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New irreducible unitary representations of the (semisimple) automorphism
groups of Cartan domains are constructed. These representations are used
to exhibit the reducibility of some of the continuous series representations
occurring in the Plancherel formula. The imbedding that exhibits the re-
ducibility is similar to the imbedding of the Hardy class H? of analytic func-
tions in the disc into the space of all L? functions on the circle, given by passing
from an analytic function to its boundary values.

1. INTRODUCTION

The irreducible unitary representations of the group G = SU(1, 1)
of all two-by-two complex matrices of the form

@88 = (5 )

with |« |2 — | B |2 = 1 were classified by Bargmann [1]. The ones
that occur as direct summands of L%(G) comprise the “discrete series”
and are of two types, holomorphic and antiholomorphic, each para-
metrized by the integers n > 2. For the n-th representation of the
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holomorphic discrete series (z > 2), the Hilbert space is the space
of holomorphic functions F(2) in the unit disc £2 with norm

IFI = [ F@EQ ~ |22 dvdy (L.1)

and with group action

s [ BT X2
LQFE) =+ F)F (g (12)
if g = (BB, a).

It is possible to associate to the integer #» = 1 a representation of G
that is similar in appearance to those above but is not in the discrete
series. To do so, one does not use the norm (1.1) with » = 1, which
would result in a null Hilbert space, but instead uses the norm

|FIE =tim(n — DI FIE, (1.3)
which apart from a constant factor is equal to
A 27 -
lim f I F(epe . (1.4)

This Hilbert space is the space H? of Hardy and is nonvanishing.
The group action is given by (1.2) with » = 1. In the sense given by
Eq. (1.3), we can then regard %,(g) as a limit of holomorphic discrete
series.

The representation %,(g) is of special interest, partly because of
the well-known imbedding of H? in L*0£2), given by associating a
boundary function on the circle to each H? function on L. In fact,
the representation ¥°(g) in L% 082) given by

B +&ew)

V@OFE) = o+ Py P

is a member of what Bargmann called the “principal continuous
series”; i.e., it is unitarily equivalent with a representation induced
from an irreducible finite-dimensional representation of the subgroup

cosh t — ixet sinh # — ixet
), teR, xeR.

+ =
MA*N * (sinh t - ixet cosht - ixet

The boundary-value imbedding of H? in L2(9£2) clearly commutes
with the action of G, and therefore the existence of #,(g) exhibits
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the representation ¥°(g) of the principal series as reducible. That
this is an exceptional situation is indicated by the fact that all other
members of the principal series of G are irreducible.

In this paper we propose to investigate this boundary-value
imbedding and reducibility more generally; we shall allow G to be
any simple Lie group that has a faithful matrix representation and
whose associated symmetric space has an invariant complex structure.
There is one previous result in this direction, other than for SU(1, 1).
Harish-Chandra in [5, p. 770], by an argument involving positive
definite functions, obtained the existence of exceptional representa-
tions having “extreme vectors” in the sense of Lemma 6.2 below,
and the representations that we shall here construct have this property.
(The proof of this theorem of Harish-Chandra is omitted in [5] and
later papers, but his result will not be used in our work.) In any case,
Harish-Chandra’s realization of exceptional representations is not
constructive and therefore does not help in describing the imbedding
of the exceptional representations in continuous series geometrically
as a passage to boundary values.

The paper is arranged as follows. Starting from appropriate
singular characters of a compact Cartan subgroup of G, we define
a subgroup MA+N in Section 2 and a representation U(g) in Section 4.
In Section 4, we prove that U(g) is unitary and that its Hilbert space
is nonvanishing. In Section 5 we imbed U(g) in a continuous series
representation V(g) obtained from MA+N, and in Section 7 we prove
that U(g) is irreducible and that the image in the representation
space of V(g) is proper.

The problems that are dealt with in this paper arose naturally
from the work [10] of the first author with E. M. Stein, and the
authors are grateful for Professor Stein’s help at an early stage of the
present work. The interpla§ of our results and those in [10] will be
discussed in Section 8, where we consider in a special case the extent
to which we have accounted for all reducible representations of the
principal series.

2. NoTaTION AND CONSTRUCTION OF MA*+N

This is the first of two sections in which we introduce notation.
Let G be a connected semisimple Lie group with a faithful matrix
representation, let K be a maximal compact subgroup, and suppose
that G/K is hermitian symmetric. If g and T are the Lie algebras of
G and K, there is a corresponding Cartan decomposition g = t + p;
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let 6 be the associated involution of g. For any subspace of g, we use
a superscript © in referring to its complexification. Thus we have
defined g€, ¢, and p€. Since G has a faithful matrix representation,
we can regard G as a subgroup of a connected group G¢ with Lie
algebra g€. Let K¢ C G€ be the analytic subgroup with Lie algebra €.

Let § be a maximal abelian subalgebra of £, let T be the corre-
sponding analytic subgroup of G, and let 7€ C G€ be the analytic
subgroup with Lie algebra h€. It is known [9, p. 312] that§ is a Cartan
subalgebra of T and of g and that 7" is a Cartan subgroup of K and
of G. Let X be the set of nonzero roots of (g% §°). If « € X has E,
as root vector, then E, €€ or E, € p€, and we call « compact or
noncompact accordingly. Let 2, and 2, be the sets of compact and
noncompact roots, respectively.

An ordering yielding a system of positive roots in 2" will be said
to be compatible with the complex structure of G/K if each positive
noncompact root is larger than all compact roots. Let P be such a
system of positive roots, and let P,=PN 2, and P,=PnN 2, .
One way of obtaining such an ordering is to order the center of f
before the rest of b; the resulting ordering has the required properties
because the compact roots are exactly the roots that vanish on the
center of T (Corollary 7.3, p. 314 of [9]). With such an ordering, the
sum of coefficients of the noncompact simple roots in the expansion
of any positive root in terms of simple roots is either 0 or 1 [5, p. 761];
also if G is noncompact and simple, there is only one noncompact
simple root.

Let pt and p~ be the sum of all the root spaces for positive and,
respectively, negative noncompact roots. Then p* and p~ are abelian
subalgebras of g¢ with sum p€, and each is stable under ¥; f acts
irreducibly on p* and p~ if g is simple. Let P+ and P~ be the corre-
sponding analytic subgroups of G°.

We recall the Harish-Chandra decomposition of G [6, p. 4; 7, p. 590].
Let b be the Borel subalgebra

b=bc+> g,,

aEP

and let B be the corresponding analytic subgroup of G€. Then we have
the inclusions

BG C P-KCP+ C GC©.

Moreover, BG and P-KC€P* are open in G¢, the complex structure
that P~K°P+ inherits from G€ is the same as the product structure,
and BG = P-KQ for a bounded open subset 2 C P+.
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Let / be an integral linear form on §€, dominant with respect to f.
That is, we suppose that there is a character ¢,(h) defined on T°€
such that &y (exp H) = 4™ for Heh® and we suppose that
A,y >0 for all « € P,,. Then 2{A, a)/{w, a) is an integer for all
ax€ Xy . Let p be half the sum of the positive roots (compact and
noncompact). Then 2{p, a>/{a, o) = 1 for « simple, and it follows
that an integral form A is dominant with respect to f if and only if
{A + p, ay >0 for all « € P,,. (This equivalence uses the fact that
the compact roots that are simple in P generate P,,, which is a conse-
quence of the 0 — 1 property of coefficients of the noncompact
simple roots.)

Thus (A + p, «) > 0 for o € P, . We define ¢, to be the number of
a € P, such that (4 - p, o> > 0. The condition ¢, = 0 is a condition
of holomorphicity. In fact, Harish-Chandra showed in [7], under
the assumption that ¢, =0 and 4 +p is nonsingular (i.e.,
A + p, ay 7% 0 for all o € 2), that one could associate to /1 an irre-
ducible unitary representation in a space of holomorphic functions.
In this paper, we shall be concerned partly with a similar problem
for the case that ¢, = 0 and A + p is singular.

If G is compact, then 4 + p is automatically nonsingular, and our
theory will be empty for this case. Thus let G be noncompact. Let «,
be the largest root.

Lemma 2.1. o« isin P, . If G is simple, if ¢, =0, and if A + p
is singular, then (A + p, oyy =0 and (A + p, ) <0 for all other
o e Pn .

Proof. «, is noncompact by the compatibility of the ordering. Let
a € P, . If g is simple, then € acts irreducibly on p*, and « and «, are
weights of this representation, with o, the highest weight. Then
« = ay — Zmy , with n; > 0 and with the «; simple for P. By the
0 — 1 property of the coefficients of noncompact roots, each of the «,
must be compact. Then

A +pap =LA+ p,a — 2ndAd + p, o) < LA +p, o)

with equality if and only if all #;, = 0 (and « = ;). Since ¢, = 0,
A+ p,a0 <0, and since A + p is singular, we conclude
A+ p,app =0 and {4+ p,a> <0 for all other «e P,. The
lemma 1s proved.

In the semisimple case with g, = 0, 4 4 p is nonsingular in some
simple components, and Lemma 2.1 applies in the other components.
We could attempt to take these matters into account, but we prefer
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not to complicate the notation by doing so. As a result, we shall
assume in all our theorems that G is simple. (However, to prove our
theorems, we shall have to use some results for G' not simple that
were proved by Harish-Chandra.) We shall not emphasize this
point in this section and the next, because the results of these two
sections have obvious versions in the semisimple case.

For each ae€ X, let H, be the member of )¢ such that
oH) = B(H, , H) for all H e} where B is the Killing form. Let
+ = iRH, Ch, and let h~ be the orthogonal complement of h* in §.
Let T+ and T- be the analytic subgroups of G' with Lie algebras h+
and )=, so that 7' = T+T—.

Lemma 2.2. T+ and T- are closed, hence compact.

Proof. Each root is an integral form on )€, being a weight of the
adjoint representation. Then T~ is closed, because it is the identity
component of ker(¢, |r). T+ will be closed if we can show that
Ad(T+) is closed, which will be the case if we can show that
Ad(exp(icH,)) is the identity for a suitable positive ¢. For any ¢,
this transformation is the 1dent1ty on hS, and on g, it is the scalar
¢¢o*> This scalar is 1 if ¢ is chosen as 4n/{ag, op). Hence T+ is
closed.

For o € 2, define

H,/ = 2{a, a)"1H_.

Choose by Lemma 3.1 of p. 219 of [9], for each « € P, vectors E,
and E_, in g€ such that

(1) B(EOL b4 E—Ot) = 2<a’ 0‘>_1) and
(i) E,—E_,and{(E,+ E_,)areinf 4 ip.

Then we have the bracket relations
[H/, E] = 2E,, [H/,E_) = —2E_,, [E,, E_] =H,.

Now l(E + E_, ) is in p©since oy is noncompact, andi(E, + E_,)
isin £+ #p by (i1); ‘thus E, + E_, is in p. Define

R(E, +E)Cp
a-=h"CHCHE
a=at+a"
U = exp%'(Em0 ) e GC.

_.ao

The following lemma is a well-known simple computation.
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Lemma 2.3. Ad(w,) is the identity on a~ and Ad(u,)at = iht.
Consequently, Ad(u,) a° = 1€ and a is a O-stable Cartan subalgebra

of g.

Once we have a 0-stable Cartan subalgebra, the construction of
a group MA*TN becomes a standard one, due originally to Harish-
Chandra. We omit the well-known proofs in the construction, which
occupies most of the rest of this section. (See, for example, [3] and
[8, p. 212].) For the rest of the section, we assume that G C G€, that
g =t + p is a Cartan decomposition of g with involution 8, that K
is the analytic subgroup with algebra f, that a is a #-stable Cartan
subalgebra of g, and that a* = anNnpanda-=ant.

Let X’ be the set of nonzero roots of (g, a©), and let P’ be the
positive roots in some ordering. Let p’ be half the sum of the positive
roots. Let 2’ be the set of roots that vanish on a*, and put
P'=2X'NnP. Let

Z,(s) == centralizer of s in 7, for given r and s,
m = orthocomplement of at in Zy(at),
M, = analytic subgroup of G with Lie algebra m,
M€ = analytic subgroup of G€ with Lie algebra m€,
A = Zg{a),

A€ = analytic subgroup of G with Lie algebra a€.
LemMa 2.4. a~ is a compact Cartan subalgebra of m, and

mé = () + } 6.

e’
Also Zy(a*) normalizes m.

The lemma shows that we obtain a group by defining
M = Zy(a*) M, .

Also let
A+ = analytic subgroup of G with Lie algebra a*,

A= = Zy(o),

n:(Z g_a)ﬂg,

agP’

N = analytic subgroup of G with Lie algebra n.
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Lemma 2.5. (a) M = (M N K)YM N exp p), and the latter factor
is connected and is the exponential of the orthocomplement of ot in
Z(a"). M is closed,

(b) MA*+ = Zy(a*), and MA+ is a direct product,

(c) A=A4°NG=A4A%A"and A~ =ANK=A4AnM,

(d) MA* normalizes N and MA*+N is a closed subgroup,

() G = NA*MK with the N, A*, and MK components unique,
(f) For me M, det Ad(m)| o+, = +1. For at € A,

det Ad(a*) |y = ¢ 2+108",

where p' = p.' -+ p_' is the decomposition of p' according to

a = (a*)€ 4 (a7)C.

3. FUrRTHER PROPERTIES OF THE SUBGROUP M

We assume in Sections 3-7 that G is of the form described in
Section 2. The purpose of this section is to develop further properties
of the subgroup M. More specifically, first, we give the connection
between the systems P and P’ of positive roots; second, we prove in
Proposition 3.1 the main structure theorem for M; third, we define
b, and some subgroups and subalgebras bearing the subscript s;
and last of all we prove an important simple identity for our linear
form A.

First, we connect P and P’. We have chosen an ordering for (§°)’,
and P is therefore fixed. By Lemma 2.3, the mapping Ad(x,) € Ad(G°)
sends a€ into hC. Defining ‘Ad(u,) N(H') = A(Ad(«,) H') for A € (§°)
and H’ € a®, we see that ‘Ad(u,) « is a root of (g€, a®) whenever o
is a root of (g€, h°). If we use ‘Ad(w,) to transform the ordering from
()’ to an ordering of (a®)’, the result is that P’ = 'Ad(u,) P. Let
2= tAd(u,)* Z_ and P_ = ‘Ad(u,) P_".

If « € X, we write o' for the corresponding member of 2’ given by

o = tAd(u)o (3.1)

It is easy to see that Ad(x;)~! E, is a root vector for the root o, and
we therefore define

E, = Ad(u,)E, . (3.2)
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Since Ad(u,) preserves the Killing form, we have the expected bracket
relations

[Hz;' ] Em'] = 2Ea' ’ [Hé' ’ E—u'] == _2E o [Ea' ) E—m'] = Hn/t' ’

where

H = 2o, oY 1H, = 2a, a>~1H, .

Lemma 3.1. If X € g€ and exp X € G, then exp X = exp X, where
bar denotes the conjugation of g€ with respect to g.

Lemma 3.2. G nup'Bu, = AN.
Proof. The left side contains the right side. In fact, by Lemma 2.5(c),
A=GNA® =GN u*T, C G N u;*Bu, .

Since N is connected, the inclusion will follow if we show
g C Ad(uzh) b if —o € P’. But this follows from (3.2), since b is
constructed from the negative roots for (g€, §°).

For the reverse inclusion, we have

G N u'TC, = G N A = A C AN.

If we let N~ be the nilpotent part of B, the result will follow if we
show that G N u7'N-u; C AN. This inclusion follows from the
inclusion of the Lie algebras if we show that G N 7' Ny, is con-
nected. Now u7'N~u, is simply connected, nilpotent, and complex.
If ge GNu7'N-u,, then g = exp X for some X in the Lie algebra
of u7"N-u; . By Lemma 3.1, g = exp X also. But X is in the Lie
algebra also, since the algebra is complex. Since the exponential
map is one-one on this algebra, X = X. That is, X is in g. Then
exp tX,0 <t < 1, is a curve in G N u7"N-u, connecting the identity
and g. Hence G N u7'N—u, is connected.

Lemma 3.3. B = P(BN K€ and BN K¢ = TYN- N K,
where N~ is the nilpotent part of B.

Proof. B C K€P- since B is connected and b C € -+ p—. Hence
B C P~-(B N K€). Since P~ C B, P-(B N K¢ C B also.

Next, T°CBN K€ and NN K C BN KC So TYN-N K C
BN K€ Also B—= T°N-. If b = tn € K€, then n € K€ since t € K€.
Hence B N K€ C TYN— N K°).
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LemMa 3.4. (a) an and E_% commute with all E, for a€2_;
(b) w, commutes with all E, for a € X_
(c) Ey=E, ifacld_;
(d) m®=()°+ ez 8

(e) T E, , E_,, , and u; commute with mC

Proof. For (a), it is enough by symmetry to show [E, , E_,] =0
for ae X _. Since a € X, (o, ) = oc(H%) = 0. Hence the a-string
containing o is o — pa,..., g + g with p — ¢ = 0. If « < 0, then
p = 0 since o, is the largest root, and oy — « is not a root. If « > 0,
then ¢ = 0 since o, is the largest root, and so p = ¢ = 0. Again
ay — « is not a root. Hence [E, , E_,] = 0. Conclusion (b) follows
from (a) and the definition of u, , and (c) follows from (b) and Eq. (3.2).
For (d), we have

me = @)+ ¥ o
a'ex_r
But a= =1, and g, =g, for a€2_, by (c). Thus (d) follows.
For (e), T+ commutes with m€ by (d), since ad(H, ) operates as 0 on
each factor of mS, and E, , E_, , and u, commute with m® by (a),

(b), and (d).

Lemma 3.5. If o’ € P, then o'(H, ) >0

Proof. The root o is the highest weight of the adjoint representa-
tion, is therefore dominant. Thus {«,, «) = 0. Since Ad(u,) preserves
the Killing form, Eq. (3.1) shows that o'(H, /) = {a’, a’) =0

We turn to the main structure theorem for M, which is given as
Proposition 3.1 below. The proof given here is due to the referee
and is shorter than our own. Let Z,, be the center of M, and let

n = u* = expn(E, — E_,). (3.3)

The main content of the result is that 7 is in the center of M and
M = My nM,. Consequently, M = Z, M, . Although the latter
formulation of this result makes sense for the M constructed from
any Cartan subalgebra A4 (in the manner described in Section 2),
the result is not true in such generality. For example, with SL(3, R)
and with Sp(2, R), it is possible to choose A so that A* is one-
dimensional and M is the group of real 2-by-2 matrices of determinant
+1. This group is not generated by its center and its identity com-
ponent.
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ProrosiTioN 3.1. (a) M =M,V nM,,andneZ,, N T,
(b) Ad(M) is the identity on an , E_% s anr , and E_%» ;
(¢) M commutes with u, .

The proof will be preceded by two lemmas. By [9, Proposition 7.4,
pp. 314-315], there exists a subset y,,...,y, of P, such that the
subspace a; = 3;_; R(E,, + E_, ) is maximal abelian in p. According
to Moore [14, p. 364], the roots y; can be chosen in such a way that

(i) 1y, is the smallest noncompact positive root,

(ii) the y; have the same length,

(i) the y; are strongly orthogonal in the sense that sums and
differences of pairs of them are not roots,

(iv) the only restricted roots relative to a, are d(4-3y; 1+ $vz)
and possibly d(+3y,), where d = Ad(exp 7/4 3;_; (E_,,— E,)).

The construction at the end of Section 2 produced M from the
largest noncompact positive root «, , and we repeat this construction
with the smallest noncompact positive root y, , writing M, ,..., 7, in
place of M,...,n. Lemma 3.6 is contained in Lemmas 1 and 3 of

Moore [13].
Lemma 3.6. M, = (M,)e(exp(iay) N K).

Lemma 3.7. If G€ is simply-connected, then the lattice
{Heia,| exp He K}

is generated by the vectors 2mi(B, B>~ H,, where B ranges over the
restricted roots.

Proof. 'The vectors in question are in the lattice, by a computation
in SL(2, R). Conversely, if H is in the lattice, then it is well known
that exp 21 = 1. By Theorems 3.4(a) and 3.6 of [11, pp. 75-77],
2H is in the lattice generated by the vectors 4m1{8, 8>~ H, .

Proof of Proposition 3.1. We may assume that G€ is simply-
connected. We consider first the group M, . Since the roots y; have
the same length and are orthogonal, we have

”iH;j/zﬂ:vk/z = miH, + miH,, and wiH;],/z = 2(77'iH;,]_).
The element d carries H, = 2{y;,y;>~* H,_ into

2<d(7.7')) d(yi)>_1 Hd('Vj) = E'Vj =+ E—v]- >
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and Lemma 3.7 therefore shows that exp(iag) N K is generated by
the elements

n; = expmi(E, -+ E_,), 1 <j<s.

A computation in SL(2, R) with the explicit form of d shows that

n; = exp 7T(Eyj — E—vj) = exp WiH.;j

and 7%= 1. Now a,* is spanned by E, + E_, . Since y; is
orthogonal to y, for j # 1, iH, is in m, for j % 1. Thus ; is in
(M,), forj == 1. By Lemma 3.6, M, is then generated by (M), and 7, .
Since 7, is in expia;*, 7, is in the center of M, . Since 7,2 = 1,
M, = (My)y  my(M,), -

Next we pass from M, to M. It is easy to see that part (a) of the
proposition follows if we can show that «, and y, are conjugate under
the Weyl group of (€, §©). To see this conjugacy, let @ be the element
of the Weyl group of K that carries all the positive roots into negative
roots. Regarded as an element of the Weyl group of (g, §°), w carries
all the positive compact roots into negative compact roots and it
permutes the positive noncompact roots (since f normalizes p¥).
Since «, is the unique positive noncompact root whose sum with each
positive compact root fails to be a root, w maps o, into the unique
positive noncompact root whose sum with each negative compact
root fails to be a root. Thus w maps «, into y, . This completes the
proof of (a).

For (c), u, commutes with M, by Lemma 3.4(¢) and with » because
n =u" For (b), Ad(M,) is the identity on E, and E_, by
Lemma 3.4(e), and Ad(n) is the identity on E, , E_, , E, -, and
E . because it is the identity on the entire span of H, ,E,, and
E_, . This result, together with the commutativity of u; with m¢
(Lemma 3.4(e)), shows that Ad(M,) is the identity on E, - and E_, -.
Thus (b) is proved, and the proof of Proposition 3.1 is complete.

The third part of Section 3 is a discussion of the semisimple part
of M. The Lie algebra m is stable under the Cartan involution and
so is reductive, and we can therefore write

m:b+_+lns,

where §,~ and m, are, by definition, the center and commutator
subalgebra of m, respectively. Here m, = 0 or m, is semisimple.
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Clearly, h,~CHh~, and we let h, be the orthogonal complement of
b, inh~. Then
]nSC = bsc -+ Z [ ) (3'4)

a€X

by Lemma 3.4(d). The roots « € X_ vanish on .~ and thus cannot
vanish identically on b, . It follows from (3.4) that b, is a Cartan
subalgebra of m, and that the roots of (m,%, h,©) are the restrictions
to §h,° of the members of X_. Since m, is stable under 6,
m,= (FfNm,)+ (pm,) is a Cartan decomposition of m, and
f N m, is a maximal compactly imbedded subalgebra. Let T, —, M,
T,, and K be the analytic subgroups with Lie algebras §,—, m,, b,
and f N m,, respectively.

Lemma 3.8. M, is closed, and T.-, T,, and K, are compact.
K, is a maximal compact subgroup of My, and T,C K, is a compact
Cartan subgroup of M. The groups K, T —, and T+ mutually commute.

Proof. M, is a semisimple group of matrices and is therefore
closed. (See p. 128 of [9].) T, is closed because it is the identity
component of the center of M, which is closed by Lemma 2.2. Since
T,-CK, T,~ is compact. K, is maximal compact since N\ m is
maximal compactly imbedded and M, has finite center. Since b, is
a compact Cartan subalgebra of mg, its centralizer is compact and
connected and is therefore T, . Finally, the only nontrivial relation
of commutativity is between K, and 7+, and this is given in
Lemma 3.4(e). The lemma is proved.

Before passing to the next proposition, we remark that

G — NA+*M K (3.5)

because, by Lemma 2.5(e), G = NA*MK = NAtMZ(a*) K =
NA+*MK = NA*M,T,-K = NA+M /K.
Now we must emphasize that G is assumed to be simple.

ProrosiTiON 3.2. If m, is noncompact, then m is the direct sum of
a compact semisimple subalgebra and a noncompact simple subalgebra.
In any case, M K, is hermitian symmetric, and the restriction of the
ordering on X to the roots of (m,S, §, ) is compatible with the complex
Structure.

Proof. 'The simple roots (in P_) for m, are the simple roots of P
that are in P_. In fact, let « € P_ be simple for m,, and suppose
o= f + y with 8 and v in P but not P_. Then Lemma 3.5 and the
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nonvanishing of B(H,) and y(H,) imply that B(#,) >0 and
y(H,,) > 0. Hence a(H ) >0, and « cannot be in P_, contradiction.

Divide the simple roots for m, into systems corresponding to
each simple component of ;. Since P has exactly one noncompact
simple root, the result of the preceding paragraph shows that at
most one of the components has a noncompact simple root. Thus at
the most one component is noncompact.

It follows that M /K, is hermitian if I, has a nonzero center. Let
E+, E_-, and E, be the projections of Iy corresponding to the decom-
position b = b+ + h,~ + b, and let X be a nonzero vector in the
center of . If x € X, we have

o X) = AE*X) + AE,~X) + A EX) = o EX).

If also a € 2}, then o(X) = 0 and so o(EX) = 0. That is, E X is in
the center of I,. If m, is noncompact, then there is a noncompact
root o in XZ_. For such an «, o(X) 5= 0 since no noncompact root
vanishes on the center. Then «(E,X) # 0, and E.X # 0. Hence f;
has a nonzero center.

The restricted ordering on X_ is compatible with the complex
structure because every positive noncompact root is still larger than
every compact root. This completes the proof.

The proposition shows that we can define groups P~, P*, and B
for M,. We denote these by P,~, P, and B,. We have a corre-
sponding Harish-Chandra decornpos1t10n

BM, C PoBPs C MS,

and P,- C P-, B, C B, and P;+ C P+. Let us remark that #, commutes
with M,®, by Lemma 3.4(e), and therefore u; commutes with the
subgroups M, , B, P, and P,*.

ProposITION 3.3. Zy = (T, 7Zuy) Y (T2, where Zy is the
center of M, . Also Z,; C T, Z,; commutes with M,°, and M = Z uM, .

Proof. By Proposition 3. l(a) Zy = Zy,INZy,. Since Mo=T, M,
and T, — CZM s L, = T4~ . To see thatZ C T, we use that
Zy, CT, since T, is a Cartan subgroup of M, (Lemma 3.8). By
Proposmon 3. l(a) ne T+, and therefore Z,, C T. Z, commutes
with m, and thus Z,, commutes with },€. Also, by Proposition 3.1(a),
M=ZM,=ZyT,M,= Z,M,.

Flnally, we return to a consideration of the integral form /1 on b€,
dominant with respect to ¥, such that (A 4 p, ) = 0. We shall
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exhibit the simple key identity that will allow us in the next section
to associate a unitary representation of G to /. We have a direct
sum decomposition a€ = (a+)¢ + (a7), and corresponding to this we
decompose each A € (a€)’ as A == A, + A_. Let us put A4’ == ‘Ad(u,) /.
As particular cases of our notation, we have p’ =p,’ 4+ p_" and
A=A + A_. The key identity is the identification of 4.’ (or
of /_’), which we can write in the equivalent forms

A=A +p —p' or A = —p, . (3.6)

T'o prove these identities, all we need do is verify that A" + p" — p_’
vanishes on a*. But p_’ vanishes on at by definition, and

(A" 4 p M Hyy) = <A + ¢y 0> = (A (A - p), *Ad(ny) )
= A+ p, ) = 0.

This proves (3.6). The particular form in which we shall use (3.6)
is given in the proposition below, which is an immediate consequence
of the definition of A’.

ProrosiTiON 3.4. Ifate A*, then (*Ad(u,)A) log at = —p,’ log at.

4. ConsTRUCTION OF LiMiTs oF HoLoMoORPHIC DISCRETE SERIES

Let A be an integral form on h¢ dominant with respect to £. We
have seen that {A + p, a) > 0 for every compact positive root a,
and we have defined ¢, to be the number of noncompact positive
roots « such that {4 4 p, o) > 0. We shall always assume that
g.=0.

To each such 4, it is possible to associate in a natural way an
irreducible unitary representation U,(g) of G in a space of holo-
morphic functions. For the case that 4 + p is nonsingular (i.e.,
{A 4+ p,ay #0 for all positive roots «), U, was constructed by
Harish-Chandra in [6, 7]. We shall be concerned here with the case
that A 4- p is singular. Our argument will require a precise statement
of Harish-Chandra’s theorem, which we give below, and we therefore
begin without the assumption that /1 4+ p is singular.

We know that BG and P-KP+ are open subsets of G¢ and that
BG C P-K€P+ C G°. Then BG inherits a complex structure from G°€.
Since A is integral, there exists a character ¢, of T such that
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Eq(exp H) = exp A(H) for all Helh. Then £, extends uniquely to
a holomorphic character of B. Define

I'A) ={f: BG— C| (1) f is holomorphic
(2) f(bx) = £4(b) f(x) for b e B, x € BG},

and let U,(g) f(x) = f(xg) for fe I'(A), x € BG, and g e G.

Harish-Chandra proved in Lemma 6 of [6] that I'(1) # 0, and
he gave in Lemma 14 a formula for a distinguished member of I'(A1).
We shall give a slightly different formula for this member of I'(A).
The equivalence of these formulas will be verified in Section 6 after
Lemma 6.1.

Let 7, be an irreducible unitary representation of K with highest
weight 4 and a highest weight vector ¢, of norm one. Extend 7, to
a holomorphic representation of K€ on the same vector space. If
x € P~KCP+, we let u(x) be its K€ component. Define, for x € P-K°P+,

Pax) = (Ta((x)) b4 s 1)-

The inner product is assumed linear in the first variable and conjugate-
linear in the second. As a straightforward consequence of Lemma 3.3,
one can prove

Lemma 4.1. 4, is in T'(A).

Suppose now for the moment that A 4 p is nonsingular. For
feI(A), define | f|? = [¢ | f(x)> dx. Let H(A)C I'(A) be the sub-
space of functions of finite norm. H(A) can be shown to be a (com-
plete) Hilbert space. It is clear that U ,(g) is a unitary representation
on this space. Remembering that G in this paper is assumed to have
a faithful matrix representation, we can state Theorem 4 of [7] as

follows. (See also p. 612 of [7].)

TueoreM (Harish-Chandra). If ¢, =0 and if A+ p is non-
singular, then ||, || < co. The representation U,(g) of G on H(A)
is nonzero, irreducible, and unitary, and its matrix coefficients are
square-integrable.

Now suppose that A + p is singular (and g, = 0). In case G is
simple, we shall define a norm on the members of I'(4) by means of
an integral of their boundary values. First we need to know that
Bu,G is contained in the closure of BG. Define

3
U; = €Xp % (an - an)

for 0 <t < 1, so that u; = lim,_; ;.
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Lemma 4.2. For 0 <t < 1, u, is in BG. The decomposition of u,
according to BG = P-K°Q is u, = {kz,, for 0 <t < 1, where

{; = exp(—(tan #t/4) E_, ),
k; = exp(log(cos 71/4) Hy, ),
2, = exp((tan #t/4) E, ).

Consequently, Bu,G is contained in the closure of BG.

Proof. The identity u, = {;k;2, is a straightforward computation
in SL(2, C). To prove the lemma, we must show that 2, is in 2. To
do this, we observe that v, = exp s(E, + E_,) is in G. Therefore,
in the decomposition v, = {/k/ 2, we must have z/ef. By
Lemma 9 of [7], 2,' = exp((tanh s) E, ). If 0 < ¢ < 1, we can choose s
so that tan m¢/4 = tanh s. For such a choice of s, 2,/ = z;. Therefore
2, is in 2.

Let I'y(A4) CI'(A) be the subspace of functions having a holo-
morphic extension to a neighborhood of the closure of BG in G©.
Suppose G is simple. Since /1 - p is singular, we can define M and M,
as in Sections 2-3. For f in I')(41), let

IFIR =] 1f k) dm d, CBY

8

and let I'y(A4) be the subspace of I'|(4) of functions of finite norm.
In Section 7, we shall see that each nonzero member of I'y(A) has
nonzero norm, but we ignore this fact for the present. Factor I'y(A)
by the subspace of functions of zero norm, and let H(/) be the com-
pletion. Then H(A) is a Hilbert space. We recall the action of G on

I'(A) by UA(8)f(x) = f(xg).

THEOREM 4.1. If G is simple, if g4 = 0, and if A + p is singular,
then I'y(A) is stable under U ,(g), and U ,(g) acts by unitary transforma-
tions on 1t. U,(g) extends to a continuous unitary representation of G

on H(A).

It is worth noticing that the proof of Theorem 4.1 uses the full
strength of the holomorphicity condition g, = 0, whereas the proof
of the nonvanishing of H(A), given as Theorem 4.2, depends upon
only a weaker condition. This fact suggests generalizations to non-
unitary representations that we have not pursued.

Before proving the theorem, we make two remarks. The first is

580/9/4-2
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a transformation law for I'o(A). Let fe I'y(A). Define a function F
on G by F(x) = f(u,x). Then F satisfies

Flax) = &4(mau;") F(x) (4.2)

for all ae AN. In fact, Lemma 3.2 shows that G N u;*Bu, = AN.
Therefore u,au; € B and

F(ax) = f(max) = f(mau"ux) = E(man”) f(wyx) = Ex(man™) F(x).
The second observation is a simple integration formula, which is a

special case of a result on p. 66 of [2]. We state the formula as a lemma.

LEmMA 4.3. Let W be a unimodular Lie group, and suppose X
and Y are closed subgroups such that W = XY and X N'Y is compact.
Then the Haar measures of W, X, and Y may be normalized in such
a way that, for any nonnegative or integrable Borel function f on W,

| faydw =] f)dwd,y.
w dxxy
Here dx is a left Haar measure on X, and d,y is a right Haar measure

onY.

Proof of Theorem 4.1. For ae AN, let ofa) = | £ (uaui)| 2
Letting di(nat) and d,(na*) stand for left and right Haar measures
on NA*, we claim that

di(na*) = o(na*) d(nat). 4.3)
In fact, by Lemma 1.2 on p. 365 of [9],
d.(nat) = det Ad(nat) |,. ., di(nat)
= det Ad(a") |y di(na*) 4.4)
= exp(—2p,’ log a*) dy(na”),
by Lemma 2.5(f). Also
o(na*) = o(a®) = | {x(mauy’) (4.5)
and
Edmaturt) = €(exp Ad(wy) log a*) = exp(A(Ad(x,) log a*)) “6)
— exp(*Ad()4) log a*) = exp(—p,’ log a*)

by Proposition 3.4. Equations (4.4-4.6) together prove (4.3).
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Next, we observe that left Haar measure d(natm) on NA+M,
satisfies

dy(natm) = di(na*) dm 4.7

because M, normalizes NA*+ and det Ad(m)|,+p,, = 1 for me M, .

The rest of the proof is not very different from a standard argu-
ment that certain induced representations are unitary. Choose by
Lemma 2.5(e) a continuous function ¢ 2> 0 on G such that

[ gnars)d(nar) =1 (4.8)

NA*

for all x in G. Let f be a member of I'i(A) and define F(x) = f(u;x)
for x in G. Then

f POk dm k= f IR gla) d (4.9)

by successive application of the formulas (4.8), (4.2), (4.3), (4.7) and
then application of Lemma 4.3 with G = (NA+M)K. To prove that
U(g) preserves I'y(A) and acts by unitary transformations, we are
to prove that the integral [; | F(xg)|? ¢(x) dx is independent of G.
When we replace xg by x in the integral and unwind the proof of (4.9),
using the identity of Lemma 4.3 and formulas (4.3) and (4.8), we
obtain [y yx | F(mk)|* dm dk as the value of the integral. This is
independent of g, and so U,(g) is unitary.

This completes the proof of Theorem 4.1, except for the proof
that U,(g) is strongly continuous. This fact will follow from the
imbedding of U,(g) as a subrepresentation of an induced representa-
tion. Since the strong continuity will not be needed until after the
imbedding is proved, we postpone the proof of the strong continuity
to Section 5.

TueoreM 4.2. If G is simple, if q, = 0, and if A -+ p is singular,
then 0 < ||, || << 0. Consequently, H(A) is not 0.

We shall reduce this theorem to Harish-Chandra’s theorem stated
earlier in this section. To do so, we require some intermediate steps
in the proof of his theorem, which we collect as the following lemma,
valid without the assumption that G is simple. The proof is contained
in [7, pp. 598-599].

Let a, be the maximal abelian subspace of p described in Section 3,
let A, be the analytic subgroup corresponding to a,, and let A, be
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the closed positive Weyl chamber in A4,. Then G == KA, tK, and
there is a corresponding decomposition of Haar measure as

dx = D(a) dk’ da dk for a function D(a) on A,*.

LemMa 4.4. (Harish-Chandra). Let @ be an integral form on BS,
dominant with respect to ¥. Suppose that qo = 0 and ® + p is non-
singular. Let 74, be an irreducible unitary representation of K with
highest weight © and with degree dy . Then

IolP = d5* | Trtro(u(a))?) D(a) da

In Lemma 3.8 we proved that K is a maximal compact subgroup
of M, and that the group T, whose Lie algebra is ,, is a Cartan
subgroup of K, and M, . If X is a linear form on b€, we define A to
be the restriction of A to §,©. With this notation we have the following
lemma.

LemmMma 4.5. The span of t.(K,) ¢, is irreducible under K, and
the highest weight of this representation relative to b is A.

Proof. It follows from Lemma 3.8 that K T, —T+ is a connected
compact subgroup of K with T, ~7T* contained in the center. We have
TCK,JTT T+ because h = b, + b, + bt and because T is con-
nected. Decompose V; = span{r(K,T,~T*)¢,} into irreducible
components under K, T ,~T+, and choose weight vectors ¢, ,..., ¢,
relative to T in the irreducible components. Write ¢, = Z¢;$; and
apply 7. Each ¢; with nonzero coeflicients belongs to /A under T.
Since the space belonging to /A is one-dimensional, ¢, = c; for
some /. That is, ¢, lies in an irreducible subspace under K, T, ~T*, and
so V, is irreducible under K, T ~T+. Since T, ~ T+ C center(K T, ~T),
K, acts irreducibly on V. Since span{r,(K,)¢,CV,, K, acts
irreducibly on span{r,(K,)¢,}. For the statement about the highest
weight, we need observe only that E, ¢, = 0 for all ae P_ N P, to
conclude that A is the highest weight. The lemma follows.

CoROLLARY. A is an integral form on}),©, dominant with respect to ¥, .

The group M, is semisimple, M /K is hermitian, and the restric-
tion of a compatible ordering of the roots for (g€ b) is compatible
with the complex structure of M /K,. (See Proposition 3.2.) We
shall apply Harish-Chandra’s results to M. Let p; be half the sum
of the positive roots of (m,S, b,©).
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LEMMA 4.6. p, = p.

Proof. Let w be the Weyl group reflection corresponding to o, .
If «aeP— P_, then <x, oy > 0. Since {—o®, ap> = {a, ayy and
since «, is the largest root, it follows that —a® e P. Hence
—a®e P — P_. Moreover, (x + (—a®))ly- = 0 by definition of w.
Thus by grouping the summands in pairs, we see that

z oc\b_:()

xEP—P __
and hence that

Z a[b‘:za[fr'

xEP_ aEP

Consequently, p, = p.

LemMa 4.7. g5 = 0 and A 4 p, is nonsingular with respect to M .

Proof. We first prove: If « € P_, then there exists ¢, > 0 such
that (X, &), = ¢,{A, o) for all linear forms A on h€. In fact, let H, € p,°©
and H,ebh® be defined relative to the Killing forms of m and o€,
respectively. We have

[Eoc ’ E—a] = Cchz

for a constant ¢; 4 0. Since o€ P_
E, e m as root vector. Hence

, @ is a root of (mC 5©) with
By, E_] = c,H;
with ¢, 7 0. Then
A &y, = NH,) = ¢'N(E, , E_))
= 'ME, , E_]) = 'aMH,) = ;e o).
Thus (A, &), = ¢,{), o) with ¢, = c3'c; independent of A. Choose
A = o, and it follows that ¢, > 0.
If o € P_, then the above result and Lemma 4.6 give
A+ pe,ays = eld +p, 0

with ¢, > 0. Moreover, « is compact if and only if & is compact, since
the Cartan decompositions of g and m, are compatible. Hence
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A+ p,, 39, <0 for all noncompact & and g; = 0. Finally,
{A + p, ) vanishes only for « = 1oy, by Lemma 2.1 since G is
simple, and o, ¢ P_ by construction. Hence A + p, is nonsingular.

Proof of Theorem 4.2. Let u, = {}ky2,, me M,, and ke K. By
Proposition 3.2, we can write m = pu(m) g € P,-K °P;+ C P-K°P+,
Now P,~ C M° C M, and so u, commutes with p by Lemma 3.4(e).
Then

uymk = uy pu(m) gk = puyp(m) gk = plikyz,p(m) gk
[ 2L)[Rupu(m)k] [k~ (pu(m) 12 (m)) gk] € P-KCP*.

I

Thus

1allt = [ leaslwrmh) a, S dm dk

K

= J . [(ra(kye(m)R) b 41 , $2)I2 dim dke

E

=), ) s malplm)) ralk)) "G a)l* dm dk.
By Lemma 4.2, k, € expil). Thus 74(k,)* ¢, = E4(k;) p, with £,4(k;)
real. Substituting and applying Schur’s Lemma, we obtain

19 B = dZak)® | 7alslom) a2 dm.

Construct an Iwasawa decomposition of M in the manner described
before Lemma 4.4 and call the abelian factor 4, and the corresponding
D(a) function Dy(a). Since dm = D(a) dk da dk’ for the decomposi-
tion M, = K,A+K,, we have

Ia P = d7a® | | raa(kak))*$, | D fa) dk da dk.
XA XK,

Again K, normalizes P+ and P-, and therefore u(kak’) = ku(a) k'.

Since 7,(k')* is unitary,

19alt = dg'8ale | | 7as(@)*rsk)*$a | Do(a) dk da.

X

Choose an orthonormal basis ¢; = ¢, ,..., ¢4, of weight vectors for 7,
in such a way that the first d; vectors are in the K -irreducible subspace
span{r,(K,) ¢,}. (Recall Lemma 4.5.) Write, for ke K,, 7,(k) ¢; =
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ZJ 'T],L(k) ¢] . Then TA(k)*¢A == Z]<d2 Tl](k) ¢] . Substltutlng this €X~
pression, we obtain

1halt = dieakal | | X (@) ralu(@) )

HKAs G i<dy
X 715(R) (k) D(a) dh da
— AR [ T 7, @) |2 D(a) da

457 j<dy
by the Schur orthogonality relations for K, which apply by
Lemma 4.5. As in the proof of Lemma 4.4, a is in exp ¢, and therefore
74(u(a@)) is self-adjoint and diagonal relative to the basis ¢, . Since
the sum in the last integral extends only over j < d;, we conclude

Iy | = d'd7E (k)? f ,+ Trrz(u(@))) D(a) da. (4.10)

On the other hand, we can apply Lemma 4.4 to the group M,.
Lemma 4.7 and the corollary to Lemma 4.5 show that A satisfies
the hypotheses of Lemma 4.4. Therefore

193l = d3* | | Trlry(u(a))?) Dila) da.
Combining this expression with (4.10), we find that

Wy P = didzE j(R)? | 7 1P (4.11)

Again Lemma 4.7 says that g; = 0 and A + p, is nonsingular.
The assumptions of Harish-Chandra’s theorem at the beginning of
this section are satisfied, and therefore || ;]| << c0. By (4.11), we
conclude that || ¢, || < 0.

This completes the proof of the finiteness of norm in Theorem 4.2,
except for one remark. Our definition of ; differs in form from
Harish-Chandra’s, and we should not apply his theorem until we
have checked that the two definitions are equivalent. This equivalence
will be verified after Lemma 6.1 and will not depend on any results
of this section or the next, except for Lemma 4.1.

Finally, we observe that |4, = 0. In fact, define a continuous
function ¢ on M, X K by (m, k) = | y(u,mk)|%. Since ¢ is con-
tinuous, it will follow that || ¢, || 5= 0 if we show that #(1, 1) £ 0.
We have

(1, 1) = | fa(w)® = [(7alks) s> pa)* = €allr)? # O,

and the proof is complete.
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5. IMBEDDING IN CONTINUOUS SERIES

Suppose G is simple. Let 4 be an integral form on §°, dominant
with respect to I, such that ¢, = 0 and A -+ p is singular. In this
section we construct a discrete series representation w, of M and
exhibit the representation U,(g), which was defined in Section 4,
as a direct summand of the induced representation

Va= ind (0, ®1®1).

MA*TNTG

In Section 7 we shall see that the image of U ,(g) is proper and hence
that the induced representation V ,(g) is reducible.

We begin by defining w, . By Lemma 4.7 the restriction 4 of A
to b, has g5 = 0, and A + p, is nonsingular. We have defined I'(A4)
to be the space of holomorphic functions ¢ on B, M, such that
@(bx) = £4(b) p(x) for be B, and x € B;M,. Also H(A) is the sub-
space of I'(4) of functions of finite norm, where

lpit =] lp@)ds < co.

By Proposition 3.3, we have Z,, C T'C B, and hence £4(2) is defined
if ze Zy . Moreover, M = Z,,M_ by Proposition 3.3. We therefore
define w, on I'(A) by

w(zm) p(x) = £4(3) plam)

forpeI'(A), e Zy,,me M,, and xe B,M, .

Lemma 5.1.  The representation w, of M is unambiguously defined
on I'(A) and is unitary, strongly continuous, and irreducible on H(A).

Proof. To see that w, is well-defined, we are to show that if
2€Zy N M, and ¢ € I'(1), then ¢(x2) = £,(2) p(x) for x € B,M, .
(Here xz € B.M, since z € M, .) Now z commutes with M because
g€ Zy, and & commutes with B, by Proposition 3.3. Thus 2 com-
mutes with x. Since zeZ, C T C B (Proposition 3.3), we have
p(x2) = @(2x) = £,4(2) (), as required.

Then w, is clearly a representation and is unitary and strongly
continuous. Its restriction to M, is irreducible by Harish-Chandra’s
theorem, and hence w, is irreducible as a representation of M. The
lemma is proved.

We remark that w, has square-integrable matrix coeflicients.
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In fact, by the corollary to Theorem 2 of [6], we have, for
x=mzeMZy =M,

(w (%) b7, ¥7) = ELNUzm) bz, 97) = £,(2) | 71" f3(m)-

The square-integrability of the left side (and hence of all matrix
coefficients) follows by applying Lemma 4.3 with W= M, X = M_,
and Y - le .

Form the continuous series representation

Vy= ind (w,®1@1).
TG

MATN

In order to describe this representation explicitly, we need to know
the modular factor for MA*N. By Egs. (4.3) and (4.6), the Haar
measures for A*N satisfy

d(a*n) = exp(—2p, log a*t) di(a'tn).

Since M normalizes A*N and det Ad(m)|,+, = +1 for me M
(Lemma 2.5(f)), the Haar measures of MA+N satisfy

d,(ma*n) = exp(—2p,’ log a*) d\(ma*n).
Therefore we can regard V ,(g) as operating in the space S#(A1) of
almost-everywhere-defined functions f : G — H(A) such that
(i) for each ¢ € H(A), the function x — (f (), ) is measurable,
(i) if me M, at € A+, and ne N, then
f(matns) — exp(—p, log a*) w,(m) f(x)

for almost every x € G, and
(i) fxllf (R @k < co.

The norm squared of f is given by the expression of (iii), and V (g)
operates by right translation: V (g)f(x) = f(xg). It is well known
that 7 4(g) is strongly continuous and unitary.

TueoreM 5.1. If G is simple, if g4 = 0, and if A + p s singular,
then the mapping L defined on I'y(A) by
(LF()x) = F(uxg)

for Fel'y(A), xe BM,, and ge G is a linear isometry into (A1),
equivariant with respect to G : LU ,(g) = V ,(g) L. Consequently, U ,(g)
is unitarily equivalent with a subrepresentation of V ,(g).
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Sketch of proof. The proof is completely elementary, and we
shall list just the main steps. For F € I'y(A), put f(g)(x) = F(u,xg) if
x e BJM, and g € G. Then one shows:

(1) If Fe Ty(A), then f(g) € I'(A) for each g € G.

(2) If FeIyA), then || f(g)| << co almost everywhere, and the
mapping g — (f(g), ¢), for ¢ € H(A), is measurable.

(3) U FelyA), atnme A*NM, ge G, and x € B,M,, then
flatnmg)(x) = exp(—p,’ log a*)(wa(m) f( £))(x).

(This is condition (ii) for f to be in s#(A). The verification uses
Lemma 3.2, Propositions 3.3 and 3.1(c), and Eq. (4.6).)

(4) If FeI'y(A), then fe#(A)and | F|| = | f].

(5) LUA(g) = VAg)L.

These five steps prove the theorem.

We now know that U,(g) is unitarily equivalent with a sub-
representation of V,(g) and that V,(g) is strongly continuous. It
follows that U ,(g) is strongly continuous. This is the conclusion of
Theorem 4.1 that we had left unproved until now.

6. Two LemMas oF HaRrisH-CHANDRA

To proceed further, we need to use two properties of ¢, proved by
Harish-Chandra in [6]. In this section, we assume that A is an integral
form on h¢, dominant with respect to I, such that g, = 0. The first
result that we need is Lemma 6 of [6].

Lemma 6.1. If g, = 0, there exists a unique function s € I'(A) such
that (1) = 1 and such that

[ athsiig) dh = o( ) 4(x) 6.1)

for all p € I'(A), g € G, and x € BG.

Harish-Chandra takes Lemma 6.1 as a definition of ¢, and then
derives a formula for i, somewhat different from the one in our
definition. In order to show the equivalence of his definition and ours
(and thereby complete the proof of Theorem 4.2), we apply Eq. (6.1)
to the function ¢ = i, and to the group element g = 1. Then

Pall) 9lx) = | ot ™) dh (6.2)
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Recall that 4(x) = (74(u(x)) b4, b.4). Then

Ya(l) = (Ta(D) s, ba) = 44> = L.

Since T'C K and K normalizes P~ and P+, p(hxh™) = hu(x) b L
It follows easily that

Palhxh™) = §4(x), (6.3)

Substituting in (6.2), we obtain ¢(x) = 4 ,(x). Thus Harish-Chandra’s
definition and ours are equivalent.

Lemma 6.1 applies to all of I'(A). In Section 7 we shall see that
H(A) C I'(A4). On the subspace H(A), Lemma 6.1 has the following
interpretation: The multiplicity of the character ¢, of T in the restric-
tion of U,(g) to T is exactly one, and the space of functions in H(A)
transforming under 7 on the right according to £, consists of the
multiples of ¢, .

The second result that we need is Lemma 8 of [6]. The notation
for the lemma is as follows. Let W be an open set in G€ and let
Z = X +- 1Y be in g% Let f be a holomorphic function on W, and
regard X and Y as operating as left-invariant vector fields. Define
Zf = Xf + iYf. Then it follows from the fact that f is holomorphic
that

7f@) = g fwespZ)|

for w e W, where ¢ can be taken to be complex in the differentiation.

Lemma 6.2. If q, =0, then the function i, defined on the open
subset P~KP+ of GC satisfies Hy, = A(H)y, for Heb and Exl, = 0

for every positive root «.

7. PROPERTIES OF THE CONSTRUCTION

We continue to assume that /1 is an integral form on )¢, dominant
with respect to f, such that ¢, = 0. Once again we assume that G is
simple and that 4 - p is singular. In this section we shall use the
lemmas of Section 6 to obtain some properties of the space H(/)
and of the representation U,(G). The first of these is a maximum
principle.
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Lemma 7.1. If G is simple, if g4 = 0, and if A + p is singular, then
there exists a constant C << oo such that

D)< Clfll (7.1)
Sor all fin I'y(A).
Proof. Forfe I'yA), define E, f(x) = [7f(xh) £,(h) dh. Then E, f
isin I'(A), and E, f(1) = f(1). Moreover,

By flsho) = [ f(hoh) ER) dh = [ f(eh) E(hGH) dh — Esthy) B
T T 7.2
These equations, together with Lemma 6.1, imply that
Eof(x) = Eof(1) $ha(x) = f(1) ha(x). (7.3)
Then

I £IE = j f | f(uymkh) E(R)2 dh dm k. since TC K
MXK©YT

—— 2
= f f f(uymkh) Ei(h)dh | dmdk by Schwarz s inequality
MxrlJT

= [P dal?

by (7.3). This proves (7.1) with C = || ¢,|%, which is finite by
Theorem 4.2.

CorOLLARY 1. If G is simple, if ¢4 = O, and if A + p is singular,
then to each compact set E C BG corresponds a constant Cy, such that

@) < Cellfll
for all fe I'y(A) and x € E.

Proof. There exists a bounded nonempty set S C B such that SG
is open in G€. In fact, let S, be an increasing sequence of compact
sets in B with union B. Then |J S,,G = BG, which is open, and each
S, G is closed. By the Baire Category Theorem, some S, G has non-
empty interior V. Since G acts on G€ by homeomorphisms, V' is
right G-invariant. Thus V = (S, N V)G, and we can take
S=S8,nNnV.

The translates bSG, for be B, form an open cover of E. Let
b,SG,..., b,SG be a finite subcover, and put

Cp=C max | £4(bu),
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where C is the constant of Lemma 6.1. If x € E, then x = bug for
some # € S and g € G and for some j, and we have

L F@) =1 £4b) (&) = | £albs)] | Un(£) F (1)
< Ealb)l CHL UL [ = 1 €abm)l ClfI < Cilif 1)

by Lemma 6.1 and Theorem 4.1. This proves the corollary.

CoroLLARY 2. If G is simple, if g, = 0, and if A + p is singular,
then the only member f of I'y(A) with || fll =01 f=0.

The second corollary follows from Corollary 1.

We can regard the normed space I'y(A) as a space of holomorphic
functions on BG and as a space of functions on the closed set #,M K
that are square-integrable with respect to a certain measure. Now let
[ € I'y(A4) be a Cauchy sequence with limit f € H(A). Since L¥(u, M K)
is complete, we can regard f as a square-integrable function on u, M K.
On the other hand, f, is a Cauchy sequence in L%, M K), and it
follows from Corollary 1 to Lemma 6.1 that the restrictions of the
functions f, to BG are uniformly Cauchy on compact subsets of BG.
Consequently, f,,(x) converges to a function, which we can denote f(x),
uniformly on compact subsets of BG. Then f(x) is holomorphic on
BG and is clearly a member of I'(A). The action by U,(g) on f goes
into right translation of f(x). Thus we can regard any member of
H(A) as the union of a function in L*u,MK) and an associated
function in I'(A4). For members of I'y(A), these two functions are
related in that one is given as boundary values of the other, but the
connection for the other members of H(A) is less obvious.

Using this identification of members of H(/) with functions both
on u,M K and on BG, we can pass to the limit in Lemma 7.1 and
obtain a result valid for all f in H(A).

Lemma 7.1°. If G is simple, if g4 = 0O, and if A + p is singular,
then there exists a constant C << oo such that | f(1)] < C || f|| for all f
in H(A).

Similarly we obtain the obvious extension of Corollary 1.

Now that we have realized all of H(A) as a subspace of I'(A), the
proof of irreducibility of U,(g) becomes a completely standard
consequence of Lemma 6.1. (See Lemma 12 of [6].)

Treorem 7.1. If G is simple, if ¢, = 0, and if A + p is singular,
then U ,(g), as a representation on H(A), is irreducible.
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Recall that in Section 5 we constructed a continuous series represen-
tation ¥ {g) on a space S£(/) and exhibited U (g) as a subrepresenta-
tion of V(g) under a map L of H(A) into #(A).

TrEOREM 7.2. If G s simple, if g4 = 0, and iof A + p is singular,
then the image of H(A) in the space () of the associated continuous
series representation V ,(g) is proper. Consequently, V ,(g) is reducible.

The proof will consist of examining the restrictions to 7'+ of U,(g)
and V,(g) to see that they are different. The group 7 is isomorphic
with a circle group, and we can think of its character group as the
integers. In an obvious sense, the integers extend in two directions
from 0, and Theorem 7.2 will therefore follow if we prove the two
lemmas below.

Lemma 7.2. The restriction V., | , contains infinitely many charac-
ters of T+ in both directions with positive multiplicity.

Lemma 7.3. In one direction, the restriction U, | ., contains only
finitely many characters of T+ with positive multiplicity.

The proof of Lemma 7.2 will make use twice of the following very
special case of Mackey’s Theorem 12.1 on p. 127 of [11].

LemMma 7.4 (Mackey). Let H be a separable locally compact group,
let H, and H, be closed subgroups with H = H,H,, and let R be a
continuous unitary representation of H, . Then, up to unitary equivalence,

(s = 3 5, R )

Proof of Lemma 7.2. Let o be the representation w, ® 1 @ 1 of
MA*N, so that

Vy= ind o.
MA*tNTG

Let K,; = M N K. By Lemmas 2.5(¢) and 7.4,
Valg = I{l:,lTCiK (o |KM)-
Hence

Valre = {ind (o k)3 Ip= - (7.4)

By Proposition 3.1(a) and Lemma 3.4(e), 7 commutes with M, so
that K,, T+ is a compact group. Let 7 be any irreducible representation
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of K, that occurs in o [, , and let 2 mean “contains as a sub-
representation.” Then (7.4) gives

Vol 240 e = (i g e

We shall prove first that
ind 1) s (7.5)

Ky 1Ry T+

contains infinitely many characters of T in both directions. In fact,
by Lemma 7.4,

ind T) | =
Ky TRpg T+ ) i+

(7.6)

KMrl\anrTw (r |KMﬁT+)'
The Lie algebra of K, N Tt is 0 because ht does not commute
with a*. Thus K, N T+ is a finite cyclic group Z, . Let £ be any

character of K, N T* that occurs in 7 |, _~7+. Then the right side
of (7.6) contains
ind ¢,

Z Tt

which is well known to contain infinitely many characters of 7' in
both directions. Hence the same thing is true of (7.5).

Now let y be any character of T+ occurring in (7.5) Choose an
irreducible representation w of K, 7 that occurs in

ind r
Kyt Kp T+

and is such that the multiplicity (w |7+ : ¥) is positive. In view of our
result about (7.5), the proof will be complete if we show that

(G ind @) e 1) > 0. (1.7

To prove (7.7), we write

(K;I}‘}TK“’) lp+ = ;(Tz\ iKMT+ P0) Ty

by the Frobenius Reciprocity Theorem. Choose A so that
(72 lgyr+ 1 @) >0, and write 7, g, 7+ = 0 @ wtand w |7+ = x © x*
Then (7.8) contains

TAIT+:w‘T+®wL|1+:X@Xl®wL|7+'

This proves (7.7) and the lemma.
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Proof of Lemma 7.3. If Z= X +iYeg® and if f is a holo-
morphic function defined on an open subset of G, we used in Sec-
tion 6 the definition Zf = Xf -+ i{Yf, where X and Y operate as left-
invariant vector fields. With this definition if fe H(A), then
Zf = U,(Z) f, because U, operates as right translation.

By Lemma 6.2, 4, is K-finite under U,, and by Theorem 7.1,
U, is irreducible. It therefore follows from the results of [4] that
the space U (%) ¢, , where % is the complexified universal enveloping
algebra of g, is dense in H(A). Since Zf = U/(Z)f for Z € g and
fe H(A), we have Wiy, = U (W), for W e %. Applying Lemma 6.2
and the Birkhoff-Witt Theorem, we see that a dense subspace of
H(A) is spanned by all vectors

v = Eul Ea,.l/'/l b

where 7 > 0 and where the o; are negative roots, possibly with
repetitions. Since H, 3}, = A(H, )., it is apparent that such a

vector v is an eigenvector for U,(H, ) with eigenvalue

A(H,,) + oq(H,,) 4 - 4 o(Hy)
= A(Hmo) + <a1 ’ O‘0> + aa + <ar ’ C¥0> < A(Hoto)7

the inequality holding by Lemma 3.5, since all the «; are negative.
Thus the eigenvalues of U,(H, ) are bounded above on a dense sub-
space. Since T+ = exp({RH, ), this is enough to guarantee that only
finitely many characters of 7 in one direction can occur in U, | , .

The proofs of L.emma 7.3 and Theorem 7.2 are complete.

8. DiscussioN oF SU(n, 1)

Let G = SU(n, 1), n > 2. This is the group automorphisms of C**?
preserving the hermitian quadratic form | 2, {2+ - 4 | 2, [2—| 2,41 |2
and having determinant 1. In g, negative conjugate transpose is a
Cartan involution, the diagonal elements of f form a Cartan sub-
algebra b, and h€ is the set of diagonal matrices in g€ = sl(n 4 1, C).

Let ¢; be the linear functional on §h¢ whose value on a diagonal
matrix is the (n + 2 — j)-th diagonal entry. Then the compact roots
of (g€, h©) are the differences e; — ¢; with ¢ and j greater than 1, and
the noncompact roots are the differences 4-(e; — ¢;). Choose an
ordering so that the positive roots are e; — e, , 7 < j. Such an ordering
is compatible with the complex structure in that every noncompact
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positive root is larger than every compact root. The largest root is
Og == €1 Epyy -

Form MA™*N, etc., as in Section 2. Then §* consists of the diagonal
matrices (46, 0,..., 0, —20), and §h~ consists of the diagonal matrices
(@, i@, ,..., ipy , 10) of trace 0. M is compact and connected, and h~ is
a Cartan subalgebra for it. Let o be an irreducible unitary representa-
tion of M, and let n be the highest weight of . Then u is of the form

,u,(@, Pn seeny P2y 6) = kb + z ci¢f ’

j=2

where the only restrictions on the ¢; are that the ¢; are integers with
€y 22 €3 == * = ¢, . Since Zg; = —20, we can rewrite u as

SN

(Notice that the parameters %, ¢, ,..., ¢, do not lead independently to
distinct u’s in this formula.) Form the representation of G induced
from the representation o ® 1 @ 1 of MA*N. It is announced in [10]
that this induced representation is reducible if and only if

(i) k= mnmod2 and

(if) <oy p + p~> #~ 0 for every positive root « other than o,
where

n

_wm_
_22(2 it+1)e

Thus suppose & = n mod 2. Changing notation by adding the same
integer to each ¢; , we can then write p in the form

_ 5;2 (e +3)es- 8.1)

Condition (ii) is the statement that¢; % —(n + 1 —j)for2 <j < n
Because the integers c,- are decreasing, this condition divides the space
of integer tuples {c, ,..., ¢,} corresponding to reducibility into #z compo-
nents: {¢, > 0}, {cn_1 > —le, < —2hL{the = —2,¢,3 < —3}...
We shall see that Theorem 7.2 accounts exactly for the first component
>0},

The fundamental weights on h are A;=e + e + - + ¢;,
1 <j < n. Thus the most general integral lmear formis 4 = 23—1 LA,

580/9/4-3
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with [, ,..., [, all integers. The form 4 is dominant with respect to I
if and onlyif /; > 0, 2 <j << n. The condition that (A - p, gy = 0
is readily seen to be the condition that

L+ 41, +n=0. (8.2)
Such a A decomposes as — (n/2)(e; — e, 1) + A_, where — (n/2)(e; — e,,,4)

vanishes on )~ and where

A__:

M=

(bl e (8.3)

3

il

vanishes on h+. The restriction of A_ to h~ is the highest weight of
the representation w, of M constructed in Section 5. Comparing (8.1)
and (8.3), we see that (i) is satisfied and that ¢; = I; 4 --- 4 [, for
2 <j < n. The inequalities /; > 0 for 2 <{j <<z — 1 are equivalent
with the known inequalities ¢, > ¢; > - > ¢, , and (8.2) can be
regarded simply as the definition of /. The additional inequality
I, > 0 is equivalent with the condition ¢, > 0. Thus Theorem 7.2
accounts exactly for the component {c, > 0}.

This result is to be expected and corresponds to the fact that the
holomorphic discrete series is only a part of the discrete series. In
order to account for the other reducible representations induced
from MA+N, one expects to need a device like the cohomology spaces
of [15] that were used to describe further discrete series.
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