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ABSTRACT. Unique continuation results are proved for metrics with prescribed Ricci curvature in
the setting of bounded metrics on compact manifolds with boundary, and in the setting of complete
conformally compact metrics on such manifolds. Related to this issue, an isometry extension
property is proved: continuous groups of isometries at conformal infinity extend into the bulk of
any complete conformally compact Einstein metric. Relations of this property with the invariance
of the Gauss-Codazzi constraint equations under deformations are also discussed.

1. INTRODUCTION.

In this paper, we study certain issues related to the boundary behavior of metrics with prescribed
Ricci curvature. Let M be a compact (n + 1)-dimensional manifold with compact non-empty
boundary 0M. We consider two possible classes of Riemannian metrics ¢ on M. First, g may
extend smoothly to a Riemannian metric on the closure M = M UGM, thus inducing a Riemannian
metric v = g|gpm on OM. Second, g may be a complete metric on M, so that OM is “at infinity”.
In this case, we assume that g is conformally compact, i.e. there exists a defining function p for
OM in M such that the conformally equivalent metric

(1.1) 7= p’g

extends at least C? to M. The defining function p is unique only up to multiplication by posi-
tive functions; hence only the conformal class [y] of the associated boundary metric v = glaas is
determined by (M, g).

The issue of boundary regularity of Riemannian metrics g with controlled Ricci curvature has
been addressed recently in several papers. Thus, [4] proves boundary regularity for bounded metrics
g on M with controlled Ricci curvature, assuming control on the boundary metric v and the
mean curvature of M in M. In [16], boundary regularity is proved for conformally compact
Einstein metrics with smooth conformal infinity; this was previously proved by different methods
in dimension 4 in [3], cf. also [5].

One purpose of this paper is to prove a unique continuation property at the boundary M for
bounded metrics or for conformally compact metrics. We first state a version of the result for
Einstein metrics on bounded domains.

Theorem 1.1. Let (M, g) be a C>® metric on a compact manifold with boundary M, with induced
metric 7y = glan, and let A be the 2°% fundamental form of OM in M. Suppose the Ricci curvature
Ricy satisfies

(1.2) Ricy = Ag,

where X\ is a fixed constant.
Then (M, g) is uniquely determined up to local isometry and inclusion, by the Cauchy data (v, A)
on an arbitrary open set U of OM.
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Thus, if (M1, g1) and (My, g2) are a pair of Einstein metrics as above, whose Cauchy data (v, A)
agree on an open set U common to both dM; and M, then after passing to suitable covering
spaces M;, either there exist isometric embeddings M, C My or My C M; or there exists an
Einstein metric (Ms,g3) and isometric embeddings (M;,g;) C (Ms,g3). Similar results hold for
metrics which satisfy other covariant equations involving the metric to 2" order, for example the
Einstein equations coupled to other fields; see Proposition 3.7.

For conformally compact metrics, the 2°9 fundamental form A of the compactified metric g in
(1.1) is umbilic, and completely determined by the defining function p. In fact, for conformally

compact Einstein metrics, the higher order Lie derivatives Eg\l,c) g at OM, where N is the unit vector
in the direction Vp, are determined by the conformal infinity [v] and p up to order k < n. Supposing
p is a geodesic defining function, so that ||Vp|| = 1, let

(1.3) In) = 1rWg.

n.

More precisely, g() is the n' term in the Fefferman-Graham expansion of the metric g; this is
given by (1.3) when n is odd, and in a similar way when n is even, cf. [18] and §4 below. The term
9(n) is the natural analogue of A for conformally compact Einstein metrics.

Theorem 1.2. Let g be a C? conformally compact Einstein metric on a compact manifold M with
C™® smooth conformal infinity [7y], normalized so that

(1.4) Ricy = —ng,

Then the Cauchy data (7, g(n)) restricted to any open set U of OM wuniquely determine (M,g) up
to local isometry and determine (-, g(n)) globally on OM.

The recent boundary regularity result of Chrusciel et al., [16], implies that (M, g) is C* poly-
homogeneous conformally compact, so that the hypotheses of Theorem 1.2 imply the term g(,) is
well-defined on M. A more general version of Theorem 1.2, without the smoothness assumption
on [v], is proved in §4, cf. Theorem 4.1. For conformally compact metrics coupled to other fields,
see Remark 4.5.

Of course neither Theorem 1.1 or 1.2 hold when just the boundary metric v on U C 0M is fixed.
For example, in the context of Theorem 1.2, by [20] and [16], given any C'* smooth boundary
metric v sufficiently close to the round metric on S™, there is a smooth (in the polyhomogeneous
sense) conformally compact Einstein metric on the (n + 1)-ball B"*!, close to the Poincaré metric.
Hence, the behavior of v in U is independent of its behavior on the complement of U in M.

Theorems 1.1 and 1.2 have been phrased in the context of “global” Einstein metrics, defined on
compact manifolds with compact boundary. However, the proofs are local, and these results hold
for metrics defined on an open manifold with boundary. From this perspective, the data (v, A) or
(v, g(n)) on U determine whether Einstein metric g has a global extension to an Einstein metric
on a compact manifold with boundary, (or conformally compact Einstein metric), and how smooth
that extension is at the global boundary.

A second purpose of the paper is to prove the following isometry extension result which is at
least conceptually closely related to Theorem 1.2. However, while Theorem 1.2 is valid locally, this
result depends crucially on global properties.

Theorem 1.3. Let g be a C? conformally compact Einstein metric on a compact manifold M with
C™® boundary metric (OM,~), and suppose

(1.5) m1(M,dM) = 0.

Then any connected group of isometries of (OM,~y) extends to an action by isometries on (M, g).
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The condition (1.5) is equivalent to the statement that 0M is connected and the inclusion map
t: OM — M induces a surjection 71 (M) — w1 (M) — 0.

Rather surprisingly, this result is closely related to the equations at conformal infinity induced by
the Gauss-Codazzi equations on hypersurfaces tending to M. It turns out that isometry extension
from the boundary at least into a thickening of the boundary is equivalent to the requirement that
the Gauss-Codazzi equations induced at OM are preserved under arbitrary deformations of the
boundary metric. This is discussed in detail in §5, see e.g. Proposition 5.4. We note that this result
does not hold for complete, asymptotically (locally) flat Einstein metrics, cf. Remark 5.8.

A simple consequence of Theorem 1.3 is the following uniqueness result:

Corollary 1.4. A C? conformally compact Einstein metric with conformal infinity given by the
class of the round metric g11 on the sphere S™ is necessarily isometric to the Poincaré metric on
the ball B"t1,

Results similar to Theorem 1.3 and Corollary 1.4 have previously been proved in a number of
different special cases by several authors, see for example [7], [9], [31], [33]; the proofs in all these
cases are very different from the proof given here.

It is well-known that unique continuation does not hold for large classes of elliptic systems of
PDE’s, even for general small perturbations of systems which are diagonal at leading order; see
for instance [23] and references therein for a discussion related to geometric PDEs. The proofs of
Theorems 1.1 and 1.2 rely on unique continuation results of Calderén [13], [14] and Mazzeo [27]
respectively, based on Carleman estimates. The main difficulty in reducing the proofs to these
results is the diffeomorphism covariance of the Einstein equations and, more importantly, that of
the “abstract” Cauchy data (y, A) or (v, 9(n)) at M. The unique continuation theorem of Mazzeo
requires a diagonal (i.e. uncoupled) Laplace-type system of equations, at leading (second) order.
The unique continuation result of Calderdén is more general, but again requires strong restrictions
on the structure of the leading order symbol of the operator. For emphasis and clarity, these issues
are discussed in more detail in §2. The proofs of Theorems 1.1, 1.2 and 1.3 are then given in §3, §4
and §5 respectively.

Very recently, while the writing on this paper was being completed, O. Biquard [12] has given a
different proof of Theorem 1.2, which avoids some of the gauge issues discussed above. However, his
method requires C*° smoothness of the boundary data, which limits the applicability of this result;
for instance the applications in [5] or [6] require finite or low differentiability of the boundary data.

We would like to thank Michael Taylor for interesting discussions on geodesic-harmonic coordi-
nates, Piotr Chrusciel and Erwann Delay for interesting discussions concerning Theorem 1.3, and
Olivier Biquard for informing us of his independent work on unique continuation.

2. LocAL COORDINATES AND CAUCHY DATA

In this section, we discuss in more detail the remarks in the Introduction on classes of local
coordinate systems, and their relation with Cauchy data on the boundary oM.
Thus, consider for example solutions to the system

(2.1) Ric, = 0,

defined near the boundary M of an (n + 1)-dimensional manifold M. Since the Ricci curvature
involves two derivatives of the metric, Cauchy data at M consist of the boundary metric v and
its first derivative, invariantly represented by the 2°d fundamental form A of OM in M. Thus,
we assume (v, A) are prescribed at M, (subject to the Gauss and Gauss-Codazzi equations),
and call (v, A) abstract Cauchy data. Observe that the abstract Cauchy data are invariant under
diffeomorphisms of M equal to the identity at OM.



The metric g determines the geodesic defining function
t(z) = disty(x,0M).

The function ¢ depends of course on g; however, given any other smooth metric ¢/, there is a
diffeomorphism F of a neighborhood of OM, equal to the identity on OM, such that ¢'(z) =
distp«g (x,0M) satisfies t' = t. As noted above, this normalization does not change the abstract
Cauchy data (v, A) and preserves the isometry class of the metric.

Let {y*}, 0 < a < n, be any local coordinates on a domain Q in M containing a domain U
in OM. We assume that {y'} for 1 < i < n form local coordinates for OM when y° = 0, so that
0/0y° is transverse to 9M. Throughout the paper, Greek indices o, 3 run from 0 to n, while Latin
indices 7, j run from 1 to n. If g,4 are the components of g in these coordinates, then the abstract
Cauchy problem associated to (2.1) in the local coordinates {y®} is the system

(2.2) (Ricg)ap =0, with gijlu = vij, 3(Lvig)ijlu = aij,

where +;; and a;; are given on U, (subject to the constraints of the Gauss and Gauss-Codazzi
equations). Here one immediately sees a problem, in that (2.2) on U C M involves only the
tangential part g;; of the metric (at 0 order), and not the full metric g, at U. The normal ggo
and mixed go; components of the metric are not prescribed at U. As seen below, these components
are gauge-dependent; they cannot be prescribed “abstractly”, independent of coordinates, as is the
case with v and A. In other words, if (2.1) is expressed in local coordinates {y®} as above, then a
well-defined Cauchy or unique continuation problem has the form

(2.3) (Ricg)ap =0, with gos = Yap: %Btgag = a3, on U C OM,

where (2 is an open set in (R**1)* with 0Q = U an open set in O(R**!)* = R". Formally, (2.3) is
a determined system, while (2.2) is underdetermined.

Let go and g; be two solutions to (2.1), with the same Cauchy data (v, A), and with geodesic
defining functions ¢y, ;. Changing the metric g; by a diffeomorphism if necessary, one may assume
that £p = t1. One may then write the metrics with respect to a Gaussian or geodesic boundary
coordinate system (t,7') as

(2.4) gk = dt* + (gk )1,

where (gi): is a curve of metrics on OM and k = 0,1. Here y; are coordinates on M which
are extended into M to be invariant under the flow of the vector field Vi. The metric (gg): is
the metric induced on S(t) and pulled back to 9M by the flow of Vi. One has (gx)o = v and
%%(gk)thzo = A. Since ggo = do in these coordinates, Vt = J;, and hence the local coordinates
are the same for both metrics, (or at least may be chosen to be the same). Thus, geodesic boundary
coordinates are natural from the point of view of the Cauchy or unique continuation problem, since
in such local coordinates the system (2.2), together with the prescription goo, = doa, iS equivalent
to the system (2.3). However, the Ricci curvature is not elliptic or diagonal to leading order in
these coordinates. The expression of the Ricci curvature in such coordinates does not satisfy the
hypotheses of Calderén’s theorem [14], and it appears to be difficult to establish unique continuation
of solutions in these coordinates by working directly on the equations on the metric (see, however,
[12] for another approach).

Next suppose that {z®} are boundary harmonic coordinates, defined as follows. For 1 < i < n,
let 2* be local harmonic coordinates on a domain U in (OM, ). Extend 4* into M to be harmonic
functions in (€, g), @ C M, with Dirichlet boundary data; thus

(2.5) Agz' =0, 7'y = i".
Let 2% be a harmonic function on © with 0 boundary data, so that
(2.6) Az’ =0, 2%y =0.
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Then the collection {z%}, 0 < a < n, form a local harmonic coordinate chart on a domain  C
(M, g). In such coordinates, one has

(27) (Ricg)aﬂ = _%guuauaugaﬂ + Qaﬂ(ga ag)a

where (g, 0g) depends only on g and its first derivatives. This is an elliptic operator, diagonal at
leading order, and satisfies the hypotheses of Calderén’s theorem. However, in general, the local
Cauchy problem (2.3) is not well-defined in these coordinates; if gy and g; are two solutions of
(2.1), each with corresponding local boundary harmonic coordinates, then the components (go)gq
and (g1)oq in general will differ at U C M. This is of course closely related to the fact that there
are many possible choices of harmonic functions z® satisfying (2.5) and (2.6), and to the fact that
the behavior of harmonic functions depends on global properties of (€2,¢). In any case, it is not
known how to set up a well-defined Cauchy problem in these coordinates for which one can apply
standard unique continuation results.

Consider then geodesic-harmonic coordinates “intermediate” between geodesic boundary and
boundary harmonic coordinates. Thus, let £ be the geodesic distance to M as above. Choose local
harmonic coordinates Z* on M as before and extend them into M to be harmonic on the level
sets S(t) of ¢, i.e. locally on S(t),

(2.8) Aypz' =0, 'l = 2'|ovq);

here the boundary value Z* is the extension of &% on U into M which is invariant under the flow ¢;
of Vt, and U(t) = ¢;(U) C S(t). The functions (¢,*) form a coordinate system in a neighborhood
Qin M with QNoM =U.

It is not difficult to prove that geodesic-harmonic coordinates preserve the Cauchy data, in the
sense that the data (2.2) in such coordinates imply the data (2.3). However, the Ricci curvature is
not an elliptic operator in the metric in these coordinates, nor is it diagonal at leading order; the
main reason is that the mean curvature of the level sets S(t) is not apriori controlled. So again, it
remains an open question whether unique continuation can be proved in these coordinates.

Having listed these attempts which appear to fail, a natural choice of coordinates which do
satisfy the necessary requirements are H-harmonic coordinates (7,z'), whose 7-level surfaces S,
are of prescribed mean curvature H and with z* harmonic on S,. These coordinates were introduced
by Andersson-Moncrief [8] to prove a well-posedness result for the Cauchy problem for the Einstein
equations in general relativity, and, as shown in [8], have a number of advantageous properties.
Thus, adapting some of the arguments of [8], we show in §3 that the Einstein equations (1.2)
are effectively elliptic in such coordinates, and such coordinates preserve the Cauchy data in the
sense above, (i.e. (2.2) implies (2.3)). It will then be shown that unique continuation holds in such
coordinates, via application of the Calder6n theorem.

3. PROOF OF THEOREM 1.1

Theorem 1.1 follows from a purely local result, which we formulate as follows. Let C be a domain
diffeomorphic to a cylinder I x B® ¢ R*! | with U = {0} x B", diffeomorphic to a ball in R". Let
U = 9,C be the horizontal boundary and dC = I x S™~! be the vertical boundary.

Let ¢ be a Riemannian metric on C which is C¥~5® up to the boundary of C in the given standard
coordinate system {y®} = {y°, '} with 4° = 0 on U and k > 2. Without loss of generality, we
assume that C is chosen sufficiently small so that g is close to the Euclidean metric § in the C*¥~1
topology. For simplicity, we shall rescale C' and the coordinates {y®} if necessary so that (C,g) is
C*=12 close to the standard cylinder ((I x B™(1), B"(1))) C (R**!,R?), I = [0,1].

We will prove the following local version of Theorem 1.1.

Theorem 3.1. Let gy, g1 be two C*~1% metrics as above on C, k > 4, satisfying
(3.1) Ricg, = Ags, =0,1
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for some fized constant A\. Suppose gy and g1 have the same abstract Cauchy data on U in the
sense of §2, so that yo = y1 and Ag = A;.

Then (C,go) is isometric to (C,g1), by an isometry equal to the identity on U. In particular,
Theorem 1.1 holds.

The proof of Theorem 3.1 will proceed in several steps, organized around several Lemmas. We
first work with a fixed metric g on C as above. Let N be the inward unit normal to U in C and
let A = VN be the corresponding second fundamental form, with mean curvature H = tryA on
U. By the initial assumptions above, A and H are close to 0 in C*~22; more precisely, one may
assume that

l|A]|gr-20 = O(e)

with ¢ positive but as small as needed, by a further rescaling of the coordinates (this will play an
important role at various places below). Note moreover that the rescaling process turns the Einstein
constant \ into e\. Abusing notation here, we denote y° = ¢ and without loss of generality assume
that the coordinates 3 are harmonic on U.

To begin, we construct certain systems of H-harmonic coordinates discussed at the end of §2.
Let ¢ : C — C be a diffeomorphism of the cylinder C, (in other words a change of coordinates), so
that y® = ¢®(2?), where 2 is another coordinate system for C. As above, we write z® = (7, z*)
and assume that ¢ is close to the identity map. The level surfaces S, = {7} x B"™ are mapped
under ¢ to a foliation X, of C, with each leaf given by the graph of the function ¢, over B™. We
assume ¢g = id, so that ¢ = id on U. Let f : 0C — 9C be the induced diffeomorphism on the
boundary 0C.

Lemma 3.2. Let k > 2. Given a C** mapping f on 0C as above, close to the identity in C*,
and a metric g close to the Euclidean metric § in C*~1 on C, there exists a unique ¢ € Diﬂ'k’a(C’)
such that, with respect to the pull-back metric ¢*(g),

(3.2) H?W(8,.) = H?"9)(S,), and Agi(g)mi —0,
with the property that ¢ sc = f. Thus, the leaves T = const have mean curvature independent of

T, in the x*-coordinates, and the coordinate functions x* are harmonic on each S;.

Proof: Let

H : Meth™"(C) x Ditlg*(C) — C*7*(C) x [] ¢*7*(C) x Ditig*(90)
1

H(g, F) = (H"0(S,) — H"0)(S), A% Dat, Fyo),

where Diﬁg’a(C) is the space of C* diffeomorphisms on the cylinder equal to the identity on
Co = {0} x B™. The map H is clearly a smooth map of Banach spaces, and its linearization at
(6,id) in the second variable is

L(U) = (A5U07 AJUi7U|(9C)a
where Ay is the Laplacian with respect to the flat metric § on S;. The operator L is clearly an

isomorphism, and by the implicit function theorem in Banach spaces, it follows that there is a
smooth map

®: U x V C Methi=19(C) x Diff*(90) — Diffb*(0),

@(g, f) = ¢°(f)

from a neigbourhood of the Euclidean metric and the identity map such that (¢7(f))sc = f, and
satisfying (3.2).
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Note moreover that ¢9(f) is C**-close to the identity if f is close to it on OC and g is C¥—be-
close to the Euclidean metric on C. This implies that the family {,} forms a C*¢ foliation of

C. [ |

The metric ¢ in the 2* = (1,2%) coordinates, i.e. ¢*g, may be written in lapse/shift form,
commonly used in general relativity, as
(3.3) g = u’dr? + gij(dz" + o'dr)(dz’ + o’ dr),

where u is the lapse and o is the shift in the z-coordinates and g;; is the induced metric on the
leaves S; = {7 = const}. A simple computation shows that lapse and shift are related to the metric
g=9% ﬂdyadyﬁ in the initial (y*) coordinates by the equations

(3-4) u? + o] = g5 (0-¢%) (0r6°),

(3.5) 9ij0) = g%5(8-4")(8:4"),

(3.6) 9i5 = 955(0:4%)(0;9°).

A computation using (3.5) shows that |o|? = gijggﬁgﬂu&qﬁa&qﬁ“aiqﬁﬂajqS”. LFrom. goj = gijqi and
goo = u? +|o|?, one may compute g*? and, expanding, this yields ¢°° = »v=2 and ¢* = —u%g%. The
unit normal N to the foliation Y; is given by

(3.7) N =u"Y8, — o),

so that, for instance, g(N,-) = udr (this will be useful later on).

It is now important to notice that the construction of H-harmonic coordinates in Lemma 3.2
can be done for any choice of boundary diffeomorphism f. We shall show that there is a (unique)
choice of f close to the identity with f = id on 9yC = {0} x S"~!, such that u is identically 1 and
the shift o vanishes on the vertical boundary 0C = I x S"~!.

Lemma 3.3. For any k > 3, there exists a C*© diffeomorphism f : 0C — OC such that the lapse
u and shift o of g in (3.3) satisfies

(3.8) u=1, and 0 =0, on OC.

Proof: Consider the operator

(3.9) £ : Met"1(C) x Diffg*(9C) — C*1(aC) x [[ ¢ 1(a0),
1

E(g, ) = (945(0:6%)(0:4°) — |o*(¢), 0" (¢)),
where ¢ = ¢9(f) is defined above in the proof of Lemma 3.2; recall that ¢|sc = f. More precisely,
E is defined in the neighborhoods ¢/ and V defined in Lemma 3.2 above. From (3.5), one has
o' = gwggﬁaTg/;aaquﬁ. Note that for the map f = id on 9C, and at the metric gg = J, one has
#9(id) = id and |€|2(id) = 0, so that Z(go,id) = (1,0,0). Thus,
(3.10) E(g,id) = (1 + O(e),0(¢))
where, as already discussed, ¢ is positive and may be taken as small as needed. We would like to

apply the implicit function theorem to assert that for any g € U, where U is sufficiently small, there
exists f = f(g) € V, such that

(3.11) E(g, f(g)) = (1,0).
If such f exists, then, for any g € U, the pair (g, f) defines a C** diffeomorphism ¢ : C — C and
the resulting metric ¢*g satisfies (3.8). Thus it suffices to solve (3.11).



There is however a loss of one derivative in the map = and its derivative in the second variable,
as is obvious by looking at its value at the metric gy = 9:

(3.12) (D2E)(go,id) (h) = (20,h°, 8, h" + O;R°).

Thus, we need to use the Nash-Moser inverse function theorem. We use this in the form given in
[34,86.3], and in particular [34, Thm.6.3.3, Cor. 1, Cor. 2]. Following Zehnder’s notation, (with s
in place of o), let X, = Met*=12(C), Y, = Diff*(8C), and Z, = C¥~12(8C) x [[F C*~12(80),
so that s is a linear function of k + a. Thus we write X, = Met*T17¢(C), for some arbitrary but
fixed € > 0 (recall we start at k > 2), Y = Diff5"?¢(0C) and Z; = [[} C**!17¢(3C). We check the
hypotheses of Zehnder’s theorem:

(H1) When s = 0, E is C? in f, with uniform bounds in Y. This is clearly true.

(H2) = is Lipschitz in Xy, also true.
(H3) E is of order s = oo, with growth § = 1. This follows from

IE(g, Ncr-2a < CE)(|Igllor-10 +[|fllcra)-

(H4) Existence of right inverse of loss v = 1. Let (D2E)(,, r) be the derivative of = with respect
to the 2nd variable f at (g, f). Then varying f in the direction v, f; = f + sv, it is easy to see
that the operator (D2E)y f) is a 1st order linear PDE in v, with all coefficients in Ck=Le Asin

(3.12), the boundary S"~! = {7 = 0} is non-characteristic. Hence, for any h € C*~1®, there exists
a unique C*~1:% smooth solution v to

DaE g, p)(v) =h

with initial value vy = 0 on S™~!. This gives the existence of an inverse operator Ly, 5y t0 D2Ey 1y,
with a loss of 1-derivative. One has L : Z; — Y;_1 with D3E(, ryoL = id. The remaining conditions
of (H4) are easily checked to hold. It follows then from [34, Cor. 2,p.241] that for any g close to go
in Xo4. there exists f € Y1, (depending continuously on g), which satisfies (3.11), (and similarly
for higher s).

This shows that, for any g € Met®®(C) close to go, with k > 3, there exists f € CH'(8C),
which solves (3.11). Pulling back as above gives, for any initial g € C*, a Ck=1e’ metric ¢*g in
H-harmonic coordinates and satisfying (3.8). [

For the remainder of the proof, we work in the fixed H-harmonic coordinate system satisfying
(3.8). Next, we derive the form of the Einstein equations for the metric g in (3.3). First, the 274
fundamental form A = %L N ¢gs, of the leaves S, has the form

(3.13) A= 5u" (Lo, gs — Logs),

where we have denoted by gg the restriction of g on S;. More precisely, and since we shall compute
on the (n + 1)-dimensional manifold with tensors living on the n-dimensional slices S,

gs = g(Ig-, ")

where IIg is the orthogonal projection operator on S;. Thus, gs = g;j(dz’ + o*dr)(dz? + 07dT), as
n (3.3). Clearly (3.13) is the same as

(3.14) ﬁaTgs =2uA+ Lsgs.
A straightforward computation from commuting derivatives gives the Riccati equation
(3.15) (LyA) = A2 — w~Y(D?u) — Ry,

where Ry = gs(R(-, N)N,)irsgrs and A? is the bilinear form associated through gg to the square
of the shape operator of S,. (The equation (3.15) may also be derived from the 2"¢ variation



formula). Using the fact that A is tangential, (i.e. A(N,-) = 0), this gives
(3.16) 0; A= —L,A— D*u+uA? — uRy.

Another straightforward calculation via the Gauss equations shows that Ry = Ricy — Ricg, +HA—
A?, which, via (3.14) and (3.16) gives the system of ’evolution’ equations for g;; and A = 4;; on
S

(317) arg = 2uA + ﬁa'gS,

(3.18) 0rA = L,;A — D%u +u (Ricg — Ricy +24% — HA).

(Up to sign differences, these are the well-known Einstein evolution equations in general relativity,
cf. [8, 32]). Substituting the expression of A given by (3.17) in (3.18) gives the 2"d-order evolution
equation for g:

(3.19)  (Lo.Lo, + LoLy — 2L, Ly)gs = udu(N)A — 2uD%u + 2u® (Rics — Ricy +24% — HA).

We now shift from these intrinsic equations to their expressions in coordinates. Any tangential
1-form on S; necessarily is of the form

a = oy(dz’ + o'dr),

thus it is enough to work with the (4, j) components only. Using (2.7), (along the slices S;), one
obtains

(3-20)  w’Asgij + (Lo, Lo, + LoLo —2La, Lo)gs);; = —2u”(Ricy)ij — 2u(D3u)ij + Qij(g, 89),

where ();; is a term involving at most the first order derivatives of g, in all % directions. Now,
(L5,95)ij = 0:Gijs (L09s)ij = 0" Okgij + grjOic"™ + gixdjo”,

so that, for Einstein metrics,

(3.21) (02 + u’A — 20" 040, + 0" 0" 03))gij = —2u(D?u)ij + Sij(g, Bg) + Qij(g, B9),

where @;; has the same general form as before and S;; contains tangential first and second deriva-
tives of o.

The 0i and 00 components of the Ricci curvature in the bulk are given by the ‘constraint’
equations along each leaf S;:

5(A — Hg) = — Ricy(N,-) =0,

3.22
(3.22) |A]> — H? + Rg. = R, — 2Ricy(N, N) = (n — 1)A.

Next, we derive the equations for the lapse u and shift o along the leaves S,.

Lemma 3.4. The lapse u and shift o satisfy the following equations:
(3.23) Au+ |APu + M= —uN(H) = —(8, — o)H.

(3.24) Ao' = —2u(D%s', A) — u(dz',dH) — 2(dz’, A(Vu) — sHdu).
Proof: The lapse equation is derived by taking the trace of (3.15), and noting that
trCyA = N(H) + 2|A].
For the shift equation, since the functions z* are harmonic on S, one has

A((2")) + (A)(z) = 0,
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where / denotes the Lie derivative with respect to uN and the Laplacian is taken with respect to
the induced metric on the slices S;. Moreover (z*)' = —o” (see above), and from standard formulas,
cf. [11, Ch. 1K] for example, one has

(A" (z%) = —2(D%z*, 6*uN) + 2(dz', B(6*uN)),

where all the terms on the right are along S, and S is the Bianchi operator, 8(k) = 6k + Sdtrk.
Thus, §*(uN) = uA, and the shift components o satisfy

Ac' = —2u(D?z", A) + 2u(dz",6A — LdH) + 2(dz’, A(Vu) — 3 Hdu).
The relation (3.24) then follows from the constraint equation (3.22). [ |

Summarizing the work above, the Einstein equations in local H-harmonic coordinates imply the
following system on the data (g;5,u,0):

(3.25) (02 +u?A — 207040, + 0% 0%)gij = —2u(D?u)ij + Sij(9ap: 09as) + Qij(Gas: O9as),
(3.26) Au + |Al*u + Mu = dHy (o).

(3.27) Ao’ = —2u(D*z', A) — ud;Ho — 2 (A5V7u — JHoV'u)
where Hj denotes the mean curvature of the {7 = 0}-slice U.

Remark 3.5. The system (3.25)-(3.27) is essentially an elliptic system in (g;;, u, ), given that H =
Hy is prescribed. Thus, assuming u ~ 1 and o ~ 0, the operator P = 02 + u?A — 20'0;0, + akala,%l
is elliptic on C and acts diagonally on {g;;}, as is the Laplace operator on the slices S, acting
on (u,o0). The system (3.25)-(3.27) is of course coupled, but the couplings are all of lower order,
i.e. 15 order, except for the term D?v in (3.25). However, this term can be controlled or estimated
by elliptic regularity applied to the lapse equation (3.26) (as discussed further below). Given the
above, it is not difficult to deduce that local H-harmonic coordinates have the optimal regularity
property, i.e. if g is in C™%(C) in some local coordinate system, then g is in C™%(C) in H-harmonic
coordinates. Since this will not actually be used here, we omit further details of the proof.

Next we show that the lapse and shift, and their 7-derivatives, are determined by the tangential
metric gs and its T-derivative.

Lemma 3.6. Suppose the metric g is close to the Euclidean metric in the C*® topology. Then
in local H-harmonic coordinates (T,z%) as defined above, the lapse-shift components (u,c') and
their derivatives (0,u,0;0%), are uniquely determined either by the tangential metric gij and ond
fundamental form A;; on each Sy, or by the tangential metric g;; and its time derivatives O,g;; on
each S;.

Proof: The system (3.26)-(3.27) is a coupled elliptic system in the pair (u,0) on S;, with
boundary values on 9S; given by

(3.28) u|357_ = 1, 0'|35_r =0.

In the z* coordinates, all the coefficients of (3.26)-(3.27) are bounded in C®. Since the metric g;; is
close to the flat metric in the C*“ topology, it is standard that there is then a unique solution to
the elliptic boundary value problem (3.26)-(3.27)-(3.28). The solution (u, o) is uniquely determined
by the coefficients (g;j, A;;) and the terms or coefficients containing derivatives of H and the z'.
But these are also determined by (g;;, A;;). Combining the facts above, it follows that (u,o) is
uniquely determined by (g;5, Aij)-

The second claim is obtained in the same manner: rewrite the equations by replacing all the
occurrences of A;; by its expression in (3.13). The equations are then non-linear equations in (u, o).
Considering them as a non-linear operator from C>® to C* depending also on the metric, a simple
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computation shows that the operator linearized at the Euclidean metric is invertible. Invertibility
of the non-linear operator then follows from the implicit function theorem.
Next we claim that 0;go, is also determined by (g;;, Aij) along S;. To see this, first note that

Lng = Lngs + ‘CN(g(N’ )) &® g(Na ) + g(Na ) ® ﬁN(g(Na ))a
where Lygs = 24, g(N,-) = udr and
Ly(9(N,))(8) = —g(N,[u"*(8; — 0,8)]) = u"'du(;), Ln(g(N,-))(N) = 0.

This shows that all components of Lyg are determined by (g;;, Aij), (since v and o are already so
determined). Now write Lxg(0;,0,) = N(goa) + loa- One has N(goa) = v '0;g0a — ™05 90a,
and the second term is again determined by (g;j, Aij). Calculating the term ly; above explicitly,
one easily finds that it also depends only on (g;5, A;;), so that

aTQOi = ¢ia

is determined by an explicit formula in g¢;;, A;j, u, o and their tangential derivatives, and so
implicitly by gij, Ai;. Working now in the same way shows that the same is true for 8;goo. This
completes the proof. [

Proof of Theorems 3.1 and 1.1. Suppose that g and g are two Einstein metrics on C with
identical (y,A) on 9yC = U. One may construct H-harmonic coordinates for each, and via a
diffeomorphism identifying these coordinates, assume that the resulting pair of metrics g and g
have fixed H-harmonic coordinates (7, ), and both metrics satisfy the system (3.25)-(3.27). Let

(3.29) h = hij = gij — 9i5-

One then takes the difference of both equations (3.25) and freezes the coefficients at g to obtain
a linear equation in h. Thus, for example, Agzg;; — Aggij = Ag(hsij) — (g% — ga”)aaabgij. The
second term here is of zero order, (rational), in the difference h, with coefficients depending on
two derivatives of g. Carrying out the same procedure on the remaining terms in (3.25) gives the
equation

(2 + uA — 20,0, + B2)hij = —2(@(D*0)i; — w(D*u)ij) + Qij(hap, Iuhap),

where we have denoted 9, = 0%, 02 = o*ol0y;, and Q is a term depending on two derivatives
of the background (g,g) and linear in its arguments, whose precise value may change from line to
line. Similarly, D% — D?u = D2v + (D? — D?)4, where v = & — u and the second term is of the
form @) above. Hence,

3.30 0% +u A — 20,0, + 8)hi; = —2u(D*0)i; + Qii(hag, Ophas),
J J j\ltaf; ultap

Note that since we have linearized, Q depends linearly on h,g and 0,,h.g, with nonlinear coefficients
depending on g and g.

Next we use the lapse and shift equations (3.26)-(3.27) to estimate the differences v = u — u
and x = & — 0. Thus, as before, Az — Agu = Agv + D2(@), where D? is a 2"d-order differential
operator on u with coefficients depending on the difference h, to first order. The remaining terms
in (3.26)-(3.27) can all be treated in the same way, using (3.13) to replace occurences of A;; by
derivatives in 7 and o. Taking the difference, it then follows from (3.26) and (3.27) that

{Av + |A2v + M = Q(hyj, O,hij)

3.31 ) ) . S )
( ) AXZ + 2’U<D2.’EZ, A) + ’Uaz'H() + 2(A; — %H(S;)gﬂ“(?ku = Qz(hkl, 8uhfkl)

where the terms @) are linear in the arguments and their coefficients depend on one derivatives of
g. Note also that the zeroth- and first-order terms in (v, x) aresmall if the metric is close to the
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Euclidean metric. Thus, the left-hand side operators are invertible with v = 0 and x = 0 on 95,
and elliptic regularity applied to the system (3.31) then gives

(3.32 loll 22 < O@ a)lAuslyez
and

(.39 Ixllze < OG o)lhiilyez

It follows from (3.30) and (3.32)-(3.33) that

(3.3 1Pz < s 08) sl

where P is given in Remark 3.5.

Now by applying Lemma 3.6 to (u,o) and (u,o) and taking the difference as above, it follows
that v and x, as well as 0;v and 0, are given by a linear expression in h;; and its first derivatives
(in every direction). Hence, (3.34) becomes

(3.35) 1P(hi)llz < C@G9)lIbilpe .

We are now in position to apply the Calderén unique continuation theorem [14]. Thus, the
operator P is elliptic and diagonal, and the Cauchy data for P vanish at U, i.e.

(3.36) h=0:h=0 at U.

We claim that P satisfies the hypotheses of the Calderon unique continuation theorem [14]. Fol-
lowing [14], decompose the symbol of P as

(3.37) Ag(1,2,€) = (u?g¥ & — 20%6'6,6)1,
Ai(r,3,8) = o™, 1,
where I is the N x N identity matrix, N = n(n + 1), equal to the cardinality of {ij}. Setting
|€]2 = 1, (3.37) becomes
Ao(r,2,€) = (u” + 2uoto' &),
Ay (1, z,€) = 207, 1.

Now form the matrix

(3.38) M= ( s )

The matrices A; and As are diagonal, and it is then easy to see that M is diagonalizable, i.e. has
a basis of eigenvectors over C. This implies that M satisfies the hypotheses of [14, Thm. 11(iii)],
cf. also [14, Thm. 4]. The bound (3.35) is substituted in the basic Carleman estimate of [14,
Thm. 6], cf. also [29, (6.1)], showing that h;; satisfies the unique continuation property. It follows
from (3.36) and the Calder6n unique continuation theorem that

hij = gij — 9i5 = 0,
in an open neighborhood 2 C C.
By Lemma 3.6 once again, this implies h,g = 0, i.e.

gaﬁ = Gap,
in , so that g is isometric to g in Q2. By construction, the isometry from g to g equals the identity
on U. This shows that the metric g is uniquely determined in €2, up to isometry, by the abstract
Cauchy data on U. Since Einstein metrics are real-analytic in the interior in harmonic coordinates,
a standard analytic continuation argument, (cf. [25] for instance), then implies that ¢ is unique up
to isometry everywhere in C. This completes the proof of Theorem 3.1.
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In the context of Theorem 1.1, the same analytic continuation argument shows that a pair of
Einstein metrics (M;,g;), @ = 0,1, whose Cauchy data agree on a common open set U of 9M;
are everywhere locally isometric, i.e. they become isometric in suitable covering spaces, modulo
restriction or extension of the domain, as discussed following Theorem 1.1. This then also completes
the proof of Theorem 1.1. [ |

As an illustration, suppose (Mi,g1) and (Ma,g2) are a pair of Einstein metrics on compact
manifolds-with-boundary and the Cauchy data for g, and g5 agree on an open set U of the boundary.
Suppose M; are connected and the topological condition (1.5) holds for each M;. Then, modulo
isometry, either M1 C My, Ms C Mi, or M; are subdomains in a larger Einstein manifold M3 =
My U Ms.

We conclude this section with a discussion of generalizations of Theorem 1.1. First, one might
consider the unique continuation problem for

(3.39) Ric, = T,

where T is a fixed symmetric bilinear form on M, at least C* up to M. However, this problem
is not natural, in that is not covariant under changes by diffeomorphism. For metrics alone, the
Einstein equation (1.2) is the only equation covariant under diffeomorphisms which involves at
most the 274 derivatives of the metric. Nevertheless, the proof of Theorem 1.1 shows that if § and
g are two solutions of (3.39) which have common H-harmonic coordinates near (a portion of) M
on which (v, A) = (3, A), then § is isometric to g near (a portion of) dM.

Instead, it is more natural to consider the Einstein equation coupled (covariantly) to other fields
x besides the metric; such equations arise naturally in many areas of physics. For example,
may be a function on M, i.e. a scalar field, or x may be a connection 1-form (gauge field) on a
bundle over M. We assume that the field(s) x arise via a diffeomorphism-invariant Lagrangian
L = L(g,x), depending on x and its first derivatives in local coordinates, and that x satisfies field
equations, i.e. Euler-Lagrange equations, coupled to the metric. For example, for a free massive
scalar field, the equation is the eigenfunction equation

(3.40) Agx = px;
while for a connection 1-form, the equations are the Yang-Mills equations, (or Maxwell equations
when the bundle is a U(1) bundle):

(3.41) dF =d*'F =0,
where F' is the curvature of the connection y. Associated to such fields is the stress-energy tensor

T =T,,; this is a symmetric bilinear form obtained by varying the Lagrangian for x with respect

to the metric, cf. [22] for example. For the free massive scalar field x above, one has

T = dx - dx — 5(ldx|* + ux*)g,
while for a connection 1-form
T=F.F-}|Fg,
where (F - F)g = FocFpag®®.
When the part of the Lagrangian involving the metric to 2°¢ order only contains the scalar
curvature, i.e. the Einstein-Hilbert action, the resulting coupled Euler-Lagrange equations for the
system (g, x) are

R
(3.42) Ricg —59= T, E4(x) =0.
By taking the trace, this can be rewritten as

(3.43) Ric, =T =T —

1
1t’r9T7 Eg(X) =0.
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Here we assume Ey(x) is a 274 order elliptic system for x, with coefficients depending on g, as
in (3.40) or (3.41), (the latter viewed as an equation for the connection). In case the field(s) x
have an internal symmetry group, as in the case of gauge fields, this will require a particular choice
of gauge for x in which the Euler-Lagrange equations become an elliptic system in y. It is also
assumed that solutions x of E,(x) = 0 satisfy the unique continuation property; for instance E,
satisfies the hypotheses of the Calderén theorem [14]. Theorem 1.1 now easily extends to cover
(3.42) or (3.43).

Proposition 3.7. Let M be a compact manifold with boundary OM. Then C3% solutions (g,x)
of (3.42) on M are uniquely determined, up to local isometry and inclusion, by the Cauchy data
(v,A) of g and the Cauchy data (x,0:x) on an open set U C OM.

Proof: The proof is the same as the proof of Theorem 1.1. Briefly, via a suitable diffeomorphism
equal to the identity on M, one brings a pair of solutions of (3.42) with common Cauchy data into
a fixed system of H-harmonic coordinates for each metric. As before, one then applies Calderén
uniqueness to the resulting system (3.42) in the difference of the metrics and fields. Further details
are left to the reader. ]

4. PROOF OF THEOREM 1.2.

Let g be a conformally compact metric on a compact (n + 1)-manifold M with boundary which
has a C? geodesic compactification

(4.1) g="tg,
where t(z) = distz(x,0M). By the Gauss Lemma, one has the splitting
(4.2) g=dt’ +g,

near OM, where g, is a curve of metrics on M with gy = v the boundary metric. The curve g,
is obtained by taking the induced metric the level sets S(¢) of ¢, and pulling back by the flow of
N = Vt. Note that if r = —logt, then g = dr? +t~2g;, so the integral curves of Vr with respect to
g are also geodesics. Each choice of boundary metric y € [y] determines a unique geodesic defining
function t¢.

Now suppose g is Einstein, so that (1.4) holds and suppose for the moment that g is C? confor-
mally compact with C* smooth boundary metric 7. Then the boundary regularity result of [16]
implies that g is C'*° smooth when 7 is odd, and is C'*°® polyhomogeneous when n is even. Hence,
the curve g; has a Taylor-type series in ¢, called the Fefferman-Graham expansion [18]. The exact
form of the expansion depends on whether n is odd or even. If n is odd, one has a power series
expansion

(4.3) gt~ go) + 12902 + -+ gy H gy
while if n is even, the series is polyhomogeneous,
(4.4) gt~ go) +t°g@) + -+t gy + " logt H A+ .

In both cases, this expansion is even in powers of ¢, up to t". It is important to observe that the
coefficients g(ar), & < [n/2], as well as the coefficient  when 7 is even, are explicitly determined
by the boundary metric 7 = g(o) and the Einstein condition (1.4), cf. [18], [20]. For n even, the
series (4.4) has terms of the form #"*(logt)™.

For any n, the divergence and trace (with respect to 90) = 7v) of 9(n) are determined by the
boundary metric ; in fact there is a symmetric bilinear form r(,) and scalar function a(,), both
depending only on v and its derivatives up to order n, such that

(4.5) Oy(gn) +7m)) =0, and try(gm) +T(n)) = an)-
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For n odd, r¢,) = a() = 0. (The divergence-free tensor 9(n) + T(n) 18 closely related to the stress-
energy of a conformal field theory on (0M, ), cf. [17]). The relations (4.5) will be discussed further
in §5.

However, beyond the relations (4.5), the term g, is not determined by gg); it depends on the
“global” structure of the metric g. The higher order coeflicients g() of t* and coefficients h(km) of
t"*tk(logt)™, are then determined by 9g(0) and g() via the Einstein equations. The equations (4.5)
are constraint equations, and arise from the Gauss-Codazzi and Gauss and Riccati equations on
the level sets S(t) = {z : t(z) =t} in the limit ¢ — 0; this is also discussed further in §5.

In analogy to the situation in §3, the term g(,) corresponds to the 27d fundamental form A of
the boundary, in that, modulo the constraints (4.5), it is freely specifiable as Cauchy data, and is
the only such term depending on normal derivatives of the boundary metric.

Suppose now gg and g; are two solutions of
(4.6) Ricy +ng = 0,

with the same C'* conformal infinity [y]. Then there exist geodesic defining functions ¢; such that
Gr = (tx)%gr, have a common boundary metric v € [y], and both metrics are defined for 5, < ¢, for
some € > 0.

The hypotheses of Theorem 1.2, together with the discussion above concerning (4.3) and (4.4),
then imply that

(4.7) lg1 — go| = o(e™"") = o(t"),
where the norm is taken with respect to g1, (or go).

Given this background, we prove the following more general version of Theorem 1.2, analogous to
Theorem 3.1. Let 2 be a domain diffeomorphic to I x B™, where B™ is a ball in R” with boundary
U = 09 diffeomorphic to a ball in R* ~ {0} x R".

Theorem 4.1. Let gy and g1 be a pair of conformally compact FEinstein metrics on a domain € as
above. Suppose go and g1 have C>® geodesic compactifications, and (4.7) holds in Q.

Then (2, go) is isometric to (2, g1), by an isometry equal to the identity on 0. Hence, if (Mg, go)
and (M1, g1) are conformally compact Einstein metrics on compact manifolds with boundary, and
(4.7) holds on some open domain Q in My and My, then the manifolds My and My are diffeomorphic
in some covering space of each and the lifted metrics g9 and g1 are isometric.

The proof of Theorem 4.1 is very similar to that of Theorem 3.1. For clarity, we first prove the
result in case the metrics g;, ¢ = 0,1, have a common C'®° boundary metric v and then show how
the proof can be extended to cover the more general case of metrics with less regularity.

By applying a diffeomorphism if necessary, one may assume that the metrics g; have a common
geodesic defining function ¢ defined near 92 and common geodesic boundary coordinates. By
[16], the geodesically compactified metrics g; = t?g; are C*™ polyhomogeneous and extend C'™
polyhomogeneously to 9. It follows from the discussion of the Fefferman-Graham expansion
following (4.5) that gy and g1 agree to infinite order at OU, i.e.

(4.8) k=g —go=0(t"),

for any v < o0. Of course koo = 0.

For the rest of the proof, we work in the setting of the compactified metrics g;. As in the proof of
Theorem 3.1, we assume that the domain €2, now denoted C, is sufficiently small so that (C,g;) is
close to the flat metric on the standard cylinder C = I x B", with A =0 on U = 9,C. (Note that
gy = 0 in (4.3)-(4.4)). In particular, near 6oC, H = O(t). One may construct a foliation S, with
Hg_ = 0, together with corresponding H-harmonic coordinates (7, "), exactly as in Lemmas 3.2
and 3.3, and satisfying the boundary conditions (3.8). All of the analysis carried out in §3 carries
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over to this situation with only a single difference. Namely, for the term Ric, in (3.19) or (3.20),
one now no longer has Ricy, = Ag, but instead the Ricci curvature Ric of the compactified metric

g. Using the facts that Ric, = —ng and the compactification g is geodesic, standard formulas for
the behavior of Ricci curvature under conformal change give
(4.9) Ric = —(n — 1)t~ ' D%t — t 7' Atg.

One has D*t = Ly;g = O(t). If (t,4") are geodesic boundary coordinates, then 0, = > (1 —
€(7))0yi + e(7)Vt, where e(1) = O(r). Similarly, 7/t = 1 + ¢(7). (The specific form of e(7) of
course differs in each occurence above, but this is insignificant). Since D?¢ vanishes on V¢, it follows
from (4.9) that in the z* coordinates on S,

(4.10) Ricij = —(n — 1)(1 — €)%t (Lv+g)ij — (1 — €)*t 1 (At)gi; + et (At) g5,

where g;; depends only on go, to zero-order. Next (Lv:g) = (1 —€)0,g + €(7)0pe g and similarly
for the Laplace term in (4.10). Substituting (4.10) in (3.20), it follows that the analogue of (3.21)
in this context is the ’evolution equation’

(4.11) 72(02 + v A — 20,0 + 82)gij = —27°u(D?u)i; + Sij(9,709) + Qij(g,709),

where S;; and @);; have the same meaning as before. Here and below, we drop the bar from the
notation.
The lapse u and shift o satisfy essentially the same equations as before, namely

(4.12) Au + |APu — (7 At)u = 0,

(4.13) Ac® = —2u(D*z", A) — 2(dz’, A(Vu)).

Comparing with (3.23)-(3.24), one has here H = 0, with the \ term in replaced by —t 'At. Lemma
3.6 holds as before, since 1At is smooth up to 9,C.

One now proceeds just as in the proof of Theorem 3.1, taking the difference of the equation
(4.11) to obtain a linear equation on h = g — g; (recall that the bars have been removed from the
notation). Note that by (4.8), together with elliptic regularity applied to (4.12)-(4.13), as in the
proof of Lemma 3.6, one has

(4.14) ap = O(1"),

for all v < co. The estimates (3.32)-(3.34) and (3.35) hold as before.
Let P(hij) = 72(8? +u?A — 20,0, + 02). Then P is a fully degenerate 2" order elliptic operator,
with smooth coeflicients, and one has

1P (hij)llzz < Cllhijll 1z,

where the 15¢ order derivatives on the right are of the form 70. Further, by (4.14), h vanishes to
infinite order at JyC. It then follows from a unique continuation theorem of Mazzeo, [27, Thm. 14],
that
hij =0

in Q C C. The vanishing of h = h,g in C' then follows as before in the proof of Theorem 3.1.

Next suppose go and g; have only a C*® geodesic compactification with a common boundary
metric y, but that (4.7) holds. All of the arguments above remain valid, except the infinite order
vanishing property (4.8), and the corresponding (4.14), which are replaced by the statements k =
o(t") and h = o(t") respectively. The unique continuation result in [27] per se, requires the infinite
order decay (4.14). Thus, it suffices to show that (4.14) does in fact hold.

To do this, we first show that & = O(t”) weakly, for all v < oco. This will imply A = O(t") weakly,
and the strong or pointwise decay (4.14) then follows from elliptic regularity.
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In geodesic boundary coordinates, the geodesic compactification of a conformally compact Ein-
stein metric satisfies the equation

(4.15) tj — (n—1)§ —2Hg" — 2t Ricgy) +tHg — £(§)* = 0,

where ¢ is the Lie derivative of g with respect to Vi, cf. [18] or [21]. Thus ¢ = 24, where A is the
204 fundamental form of the level set S(¢) of ¢, (with respect to the inward normal). Also H = trA,
T denotes restriction or projection onto S(t) and Ricg is the intrinsic Ricci curvature of S(t).
(The equation (4.15) may be derived from (3.18) by setting u = 1 and o = 0). We recall, as above,
that the bar has been removed from the notation.

As above, the metrics gg and g; are assumed to have a fixed geodesic defining function ¢ with
common boundary metric v and common geodesic boundary coordinates. Taking the difference of
the equation (4.15) evaluated on g; and gg gives the following equation for k = g1 — go as in (4.8):

(4.16) th— (n — )k = tr(k)gj + 2t(Ricg,) — Ricg,)) + O)k + O()k,

where O(*) denotes terms of order #* with coefficients depending smoothly on gy. One has Ric s@) =
D2(g;;) is a 274 order operator on g;;, so that (4.16) gives
(4.17) th — (n — 1)k = tr(k)gd + 2tD2(k) + O(t)k + O(t*)k,

The (positive) indicial root of the trace-free part of (4.16) or (4.17) is n, in that the formal power
series solution of (4.17) has undetermined coefficient at order t", as in the Fefferman-Graham
expansion (4.3)-(4.4). The hypothesis (4.7) implies that

(4.18) k= o(t"),
so that this n*® order coefficient vanishes. However, taking the trace of (4.17) gives
ttrk — (2n — 1)trk = tr(O(t)k + O(t2k)) + 2t tr(D2(k)),

which has indicial root 2n. To see that t¢rk is in fact formally determined at order 2n, one uses the
trace of the Riccati equation (3.15), (with u = 1 and o = 0), which gives

(4.19) H + |A)? = —Ric(T, T).
Via (4.9), this is easily seen to be equivalent to
tH — H = —t|A[%.
This holds for each compactified metric g; and gg, and so taking the difference, and computing as
in (4.16)-(4.17) gives the equation
2L k) — L k) = 00k + 02

az\" @ T '

The positive indicial root of (4.20) is 2, and by (4.7), the O(#2) component of the formal expansion
of trk vanishes. Similarly, the trace-free part kg of k satisfies the equation
(4.21) tho — (n — 1)k = 26(D2(k))o + [0kl + [O(E)ls,

with indicial root n. As in [18], by repeated differentiation of (4.20) and (4.21) it follows from (4.7)
that the formal expansion of k vanishes.
Next we show that (4.8) holds weakly.

(4.20)

Lemma 4.2. Suppose k = o(t") weakly, in that, with respect to the compactified metric (S(t),g),
(g = g());

(4.22) /S M) = ol ast =0
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where ¢ is any symmetric bilinear form, C* smooth up to U = 0yC and vanishing to infinite order
on 0C. Then

(4.23) k =o(t"), weakly,
for any v < oo, i.e. (4.22) holds, with v in place of n.

Proof: Here smoothness is measured with respect to the given geodesic coordinates (t,z")
covering C. The proof proceeds by induction, starting at the initial level n. As above, the trace-
free and pure trace cases are treated separately, and so we assume in the following first that ¢ is
trace-free. Pair k with ¢ and integrate (4.17) over the level sets S(t) to obtain

. . : |
(4.24) ¢ /S RCURCES) /S RCURS /S P+ /S Ok + / (O@)k, §)

5()
Here P»(¢) is obtained by integrating the D2 term on the right in (4.17) by parts over S(t). Thus
P»(¢), and more generally, P;(¢) denote differential operators of order k on ¢ with coefficients
depending on ¢ and ¢; and their derivatives up to order 2 and so at least continuous up to 0.
We use these expressions generically, so their exact form may change from line-to-line below. Note
also there are no boundary terms at 9S(t) arising from the integration by parts, by the vanishing
hypothesis on 9C.
For the terms on the right in (4.24) one then has

Ok, ¢) = t / (k, Po(9)),

5(t) 5(t)

while, since A = O(t) and H = O(t),
. ) d
| o@ka =2 [ R =g [ EmR@) - [ EPi@),
S() () S(t) )
Similarly, for the terms on the left in (4.24), one has

. d
[0 =g [ o=t [ P,
while

. d? d
[0 =ga [ o —2g [ wr@ns [ wnene[ @ nw)

Now let

f=1(t) = /S 9

Then the computations above give

(4.25) t—(n-1)f =t / (k, Po(d)) + (1 + £2) / (k, PL(4))
S(t) S(t)
a 2 a
i o PO+ [k Pi6)).

First observe that
(4.26) / ()=o) = / BB = ot

for all C* forms ¢ vanishing to infinite order at dC. For if the left side of (4.26) holds, then
/. St (k,0%¢) = o(t"), since the hypotheses on ¢ are closed under differentiation. The coefficients

of P, are at least continuous, and it is elementary to verify that if fs(t) (k,0%¢) = o(t"), then
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J S(t) (k, 0% p) = o(t"), for any function ¢ continuous on C. Note that the same result holds with

p in place of n, for any p < oc.
It follows from (4.26) and the initial hypothesis (4.22) that the first two terms on the right in

4.25) are o(t") as t — 0. Since tf. —(n-1 f =nd n’il , this gives
at\t

d, f . . d . d
gl =o0 g [ @y g [ R

Integrating from 0 to ¢ implies

tn% = o(t) +t "+ /

S(t)

t
(K, P(9)) +n /0 £ /S SR Fa=o) + e,

where c; is a constant. A further integration using (4.26) again gives
(4.27) f=o(t") + &t + ¢y,
where ¢} = 2. Once more by (4.22), this implies that

f=o(t").

Note the special role played by the indicial root n here; if instead one had only £ = O(¢"), then
the argument above does not give k = O(t"*!) weakly.

This first estimate holds in fact for any given trace-free ¢ which is C? on C, and vanishing to
first order on 9C. Working in the same way with the trace equation (4.20) shows that the same
result holds for pure trace terms. In particular, it follows that

(4.28) k= o(t"!) weakly.

One now just repeats this argument inductively, with the improved estimate (4.28) in place of
(4.22), using (4.26) inductively. Note that each inductive step requires higher differentiability of
the test function ¢ and its higher order vanishing at 9C'. [ |

Lemma 4.2 proves that k = ko3 = O(t”) weakly, for any v < oco. As discussed in §3, the
transition from geodesic boundary coordinates to H-harmonic coordinates is C*® and hence

(4.29) h = hap = O(t"),

weakly, with the level sets S(t) replaced by S;. Next, as in Remark 3.5 and the proof of Theorem
3.1, the equations (4.11)-(4.13) satisfy elliptic estimates, and elliptic regularity in weighted Holder
spaces, cf. [26], [20], shows that the weak decay (4.29) implies strong or pointwise decay, i.e. (4.14)
holds. The proof of Theorem 4.1 and thus Theorem 1.2 is now completed as before in the C*
smooth case. ]

Remark 4.3. In [3, Thm. 3.2], a proof of unique continuation of conformally compact Einstein
metrics was given in dimension 4, using the fact that the compactified metric g in (1.1) satisfies
the Bach equation, together with the Calderén uniqueness theorem. However, the proof in [3] used
harmonic coordinates; as discussed in §2, such coordinates do not preserve the Cauchy data. The
first author is grateful to Robin Graham for pointing this out. Theorem 1.2 thus corrects this error,
and generalizes the result to any dimension.

For the work to follow in §5, we note that Theorem 4.1 also holds for linearizations of the Einstein
equations, i.e. forms k satisfying

d .
(4.30) a(Rlchk +n(g + tk))|t=0 = 0.



20

Thus, if k satisfies (4.30) and the analog of (4.7), i.e. |k| = o(t"), then k is pure gauge in €2, in that

k = 0*Z, where Z is a vector field on Q with Z = 0 on 0€2. The proof of this is exactly the same as

the proof of Theorem 4.1, replacing the finite difference £ = g; — go by an infinitesimal difference.
This has the following consequence:

Corollary 4.4. Let (M,g) be a conformally compact Einstein manifold with metric g having a
C3% geodesic compactification. Suppose the topological condition (1.5) holds, i.e. m (M,0M) = 0.
If k is an infinitesimal Einstein deformation on M as in (4.30), in divergence-free gauge, i.e.

(4.31) 0k =0,
with k = o(t"™) on approach to OM, then
k=0 on M.

Proof: The topological condition (1.5), together with the same analytic continuation argument
at the end of the proof of Theorem 3.1, implies that & is pure gauge globally on M, in that k£ = §*Z
on M with Z =0 on OM. (Recall that (1.5) implies that OM is connected). From (4.31), one then
has

36" Z =0,
on M. Pairing this with Z and integrating over B(t), it follows that

/ 6% Z|* = §*Z(Z,N),
B(t) S(t)

where N is the unit outward normal. Since |Z|, is bounded and |0*Z|vol(S(t)) = o(1), (since
|k| = o(t™)), it follows that
/ 6*Z|* = 0,
M

which gives the result. [ ]

Of course, analogs of these results also hold for bounded domains, via the proof of Theorem 3.1;
the verification is left to the reader.

Remark 4.5. The analogue of Proposition 3.7 most likely also holds in the setting of conformally
compact metrics, for fields 7 whose Euler-Lagrange equation is a diagonal system of Laplace-type
operators to leading order, as in (3.40) or (3.41). The proof of this is basically the same as that of
Proposition 3.7, using the proof of Theorem 1.2 and with the Mazzeo unique continuation result in
place of that of Calderén. However, we will not carry out the details of the proof here.

5. ISOMETRY EXTENSION AND THE CONSTRAINT EQUATIONS.

In this section, we prove Theorem 1.3 that continuous groups of isometries at the boundary
extend to isometries in the interior of complete conformally compact Einstein metrics and relate
this issue in general to the constraint equations induced by the Gauss-Codazzi equations.

We begin with the following elementary consequence of Theorem 4.1.

Proposition 5.1. Let (2, g9) be a C™ polyhomogeneous conformally compact Einstein metric on a
domain Q ~ B"*! with boundary metric v on 0 ~ B"™. Suppose X is a Killing field on (09,)
and

(5.1) Lxgm) =0,

where () is the n'™ term in the Fefferman- Graham ezpansion (4.3) or (4.4).
Then X extends to a Killing field on (,g).
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Proof: Extend X to a smooth vector field on €2 by requiring [X, N] = 0, where N = Vlogt and
t is the geodesic defining function determined by ¢ and . Let ¢, be the corresponding 1-parameter
group of diffeomorphisms and set gs = ¢;g. Then ¢ is the geodesic defining function for g, for
any s, and the pair (g, gs) satisfy the hypotheses of Theorem 4.1. Theorem 4.1 then implies that
gs is isometric to g, i.e. there exist diffeomorphisms 1, of €2, equal to the identity on 92, such
that ¥i¢ig = g. Thus ¢ o 15 is a 1-parameter group of isometries of g defined in 2, with Y the
corresponding Killing field. (In fact, Y = X, since any Killing field Y tangent to 02 preserves the
geodesics tangent to N, and so [Y, N] = 0. This determines Y uniquely in terms of its value at 9€2.
Since X satisfies the same equation with the same initial value, this gives the claim).

|

We point out that the the same result, and proof, also hold in the case of Einstein metrics on
bounded domains, via Theorem 3.1; the condition (5.1) is of course replaced by LxA = 0. For
some examples and discussion in the bounded domain case, see [1], [2].

Suppose now that (M, g) is a (global) conformally compact Einstein metric and there is a domain
Q) as in Proposition 5.1 contained in M on which (5.1) holds. Then by analytic continuation as
discussed at the end of the proof of Theorem 3.1, X extends to a local Killing field on all of M,
i.e. X extends to a Killing field on the universal cover M. In particular, if the condition (1.5) holds,
ie. m(M,0M) = 0, then X extends to a global Killing field on M. Again, the same result holds
in the context of bounded domains.

Remark 5.2. A natural analogue of Proposition 5.1 holds for conformal Killing fields on (052, 7),
i.e. vector fields which preserve the conformal class [y] at conformal infinity. Such vector fields
satisfy the conformal Killing equation

(5.2) Lxy=Lxy-

t
T(EXW),Y —o.
n

Namely, since we are working locally, it is well-known - and easy to prove - that any non-vanishing
conformal Killing field is Killing with respect to a conformally related metric ¥ = A%, so that

Lx7 =0.

Hence, if Lxg(,) = 0, then Proposition 5.1 implies that X extends to a Killing field on €.

One may express ¢(,) in terms of A and the lower order terms g(;), ¥ < n in the Fefferman-
Graham expansion (4.3)-(4.4); however, the expressions become very complicated for n even and
large, cf. [17]. Thus, while the equation (5.2) is conformally invariant, the corresponding conformally
invariant equation for g(,) will be complicated in general.

Next we consider the constraint equations (4.5) in detail, i.e.
(5.3) 0Ty =0 and tr7(n) = a(n),

where 7(,) = g(n) + T'(n); T(n) and a(,) are explicitly determined by the boundary metric v = g
and its derivatives up to order n. Both vanish when 7 is odd.

As will be seen below, the most important issue is the divergence constraint in (5.3), which
arises from the Gauss-Codazzi equations. To see this, in the setting of §4, on S(¢) C (M,g), the
Gauss-Codazzi equations are

(5.4) 0(A— Hg) = —Ric(N, ),

as 1-forms on S(t); here N = —t0; is the unit outward normal. The same equation holds on
a geodesic compactification (M, g). If g is Einstein, then Ric(N,:) = Ric(N,-) = 0; the latter
equality follows from (4.9). The equation (5.4) holds for all ¢ small, and differentiating (n — 1)
times with respect to ¢ gives rise to the divergence constraint in (5.3).
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The Gauss-Codazzi equations are not used in the derivation and properties of the Fefferman-
Graham expansion (4.3)-(4.4) per se. The derivation of these equations involves only the tangential
(ij) part of the Ricci curvature. The asymptotic behavior of the normal (00) part of the Ricci
curvature gives rise to the trace constraint in (5.3), cf. (4.19)-(4.20).

Let 7 be the space of pairs (g, 7(n)) satisfying (5.3). If T(On) is any fixed solution of (5.3), then

any other solution with the same g is of the form 7, = 7'(0”) + 7, where 7 is transverse-traceless

with respect to ge). (Of course if n is odd, one may take T(()n) = 0). The space T is naturally

projects onto Met(0M) with fiber at -y an affine space of symmetric tensors and is a subset of the
product Met(0M) x S2(OM) ~ T(Met(OM)). Let

(5.5) 7T — Met(OM)

be the projection onto the base space Met(0M), (the first factor projection).

By the discussion in §4, (g(g), 7(n)) € 7 if and only if the corresponding pair (gg), g(n)) determine
a formal polyhomogenous solution to the Einstein equations near conformal infinity, i.e. formal
series solutions containing log terms, as in (4.3)-(4.4). In fact, if gy and g(,) are real-analytic on
OM, a result of Kichenassamy [24] implies that the series (4.3) or (4.4) converges, and gives an
Einstein metric g, defined in a neighborhood of M. The metric g is complete near M and has
a conformal compactification inducing the given data (g(o), g(n)) on OM. Here we recall from the
discussion in §4 that all coefficients of the expansion (4.3) or (4.4) are determined by g(o) and gy,

In this regard, consider the following:

Problem. Is m : 7 — Met(OM) an open map? Thus, given any (g(o,7(,)) € 7 and any
boundary metric g(g) sufficiently close to g(g), does there exist 7 close to 7(,) such that (g(o), T(n)) €
T.

Although 7 is obviously globally surjective, the problem above is whether = is locally surjective.
For example, a simple fold map = — z3 — x is not locally surjective near ++/3/3. Observe that the
trace condition in (5.3) imposes no constraint on g(; given any gq), it is easy to find g(,) such
that L2 (g(n) + r(n)) = a(y); this equation can readily be solved algebraically for many g.

By the inverse function theorem, it suffices, (and is probably also necessary), to examine the
problem above at the linearized level. However the linearization of the divergence condition in
(5.3) gives a non-trivial constraint on the variation h() of g). Namely, the linearization in this
case gives

where §' = %59(0)4.“}1(0), and similarly for (7(,))’.

Whether (5.6) is solvable for any k() € S2(OM) depends on the data 9g(0) and g(,). For example,
it is trivially solvable when () = 0. For compact dM, one has

(5.7 QYOM) = Imd @ Kers*,
where Q! is the space of 1-forms, so that solvability in general requires that
(5.8) ' (1(ny) € Imd = (Kerd*)*.

Of course Kerd* is exactly the space of Killing fields on (0M,~), and so this space serves as a
potential obstruction space.

Clearly then m is locally surjective when (9M, g(g)) has no Killing fields. On the other hand, it
is easy to construct examples where (OM, ) does have Killing fields and 7 is not locally surjective:

Example 5.3. Let (0M,g(o)) be the flat metric on the n-torus 7", n > 3, and define g(,) =
—(n — 2)(d6?)? + (d63)? + --- + (d6™)?. Then 9(n) is transverse-traceless with respect to g). Let
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f = f(6'). Then d(n) = f9(n) is still transverse-traceless with respect to g(q), so that (g(o), Gn)) € T,
at least for n odd.

It is then not difficult to see via a direct calculation, or more easily via Proposition 5.4 below,
that (5.8) does not hold, so that 7 is not locally surjective.

Next we relate these two issues, i.e. the general solvability of the divergence constraint (5.6) and
the extension of Killing fields on the boundary into the bulk. The following result holds for general
¢ € S?(OM) with §¢ =0 on OM.

Proposition 5.4. If X is a Killing field on (OM,~), with OM compact, then
(5.9) / (LxT(n), ho))dV = — / (8" (1(y), X)dV,
oM oM

where §' = %6’74'5’1(0)' In particular, (5.1) holds for all Killing fields on (OM,~) if and only if the

linearized divergence constraint vanishes, i.e. (5.6) holds for all h.

Proof: Since X is a Killing field on (0M, ), one has

(5.10) / (LT, bV, = — / (7, Lxh)dV,.
oM oM
Setting v, = v + sh, the divergence theorem gives
(5.11) 0= [ 5000, = [ G, -4 [ e,
oM oM oM

where the second equality is a simple computation from the definitions; the inner products are with
respect to ys. Taking the derivative with respect to s at s = 0, and using the facts that X is Killing
and 6(7) = 0, it follows that

(5.12) / (5', X)dV — 1 / (7, LxhydV = 0.
oM oM

Combining this with (5.10) then gives (5.9); note that Lxr(,) = 0 in this case, since () is deter-
mined by the boundary metric.

To prove the last statement, by (5.9), (5.1) holds if and only if [, (¢'(7(n)), X) = 0, for
all variations h. If (5.6) holds, then &'(7(,)) = 5h’(n), for some h'(n) and so [5,,(0' (1)), X) =
B M(h’(n),d*X ) =0, since X is Killing. The converse of this argument holds equally well.

|

Proposition 5.4 implies that in general, Killing fields on M do not extend to Killing fields in a
neighborhood of M, (cf. Example 5.3). (Exactly the same result and proof hold in the bounded
domain case, when the term 7, is replaced by A — Hg).

Now as noted above, whether isometry extension holds or not depends on the term 7(,) = g(») +
T(n), OF more precisely on the relation of the boundary metric gy with 7(,). For Einstein metrics
which are globally conformally compact, the term 7(,) is determined, up to a finite dimensional
moduli space, by the boundary metric g(g); (this is discussed further below). Thus, whether isometry
extension holds or not is quite a delicate issue; if so, it must depend crucially on the global structure
of (M, g).

Before beginning the proof of Theorem 1.3, we first need to discuss some background material
from [5]-[6].

Let E4g be the space of conformally compact, or equivalently asymptotically hyperbolic Einstein
metrics on M which have a C*° polyhomogeneous conformal compactification with respect to a
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fixed smooth defining function p, as in (1.1). In [5], it is shown that E4g is a smooth, infinite
dimensional manifold. One has a natural smooth boundary map

(5.13) I: Eag — Met(dM),

sending g to its boundary metric ~.

The moduli space 45 is the quotient E4p/D;, where Dy is the group of smooth (polyhomoge-
neous) diffeomorphisms ¢ of M equal to the identity on M. Thus, ¢' ~ g if ¢’ = ¢*g, with ¢ € D;.
Changing the defining function p in (1.1) changes the boundary metric conformally. Also, if ¢ € D
then po ¢ is another defining function, and all defining functions are of this form near M. Hence if
C denotes the space of smooth conformal classes of metrics on M, then the boundary map (5.13)
descends to a smooth map

(5.14) M:&4g —C
independent of the defining function p. The boundary map IT in (5.14) is Fredholm, of Fredholm
index 0.

The linearization of the Einstein operator Ricy +ng at an Einstein metric g is given by
(5.15) L = (Ricy, +ng)' = LD*D — R - 6*B,
acting on the space of symmetric 2-tensors $?(M) on M, cf. [10]. Here, (as in §3), 3 is the Bianchi
operator, 3(h) = dh + %dtrh, Thus, h € TyE 45 if and only if

L(h) = 0.

The operator L is not elliptic, due to the §*/ term. As is well-known, this arises from the dif-
feomorphism group, and to obtain an elliptic linearization, one needs a gauge choice to break the
diffeomorphism invariance of the Einstein equations. We will use a slight modification of the Bianchi
gauge introduced in [11].

To describe this, given any fixed g9 € E g with geodesic defining function ¢t and boundary metric
70, let v be a boundary metric near vy and define the hyperbolic cone metric g, on v by setting

gy = t72(dt? +);

g is defined in a neighborhood of OM. Next, set

(5.16) 9(7) = g0 +1(9y — 9v0)s

where 7 is a non-negative cutoff function supported near M with n = 1 in a small neighborhood
of OM. Any conformally compact metric g near gy, with boundary metric -y then has the form

(5.17) g=g()+h,

where |h|g, = O(t2); equivalently h = t?h satisfies h;; = O(t?) in any smooth coordinate chart near
OM. The space of such symmetric bilinear forms A is denoted by So(M) and the space of metrics
g of the form (5.17) is denoted by Met 4.

The Bianchi-gauged Einstein operator, (with background metric gy), is defined by

(5.18) CI)gO : Metayg — SQ(M)

¢go (g) = (I)(g(’Y) + h) = Rng +ng + (59)*/89(7) (g),
where 3, is the Bianchi operator with respect to g(7). By [11, Lemma I.1.4],

(5.19) Zag = ®71(0) N {Ric < 0} C Eag,

where {Ric < 0} is the open set of metrics with negative Ricci curvature. In fact, if g € Eap is
close to go, and ®(g) = 0, then S,(,)(g) = 0 and moreover

1
(5.20) (59(7) (9) + idtrgﬁ) (9) =0,
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which is obtained by applying dy(,) + %dtrgm to the equation ®(g) = 0. The space Z4g is a local
slice for the action of D; on Esp: for any g € E g near gg, there exists a diffeomorphism ¢ € D,
such that ¢*g € Zag, cf. again [11].

The linearization of ® at gy € Esg with respect to the 2" variable h has the simple form

(5.21) (D2®)g, (h) = 5D"Dh — Ry, (h),

while the variation of ® at gy with respect to the 15 variable g(y) has the form

(5.22) (D1®)go (9(7)) = (D22)g0(9(7)) — 65,890 (9()) = (Ricg +ng)"(9(7)),

as in (5.15). Clearly g(vy) = nt~24. The kernel of the elliptic self-adjoint linear operator
(5.23) L=1D'D-R

acting on the 2" variable h, represents the space of non-trivial infinitesimal Einstein deformations
vanishing on M. Let K denote the L? kernel of L. This is the same as the kernel of L on So(M),
cf. [11], [26]. An Einstein metric go € Eap is called non-degenerate if

(5.24) K =0.

For gy € E4n the kernel K = K, equals the kernel of the linear map DIL : Typo&am — Tiy(g)C-
Hence, go is non-degenerate if and only if gg is a regular point of the boundary map II in which
case Il is a local diffeomorphism near gg. From now on, we denote gy by g.

By the regularity result of Chrusciel et al. [16], any x € K has a C* smooth polyhomogeneous
expansion, analogous to the Fefferman-Graham expansion (4.3)-(4.4), with leading order terms
satisfying

(5.25) K=0@"), K(N,Y)=0""), s(N,N)=0(@"+**),
where N = —t0; is the unit outward normal vector to the ¢-level set S(t), Y is any g-unit vector
tangent to S(t) and p > 0; cf. also [28, Prop. 5]. Here x = O(t") means |s|, = O(t"). Also by an
argument similar to the one leading to (5.20), any x € K is transverse-traceless, i.e.
(5.26) dk =trk =0.

Given this background, we are now ready to begin the proof of Theorem 1.3.

Proof of Theorem 1.3.

Let g = t?g be a geodesic compactification of ¢ with boundary metric y. By the boundary
regularity result of [16], § is C* polyhomogeneous on M. Tt suffices to prove Theorem 1.3 for
arbitrary 1-parameter subgroups of the isometry group of (0M,~). Thus, let ¢; be a local 1-
parameter group of isometries of v with ¢y = id, so that

P57 =7-
The diffeomorphisms ¢ of 0M may be extended to diffeomorphisms of M, so that the curve
(5.27) gs = ¢:9

is a smooth curve in E4p. By construction then, II[gs] = [v], so that [h] = [%] € KerDII, for II
as in (5.14). One may then alter the diffeomorphisms ¢s by composition with diffecomorphisms in
D1 if necessary, so that h = ddg; € K4, where K, is the kernel in (5.24). Denoting h = &, it follows
that

(5.28) Kk =6X,

where X = d¢,/ds is smooth up to M.
Thus it suffices to prove that §*X = 0, since this will imply that g; = g, (when g, is modified by
the action of D). If K5 = 0, i.e. if g is a regular point of the boundary map II, then this is now
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obvious, (from the above), and proves the result in this special case; (the proof in this case requires
only that (M, g) be C*“ conformally compact).

We give two different, (although related), proofs of Theorem 1.3, one conceptual and one more
computational. The first, conceptual, proof involves an understanding of the cokernel of the map
DIl, in Met(0M), and so one first needs to give an explicit description of this cokernel. To begin,
recall the derivative

(5.29) (D®), : Ty Met ops (M) = Ta(g)Sa(M).

Via (5.17), one has Ty Met sz = T, Met(OM) @ TySo(M) and the derivative with respect to the
second factor is given by (5.21). If K = 0, then Dy® is surjective at g, (since Dy® has index 0,
and we recall that the kernel and cokernel here are equal to their L? counterparts), and hence so is
DII. In general, to understand Coker DI, we show that D® is always surjective; this follows from
the claim that for any non-zero x € K there is a tangent vector §(vy) € T, Met(0M) C Ty Metan
such that

(5.30) | (), @), miav, 7 0.

Thus, the boundary variations §(vy) satisfying (5.30) for some x correspond to the cokernel. To
prove (5.30), let B(t) = {z € M : t(z) > t} and S(t) = 0B(t) = {x € M : t(z) = t}. Apply the
divergence theorem to the integral (5.30) over B(t); twice for the Laplace term in (5.22) and once
for the ¢* term in (5.22). Since

k € KerL and 0k = 0,

it follows that the integral (5.30) reduces to an integral over the boundary, and gives

(5.31) /B(t)<(D1<I>)g(Q(7),f€)dVg = %/S(t)(@h),vzvﬁ) —(Vng(), k) = 2(B(g(7)), £(N)))dVs (-
Of course dVg(;y = t7"dV,, + O(t=(»=1). By (5.25) the last term in (5.31) is then O(t) and so may
be ignored. Let

(5.32) k=1t "k,

so that by (5.25), [kly|st) < C. Setting & = t°K, one has |&|; = ||y, and so the same is true for
|k|g. From the definition (5.16), a straightforward computation shows that near M,

g(y) =t7%%, and Vng(y) =0.
Note that [g(y)|s ~ 1 as t — 0. Hence,
((9(7), Vr)g = (VNg(7), £)gdVs) = t2(V Nk, 7),dVs + O(t)
= (Vi — (n — 2)&, 7),dV, + O(t).
Thus,

(5.33) [ (@) mavy = [ Tk~ (0= 2k,),dV; +Of)
B(t) S5(t)
Now suppose, (contrary to (5.30)),

(5.34) Vi — (n — 2)& = O(1),

as forms on (S(t), g); note however that V is taken with respect to g in (5.34). It follows from the
smooth polyhomogeneity of & near M and elementary integration that (5.34) gives

(5.35) Kk =o(t").
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The form £ is an infinitesimal Einstein deformation, divergence-free by (5.26). Thus Corollary 4.4,
(cf. also [5, Thm. 3.1]), and (5.35), together with the assumption in Theorem 1.3 that w1 (M, 0M) =
0, imply that
k=0 on M,
giving a contradiction. This proves the relation (5.30).
The proof above shows that the form

(5.36) 9(v) = lim&lg),

on OM satisfies (5.30). The limit here exists by the smooth polyhomogeneity of x at M. Thus,
the space

2 =&t =1 _(n_2) .
(5.37) K ={k %E)I(l)t Kls@ : v € K},

is naturally identified with the cokernel of DII, in T), Met(OM). Note that dimK = dimK and also
that the estimates (5.25) show that # = &7 on OM. This means that infinitesimal deformations
of the boundary metric v in the direction &, # € K, are not realized as %H(gsﬂszo, where g, is a
curve in F g through g, i.e. a curve of global Einstein metrics on M.

On the other hand, suppose that k = §*X, i.e. (5.28) holds for some k € K and vector field X
on M (necessarily) inducing a Killing field on (0M, ). Consider the local curve of metrics

X
(5.38) gs =g+ 56" ()

defined in a neighborhood of M. The curve g; is Einstein to 1°* order in s at s = 0. The induced
variation of the boundary metric on S(t) is, by construction, (&) | sty ~ Els(t), which, by rescaling,
compactifies to & at OM; here K is given as in (5.32). Now note that the linearized divergence
constraint (5.6) or (5.8) only involves the behavior at M, or equivalently, the limiting behavior
on (S(t),7), 7 = gls(), as t — 0. This basically shows that the constraint (5.6) may be solved
in the direction h(g) = &; a complete justification of this is given in the more computational proof
to follow. Also, a simple calculation, cf. (5.42) below, gives Lx7(,) = Lxg(n) = 2k. (The first
statement follows since the term 7, is intrinsic to the boundary metric v, so that Lxr) = 0).
Hence, it follows from Proposition 5.4 that

(5.39) 2/ |&[2dV :/ <£XT(n),I%>dV7=2/
oM oM a

and hence Lx7(,) = 0, on (OM, ). Corollary 4.4 or Proposition 5.1 and the assumption 71 (M,0M) =
0 then imply that K = 0 on M, so that X is a Killing field on M. This completes the first proof of
Theorem 1.3. [ |

(8(rty), X}V, = 2 / (st 8 XV, =0,

M oM

From the converse part of Proposition 5.4, one also obtains:

Corollary 5.5. Let g be a conformally compact Einstein metric on a compact manifold M with
C™ boundary metric v. Then the linearized divergence constraint equation (5.6) is always solvable
on (OM,7), i.e. the map m in (5.5) is locally surjective at (7y,T(y))-

It is useful and of interest to give another, direct computational proof of Theorem 1.3, without
using the identification (5.37) as the cokernel of DII. The basic idea is to compute as in Proposition
5.4 on (S(t),9t), with A — Hg, in place of 7y, and then pass to the limit on M. Throughout the
proof, we assume (5.28) holds.

Before starting the proof per se, we note that the estimates (5.25) and (5.28) imply that X is
tangential, i.e. tangential to (S(¢),g), to high order, in that

(5.40) (X, N) = O("+1+my.
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To see this, one has (0*X)(N,N) = (VyX,N) = N(X, N). Thus (5.40) follows from (5.25) and the
claim that (X, N) = 0 on M. To prove the latter, consider the compactified metric § = t2g. One
has Lxg = Lx(t%g) = 2&@ + O(t™). Thus for the induced metric v on M, Lx7y = 2)Xy, where
A = limy g @ Since X is a Killing field on (0M, ), this gives A = 0, which is equivalent to the
statement that lim;_,o(X, N), = 0. Note also that since X is smooth up to M, | X|, = Ot 1).

We claim also that
(5.41) X, N] = O(t"*),
in norm. First, ({X,N,N) = (VxN — VyX,N) = —(0*X)(N,N) = O(* '*#). On the
other hand, on tangential g-unit vectors Y, ((X,N],Y) = (VxN — VyX,Y) ~ (VxN,Y) —
2(6*X)(N,Y)+(Vy X,N) ~ =2(6*X)(N,Y) = O(t"!), as claimed. Here ~ denotes equality mod-
ulo terms of order o(¢™). We have also used the fact that (VxN,Y) + (VyX,N) ~ X(N,Y) = 0.
Now, to begin the proof itself, (assuming (5.28)), as above write

gs = g + s+ O(s?) = g + s6* X 4+ O(s?).
If ¢, is the geodesic defining function for g, (with boundary metric «y), then the Fefferman-Graham
expansion gives gs; = dt2 + (y+ tfg(Q),S + e+t m),s) T O(t"*1). The estimate (5.40) implies that
ty = t 4+ sO(t"2+%) 4 O(s?), so that modulo lower order terms, we may view t, ~ t. Taking the

derivative of the FG expansion with respect to s at s = 0, and using the fact that X is Killing
on (OM, ), together with the fact that the lower order terms g, k < n, are determined by -, it

follows that, for k as in (5.37),

(5.42) R = 5LXY(n),

at OM. Here both % and Lxg() are viewed as forms on (0M,~).
Next, we claim that on (S(t), g¢),

(5.43) LxA=—-"21""2Lxgu + O™ ),

To see this, one has A = %ﬁNg = —%Etatg = —%Etat(t_Qgt). But Li5:(t72g;) = > [,tat(t_”kg(k)) =
Sk — 2)t’“_zg(k). The same reasoning as before then gives (5.43).
Given these results, we now compute

[ (ex (A~ Hg), RV
S()
compare with the left side of (5.9). First, by (5.43),
| (xA R Vs = =252 [ (Lxgoy, RV +OL)

S(t) S(t)
Next, one has Lx(Hg;) = X(H)g: + HLxg:. For the first term, X(H) = trLxA + O(t") =
—no2¢n=24r L x9(n) + O("). Since trg(,) is intrinsic to v and X is Killing on (0M, ), it follows
that X (H) = O(t"1). Also, {(g;,%) = tr'%, where tr! is the tangential trace. By (5.25) and the
fact that x is trace-free, (g;, %) = O(t'™*). Hence X (H){g;, k)dVs() = O(t*). Similarly, from (5.41)
one computes Lxg; = Lxg + O(t" 1) = 2t"k + O(¢"*1). Since H ~ n, using (5.42) this gives

—/ (EX(Hgt),%)dVS(t) = —n/ <£Xg(n),f$>7dv7 + O(t%).
S(t) S(t)

Combining these computations then gives
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On the other hand, one may use the method of proof of Proposition 5.4 to compute the left side
of (5.44). First since on S(t), 7 = A — Hg, is divergence-free, a slight extension of the calculation
(5.9) gives, for any vector field Y tangent to S(t),

(5.45) / (LyT,h)g,dVy, = —2/
5(t)

(6'(1), Y)dV, +/ [0Y (1, h) + (1,6"Y )trh]|dV,,.
S(t)

S(t)

Now let the tangential variation h be given by h = (6*)7, so that h = (t™"x)T = (§), for &
as in (5.32). Also, set Y = X7. Observe that the estimate (5.40) implies that X agrees with X7
to high degree, in that X = X7 + O("*'*#). This has the effect that one may use X and X7
interchangably in the computations below. For example, since & is trace-free, §,.X = 0 and hence
a simple calculation shows that 6, Y = O("*1™#). Similarly, trTh = O(t'*#), while §*Y = O(t").
In particular, the second term on the right in (5.45) is O(t), and hence may be ignored.

Next, the deformation h above is the tangential part of a (trivial) infinitesimal Einstein defor-
mation, and hence the linearized divergence constraint (5.6) holds along S(t), in the direction h.
Arguing then as in the proof of Proposition 5.4, it follows from (5.45) and the fact that X7 ~ X
to high order that

(5.46) / (Cx(A = Hgy), R)gudVigy = 2 / (A= Hg), (6" X)T)dV,, + O(2).
5(t) 5(t)
Now A' = L(Ay, ) = 5(LNE + Lyrg) = VNE+E+ O(t). Similarly, (Hgy)' = H'g, + H(g:)'".
The first term here, when paired with (6*X)T and integrated, gives O(t), while the second term is
nk to leading order. Thus one has

(547) 2 / (A= Hgy)', (5 X)T)dV,, / (VN — (20 = 2)F, K)gy AV, + O().
S(t) S(t)

A straightforward calculation, essentially the same as that preceding (5.33) shows that
(5.48) [ (V= @ = 2R bV, = [ BN(RE) = (2n - 2V, + O()
S(t) S(t)

where the norms on the right are with respect to g. The first term on the right in (5.48) is O(t),
and comparing (5.48) with (5.44)-(5.47) shows that

k=0

on @M. Hence via Corollary 4.4, k = 0 on M, as before. This completes the second proof of
Theorem 1.3. u

Proof of Corollary 1.4.

Suppose (M,g) is a conformally compact Einstein metric with boundary metric given by the
round metric S”(1) on S™. Theorem 1.3 implies that the isometry group of (M, g) contains the
isometry group of S™. This reduces the Einstein equations to a simple system of ODE’s, and it is
easily seen that the only solution is given by the Poincaré metric on the ball B!, m

Remark 5.6. By means of Obata’s theorem [30], Theorem 1.3 remains true for continuous groups
of conformal isometries at conformal infinity. Thus, the class of the round metric on S§" is the
only conformal class which supports a non-essential conformal Killing field, i.e. a field which is not
Killing with respect to some conformally related metric. Corollary 1.4 shows that any g € Eapg
with boundary metric S™(1) is necessarily the hyperbolic metric g_; on the ball. For g 1, it is
well-known that essential conformal Killing fields on S™ extend to Killing fields on (H"*!,g_;).
We expect that a modification of the proof of Theorem 1.3 would give this result directly, without
the use of Obata’s theorem. In fact, such would probably give (yet) another proof of Obata’s result.
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Corollary 5.5 shows, in the global situation, that the projection 7 of the constraint manifold 7
to Met(0M) is always locally surjective. Hence there exists a formal solution, and an exact solution
in the analytic case, for any nearby boundary metric, which is defined in a neighborhood of the
boundary. However, the full boundary map II in (5.13) or (5.14) on global metrics is not locally
surjective in general; nor is it always globally surjective.

The simplest example of this behavior is provided by the family of AdS Schwarzschild metrics.
These are metrics on R? x S?~! of the form

gm =V tdr? + Vde* + r295n_1(1),

where V=V (r) =1+1712 - T%TZ. Here m > 0 and r € [ry, o], where 7 is the largest root of the
equation V' (r,) = 0. The locus {r, = 0} is a totally geodesic round S™~! of radius r, . Smoothness
of the metric at {r; = 0} requires that the circular parameter 6 runs over the interval [0, 5], where

5= dmry
i+ (n-2)°
The metrics g,, are isometrically distinct for distinct values of m, and form a curve in F4g with
conformal infinity given by the conformal class of the product metric on S*(3) x S"~1(1). As m
ranges over the interval (0,00), # has a maximum value of

B < Bmax = 27/ (n — 2)/n.
Asm —0orm — o0, 8 — 0.

Hence, the metrics S*(L) x S™ (1) are not in II(g,,) for any L > Buax. In fact these boundary
metrics are not in Im(IT) generally, for any manifold M™*!. For Theorem 1.3 implies that any
conformally compact Einstein metric with boundary metric S*(L) x S* (1) has an isometry group
containing the isometry group of S*(L) x S™ 1(1). This again reduces the Einstein equations to a
system of ODE’s and it is easy to see, (although we do not give the calculations here), that any
such metric is an AdS Schwarzschild metric.

Remark 5.7. In the context of Propositions 5.1 and 5.4, it is natural to consider the issue of
whether local Killing fields of OM, (i.e. Killing fields defined on the universal cover), extend to
local Killing fields of any global conformally compact Einstein metric. Note that Proposition 5.1
and Proposition 5.4 are both local results, the latter by using variations k) which are of compact
support. However, the linearized constraint condition (5.8) is not invariant under covering spaces;
even the splitting (5.7) is not invariant under coverings, since a Killing field on a covering space
need not descend to the base space.

We claim that local Killing fields do not extend even locally into the interior in general. As a
specific example, let N™*! be any complete, geometrically finite hyperbolic manifold, with confor-
mal infinity (ON,y), and which has at least one parabolic end, i.e. a finite volume cusp end, with
cross sections given by flat tori 7". There exist many such manifolds. The metric at conformal
infinity is conformally flat, so there are many local Killing fields on ON. For example, in many
examples N itself is a compact hyperbolic manifold. Of course the local (conformal) isometries of
ON extend here to local isometries of N.

However, as shown in [15], the cusp end may be capped off by Dehn filling with a solid torus, to
give infinitely many distinct conformally compact Einstein metrics with the same boundary metric
(ON,7y). These Dehn-filled Einstein metrics cannot inherit all the local conformal symmetries of
the boundary.

Remark 5.8. We point out that Theorem 1.3 fails for complete Ricci-flat metrics which are ALE
(asymptotically locally Euclidean). The simplest counterexamples are the family of Eguchi-Hanson
metrics, which have boundary metric at infinity given by the round metric on S3/Zs. The symmetry
group of these metrics is strictly smaller than the isometry group Isom(S%/Zs) of the boundary.



31

Similarly, the Gibbons-Hawking family of metrics with boundary metric the round metric on S$3/Z;
have only an S! isometry group, much smaller than the group Isom(S%/Zy).

This indicates that, despite a number of proposals, some important features of holographic
renormalization in the AdS context cannot carry over to the asymptotically flat case.
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