HOMEWORK 3, MAT 568, FALL 14

Due: Thursday, Dec 4.

1. Petersen, Chapter 6, # 15, p.185
2. Petersen, Chapter 9, # 5, p.291

3. Let M be a compact manifold, (for simplicity). A sequence of metrics
g; is said to collapse if

injg,(x) = 0, as i — oo,

for all x € M. The sequence is said to collapse with bounded curvature if it
collapses and there is a constant A < oo such that

‘R’gi (r) <A,

where |R|y, is the norm of the curvature tensor of g;; equivalently, all of the
sectional curvatures at all points in (M, g;) are uniformly bounded.
(a). Show that any compact manifold has a collapsing sequence of metrics.
(b). On N = S! x M, consider the family of metrics

g = £2d0* + gur,

where gjs is any fixed metric on M.

Prove that g. collapses with bounded curvature as € — 0.

(c). Replace S* in (b) above by S? or S*, for any k& > 1. Prove that then
ge collapses, but does not collapse with bounded curvature.

(d). Using (c) as a hint, prove that any manifold of the form N = S¥ x
M, k > 2 with M arbitrary, (compact), admits metrics of positive scalar
curvature.

4. As above, let M be a compact manifold. A sequence of metrics g; is
said to volume collapse if

vol(M, g;) — 0, as i — oo,

and to volume collapse with bounded curvature if the statement above holds
and the curvature of g; remains uniformly bounded, as in 3. above.
Assume the Gauss-Bonnet theorem for compact oriented surfaces (X, g):

/ KdA = 2rx(%).
Y

Prove that the only orientable surface which volume collapses with bounded
curvature, (i.e. admits a sequence of metrics which volume collapse with
bounded curvature), is the torus. (We assume also you know the classifica-
tion of surfaces).
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Your proof, if correct, will generalize to higher dimensions, using ana-
logues of Gauss-Bonnet in higher dimensions, (e.g. using curvature expres-
sions for characteristic classes of T'M). In particular, in any dimension if
a compact manifold M volume collapses with bounded curvature then the
Euler characteristic x(M) = 0.

In fact, its true that the only compact oriented surface which collapses
with bounded curvature is the torus. This is harder to prove.

Double Extra Credit if you can do this, or have some good ideas how to
do it!!



