class
of non-degenerate black hole solutions for all n > 5.

Assuming non-degeneracy, suppose we then consider local perturbations of
the conformal infinity, preserving the static structure at infinity — so, e.g.,
just vary the function, say «, which describes the length of the S1’s at infinity,
keeping the remainder of the conformal boundary metric fixed. Then by the
results in Appendix A, we get extension of the isometric S' action on the
(locally unique) Einstein filling metric of Theorem 2.1. We need to prove the
extension is static also, this will follow if we can use Theorems 3.1 or 3.4. For
the former, we can use the fact that topological staticity, as defined at the
beginning of Section 3.1, is stable under continuous deformations of the metric
(compare [3, Lemma 2.6]; the restriction dim M = 4 there is not needed). This
proves Theorem 1.2 under the hypothesis that the action of S' is by rotations
of R?, as that action is topologically static.

Another condition which can lead to staticity is H,—3(M) = 0, for then we
have existence of the twist potential. After a small change of v, the S' action
is again a small perturbation of the original static S action. This means that
the only fixed point set of the S* action (the zero set of X), is again a smooth
(n — 2) manifold, say N, with the normal S' bundle remaining trivial. Hence,
condition (3.20) of Theorem 3.4 is satisfied, and staticity follows.

2.4 Kaluza-Klein solutions

Similarly one should be able to construct space-times as described in the intro-
duction, with or without black hole regions, which satisfy the Einstein-Yang-
Mills-dilaton field equations with a Kaluza-Klein coupling [14]; solutions belong-
ing to this family have been numerically constructed in [9,30]. More precisely,
suppose that one has a conformally compactifiable Einstein manifold (M™, g)
satisfying the following: a) OM™ = S! x M™ 2; with a product boundary con-
formal class [§|aa=] such that b) rotations along S' are conformal isometries;
c) (M™, g) satisfies the hypotheses of Theorem 2.1 (compare Theorem 2.2); d)
the S' action on M associated with the rotations of S' on OM satisfies the
hypotheses of one of the Theorems 3.1, 3.3, 3.4 or 3.6. Any connected Lie

“In dimension four it is known that all continuous isometries descend from the boundary
to the interior [2]. When infinity is spherical, the elements of the kernel have to be spherically
symmetric, and one can conclude using the (generalised) Birkhoff theorem.



group G of conformal isometries of [§|ym-2] with a free action will then lead
to a Kaluza-Klein type Yang-Mills gauge group for the associated Lorentzian
solutions.

3 Hypersurface-orthogonality

We use the notations of Appendix A. We wish to show that X is hypersurface-
orthogonal; clearly a necessary condition for that is that X (0) be hypersur-
face orthogonal. We suspect that this condition is sufficient, but we have not
been able to prove that. In dimension four hypersurface-orthogonality has been
proved in [3] under the hypothesis of topological staticity of X, as defined there,
cf. below. We shall show in Section 3.1 that the result generalises to higher
dimensions. We also give an alternative approach, assuming that we have the
twist potential at our disposal.

In what follows we will assume that X (0) arises from an S action on OM;
this hypothesis can be replaced by the existence of a hypersurface . in M \
{g(X,X) = 0} which is transversal to X — identical proofs apply, with ¥ there
replaced by .&.

Before proceeding further we have to introduce some notation. Let 3 be
the orbit space of the ' action, and let 32 denote the set of orbits of principal
type, then 3 is a smooth manifold forming an open dense subset of 3. We set

Let gs; be the induced metric on XDJ; thus the metric g has the form
g = u*(d¢ + 0)% + n¥gs, (3.1)

where 6 is a connection 1-form, u is the length of the Killing field X = 9/0¢,
and 75, : M — ¥ is the canonical projection. The parameter ¢ parameterises a
circle S'. The space ¥ is in general a (n — 1)-orbifold; there may be stratified
submanifolds in ¥ along which the metric has cone singularities. Of course X is
non-compact — it has a boundary at infinity 0,3 corresponding to the orbit
space of the S action on OM. Redefining the S! action if necessary, one can
without loss of generality assume that the action is free on (Wg)*lf}. The set
of non-principal orbits is the union of trivial orbits ¥ging 0 which correspond to
fixed points of the action, and of special orbits Yging iso Which are circles with
non-trivial isotropy group:

2:sing = 2]sing,O U Z]sing,iso s M, := (ﬂ'g)_lzsing,o = {u = 0} cCM.

In dimension four the fixed point set consists of isolated points and smooth,
totally geodesic submanifolds, those have been called “nuts” and “bolts”; nut
fixed points are isolated points in M, while the bolts correspond to totally
geodesic surfaces in 8203, cf. [20]. The structure of the orbits near fixed points is
discussed in all dimensions in Appendix C, see also [17,18]. Off the fixed point
set the isotropy group is finite and so the orbits are circles. The isotropy group
may change. For example, in dimension three one can have S! actions on a solid



torus D? x S which are free on (D?\ {0}) x S!, with non-trivial isotropy on the
core curve {0} x S. One can take such and product with S! again to obtain
higher dimensional manifolds which have (isolated) curves where the isotropy
jumps up [10,17,18].

Let the twist (n—3)—form & be defined on M by the equation (the definition
here differs by a factor of 2 from the definition in [3])

w:*!](é/\df)a é‘:g(Xa) 3

where x4 is the Hodge duality operator with respect to the metric g. On M
the form @ is the pull-back by 7y of a form w defined on ¥. It is well known in
dimension four, and it is shown in general in Appendix B, that w (and hence
@) is closed.

3.1 Topologically static actions

We will use the following terminology, as in [3]: The S! action on (M, g) is
strictly globally static if (M, g) is globally a warped product of the form

M=S8"'x%, g=ud$®+nigs, (3.2)

where u : ¥ — R is strictly positive and gy, is a complete metric on X, 9% = (.
In this case, the S' action is just given by rotations in the S' factor. The S!
action is globally static if (3.2) holds with u = 0 somewhere. In this case, the
locus {u = 0} is not empty, but there are no exceptional orbits. Next, the S*
action is topologically static if the S' bundle S' — P — ¥p is a trivial bundle,
i.e. it admits a section. This is equivalent to the existence of a cross-section of
the S! fibration PUE — Yp_g. ° Finally, we define the S! action to be locally
static if every point of (M, g) has a neighborhood isometric to a neighborhood
of a point with metric of the form (3.2); this is equivalent to the usual notion of
static in the sense of the existence of a hypersurface orthogonal Killing field.

We shall use an obvious equivalent of the above for an R action by isometries
on a Lorentzian manifold (., g), with the further restriction that the associated
Killing vector field be timelike almost everywhere.

The main result of this section is the following:

THEOREM 3.1 Let (M,g) be a smoothly compactifiable Einstein metric on M,
with dim M > 4. Suppose the free S action at conformal infinity (OM,r) is
strictly globally static, i.e.

OM = S x V, (3.3)

and the S action on (M, g) is topologically static.
Then the S* action on (M, g) is locally static, i.e. (M,g) is locally of the
form (3.2), (with {u = 0} # 0 possibly).

58 will be called a cross-section of a fibration if S meets every fiber at least once, with the
intersection being transverse.



PRrROOF: The method of proof is identical to that in [3]: as pointed out in [27],
regardless of dimension and signature one has the identity®

g (g;w) _ i|(;,\2z-;(4(vol) | 3.4

with the sign + being determined by the signature of the metric. Here Vol
is the volume form. Integrating (3.4) over any cross-section ¥ one will obtain
@w = 0 provided that the boundary term arising from the left-hand-side of
(3.4) vanishes. This requires sufficiently fast fall-off of @ near the conformal
infinity @M, which is provided by the following Lemma. The hypotheses of
Theorem 3.1 imply that the Killing vector has no zeros on M, but we do not

need this assumption for the proof that follows:

LEMMA 3.2 In the coordinate system of (A.1) we have
Gray...A,_q = O(1), WAAy..A,_q = O(1),

with WrAy . A, 4 = WrA;..A,_q ANd WAA A, 4 = WAA;.. Ay 4-

PROOF: The idea of the proof is to use the equation

V*VX; = — Ric(g)? X; ,

together with the fact that g is Einstein, to obtain more information about the
decay of the relevant components of the metric. We work in the coordinate
system of Appendix A, and use the conventions there. We have (recall that

~

X, =0 by Remark A.3)
VAV X, = VE(ViLX4 — VaXy)
= VF(0sXa — 0aXy)
- r2{82XA ~T7.8,X4 —TE,8,Xp + §F [aEaFXA — 9pO4Xp
—T%50r Xa —T55(0c X4 — 04X0)
+F%A6,XF — F%A(GFXC - 8C'XF)] } . (35)
Consider any point p on the conformal boundary at which X (0) does not vanish.
As X (0) is hypersurface orthogonal, we can choose a local coordinate system on

the boundary at infinity, defined on a neighborhood of p, such that z# = (p,z%)
(@ =3,...,n), with X(0) = J,, and

g(O)ABdl'AdJ?B = g(o)cpwd‘Pz + Q(O)abdﬂﬂad-’ﬂb-

Recall that X4 = r2§apX? = r~2§a,. From (A.2)-(A.3) and (3.5) we then
have
2VkaXA = Z(n — 1)’1"72§A¢ — nr*1§f4tp + Tfl_@CD(Zg’DAQCA(p —A QlcpgAw)
+gfﬁlltp + %QCD(_ZQIDA-@ICQD + QICDgféhp) + ZVEVEXA )

5The identity here differs by a factor of 2 from the one in [3] because the form w here is
twice that in [3].

10



where a prime denotes an r-derivative. From equation (A.10) we have
.a;l(p = QCDngA‘aC‘P
and then as Ric(g) = —(n —1)g,

(2 - n)r gAcp + g;,hp A ~
=17'9P4upiae — 597 (=201 400, + Gop9a,) — 2V VEX 4.
Consider that equation when A = q; straightforward but tedious algebra shows
that its right-hand-side can be written as a linear combination of the gy,’s to-
gether with their first derivatives and their second d,—derivatives, with bounded,
differentiable up-to-boundary, coefficients built out of the g4g’s and their deriva-
tives. (For example,
~CD Al Al o scd Al Al
g gDagCQO - g gapagcpga + g gapagcgo + g gcag<p<p +9g gdagdgo ’

and note that g° is a rational function involving the gs,’s which vanishes when
the latter do, hence can be written as an expression linear in the gy,’s with
coefficients which depend upon the gap’s.) Then as §,,(0) = 0 we have that
Gap = O(r?). Taylor expanding and matching coefficients in front of powers of
r one is led to

Gap = O(r™™1). (3.6)

Set

— g(X, X) = r—%a(fc,fc) — 2% 4+ 0(r?) (3.7)

In particular u behaves as 1/r (recall that we are so far working away from the
zero set of X(0)). Consider the two-form A defined in (B.9); (3.6) gives

A= Zo "S)dr Adz® + Y O(r™*)da® A da (3.8)
a,b

The coordinates (r, %) can be used as local coordinates on the quotient manifold
., in those coordinates )\ab = Aabs )\M = Aar, /\w = 0. It follows now that in any
coordlnate system {z“} on the conformal boundary as in (A.1), not necessarily
adapted to the hypersurface-orthogonal character of X, we will have

Mg = O(r"™%), Aar = O(r™=5) (3.9)

as long as we are not at a point at which X (0) vanishes. Now, u is defined
and smooth regardless of zeros of X, which implies that (3.9) holds globally on
each domain of definition of the coordinates z#, independently of the existence
of zeros of X (0) there. We finally obtain

Ap = O™ = MB=g%BP\cp =00"), (3.10)

11



with a similar equivalence for Aa,. Let 74,..4, , be totally anti-symmetric,
equal to 1 if Ay ... A,_o is an even permutation of 1,2,...,n — 2. It should be
clear from (A.12)-(A.13) that

Vdet gs = r~ "D /det g (r) ,

where gx(r) is the metric on the quotient ({r = const},§(r))/S*. Choosing a
convenient orientation, from the definition (B.16) of w we have

Wrar. A,y = Vdetgsna,.a, .o\
= r~(=V\/det gu(r) na,..A,_BcAEC
= O(r), (3.11)

as desired. The claim about waa4,...4,_, is established by a similar calculation.
Od

Returning to the proof of Theorem 3.1, suppose first that the Killing vector
field X has no zeros, and that all orbits are of principal type. Let S be a
hypersurface transverse to X, let S(r) denote the intersection of S with the
level sets of the function r of (A.1), we then have

1 _ 1
— | ==l —ENQ 3.12
/S 'Uz4‘w| *6 rl—I>I(l) /S('r) ’U,2£ “o ( )

with the +1 factor as in (3.4). In local coordinates of (A.1) we have £ =
g(X,.) = O(r=2) and u? > ¢r~2, while @ = O(1) by Lemma 3.2. Further, if we
choose S to be asymptotically orthogonal to X, then the pull-back of £ to S
will be o(r=2). Thus we obtain

1 2
_— 5 :1. 1 = .
/Su4lw| *( = limo(1) =0

Now % = a|K|dvolg, where «, the angle between S and K, is of constant sign.
We can conclude w = 0.
When zeros of X occur, (3.12) becomes

1. . 1 . 1 .
/S¥|w|2 * &= 121_1)1(1) s ﬁf ANwF lg% o Ef ANw . (3.13)

Here p = \/Zle p?, with p; as in (C.12). To finish the proof, we need to show
that the boundary integral corresponding to the zeros of X vanishes. We use the
coordinate system of (C.8): we have ¢ 1p < u < ¢p by (C.26). Then @ = O(p)
by (C.28) and £ = O(p) by (C.15), hence the integrand in the right-hand-side
of (3.13) is uniformly bounded as ¢ — 0. By scaling (or by a direct calculation,
using the formulae of Appendix C) one sees then that the integral vanishes at
least as fast as €2¢~!, whence the result. O

The above result is reasonably satisfactory from a general relativistic point
of view: in that case the solutions of main interest possess spacelike hyper-
surfaces transverse to the Killing vector field, which imply topological staticity
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of the associated Riemannian solution. Nevertheless, it seems of interest to
look for other hypotheses which will lead to hypersurface-orthogonality of the
Killing vector. In the next section we will obtain some such results under the
hypothesis that there exists a twist potential 7, i.e., w = dr.

3.2 Solutions with a twist potential

Our next result assumes that w is exact and that X has no zeros. The case
with zeros will be covered in Theorems 3.4 and 3.6; the question of exactness of
w will be addressed in Theorem 3.7; notations and conventions of Appendix B
are used.

In the result that follows we assume that (0M,+y) is not conformal to the
round sphere. That last case is covered by [5] when M is spin, by [1] regardless
of existence of spin structure in dimension four, and by [27] (compare [11])
without any restrictions: in those works it is shown that (M,g) is then the
hyperbolic space. In our context a simple proof can be given assuming non-
degeneracy, for then every continuous isometry descends to the interior, and
the result follows by ODE methods.

THEOREM 3.3 Let (M,g) be Einstein, assume that (0M,7) is not conformal
to the round sphere, and suppose that X (0) is hypersurface-orthogonal on OM.
Assume further that there ezxists on 3 a (n — 4)—form 7 such that

w=dr. (3.14)
If X has no zeros, then X is hypersurface-orthogonal on M.
Both the (n — 4)—form 7 of (3.14), as well as its M—counterpart 7 = 757,
will be referred to as the twist potentials.

PROOF: We use the notation of Appendix B throughout. Let r be the coordinate
of (A.1), by Remark A.3 the function r passes to the quotient ¥ = M/S!, by
an abuse of notation we shall use the same letter for the resulting function. For
p >0 set

S(p) =2\ ({r < p} U{p: d(p,Zsing) < p}) C 3.
By (B.20) we have
d(u™ *gy w) =0. (3.15)

Taking the exterior product of this equation with 7 and integrating over ¥(p)
one has

0 = (—1)("_4) / TA d(u_3 kg5 W)
2(p)

= / U3 A rggw — / u”3dr A *gpw
9%(p) Z(p)

= / u 3T A *gpw —/ u w2 gy 1. (3.16)
0%(p) Z(p)

The idea is to show that the boundary integral above vanishes when passing
with p to zero, yielding w = 0, as desired.

13



For p small enough 8%(p) is a finite union of smooth submanifolds of 3 of
co-dimension one. The simplest case is ¥ = 3, this occurs when X has no zeros
and all orbits are of principal type, so that Xgns = 0 and 0%(p) equals

0s0X(p) = {r =p} .

In general 0% (p) might have further components of the form

82]sing,iso(p) = {p : d(p7 2]sing,iso) = p}

and also
az]sing,O(,o) = {p : d(p, 2sing,O) = p} :

The latter are, however, excluded by our current hypothesis that X has no zeros
on M.
Lemma 3.2 and the definition (3.14) of 7 give

(n = 3)0Tay.An_y] = WrAy.An 4
= O(r), (3.17)

where square brackets over a set of indices denote complete anti-symmetrisation
with an appropriate combinatorial factor (1/((n — 3)!) in the current case). In
dimension four this gives

while in higher dimensions one obtains

OpTAydnoa) = 0Ty Ay + (1) 204, Tag gy = Or).

By integration we are led to

TAy A, 4 = OA .4, ,+0(Q1), (3.18)

where 04,...4,,_, = 0 in dimension four, and

T
OAy.hp_s = —/ (=1)" 04, T ay... A, _q)rlr
T

0

otherwise. Let us use the symbol d to denote the exterior differential on 95X (p),
at fixed p, then

1
o = WUAI---An—4d$A1 A...AdzAn1

- 1 T ~
= d [—m (/ (—1)n_4TA2“,An4,«dr) dz™? A .. Ndatt| = d6 .
- T

0

We note that

/ uT3dE N *ggw = / uw”3de A *ggw = / FAdu™ 4g5 w) =0,
9s0X(p) 9s0Z(p) 900 Z(p)
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so that Equations (3.10) and (3.18) imply

/ w3 Axggw = / u BT AN=0(p"),
90X (p) 90 %(p)

which tends to zero as p tends to zero. If ¥ = 3. we are done.

Since we have assumed that X has no zeros, it only remains to analyse
the boundary integral around the S' orbits with a non-trivial isotropy group.
By point 1 of Proposition C.1 below such orbits necessarily form a lower-
dimensional subset of ¥, with u being uniformly bounded in a neighborhood
thereof. We are thus integrating a bounded (n — 2)—form over a submanifold
the (n — 2)—area of which shrinks to zero as p tends to zero, which leads to a
vanishing contribution in (3.16) in the limit. O

We wish, next, to prove an equivalent of Theorem 3.3 that allows zeros of X.
The proof will again proceed via the identity (3.16), except that we will have
now a supplementary contribution from 0¥ging0(p). Let F be the curvature
of the U(1)-principal bundle of unit normals to M, 2, obtained from the
U (1)—connection v,dz® defined in (C.21); in local coordinates,

F = d(yedz®), F:=nkiF. (3.19)
We shall use the notation and terminology of Appendix C. We have:

THEOREM 3.4 Under the remaining hypotheses of Theorem 3.3, assume instead
that UgMy n—20 # 0 and that

.2
/ T = / #=0. (3.20)
Mo,n—2 K1K2 J Mo n—4s

UrsaMon—20 =0 , (3.21)

and the conclusions of Theorem 3.3 hold.

Then

PRrROOF: By Proposition C.1 the set ¥g,g,0 is the projection by mx of a disjoint
union of smooth, non-intersecting, submanifolds of dimension n — 24, 0 < £ <
n/2. It is thus sufficient to consider each such manifold separately. Consider,
then, a connected component of 03ing 0(p) which is a projection of a connected
component of My, o, for some £, and suppose that

82sing,iso(p) N 62sing,O(p) =10

for p small enough. (Proposition C.2 shows that this occurs precisely for those
components of 93 0 for which the associated My ,_9¢’s have all ;s equal to
one.)

Consider, first, the case £ = 1; using (C.23), (B.16) and (B.9) we find (recall
that A can be identified with A in the adapted coordinate system used)

lim w3 A kg = / TAF
s (Mo,n—2)

p—0 azsing,o(p)
= / FAF . (3.22)
MO,n—2
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In dimension n equal to four the last term in (3.22) is the value of 7 at the
connected component of M, _o under consideration multiplied by the Euler
class of the principal U (1)-bundle of unit vectors normal to M 2. Regardless
of the dimension n, we have:

PROPOSITION 3.5 When the normal bundle of My, —2 is trivial the first integral
in (3.20) vanishes.

PROOF: If the normal bundle of My ;o is trivial, then v,dz® is defined globally
on My p,—2, and the integrand in (3.22) integrates out to zero:

(—1)”_4/ TAd(vedz?) = / (d (1T A yadx®) — dT AN yedz®) =0
s (Mo,n—2) w5 (Mo,n—2)

(3.23)
recall that d7 = 0 on My ,_9p. (Strictly speaking, for £ > 2 one should do
the above calculation on 0¥ging0(p) and then pass to the limit, since 0%ging,0
does not have a differentiable manifold structure in general for £ > 2 — while 7
extends by continuity to My, o, in the coordinates of Appendix C, the exterior
derivative dr of T might not be defined there). O

Returning to the proof of Theorem 3.4 suppose, next, that £ > 2. In the
coordinates (p1, (pi,¥i)i=2,6—1,2%) of (C.27) the boundary integrand in (3.16)
is of order of p~! while

az]sing,iso(p) = {Pz > 0 ) P% +...+ p% = p2 ) 'wl € [0,271'] ) z% € MO,anZ}

has (coordinate Lebesgue) measure O(p!), hence

/ T A # g = 0(p*?). (3.24)
axsing,o(p)

The simplest case is then £ > 3, which immediately gives zero contribution in
the limit. Equation (3.24) also shows that the M ,_o’s with £ = 2 give a
finite contribution as p tends to zero. Clearly, the only terms that might give a
non-zero contribution in the limit are those which arise from the second line of
(C.27). If the dimension of M is four then the second term there does not occur.
The first term looks like a total divergence so one is tempted to conclude that
it gives a zero contribution when integrated upon. This is, however, deceptive,
because the coordinate system used there is singular at the set p; = 0, and
around each connected component of 7y, (Mp—4) from (C.27) one finds

. -3 27'('
lim U T N*gow = — T
p—0 0%sing,0(p) K1K2 Jrs (Mo n—4)

2
= - = 7 (3.25)
K1k2 MO,'n,—4

the 1/k1 = k1 = £1 factor arises from a change of orientation. In dimension
four each connected component of M, _4 is a point, and the integral here is
understood as the value of 7 at the point under consideration; (3.25) gives the
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contribution from the first term in the second line of (C.27) for all n. It can
be checked that for n > 4, the second term there gives a vanishing contribution
in the limit, so that (3.25) holds for all dimensions. (Strictly speaking, at this
stage ko = 1 in the formula above, as we have assumed that all the nearby orbits
have period equal either 0 or 2w. However, as shown below, the above formula
also gives the boundary contribution around the my;(Mp,—4)’s in general.)

Clearly (3.25) depends only upon the 7y(Mj,—4)-homology class of the
restriction 7 of 7 to mx (Mg n—4).

Let us show how to reduce the general case to the previous one. As explained
in Appendix C, in the coordinate patch %}, defined there the surface 0%ging,iso(p)

takes the form .
A L

1=19

We can deform those surfaces to

L
{ZP? = p}

using the family of surfaces

¢ 0 0 ¢l
0%(p,0) := {Zp?=p,2p? 25}U{Zp?2p,zp?=5} :

=1 i=12 i=1 1=1io

~ S ~ S

~”

0X1(p,0) 0% (p,9)

with 0 < § < p. At fixed p, on 9%(p, ) the integrand is uniformly bounded
while 0% (p, §) shrinks to a lower-dimensional object as § tends to zero, therefore

lim uw 3T A *guw =0 .
020 /955 (p,0)

This reduces the problem of calculating the limit, as p goes to zero, of the
integral of u™37 A gy w over O%ging iso(p) N %, to that of calculating

lim w3 A * g5 W -
p=0J o541 (p,0)

But this is an integral already considered under the assumption that 03ging,iso
does not meet 0%ging,0 in %), and an identical analysis applies.

Those components of ¥ging iso Which do not meet Xging o, or which lie away
from the %,’s, are handled as in the proof of Theorem 3.3. Finally, (3.21) is a
rephrasing of Proposition C.3. O

There are various ways to ensure that (3.20) holds: Suppose, for instance,
that we are in dimension four, then 7 is a function on M, defined up to a
constant; further 7 is constant on any connected component of My, 9. In
this case, when Up<o My, _o¢ is connected, we can choose 7 to be zero on
Ug<2Mp n—2¢, obtaining a vanishing contribution from Uy<oMpy,_2¢. Another
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possibility is to assume that the bundle of unit normals to My, o is trivial,
see Proposition 3.5. If, moreover, M ,_4 is connected (which will certainly be
the case if it is empty), then we can choose again the constant of integration
appropriately to achieve the desired equality. One can clearly assume various
combinations of the hypotheses above. As a special case, we have obtained:

THEOREM 3.6 Under the remaining hypotheses of Theorem 3.3, assume instead
that

Up<aMo n—2¢ is connected, n=4,or

the normal bundle to My o is trivial and My, —4 is connected, n =4, or

the normal bundle to My ,_o is trivial and My, _4 = 0, n >4, or
Ug<oMopn—2c =0, n>4.
(3.26)

Then the conclusions of Theorem 8.4 hold.

a

We note that the hypotheses of Theorem 3.6 are stable under perturbations
of the metric.

3.3 Existence of the twist potential

Let us briefly turn our attention to the question of existence of the twist poten-
tial; this will be obviously the case when H,,_3(M) is trivial. Such a hypothesis,
however, excludes most situations of interest from a Lorentzian point of view if
n = 4. An alternative possibility is triviality of H,_3(3) — this covers, in par-
ticular, all Lorentzian space-times without black hole regions, with M = £ x S,
and with trivial H, 3(X2).

In dimension four, a further family of examples can be obtained as follows:
It follows from Lemma 3.2 that, in the coordinate system of (A.1), the one
forms

(I)AdxA and wAda:A

extend by continuity to closed one-forms @wy on OM, and wg on 9X. Clearly a
necessary condition for exactness of & is exactness of Wy. Under some conditions
this can be shown to be sufficient:

THEOREM 3.7 In dimension n = 4, suppose that X has no zeros, then the twist
potentials T and T exist under either of the following conditions:

1. There exists a function 7o on OM such that dfy = @y, and there are no
non-trivial L? sections ¢ of A1(M) which are solutions of the equations

dp=d*;0=0. (3.27)

2. There are no S' orbits with nontrivial isotropy, there exists a function 7
on OM such that dro = wo, and there are no non-trivial L? sections ¢ of
AL(X) which are solutions of the equations

dp=dx*g; 0p=0. (3.28)
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REMARK 3.8 Wang [29, Theorem 8.1] gives a condition under which the L?-
cohomology condition above will hold; in particular it follows from the work of
Lee [23] that the L%-cohomology condition will be satisfied when the Yamabe
invariant of the boundary metric on OM or on 0% is positive.

PRrROOF: We first note that existence of 7 and 7 are equivalent, by projecting
down or lifting. In order to prove point 1 consider the equation

4
ViV'F = =5,Viu. (3.29)
Lemma 3.2 and the calculations there show that v~ '@; Viu = O(r?), so that by

point (ii) of Theorem 7.2.1 of [4], together with the Remark (i) following that
theorem, there exists a function

7“’.

70+ O(r?)
which solves (3.29). Equation (B.25) shows that the one-form
@ = @dz’ — dF

solves (3.27). Further we have, in the coordinates of Appendix A,
Oilo = O(r) (equivalently, |<p|g = O(’I‘4)) )

which implies that ¢ € L?. The vanishing of ¢ follows from our hypothesis of
the vanishing of the first L?-cohomology class of M, hence @ = d7. Point 2 is
established in a similar way, using (B.20) instead of (B.25). O

A Extensions of conformal isometries from OM to M

Let Y be a conformal Killing vector field of @M. Suppose, first, that (0M, )
is a round sphere; as discussed at the beginning of Section 3.2, the pair (M, g)
is then the hyperbolic space, so that the associated Lorentzian space is the
(n + 1)—dimensional anti-de Sitter space-time. Consider, next, a M which is
not a round (n — 1)—dimensional sphere, then Obata’s theorem shows that we
can choose a representative §(0) of the conformal class [y] so that Y is a Killing
vector thereof. We start with a study of the Killing equation in a neighborhood
of OM. It is well known that there exists a defining function r such that the
metric g takes the form

g=r"2g=r"2(dr’* + §(r)), g(r)(0,,-) =0. (A1)
on [0,¢] x OM. Let (z2,...,2™) be a local coordinate system on OM, we will
work in the coordinate system (z' = r,z2,...,2"), we denote by r the index

relative to the first coordinate, we will take upper case Latin letters for the
indices relative to the remaining coordinates, and lower case Latin letters for
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the indices relative to any component. With that convention, the Christoffel
symbols of g read

I7,=—r7t, TA=T"7 =0, 5 =r"t9ap(r) — 195(r), (A.2)
B(r) -

I¢ = —r 169G + 2692 (r)gh4(r), TSp = f (A.3)

Here f' denotes the derivative of a function f with respect to r. The Killing
equations,

written out in detail, read
0r Xy + T_IXT =0, (A5)
XA+ 04X, +2r X4 — §°P(r)gpa(r) Xc =0, (A.6)

OaXp +0pXa — 200G (1) Xe + (§45(r) — 2r ' gan(r)) X, = 0. (A7)

From (A.5) there exists a function « such that

Xr: 3 a’razoa

@
T
and, if we define X4 = r2X 4, then (A.6) and (A.7) become

O X4 +r0aa—§°P(r)gpalr)Xc =0, (A.8)

OaXp +0pXa — 2G5 (r) X + (ri'y5(r) — 2045(r))a = 0. (A.9)

From (A.9), X(0) is a Killing vector field of the boundary if and only if o =
0 & X, = 0. If that is the case then (A.8) and (A.9) take the form

0, Xa — P (r)gha(r)Xc =0, (A.10)
OaXp +0pXa —20G5(r) Xe = 0. (A.11)
Equation (A.10) has the unique solution
Xa=gac(r)XC0),  X°(0):=§°%(0)X5(0). (A.12)
We use now the Taylor development
9(r) = g(0) + O(r),

where p = 1 in general and p = 2 if g is Einstein [16]. This yields X(r) =
X(0)+O(rP) and T' =T'(0) + O(rP), thus X given by (A.12) is an approximate
solution of (A.11) modulo O(rP). Finally the 1-form

Xoo := 0dr 4+ r72(Xodz? 4 ... + X,dz") (A.13)
is an approximate solution of (A.4), with error — in the above coordinates —
O(rP=2).

We wish to show that, under reasonably mild conditions, conformal isome-
tries of [y] extend to isometries of g:
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PROPOSITION A.1 Let (M, g) be an asymptotically hyperbolic Einstein manifold
and suppose that the operator

AL-I-Q(TL—]_)

acting on symmetric two-covariant tensors has no L? kernel. Then every Killing
vector field X (0) on OM extends in a unique way to a Killing vector field X on
M such that (A.15) holds.

For X (0), a (one form associated to a) Killing vector field on &M, consider
the boundary value problem

AgXi = — RlC(g)z]X] y (A14)
lim 72X 4 = X 4(0) . (A.15)
r—0

We have

PROPOSITION A.2 Let (M,g) be an asymptotically hyperbolic manifold with
Ric(g) < 0. Then the problem (A.14)-(A.15) always has a unique solution.

PROOF: From Mazzeo [26] (see also [24, Lemma 7.2]) the indicial radius of the
Laplace-Beltrami operator dd* + d*d on one-forms, equal to ViV, + Ric(g) on
those, is (n —1)/2 —1. Corollary 7.4 in [24] implies then that the indicial radius
of the operator

P =V,V, - Ric(g) (A.16)

on one-forms is \/[(n —1)/2—1]2+2(n — 1) = (n — 1)/2 + 1. An integration
by parts shows that there are no C? compactly supported solutions of (A.14):

0< /—Ric(g)inin = /X,-AgXi = —/\VX|2 <0

(recall Ric(g) < 0). Elliptic regularity, completeness of M together with
density results (cf., e.g., [6]) imply that P has trivial L? kernel, and [24,
Theorem C] establishes that, in the notations of [24], P is an isomorphism
from C(I;’a(M;Tl) = C(I;’a(M;T*M) to C’(I;_Q’O‘(M;T*M) for all § such that
0 —(n—1)/2) < (n—1)/24+ 1«4 —1 < < n. (In the case of vector fields,
the space CEIQ’O‘(M :T*M) corresponds to O(r~2) behavior in the coordinates
of (A.1).) Let x be a smooth function on M equal to 1 on {0 < r < ¢/3}, and
equal to 0 for r > 2¢/3; define the 1—form

Y:XXOOa

with X defined in (A.13). Then Y is an approximate solution to the Killing
equation (A.4) modulo O(r?~2). This implies PY = O(rP~!) € C;,C_?’Q(M; T*M)
(see, e.g., the proof of 24, Lemma 3.7] for that last property), thus there exists
a unique solution Z € C*®(M; T*M) to the equation

PZ =-PY .
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We set X =Y + Z; uniqueness is obvious from what has been said above. O

PROOF OF PROPOSITION A.1: If we denote by By(h) = —tr ;Vh + :Vtr 4(h),
then the linearisation of the Einstein operator at the Einstein metric g is [7,
Theorem 1.174]

DEin(g) = %(AL +2(n — 1)) — div* B.

Let X be the solution of (A.14)-(A.15), then X is in the kernel of the operator
P of (A.16). A two-line calculation shows that

B(Lxg) =P(X)=0.

Now, if g is an Einstein metric then Lxg is in the kernel of D Ein(g) whatever
the vector field X: if ¢; denotes the (perhaps local) flow of X, then

d i d _ .
0= (6 @in(g)| =5 (Fin(gig)|  =DEin(g)Lxs.
It thus follows that
(AL +2(n—1))Lxg=0.

Now, Theorem C and Proposition D of [24] show that the operator Az +2(n—1)
is an isomorphism from C(I;’a(M, S2) to C(I;_Q’a(M, Sg) for all ¢ such that

0—(n—-1)/2|<(n—-1)/2 <= 0<d<n-—1.

Here we use the symbol Sy to denote the bundle of symmetric two-covariant
tensors; in the notation of [24] the space C'(’)c "*(M, S3) corresponds to O(r—?)
behavior in the coordinates of (A.1). From what has been said we have Lxg =
O(rP~2) in local coordinates near the boundary, which can be written as Lxg €
Czlf "*(M, S3). Since p > 0 the isomorphism property gives

EXg =0.

a

REMARK A.3 As X is a Killing vector field, X satisfies (A.10) and (A.11),
in particular the field of covectors X a(ro) = §ac(ro)g¢B(0)Xp(0) satisfies the
Killing equations on the hypersurface {r = ro}. This is equivalent to the state-
ment that X is tangent to the level sets of r with X4 (r) = XA(0). Further, in
the coordinate system of (A.1),

£:=g(X,)) =r Y Xy(r)dz? + ... + X, (r)dz") . (A.17)
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B The norm and twist equations

Let (M,g) be an n-dimensional Riemannian or Lorentzian space-time with a
Killing vector field X,
VZ'XJ' + VjXZ' =0. (B.l)

It is well known that (B.1) implies the equation
ViV;X* = RyiF X", (B.2)

in particular

VIV, X* = —Rick ;X7 . (B.3)
Let us, locally, write the metric in the form (3.1):
g=nut(dp+0)°+gn, 0(8s)=9x(0s) =0, X =0, (B4)

where g, is the metric induced by g on the distribution X+ c TM, and n = +1
according to whether X is spacelike (n = 1) or timelike (n = —1). The metric
gy is the natural metric on the orbit space ¥ [19]. One can also think of ¥ as of
any hypersurface transverse to X, regardless of the structure of the flow of X;
one should then, however, not confuse gs with the metric induced by g on X.
We will be interested in the equations on ¥, an efficient way of obtaining those
is provided by the projection formalism of Geroch [19]. We will be working
away from the set of zeros of g(X, X). Let

P:TM —-TM

denote the orthogonal projection on X', we will also use the symbol P to
denote the obvious extension of P to other tensor bundles. We note that

u = Vng(XaX)’ (B5)

(which can be used as the definition of u regardless of the decomposition (B.4))
and we set

n =

X
—. B.6
: (B.6)
We then have

P(Y) =Y —ng(Y,n)n = (8 — nn'n;)Y70; .

If Y and Z are tangent to 3, and if Y and Z are X -orthogonal, X-invariant
lifts of Y and Z to M, then the covariant derivative defined as

Dy Z := P(VyZ)
is the Levi-Civita covariant derivative of gx (see [19]). Let

X:=P(uVX),
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so that R
)\ij = ’U,Vz'Xj + Xiuj — Xjui , (B?)

where we have written u; for V,u. The tensor field ) is well defined and smooth
away from the set of zeros of u (at which u might fail to be differentiable). One
has XV;u = by (B.1), and one easily checks that ) is an anti-symmetric X-
invariant tensor field on M which annihilates X, and thus defines a two-form
A on ¥ in the usual way. A convenient way of calculating A in practice is to
introduce

B=u"2¢. (B.8)
With a little work one finds R
A=u3dg, (B.9)
which clearly leads to R
du™3)) =0. (B.10)

It can be seen that X is (locally) hypersurface orthogonal if and only if A
vanishes: Indeed, (B.4) shows that the distribution X' is (locally) integrable
if and only if

dg+9 = g(X,")

is closed; that last condition is precisely the equation A=0.
Let us derive the equations satisfied by A and A. Using (B.3) we have

V]CS\Z']' = ’u,kvin +uRskins + VkXiu]- - Vkaui +X1~Vkuj — vakui . (B.ll)
Applying a projection to both sides of (B.11) one finds
1 o1
DkAij = Euk)\ij + uP(Rskin ) + E(Akzuj — )\kjui) . (B.12)
Projections commute with anti-symmetrisations, so that the first Bianchi iden-
tity implies
3
Dipij) = -, ugedis]
where square brackets denote complete anti-symmetrisation. Equivalently,
du™3X\) =0, (B.13)

where d is taken on . This does imply (B.10) by pull-back with 7y, but the
implication the other way round does not seem to be evident.

We want to calculate the divergence of A, in order to do that we need to
work out the P(Rg;;X°) term appearing in (B.12); using the fact that n is
proportional to X we find

P(Ryi;X®) = P((6% — njn®)Ryrie X*)
= P((Rskij — njn‘Rakie) X°)
= P((6]" — nin™)(Rskm; — njn'Rokme) X°)
= (Rskij — in™Rsgms — njn‘ Repie) X°
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where the last equality arises from the fact that all projections have already
been carried out; no projection is needed in the k index since n ~ X. Upon
a contraction over k and i in (B.12) the P(R,;;X°) term will thus give a
contribution

(=Rsj — 0+ n;n’Ry)X* =0

if g is Einstein. It follows that, for Einstein metrics g,

; 1, Z. .
D'X;j = E(uz)\ij +0+ N’ uj— Au')=0. (B.14)
0
Equivalently,
d(*gz)\) =0, (B.15)

with d again taken on . We define the twist n—3 form w on by by the equation
W= *gg . (B.16)
Equation (B.15) shows that w is closed, while (B.13) is equivalent to
d*(u3w) =0, (B.17)
Let & denote the lift of w to M,
w=Tmyw,

where 7y, is the projection from M to ¥. Choosing the orientation of 3 appro-
priately one finds

wal...an_g = fal...an_ga,@'yXavﬂX’y <~ w= *g(f A d&) ) (B.18)

where

6 =g (X ) ) 3
and where € is the volume form on M. Since exterior differentiation commutes
with pull-back we have

dw = d(myw) = 15 (dw) =0 . (B.19)
Summarising, on ¥ we have
dw=d(u 3 %45 w) =0, (B.20)

while on M it holds that R
do=du3\=0. (B.21)

It is worthwhile mentioning that so far all the equations were manifestly signature-
independent.
We note the following equations for w:

Viu = 1XIVX;,

u
ViV = g(—ng(Vu, Vu) + VX9V, X; — Rici; X' X9)
= E(g(Vu, Vu) + 1 oz nRic;; X' X7) . (B.22)
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The reader is warned that the \¥ S\ij term above can sometimes be negative
when g is Lorentzian and X is spacelike; similarly g(Vu, Vu) can sometimes be
negative for Lorentzian metrics.

We refer to [14] for explicit formulae for the curvature tensor of gs.

For completeness let us recall how this formalism works in dimension four:
one then sets

w; = eijngjkaz . (B.23)
Here, as before, €;;1; is the volume form,

€ijki = 0, £+/| det gma| ,

with €;;5; totally antisymmetric, the sign being + for positive permutations
of 1234. The form w from (B.23) is actually the form & from (B.18), but we
shall not make a distinction between w and & anymore. One has X'w; = 0 by
antisymmetry of ;.. Working away from the set of zeros of u, with a little
work one finds

2 an kx£
where ¢ = +1 in the Riemannian case, and ¢ = —1 in the Lorentzian one. The

simplest way of performing the algebra involved in this equation, as well as in
(B.25) below, is to consider a frame in which X = wuel, with w proportional
to e2. Comparing with (B.7), one recognises the last term above as \;;. The
divergence of @ can also be computed directly as follows:
Vit = ene(VIXIVEXE + XIR,*EX™)
= GijkgvinkaK
4; _.
= iy, (B.25)
U

Equivalently, _
Vz(u74d)i) =0.

Equation (B.19) can be rewritten as
V,‘(:Jj — Vj(f]i = Diwj — Djwi =0. (B26)
It follows that

V@i = VRV = Vi V@ + Rici; &
deVju

= 4V( ) + Ric; @ . (B.27)

In the four-dimensional case the last line of (B.13) can be rewritten as

; 1 1 o
V'Viu = E(g(Vu, Vu) + Q—UZUQ(LD,G)) —nRic;; X*X7).  (B.28)
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C The structure of the orbit space near fixed points

In order to analyse the contribution to (3.16) arising from the integral over
0%sing,0(p), we need to recall some results about the structure of 03ing 0. Since
V;X; is antisymmetric, for every p € M there exists an ON basis of T, M
in which V;Xj; is block-diagonal, with £ non-zero anti-symmetric two-by-two
blocks eventually followed by a block of zeros; such a basis will be referred to
as a basis adapted to VX. It follows that the dimension of the set

Ker,VX :={Y € T,M : Vy X = 0} (C.1)

is necessarily a number of the form n — 2¢ for some 0 < ¢ < n/2. For such ¢’s
we define

Mypn—o = {peM:X(p)=0, dim(Ker,VX)=n-2¢}. (C.2)
For p € M let Iso(p) denote the isotropy group of p. We set
Mo = {peM: X(p) #0, Iso(p) #Id} . (C.3)

For p € Mig let 7, € {27/n}pen- denote the period of the orbit of X through
P, set

Inv, = {YeT,M: (¢,).Y =Y},
Misoy = {p € Mis : dim(Inv,) = £} . (C.4)

The following is certainly well known; we give the proof for completeness, be-
cause some elements of the argument will be needed in our further analysis:

ProrosiTION C.1 1. The Mis ¢ ’s are smooth, totally geodesic £—dimensional
submanifolds of M.

2. The My ,_o¢’s are smooth, closed, totally geodesic (n — 2¢)-dimensional
submanifolds of M. In particular

Mop—2iNMop_o; =0 for i#j.

PROOF: 1. Let p € Miso ¢ and let v : [0,5,) = M be a maximally extended
distance-parameterised geodesic such that v(0) = p and 4(0) = Y for some
Y € T,M. IfY € Invy, then ¢, 07 :[0,s,) — M is again a maximally extended
geodesic through p with tangent vector Y, which implies ¢, o y(s) = 7(s) for
all s € [0,s,). It follows that the group orbit through ~y(s) has period 7, for s
small enough. Clearly if Y ¢ Inv,, then we will have ¢,, o v(s) # v(s) again for
s small enough, and the result follows.

2. For s € R let ¢, denote the action of S* on M, with s normalised so that
27 is the smallest strictly positive number s, for which ¢, is the identity on
M. At points at which X vanishes we have, for any vector field Y,

LY =[X,Y]=VxY —VyX =-Vy X,
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so that p v
# —0 for Y € Ker,VX. (C.5)
s
Consider any maximally extended affinely parameterised geodesic v : I - M
with v(0) = p, and with the tangent ¥(0) € Ker,VX. Then ¢,(7y) is again a

maximally extended affinely parameterised geodesic through p. Further,

d(¢sx7(0))

T =0 (C.6)
by (C.5), which shows that
d(gson)(®)| .
Vs 7 o= 7(0) .

This implies of course that ¢s(y(t)) = y(¢) for all t € M and s € R, so that all
points on 7 are fixed points of ¢;. Hence

exp,, (Ker,VX) C UpMo ;2 -

If we move away from p in a direction which is not in Ker, VX then X immedi-
ately becomes non-zero, which shows that there exists a neighborhood of p such
that expp(KerpVX) coincides with M ;,_o¢ there, and the fact that M, o is
a smooth embedded totally geodesic submanifold follows.

To prove closedness of Mg ,_o, consider normal coordinates centred at p.
After performing a rotation if necessary we may suppose that the basis {9;} is
adapted to VX at p, so that there exist real numbers x; = x;(p) such that at p
we have

l

1 . . . .

=V Xjdz' Ndz? = Z ki dz? A dz? (C.7)

2 .

=1

Closedness of My ,_o is clearly equivalent to the statement that the |x;|’s are
uniformly bounded away from zero on each of the M ,_o¢’s. It is shown below
that the x;’s are integers, and continuity of the map Mo ,—2; 3 p = {ki(p)} € R¢
proves the result. O

In order to continue our analysis of the geometry near fixed points let p €
Mo n—20, with Mo 5,_o¢ as in (C.2), let * denote any local coordinates on My 5,2
on a coordinate My ,_os—neighborhood &), C My ,_o¢ of p, and for ¢ € &) let
x4 denote geodesic coordinates on exp {(TyMon—2¢)*}. Passing to a subset of
0, if necessary one obtains thus a coordinate system (z%) = (z4,z%), with A =
1,...,2¢, on an M-neighborhood %, C M of p diffeomorphic to &, x Boyy(r),
where By(r) is a ball of radius 7 centred at the origin in R?¢. Since Mg ,_o/ is
compact, it can be covered by a finite number of such coordinate systems. This
leads to the following local form of the metric

20
g= Z(daci)2 +h+ Z O(p)dzdz® + Z O(p?)dzdz®? + Z O(p?)dzdz® ,
i=1 Aa A,B a,b

(C.8)
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with h — the metric induced by g on Mj,_9¢, where p denote the geodesic
distance to My, o4. The O(p?) character of the dzAdz® error terms is stan-
dard; the O(p?) character of the dz®dz® error terms follows from the totally
geodesic character of My, _9¢. We shall need an anti-symmetry property of the
derivatives of the g,4’s, which we now derive: by construction, the coordinate

rays s — sz are affinely parameterised geodesics. This gives
0= d?z® o  drtdz? dz4 d®B
 ds? Uds ds  BCds ds

Since the vector dz” /ds can be arbitrarily chosen at s = 0 this implies

0=T%clepa=0 = (gaA,B + gaB,A)'{wCZO} =0, (C.9)

where a comma denotes a partial derivative. (Similar arguments may of course

be used to justify the O(p?) character of the remaining error terms in (C.8).)
Exponentiating (C.7) shows that on each space (TqMO,n,gg)J- the one-parameter

group of diffeomorphisms ¢ generated by X acts as a rotation of angle k;s of

the planes Vect{O;—1,02}, 1 < i < £. The definition of geodesic coordinates

implies that on %, the Killing vector X equals

X = Zlﬁli(l‘%_lagi - .’EQiagi,l) - (C].O)
i=1
This equation is exact; there are no error terms, as opposed to e.g. (C.8). Since
¢or is the identity we have k; € Z*, and since almost all orbits have period 27
it follows that at least one |k;| — say |k1| — equals one. For £ > 2 by renaming
and multiplication by —1 of the coordinates one can arrange to have

1=|k1|<kKi <kit1<kg, 2<i<L-1, (C.11)

and we will always assume that (C.11) holds. We have assumed that an orien-
tation of (TqM(),n_Qg)J‘ has been chosen, and the sign in x; is chosen so that
the coordinates of (C.10) have the correct orientation. Continuity shows that
the k;’s are constant over each connected component of M, of.

We shall denote by p; and ¢; the polar coordinates in the (z~!, z%) planes:

gt =picosp;, ¥ =pising; , (C.12)
so that

oo

=1

If all the x;’s are ones, then all orbits in %, have period 2, in which case
Miso N Uy = 75" (Ssingiso) N %y = 0 .

Otherwise £ > 2 and there exists a smallest 7o such that x; > 2 for 1 > 45. If ¢
is such that p;(¢) = 0 for 1 <14 < j, and p;(g) > 0, then the orbit of X through
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p has period 27 /k;. It follows that an orbit through ¢ € %), has trivial isotropy
if and only if

10—1

> pila) #0.

We have shown:
ProPOSITION C.2 We have
MO,n—QE N Miso # ) < 3 Ki > 2,

in particular
MO,n—2 N Miso =0.

To proceed further, we need to understand the structure of 3 near 7y, My ,_o¢.
We first use the polar coordinates (C.12), and then introduce new angular vari-
ables ¢, 1;, parameterising S* x - -+ x St defined as

—_——

n factors
© =, Wi 1= 0; — K1KiP1 , 1= 2,...,1, (C.14)

so that, using (C.13),
X(p)=1,  X(¢i)=X(p;) =0.

It follows that X = 0,, and that (p1,(pi,%:)i>2), can be used as local co-
ordinates on 3. There is a usual “polar coordinates singularity” at the sets
{pi = 0,u # 0} for ¢ > 2. As already pointed out, for i’s such that x;11 > &;
the periodicity of the ¢;’s jumps down from 27/k; to 2m/k;+1 at the sets
{p1 = ... = pi = 0, u # 0}. This leads to an identical jump of the peri-
odicity of the 1;’s, leading to orbifold singularities of increasing complexity at
each of those sets. In conclusion, within the domain of the coordinate system
(p1, (pi,¥i)i>2) the differentiable part ¥ of ¥ takes the form

{u >0}
if all the k;’s are ones, and
{fu>0}\{p1=...=pi, =0}

otherwise. Further, (p1, (pi,%;)i>2) provide a well behaved coordinate system
of polar type on X in a neighborhood of sy My ;.
Equations (C.8) and (C.10) imply

£:=g(X,-) = Z ki(x? Ve — 22dz® ) + vedz® + ZO(p?’)dxi , (C.15)
i

=1

where
Va = gaa,Bl{zc=0) X 'z . (C.16)
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At this stage it is adequate to enquire about the geometric character of the
objects defined so far. Note that the locally defined coordinates z# appearing
in (C.8) are only determined modulo z*—dependent rotations:

= 74 = w2, (C.17)

where, at each z%, w?p is an 2¢ by 2/ orthogonal matrix that preserves all the

spaces Vect{do;_1,09}. Suppose, thus, that two coordinate systems (Z4,z?)
and (z4,z%) are given, with Z% = 2%, and with Z4 related to z* via (C.17). It
is convenient to put bars on gap, v,, etc, to denote those objects in the barred

coordinate system. One easily finds the following transformation law under
(C.17):

0Gan 09an 0dap
%%B|{jc:0} - aw—a3|{wc:0} => WPy aaTaE|{g-cC=o}wEB +wPpa) -
D
(C.18)
It follows that
Uy = Vg = g + ZwDB,awDAXAwB . (C.19)

D
Now, w is a block-diagonal matrix consisting of two-by-two blocks, each of them

of the form
[ cos(0;(z*)) —sin(0;(z?)) ]
sin(0;(z%))  cos(6;(z%)) .

Inserting this into (C.19) one obtains

l
. o O
-~ _ = . 2t1—1\2 21\2 ?
z/a—>l/a—1/a+;m((a: P+ @) o (C.20)
So far we have assumed that z® = z%; this last restriction is removed in a

straightforward way, leading to a tensorial transformation law of the right-
hand-side of (C.20) under the transformation

(z4,5%) — (34 = 34,3 = $*(3)) .

It should be emphasised that in general we will not be able to achieve w =
id when going from one coordinate patch z® to another on My, _o,. This
implies that v,dz® does not transform as a one-form when passing from one
z%—coordinates patch on My, 9, to another, except in the case in which the
2’ can be globally “synchronised” over My y,—9¢ — this occurs if and only if
each of the bundles Vect{02;_1,d9;} is trivial.

In order to evaluate the 0%ging iso(p) integral in (3.16) we need to calculate
w3 ¥gs W = w3\, with \ being defined as the Y—equivalent of the two—form

X of (B.7). The simplest way of doing this proceeds via the calculation of the
form S of (B.8), ¢f. (B.9). Consider, first, the case £ = 1, set

Ya = Ga1,2|{20=0} ; (C.21)
the anti-symmetry property (C.9) gives

_ 2
Vg = YaP1 >
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hence '
& = Kk1p2dp + yprdz® + Z O(p*)dz' (C.22)
%

so that

B = u"2¢ = Kk1dp + yudz® + O(p)dp, + Z O(p)dz® . (C.23)

Equation (C.20) shows that 7,dz® is a connection form on the U(1)-principal
bundle of unit vectors normal to My, o:

00
Ya = Ya = Ya t+ 3—:1:2‘ . (C.24)

In particular the curvature two-form
F =dy

is a well-defined two-form on Mg, .
Let us return to (C.15)-(C.16) for general £ > 2; Equation (C.14) gives

£
K1p3dp + Z kip? (dip; + K1kid) + vadz® + Z O(p?)dz*

=2 %

I
Il

0
= u? (md(p + Z Kiu~ 2 pRdap; + u v dz®

+20lp)pi+ Y- 0(p")ais + - O(p)da) (C.25)
with
u = (C.26)

Equations (B.8)-(B.9) together with (B.16) and (C.25) immediately lead to

u P Hgw = uTIN
‘ Kip?
- Zd (%dqﬁ,) + d(u_Quadaca)

=2

+ > O(W)dp; Ndpi+ Y, Olp)dp! Ndipi+ Y O(p)dup; A de
6,j>1 1>2,5>1 1,j>2>1

+> " 0()dp; Adz® + Y O(p)dip; Adz® + > O(p)dz® A da®
a,i a,j a,b

(C.27)

which is used in the proof of Theorem 3.4.
We note the following necessary condition for staticity:
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ProrosITION C.3 If (M, g) is static, then Mg p_o =0 for £ > 1.

PROOF: Calculating directly from (C.15) we find

0
d¢ = -2 kide® P Ada® + dvg Ndz® + ) O(p%)dat
i=1 %
so that
e . . . o . .
dENE = 2 Z Kikj dz? 7Y N dz¥ A (2% da? — ¥ da®
1£j=1
+ Z O(p?)dz” A dzP A dz® + Z O(p®)dz* A da? A dz® |
A,B,ll izjyk

(C.28)

which clearly does never vanish when £ > 2 on a sufficiently small neighborhood
of Mo,n_zg. O

D A family of non-degenerate black hole solutions

D.1 An injectivity theorem
We start by proving point (a) of Theorem 2.2:

THEOREM D.1 Let Kmax(z) and Kmin(z) denote the largest and the smallest
sectional curvature of g at z. If for all x € M it holds that either Ko () <0
or Kpmin(z) > —2(n — 1)/n, then the operator Ap + 2(n — 1) has trivial L*
kernel.

PROOF: We use the notations of Lee [24], except that we work in dimension n,
not n+ 1. For all z € M, let

a(z) = sup{(Rmgha, ha)/|ha|® , h € S3}.
From [7, Lemma 12.71] we have that
a(z) <min{(n — 2)Kpez(z) +n—1,—(n — 1) — nKpin(z)} ,
showing that under the current hypotheses we have n —1 —a(z) > 0. The proof

in [24, p. 67] establishes then that the operator Az, +2(n — 1) has trivial kernel.
a
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D.2 Sectional curvatures of generalised Kottler metrics

We consider a generalised Kottler metric,

dr® 4+ V(r)do? + r2g , (D.1)

TV
where § = §apdr?dz? does not depend on r and 6. The non-trivial components
of the Riemann tensor are

1
Rrﬂr@ = _§V”

rV! .
RiarB = oy 94B;
rV'V
Rypgp = — 5 9AB;
Rapop = r?Rapep — r*V(§aciBp — §apdBC)-
In particular if V(r) = ¢ + r2 — 2mr—("~3), we obtain

Rygrg = —1 4 (n — 3)(n — 2)mr— (1),
R’I‘AT‘B = _[(T2 + m(n - 3)T_(n_3))/V]QABa
RoapB = —(T‘2 +m(n — 3)7‘_(n_3))V§AB,
Rapcep = r’Rapep — m°V(§acisp — apdse)-
Let U = (U™, U, UA) = (U",U°%,U) and W = (W', WO W4) = (W",W?, W)
be two orthogonal vectors with norm 1, the sectional curvature of span(U, W)
is

1
KUW) = —EV”(T)[UTW" - wrut)?
rV'(r 1 S r z 3
_ZU{WWWWAWU%+W%WW—Ww@
+r2RapepUWBUCWP — 2V (r) (|2 — (U, W)3)

1
— —EV”(T)[UTWB _ W’I‘UH]Q

!
—TVQ(” {ﬁHU’"VV — WO + V() [UW -~ W2 }
r?(K(U,W) - V()T —(U,W)3) .
Set
(a,b,¢) = (V™V2(myUT, V2(r)U?,rU) ,
and

(z,y,2) = (V2w V(WO rW)

so that a? + b? + |¢|> = 22 + y? + |2|> = 1 and az + by + (c,z) = 0, where
the norm | - | and the scalar product (-,-) are taken with respect to §. We can
rewrite the sectional curvature as

KU,W) = ;wum—mﬁ

—lvl
{|az zc|® + |bz — yc*}

2[K(U W) = V(O)l(lePlz* = (e,2)?) -
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Setting
V) k@) - VD

1
k= min(—iV"('r), -
we obtain
K({UW) >k ([ay — b:z:]2 + |az — xc|2 + |bz — yc|2 + |c|2|z|2 —{c, z)2) =k.

Similarly,

r=V!(r)

: 2K (U, W) =V (r)]) -

1
KU V)<K := max(—EV"(r), -

Coming back to V (r) = c+r2—2mr~ (=3 we further assume that K (U, W) = ¢
and n > 4. One then finds

k=—1+4r"""Ymin{(n - 3)(n —2)m,—(n — 3)m,2m} ,
so that if m > 0 then
k=-1-mn-3)r "V K=—14+mm-3)(n-2r""Y. (D2
while for m < 0 one has
E=-14+m(n—-3)(n—-2r "V =_1—|m|(n-3)(n-2)r"""1 (D3

K = —1+|m|(n—3)r~ 1, (D.4)
A) If m > 0, we have k > —2(n — 1)/n if and only if

—(n—1) n— 2 D5
mr, S am=3) (D.5)
where 7 is the unique positive solution of
Vi) =0 < m ™ =1(cr2) (D.6)
+ + 9 +/ :
On the other hand, K < 0 will hold if and only if
mr, " Y < 1 . (D.7)
+ ~ (n—3)(n—2)

Since the right-hand-side of (D.5) is larger than that of (D.7) for n > 4, with
equality for n = 4, the former condition is less restrictive than the latter. For
further use we note that

mr;(n—l) _ T;er;(n—3) _ l (1 + %) . (D.8)
2 ry
a) For ¢ = 1 the left-hand-side of (D.5) is strictly larger than 1/2 for m > 0
by (D.8), while the right-hand-side is less than or equal to 1/2 when n > 4, and
our non-degeneracy criterion in terms of k£ does not apply. Similarly one finds
that some sectional curvatures are always positive at r = r.
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If we assume that the sectional curvatures of g are equal to ¢ = 1, and
that the manifold N"~2 carrying the metric § is compact, then (N"~2 §) is
clearly of positive Yamabe type, and one can likewise attempt to use point (b)
of Theorem 2.2 to prove non-degeneracy. Unfortunately, it turns out that the
sectional curvature inequality there is always violated at r.

b) If ¢ = 0 then r, = (2m)Y(™ D giving 1/2 = 1/2 for n = 4 in (D.5),
without restrictions on m. However, for n > 5 the right-hand-side of (D.5) is al-
ways smaller than one half. Similarly the inequality of point (b) of Theorem 2.2
always fails.

c) If ¢ = —1 then the map

[1,00) 3 74(m) «— m(ry) € [0,00)

is a bijection, and for all 0 < m < m from (D.5) we obtain non-degeneracy,
where my = oo if n = 4. For n > 5 the value of m, can be found by first
solving (D.5) in terms of r using (D.8),

T(m):\/ n(n - 3) :\/ n(n —3) .
LA n(n —3) — 2(n — 2) (n—1)(n—4)

Equation (D.6) can then be used to calculate m4 = m.(n):

00, n =4;
m4(n) = (n—2) nn-3) \*7 (D.9)
Y oy ((n71)(n74)) » M2
B) If m < 0, we have k > —2(n — 1)/n if and only if
P D.1
|m\7‘+ — TL(’TL— 3) ’ ( . 0)

while K < 0 is equivalent to

S 1 D.11
|m|lr—|— = (n _ 3) ’ ( - )

this last condition being less restrictive than (D.10).
The only case of interest is ¢ = —1, as V has no zeros otherwise. The map

n—3 1 . _
[Tmin = ma 1] > T+(m) A m(r+) € [i(r;inl - lrr?lins)70

is a bijection, and for all m_ < m < 0 from (D.11) we obtain negative sectional

curvatures, where
n—3
T (m_) = Tmin = n_1’ (D.12)

n—3

m_—m_(n) = —— (”_3>T. (D.13)

n—1\n—-1

Recall that ryi, given by (D.12) corresponds to the smallest value of 7 (m)
for which a regular solution exists. Equations (D.12)-(D.13) show that non-
degeneracy holds in the whole range of negative masses compatible with a
singularity-free metric. Summarising, we have proved:
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PROPOSITION D.2 Let V(r) = —1+72 — 2mr—("=3)  suppose that § is a metric
of constant sectional curvature equal to —1 on a compact manifold N"~2, then
for n > 4 and for’ m € (m_(n),m,(n)], as given by (D.13) and (D.9), the
metric (D.1) is non degenerate. In dimension four all singularity-free such
solutions are non-degenerate.
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