MAT 511: Fundamental Concepts of Math Summer I 2026

Homework 2
Due: June 16

Problem 1 (Compulsory). Let A, B,C be sets. Use truth tables to prove the distributive

property
AN(BUC)=(ANB)U(ANC).

[lustrate it with Venn diagrams (you may need to draw several to avoid an overly crowded
diagram).

Problem 2. Let A, B, C be sets. Suppose A, B are disjoint, and A, C' are disjoint. Suppose

also that AU B = AU C. Show that B = C.

Problem 3 (Compulsory). Let f: X — Y be a function. Let A,B C X, and C,D C Y.
Prove the following statements.

1. f(ANB) C f(A)N f(B);
2. fFHCnD)=fHC)N fH(D).

Problem 4. Let f: R — R be a function.
1. Give an explicit example of f that is injective but not surjective;
2. Give an explicit example of f that is surjective but not injective;
3. Give an explicit example of f that is both injective and surjective (i.e. a bijection);

4. Give an explicit example of f that is neither injective nor surjective;

Problem 5 (Compulsory). Let f: X — Y and g : Y — Z be functions. Prove the following
statements.

1. If both f and g are injective, then so is g o f;
2. If g o f is injective, then so is f;

3. If g o f is surjective, then so is g.

Problem 6. Suppose f : X — X is injective, and satisfies f o f = f. Show that f =idy.
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Problem 7 (Compulsory). Let X be a set. Recall that for any subset A C X, we can define
its characteristic function y4 : X — {0,1} by

(2) 1 ifzeA
x) = )
xa 0 ifxgA

Let A, B be two subsets of X. Treat X as the universal set, so that we can define A°.

(1) Fill in the values of different characteristic functions in the table below.

re€A-B|lzeANB|zeB-A|ze X - (AUB)

xa(r)
x5(7)
XauB(7)
XAmB(ﬂU)
Xae(x

(2) Using the table in (1) or otherwise, show that

(a> XAmB(
(b> XAUB(
(c) xac(x) =

z) = xa(z)xp(z) for any z € X;
) = xal(

x z) + xB(x) — xanp(z) for any x € X.

—_

— xa(z) for any z € X.



