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ABSTRACT. This paper considers the existence of conformally compact Einstein metrics on 4-
manifolds. A reasonably complete understanding is obtained for the existence of such metrics
with prescribed conformal infinity, when the conformal infinity is of positive scalar curvature. We
find in particular that general solvability depends on the topology of the filling manifold. The
obstruction to extending these results to arbitrary boundary values is also identified. While most of
the paper concerns dimension 4, some general results on the structure of the space of such metrics
hold in all dimensions.

1. INTRODUCTION.

This paper is concerned with the existence of conformally compact Einstein metrics on a given
manifold M with boundary 0M. The main results are restricted to dimension 4, although some of
the results hold in all dimensions.

This existence problem was raised by Fefferman and Graham in [19] in connection with a study
of conformal invariants of Riemannian manifolds. More recently, the study of such metrics has
become of strong interest through the AdS/CFT correspondence, relating gravitational theories on
M with conformal field theories on OM, cf. [18], [38] and references therein.

Let M be a compact, oriented manifold with non-empty boundary dM; M is assumed to be
connected, but apriori 9M may be connected or disconnected. A defining function p for M in M
is a non-negative C'™ function on the closure M = M U&M such that p=!(0) = OM and dp # 0 on
OM. A complete Riemannian metric g on M is conformally compact if there is a defining function
p such that the conformally equivalent metric

(1.1) g=p"9

extends at least continuously to a Riemannian metric § on M. The metric v = g|gps induced on
OM is the boundary metric induced by g and the compactification p. Any compact manifold with
boundary carries many conformally compact metrics; for instance, one may let § be any smooth
metric on M and define g by g = p=2 - g, for any choice of defining function p.

Defining functions for M are unique only up to multiplication by positive smooth functions on
M and hence the compactification (1.1) is not uniquely determined by (M, g). On the other hand,
the conformal class [y] of a boundary metric is uniquely determined by g; the class [] is called the
conformal infinity of (M, g).

A conformal compactification is called C™@ or L¥P if the metric § extends to a C™® or LFP
metric on the closure M; here C"™® and L¥P are the usual Hélder and Sobolev function spaces.

In this paper, we consider complete conformally compact Einstein metrics g on (n+1)-dimensional
manifolds M, normalized so that

(1.2) Ricy = —ng.
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It is easy to see, cf. the Appendix, that any C? conformally compact Einstein metric g satisfies | K+
1| = O(p?), where K, denotes the sectional curvature of g. Hence, such metrics are asymptotically
hyperbolic (AH), in that the local geometry tends to that of hyperbolic space at infinity.

Let E4p = E'}}; be the space of AH Einstein metrics on M which admit a C™* compactification
g as in (1.1). We require that m > 3, a € (0,1) but otherwise allow any value of m, including
m = oo or m = w, (for real-analytic). The space EZ’}? is given the cme’ topology on metrics on
M, for any fixed o' < «, via a fixed compactification as in (1.1). Let Eag = Eag/D1(M), where
D (M) is the group of orientation preserving C™*1 diffeomorphisms of M inducing the identity
on OM, acting on E 4y in the usual way by pullback.

As boundary data, let Met(OM) = Met™*(0M) be the space of C™ metrics on M and
C = C™*(OM) the corresponding space of pointwise conformal classes, as above endowed with the
C™" topology. There is a natural boundary map, (for any fixed (m, @),

(1.3) I:Ean —C

g] = [7],

which takes an AH Einstein metric g on M to its conformal infinity on M.
It is proved in [7] that when dimM = 4, and m (M,0M) = 0, the space £} is a C™ infinite
dimensional Banach manifold, and the boundary map II is C*° of Fredholm index 0, provided Zﬁ{f

is non-empty. Moreover, the spaces £y are essentially independent of (m, @), in that these spaces

are all diffeomorphic, with EXL;I’QI dense in E;";? whenever m’ + o > m + a. Essentially the same
results also hold in in all dimensions n + 1 > 4, see §2 for a more detailed discussion.

The issues of existence and uniqueness of AH Einstein metrics with a given conformal infinity
are thus equivalent to the surjectivity and injectivity of the boundary map II.

The main result of the paper which is used to approach the existence question is the following.
Let C° be the space of non-negative conformal classes [y] on OM, in the sense that [y] has a non-
flat representative v of non-negative scalar curvature. Let £9, = II~1(C°) be the space of AH
Einstein metrics on M with conformal infinity in C°. Thus, one has the restricted boundary map
I1° = H|52H : 521H — C°.

Theorem A. Let M be a 4-manifold satisfying w1 (M,0M) = 0 and for which the inclusion ¢ :
OM — M induces a surjection

(1.4) Hy(OM,F) — Hy(M,F) — 0,
for all fields F. Then for any (m,ca), m > 4, the boundary map
(1.5) Im°: &4y — C°

18 proper.

Unfortunately (or fortunately), the boundary map II is not proper in general. In fact, a sequence
of distinct AH Einstein metrics {g;} on M = R? x T? was constructed in [6], whose conformal
infinity is an arbitrary fixed flat metric on M = T, but which has no convergent subsequence to
an AH Einstein metric on M. These metrics are twisted versions of the AdS T2 black hole metrics,
cf. Remark 2.6. The sequence {g;} converges, (in a natural sense), to a complete hyperbolic cusp
metric

(1.6) gc = dr? + 62TgT3

on the manifold N = RxT?3. Since the boundary metric on T is flat and M satisfies (1.4), Theorem
A is sharp, at least without further restrictions.

We will show in Theorem 5.4 that this behavior is the only way that II is non-proper, in that
divergent sequences {g; } of AH Einstein metrics on a fixed 4-manifold M and with a fixed conformal
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infinity not in C°, (or a convergent sequence of conformal infinities outside C?), necessarily converge
to AH Einstein manifolds (N, g) with cusps, although the cusps are not necessarily of the simple
form (1.6). Thus, the completion €47 of £4p in a natural topology consists of AH Einstein metrics
on M, together with AH Einstein metrics with cusps, cf. Theorem 5.4 and Corollary 5.5 for further
details. Using this, we show in Corollary 5.6 that the boundary map II is proper onto the subset
C of C consisting of conformal classes which are not the boundary metrics of AH Einstein metrics
with cusps.

The infinite sequence of AH Einstein metrics g; on R? x T? above all lie in distinct components
of the space €4y, so that this space has infinitely many components. On the other hand, the fact
that II° is proper of course implies that £9; has only finitely many components mapping into any
compact region of C°.

The topological condition (1.4) is used solely to rule out orbifold degenerations of AH Einstein
sequences {g;}. This condition may not be necessary, but it has been included in order to not
overly complicate the paper; some situations where it is not needed are described in §7, cf. Remark
7.4. Similarly it may well be possible to weaken or drop the condition m (M,0M) = 0 on the
fundamental group, but this will not be pursued further here.

Theorem A implies that at least on £9, the map II° is a proper Fredholm map of index 0. It
follows from a result of Smale [34] that II° has a well-defined mod 2 degree, deg2I1° € Zsg, on each
component of £9,,. In fact, building on the work of Tromba [35] and White [36], [37] we show in
Theorem 6.1 that II° has a Z-valued degree

(1.7) degll’ € 7,

again on components of £9 ;. Tautologically, if degII® # 0, then II° is surjective.

We compute deglIl® in certain cases via symmetry arguments. Namely, it is proved in [8], (cf. also
Theorem 2.5 below) that any connected group of isometries of the conformal infinity [y] on OM
extends to a group of isometries of any AH Einstein filling metric (M,g), with II[g] = [v], in
any dimension, again provided m (M, M) = 0. Using this, and a straightforward classification of
Einstein metrics with large symmetry groups leads to the following result.

Theorem B. Let M = B* be the 4-ball, with OM = S3, and, (abusing notation slightly), let C°
be the component of the non-negative C™* conformal classes containing the round metric on S>.
Also let E9y; be the component of II71(C°) containing the Poincaré metric on B*. Then

(1.8) degpall? = 1.

In particular, for any (m,a), m > 4, any conformal class [y] € C° on S? is the conformal infinity
of an AH FEinstein metric on B*.

Explicit examples of AH Einstein metrics on B*, whose the conformal infinity is an arbitrary
Berger sphere, were constructed by Pedersen [32]. More generally, Hitchin [26] has constructed
such metrics with conformal infinity an arbitrary left-invariant metric on S°.

It remains an open question whether the boundary map II is surjective onto all of C when
M = B*. Based on reasoning from the AdS/CFT correspondence, Witten [38] has remarked that
this may not be the case. It appears that physically, the natural class of boundary metrics are those
of positive scalar curvature; in this regard, see also the work of Witten-Yau [39] proving that M is
necessarily connected when the conformal infinity has a component of positive scalar curvature. In
any case, as remarked above in connection with Theorem 5.4, the only obstruction to surjectivity
is the possible existence of AH Einstein cusp metrics associated to B?, cf. also Remark 6.8.

Theorem B also holds when M is a disc bundle over S2, so that M = S3/Zj, provided k > 10,
with again C° the component containing the standard round metric on S3/Zy, cf. Proposition 7.6.
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We conjecture this result holds for any k¥ > 3. However, for M = S? x R?, (i.e. k = 0), it is shown
in Proposition 7.2, that

(19) d@gR2X52HO = 0,

and further that II° is not surjective onto C°. In fact, the conformal class of $?(1) x S'(L), for
any L > 2m/+/3 is not the boundary metric of any AH Einstein metric on S? x R?. This result
is based on the work of Hawking-Page [23] on the AdS-Schwarzschild metric. Similarly, for M
the degree 1 disc bundle over S?, i.e. M = CP? \ B*, as well as the degree 2 disc bundle, II° is
not surjective. These results for 1I° on disc bundles use properties of the AdS-Taub Bolt metrics
analysed in [24],[31]. These results and others on deg II° are given in §7.

Theorem B and the related results above represent the first global results on an existence theory
for complete Einstein metrics, outside the context of Kahler-Einstein metrics.

I would like to thank Piotr Chrusciel, Robin Graham, Rafe Mazzeo, Michael Singer for their
interest and comments on this work. Thanks also to the referees for a careful examination of the
paper leading to improvements in the exposition.

2. BACKGROUND RESULTS

In this section, we discuss a number of background results from [6]-[8], [11] [19], [21] needed for
the work to follow.

We begin with the structure of the moduli space £} of C"™ conformally compact Einstein
metrics on a given (n + 1)-dimensional manifold M. The results discussed below are from [7].

Let E’};;" be the space of AH Einstein metrics on M which have a C™*® conformal compactifi-
cation with respect to a smooth (or C*) defining function p, as in (1.1). The space E};;" is given
the C™ topology on the space of C™® metrics Met™*(M) on M, for some o/ < o. Thus, a
neighborhood of g € E'}'};" is defined to be the set of metrics ¢’ whose compactification ' by p lie in
a neighborhood of § in Met™%(M), where Met™%(M) is given the ™ topology. Let Met™® be
the corresponding space of metrics on M, again with the C"™ topology. One thus has a natural
boundary map

(2.1) II=1": B} — Met™*(0M),

sending g to its boundary metric v.

An element [g] in the moduli space £} is an equivalence class of a C™ conformally compact
Einstein metric g on M, where g ~ ¢' if ¢’ = ¢*g, with ¢ a C™ 1 diffeomorphism of M, equal to
the identity on OM, i.e. ¢ € D;. Changing g by a diffeomorphism in D;, or changing the defining
function p in (1.1) changes the boundary metric conformally. Hence if C™® denotes the space of
conformal classes of C™ metrics on 0M, then the boundary map

(2.2) IT =TI ; g7 —y e

is well defined. When there is no danger of confusion, we will usually work with any given repre-
sentative g € [g] and v € [y].

Suppose dimM = n + 1 = 4, and the 4-manifold M satisfies 71(M,dM) = 0. Then if £} is
non-empty, the spaces E\'y and £}y are C* infinite dimensional separable Banach manifolds, and
the boundary maps II in (2.1) and (2.2) are C*° smooth maps of Banach manifolds, of Fredholm
index 0. This result holds for any m > 3, and a € (0,1), and, replacing Banach by Fréchet, also
for m = oo and m = w, (i.e. the real-analytic case). Implicit in this statement is the following
boundary regularity result: an AH Einstein metric with a C? conformal compactification which

has a C™® boundary metric, m > 2, has a C™% conformal compactification.
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In addition, the spaces £y are all diffeomorphic and for any (m’, o) with m' + o/ > m+ «, the

! 7
space Sznﬁa is dense in Egnl’f . In particular,

(2.3) &4y =&,

where the completion is taken in the C"¢ topology.

If dimM = n+1 > 4, then these results hold when 3 < m < n—1, using the boundary regularity
results in [30]. In addition, the smooth manifold result holds when m = oo, if, when n is even, £5%
is understood to be the space of AH Einstein metrics which are C* polyhomogeneous; this uses
the boundary regularity result of [16], cf. also the discussion following (2.10) below.

Let S™*(M) denote the space of C™* symmetric blhnear forms on M, and similarly for M
and OM. A tangent vector h to the Banach manifold &' H at a representative g € [g], i.e. an
infinitesimal Einstein deformation of g, is a form h € S™%(M) satisfying the equation

(2.4) L(h) = $D*Dh — R(h) =0, By(h) =0

where R is the action of the curvature tensor of g on symmetric bilinear forms and 3, = d4 + %dtrg
is the Bianchi operator with respect to g. Such h are transverse to the orbits of the diffeomorphism
group D; acting on M. Let T,EL denote the space of such tangent vectors.

An Einstein metric (M, g) is non-degenerate if the operator L has no kernel in L%(M, g),

(2.5) K =1L KerL =0.

For g € SAH, the L? kernel K equals the kernel of the linear map DII : T, — Ty C™".
Hence, g is non-degenerate if and only if g is a regular point of the boundary map II and thus IT is
a local diffeomorphism near g. Any element x € K is transverse-traceless, i.e.

(2.6) dgk =0, trgk =0,
and so satisfies the Bianchi gauge condition (2.4).

In the next sections, we will frequently consider compactifications g of g by a geodesic defining
function ¢, for which

(2.7) t(z) = distg(z,0M).

A compactification § = #2g satisfying (2.7) is called a geodesic compactification and t is a geodesic
defining function. Such compactifications are natural from a number of viewpoints. In particular
the curvature of g has a particularly simple form; this and related issues are discussed in the
the Appendix. It is not difficult to see that given a C? conformally compact Einstein metric g
with boundary metric v in some compactification, there is a unique geodesic compactification g
of g with boundary metric . Further if g is some C™® compactification, then then the geodesic
compactification g is at least C™ 1 off the cutlocus C of M in (M, g).
Since the integral curves of Vt are geodesics, the metric g splits as

(28) g = dt2 + g¢,
within a collar neighborhood U (inside the cutlocus) of OM; here g; is a curve of metrics on the
boundary 0M with gy = 7. Setting r = —logt, a simple calculation shows that the integral curves

of Vr are also geodesics in (M, g) and so the metric g also splits as g = dr? + g,.

The Fefferman-Graham expansion [19] is the formal expansion of the curve g; in a Taylor-like
series: the specific form of the expansion depends on n. If dimM = n+1 is even, then the expansion
reads

(2.9) gt~ 90) 1292+ 1" g1y + gy + -

where the coefficients are symmetric bilinear forms on M. The expansion is in even powers of ¢
up to order n — 1 and the terms g(oy) are intrinsically determined by the boundary metric v = g
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and its tangential derivatives up to order 2k, for 2k < n — 1. The term g, is transverse-traceless;
however, beyond this, g(,) is not locally determined by <; it depends on global properties of the
Einstein metric (M, g). For example, when n = 3, one has

9i3) = %vNRic,
where Ric is the Ricci curvature and N = Vt is the unit normal of M in (M, §). This term is not
computable in terms of v; it depends on the global properties of (M, g). On the other hand, the

higher terms gz, k¥ > n depend on two tangential derivatives of g _g).
If dimM = n + 1 is even, then the expansion is

(2.10) gt ~ 9(0) +1°9(2) + - + "9y + 1" (log t)H + -+,

where again this is an even expansion up to order n, with coefficients up to order (n — 2) locally
determined by y. The term H, called the obstruction tensor in [19], is naturally identified as
the stress-energy tensor of the integral L of the conformal anomaly, (see (2.16) below), via the
AdS/CF'T correspondence, cf. [18], [33]; it is transverse-traceless and also locally determined by +.
The trace and divergence of g(,) are determined by 7; in fact there is a symmetric bilinear form
T(n) and scalar function a(,), both explicitly computable from - and its derivatives, such that

(2.11) 8(gm) + 7)) = 0, tr(gm) +7(n)) = o(n)-

The term a(y,) is the conformal anomaly, (so that /. am (n) = L). However, as above, g(,) is otherwise

only globally determined by (M,g). The higher order terms in (2.10) contain terms of the form

t™(logt)?. The expansion is even in powers of ¢, and each coefficient 9(k)> k # n, depends on two

derivatives of g(;_z). Note that (2.11) also holds when n is odd, in which case r(,) = a(,) = 0. In

both cases, all terms in the expansion are thus determined by the two terms gy and g,y or 7(y).
Let

(2.12) T(n) = 9(n) T T(n);

so that 7(,) is divergence-free. This term will play an important role thoughout much of the paper,
in particular in §4. In the AdS/CFT correspondence 7(,) corresponds, (up to a constant), to the
stress-energy tensor of the corresponding CFT on 0M, cf. (2.19) below.

The boundary regularity results of [6], [7], [16] discussed above give the existence of the formal
series (2.9) and (2.10); in the C'™ case, these are well-defined asympotic series for the curve g;. If
the data (g(o), g(n)) are real-analytic, a result of Kichenassamy [28] shows that the series (2.9) and
(2.10) converge to g, so that such data determine a solution to the Einstein equations defined in a
neighborhood of OM.

The next local unique continuation result from [8] shows that the terms g(g) and g, uniquely
determine an AH Einstein metric up to isometry, near the boundary.

Proposition 2.1. Let g' and g? be two Einstein metrics defined on a half-ball U ~ (R which
have a C>® conformal compactification to the closed half-ball U. If

(2.13) lg" — ¢%| = o(t™),

where t is the distance to OU ~ R", (in either compactified metric), then g' is isometric to g* in

U.

Of course (2.13) holds if g' and g% are C™ polyhomogeneous conformally compact with identical
gy and g(,) terms. Since Einstein metrics are real-analytic in local harmonic coordinates, local
unique continuation in the interior, away from the boundary, is well-known.

Observe that the terms g(;) depend on the choice of the boundary metric v € [y]. If § = A2y,
then the coefficients g(; are determined explicitly by A and v, cf. [18]. For n odd, the tranformation



rule for the undetermined coefficient g(,) has the simple form
(2.14) Ty = X" g,

In particular |G|z = A" "[g(n)|g- For n even, the transformation rule is more complicated; it has
the form (2.14) at leading order, but has lower order terms depending explicitly on the derivatives
of v and A. Exact formulas in low dimensions are given in [18], [33].

Next we consider certain global issues associated with AH FEinstein metrics which arise via
the AdS/CFT correspondence. Let g be an AH Einstein metric on an (n + 1)-manifold M with
boundary metric vy, and such that the corresponding geodesic compactification is at least C™ in the
polyhomogeneous sense. The expansions (2.9)-(2.10) easily lead to an expansion for the volume of
the region B(t) = {z € M : t(z) < t}. As before, the form of the expansion depends on the parity
of n. For n odd,

(2.15) ol B(t) = vyt ™ + vg_oyt ™D 4 4V +0(1),
while for n even,
(2.16) vol B(t) = vyt " + U(n,g)t*("q) + -+ Llogt+V + o(1).

The constant term V is called the renormalized volume. More importantly for our purposes, let
Zrg be the Einstein-Hilbert action, (with Gibbons-Hawking-York boundary term), given by

(2.17) Ton — / (s —2A)dvol + 1 [ Hav,

M oM
where s is the scalar curvature, A is the cosmological constant and H is the mean curvature of the
boundary. In the normalization (1.2), A = —n(n — 1)/2. Einstein metrics, with scalar curvature

—n(n + 1), are critical points of Zgy, among variations fixing the boundary metric. (This is of
course not the case for the volume functional). The action Zgy is infinite on M, but since s is
constant on Einstein metrics, (i.e. on shell), the cut-off action has an expansion of the same form as
(2.15) or (2.16). Subtracting the divergent contributions as in (2.15)-(2.16) gives the renormalized
action Z77;. On the space E4q, i.e. on shell, when n is odd one has

Iy = —2nV,
as functionals on E4p; the boundary term in (2.17) renormalizes to 0. Similarly in this case, the
renormalized action or volume is in fact independent of the defining function %, so these functionals
descend to functionals on the moduli space £45. Neither of these facts hold however for n even.
When dimM = 4, it is proved in [5] that on F4pg, 737 and V are related to the square of the
L? norm of the Weyl curvature W of (M, g) in the following simple way:

1 1 3
2.1 — 2 (M —Tren — (M) — —V.
(2.18) s /M'W' X(M) + gy T = X(M) = 25V

The relation (2.18) will play an important role in understanding the structure of the space Fp,
in particular in §3 and §5.

It is proved in [5], [18], cf. also [33], that as a 1-form on E'{'}" the differential of the renormalized
action is given by

(2.19) dgTit (h) = cn / {T(n)> ho))dv,
oM

where 7(, is as in (2.12), the inner product and volume form are with respect to v and ¢, is a
constant depending only on n. The term h(g is the variation of the boundary metric induced by
h, i.e. higy = I.(h).

For later purposes, we need a slight but important extension of (2.19). Thus, given g € Eyup,
define an enlarged “tangent” space qu 4m roughly as follows: h € ng g if h € S™* M) and h is
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an infinitesimal Einstein deformation to order at least n at ¢ = 0, in the sense that the expansion
(2.9) or (2.10) holds to order n in ¢, to 1% order in the variation h. More precisely, consider
the curve g, = g + uh and assume without loss of generality that the geodesic defining function
associated to g, is the fixed function ¢; (this can always be achieved by modifying g, by a curve of
diffeomorphisms in D; if necessary). Then g, has the expansion

(2.20) gu = di* + (90) + uh(o)) + t(g) + uhq)) + 17 (g) + ub) + - - + " log t(Hgiun)
+t" (g(n) + uh(n)) + O(tn+a).

Then h € f,,E An means that the coefficients h(;) = %(g(i) +uh(;))lu=0 are the linearizations of the
coefficients g(;) and H in (2.9)-(2.10) in the direction h(g), for i < n. Similarly, the linearization of
the trace condition in (2.11) should hold in the direction h(g). Here we recall that the coefficients
9()» H and trg,) are explicitly determined from the Einstein equations by the boundary metric

Y= 9(0)-

Lemma 2.2. For any boundary variation h € S%OM), there exists h € CZN“gE'AH such that h
induces h(y at OM, i.e. for Il as in (2.1), IL, :TngAH — S%(OM) is surjective.
Moreover, at any g € Eapy, the equation (2.19) holds for any h € TngAH.

Proof: The first statement follows immediately from the fact that the equations for the terms
h(; in the expansion of h can easily be solved algebraically. For example, the g() term is given
explicitly by

_ 1 : Sy

The linearization of the right-hand side of this equation in the direction h () then defines the term
h(z). The same reasoning applies to all the other coefficients, including the log coefficient H, as
well as the trace constraint (2.11). Of course h(;) = 0 if 4 is odd, i < n.

The second statement follows directly from the proof of (2.19) in [5], to which we refer for
some further details. First, it is easy to see that 777 is well-defined, and so finite, for any metric
gu = t72g, as in (2.20) which is Einstein to n'" order at M; see also [5, Remark 1.2]. Further,
as noted above, Einstein metrics are critical points of 777}, and so its variation in any direction
depends only on the variation of the metric at the boundary. Thus, dZ}}; depends only on the
boundary terms g(;) in the Fefferman-Graham expansion (2.9)-(2.10). Since it is exactly the form
of these terms which leads to the formula (2.19), and since this form is preserved for the metrics
gu, (to 1st order in u), it is essentially clear that (2.19) holds for h € Tgf) An- Alternately, this may
verified directly by an examination of the proof of (2.19) in [5, Lemma 2.1, Theorem 2.2], with Zgx
in place of volume.

|

The divergence constraint in (2.11) is not used in the computation of Z77; or its first variation.

(It does arise however in the second variation). Let DyE py C S™%(M) be the subspace consisting
of forms satisfying the linearized divergence constraint (2.11) at 0M, so that

(2.21) &' (1(n)) + 57(’n) =0,

where §' = %5(9(0)4_%(0)) and T(In) = gzn) + r(n) = hin) + 5(n), 3'(n) = %(r(n))(g(0)+uh(0)). Of course
8(n) = 0 for n odd.

The space FyEag = DgFEan N ng am represents the space of formal solutions of the linearized
Einstein equations near OM, in that any h € FyE 4 defines uniquely a formal series solution as in
(2.9)-(2.10) of the linearized Einstein equations. If hgy and h(y) are real-analytic on M, the result
of Kichenassamy [28] mentioned above implies that the series converges to an actual linearized
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Einstein deformation h defined near M. Note that while the divergence and trace of h(,) are
determined by hg), the transverse-traceless part of h(,) may be freely chosen.

Proposition 2.3. For g € Exp, the map 1L, : DyEsg — S*(OM), I1,(h) = hy, is surjective.

Proof: Given Lemma 2.2, one needs to show that (2.21) is solvable, for any boundary variation
h(oy, i-e. 8'(7(n)) € Iméd, for all variations k() of . The space of 1-forms on OM has the splitting

QL (OM) = I'md ® Kers*,

so that if Kerd* =0, i.e. (OM,y) has no Killing fields, then the result is clear. When (0M, ) does
have Killing fields, this result is far from clear; using Theorem 2.5 below, this result is proved in
[8], to which we refer for details.
|

We will see later in §4, (in and following (4.45)), that II, is surjective on the full formal space
FyEam. Tt is worth noting that the global boundary map IL, : T, — S?(0M) is not surjective in
general, cf. §7. Thus, the formal solutions of the linearized Einstein equations in FyFE g, even if
they give rise to actual linearized solutions, do not extend in general to smooth solutions on the
compact manifold M.

On the other hand, Proposition 2.3 is false for AH Einstein metrics defined only in a neighborhood
or thickening of @M. The proof of Proposition 2.3 in [8] is global; it requires that (M,g) is
conformally compact, as does Theorem 2.5 below.

The following result will play an important role in §4, cf. the proof of Proposition 4.6.

Proposition 2.4. For g € Eag and h € FyEap, let o4, = T(In), for T(,n) as in (2.21). Similarly,
let a’n) be the variation of the conformal anomaly a,) in the direction h. Then for any boundary
metric (OM, ), v € [y] = I[g], and smooth vector field X on OM, one has

(2.22) / <£X7'(n) + [(1 — %)d’iUX]T(n), h(0)>dV = / <O’(n) + %t‘f‘h(o)T(n),ﬁX'ﬁdV"i‘
oM oM

% /aM dz"uX(a(n) t’f’h(o) + 2a'(n))dV,

where ﬁx'y is the conformal Killing operator on OM, ﬁx'y =Lxy— %’y. The formula (2.22)
holds for any variation h(g) of ~.

Proof: This is a simple consequence of a result proved in [8]. Namely, from [8, Prop.5.4], one has

(2.23) / (LxTny, ho)) = —2/ (8" (1(n)), X) + 0X(T(ny, h(o)) + (T(n), 0" X)trh(pdV,
oM oM oM
where §' = %6’74'“’1(0)' Using the definition of £x+, this gives

/ (LxT(ny + divX Ty, hoy) = —2/ (6" (T(my), X)
oM oM

+% / <T(n), ﬁx’yﬂrh(o)dv + %/ a(n)di’UXt’r'h(o)dV.
oM oM

Next, by (2.21) and Proposition 2.3, §'7(,) = —d0 ), for any variation k) of the boundary metric

v, so that
_2/ <5IT(n)aX> = 2/ <6U(n)aX> = 2/ <U(n),5*X> = / <U(n)a£X’Y>'
oM oM oM oM
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Write Lxv = Lxv+ MT”XV. Then (0(n,7) = tromy = —tr'(1m)) + a'(n) = (T(n)> h(o)) + a'(n), where

the middle equality follows from the linearization of (2.11) with h € IN“QEAH. Combining these
computations gives (2.22).
u

Observe that the first term on the right-hand side of (2.22) vanishes when X is a conformal
Killing field of (OM, [v]). Using (2.14), it is easy to see that both sides of (2.22) are conformally
invariant when n is odd; on the other hand, both sides of (2.22) depend on the representative
v € [y] when n is even. Note also that (2.22) is invariant under the addition of transverse-traceless
terms to o(y).

The following result, also from [8] and used to prove Proposition 2.3, will be frequently used in
87.

Theorem 2.5. Let g be an AH Finstein metric on an (n + 1)-manifold M, with C*® boundary
metric 7y, (in some compactification). Then any connected Lie group of isometries of (OM,~)
extends to an action by isometries on (M, g).

Remark 2.6. Finally, for the work in §5, we mention briefly the class of toral AdS black hole
metrics on M = R? x T"~!. These are AH Einstein metrics given explicitly by

(2.24) gm =V Ydr? + Vdo? + r’gpn-,

where V(r) = r? — 22,6 € [0,4n/nr], r4 = (2m)}/™ > 0 and gra-1 is any flat metric on the

torus 7771, cf. [6, Prop.4.4] and references therein. The boundary metric of g, is a flat (product)
metric on the n-torus 7T™.

Twisted versions of these metrics, obtained by taking suitable covering spaces and then passing to
(different) discrete quotients, give rise to infinitely many isometrically distinct AH Einstein metrics
g; on R? x T"~! with a fixed flat boundary metric 7"~!. These metrics are also the examples
discussed following the statement of Theorem A. It is worth noting that the metrics g,, are all
locally isometric.

3. COMPACTNESS I: INTERIOR BEHAVIOR.

The purpose of the next two sections is to lay the groundwork for the proof of Theorem A;
this section deals with the interior behavior, while §4 is concerned with the behavior near the
boundary. The property that the boundary map II is proper is a compactness issue. Thus, given a
sequence of boundary metrics 7; converging to a limit metric 7, one needs to prove that a sequence
of AH Einstein metrics (M, g;) with boundary metrics +; has a subsequence converging, modulo
diffeomorphisms, to a limit AH Einstein metric g on M, with boundary metric +.

In §3.1, we summarize background material on convergence and degeneration of sequences of
metrics in general, as well as sequences of Einstein metrics. This section may be glanced over and
then referred to as necessary. The following section §3.2 then applies these results to the interior
behavior of AH Einstein metrics.

§3.1. In this section, we discuss LP Cheeger-Gromov theory as well as the convergence and
degeneration results of Einstein metrics on 4-manifolds from [1]-[3].

We begin with the LP Cheeger-Gromov theory. The L* Cheeger-Gromov theory [15], [22],
describes the (moduli) space of metrics on a manifold, (or sequence of manifolds), with uniformly
bounded curvature in L, i.e.

(3.1) Ryl(z) < A < ox,

in that it describes the convergence or possible degenerations of sequences of metrics satisfying the
bound (3.1). The space L is not a good space on which to carry out analysis, and so we replace
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(3.1) by a corresponding L? bound, i.e.
(3.2) /M IR, PdV < A < oo.

The curvature involves 2 derivatives of the metric, and so (3.2) is analogous to an L*P bound on
the metric. The critical exponent p with respect to Sobolev embedding L?? C C° is (n + 1)/2,
where n 4+ 1 = dimM and hence we will always assume that

(3.3) p>(n+1)/2.

In order to obtain local results, we need the following definitions of local invariants of Riemannian
metrics, cf. [4].

Definition 3.1. If (M, g) is a Riemannian (n + 1)-manifold, the L? curvature radius p(x) = pP(z)
at z is the radius of the largest geodesic ball By (p(z)) such that, for all By(s) C Bg(p(z)), with
s < dist(y,0B;(p(x))), one has

(3.4) i / |RPAV
. S < ¢,
volBy(s) Jp,(s) =

where ¢g is a fixed sufficiently small constant. Although cj is an essentially free parameter, we will
fix ¢ = 1072 throughout the paper. The left-side of (3.4) is a scale-invariant local average of the
curvature in LP.

The volume radius v(z) of (M, g) at x is given by

volBy(s)

(3.5) v(z) = sup{r: " > 110, VBy(s) C Bg(r)},

n+13n—|—1 —

where w11 is the volume of the Euclidean unit (n + 1)-ball and again po > 0 is a free small
parameter, which will be fixed in any given discussion, e.g. ug = 1072.
The L¥P harmonic radius r,’i’p (z) is the largest radius such that on the geodesic ball B(r),

r= r’,i’p (z), there is a harmonic coordinate chart in which the metric components satisfy

(3.6) C™'6i; < gij < C6;
o) [ fotgpav, < c.
Bg(r)

where C is a fixed constant; again C' may be arbitrary, but will be fixed to C' = 2, (for example).

Observe that p(z), v(x) and r4(z) scale as distances, i.e. if ¢ = A\? - g, for some constant \, then
p(x) = X p(z), V(z) = X v(z) and ), (z) = A - rp(z). By definition, p, v and rj, are Lipschitz
functions with Lipschitz constant 1; in fact for y € Bg(p(z)), it is immediate from the definition
that

(3.7) p(y) > dist(y, 0By (p(x))),

and similarly for v, rp,.

One may define L¥P, (or C*#) curvature radii p*? in a manner completely analogous to (3.4).
For the L*P radius, the curvature |R| term in (3.4) is replaced by 3 j<k [V’ R| and the power of s
is chosen to make the resulting expression scale invariant. Clearly

pkap Z pk P ,

whenever k +p > k' + p'. Tt is proved in [3] that the curvature radius and harmonic radius are
essentially equivalent, given a lower bound on the volume radius. Thus

(3.8) P (z) > ropP (),
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where 1y depends only on a lower bound v for v(z). The same statement holds for the radii r£+2’p

and pFP.

A sequence of Riemannian metrics (€;,g;) is said to converge in the L¥P topology to a limit
LF? metric g on § if there is an atlas A for Q and diffeomorphisms F; : Q — ; such that F*(g;)
converges to g in the L¥P topology in local coordinates with respect to the atlas A. Thus, the local
components (F7(gi))ap — gap in the usual LXP Sobolev topology on functions on R"*1. Similar
definitions hold for C™® convergence, and convergence in the weak L¥P topology. Any bounded
sequence in L¥P has a weakly convergent subsequence, and similarly any bounded sequence in C™®
has a convergent subsequence in the cme topology, for any o/ < a. By Sobolev embedding,

k! b)
L¥P c C™%,

form+a<k-— ”T‘l'l. In particular, in dimension 4, for p € (2,4), L>? C C% a=2— ﬁ, and for p >
4J%Pc0habra:1—§

One then has the following result on the convergence and degeneration of metrics with bounds
on p, cf. [4].

Theorem 3.2. Let (9;,9;,%;) be a pointed sequence of connected Riemannian (n + 1)-manifolds
and suppose there are constants p, > 0, dy > 0 and D < oo such that, for a fized p > (n +1)/2,

(39) pp(y) > Po, diamf); < D, dZSt(x’LaaQ’L) > do.

Then for any 0 < € < d,, there are domains U; C §;, with €/2 < dist(0U;, 08;) < €, for which one
of the following alternatives holds.
(I). (Convergence) If there is constant v, > 0 such that,

vi(x;) > v, > 0,

then a subsequence of {(U;, gi,z;)} converges, in the weak L*P topology, to a limit L*P Riemannian
manifold (U, g, z), x = limz;. In particular, U; is diffeomorphic to U, for i sufficiently large.
(II). (Collapse) If instead,
V("E’L) - Oa

then U; has an F-structure in the sense of Cheeger-Gromov, cf. [15]. The metrics g; are collaps-
ing everywhere in U;, i.e. vi(y;) — 0 for all y; € U;, and so in particular the injectivity radius
injg, (yi) = 0. Any limit of {g;} in the Gromov-Hausdorff topology [22] is a lower dimensional
length space.

Remark 3.3. (i). The local hypothesis on p? in (3.9) can be replaced by the global hypothesis
(3.10) / IRPPAV < A,
Q;

in case the volume radius satisfies v;(y;) > v,, for some v, > 0 and all y; € ;; in fact under this
condition (3.9) and (3.10) are then equivalent, with A = A(p,, D, v,).

(ii). It is an easy consequence of the definitions that the LP curvature radius p? is continuous
under convergence in the (strong) L?P topology, i.e. if g; — g in the L>P topology, then

(3.11) pi(zi) = p(x),

whenever z; — z, cf. [4] and references therein. However, (3.11) does not hold if the convergence
is only in the weak L%P topology.

If in addition to a bound on p? one has LP bounds the covariant derivatives of the Ricci curva-
ture up to order k, then in Case (I) one obtains convergence to the limit in the LE¥*2P topology.
Analogous statements hold for convergence in the ™2 topology.



13

Next we discuss the convergence and degeneration of Einstein metrics. If M is a closed 4-manifold
and g an Einstein metric on M, then the Chern-Gauss-Bonnet theorem gives

1
(3.12) — /M R4V = x(M),

where x(M) is the Euler characteristic of M. This gives apriori control on the L? norm of the
curvature of Einstein metrics on M. However the L? norm is critical in dimension 4 with respect
to Sobolev embedding, cf. (3.3) and so one may not expect Theorem 3.2 to hold for sequences of
Einstein metrics on M. In fact, there is a further possible behavior of such sequences.

Definition 3.4. An FEinstein orbifold (X,g) is a 4-dimensional orbifold with a finite number of
cone singularities {¢;},7 = 1,...,k. On X, = X \ U{g;}, g is a smooth Einstein metric while each
singular point ¢ € {g;} has a neighborhood U such that U \ g is diffeomorphic to C(S3/T) \ {0},
where I is a finite subgroup of O(4) and C denotes the cone with vertex {0}. Further I' # {e} and
when lifted to the universal cover B*\ {0} of C(S3/T') \ {0}, the metric g extends smoothly over
{0} to a smooth Einstein metric on the 4-ball B*.

There are numerous examples of sequences of smooth Einstein metrics g; on a compact manifold
M which converge, in the Gromov-Hausdorff topology, to an Einstein orbifold limit (X, g). Such
orbifold metrics are not smooth metrics on the manifold M, but may be viewed as singular metrics
on M, in that M is a resolution of X.

We then have the following result describing the convergence and degeneration of Einstein metrics
on 4-manifolds, cf. [3].

Theorem 3.5. Let (9;,9;, ;) be a pointed sequence of connected Einstein 4-manifolds satisfying

(3.13) diam$Q; < D, dist(z;, 0Q;) > do,
and
(3.14) | 1o Pavy, < A,

Q;

for some constants d, > 0, D, A, < co. Then for any 0 < € < d,, there are domains U; C §;, with
€/2 < dist(0U;, 08Y;) < €, for which ezactly one of the following alternatives holds.

(1). (Convergence). A subsequence of (Ui, gi,x;) converges in the C* topology to a limit smooth
Einstein metric (U, g, z), = lim ;.

(II). (Orbifolds). A subsequence of (U;,g;,x;) converges to an Einstein orbifold metric (X,g,x)
in the Gromov-Hausdorff topology. Away from the singular variety, the convergence g; — g is C™°,
while the curvature of g; blows up in L™ at the singular variety.

(II1). (Collapse). A subsequence of (U;, g, x;) collapses, in that v(y;) — 0 for all y; € U;. The
collapse is with “generalized” bounded curvature, in that injgi(a:)\Rbi(w) — 0, metrically away
from a finite number of singular points; however such singularities might be more complicated than
orbifold cone singularities.

The cases (I) and (II) occur if and only if
(3.15) vi(zi) > v,

for some v, > 0, while (III) occurs if (3.15) fails. One obtains C* convergence in (I), and (II)
away from the singularities, since Einstein metrics satisfy an elliptic system of PDE, (in harmonic
coordinates).

When Q; is a closed 4-manifold M, the bound (3.14) follows immediately from (3.12). When
(€%, g;) are complete AHE metrics on a fixed 4-manifold M, then of course (3.14) does not hold
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with 2; = M. However, in the normalization (1.2), one has |[W|? = |R|?> — 6 where W is the Weyl
tensor of (M, g) and so by (2.18)

Py /M(|Rg| - 6)5“/}1 = x(M) — n?

Thus, a lower bound on the renormalized volume V' (or upper bound on the renormalized action)
and an upper bound on x(M) give a global bound on the L? norm of W. In particular, under
these bounds (3.14) holds for €; a geodesic ball By, (R) of any fixed radius R about the base point
Ti € (M’ gz)

We point out that Theorem 3.5 is special to dimension 4. A similar result holds in higher
dimensions only if one has a uniform bound on the L™? norm of curvature in place of (3.14);
however there is no analogue of (3.16) for (general) Einstein metrics in higher dimensions.

(3.16)

Remark 3.6. Theorems 3.2 and 3.5 are local results. However, we will often apply them globally,
to sequences of complete manifolds, and with complete limits. This is done by a standard procedure
as follows, in the situation of Theorem 3.2 for example. Suppose {g;} is a sequence of complete
metrics on a manifold M, or on a sequence of manifolds M;, with base points z;, and satisfying
p(yi) > po, for all y; € (M, g;). One may then apply Theorem 3.2 to the domains (By,(R), gi, Zi),
where B, (R) is the geodesic R-ball about z; to obtain a limit manifold (U(R), goo, Too), in the
non-collapse case. Now take a divergent sequence R; — oo and carry out this process for each
j- There is then a diagonal subsequence By, (R;) of By, (R;) which converges to a complete limit
(N, goos Too)- Similar arguments apply in the case of collapse and the cases of Theorem 3.5.

The convergence in these situations is also convergence in the pointed Gromov-Hausdorff topol-

ogy; [22].

§3.2. In this section, we study the behavior of sequences of AH Einstein metrics in the interior,
i.e. away from OM. We first discuss the hypotheses, and then state and prove the main result,
Theorem 3.7.

Essentially for the rest of the paper, we will assume the topological condition on M = M?* that
(3.17) Hy(0M,F) — Hy(M,F) — 0,

where the map is induced by inclusion ¢ : 9M — M and F is any field. As will be seen, this serves
to rule out any orbifold degenerations of AH Einstein sequences. While many of the results of this
paper carry over to the orbifold setting, we prefer for simplicity to exclude this possibility here.

Next, let g; € Eap be a sequence of AH Einstein metrics on M with C™® boundary metrics ~;,
m > 3. As noted in §2, the geodesic compactification g; of g; with boundary metric -; is at least a
C™~ L@ compactification. We assume the boundary behavior of {g;} is controlled, in that

(3.18) Y=,

in the C™ topology on dM, for some o/ < . Next assume that the inradius of (M, g;) has a
uniform lower bound, i.e.

(3.19) Ing,(0M) = disty,(C;, OM) > 7,

for some constant 0 < 7 < 1, where C; is the cutlocus of M in (M, g;), and also assume an upper
diameter bound

(3.20) diamg;S(t1) < T,

where t1 = 7/2 and S(t1) = {z € (M, q;) : t;(z) = t1} is the t;-level set of the geodesic defining
function t; for (g;,i)-
Finally, we assume that the Weyl curvature of g; is uniformly bounded in L?, i.e.

(3.21) / W, |2dVy, < Ag < oo.
M



15

All of these assumptions will be removed in §4 and at the beginning of §5. The main result of
this subsection is the following:

Theorem 3.7. Let {g;} be a sequence of metrics in Eapg on M, satisfying (3.17)-(3.21) and let x;
be a base point of (M,g;) satisfying

(3.22) d < distg;,(x;,0M) < D,

for some constants d > 0 and D < oo, where g; is the geodesic compactification associated to ;.

Then a subsequence of (M, g;,x;), converges to a complete Einstein metric (N, g,Zo0), Too =
limz;. The convergence is in the C* topology, uniformly on compact subsets, and the manifold N
weakly embeds in M,

(3.23) N CC M,
in the sense that smooth bounded domains in N embed as such in M.

Proof: By Theorem 3.5 and the discussion following (3.16), together with Remark 3.6, a subse-
quence of {(M, g;)} based at z; either, (i): converges smoothly to a complete limit Einstein manifold
(N,g,2x), (ii): converges to an Einstein orbifold, smoothly away from the singular variety, or (iii):
collapses uniformly on domains of arbitrary bounded diameter about {z;}.

The first (and most important) task is to rule out the possibility of collapse. To do this, we first
prove a useful volume monotonicity formula in the Lemma below; this result will also be important
in §4 and holds in all dimensions.

Let (M, g) be any AH Einstein manifold of dimension n + 1, with C%® geodesic compactification

(3.24) g=1tg
and boundary metric 7. Let E be the inward normal exponential map of (M, g) at OM, so that

o.(t) = E(z,t) is a geodesic in ¢, for each fixed z € @M. As discussed in §2, for 7 = —logt, the
curve o, (r) is a geodesic in the Einstein manifold (M, g). Let J(z,t) be the Jacobian of E(z,t),
so that J(z,t) = dV (z,t)/dV (x,0), where dV is the volume form of the ’geodesic sphere’ S(t), i.e.
the t-level set of ¢ as following (3.20). Also, let 79 = 7o(x) be the distance to the cutlocus of E at

T € OM.

Lemma 3.8. In the notation above, the function

J(z,1)
H - (L

is monotone non-decreasing in t, for any fized x.

(3.25)

Proof: As above, let r = log(%) and, for any fixed z, set 1o = ro(z) = log(%). Then the curve
oz(r) is a geodesic in (M,g) and S(r) is the r-rlevel set of the distance function r. Let J(z,r)
be the corresponding Jacobian for S(r) along o,(r), so that J(z,r) = ¢t~"J(z,t) by (3.24). Since
Ricy = —ng, the infinitesimal form of the Bishop-Gromov volume comparison theorem [22] implies
the ratio
J(z, )
sinh™ (r — 7o)
i.e. the ratio is monotone non-increasing in r, as r — oo. Converting this back to (M, g), it follows
that, in ¢,
t"J(z,t)
t" sinh" (log(72))

is increasing, since as r increases to 0o, t decreases to 0. But sinh” (log(Z)) = 5 (%)"(1 — (%)2)",

which gives (3.25). [}

T,
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Let ¢ be any point in M and consider the metric s-ball B, (s) = {y € M : disty(y,q) < s} in
(M,g). Let Dy(s) = By(s) NOM, so that Dy(s) is the metric s-ball in (9M,~), since OM is totally
geodesic. Observe that there are constants pg > 0 and u; < oo, which depend only on the C°
geometry of the boundary metric =y, such that

(3.26) o < W0 Dale))

Let Dy(s,t) = {x € M : z = E(y,t), for some y € D,(s)}, so that Dy(s,t) C S(t). It follows
immediately from (3.25) by integration over (a domain in) dM that, for any fixed s,
lzD(s,1 1S (t
R N O
(s7)(1 = (3)%)" 1= (3)?)"
for 7 as in (3.19). Now let t; = 7/2, so that (3.27) implies in particular that

< p.

(3.27)

3
(3.28) volgS(t1) > (Z)"volvaM,
and hence, with respect to (M, g),
3
(3.29) volgS(ty) > (Z)"tf"vol78M.
This leads easily to the following lower bound on volumes of balls.

Corollary 3.9. Let (M,g) be an AH Einstein metric, satisfying (3.19)-(3.20), and choose a point
x satisfying (3.22), i.e. d < distg(x,0M) < D. Then

(3.30) volyBg(1) > 19 > 0,

where vy depends only on d, D,7,T and the C° geometry of the boundary metric .

Proof: Again, by the Bishop-Gromov volume comparison theorem on (M,g), one has for any
R>r,

vol By (r) S vol Bz (R)

sinh”(r) — sinh™(R) "

Suppose r(z) = D1, so that Dy € [—log D, —logd]. Then for any y € S(t1), the triangle inequality
and (3.20) imply that

(3.31)

disty(z,y) < |D1| + tl_l -T = Ds.
Hence, choose R so that R = Do + 1, which implies that S(¢1) C Bz(R — 1). But volB,(R) >
vol A(R—2, R) > 1volS(t1), where the second inequality follows from the coarea formula, (changing
t1 slightly if necessary). Combining this with the comparison estimate above implies

vol By (1) > cpvolS(t1) sinh™™(Dy) > c3t] " sinh™"(Dg)vol.,,0M,
where the last inequality follows from (3.29). This gives (3.30). [

Corollary 3.9 gives a uniform lower bound on the volume radius of each g; at x; satisfying (3.22)
and so there is no possibility of collapse. Theorem 3.5 and Remark 3.6 then imply that (M, g;, ;)
has a subsequence converging in the Gromov-Hausdorff topology either to a complete Einstein
manifold (N, g, zs) or to a complete Einstein orbifold (V, g, Zo)-

Next, we use the hypothesis (3.17) to rule out orbifold limits. Thus, suppose the second al-
ternative above holds, so that (M, g;) converges in the Gromov-Hausdorff topology to a complete
Einstein orbifold (X,g). With each orbifold singularity ¢ € X with neighborhood of the form
C(S3/T), there is associated a (preferred) smooth complete Ricci-flat 4-manifold (E, go), which
is asymptotically locally Euclidean (ALE), in that (E,g) is asymptotic to a flat cone C(S3/I'g),
I'r # {e}, cf. [1,85], [3,83]. The complete manifold (E,g,) is obtained as a limit of blow-ups or
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rescalings of the metrics g; restricted to small balls By,(d;) at the mazimal curvature scale; thus
one does not necessarily have I' = I'g, since there may be other Ricci-flat ALE orbifolds arising
from blow-ups at other curvature scales. In any case, the manifold E is embedded in the ambient
manifold M; in fact for any § > 0 and points y; — ¢, E is topologically embedded in (By, (), g;)-
The Einstein metrics g; crush the topology of E to a point in that E C (By,(d),g;) and By,(0)
converges to the cone C'(S3/T'), in the Gromov-Hausdorff topology for any fixed § > 0 sufficiently
small.

Next we point out that any such ALE space F has non-trivial topology. This result corrects a
minor inaccuracy in [1, Lemma 6.3].

Proposition 3.10. Let (F,go) be a complete, non-flat, oriented Ricci-flat ALE manifold. Then
(3.32) Hy(B,F) #0,

for some field F. Moreover, if E is simply connected, then Ho(E,Z) is torsion-free, so that
Hy(E,R) # 0, while Hy(E,F) = 0, for any finite field F.

Proof: It is well-known that |71(F)| < oo, so that b1(E) = 0, and also b3(E) = 0, (cf. [1] for
example). Hence

X(E)=1+b(F) > 1.
If b2(E) > 0, then of course (3.32) follows, so suppose bo(E) = 0, so that x(E) = 1. The Euler
characteristic may be computed with respect to homology with coefficients in any field F, so that

X(E) =1- Hl(E’]F) +H2(E7F) =1,

since again H3(E,F) = H4(E,F) = 0. Now if (3.32) does not hold, then it follows that H; (E,F) = 0,
for all F. By the universal coefficient theorem, this implies H1(E,Z) = Hy(E,Z) = 0.

Thus, F is an integral homology ball, with finite 7;. It then follows by the arguments in [1,
Lemma 6.3] that E is flat, giving a contradiction. This proves (3.32). The proof of the second
statement is an immediate consequence of the universal coefficient theorem. [ |

Next, observe that there is an injection
(3.33) 0 — Hy(E,F) — Hy(M,F).
To see this, the Mayer-Vietoris sequence for (a thickening of) the pair (E, M \ E) gives
H,(S3/T,F) — Ho(E,F) @ Hy(M \ E,F) — Hyo(M,F).

Thus, it suffices to show that i, : Hy(S3/T,F) — Hy(E,F) is the zero-map. If E is simply
connected, this follows immediately from Proposition 3.10, since H(S®/T,Z) is torsion, while
HQ(E Z) is torsion-free. In general, let E be the universal cover of E, so that the covering map
7 : E — E is finite-to-one. One has 0E = §3 /F for some finite group I. Now any 2-cycle in
S3 /T with coefficients in F may be represented by a map, (or more precisely a collection of maps),
f: 8% — S3/T. This lifts to a map f:82 - $3/T = OE. As noted above, the 2-cycle f bounds a
3-chain F in E. Composing with the projection map , it follows that f bounds a 3-chain in F,
which proves the claim.

Now returning to (3.17) and orbifold limits, let ¥ be any non-zero 2-cycle in Ho(E,F); (2 exists
by (3.32)). By (3.17), there is a 2-cycle X, in Ho(OM,F) homologous to X, so that there is a
3-chain W in M such that OW = ¥ — X.. But Z = W N (S3/T') # 0 and so Z represents a 2-cycle
in Hy(S3/T,F). By the preceding argument, Z bounds a 3-chain W' in E. Hence (W NE) + W' is
a 3-chain in E, with boundary ¥, i.e. [X] =0 in Ho(E,F), giving a contradiction.

Thus, the hypothesis (3.17) rules out any possible orbifold degeneration of the sequence (M, g;).
Having ruled out the possibilities (ii) and (iii), it follows that (i) must hold. The fact that N
is weakly embedded in M follows immediately from Remark 3.6 and the definition of smooth
convergence preceding (3.8). This completes the proof of Theorem 3.7. ]



18

Remark 3.11. (i). Note that Theorem 3.7 does not imply that the limit manifold N topologically
equals M. For instance, it is possible at this stage that some of the topology of M escapes to infinity,
and is lost in the limit N. All of the results and discussion in §3.2 hold without change if the 4-
manifold M is replaced by a sequence of 4-manifolds M;, with a common boundary dM; = M, so
that one has (M;, g;) in place of (M, g;).

(ii). We also observe that the proof shows that there is a uniform bound A = A(Ag,d, D, T, {v:}) <
oo such that, for z satisfying (3.22),

(3.34) |Ry|(z) < A,

i.e. there is a uniform bound on the sectional curvatures of {g;} in this region.
(iii). The existence and behavior of (M, g;) at base points x; where distg, (z;, 0M) — oo will be
discussed at the end of §4.

4. COMPACTNESS II: BOUNDARY BEHAVIOR.

Theorem 3.7 essentially corresponds to a uniform interior regularity result in that one has uniform
control of the AHE metrics g; in the interior of the 4-manifold M, i.e. on compact subsets of M.
In this subsection, we extend this to similar control in a neighborhood of definite size about the
boundary. The Chern-Gauss-Bonnet theorem in (3.12), cf. also (3.21), plays a crucial role in
obtaining control in the interior. A significant point in this section is to prove that such an apriori
L? bound on the curvature is not necessary to obtain control near the boundary; thus we show that
control of the boundary metric itself gives control of the Einstein metric in a neighborhood of the
boundary of definite size, cf. Corollary 4.10. Much of the proof of this result holds in fact in all
even dimensions and conjecturally in all dimensions.

We begin with the following result, most of which was proved in [6], cf. also [7]. We fix p > 4
and denote the LP curvature radius by p instead of pP.

Proposition 4.1. On a fized 4-manifold M, let g € E';7, m > 4, with boundary metric v satisfying
|[9||cme < K in a fized coordinate atlas for OM. Let Us = {z € M : distg(z,0M) < §} where g
is the geodesic compactification of (M, g) with boundary metric . Suppose the LP curvature radius
of g satisfies

(4.1) p(z) > po,

for some constant po > 0, for all x € Us,, some dp > 0.
Then there is a 61 = 61(po, 6o, K) > 0 such that the C™ =1 geometry of the geodesic compactifi-
cation g is uniformly controlled in Us,, in that

(4.2) T >,
where ro depends only on pgy, dy, and K. The same statement holds if m = co or m = w.

Proof: By the discussion in §2, boundary regularity implies that (M,g) has a C™%* conformal
compactification g, with boundary metric . The metric § may be chosen to be of constant scalar
curvature s = const and g is C™% in local harmonic coordinates. Again as noted in §2, the
geodesic compactification g of g with boundary metric v is then at least C™~1®. Moreover, by [6,
Prop. 2.1, Thm. 2.4 and Prop. 2.7], the C™ 1% geometry of the metric g is uniformly controlled
in Uy, , i-e. (4.2) holds, for §; = 01(po,7), provided the C™< geometry of the boundary metric vy is
uniformly bounded, (4.1) holds, and provided there is a uniform lower bound on the volume radius
of g in Uy, .

The control on the boundary metric and (4.1) are given by hypothesis. To obtain a lower bound
on the volume radius v, observe that Lemma 3.8, cf. also (3.27), gives a lower bound on the volume
ratios of balls, volB,(s)/s* centered at points ¢ € M, depending only on the C° geometry of the
boundary metric. In particular, there is a constant vy > 0 such that volBy(po)/ ps > vy, ¢ € OM,
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for all (M,g;). Within the LP curvature radius, i.e. for balls By;(r) C By(po), standard volume
comparison results imply then a lower bound vol B, (r)/r* > v, where v; depends only on vy, cf.
[4,83]. This gives a uniform lower bound on the volume radius within U,,, and hence the result
follows.

|

Proposition 4.1 also holds locally, in that if (4.1) holds at all points in an open set V' containing a
domain of fixed size in OM, then the conclusion holds in V N Uy, . Also, this result holds for m > 3.
Of course the arguments concerning the lower bound on the volume radius hold in all dimensions.

Proposition 4.1 should be understood as a natural strengthening of the boundary regularity prop-
erty that AH Einstein metrics with C"™® boundary metric have a C™® conformal compactification.
Thus, it gives uniform control or stability of the metric g € E'{s; near the boundary, depending
only on the boundary metric and a lower bound on p as in (4.1). The main result of this section,
Theorem 4.4 below, removes the assumption (4.1) and proves the estimate (4.2) independent of pg
and dy. Of course this could not be true locally; Theorem 4.4 is necessarily a global result.

The weak hypothesis (4.1) on the curvature radius may obviously be replaced by a stronger
assumption. Thus, Proposition 4.1 implies, for instance, that in the geodesic compactification,

(4.3) 7"2”3 >ry = r;ln_l’a >,

for any 2 < k+ 8 < m— 1+ «a with r1 = r1(rg, b9, K). Thus, control of the metric in a weak norm,
such as L¥P or C¥# implies control of the metric in a stronger norm, governed by the regularity of
the metric at the boundary. We formalize this as follows:

Definition 4.2. In any dimension, an AH Einstein metric g € E4p satisfies the strong control
property if (4.3) holds, for some (k, ) and (m,a) withk+8<m—1+4+a,and m —1 > n.

The proof of boundary regularity in [6], (cf. also [7]), uses the fact that AH Einstein metrics and
their conformal compactifications satisfy the conformally invariant Bach equation in dimension
4. In a suitable gauge, this is a non-linear elliptic system of PDE and boundary regularity follows
essentially from standard boundary regularity for such elliptic systems. The strong control property
(4.3), (or its original version in Proposition 4.1), then follows from the fact that concurrent with
boundary regularity, one has uniform elliptic estimates for solutions of the Bach equations near and
up to the boundary, given weak control in such a region.

Remark 4.3. It will be noted in the proofs of the results below that all of the results of this section
hold in all dimensions in which the strong control property holds. A recent result of Helliwell [25]
proves boundary regularity for AH Einstein metrics in all even dimensions, by generalizing the proof
in dimension 4 in [6], [7]. The idea is to use the Fefferman-Graham obstruction tensor in place of
the Bach equations in higher dimensions; again in a suitable gauge, this gives a non-linear elliptic
system. The proof given in [25] requires that g be C™® conformally compact, although we suspect
that it suffices for g to be C** conformally compact. In any case, it is straightforward to show from
[25] that the strong control property (4.3) holds in all even dimensions withn < k+ 5 <m—1+a.

In odd dimensions, conformal compactifications of AH Einstein metrics are not C™ up to the
boundary, exactly due to the presence of the obstruction tensor 7. Nevertheless, one can define
the spaces C"™%, m > n in a polyhomogeneous sense. We conjecture that with such a suitable
modification of the definition of harmonic radius, the strong control property holds in all odd
dimensions; this is an interesting open question.

The main result of this section is the following:

Theorem 4.4. Let (M, g) be an AH Einstein metric on a 4-manifold with a L*>P conformal com-
pactification, p > 4, and boundary metric v. Suppose that v € C™*, m > 4 and that, in a fived
coordinate system for OM, ||y||cme < K, for some a > 0. If § is the associated C™ 1% geodesic
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compactification of g determined by -y, then there are constants puo > 0 and po > 0, depending only
on K, a, and p, such that

(4.4) p(x) > po, for all z with t(z) < po.
The same result holds in all dimensions in which the strong control property holds, with m > n+1.

The proof is rather long, and so is broken into several Propositions and Lemmas. Before be-
ginning, it is worth pointing out that the curvature of § at OM is uniformly bounded by the C?
geometry of the boundary metric 7, cf. (A.8)-(A.10) in the Appendix. Thus, the geometry of g at
OM is well-controlled to 2" order; one needs to extend this to control of g near OM.

We will give the proof in all dimensions, assuming the strong control property holds. Also, we
work with the LP curvature radius p = p”, p > n, but one may work equally well with the L*¥=24
curvature or L*¢ harmonic radius; the arguments are exactly the same for these radii.

Let 79 be the distance to the cutlocus of the normal exponential map from OM; 7o(x) =
distg(z,C), where C is the cutlocus, as in (3.19). The first step is to prove that the function
p is bounded below by 79 near M. The second, more difficult, step is to prove that 7y itself is
uniformly bounded below near dM.

We begin with the following result.

Proposition 4.5. For (M, g) as in Theorem 4.4, there is a constant cy > 0, depending only on K,
a and p, such that

(4.5) p(z) > como(x), for all x with ¢(z) < 1.

Proof: The proof is by contradiction. If (4.5) is false, then there must exist a sequence of AH
Einstein metrics g; on M;, with C™* (polyhomogeneous) geodesic compactifications g;, for which
the boundary metrics +y; satisfy

(4.6) lvillone < K,
but for which the LP curvature radius p = p; of g; satisfies

(4.7 p(zi)/m0(xi) = 0 as i — oo,

on some sequence of points z; € (M;, g;). Note that the ratio in (4.7) is scale-invariant. Without
loss of generality, assume that z; realizes the minimal value of p/7y on (M;, g;). Of course z; may
occur at OM.

Now blow-up or rescale the metrics g; at z; to make p(z;) = 1, i.e. set
(4.8) gi = X3i,

where \; = p(z;) ! — oco. Let p' = \;p and 74 = AiTo be the LP curvature radius and distance to
the cutlocus, with respect to g;. Then

and by the minimality property of p(z;),

(4.10) p(i) > pl(@) :ﬁgg N :ﬁézg

for any y; € M. Since (4.7) implies 7§(x;) — oo, it follows that

, 1

for all y; with distg; (x4,9;) < D, for any given D, provided i is sufficiently large. Of course one also
has 7)(y;) — oo for any such y;.
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It follows that the metrics g} have uniformly bounded curvature, on the average in L? on all unit
balls of gi-bounded distance to z;. For clarity, we divide the proof into two cases, according to
whether disty (z;, 0M) remains bounded or not.

Case I. Bounded distance.

Suppose dist (i, OM) < D, for some D < co. We may then apply Proposition 4.1, or more pre-
cisely its local version as following the statement of Proposition 4.1, to conclude that a subsequence
of the metrics (M;, g}, ;) converges in the C™® (or stronger) topology to a limit (N, ¢', zeo). (Of
course the convergence is modulo diffeomorphisms). Since 7)(y;) — oo for any y; within bounded
gi-distance to z;, the limit (IV, ¢’) is a complete manifold with boundary. Moreover, since the un-
scaled boundary metrics 7; are uniformly bounded in C™%, the limit (ON,~') = (R",§), where ¢ is
the flat metric.

Since the L? curvature radius is continuous in the C™® topology, it follows from (4.9) that

(4.12) P (100) = 1.

The rest of the proof in this case is to prove that (N, ¢') is flat. This clearly contradicts (4.12), and
so will complete the proof.
Let

(4.13) t'(z) = disty (z, ON) = lim t;(z;),

1— 00
where t} is the geodesic defining function for (9M;, g;) and z; — z. Since OM is totally geodesic in
(M, g}), the smooth convergence implies 9N = R" is totally geodesic in (N, g'). Since 7§ = oo on
N, t' is globally defined and smooth on N.

We now use some of the curvature properties of geodesic compactifications given in the Appendix.
The equations (A.1)-(A.3) for the curvatures R’, Ric' and s’ also hold on (N, g'), with ¢’ in place
of t. We note that the Hessian D?t' = A, where A is the 2"d fundamental form of the level sets of
t', and At' = H, the mean curvature of the level sets.

By (A.3), the scalar curvature s’ of (N, g') is given by

At
(414) S, = —2717,
and by (A.11) satisfies
1
(4.15) § > 2—n2t'(s')2,

where §' = 0s'/0t'. Since s,» = 0, (A.8) implies that s’ = 0 on N, and hence by (4.15), s’ > 0
everywhere on N. Moreover, elementary integration of (4.15) implies that if, along a geodesic
o = o(t') normal to ON, s'(ty) > 0, for some ¢ty > 0, then (¢')? < 2 + 4n?/(s'(ty)), which is
impossible, since ¢’ — oo along all geodesics normal to ON. It follows that one must have

(4.16) s'=0 on (N,g").
From (4.14) and (4.16), we then have
(4.17) At' =0,

so that ¢’ is a smooth harmonic function on N, with |V¢'| = 1.
Now the Riccati equation (A.7) for the ¢’ geodesics on (N, g') gives

(4.18) |A]2 + Ric(VH',Vit') =0,
On the other hand, the formula (A.2) for the Ricci curvature holds, so that on (N,g’),
(4.19) Ric=—(n— 1t 'D* -t }(At)g' = —(n — 1)t ' D*¢.
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Here and below, we drop the prime from the notation. Clearly D?¢t(V¢,Vt) = 0 on N, and so by
(4.18), |A]? = 0, i.e. all the level sets are totally geodesic. Since A = D?t, (4.19) implies that
Ric = 0, so that (N,g¢') is Ricci-flat. The vector field V¢ is thus a parallel vector field, and so
(N, g') splits as a product along the flow lines of Vt. Since N = {t = 0} is flat R", it follows that
(N,g') is flat, as claimed.

Case II. Unbounded distance.

Suppose t;(z;) = disty (z;, 0M) — 00, as i — co. Using (4.7) again, exactly the same arguments
as in (4.14)-(4.19) applied to (M, g}, z;) show that, for ¢ sufficiently large, (M;, g;) almost splits in
regions of bounded diameter about z;, in that such regions are topologically products and the flow
by the integral curves of ¢, are almost isometries of g;.

More precisely, suppose first that (3, g}, z;) does not collapse near z;. Then, exactly as in Case
I, by the strong control property, (M;, g}, z;) is close in the C™? topology, to a product metric
in regions of gi-bounded diameter about z;. Suppose instead (M, g}, z;) collapses near z;. The
strong control property implies the collapse is with bounded curvature. Clearly the collapse, which
is caused by short geodesic loops, is transverse to the flow lines of ¢;. By the general collapse
theory, cf. [15], the collapse may be unwrapped in local covering spaces. Thus, there are covering
spaces of balls of fixed but small diameter about x; such that the lifted metrics on the covers do not
collapse, and so converge in C™? to a local limit. All of the estimates (4.14)-(4.19) remain valid on
such local covers, and since these are pointwise estimates transverse to the collapsing directions, it
follows again that the original metrics (M;, g}, ;) are close in c™ to a product metric in regions
of gi-bounded diameter about z;.

This shows that p} is almost constant in such regions, and, (again by the strong control property),

Op}
ot!
Note that 0p/0t is scale-invariant, (as are the ratios p/t and p/7y). The argument above was carried
out at the base points z;. However, exactly the same reasoning shows that (4.20) holds at all points
pi where (p/70)(p;) << 1. Now integrate (4.20) along integral curves o; of ¢; starting at points y;

of bounded gj-distance to z; in the direction toward dM. Since pj(y;) ~ 1 and t(y;) — oo, this
implies in particular that the scale-invariant ratio p/t on (M;j, g;) satisfies

(4.20) ~ 0.

/

(4.21) Pic<a,

t;
along such curves, all the way to dM, since p/79 << 1 along such curves. However, this is clearly
impossible, since again the arguments in Case I imply that (M;, g}) is almost flat within bounded
gi-distance to OM, so that p} > (1 — )¢, in such regions, where ¢ is small for 4 large. In other
words, (4.20) and (4.21) prevent the ratio p/t, which is arbitrarily small around z;, from increasing
to near 1 near M. This contradiction completes the proof.

|

Note that the opposite inequality to (4.5) also holds, i.e.
(4.22) p(z) < 1o(x).

This is essentially a tautology, since the metric g is singular at the cutlocus and so p-balls are not
defined past the cutlocus. The proof of Proposition 4.5 does not use the strong control property
with m — 1 > n. Basically, it suffices to have this property in any norm stronger than the L2P
norm, so that the LP curvature radius is continuous. However, the condition m — 1 > n will be
crucial in the next result.

The next step in the proof of Theorem 4.3 is to prove that 7¢ is uniformly bounded below near
oM.
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Proposition 4.6. For (M,g) as in Theorem 4.4, there is a constant p1 > 0, depending only on
K, a and p, such that, for any x € OM,

(4.23) To(T) > 1.

Proof: The proof of this estimate is much more subtle than that of Proposition 4.5. Propositions
4.1 and 4.5 are essentially local results; they hold for AH Einstein metrics defined only in a geodesic
collar neighborhood of OM, t € [0,¢&¢], for some g9 > 0. However, Proposition 4.6, (and hence
Theorem 4.4), is global; it requires g to be an AH Einstein metric defined on a compact manifold
M, with conformal boundary OM at infinity.

We first prove some preliminary lemmas, which are basically straightforward consequences of the
strong control property. The actual proof begins after the proof of Lemma 4.9; on a first reading,
one might want to start at this point to understand how the Lemmas are used. The crux of the
proof is the use of the relation (2.22) in Proposition 2.4. It is this relation in particular, (as well as
Lemma 4.7), which requires (M, g) is global.

To begin, we examine the geometry of the geodesic compactification g in regions where 7p is
very small, in fact possibly arbitrarily small. Thus suppose (M;, g;) is a sequence of AH Einstein
metrics with boundary metrics v; on OM; = @M uniformly controlled in C"™%, m > n + 1. Hence,
a subsequence of v; converges in ™ {0 a limit O™ boundary metric . Let z; be any sequence
of points in M; such that

(4.24) T0(zi) — 0.
Rescale the compactified metrics g; to

(4.25) g; = (1o(z:)) 2,
so that

(4.26) 7o(zi) = 1.

By Proposition 4.5 and (4.22), p'(z;) is uniformly bounded above and below. Hence as in the
proof of Proposition 4.5, a subsequence of (M, g}, x;) converges in the C™“ topology (modulo
diffeomorphisms), to a maximal limit (N, g’,z); maximal here means the maximal connected
domain on which the convergence is C™® . The manifold N has boundary-at-infinity N a domain
in R", with boundary metric the flat metric 4/ = §, and containing the ball B,__ (1) in R". However,
in this case, N is not complete away from its boundary, since 7{(z) < 1.

Consider now also the sequence of AH Einstein metrics g; on M;, with conformal compactification
gi, with base points z; chosen above. Of course distg,(x;,0M) — 0. The metrics g; are rescaled
up to g} = MG, A\ = (10(z;))~", and converge, (in a subsequence), in C™® to the maximal limit
(N,d',z). Now the rescaling of g; just corresponds to changing the defining function ¢; to ¢, = \;t;.
Thus it does not change g; itself; in fact g; = (!) 2g.. Since ¢} — ¢ and g} — ¢’ on N, it follows
that the pointed sequence of AH Einstein metrics (M;, g;, ;) converges to a limit AH Einstein
metric (N, goo, Too)- Again here N is the maximal connected domain containing z, on which the
convergence is C™® ; in fact the convergence is now C* smooth on compact subsets, by regularity
properties of Einstein metrics. The limit (N, go) is of course not conformally compact in general;
the “compactification” of (N, go) by t gives the manifold (N, ¢'), i.e.

(4.27) goo =177,
where N C N is the region where ¢ is smooth.

The first result is an analogue of (4.12) in this setting.
Lemma 4.7. Any blow-up limit manifold (N,q',z) is not flat.
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Proof: If (N,¢') is flat, then by (4.27), (N, gs) is hyperbolic, i.e. of constant curvature -1, and
so locally embeds in the hyperbolic space H*T!(—1). By construction, the maximal limit (N, goo)
is not complete; it has a “boundary” corresponding to the points where p,, — 0. However, the
pointed sequence (M, g;, ;) of complete manifolds has a uniform lower bound on Ricci curvature,
since the metrics are Einstein, and is non-collapsing at points within bounded distance to z;. By
the Gromov weak compactness theorem [22], a subsequence of (M, g;, x;) converges in the pointed
Gromov-Hausdorff topology to a limit (N,d,z), where (N,d) is a complete, non-compact, length
space. In particular, (N, d) is geodesically complete; any two points may be joined by a minimizing
geodesic and all geodesic balls B (r) in N have compact closure strictly contained in N.

Clearly the smooth domain (N, go) embeds in (N, d). By a result of Cheeger-Colding [13], the
singular set ON = N\ N of N is of codimension 2 in A. In particular the metric boundary ON is
not a topological boundary, (which would have codimension 1).

By the volume comparison theorem (3.31) on (M;, g;), the ratio vol B (r) /vol B_1(r) is monotone
non-increasing in r, where B:(r) is the geodesic r-ball about any z in (M;, g;) and vol B_1(r) is the
volume of the geodesic r-ball in H**!(—1). Further, for any given 4, lim,_,o vol B(r)/volB_1(r) = 1.
A fundamental result of Colding [14], cf. also [13], shows that the volume of geodesic balls is
continuous under Gromov-Hausdorff limits so that in (N, d), vol B, (r)/vol B_1(r) is also monotone
non-decreasing, and hence lim,_,ovol B,(r)/vol B_1(r) < 1, with equality for z € N.

Now suppose first for simplicity of argument that A is simply connected. Since N is of constant
curvature —1, the developing map based at any point in A gives an isometric immersion F : N —
H"t1(—1). Observe that the image of F is of full measure in H**!(—1); this is because A is
complete, so that geodesics do not terminate, and ON is of codimension 2 and so of measure 0. In
fact F extends to a continuous map of A" onto H**1(-1).

It follows that F' maps B,(r) onto By, (r) C H'"!(—1) modulo sets of measure 0. Moreover,
F preserves the volumes of these balls when counting multiplicities of the image, so that

vol B, (r) S vol F(B,(r))

(4.28) volB_1(r) — wolB_1(r)

=1.

Since by the monotonicity above one has

volB,(r)

4.29 ——<1
(429) volB_1(r) =
for all r, it is then immediate that

vol B, (r)

4.30 ——— =1

(430) vol B_1(r) ’

for all 7. This of course implies that A is isometric to H*T!(—1), by the volume rigidity theorem
for Ricci curvature. Moreover, by [2, Thm. 3.2], the sequence (M;, g;,z;) now converges smoothly
to (N, goo, Too) everywhere. In particular, 7 = oo, contradicting the fact that 79(zeo) = 1 from
(4.26). N

The proof is similar when N is not simply connected. Thus, let N be the universal cover of
N. (For illustration, it is useful to picture N as a branched cover of N branched over the singular
locus ON). Then the developing map F is an isometric immersion of A into H'**!(—1). Let D be a
Dirichlet fundamental domain for the action of 71(A') on N, based at a point z € A'. Modulo sets
of measure 0, D may be identified with A/, and F gives an isometric immersion F : D — H**!(—1).
Now however 0D is of codimension 1 and D, (or D), is not geodesically complete; the action of
71 (N) identifies subsets of 8D to obtain the manifold A or its completion A. Nevertheless, letting
S.(r) be the geodesic r-sphere about z in N, or equivalently in D modulo sets of measure 0, and
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letting Sp(,)(r) be the corresponding sphere in H'™! (—1), we claim that

) vol S, (r)
431 ! =1
(4.31) lﬁs;fp vol_1(Sp(z)(r)) —

To prove (4.31), recall the construction of the blow-up limit A and its compactification N with
conformal infinity given by the domain N C R". View the codimension 2 singular set S = ON as
a subset of the compactification N, and suppose first for clarity that S intersects the full conformal
boundary R" in a closed set Sy also of codimension 2 in R”. Then ON = R" \ S, and so in
particular ON is of full measure in R". As r — oo, the geodesic spheres S,(r) in N, (or D), tend
to ON. Then, as in the proof of (4.28), (4.31) follows from the fact that ON is a set of full measure
in the conformal compactification S = R* U {co} of H*1(-1).

Now the same argument holds regardless of the exact structure of the singular set S, C R",
since it is still the case that S,(r) C N is of full measure in S,(r) C N and lim, o S,(r) = R".

By integration, the estimate (4.31) also holds for balls B,(r) and the relation (4.30) then follows
from (4.29) as before. [

We point out that the same proof shows that (N,g’,z) cannot be conformally flat. This is
because (4.27) would then imply that the metric (N, goo) is conformally flat and Einstein, and
hence again hyperbolic; the proof then proceeds just as before.

In the following, we write

(4.32) ¢~ 1,

if there is a constant C' < oo such that C~! < ¢ < C. The data ¢ will be determined by (M, g)
as in Theorem 4.4, but C is required to be independent of (M, g). The next result, which is of
independent interest, relates the curvature radius p with the stress-energy term 7, in (2.12).

Lemma 4.8. For (M,g) as in Theorem 4.4, and for any x € OM with 1o(z) sufficiently small, one
has the estimate

(4.33) @ s lrl) ~ L
yE€Bz(30())
The same estimate holds for g(,) in place of T(y)-

Proof: Observe that the product in (4.33) is scale invariant, cf. also (2.14). Suppose first that
there exists a sequence of metrics (M;, g;) and points x; € dM;, such that

(4.34) p"(@i)  sup  [Tmg)l(y) = 0.
Y€ B, (30(2:))

We work in the scale §; = p(x;) 2g; where

(4.35) plai) =1,

so that 7o(x;) ~ 1. The estimate (4.34) implies |7, ;)|(y) << 1, for all y € Bwl(%) By Proposition
4.1, (or the strong control property), the rescaled metrics §; converge (in a subsequence) in the cme'
topology to a limit metric § on a maximal connected domain (U, z,) where p does not converge to
0, (i.e. the region where the curvature of §; does not blow-up in LP). Of course B, (1) C U. As
noted prior to Lemma, 4.7, the blow-up limit of the metric v on M is the flat metric on R".

Now the C™¢ convergence implies that

(4.36) Tn) = 0,
on 9U. Since the boundary metric is flat, this implies that g¢,) = 0, cf. [18], [33]. The unique

continuation property, Proposition 2.1, then implies that (U, g) is flat, which however contradicts
Lemma, 4.7.
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The proof of the opposite inequality in (4.33) is similar. Thus, suppose there exist (M;, g;) and

points z; € OM such that
p(xi) - sup |7mgl(y) >> 1.
Y€ B, (5p(x:))
Now work in the scale where sup, B, (1p(a1)) |T(n,i)|(¥) = 1, and at points y; realizing this supremum.
In this scale, (using the fact that p is Lipschitz, with Lipschitz constant 1), p(y;) >> 1. Hence, via
(4.22), 19(y;) >> 1 in this scale. Then the same arguments as in (4.14)-(4.19) together with the
strong control property imply that the metric is C™® close to the flat metric, in bounded domains
about y;. It follows that 7(,) and g(,) are (arbitrarily) small in bounded domains about y; for i
sufficiently large, which gives a contradiction to the scale normalization above.
|

Note that the strong control property implies further that the product in (4.33) is bounded away

from 0 and oo in C% .

Now consider a conformal rescaling of the metric g in place of the constant rescalings used before.
Thus, set

(4.37) g =plz)’g.
Apriori, the function p may not be smooth in z, and so (4.37) should be replaced by the expression
g = ps(z) %g, where p, is a C*° smoothing of p satisfying $p < ps < p. Thus, in the following,
(4.37) is understood with respect to ps in place of p; however, to keep the notation reasonable, and
also because this difference is only of minor significance, we continue to work the notation p.

If one sets § = 7, 2()g, then by (4.5) and (4.22) the two metrics § and § are C-quasi-isometric,
ie.
(4.38) g~g,
in the sense of (4.32).

Let p be the LP curvature radius of (M,g) and similarly for ?J;lnfl’a. Also, let g(,) be the nth

term in the Fefferman-Graham expansion (2.9)-(2.10) for the geodesic compactification of (M, g)
determined by the boundary metric 57 = g|gps, and similarly for the stress-energy term T(n)-

Lemma 4.9. Let (M,g) be as in Theorem 4.4. Then on (M,q), for all x € OM, one has the
estimates

(4.39) plz) ~1, and 7 "%(z) ~ 1.
These estimates also hold for the geodesic compactification determined by 7. Further, for p(x)
sufficiently small,
(4.40) sup  T(p)(y) ~ 1.
Z/EBw(%)

Proof: We first prove p is bounded below on M. To do this, standard formulas for the behavior
of the curvature under conformal changes give

R=p2[R—gN(D*logp ' — (dlogp)® + §|dlog pl?g)],
where A denotes the Kulkarni-Nomizu product, cf. [10]. Hence,
(4.41) |Rlg < c(p®|R| + p|D?p| + |dp]*),

where the right side is taken with respect to g and we recall the remark on smoothing following
(4.37). Note also that the right side of (4.41) is scale invariant. Thus, it suffices to obtain an L?
or L* bound of the terms on the right in (4.41), in the scale where p = 1, on balls of radius ryg,
for a uniform ry > 0. Since the function p is Lipschitz, with Lipschitz constant 1, the last term is
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bounded in L. By the strong control property, the first two terms are also bounded in L on the
ball of radius % This gives a uniform upper bound on |R|5 on the ball of radius % and hence

ﬁ > P0,
for a fixed pp, (depending only on the constant ¢y in (3.4)). Also, since (M, g) satisfies the strong
control property, in the scale where p(z) = 1 one has a uniform lower bound on ;"= >®, r7*~1%(z) >
ro, which again via (4.41) gives a lower bound on 7"~ "* on M.

The opposite estimate p(z) < p1p(z), for a fixed p; < oo, also holds. For if, on some sequence
(M;, i, x;), p(x;) — oo while p(z;) = 1, then the metric g; is almost flat in L? in large balls
B, ((1 = 6)p(z;)), for any fixed § > 0. It follows that any maximal limit (N, g’ , z), as following
(4.25), is conformally flat. As noted following Lemma 4.7, this contradicts (the proof of) Lemma
4.7. Combining the arguments above proves (4.39).

Next, the estimate (4.39) gives uniform control in C™ 1< of the conformal factor relating the
geodesic compactification with respect to § and the rescaling of § by the constant factor p(z)~2,
for any fixed z. This implies that (4.39) also holds for the geodesic compactification with respect
to g. In particular, this gives an upper bound on the term 7,) in (4.40).

Regarding the lower bound, suppose first 7 is odd. Then the lower bound on 7, in (4.40) follows
immediately from (4.33) and the conformal transformation rule (2.14). A similar argument holds
also for n even. Thus, although (2.14) does not hold exactly, it does hold modulo terms which
involve lower order derivatives of the boundary metric; for p(z) sufficiently small, these terms scale
at a lower power of p(z)~! than 9(n)» S0 that (2.14) holds to leading order.

|

We are now in position to begin the proof of Proposition 4.6 per se. Suppose then (4.23) is false.

Then there exist AH Einstein metrics (M;, g;) with C™% controlled boundary metrics y; and points
x; such that 79(x;) — 0, and so

(4.42) pi(z;) = 0,
where p; is the LP curvature radius of the geodesic compactification g; of g; with boundary metric

;. From now on, we work in the conformally rescaled metric (4.37). The Lipschitz property of p,
together with (4.42) implies that

(4.43) volz, (OM) — oo.

The main point now is to use the relation (2.22) in the 7; metric:
(4.44) /3M<£XT(H) +[(1 - %)diUX]T(n), h(o))dV% = /6M<O'(n) + %t’l"h(o)T(n),Ex’)/)dV% + b(n).

Here we have dropped the 7 and tilde from the notation; the inner product in (4.44) as well as 7,
and o, are taken with respect to ;; also the term b, is given by the last term in (2.22). Recall
from (2.12) that 7(,) is determined by g,y and the boundary metric. By (2.21) and Lemma 2.2,
O(n) 1s any solution of the system

(4.45) 60(n) = =0 (T(n))

trogy = —tr' (1) + (aw),
where &', tr' and (a(,))’ are the variations of d, ¢r and a(,) at (0M,%;) in the direction k(). Of
course solutions o,y of (4.45) are invariant under the addition of transverse-traceless terms, as
is (4.44). We point out that the system of equations (4.45) is conformally invariant, since these
equations define formal solutions to the conformally compactified linearized Einstein equations. In
more detail, a conformal change of the boundary metric induces a conformal change of h(y); as
described in and following (2.14), such conformal changes in turn induce a transformation of ),
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a(n) and (). The space of solutions of (4.45) is thus transformed into itself under changes in the
conformal compactification of solutions of the linearized Einstein equations.

Consider then the equations (4.45) on (0M,~;), and set ; = . We first claim that the system
(4.45) is solvable for any variation h(g) of (9M,v), and hence, by Proposition 2.4, (4.44) also
holds for all such variations h(). To see this, by Lemma 2.2 and Proposition 2.3, we know that
each equation in (4.45) is individually solvable, and thus need to show that the equations are
simultaneously solvable. As is well-known, any symmetric bilinear form o on (OM,v) can be
written uniquely as o = §*V + fy + k, where k is transverse-traceless. Setting —¢'(7(,)) = ¢1,
—tr'(7(n)) + afy,y = ¢2, the system (4.45) becomes

1 1
(4.46) §6*V — =d6V = ¢y + —dgbo,
n n

8V +nf = ¢o.

By Proposition 2.3, the term ¢; € Imd, and similarly d¢s € Imd, since for any Killing field X
on (OM,~), (dé2,X) = (¢2,6X) = 0. Thus, the first equation is solvable for V, and hence the
second equation is solvable for f, which proves the claim. Note that the first equation in (4.46) is
an elliptic equation for V.

Next, we claim there is a solution o(,) = 6"V + fv of (4.45) on (OM, ), (v = i), such that

(4.47) o) l|gm-na < Cllh)llcm-na|lTm)llcm-na,

where C depends only on K in Theorem 4.4. This follows directly from standard elliptic estimates
for V associated to the equation (4.46), (choosing V orthogonal to the kernel of the operator),
together with the fact that -; are uniformly bounded in C™“.

Transforming then to the conformally related metrics 7; and using the fact (4.39) that 7, is
uniformly controlled in C* then gives

(4.48) llomllce < Cllhllce,

for a fixed constant C', independent of i, where o(,) and the norms are taken with respect to the
v; metric.

Let Z; = {x € OM : p;(z) < ¢;}, for some sequence ¢; — 0. For any z; € Z;, by Lemma 4.9
the pointed sequence (OM,7;, x;) converges in C"’a/, and uniformly on compact sets, to a complete
conformally flat metric 45, on a domain V' C OM. The metric 7, is conformally flat because one
is conformally blowing up the sequence of smoothly controlled metrics y; on M. Of course, the
convergence is modulo diffeomorphisms which blow-up small regions in M to unit size. Thus,
there exist embeddings F; : V. — OM such that (F;)*y; — Y. For example, if z; realizes the
minimal value of p; in (4.42), then 7 is a complete conformally flat metric on R™. Other choices
of base points may lead to complete conformally flat metrics on R x S”~! for example. In general,
since the conformal class [;] is controlled in C™ %, the limit domain V is contained in R™, with
closure V = R". Similarly, the forms T(n;i) and o(, ;) converge in C? to limit forms T(n) and oy
on V; recall that the tilde has been dropped from the notation.

For the same reasons, since the metrics g; satisty (4.39), the pointed sequence (M;,g;, z;) also
converges, in C™? | to a maximal connected limit (N, oo, Zoo), with boundary data (V,7s).

Let Y be any C? smooth vector field on M. The vector fields X; = (F;)*Y are blow-ups of Y’
based at z; and converge to a conformal Killing field X, on (V94 ), so that

(4.49) ,CAXZ% — ,CAXOQ’VOO =0.

Similarly, since the metrics 7; are bounded in C™, the terms a,) are also bounded, and hence,
wirh respect to the boundary metrics 7;, (a(,))i — 0 pointwise. Combining then (4.44) with (4.43)
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and (4.48), it thus follows that for i large,

(4.50) sup sup | [ (Lx, (i), ho))dV5:| << wols, (OM),

[Y|<1|h(|<l JOM
where ﬁxT(n) = ﬁxT(n)-l-[(l—%)d’I;?)X]T(n), |h(0)| = ||h(0)|‘ca(%), and |Y| = ||Y||C2(%) ~ HY||C2(%O).
Since h(g) is arbitrary, it follows from (4.50) that there exist (possibly many) regions where p; — 0,
for which, on a complete, conformally flat limit (V,7s, Zoo) of the boundary, one has

(4.51) Lx Ty =0,

for any conformal Killing field X, on (V, 7). We claim that the only solution of (4.51), (for all
conformal Killing X ), is

(452 S

To see this, a well-known relation gives Lx7(,) = Vx7(,) +20*X o 7(,), so that if X = X is
conformal Killing, then Lx, 7(n) = Vx,,T(n) + %(divXoo)T(n). Hence (4.51) gives

(453) VXOOT(n) = _(dZUXOO)T(n)a
for all conformal Killing fields Xo. Pairing (4.53) with 7,y gives

1 .
(4.54) 5Xoo(|7(n)|2) = —(divXoo)|T(m) [*-
Hence, if 7(,) # 0, then Xo(log |7(,)|) = —div X, so that by (4.53),

Voo (I7(m)| " 7m)) = 0.
Since (V, 7o) is conformally flat and X, is an arbitrary conformal Killing field, this easily implies
that |7(,)| is constant, which from (4.54) implies (4.52).

Since the convergence of (M;, i, ;) to (N, Jeo, o) is O™, (4.52) contradicts (4.39), which
proves Proposition 4.6. (Equivalently, (4.52) can be shown to imply that the the blow-up limit
(N,d',z00) of (M;,gi,x;) as preceding Lemma 4.7 is flat, contradicting Lemma 4.7). Propositions
4.5 and 4.6 together imply Theorem 4.4, which also completes the proof of this result.

|

Combining Proposition 4.1 and Theorem 4.4 gives the following main result of this section.

m,x

Corollary 4.10. On a fized 4-manifold M, suppose g € E,};, m > 4, has boundary metric vy
satisfying ||y||cm.e < K in a fized coordinate atlas for OM. Then there ezists 61 = 01(K) > 0 such
that the C™ 1@ geometry of the geodesic compactifications g is uniformly controlled in Us, , in that
(4.2) holds, with o depending only on K.

The same result holds in all dimensions in which the strong control property holds.

5. PROPERNESS OF THE BOUNDARY MAP.

In this section, we combine the results of §3 and §4 to prove Theorem A, i.e. the properness of II.
Following this, in §5.2, we also analyse the behavior when II is not proper and prove this is solely
due to the formation of Einstein cusp metrics, cf. Theorem 5.4 and the discussion following it.

5.1. Corollary 4.10 gives uniform C™ @ control of the geodesic compactification of an AH
Einstein metric (M, g) in a neighborhood of definite size about M, in terms of C™% control of
the boundary metric 7. Theorem 3.7 addresses control in the interior, away from the boundary.
Regarding the hypotheses (3.17)-(3.21) of Theorem 3.7, the assumption (3.19) on a lower bound
on the inradius of § and the assumption (3.20) on an upper bound on the diameter T' of S(t1) are
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now immediate consequences of Corollary 4.10. Next we show that there is a global L? bound on
W, ie. (3.21) holds.

Proposition 5.1. Let (M,g) be an AH FEinstein metric on a 4-manifold M, with boundary metric
7. Then there is a constant A, depending only on the topology of M and the C** norm of v, such
that

(5.1) / |W,|*dV, < A.
M

Proof: The integral (5.1) is conformally invariant. In the tubular neighborhood U = U,, about
OM, (cf. (4.23)), we compute the L? integral (5.1) with respect to the compactification g, while in
M \ U, the integral is computed with respect to the Einstein metric g.

Thus, by Corollary 4.10, the curvature R of § is uniformly bounded in U. Since vol,OM is also
uniformly bounded, the curvature bound also gives a uniform upper bound on the volume of (U, g).
Hence, by conformal invariance, the integral over U in (5.1) is uniformly bounded.

For the integral over M \ U, we use the Chern-Gauss-Bonnet theorem for manifolds with bound-
ary, as in [5]. Let S(to) = 0Uy,, po = p1/2, viewed as a boundary in (M, g), and let Q = M \ Uy,,.
Since (€2, g) is Einstein, one has,

o [ WPV = [(RE =0 =x(®) = Spvol+ [ BrA) < x(M)+ [ B(R.4)
814 Jo 87 Ja 4 S(t1) S(t1)
compare also with (3.16). Here B(R, A) is a boundary term, depending on the curvature R and
second fundamental form A of S(tp) in (M, g). But again by Corollary 4.10, R and A are uniformly
controlled on S(tg) C (M, g), as is volyS(to). Hence, the L? norm of W over € is uniformly bounded
and so (5.1) follows.
|

We now assemble the work above to obtain the following result, which represents the major
part of Theorem A. Recall from [6] that if (M,g) is an AH Einstein metric and g is a geodesic
compactification, then its width Widy M is defined by

(5.2) WidgM = sup{t(z) : z € M}.

The width depends on a choice of the boundary metric v for the conformal infinity. However, if 7
and ' are representatives in [y], then

C™'WidgM < Widy M < CWid; M,
where C depends only on the C! norm of v~/ and (7')~!y in a fixed coordinate system on OM.

Theorem 5.2. Let {g;} be a sequence of AH Einstein metrics on M, with boundary metrics v; and
suppose y; — v in the cme topology on OM, m > 4. Suppose further that

(5.3) Ho(OM,R) — Hy(M,R) — 0,
and there is a constant D < oo such that
(5.4) Widg, M < D.

Then a subsequence of {g;} converges smoothly and uniformly on compact subsets to an AH
Einstein metric g on M with boundary metric v. The geodesic compactifications g; converge in the
cm—1e topology to the geodesic compactification g of g, within a fized collar neighborhood U of
oM.

Proof: Corollary 4.10 proves the last statement. As noted above, together with Proposition 5.1, it
follows that the all the hypotheses (3.17)-(3.21) of Theorem 3.7 are satisfied. Thus if one chooses
base points z; satisfying (3.22), then a subsequence of (M, g;,x;) converges smoothly and uniformly
on compact sets, to a limit AH Einstein metric (N, g, ).
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For a fixed d > 0 small, let
(5.5) (M)g =4z € (M,q) : t;(z) <d},

and define Ny in the same way. Then the smooth convergence of the compactifications g; implies
that (M;)aq is diffeomorphic to Nyg and each is a collar neighborhood of M. Further, the limit
metric g on Nog is AH, with boundary metric .

On the other hand, (5.4) implies that the complementary domains

(5.6) (M;)? = {z € (M, g;) : ti(z) > d}

have uniformly bounded diameter with respect to g;, and so Theorem 3.7 implies that (Mi)d/ 2 is
diffeomorphic to the limit domain N%2 in (N, g). It follows that N = M and so g is an AH Einstein
metric on M, with boundary metric +.

|

Combining the results above leads easily to the proof of Theorem A.

Proof of Theorem A.

Let «; be a sequence of boundary metrics in C°, with v; — v € C° in the cme topology on
OM, m > 4, with II(g;) = [v;]- Since only the conformal classes are uniquely determined, one may
choose for instance 7; to be metrics of constant scalar curvature. To prove I1° is proper, one needs
to show that {g;} has a convergent subsequence in £4p to a limit metric g € Eax with II[g] = [7].

Suppose first there is a constant sy > 0 such that

Sy 2 S0-

where s,, is the (intrinsic) scalar curvature of the boundary metric 7;. It is then proved in [6,
Prop.5.1] that

(5.7) Widg, M < v/37//50,

cf. also (A.12). Hence, in this case Theorem A follows directly from Theorem 5.2.
Next, suppose only s,, > 0. If there is some constant D < oo such that Widg M < D, then
again Theorem 5.2 proves the result. Suppose instead

(5.8) Widg, M — co.

In this case, there is a rigidity result associated with the limiting case of (5.7) as sg — 0, proved in
[6, Rmk.5.2, Lem.5.5]. Namely, s,, > 0 and (5.8) imply that the sequence (M, g;,z;), for z; as in
(3.22), converges in the Gromov-Hausdorff topology to a hyperbolic cusp metric

(5.9) gc = dr? + 7"29F,

where gr is a flat metric on M. It follows from the proof of Theorem 5.2, as following (5.5), that
7 = gF, so that, by definition, v ¢ C°. This implies that necessarily Wids, < D, for some D < oo,
which completes the proof.

|

Remark 5.3. Theorem A implies that the space £9; on a given 4-manifold M satisfying (5.3) has
only finitely many components whose conformal infinities intersect any given compact set in C°.

A similar result holds if the filling manifold M is also allowed to vary. Thus, there are only
finitely many 4-manifolds M; having a common boundary M, which satisfy (5.3) and x(M;) < C,
for some constant C' < oo, for which

MIL(EG g (M3)) # 0.

The proof of this is exactly the same, using Theorem 3.5 and Remark 3.6 with varying manifolds
M;.
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§5.2. In this section, we characterize the possible degenerations when II is not proper. Observe
first that Theorem 5.2 implies that if the manifold M satisfies (5.3), then the "enhanced” boundary
map
(5.10) U: Exg — Met(OM) x R,

¥(g) = (I(g), Widp g M)
is proper. Thus, degenerations of AH Einstein metrics with controlled conformal infinity can only
occur when the width diverges to co. On the other hand, as indicated in the Introduction, in
general the boundary map II is not proper.

Define an AH FEinstein metric with cusps (N,g) to be a complete Einstein metric g on a 4-
manifold N which has two types of ends, namely AH ends and cusp ends. A cusp end of (NN, g)
is an end E such that volgE < oo. Thus, N has a compact (possibly disconnected) hypersurface
H, disconnecting N into two non-compact connected components N = N; U Ny where (Ny,g)
is an AH Einstein metric with boundary H and (N2, g) has finite volume, so that each end of
N, is a cusp end. A natural choice for H is the level set t71(1), where ¢ is a geodesic defining
function for the conformally compact boundary dagN of N. Then Ny = {z € N : t(z) < 1},
Ny ={z € N :t(z) > 1}.

Note that any cusp end FE is not conformally compact. As one diverges to infinity in F, the
metric g is collapsing, in that volyB,;(1) — 0 as z — oo in E, and hence the injectivity radius
satisfies injy(z) — 0, as £ — oo in E, see §3.1.

Theorem 5.4. Let M be a 4-manifold satisfying (1.4), and let g; € Eag be AH Einstein metrics
with boundary metrics v; € C™%, with v; — vy in the C™ topology on OM, m > 4. Let t; be the
geodesic defining function associated with v; and choose base points x; € H; = tz-_l(l).

Then a subsequence of {g;} converges, modulo diffeomorphisms in D1, either to an AH Einstein
metric g on M, or to an AH Einstein metric with cusps (N, g,z), © = limz;. The convergence is
smooth and uniform on compact subsets of M, N respectively. In both cases, the conformal infinity
is given by (OM, []). Further, the manifold N weakly embeds in M, as in (3.23).

Proof: For any D < oo, let (M;)p = {z € (M,g;) : ti(z) < D}, as in (5.5). Theorem 5.2
implies that a subsequence of ((M;)p, gi,z;) converges smoothly to a limit AH Einstein metric g
on a domain Np, with Np diffeomorphic to (M;)p, and with conformal infinity of Np given by
(OM, 7).

If there is a fixed D < oo such that (5.4) holds, then the result follows from the proof of Theorem
5.2 or Theorem A. Thus, we may suppose

(5.11) Widg, M — .

In this case, it follows from [6, Lemma 5.4] that there is a constant Vj < oo, depending only on
{7} and the Euler characteristic x(M), such that

(5.12) volg, (M;)' < Vg,

where (M;)! = {z € (M,g;) : t;(z) > 1} is the complementary domain to (M;);. (The estimate
(5.12) is a straightforward consequence of (2.18), or more precisely the bound V' < % x(M), given
uniform control of the metrics g; and g; on (M;)1)-

By Theorem 3.5 and Remark 3.6, the pointed manifolds (M, g;, x;), for z; base points in S;(1) =
t; (1), converge in a subsequence and in the Gromov-Hausdorff topology to a complete Einstein
manifold (N, g,z), x = limz;. The convergence is also in the C* topology, uniform on compact
sets. The domain N! = {z € (N, g) : t(z) > 1}, with t(z) = lim¢;(x), is the limit of the domains
(M;)".

The bound (5.12) implies that N is of finite volume while (5.11) implies that N is non-compact.
It follows that the full limit N = N' U N; with limit metric g is a complete AH Einstein manifold
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with conformal infinity (M, [y]) and with a non-empty collection of cusp ends. The fact that N
weakly embeds in M follows exactly as in the proof of Theorem 3.7.
|
The fact that the AH cusp metric (N, g) has conformal infinity (0M,[y]) and that it weakly
embeds in M implies that there is a sequence ¢; — oo such that N;; C N embeds in M, for Ny; as
above. Hence, for any j large, the manifold M may be decomposed as

(5.13) M = Ny, U(M\ Ny,).

With respect to a suitable diagonal subsequence ;7 = j7;, the metrics g; on M push the region
M \ Ny;, off to infinity as i — oo and t;; — oo, giving rise to cusp ends in the limit (N, g).

Theorem 5.4 suggests the construction of a natural completion Eam of Eam. Thus, for any R < o0
large, let C(R) denote the space of conformal classes [y] on M which contain a representative
satisfying ||v||cee < R, with respect to some fixed coordinate system for OM. Let E4p(R) =
ITI"'(R) and for any g € E4m(R), choose a base point z € t~'(1) = Hy, where ¢ is the geodesic
defining function associated to the boundary metric .

Then Theorem 5.4 implies that the completion £ap(R) of Eag(R) in the pointed Gromov-
Hausdorff topology based at points x € Hy is the set of AH Einstein metrics on M, together with
AH Einstein metrics with cusps (N, g). If y; are metrics in C(R), then a subsequence of y; converges
in C™% to a limit metric v € C(R). If g; € E4x(R) satisfy II(g;) = 7;, then the corresponding
subsequence of g; converges in the Gromov-Hausdorff topology based at z; to (N, g) € E41(R), and
the conformal infinity of (N, g) is v = lim~y;. The convergence is also in the C* topology, uniform
on compact sets. Of course one may have N = M, in which case the limit is an AH Einstein metric
on M.

For R < R, £au(R) C E4n(R') and so we may form the union €45 = Ugp€an(R) with the
induced topology. It is clear that in this topology, the boundary map II extends to a continuous
map

(5.14) ﬁ:gAH—)C.
Further, the following corollary is an immediate consequence of Theorem 5.4.
Corollary 5.5. Let M be a 4-manifold satisfying (1.4). Then the extended map 1 : Egy — C is
proper.
|
It follows in particular that the image
l:I(g A H) ccC

is a closed subset of C. However, it is not known if £4 is a Banach manifold. Even if €45 is not a
Banach manifold, it would be interesting to understand the ’size’ of the set of AH Einstein metrics
with cusps. The set of such metrics corresponds of course exactly to

0am = Ean \ Eam-
In particular, with regard to the work to follow in §6-§7, one would like to know if the image

I1(0€ an) disconnects C or not, cf. also Remark 7.8 below. Again the fact that II is proper implies
that TI(0€4x) is a closed subset of C.

Let
(5.15) C=C\I(0an);

this is the space of conformal classes on M which are not the boundaries of AH Einstein metrics
with cusps associated to the manifold M. Also let E4y5 = H_l(C), so that £4g is the class of AH
Einstein metrics on M whose conformal infinity is not the conformal infinity of any AH Einstein



34

metric with cusps associated to M. If one gives C the relative topology, as a subset of C, then the
following result is also an immediate consequence of the results above.

Corollary 5.6. Let M be a 4-manifold satisfying (1.4). Then the map
(5.16) M:ig—C
18 proper.

Remark 5.7. The first examples where II is not proper, for example IT~!(pt) is non-compact in
Ean, is the sequence of AH Einstein metrics g; on R? x T™~!, converging to the hyperbolic cusp
metric on R x 7™, discussed in Remark 2.6; cf. [6, Prop.4.4] for the explicit construction of {g;}.

However, these metrics lie in distinct components of the moduli space £45 on R? x T2, and so
cannot be connected by a curve of metrics on R? x T2. Thus €45 has infinitely many components,
and this is the cause of II being non-proper. Currently, there are no known examples where II
restricted to a component of €47 is not proper. On the other hand, if one passes to the quotient
of £4p by the full diffeomorphism group, then the metrics g; above may be joined by a curve.

More recently, G. Craig [17] has constructed infinite sequences of AH Einstein metrics (M;, g;)
on non-diffeomorphic manifolds M;, which all have the same conformal infinity (0M,[yo]). These
limit on a complete hyperbolic manifold (N, g_1), with conformal infinity given by (0M, [y]), but
with additional cusp, i.e. parabolic, ends analogous to the hyperbolic cusp end above. In fact, the
Einstein metrics are constructed by Dehn filling each cusp end of N.

6. DEGREE OF THE BOUNDARY MAP.

In this section, we prove that the boundary map I1° has a well-defined Z-valued degree, following
Smale [34] and White [37], cf. also [34]. Throughout this section, we work componentwise on £9
and C°, but we will not distinguish components with extra notation. Thus, we assume

Ho:ng _>CO

where £9 5 and C° are connected, that is connected components of the full spaces. The results of
this section also hold for the restricted boundary map II : 45 — € in (5.16), but since there is no
intrinsic characterization of C, we work with C°; see also Remark 7.8.

Since II° is a proper Fredholm map of index 0, the Sard-Smale theorem [34] implies that the
regular values of IT1° are open and dense in C°. For v a regular value, the fiber (II°)~!(y) thus

consists of a finite number of points, i.e. (equivalence classes of) AH Einstein metrics on M. By
[34]
(6.1) degoI1° = #(11°) "' ([y]) mod 2,
is well-defined, for any regular value [y] in C°. We recall that if [y] ¢ ImII°, then [y] is tautologically
a regular value of I1°.

Next, we show that II° has a well-defined degree in Z, essentially following [37]. Thus, for

[v] € ImII?, let g be any AH Einstein metric on M, with II°(¢g) = [y]. Consider the linearization of
the Einstein equations, i.e. as in (2.4), the elliptic operator

L=1D"D-R,

acting on L?2(M,g). The operator L is bounded below on L?*? and as in the theory of geodesics
or minimal surfaces, let

(6.2) indy € Z,
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be the L? index of the operator L at (M, g), i.e. the maximal dimension of the subspace of L*?(M, g)
on which L is a negative definite bilinear form, with respect to the L? inner product. The nullity
of (M, g) is the dimension of the L? kernel K.

The main result of this section is the following:

Theorem 6.1. Let y be a regular value of I1° on (M, g) and define

(6.3) degll = ) (=1)"%:.
gi€(11°)~1([v])

Then deg T1° is well-defined, i.e. independent of the choice of [y] among regular values of T1°.

Proof: In [37], White presents general results guaranteeing the existence of a Z-valued degree, and
we will show that the current situation is covered by these results. Thus, we refer to [37] for some
further details.

Let [y1] and [y2] be regular values of II° and let [o(¢)],¢ € [0, 1] be an oriented curve in C° joining
them. Choose representatives y; € [y1] and 72 € [y2] and let &(¢) be a curve in Met(OM) joining
y1 to y2. By [34], we may assume that & is transverse to II, so that the lift 0 = II71(5) is a
collection of curves in g, with boundary in the fibers over y; and . Define an orientation on o
by declaring that II is orientation preserving at any regular point of ¢ which has even index, while
IT is orientation reversing at regular points of ¢ of odd index. Thus, provided this orientation is
well-defined, the map II|, : ¢ — & has a well-defined mapping degree, as a map of 1-manifolds.
By construction, this 1-dimensional degree is given by (6.3) at any regular point of ¢ and hence it
follows that (6.3) is well-defined. Thus, it suffices to prove that the orientation constructed above
is well-defined.

If I1.(do /dt) # 0 for all ¢, so that all points of o are regular, then the index of o(t) is constant,
and so there is nothing more to prove. Suppose instead that IL,.(o'(t5)) = 0, so that o(tg) is a critical
point of IT; (without loss of generality, from here on assume ¢ is connected). Hence o' (tg) = kg € K,
and for ¢ near tg, o(t) = o(tg) + (t — to)ko + O((t — t9)?). Without loss of generality, (cf. [37]), one
may assume that K = (ko) is the span of kg. Thus, o(t) may be viewed as a graph over Kj.

Let S'\';7 be the space of complete metrics g on M which have a C"™* conformal compactification
and which satisfy the slice condition ,(;)(g9) = 0. It is proved in [7, Thm.4.1] that the map

(6.4) Y — S™THY g — Ricy + 39,
is a submersion at any g € E};. Since Ricy + 3g = 0 on the curve o(t), the implicit function

theorem implies that there is a 2-parameter family o (¢, s) € S'}3, with II(o (¢, s)) = II(o(t)) = (1),
for ¢ near ¢ty and s near 0, such that

(6.5) Rica(t,s) +30(t,s) € K.

It is well-known that forms s € K satisfy |k| = O(t"), i.e. O(t®) in the case at hand, cf. [11], [30].
This, together with the fact that such x are transverse-traceless, (cf. (2.6)), implies that the metrics
o(t,s) are Einstein to order 3 at conformal infinity OM, in that ‘fi—‘; € fa(t,s)EAHa cf. (2.20).

By Lemma 2.2, the renormalized action I7f7; is then well-defined on the family o(¢,s). When
viewed as a function of %, s, one has

d , do
(6.6 STER(8) = [ (Ricy -+ 30(t,9), )av.
since do/ds has 0 boundary values on 9M. (The Euler-Lagrange equations for I7f} are the same
as those for the usual Einstein-Hilbert action). By (2.6) and (6.5),

do(t,s)
ds

d
—(Ricy(1,s) + 30(t,8)) = L(

K
I ) € K,
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which implies that %a(t, s) € K. From this, it follows that the integral in (6.6) vanishes only on
the curve o(t); thus the curve o(t) in the plane P spanned by t, s is the set where dI}f7;/ds = 0.
(The functional I3 plays the role of g in [37]). It follows that o(¢) is (locally) the boundary of
the open set {dI}{;/ds > 0} in P:

(6.7) o(t) = O{dIET /ds > 0).

If indy(;) is even, for ¢ near g, t # o, give o(t) the boundary orientation induced by this open
domain, while if ind, ;) is odd for ¢ near to, t # to, give o(t) the reverse orientation. It is now
straightforward to see that this definition coincides with the orientation defined at the beginning
of the proof. Thus, the point tg — o (tp) is a critical point for the map 7 o o, where 71 : (¢,8) — ¢
is projection onto the first factor. If this critical point is a folding singularity for m o o, then the
index of o(t) changes by 1 in passing through o(#) and reverses the orientation of A(t) = 71 (o(t)),
(exactly as is the case with the standard folding singularity z — 22). On the other hand, if 71 o &
does not fold with respect to 71, (so that one has an inflection point), then the index of o(t) does
not change through ¢y and 71 maps o(t) to A(¢) in an orientation preserving way. We refer to [37]
for further details, and also to §7 for concrete examples of such folding behavior.
|

Remark 6.2. As discussed in §2, the inclusion Sfﬂ;’a’) C Sgg’a), is dense, for any (m/,a') > (m, @)
and these spaces are diffeomorphic. Hence, the degree of II° is independent of (m,«) and defined
on the spaces EXZ’Q) for all m > 4. Moreover, the degree is also defined on the spaces £45 and & AH

in (5.14) and (5.16), and is independent of (m, «).

7. COMPUTATIONS OF THE DEGREE.

We conclude the paper with computations of degII® for several interesting examples of 4-manifolds.
In all cases, the evaluation of the degree is made possible by symmetry arguments, using Theorem
2.5.

Recall that if degII® # 0, then II is surjective onto C°, and so any conformal class [y] in C° on
OM has a filling by an AH Einstein metric g with conformal infinity [y]. Of course, degII® = 0 does
not imply that II cannot be surjective.

We begin with the proof of Theorem B.

Proof of Theorem B.

As seed metric, choose the hyperbolic (Poincaré) metric go on B*. This has conformal infinity
[v0], where 7g is the round metric on S = 9B*. Now the boundary metric 7, admits a large
connected group SO(4) of isometries. Theorem 2.5 implies that for any AH Einstein metric g on
B*, SO(4) acts effectively by isometries on (B*,g). It is then standard that g must be the Poincaré
metric on B*.

It follows that up to isometry, gy is the unique metric with conformal infinity [yy]. (This also
follows from a rigidity theorem in [9, Thm.5.2]). Further, it is well-known that the L? kernel K of
go is trivial, i.e. K = {0}; in fact, this holds for any Einstein metric of negative sectional curvature,
cf. [10], [11]. Thus, go is a regular point of IT and since II~![yg] = go, the point [yo] is a regular
value of II. The result then follows from (6.3).

|

We point out the following immediate consequence of the proof.

Corollary 7.1. Let M be any 4-manifold satisfying 7 (M,0M) = 0, and (1.4), with OM = S3
and M # B*. Then on any component of E%m>

(7.1) deglIl® = 0,

and 11 is not surjective. In fact the conformal class of the round metric v on S° is not in ImlL.



37

Proof: Suppose the class [y] € Imll, so that there is an AH Einstein metric g on M, with boundary
metric 7y. The proof of Theorem B above implies that necessarily g = gg, where gg is the Poincaré
metric on B*. Hence, M = B*, a contradiction.

|

Next, we have:
Proposition 7.2. Let M = R? x S?, so that OM = S* x S?. Then
(7.2) deglIl® = 0,
and 11 is not surjective.

Proof: As seed metric(s) in this case, we take the remarkable 1-parameter family of AdS Schwarz-
schild metrics, discussed in detail in [23], cf. also [38]. Thus, on R? x S2, consider the metric

(7.3) gm = F7ldr® + Fd0” + r’ggs2(1),

where F = F(r) = 1+7r2— sz The mass parameter m > 0 and r € [r}, 00), where 7 is the largest
root of the equation F(ry) = 0. The locus {r; = 0} is a totally geodesic round 2-sphere S2, of
radius r;. Smoothness of the metric at {r; = 0} requires that the circle parameter 6 run over the
interval [0, 8), where § is given by

47T’f‘_|_
7.4 = —.
(7.4) F=1 +3r2
It is easily seen that as m varies from 0 to oo, r4 varies monotonically from 0 to oo.
The metrics g, are isometrically distinct, for distinct values of m, and form a smooth curve in
& am, with conformal infinity given by the conformal class of the product metric v, = S*(8) x §2(1).
Notice however that the length £ has a maximum value as m ranges over (0,00), namely

(7-5) ;8 < /Bmaw = 277—/\/55

achieved at ry = 1/v/3, m = mg = 2/v/3. As m — 0 or m — oo, one has § — 0.

Thus, the boundary map II on the curve g, is a fold map, folding the ray m € (0,00) onto
the S-interval (0, Baz]- The map II restricted to the curve g, is a 2-1 map, except at the point
9mo- The metric g, is a critical point of II, and, (as will be seen below), the tangent vector
(dgm /dm)m=m, spans the L? kernel Ky, -

Next, we claim that the metrics g,, are the only AH Einstein metrics on R? x S? with conformal
infinity given by a product v, = S'(L) x S%(1). The isometry group of v, contains G = SO(2) x
SU(2) and by Theorem 2.5, any AH Einstein metric g;, on M with boundary metric v, has G
acting effectively by isometries. As in (2.7), we may choose a geodesic defining function for gz, so
that gz, has the form

gr = d32 + gs,

where g, is a curve of metrics on S' x §? invariant under the G-action. Thus, the Einstein metric
g1, has cohomogeneity 1. It then follows from the classification given in [31] for instance that the
metric g7, on R? x §? is isometric to gy, for some m = m(L).

A similar argument shows that the metrics g,,, for m # myq are regular points of II. For suppose
there exists k € K = K,, . Then & is the tangent vector to a curve o(s) € Eag with ¢(0) = g, and
T, (k) = 0, so that the boundary metric of o(s) is fixed to first order in s. The proof of Theorem 2.5
in [8] then shows that x inherits the symmetries of g,,, i.e. k is G-invariant. Hence, k is tangent to
the curve gy, so that, without loss of generality, o(s) = gp(,). Since H*(% gm) 7 0, when m # my,
this proves the claim.
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We may thus compute degll® by evaluating the formula (6.3) on a pair of distinct metrics g,
and gp,, with II(gpm,,) = I1(gm,). From [23, §3], one has

(7.6) ind, =41, ind, =0,
for m1 < mgy < mg, which proves (7.2). Alternately, since II is a 2-1 fold map on g,,, the proof of
Theorem 7.1 shows directly that (7.2) holds.

Further, the symmetry argument above implies that the metrics S*(L) x S2(1) are not in ImlII,
whenever

(7.7) L > Bmaz,
and hence II is not surjective. [ |

9mq 9moy

This result should be compared with the following;:
Proposition 7.3. Let M = S' x R3, so that OM = S' x S?. Then
(7.8) degIl® =
and I1° is surjective.

Proof: As seed metrics in this situation, we take a family of hyperbolic metrics, namely the metrics
H*(—1)/Z, where the Z-quotient is obtained by a hyperbolic or loxodromic translation of length L
along a geodesic in H*(—1). The conformal infinity is the product metric S*(L) x S%(1) in the case
of a hyperbolic translation, and the bent product metric S'(L) x, S?(1) on the same space when
the translation is loxodromic; the angle o between the factors S'(L) and S?(1) corresponds to the
loxodromic rotation.

As in Proposition 7.2, any AH Einstein metric on S' x R® with boundary metric S*(L) x S2(1)
has SO(2) x SO(3) acting effectively by isometries. Again, the classification in [31] implies that,
on this manifold, the only such metrics are hyperbolic. Hence the result follows as in the proof of
Theorem B. [ |

Next, we turn to non-trivial disc bundles over S2. For the disc bundle of degree 1 over S?, i.e
M = CP? \ B*, with M = S3, Corollary 7.1 implies that II is not surjective so that

(7.9) degIl® = 0.

Remark 7.4. Actually, to justify this statement one needs to remove the hypothesis (1.4), since
in this situation H9(OM) does not surject onto Ho(M ). Recall that (1.4) was only used to rule out
orbifold degenerations in the proof of Theorem 3.7. However, it is sometimes possible to rule out
orbifold degenerations in the case of sufficiently low Euler characteristic directly, without the use of
(1.4). This situation was treated in [1] in the case of orbifold degenerations on compact manifolds,
and the argument for AH metrics is similar; thus we refer to [1], [3] for some further details.

Let M be the disc bundle of degree k over S?, so that x(M) = 2, and let {g;} be a sequence
of AH Einstein metrics on M which converge to an AH Einstein orbifold (X,g), with boundary
metrics 7; converging in C"™% to the boundary metric 7 for (X,g). By (2.18), one has

o | Walt =2= 15V(a)

The results of Theorem 3.7, Corollary 4.10 and Proposmon 5.1 show that V'(g;) — V(g), where V' (g)
is the renormalized volume of the Einstein orbifold (X, g). Now as discussed following Proposition
3.10, orbifold singularities arise by crushing essential 2-cycles in M to points. Since M has only
one essential 2-cycle, (up to multiplicity), given by the zero-section, there can only be one singular
point on X. For the same reason, there is only one Ricci-flat ALE space (F, goo) associated to the
singularity. It is then easy to see, cf. [1, §6], [3, §3.3] and references therein, that

tim [ W= [ 1w+ [

1—00
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The formula (2.18) for Einstein orbifolds (X, g) gives

1 \ 13
32 /X [W,|* = x(Xo) + o]~ HV(Q),

where X is the regular set of X and the orbifold singularity of X is C(S3/T), (cf. [1, (6.2)]). Also

1
ooQZXE - 9
o on = x()

where F is asymptotic to C(S3/T') at infinity, (cf. [1, (6.3)]). Combining these equations gives
Iy =T = Zi, and hence x(Xy) = 0, so that F is diffecomorphic to M. In particular, this rules
out orbifold degenerations in the case k = 1, where M = CP? \ B*, since I' must be non-trivial,
I # {e}. This gives (7.9).

For general k, one thus has

(7.10) /E Wy > =2~ %
On the other hand, the signature formula for ALE metrics, cf. [27] for instance, gives
(7.11) 7(B) = fgmz [ IW4l? = WP+ 0(5/22),
and

stz = E-DEZD),
Since 7(E) = 1, simple arithmetic as in the Hitchin-Thorpe inequality gives the estimate
(7.12) 4k -2 > |3k — (k- 1)(k —2)|.

The estimate (7.12) implies k£ < 9, so that orbifold degenerations are not possible if k£ > 10.

We conjecture that there are in fact no orbifold degenerations for k£ > 3. However, for k = 2,
it will be seen below that there are orbifold degenerations. In fact, in this case, (7.12) shows that
(E, goo) must be self-dual, and hence by Kronheimer’s classification [29], (E, g ) is the Eguchi-
Hanson metric.

Example 7.5. It is interesting to compare the result (7.9) with an explicit family of AH Einstein
metrics on M = CP? \ B*, namely the AdS Taub-Bolt family, cf. [24], [31]. This is a 1-parameter
family of metrics given by

(7.13) gs = E{(r? — 1)F~L(r)dr? + (r* — 1)7 1 F(r)(dr + cos 0d$)? + (r? — Dgsz(1y},
where the parameters r, s satisfy r > s and s > 2, the constant E is given by
2s—2
.14 —z° “
(7.14) P32 -1’
and the function F(r) = Fs(r) is
1
(7.15) Fy(r) = Er* + (4 —6E)r* + {—=Es®* + (6E —4)s + ~(3E — 4)}r + (4 - 3E).
s

The parameter 7 runs over the vertical S!, and 7 € [0, ), with
(7.16) B = 2m.

The bolt S? {r = s} is a round, totally geodesic 2-sphere, of area A5 = %7{'(8 — 2). These metrics
are AH, with conformal infinity given by a Berger (or squashed) S3, with base S%(3), and Hopf
fiber S' = S'(L) of length L = 27VE.
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In analogy to (7.4)-(7.5), notice that £ — 0 as s — 2 or s — o0, and has a maximal value
Emaz = (2 —+/3)/3 at s = s9 = 2 + /3. Note in particular that since

Emaa: < ]"

the round metric $3(1) is not in Im II(gs) for any s.

We see that on the curve g;, s € (2,00), the boundary map II has exactly the same 2-1 fold
behavior as for the AdS Schwarzschild metric. The use of Theorem 2.5 as in Proposition 7.2 implies
that II is not surjective, and in fact the Berger spheres with Hopf fiber length L, for L > 27/ E; 44
are not in ImlII.

In contrast, one has the following behavior on more twisted disc bundles over S2.

Proposition 7.6. Let M = My, be the disc bundle of degree k over S?, k > 10, so that OM = S3|Zy,.
Then

(7.17) degIl® =1,
and I1° is surjective.

Proof: As seed metrics, choose again the AdS-Taub bolt metrics on My, cf. [24], [31]. These have
exactly the same form as (7.13)-(7.16), except that the parameter s satisfies s > 1, F; in (7.14) is
replaced by E, j of the form

2ks — 4

1 E.,=-—"" -
(7 8) S,k 3(82 . 1)3

and the period g for 7 is given by 8 = 2x/k. For each k, these metrics are AH, and the conformal
infinity on $/Zy, is given by the Berger metric, with, as before, Hopf circle fibers of length L =
214/ E, i /k. When E = 1, conformal infinity is given by the round metric on S3 ) L.

Note however from (7.18) that now the function Ejj is a monotone decreasing function of s,
as s increases from 1 to oco. Hence, II is 1-1 on this curve, and in particular, the metric gs,,
so = 3(k+vk? — 3) has conformal infinity the constant curvature metric on $%/Zj. The symmetry
argument using Theorem 2.5 as before, together with [31], implies these metrics are the unique
metrics with these boundary values. The metrics g5 are regular points for II, and so (7.17) follows,
since by Remark 7.4, orbifold singularities cannot occur when k£ > 10. [ |

Remark 7.7. We expect Proposition 7.6 holds for all £ > 3; the proof above holds for such k,
provided there are no orbifold degenerations, cf. Remark 7.4.
However, Proposition 7.6 does not hold when k£ = 2. In this case, (7.18) becomes

4 1
35+ 17
This is of course monotone decreasing in s € (1, 00), but it has a finite value at s = 1 with Ey 5 =
As s — 1, the area of the bolt S? at {r = s} tends to 0, and vanishes at {r = 1} when s =
Thus, the Taub-Bolt metric is an orbifold singular metric on C'(RP3) when s = 1. Note this shows
that the £k = 2 discussion in Remark 7.4 is sharp, in that as s — 1 on the Taub-Bolt curve, the
Ricci-flat ALE space associated to the orbifold singularity is necessarily the Eguchi-Hanson metric.
In particular, only the values E € (0, %) are achieved on the Taub-Bolt curve g;. I am grateful to
Michael Singer for pointing out this behavior of the Taub-NUT curve.

Hence the round metric g on RP? is not in ImII on the curve g;. Again, Theorem 2.5 and the
classification in [31] show that vy ¢ II(£), where £ is the moduli space of AH Einstein metrics on
the disc bundle of degree 2 over S2.

(7.19) B,

— WIN
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Remark 7.8. We close the paper with some observations on whether the full boundary map
Im:£& AH — C

might be surjective, or almost surjective, at least when degIl® # 0.

First, recall from Corollaries 5.5 and 5.6 that both the extended map II : £45 — C and the
restricted map :Esn — C are proper. In this regard, it would be very interesting to know if the
set of boundary values of AH Einstein metrics with cusps disconnects C or not, that is whether

I(0Eam) C C

disconnects C, or whether ¢ = C \ II(0€4x) is path connected, (for instance if T(OEy) is of
codimension at least 2). If C is path connected, then the degree theory arguments of §6 and §7 hold
without any change and give a well-defined degree degIl on each component of £4p. In particular,
if this holds and degII # 0, then II is almost surjective, in that II surjects onto C.

On the other hand, if TI(0€ap) disconnects C, then II(8€4) represents a “wall”, past which it
may not be possible to fill in boundary metrics with AH Einstein metrics. This would be the case
for instance if €45 is a Banach manifold with boundary 0€4x and II maps 04 onto a set of
codimension 1 in C.

The same issue arises if the condition (1.4) does not hold, so that orbifold singular metrics might
arise, as discussed in Remark 7.7.

Finally, it would also be interesting to know if there are topological obstructions to the possible
formation of cusps, as is the case with the formation of orbifold singularities as in (1.4). Thus, with
respect to the decomposition (5.13), one would like to know for instance if some of the homology
of one of the two factors injects into that of the union M.

APPENDIX

In this appendix, we collect several formulas for the curvature of conformal compactifications of
AH Einstein metrics.

Let g = p? - g, where p is a defining function with respect to g. The curvatures of the metrics g
and g are related by the following formulas:

. Ky +|Vp2 1, _, .
(A1) Kap = % = AD%0(E0,e) + D plen, )}
_ D? e Ap.
(A.2) Ric=~(n~1)=£ + (o (Vp ~1) = =P,
A _
(A.3) 5= —2n7" +n(n+ 1)p"2(|Vpl2 - 1).

The equation (A.2) is equivalent to the Einstein equation (1.2). Observe that (A.2) implies that if
the compactification g is C?, then

(A4) |[Vp| =1 at M,
and so by (A.1), |Kg + 1] = O(p?). For r = —log p, a simple calculation gives
(A.5) 90l = V71,

where the norm and gradient on the left are with respect to g, and on the right are with respect to

g-
A defining function p = ¢ is a geodesic defining function if

(A.6) |Vt =1,
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in a collar neighborhood U of M. Clearly, the formulas (A.1)-(A.3) simplify considerably in this
situation. The function ¢ is the distance function to M on (M, g), and similarly by (A.5), the
function r is a (signed) distance function on (M, g). The integral curves of V¢ and Vr are geodesics
in (M, g) and (M, g) respectively.

The 2°¢ fundamental form A of the level sets S(t) of t in (M, ) is given by A = D?t, with
H = At giving the mean curvature of S(t). Along t-geodesics of (M, ), one has the standard
Riccati equation

(A7) H' +|A]? + Ric(Vt,Vt) = 0,
where H' = dH /dt.

The following formulas relating the curvatures of (M,g) at M to the intrinsic curvatures of
(0M,~) may be found in [6, §1].

Let g be a C? geodesic compactification of (M, g), with C? boundary metric . Then at OM,

(A.8) 5= 2nRic(N,N) = nfr_z 157
where N = V¢ is the unit normal to M with respect to g. If X is tangent to OM, then
(A.9) Ric(N,X) =0,
while if T' denotes the projection onto T'(OM), then
_ 1 S
Al i)l = ——((n — 1)Ric, — ——7).
(A10 (Rie)" = 5 (0 = i, ~ 55

In particular, the full curvature of ambient metric g at M is determined by the curvature of the
boundary metric ~.
Finally, we have the following formula for 3’ = ds/dt:

(A.11) § =2nt Y D*t]* > %ﬁ? > 0.
2n
Hence, if 5(0) > 0, then
(A.12) 2 < 4n?/3(0).
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