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A Construction of Unitary Representations
in Parabolic Rank Two

M.W. BALDONI-SILVA - A'W. KNAPP (¥)

0. - Introduction

Some years ago, B. Speh and the second author [7] investigated unitary
representations of G = SU(N,2) that arise as Langlands quotients of the
nonunitary principal series. The nonunitary principal series consists of the
induced representations

(0.1) U(MAN,0,v) = ind§ sy (0 ® € ® 1),

where M AN is a minimal parabolic subgroup. For this G, M is a (compact)
double cover of the unitary group U(N —2) and A is Euclidean of dimension 2.
To visualize matters, we fix an irreducible representation o of M and consider
the two-dimensional picture of A parameters ¢”, where v is a real-valued linear
functional on the Lie algebra 4 of A. In interesting cases, the typical picture of
unitary points (i.e., those points for which the corresponding Langlands quotient
can be made unitary) within the positive Weyl chamber, is as in Figure 1.
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Figure 1: Typical picture of unitary points in SU(N,2)
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There are some two-dimensional regions of unitary points along the
horizontal axis, there are some upward-sloping diagonal lines, and there is
sometimes one isolated point.

Our concern here is with the lines of unitarity in the picture. The two-
dimensional regions are a rank-one phenomenon, and we can regard them as
already understood in an inductive argument. What about the lines? The proof
in [7] that the lines give unitary points uses the fact that the lines correspond to
irreducible degenerate series; the argument for irreducibility is rather complicated
and shows little hope of generalization.

In the present paper, we shall show that the unitarity along these lines
is indeed a rank-one phenomenon, provided we take into account some formal
properties of intertwining operators. As we shall see, the argument generalizes
to other real-rank-two groups and also to other parabolic-rank-two situations.
In some cases, the argument produces isolated unitary points, as well as lines.
The main results are Theorems 4.11 and 5.2.

However, when we try to generalize the argument to parabolic rank n,
we find that it does not seem to handle (n — 1)-dimensional sets in parabolic
rank n, just one-dimensional sets and certain isolated points. This failure raises
a question that we mention in Section 7.

We use the following notational conventions throughout. The group G is
a connected linear semisimple Lie group with maximal compact subgroup K.
Subgroups are denoted by upper-case Latin letters, and their Lie algebras are
denoted by the corresponding lower-case German letters.

We are indebted to O.S. Rothaus for supplying a proof of Lemma 1.2
for us, to Chin-Han Sah for helping us to cope with some of the intricacies
of SO(n,1) in Section 4, and to H. Schlichtkrull for giving us independent
confirmation of some of the unitarity we discovered.

1. - Oversimplified idea

In SU(N,2) the configuration of roots of (g, A) is of type (BC),, for
N > 2, and may be taken to be of type B; for N = 2. We give the precise
diagrams below.

e — ez €r,2ep ey —ep e
N>2: C —0 N=2: QO —0
SI(2,C) SU(N —1,1) ST(2,R) SO(3,1)

=S03,
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In the parabolic-rank-two generalization, we assume that G is linear, that
M AN is a cuspidal parabolic subgroup of G, that all roots of (g, A) are useful
in the sense of [4], and that the corresponding configuration of roots is as in
(1.1a) or (1.1b).

e —e e2,2€2 el —e2 ez
(1.n @ CC = @) b C =g
SO (odd, 1) arbitrary SZ(2,R) SO(m,n)

We work with induced representations (0.1) in which o is a discrete series
or (nonzero) limit of discrete series representation of M, A has dimension 2, and
v is a real-valued linear functional on A in the closed positive Weyl chamber.

Configuration (1.1a) arises with M AN minimal parabolic in G when G is
locally SU(N,2), Sp(N,2), SO*(10), or the real form of Eg whose symmetric
space is Hermitian. It arises with M AN general whenever A has dimension 2 and
G has restricted roots of type (BC), for some n; it can occur in other situations
as well. The prototype of configuration (1.1b) is a certain parabolic-rank-two
situation with G = SO(m + 1,n + 1); the parabolic subgroup is minimal when
G = ’S-'\O’(N, 2). Our detailed discussion will concentrate on (1.1a); adjustments
to the arguments that allow one to handle (1.1b) will be discussed in Section
5.

The Weyl group W (A) for the parabolic is the usual 8-element group for
our root system, and we let so be its long element, which acts on 4 by —1.
We shall see in Lemma 4.1 for configuration (1.1a) that so fixes the class of o.

Then unitarity of the Langlands quotient of (0.1) is detected by the
standard intertwining operator of [9] corresponding to sg. This operator maps
U(MAN,o,v) to U(MAN,o,—v). It is Hermitian on each K type, and the
Langlands quotient is unitary if this operator is semidefinite. This operator
factors as a product ABCD in a fashion that mirrors a decomposition of sq as
a product of four simple reflections. Here A and C are disguised intertwining
operators for the subalgebra attached to e; —e; [SO (odd, 1) and $I(2,R) in the
two cases of (1.1)], and B and D are disguised intertwining operators attached
to (e2,2ez) or to eo. We shall make use (on each K type) of the following fact
from linear algebra.

PROPOSITION 1.1. Suppose that A, B, C, and D are n-by-n complex
matrices with ABCD Hermitian. Suppose further that

1) B and D are Hermitian positive semidefinite

2) A = PC* with P Hermitian positive semidefinite.

Then ABCD is positive semidefinite.
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In fact, ABCD = P(C*BC)D. So the proposition reduces to the following
lemma, which will be proved in Section 2.

LEMMA 1.2. If R, S, T are positive semidefinite Hermitian n-by-n matrices
and RST is Hermitian, then RST is positive semidefinite.

In our application B and D are intertwining operators for the parabolic-
rank-one situation built from (e2, 2e2) or from e,. Positivity for them corresponds
to unitarity of certain Langlands quotients obtained from maximal parabolic
subgroups, and this unitarity is understood completely [1]. Thus we know
exactly when (1) holds in the proposition.

In considering condition (2), we must take into account slight differences
between (1.1a) and (1.1b). For now, we consider (1.1a). Condition (2) for
(1.1a) is a condition only on A and C, which are operators for §O0(odd, 1),
and these operators are well understood. (For formulas on all K types, see
Klimyk-Gavrilik [3, p. 54].) The following properties of the operators and
corresponding representations (nonunitary principal series) will be relevant for
us in the situation (1.1a):

(i) The K types have multiplicity one. This is well known and follows from
Frobenius rectprocity and the branching theorem for SO(n) — SO(n — 1).
As a consequence, the intertwining operator is a scalar for each K type
and each v. As v varies through real values, this scalar moves through
real multiples of some complex number. (This last fact can be read off
from Klimyk-Gavrilik [3] and presumably can be derived directly from
Theorem 5.1 of [2]).

(i1)) The total operator (on all K types) has a kernel at v if and only if (0.1)
is reducible at v. This is part of the Langlands theory; see Theorem 7.24
of [6].

(iii) Reducibility of (0.1) can occur only at integral points of the infinitesimal
character. See Proposition 6.1 of Speh-Vogan [12].

(iv) For fixed M parameter and varying A parameter, Figure 2 gives
the connection between reducibility of (0.1) and singularities of the
infinitesimal character at points where the infinitesimal character is integral.
This will be proved in Section 3.

] irred. irred.
irred. reducible ! reducible !
’____‘A - — A —~ — M
N —— 1 NP SR
——t +—f bt e e + +——f—
0 lst 2nd 3rd
singularity singularity singularity

Figure 2: Reducibility points in o] (odd, 1)
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(v) In Figure 2 on any interval between two consecutive singularities of the
infinitesimal character, the kernel of the intertwining operator at integral
points decreases as one moves to the right. This can be read off from
Klimyk-Gavrilik [3]. We do not have an abstract proof, but possibly one
can be constructed with the aid of Zuckerman’s translation functors [14].

Let us see how these properties are relevant for condition (2). Let AS©
be the standard intertwining operator for ) (odd, 1) attached to e; — e5, and
let o be the positive restricted root for this group. If we write v = ae; + bea,
then the operators A and C are essentially

1
A ~AS© (sa,oo, E(a - b)a) ,
so 1
C~A sa,saao,i(a—kb)a ,
for a suitable oy constructed from o. Since v is real,

1
C* ~ A% (Smao, —;—(a+b)a) = ASO <Sa,00, [E(a —b)+ b] a) .

The upward-sloping lines in Figure 1 are the set of v’s where the factor
A of ABCD has a kemel. Each line has (a — b) constant and equal to the
value at one of the reducibility points in Figure 2 Fix attention on one such
line.

As b varies (increasing from 0), the argument of C* increases from its
starting value, which is the argument for A. In terms of Figure 2, the argument
of C* is moving to the right from the initial reducibility point. According
to property (v) above, ker A D ker C* until the argument of C* gets to a
singularity of the infinitesimal character.

Let us see the effect on the scalar function in (i). On a K type where A
is 0, certainly A is a nonnegative multiple_of C*. On a K type where A is not
0, the operator AS© sa,oo,T (a—8)+ t] a) is not 0 for 0 <t < b, because
of the inclusion of kernels of (v). By (i) this operator is a real multiple of A
on the K type, and continuity says that it is a positive multiple. We conclude
that A = PC* for an operator P that is a nonnegative function of v on each
K type, this condition holding until the argument of C* gets to a singularity
of the infinitesimal character. Beyond that, the equality A = PC* extends until
the next integral point, by (iv) and continuity.

In other words, the two conditions in Proposition 1.1 are satisfied for the
intertwining operator ABCD in configuration (1.1a) provided

(1) the horizontal and vertical coordinates of v (namely ae; and bez)
correspond to unitary points in the appropriate parabolic-rank-one situations

(2a) v is on an upwardly sloping line corresponding to reducibility coming
from ker A nontrivial
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(2b) the parameters of A and C* for the group so (odd, 1) are not so far
apart that they are separated by a singularity of the infinitesimal character,
followed by a reducibility point.

Then Proposition 1.1 says that ABCD is semidefinite, and the
corresponding Langlands quotient must be unitary.

For the special case of SU(N,2), the group SO (odd, 1) is SL(2,C).
There is at most one singularity of the infinitesimal character in Figure 2. Thus
there are only two intervals in the picture. Since the argument of A corre-
sponds to a reducibility point, the arguments of A and C* both correspond to
the right-hand interval. Thus (2b) is automatic above. So when (1) and (2a)
are satisfied, we have unitarity. This fact accounts for the lines of unitarity in Fig-
ure 1.

In the situation (1.1b), the above argument needs some minor modifications
and additional hypotheses. We defer discussion of these points to Section 5.

2. - Proof of linear algebra lemma

In this section we prove Lemma 1.2. The argument is due to O.S. Rothaus.

Let K = ker T, and write T = U? with U Hermitian. Define U’ to be
U=!on K and to be 0 on K. Then TU' = U, and U'RSU = U'RSTU’. Since
RST(K)=0C K, RST(K') C K. Therefore U'(RST)U' leaves stable both
K and K+. On K+ it has the same signature as RST, while on K it is 0 (and
so is RST). Thus U'RST'U’ has the same signature as RST.

We claim that the nonzero eigenvalues of U'RSU(= U'RSTU') are a
subset of the eigenvalues of RS. In fact, RST(K') C K* and T carries
K+ onto K' (being invertible there). So RS(K*) C K. Thus we can write
U'(RS)U in block form as

K+ K
u™l 0 my  * u 0
(0 0 ) (0 mz) <0 0) B
u"lm;  # u 0 u"imyu 0
N (0 0) <0 0) N (0 0)’

and its nonzero eigenvalues are those for m;.

To complete the proof, it is enough to show that all eigenvalues of RS
are > 0. This is well known. We simply write S = V2 with V Hermitian. Then
RS = (RV)V has the same eigenvalues as V RV, which is positive semidefinite.
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3. - Reducibility in SO (odd, 1)

In this section_we prove property (iv) of Section 1 for the nonunitary
principal series of SO (odd, 1).

PROPOSITION 3.1. For SO (odd, 1), let a be the positive restricted root,
let ¢ be the M parameter, and let the inte%ral points for the A parameter be
v = (c+ n)a, with ¢ fixed (equal to 0 or 5) and n varying in Z. Let no be
the least n € Z such that ¢+ n > 0 and sucg that the infinitesimal character of
U(MAN,o,(c+n)e) is singular. For n € Z and c+n >0, UM AN, 0, (c+n)a)
is irreducible if n < ng or if the infinitesimal character is singular, and it is
reducible otherwise.

PROOF. For n < ny, this result follows from Proposition 6.1 of Speh-Vogan
[12]. Next suppose that (¢ + ni)a gives a singular point. Then the Plancherel
factor p,(v) of Knapp-Stein [8] is 0 at v = (c+n;)a (see p. 543 of that paper).
If w is a representative in K of the reflection s,, then Proposition 27 and
Theorem 4 of [8] give

3.1 A(w™ Y wo, —v)A(w,0,v) = Cpy(v) I

as an identity of meromorphic functions. It follows that A(w™!, wo, —v) has a
pole at v = (¢ + ny)a. This pole can only be simple, according to Theorem
3 of [8]. Since the right side of (3.1) has a pole (on all functions # 0) at
v = (c+n1)a, we see that A(w, o, (c + n1)a) has kernel 0. Then the Langlands
theory says that U(M AN, o, (c + ny)a) is irreducible.

Finally suppose that (c+n;)a is not a singular point and that ny > ng. The
previous paragraph shows that A(w™?!, wo, —v) has a pole at v = (c+ no)a. We
shall deduce from this fact that A(w~?!, wo,—v) has a pole at v = (¢ + n;)a.
Assuming this conclusion temporarily, we examine (3.1). The right side is
regular at v = (¢ + ny)a, since (¢ + ny)a is not a singular point of the
infinitesimal character. It follows that A(w,o, (¢ + n1)a) has a nonzero kernel.
Since A(w,o,(c + n1)a) cannot be the 0 operator, U(M AN, o, (c + ni)a) is
reducible.

To get at the pole, it is enough to show that if A(w™!, wo,—v) has a pole
at v = (¢ + n)a, then it has a pole also at v = (¢ + n + 1)a. We refer to pages
524 and 550 of [8]. In the notation of that paper, we expand

(3.2 2P EW £(K(y)) = f(1) + g1(2,9) + - + g2n (2, ) + Rulz,y),

where g; is entire in z and o-homogeneous of degree j in y. Then a pole occurs

at z = _ﬂLZE (which corresponds to v = —%ja) if and only if o~ (yw)g, (2, y)

has mean value nonzero at z = _Fi-LZE' When there is a pole, we can multiply

f by a function on K such that the new expansion (3.2) is ||y||? times the old
one, except for the remainder; here |y||? is the Euclidean norm. Unwinding
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. _ _J+2 .
the notation, we find that the new f fives us a pole at 2z = #F_ZE which
corresponds to v = —%(j + 2)a.

4. - Precise results

The treatment in Section 1 is an oversimplification in two ways. The first
way is hidden by the vague description of what intertwining operator from [9]
we are actually using. As we shall see, there are three slightly different kinds
of operators coming into play. Moreover the multiplicative relations that the
operators satisfy usually mirror multiplication only in the normalizer N (A),
not in its quotient W (A).

The other way that oversimplification occurs is in the passage from
operators for G to operators for a subgroup S0 (odd, 1). When intertwining
operators for G are realized in the noncompact picture in the sense of [9],
the operators for G corresponding to simple reflections are tensor products of
operators for S0 (odd, 1) and identity operators. But it is necessary to use the
compact picture in the present investigation, and the relevant formula ((7.10) of
[9]) is not very helpful for deducing condition (2) in Proposition 1.1.

So let us be more precise. In this section we work exclusively with the
configuration (1.1a). For any A root 8, we let g be the corresponding root
space, and we put

6P =MeoRHz &) Gip.
t#0

Situation (1.1a) is to mean that G is connected linear, that the A roots
form a system of type (BC)z, and that §(¢1—¢2) is the direct sum of ideals
SO @ SO’ with Hg € §O and SO = §0 (odd, 1).

In this situation, Lemma 2.7 of [5] shows that 2¢; and 2e¢; extend to real
roots (relative to a Cartan subalgebra A4 @ B in which B is a compact Cartan
subalgebra of M). Then Lemma 7.8 of [5] says that the reflections sg., and sz,
have representatives w; and w, in Nk (A) that commute with each other and
centralize the identity component M,. We fix w; and w, with these properties.
Also we fix wyo in Nk (A) to be a representative of s, _,.

LEMMA 4.1. In the situation (1.1a), let o be a discrete series or (nonzero)
limit of discrete series representation of M. Then wyo = o and wqo = 0.
Moreover o extends to a representation (on the same Hilbert space) of the

group generated by M, w;, and ws.

PROOF. To see that wyo = o, we apply Lemma 10.3 of [10]. Since 2¢; is a
real root, Lemma 3.8b of [5] says that sy, fixes the Harish-Chandra parameter
of o. The central character of ¢ has domain the group generated by the center
Zpg, and the elements o, and <., defined in (2.3) of [10], according to (1.6)
and Lemma 2.1b of [10]. Since w; centralizes these generators, w; fixes the
central character. Then Lemma 10.3 of [10] says wyo = 0. Similarly wgo = 0.



A CONSTRUCTION OF UNITARY REPRESENTATIONS IN PARABOLIC RANK TWO 587

Since wyo = o, Lemma 7.9 of [9] says that o extends to a representation
o2 of the group M, generated by M and w,. Meanwhile the same lemma allows
us to define o(w;) so as to extend o to the group generated by M and w;.
We shall invoke the lemma a third time to extend o, to a representation of the
group generated by M; and w;. To do so, we are to prove that wjo; = 04. Put
E = o(w,). For m in M, we have

(4.12) wyo2(m) = oz(wi *mw;) = o(w]'mw;) = E~'o(m)E = E~'oy(m)E,
and for wy, we have

wyog(we) = ag(wflwgwl)

= oa(w2) since wiwg = waw;
(4.1b) = o(wz)

= o(w1) to(wz)o(w;) by an argument below

= E" oy (wy)E.

For (4.1b) we have used that o(w;) and o(wz) commute; this follows since
o(w;) and o(w;) are in the commuting algebra of o|ps,, Which is commutative
by Lemma 4.4 of [5]. From (4.1), wyo; = o2. Thus o extends to the group
generated by M, w;, and w,, as asserted.

Invoking Lemma 4.1, we fix an extension of ¢ and hence consistent
definitions of o(w;) and o(wz). We use unnormalized intertwining operators as
follows.

If S=MAN is our parabolic subgroup and S’ = M AN’ is an associated
parabolic and if the induced representations act by left translations, we define
a formal expression by

4.2) A(S':8:0:v)f(z) = / f(zm)dm,

NN
where N is opposite to N. This operator formally satisfies
U(S',o,v)A(S' :S:0:v)=A(S': S:0:v)U(S,0,v)
and is made rigorous in [9]. For w in Nk (A), let
(4.3) R(w)f(z) = f(2w)
and

4.4) As(w,0,v) = R(w)A(w™'Sw: S :0:v).
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This operator formally satisfies
U(S,wo, wv)Ag(w,0,v) = Ag(w,0,v)U(S,0,v).
When v is real-valued and is in the positive Weyl chamber,
4.5) o(wiwz)As(wiwz,0,v)
is the operator that decides the unitarity of the Langlands quotient of U(S, o, v),

according to Theorem 16.6 of [6].

LEMMA 4.2. In situation (1.1a),
o(wiwz)As(wiws,0,v) = ABCD,

where
A* = R(wy3)A(wig Swiz: S :0: D)

B = (w120)(wz) As (w2, w120, wizwav)
C = R(wy2)A(wy Swiz : S : 0 : wov)
D = o(wz)As (w2, 0,v).

Here (wi20)(w2) = o(witwowiz), and the adjoint is taken K type by K type
relative to the L?(K) inner product for the induced space.

PROOF. The elements w; and wi;wawiz both represent sg., in W(A).
Since (4.5) is independent of the representative of sz, sz¢,, (4.5) is
=0 [(wl_zlwzwm)wz] Ag [(wl—21w2w12)w2,a, 1/]
= |o(wis wawi2) As (wis wawia, 0, V)| D
by Lemma 13.1 of [9].
If we expand the factor in brackets first by (4.4), then by Theorem 7.6 of

[9], and finally by Proposition 7.1 of [9], we find that it equals ABC above. It
is easy to check that E = o(wp; waw;z) satisfies

wz(wmo') = E_l(wlzo)E
and that
E? = (w120)(w3),

and then Lemma 7.9 of [9] says we may take (wy20)(wz) = E. This proves the
lemma.

LEMMA 4.3. In situation (1.1a), the operators B and D of Lemma 4.2 are
Hermitian (on each K type).
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PROOF. Proposition 7.10 of [9] gives
[0(ws) As (wa, 0,V)]* = 0wy ') As(wy ', 0, —woD).
Since wy and w5 ! both represent sq.,, the right side is

“6) = o(wz)As (w2, 0, —waD)

= o(wo)R(w2)A(s5, Ss2¢, 1 5 : 0 1 wyD).

In a suitable open subset of (A'), Theorem 6.6 of [9] makes sense of (4.2) as

(4.7) A(sz.:Ssge, 1 S:0:v)f(k) = / e~ WHIE®) 5 (7)) £ kK (7)) d7.
Nlae,

Here p is half the sum of the positive A roots (with multiplicities) and
7 = K(@u(®@) e ™ n is a decomposition of 7 according to KM AN. In (4.7),
H(m) lies in R Hy,,, and (4.7) is unchanged if we replace v by w;v. Thus (4.6)
on an open set of (A')C is

= U(WZ)AS (U)z,U, 7}_):

and this equality must extend to other »’s by analytic continuation. Hence D
is Hermitian. A similar argument proves B is Hermitian.

The above discussion handles the first sense in which Section 1
oversimplifies matters. To handle the second sense, we rewrite the intertwining
operators using Frobenius reciprocity as in Section 5 of [7]. Let 7 be an
irreducible representation of K acting in a space V7, let V? be the space on
which o operates, and let V7, be the subspace of the induced space transforming
under K according to 7. If v is in V" and E is in Homgnp(V7,V?), we define

pu.u(k) = E(r(k)"'v), keEK.

T
o’

Then ¢, g is in V,, and the resulting bilinear mapping on pairs (v, E) gives

us a linear map
(4.8) ®:V"® Homgnm(V",V°) =V,

that is known to be a linear isomorphism onto. (See Wallach [13], p. 270).

The space V¢ comes equipped with an inner product (-, ),. Let {-, ), be a
K-invariant inner product on V7. If E is in Homgnp(V7,V7), we then have a
well defined adjoint E* in Homgna(V, V™), and we define an inner product
on Homgnm(V™,V°) by (E',E) = d;'Tr(E* E'), where d, is the degree of
7. The inner products on V™ and Homgnp(V™,V?) yield a canonical inner
product on V”™ ®c Homgam(V7,V 7).
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LEMMA 4.4. The mapping ® of (4.8) respects inner products.

PROOF. Let {v;} be an orthonormal basis of V”. Then

<‘Pv’,E’1‘Pv,E)L’(K,V°] = /(E'r(k)alv',E'r(k)_lv),, dk
K

- /((E*E')'r(k)_lv’,'r(k)_lv), dk

K
_ Z/((E*E')v,-,u,-),('r(k)'lv',v;),('r(k)‘lv,uj),. dk
$,7 K

= Zdr_l«E*El)‘U{, Uj)‘r<vla U),,.<U,',Uj>1

by Schur orthogonality
=d; ! Tr(E*E) (v, v),
=(vVQE',v®E)
as required.
The next lemma moves our intertwining operators from the image of @
to the domain. If the parabolic subgroup S = M AN is minimal, the formula

simplifies to the one in Wallach [13, p. 270].
LEMMA 4.5. If B is an S-simple A root, then the map ® in (4.8) satisfies

(4.9a) @ A(s5!8sp:S:0:)0=1Qa(r:0:f:v),

where a(r : o : B :v) is analytically continued from

@9b)  a(rio:f:v)(E) = / e~ (w400 H(T) (7))~ Er(K (7))~ 4.
Ng

Here pg is half the sum of the A roots tf with t > 0 (counting multiplicities)
and g = K(g)u(g9)e® 9 n is a decomposition of g according to G = KMAN.

REMARK. The operator a(r:0: f:v) is in
Endc (HomKnM(V’, Vo)).
Identity (4.9b) can be written more concretely as

A(SEISSﬁ :S:0: V)Sov-.E = Py,a(r:0:8:W)(E)"
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The proof of the lemma is a routine calculation starting from (4.2) with
f = py,g and taking into account that p = pg on R Hg (see Proposition 1.2 of
[9D.

Next we relate the operators A, B, C, D of Lemma 4.2 to operators in a
parabolic-rank-one setting. For each A root £, let Ggﬂ ) be the analytic subgroup
of G with Lie algebra §(#), and let G = GY¥)M. If B is S-positive, put
S = § NG, and form the induced representations

U (8P, 5,0) = indSs (0 ® exp(vlr,) ® 1).

These representations depend on v only through v|g g,.
Let us study the intertwining operator D of Lemma 4.2 given by

D = o(wz)As(w2,0,v) for G.
Let D, be the corresponding operator for G(21) given by
Dy = o(wg) Ag(aey) (w2,0,v)  for G(2e2)

Fix an irreducible representation 7 of K. Under the correspondence @ in
(4.8), Lemma 4.5 and arguments in [7] give us

Don V™ +— [E — o(wg)a(r:0: 2z : v)(E)r(w2) '] ;

we have dropped from the notation the tensor product with the identity. Put
K; = KN G2¢), and let 7|k, decompose into irreducible representations as
7|k, = )_@®7;. Let V] be the subspace of V" in which 7; operates, and let
1;: V71 = V7 be the 7" injection. For each 7; we have, in obvious notation,

(4.10) Dy on V™ «— [E2 — o(w2)az(r; : 0 2ea V)(Eg)'r]-(wg)_l] .

LEMMA 4.6. If v|rm,,, is real and is in the positive Weyl chamber for
G2¢2) and is such that the Langlands quotient of U(2¢2)(8(2¢2) 4 v) is unitary,
then the operator D of Lemma 4.2 is semidefinite. Similarly if wov|g m,,, is real
and is in the positive Weyl chamber for G'2¢1) and is such that the Langlands
quotient of U(2¢1)(8(2¢1) 4 w,v) is unitary, then the operator B of Lemma 4.2
is semidefinite.

PROOF FOR D. The assumed unitarity means that D, is semidefinite, say
positive semidefinite. By Lemma 4.4 the operators on the right side of (4.10)
are positive semidefinite for all 5. Let E be given in Homgnnp(V™, B?), and
put E; = Eos;. Then Ej is in Homg,nm(V™,V?), and the given positivity
means that

(o(wg)az(r; : 0 : 22 : V) (E;)7;(w2) ™Y, E;) > 0,
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ie.,

(4.11) Tr [Ejo(ws)az(r; : 0 : 262 : v)(Ej)7i(w2) '] > 0.
If 7 # k, then

(4.12) Tr [Ejo(w2)az(7; : o : 25 : v)(Ey) 7y (wa2) 1] = 0,

since the operator in question maps V7™ to V7. Summing (4.11) on j, taking
(4.12) into account, and sorting matters out, we obtain

Tr [E*o(w2)a(r : 0 : 2e2 : v)(E)r(w2) "] > 0.
By Lemma 4.4, D is positive semidefinite.

PROOF FOR B. The assumptions imply that wjswqv|g Hj., is real, is in the
positive Weyl chamber for G(2¢2), and is such that U(2¢2) (S(%’), w120, Wi2waV)
is unitary. Then the proof for D shows that B is semidefinite.

Next let us study the operators A and C of Lemma 4.2. The condition we
seek for Proposition 1.1 is that there must be a positive semidefinite P with
A = PC*, i.e., A* = CP. Taking the formulas of Lemma 4.2 into account, we
are looking for circumstances when

Alw'Swiz : S:0:v) = A(wilSwiz: S : 0 : wov)P

with v real-valued. The operators here all carry V) into itself if 7 is a K type
of U(S,o,v). Translating this equation by @ in (4.8) and applying Lemma 4.5,
we see that we are seeking an operator d(v) carrying Homganm(V7,V?) into
itself such that

(4.13) a(rio:e;—ex:v) =a(r:0: e — ez : wav)d(v).

Let o = e; — ey. First we study equation (4.13) in G(®). Let K(o) =
KNG, etc, and let 7, be a K(®) type of U(*)(S(®) o ,1). Recall the
decomposition §(®) = §O0 @ $0’, with §O and $0' ideals in 9("‘); here
S0 = §0 (odd, 1). Since $O0' C M C §(*), we have

M=(MnSO)® SO'.
On the level of connected groups, we write correspondingly
(4.14) M, = MSO M5°'

as a commuting product, possibly not direct. The group M normalizes each
factor of (4.14) since M normalizes §, and §_,, which generate M N 0.
Theorem 1.1 of [10] allows us to write

(4.15) U’MO_—’Ul@"'EBUL
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with each o; irreducible on M, and the various o; inequivalent. Since o is
irreducible and (4.15) is the primary decomposition of o|ay,, it follows that

4.16) o; 2 mjo, for some m; € M.
Meanwhile the irreducibility of o, and the compactness of Mg imply

4.17) 0; 203005
with ¢¥© and ¢$°" irreducible on M5° and M SO’ respectively. Since the
element m; in (4.16) normalizes MS© and MS©', (4.17) gives

(4.18) afo = m;of¢ and afol = mjofo‘.
LEMMA 4.7. Up to inner automorphisms, the only nontrivial outer
automorphism of §O (odd, 1) is the Cartan involution.

PROOF. Let ¢ be an automorphism of §O = S§O (odd, 1), and let
§O = T @ P be a Cartan decomposition. Since any two T’s are conjugate,
we may assume @(T) = T. If B is the Killing form, it follows that ¢ carries
the orthocomplement (with respect to B) of T into itself. Thus ¢(P) = P. Let
By(X,Y) = —B(X,0Y), where 6 is the Cartan involution. Since ¢ leaves T
and P stable, ¢ is an isometry of §O with respect to Bg. In particular, ¢|p
is in the orthogonal group O(P). Since SO is SO (odd, 1), 6 has determinant
—1 on P. Possibly composing ¢ with §, we may assume @|p is in SO(P).
Since Ad(K)|p = SO(P), we can choose k € K with Ad(k)|p = ¢|p. Then
Ad(k)~'p is 1 on P and maps T to itself. Since [P,P] =T, Ad(k) 1o =1
on $0. Thus ¢ = Ad(k).

In terms of (4.18), Lemma 4.7 implies that each af O is equivalent with
o7© or with its Weyl group transform s,07©. Thus the space V' on which o
operates splits as

4.19) Vo= (VieV!)e (Va® V),
with MS© operating on V; and V; by o7 and s,0f©, respectively, and
with MS©" operating in V{ and V.. (When s,05° = ¢$°, we just write
Vo=V, 9V)).
Next consider the irreducible K () type 7. Intersecting §(®) = §0 @ S0’
with T(®) gives us
T(0) =750 759",

On the level of connected groups, we have a commuting product decomposition

(4.20) K\ = KSOKSO',
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possibly not direct. The group K(®) normalizes each factor of (4.20) since K(*)
is generated by K(®) n M and K0 ). We write

(421) To‘K(()a) = Z n;70,5
with the 7o ; irreducible and inequivalent, and (4.20) gives us

so’
T0.5 —1'0] ®75 -

Since 7 is irreducible and (4.21) is a primary decomposition, we obtain
70,5 = kjro,1  for some kj € K(®),

Since k; normalizes each factor of (4.20), we conclude

(4.22) 1590 2 ks and 159 = kirs O

LEMMA 4.8. Every automorphism of $O (odd) is inner.

PROOF. The argument is in the same style as Lemma 4.7. Write
$0(2n+1) = SO(2n)@:P with <P built from the last row and column. Given an
automorphism ¢, we can compose with an inner automorphism so that ¢ leaves
$0(2n) and 2P stable. Moreover ¢ will act as an orthogonal transformation of
+P. The matrix diag(1,---,1,—1,—1) gives an inner automorphism on § 0 (2n+1)
and acts on ;P with determinant —1 since dim P is even. If y has determinant
—1 on P, we can compose with this inner automorphism and make it have
determinant +1. Once ¢ acts as a rotation on :P, ¢ has to be inner by the
same argument as in Lemma 4.8.

In terms of (4.22), Lemma 4.8 implies that each 7,
1-0 Q. Thus the space V™ on which 7, operates splits as

J is equivalent with

(4.23) Vo =V,eV,

with K5O operating by 759 in Vo and with KS©' operating in V{.

LEMMA 4.9. Within G'®), let 7o be a K(®) type of U®)(S(®) o, v). Then
the endomorphism a'®) (1o : 0 : a : V) of Homg @« (V°,V?) is scalar, and
the scalar is obtained as follows: Within the group SO (0odd, 1), let of
be the representation of MS° in (4.17), and let 15{ be the representation
of KS© in (4.22). Then the scalar is the scalar by which the operator
A(s;18%9s4 : 859 : 070 1 v) operates on the K5© type 15¢. (Recall property
(i) in Section 1.)

REMARK. Note that ¢§© is determined only up to the operation of the
Weyl group reflection s,,.
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PROOF. For E in Homg ) (V™,V?°), we compute al®) (15 : 0 : a : ») from
(4.9b). The group N, is contained in K (o) ge) py(a) (with no need for M),
and so o(u(n)) can be taken to be 1. Thus

(4.24) a®(r0:0:a:v) = right by / ¢~ (PHr) H(R) 5o (K (7))~ .
w
By (4.23), this expression is conjugate (by a transformation of V") to

right by e~ (rtea) HE) 150 ()(m)) " ldm @ 1
o1

Na

The integral here commutes with 7§ (M S0). Since the MS© types have
multiplicity one, the integral is dlagonal and is scalar on each MS© type. On
the other hand, E is in Hom!®) J(V™,V°) and is 0 on the M€ types that are
incompatible with ¢. By (4. 19) the operator acts on the dlrect sum of two
spaces as a scalar in each, the two spaces correspondmg to 0¥ and s,07°.
The scalar in each case is the value of the SO (odd, 1) intertwining operator
on the K59 type 75¢, by Lemma 4.5. But these two scalars are the same, as

it is seen from the bottom display on p. 22 of [9]. This proves the lemma.

COROLLARY 4.10. Within G(®), let 19,78¢ and o{© be as in Lemma
49. Suppose that v = tga, with to > 0, is a reducibility point for
USO(859,050,toa). Then there is a meromorphic complex-valued function
do(2) with the following properties:

(i) a®(rp:0:a:tea) =do(z)al)(rg:0:a: za)
(i) do(t) takes values in R U {oo} for t real

(iii) do(t) is finite and > O for those t > to such that there do not exist t;
and t, with ty < t; <ty < t, for which US°(859,079,t,a) has singular
infinitesimal character and US© (859,079, taa) is reducible.

PROOF. This is immediate from Lemma 4.9 and the properties of S0 (odd,
1) listed in Section 1.

Corollary 4.10 addresses equation (4.13) in the group G(®). We return to
equation (4.13) in G. Let 7|k = ) 7; be a decomposition into irreducibles,
let 7; act on V7, and let :; and p; be the j** injection and j** projection
for the direct sum decomposition V7 = }_ Vs, The functional v varies over a
two-parameter family, and we freeze one of the parameters by insisting that the
projection of v, in the direction of a, be tga, with ¢ as in Corollary 4.10. Let
d; be the function provided by Corollary 4.10 for the K («) type 7;, and write,
in obvious notation, d;(») in place of d;(z). Then the corollary gives us

a(r;:0:a:0)=al®(rj:0:a: war)dj(wov).
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For E in Homgam(V*,V?),Eo4; is in Homg@nap(V™7, V7). Then we
have
a(frio:a:v)(E) = Za(“)('rjzaza : V)(E o1y) o pj.
7

Define d(v) in Homc (V7,V") by
d(v) =Y ijd;(wav)p;.
Then we find
a(r:0:a:ww) ta(r:0:a:v)(E)

= Za(“)('rj to:awy) ! ([a("‘)('rlc io:a:v)(Eoig) o pkl oij) opj
7.k

= Za(“)('rj coiaww) ral¥(rj 0 v)(Eoi;)op;
J

= Z dj(wzv)(E 0 15) o p;

J

= (right by d(v))(E).

Consequently d(v) = (right by d(v)) is in Homgnp (V7,V?) and satisfies
(4.13). Evidently d(v) is Hermitian when it is finite, and (iii) in Corollary 4.10
tells us conditions under which it is positive semidefinite. We summarize as
follows.

THEOREM 4.11. In situation (1.1a), as defined at the beginning of Section
4, let o be a discrete series or (nonzero) limit of discrete series representation,
and let 0{° be associated to o and SO (odd, 1) by (4.17). With v in the
closed positive Weyl chamber, write v = aey + bea, and assume that U(S,o,0)
is irreducible in G and

1
Use <Sso,afo, E(a —b)(e1 — ez))

is reducible in SO (odd, 1). Further assume that v has the property that
there do not exist t, and ta, with %(a —-b) <t < t2 < %—(a + b),
such that USC (859,050, t1(e1 — e2)) has singular infinitesimal character and
USO(859,079,ta(e1 —e2)) is reducible. Then the operators A and C of Lemma
4.2 satisfy A = PC* with P positive semidefinite. If, in addition, the Langlands
quotients of U(2¢2)(§(2¢1) o bey) and U(2¢1)(S(2¢1) g, ae,) are unitary, then the
Langlands quotient of U(S,o,v) is unitary.

PROOF. The assertions about A and C have just been proved above in
the setting of the domain of ®. Lemma 4.4 allows us to transfer them to the
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induced space. The hypotheses about U(2¢2) and U(2¢1) imply that B and D
in Lemma 4.2 are semidefinite, according to Lemma 4.6. By Proposition 1.1,
ABCD is semidefinite. But Theorem 16.6 of [6] and Lemma 4.2 show that
ABCD is the operator that decides the unitarity of U(S,o,v).

5. - Configuration (1.1b)

Previous sections have dealt largely with configuration (1.1a) for the roots
of (G,A). The above arguments need some changes - and some additional
hypotheses - in the case of (1.1b). In (1.1b), $I(2,R) replaces SO (odd, 1).
The list of properties of intertwining operators and nonunitary principal series
for SL(2,R) is almost the same as for SO (odd, 1); this time the properties
are more elementary.

(i) The K types have multiplicity one.
(ii) The total operator has a kernel at v if and only if (0.1) is reducible at v.

(iii) The representation o is one-dimensional, and we write it as I or sgn. If
o = I, then reducibility occurs at odd multiples of the restricted root c.
If 0 = sgn, then reducibility occurs at even multiples of a.

(iv) The infinitesimal character is singular only at v = 0.

(v) On any interval in the positive Weyl chamber, the kernel of the intertwining
operator at reducibility points decreases as one moves to the right.

Lemma 4.1 does not extend to (1.1b) without modification. For one thing,
e; and e; need not be real roots, and for another thing, e¢; — e¢o and e; + eq
have become real roots. Thus we shall incorporate the conclusion of Lemma
4.1 into our hypotheses.

Then everything through Lemma 4.6 works without further change. Again
we study (4.13). Taking a = ¢; — €5, we first study equation (4.13) in G(%),
Since o is real, the element «, lies in the center of M. Thus o(y,) is scalar,
necessarily +1. Since {1,,} is the M group for the SL(2,R) subgroup, ¢ yields
a well defined one-dimensional representation o5~ of {1,744} by restriction. We
do not need Lemma 4.7.

Next we trace through what happens to the K(®) type 7. On the
level of connected groups, we have a commuting product decomposition
K{® = KSLKSL' in obvious notation. The group K5 is a circle, with one-
dimensional irreducible representations parametrized by integers N. An outer
automorphism of K5Z interchanges N and —N. Now the SL(2,R) intertwining
operators are the same for N as for — N, by (5.8) of [7], for example. So we
get an analog of Lemma 4.9 as follows.

LEMMA 5.1. Within G'®), let 1 be a K@) type of U(®)(8(®),0,v). Then
the endomorphism a'® (1 : 0 : a : v) of Homganm(V™,V?) is scalar, and
the scalar is obtained as follows: Within the group SL(2,R), let o5L be the
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representation of {1,v4} obtained by restriction from o, and let N or (N,—N)
be the parameter(s) of the representation(s) of K obtained from 70|, ). Then

the scalar is the scalar by which the operator A(s;185Ls, : SSL : oSl )
operates on the KSL type(s) with parameter(s) N or (N,—N).

Consequently we obtain a function dg(2) just as in Corollary 4.10. Property
(iii) simplifies in the corollary to say that do(t) is finite and > 0 for t > to,
since singular infinitesimal character cannot occur in SL(2,R) for ¢ > 0.

The remainder of the argument requires no change, and we arrive at the
following result.

THEOREM 5.2. In situation (1.1b), let o be a discrete series or (nonzero)
limit of discrete series representation of M. Let wy and wq be representatives
in Ng(A) of se, and s.,, and assume that wioc = o = wyo in such a way
that o extends from M %o the group generated by M, w;, and wo. Let 05T be
the restriction of o t0 {1,7e,—e, }- With v in the closed positive Weyl chamber,

write v = aey + bea, and assume that U(S,0,0) is irreducible in G and
1
Ust (SSL,USL, E(a —b)(e1 — ez))

is reducible in SL(2,R). Then the operators A and C of Lemma 4.2 satisfy
A = PC* with P positive semidefinite. If, in addition, the Langlands quotients
of Uled)(8(e2) o bey) and U(e)(S(€1) 5, ae;) are unitary, then the Langlands
quotient of U(S,o,v) is unitary.

6. - Examples

1) SU(N,2). The diagram of roots of (g, A) appears at the beginning
of Section 1, and a qualitative picture of unitarity appears in Figure 1. There
is reducibility along the diagonal lines below the diagonal, and Theorem 4.11
addresses what happens along the upward-sloping diagonals. At the end of
Section 1, we observed that the numbers ¢; and ¢, cannot exist in the theorem,
and thus A = PC* all the way along the upward-sloping diagonals. The theorem
goes on to say that we get unitarity at a point on such a diagonal whenever the
horizontal and vertical coordinates correspond to unitary points in subgroups
that are essentially SU(N — 1,1).

2) SO(N, 2). The diagram of roots of (g, A) is as in (1.1b) with m = N—1
and n = 1, and a qualitative picture of unitarity is as in Figure 1, except that
the outlined rectangle is now square. Theorem 5.2 implies that A = PC* all
the way along the upward-sloping diagonals. The theorem goes on to say that
we get unitarity at any point on such a diagonal whenever the horizontal and
vertical coordinates correspond to unitary points in subgroups that are essentially
SO(N - 1,1).
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3) Sp(N,2). The diagram of roots of (g, A) is

€1 — €2 ! 62,262
(@ @)
SO(5,1) SP(N —-1,1)

Figures 3 and 4 give two illustrations of what can happen.

bea

Figure 3: Unitary points in Sp(6,2) with minimal K type 2eg + 2e7

In Figure 3, a downward-sloping diagonal terminates unitarity along
the upward-sloping diagonals. Imagine inserting the missing downward-sloping
diagonal that meets the e; axis at 6e;. This diagonal meets the upward-sloping
diagonals at parameters that correspond to ¢, in Theorem 4.11. The downward-
sloping diagonal that terminates unitarity crosses where the parameters are to.
So the theorem gives no further unitarity along the upward-sloping diagonals.
It is known that this picture is sharp.

bes

Figure 4: Known unitary points in Sp(6,2) for o trivial
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In Figure 4, one has A = PC* all the way along the upward-sloping
diagonals. Thus Theorem 4.11 says we get unitarity at any point on such a
diagonal whenever the horizontal and vertical coordinates correspond to unitary
points for the spherical case in Sp(5,1). Since the trivial representation is
isolated as a unitary representation in Sp(5, 1), the effect is that Theorem 4.11
gives us several isolated unitary representations in Figure 4. At our urging, H.
Schlichtkrull has obtained this unitarity in the spherical case by other methods
[11].

Figure 4 illustrates something else. The relationship A = PC* is valid
within the triangles along the e; axis. So once again we get unitarity when the
horizontal and vertical coordinates correspond to unitary points in Sp(5,1). The
result is an interval of unitarity at the bottom of the vertical line of isolated
unitary representations.

7. - Concluding remarks

Not all parabolic-rank-two situations, even with (BC), or B, as (g, 4) root
diagram, lead to configurations as in (1.1). Such parabolic-rank-two situations
perhaps exhibit totally new phenomena. We do not know. What we have
investigated is whether there is some parabolic-rank-n generalization of our
theorems. All of our investigations suggest that the multiplicity-one behavior
that we used for SO (odd, 1) or SL(2,R) is vital. Meanwhile Lemma 1.2 is
special to three Hermitian operators and does not extend to arbitrarily long
products.

Thus any generalization of our results whose techniques are not too
far removed from ours ought to use Proposition 1.1 in a situation where A
and C correspond to a real-rank-one group. When B or D corresponds to a
parabolic-rank-two situation, the generic sets of unitary points, for large v, are
one-dimensional, and we find that Proposition 1.1 is at best giving us one-
dimensional sets of unitary points for large v. This phenomenon persists if
we induct on the parabolic rank. When all coordinates are large, we get only
one-dimensional sets of unitary points (as well as isolated points).

Now one might except from Figure 1 that there are (n — 1)-dimensional
sets of unitary points in parabolic rank n if all coordinates are large. Yet
our construction gives only one-dimensional sets. This situation suggests the
question:

In parabolic rank n (say with (g, A) roots of type (BC),), are there sets
of unitary points with dimension > 1 and with all coordinates large?

No examples come to mind.
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