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The purpose of the present paper is to expand the use of intertwining operators
for semisimple Lie groups. In an earlier form (see [20]), these operators were
meromorphic continuations of integral operators and exhibited equivalences
among nonunitary principal series representations, those induced from a mini-
mal parabolic subgroup. We demonstrated that there was an intimate con-
nection between these operators and the irreducibility of the principal series, on
the one hand, and the unitarity of the analytically continued representations (the
complementary series), on the other hand.

In the intervening years we have generalized the setting for intertwining
operators significantly, and we have learned of new applications. For the most
part, the expansion in the setting is that minimal parabolic subgroups have now
been replaced by arbitrary parabolic subgroups M AN, and the representations
that are studied are induced from a representation of MAN that is irreducible
unitary on M, is one-dimensional on A, and is trivial on N. The expanded
theory allows us to determine the degree of reducibility of all series of repre-
sentations appearing in the Plancherel formula of the group, and to study
complementary series attached to them. Such intertwining operators have also
now found major applications in classifying representations (see Langlands [29]
and Knapp-Zuckerman [25]) and appear to have significance for some prob-
lems in number theory.

Our objective in this paper is threefold: to develop the analytic properties of
intertwining operators in what seems to be the appropriate degree of generality,
to give a dimension formula for the commuting algebras of the unitary repre-
sentations induced when the representation of M is in the discrete series and the
character of A is unitary (and to give some further insights into these repre-
sentations), and to illustrate a technique for dealing with complementary series.
To make it possible to be more specific, we introduce some notation.

Let G be a reductive group whose identity component has compact center;
the precise axioms for G are given in §1. Fix a Cartan involution 6 for G, and let
P be a parabolic subgroup of G. Then Pn60P decomposes into the product of
commuting subgroups M and A, where A is a vector group and M satisfies the
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same axioms as G. There are finitely many distinct nilpotent groups N such that
MAN is a parabolic subgroup of G. To each of these and to data consisting of
an irreducible unitary representation { of M and a one-dimensional repre-
sentation exp A of A, we can associate the induced representation of G given by

Uyan(é,4,°)= ind ((®@expA®1).
MAN1G

We adopt the convention that G operates on the left and that the parameters are
arranged so that U is unitary when exp A is unitary.

To each pair of choices N, and N, for N, there is a formal expression for an
operator intertwining the representations induced from M AN, and M AN, in the
presence of the same data (&, A) for M 4, namely

AMAN,:MAN,:£: A)f(x)= | f(xv)dv. 0.1)

NanON;

There is not always an element w in the normalizer of 4 with N,=w~' N, w, but
if there is, then right translation R(w) by w carries representations induced from
M AN, to representations induced from M AN, and then the composition

Apan, (W, & A)=R(W) AMAN,: MAN, : &: /) (0.2)

is the kind of operator that was studied in [207] under the additional hypothesis
that M AN, is minimal parabolic (and hence M is compact).

Part I of this paper deals with the development and analytic properties of
these operators (0.1) and (0.2) in the generality noted above. In the cases of
interest, the integral (0.1) is usually divergent, and the operator is defined by
analytic continuation from values of A for which there is convergence. A direct
attack on the question of analytic continuation seems now to be quite difficult,
because the singularity in the integral is complicated and the analytic behavior
of the integral depends on the full asymptotic expansion at infinity of the matrix
coefficients for the representation & of M. Qur approach instead will be to
capture this asymptotic expansion in the form of an imbedding on the algebraic
level of ¢ in a nonunitary principal -series representation of M; such an
imbedding exists by a theorem of Casselman quoted in §5. By means of this
imbedding, we are able to reduce the analysis of the operators (0.1) and (0.2)
substantially to the case of the operators considered in [20]; the details of the
analysis are carried out in §§6-7. Only a small part of [20] needs to be used
after the reduction - and not exactly in the form in [20]; for this reason, we
have included some material in §§3-4 similar to that in [20].

After the development of the operators, the next step is their normalization.
For this purpose, we make the following

Basic Assumption.' The infinitesimal character of ¢ is a real linear combination
of the roots of M.

! Vogan has pointed out to us that for many purposes the Basic Assumption is no restriction
since every irreducible unitary representation of G is a full induced representation Uy, (y(&, 4, ) for
some parabolic subgroup MAN and some ¢ satisfying the Basic Assumption.
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Under this assumption, any system of normalizing factors satisfying certain
properties will serve to produce nice relations among the intertwining operators,
as is shown in §8, and we readily prove the existence of such a system. However,
different systems of normalizing factors are useful for different purposes. Our
own treatment of complementary series here and in [20] requires a system free
from unnecessary zeros and singularities. Kunze and Stein {287, Stein [33] and
Gelbart [7] had earlier used a different normalization in some special cases that
lends itself to Euclidean Fourier analysis. Arthur [3] has exhibited one useful in
number theory, verifying a conjecture of Langlands.

Part II combines the techniques of Part I with results of Harish-Chandra to
analyze the commuting algebras of the induced representations corresponding to
¢ in the discrete series and exp A unitary. Briefly, Harish-Chandra’s theory of ¢-
functions led him to recognize a spanning set for the commuting algebra. This
spanning set is identified in §9 as a set of intertwining operators of the kind in
Part I. Starting in §11 from further results of Harish-Chandra, we are able to
identify in §13 a subset of these operators that forms a basis for the commuting
algebra. This identification can be given either in terms of the nonvanishing of
certain “Plancherel factors” defined in §10 or in terms of a certain finite group
R, , described in §13. The core of the proof is the proof of linear independence,
and this step is carried out in §12. In §15 we identify R, , as the direct sum of
two-clement groups for the case that G is a linear connected semisimple group
split over R and the parabolic subgroup is minimal; this result had been
announced in [21].

Part IIT establishes a basic existence theorem for complementary series, to
illustrate a general technique. Our result is far from best possible, and the state
of knowledge in this area is nowhere near complete. Further progress in this
area will doubtless have to precede a classification theorem for irreducible
unitary representations.

We list here the main results of our paper:

(i) the meromorphic continuation of the intertwining operators (Theo-
rem 6.6),

(ii) the basic cocycle relations of the normalized intertwining operators
(Theorem 8.4),

(iii) the determination of the “reducibility group” (the R group) and the
formula for the dimension of the commuting algebra in terms of the nonvanish-
ing of Plancherel measures for the case of representations induced from discrete
series (Theorem 13.4),

(iv) the construction of a wide class of complementary series (Theorem 16.2).

Substantially all of the present work was announced in [22] and [23]. The
idea behind Part II and the theorem of §15 date from [21]. All this material was
organized into its current form in 1975, and it was the subject of a lecture series
by the first author at the Institute for Advanced Study in the fall of 1975. The
press of other matters has delayed publication until now.

At a number of points the present work touches on the work of others. In
some instances, results of ours (or at least special cases of them) have been
obtained independently by other people. In addition, some authors have found it
useful to quote some of our announced results and, in some cases, to supply
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proofs. This circumstance has created problems of exposition for us. Our choice
has been to maintain the continuity of our presentation, even though an
occasional lemma may be found elsewhere in the literature.

Several aspects of our work can be done in alternate ways, at least in special
cases, and it is useful to understand the roles of the different methods:

(a) The connection between c-functions and intertwining operators is de-
scribed in detail in §9. In the context of discrete series represcntations & of M
(which for us is not the general case), the two concepts are equivalent. However,
their thrust is quite different, as are the methods used to develop them, and the
theorems they lead to are complementary. Harish-Chandra {15] naturally
obtains a spanning set of self-intertwining operators, whereas we are naturally
led to linear independence.

(b) Arthur [2] independently discovered parts of the connection between c-
functions and intertwining operators and used it to develop intertwining oper-
ators. While his development has several advantages, it does impose two
limitations: it restricts ¢ to the discrete series and it restricts the domain of the
intertwining operators to “K-finite” functions. The first restriction limits appli-
cability of the theory in -classification problems, such as in [25]. The second
rules out dealing with questions of linear independence like that in §12.

(c) Wallach [35] independently developed some of the material of §6 by
making use of Harish-Chandra’s subquotient theorem in place of Casselman’s
subrepresentation theorem.

(d) Vogan [34] has recently developed an algebraic approach to the group
R, , of §13. His approach seems very different from ours, and the exact
connection between the two approaches seems to be an interesting question.

We are indebted to several people for making known to us their own
unpublished theorems at an early date - Borel and Tits for Theorem 12.2,
Casselman for Theorem 5.1, and Harish-Chandra for Theorem 9.7. We are also
happy to acknowledge valuable help given us by Langlands, Wallach, and
Zuckerman; we were influenced both in our research and in this exposition by
several of their suggestions.
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I. Construction and Normalization of Intertwining Operators
§1. Notation, Formal Intertwining Qperators

The Lie groups G that we deal with will all satisfy the following axioms:

(i) the Lie algebra g of G is reductive,

(i) the identity component G, of G has compact center,

(iii) G has finitely many components

(iv) Ad(G) is contained in the connected adjoint group of the com-
plexification g°. (1.1

Except for requirement (ii), these are Harish-Chandra’s axioms ([12] and [13]),
and the groups we consider are the same as Harish-Chandra’s groups that have
trivial split component.

We collect some notation and properties for such groups. Let f be a maximal
compact subalgebra of g, let g=f ®@p be the corresponding Cartan decompo-
sition, and let 0 be the Cartan involution. By (ii) the center of g is contained in .
We introduce an inner product B, on g in the standard way, with the properties
that By(X,Y)=—B(X,0Y) and B is an Ad(G)-invariant O-invariant symmetric
bilinear form on g. Let a, be a maximal abelian subspace of p. If we fix a notion
of positivity for a,-roots, we can let n, be the nilpotent subalgebra given as the
sum of the root spaces for the positive roots and we can let v,=60n,. The
Iwasawa decomposition is g=f ®@a, ®n,,. Let m,=Z(a,) be the centralizer of a,
in £,

On the group level, let K = N(f) be the normalizer of f in G, let M, = Ng(a,),
let M,=Zy(a,), and let 4,, N,, and V, be the analytic subgroups corresponding
to a,, n,, and v, respectively. These groups have the following properties:

(i) K has Lie algebra f and is a maximal compact subgroup. The identity
component K, equals N ().

(i) G=GyM,

(i) The map (k, X)eK x p—kexpXeG is a diffeomorphism onto.

(iv) The map (k,a,n)eK x A, x N,—~kaneG is a diffeomorphism onto. (1.2)

Any conjugate of m, @a, ®n, is called a minimal parabolic subalgebra, and
any Lie subalgebra s that contains a minimal parabolic subalgebra is called
parabolic. Then s has a Langlands decomposition (relative to 0) s=m @®a ®n;
see, e.g., [17]. Here m @a=Z (a), and we can impose an ordering on the a-roots
so that n is built from the positive a-roots. Let v=60m. If q,, is a maximal abelian
subspace of mp, then a @a,, is a maximal abelian subspace of p and can be
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taken as a, in our theory. When we introduce an ordering on the a,-roots so
that a comes before a,,, then the positive a-roots are the nonzero restrictions to
a of the positive a,-roots. The sum of the root spaces for the positive a,-roots
that vanish on a is denoted n,,.
Let My, A, Ay, N, V, N, be analytic subgroups corresponding to m, a, a,,, n,
o, 1,,, and define
M=MyM,. (1.3)

The group P=MAN is a parabolic subgroup. The subgroups under discussion
have the following properties. See [13].
(i) MA=Z4(a), MAN =Ngz(m @a ®n), MAN is closed, and
{m,a,n)eM x Ax No>mane MAN is a diffeomorphism onto,
(i) M satisfies the axioms (1.1), 8], is a Cartan involution of m, and K,
=K nM is the corresponding maximal compact subgroup of M,
(i) M=K, A, Ny is an Iwasawa decomposition of M,
(iv) A,=AyA and N,=N,N diffeomorphically,
(v) G=KMAN with the KM, A, and N components unique,
(v KnMA=KnM, .
(vii) ¥nMAN={1}, and
(viii) the M, group for M equals the M, group for G. (1.4)

Let us prove (viii). We have

Zgmay)=Zg(ay)Nn(KnM)=Z(ap)N(KNMA)
=Zy(ay)nZg(a)=Zg(a,),

with the second and third equalities following from (vi) and (i), respectively.
Then (viii) is proved.

Two parabolic subgroups with the same M A are associated. The choices for
N are in obvious one-to-one correspondence with the Weyl chambers of a
formed by the a-root hyperplanes. Let M’ = Ny (a)M. The “Weyl group” for this
situation is W(a)=M’'/M. The group W(a) permutes the Weyl chambers, and a
nontrivial element of W(a) does not leave any Weyl chamber stable. However,
W(a) does not necessarily act transitively on the set of Weyl chambers. In terms
of the groups N, if w is in M’, then w—! Nw is another choice of the N group, but
not every choice of N group arises by conjugating a particular one.

M’ acts on characters of 4 and representations of M by

wila)=A(w taw)

" wEm)=Ew Imw).

Then W(a) acts on characters of A and classes of representations of M. Later we
shall denote the class of the representation & of M by [£].

It is not known in general whether W (a) is isomorphic with the Weyl group
of a full root system. However, it is known in a special case that will be sufficient
for the purposes of Part II of this paper. See [17].

There is another kind of construction that leads to subgroups of G satisfying
the axioms (1.1). Fix M A arising from a parabolic subgroup. Let § be an a-root
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in the dual o/, H [ the corresponding member of a under the identification set up
by By, and (Hj)~ the orthogonal complement of R H, in a. Then

Zg((Hg)l)za Em® z 8cp>

c*0
where g, is a root space. Define

c*0

and let G be the corresponding analytic subgroup. We shall be interested in
GO=GPM. (1.5)

Since M normalizes g, G® is a group. Essentially by Lemma 2.3 of [15], G®
satisfies the axioms (1.1). Also 6|, is a Cartan involution, and the correspond-
ing maximal compact subgroup of G® is K=K nG'P,

Let n9= % g, 09=0n® =73 g, and a® =R H;let A9, N®, and V? be

¢>0 c<0

the analytic subgroups corresponding to a®, n®, and »®. Then MA® N® and
MA®V® are maximal parabolic subgroups of G®.
We now introduce classes of representations. Let P=MAN be a parabolic
subgroup, and let p=p, be 1 Z (dim g,) 8. To each continuous representation &
Y]

B>
of M on a Hilbert space, say H?, and each complex-valued real-linear functional
A on a we associate a representation Up(£,A4,-) of G as follows. A dense
subspace of the representation space is

{f:GoH!fis C* and f(xmanj=e~ P+ Dlog2¢m)—1 £(x)},

the action is

UP(&: A’ g)f(x) =f(g‘ ! X),

and the norm is the > norm of the restriction to K. This representation is
unitary if A is imaginary and & is unitary.

What we have just described is the “induced picture” for Uu(&, 4, ). The
“compact picture” is the restriction of the induced picture to K. Here the dense
subspace is

{f: KoH!|f is C* and f(km)=¢{(m)~" f (K)}

and is independent of A. For the action, we introduce notation for the G
=KMAN decomposition of (1.4), writing

g=x(g) u(g)exp H(g)n. (1.6)
Then

UplE, 4,8)f ()=~ DHE™0 E(u(g=1 k)~ £ (c(g ™" ).

Since the space is independent of A, we can speak of holomorphic functions with

values in the space, and it is clear that Up(, A, g)f depends holomorphically on
A.
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Next we introduce formal expressions, often divergent, for operators that
implement equivalences among some of these representations. For now, we
work in the induced picture. Let P=MAN and P'=MAN’, and set

AP PN f(x)= | f(xv)du, 1.7

VAN’
with the normalization of Haar measure to be specified in §2.

Proposition 1.1. When the indicated integrals are convergent,
Up (G, 4,8) AP 1 P: i )= A(P: P: & A) Up(S, A, 8) (1.8)
for all g in G.

Sketch. The point is that A(P': P:¢&: A) carries members of the representation
space for U, into members of the representation space for Uy.. If f transforms
appropriately under MAN on the right, the image function is to transform
appropriately under MAN'. One verifies this separately for M, 4, N'n N, and
N'nV as in [28], page 395. The action of G is on the left and does not interfere
with the transformation laws on the right, and the proposition follows.

For w in KnM’, let R(w)f(x)=f{xw). Then it follows from Proposition 1.1
that
Ap(w, &, A)=R(wW) AW~ 1Pw:P:£: A) (1.9)
satisfies
UP(W é; WAa ') AP(Wa 57 A): AP(wy é’ A) UP(é’ A5 .) (1‘10)

whenever the indicated integrals are convergent.

We shall want to relate induced representations and intertwining operators
defined relative to different subgroups of G. For this purpose it will be necessary
to know how the various quantities p (half the sum of the positive roots) are
related. First, in the case of a parabolic subgroup MAN containing a minimal

parabolic M, 4 N, so that a,=a @a,,, we have

Pr=pP+ Py (1.11)

The ordering on a,-roots here is such that an a,-root a is positive if af, is
positive or if a| =0 and o is a positive a,-root. To see (1.11), we note first that
W(a,,) fixes no nonzero members of a, and consequently the sum of the
elements in any W(a,,)-orbit of a,, is 0. From this we see that if § is an a-root,
then the sum of all a,roots « with a|,=f has 0 component in a,. Formula
(1.11) then follows.

The situation with G% and its associated p® is more complicated and is
given in the next proposition. In the case of minimal parabolics, this result
appears on p. 399 of [28]. In that case, root reflections are available, but in the
general case they are not.

Proposition 1.2. Let P=MAN and P'=MAN’ be associated parabolic subgroups
such that VAN’ =V® for an a-root f. Let p=py, and let Hy be the member of a
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corresponding to . Then
p(Hy)=p®(H)). (1.12)

If Bis reduced (1., ¢ B is not an a-root for 0<c<1), then B is simple for P and is
the restriction to a of an a,-root simple for B,. .

A proof is given in Appendix A.

§2. Normalization of Haar Measures on Nilpotent Groups

In this section we shall describe normalizations simultaneously for the Haar
measures of ali relevant nilpotent subgroups of all groups G under consideration.
Our construction is motivated by the one given by Schiffmann [32].2

To define the normalization, we proceed as follows. To each a,-root a, we
normalize Haar measure on V@ by the requirement

| exp{—=2p"H® ()} dv=1.

Vi)
For any simply-connected nilpotent group, the exponential map carries Lebes-
gue measure to a Haar measure, and we use this fact to transfer normalized
Haar measure on V® to a multiple of Lebesgue measure on o™, Each of the
nilpotent groups that we work with will have as its Lie algebra the direct sum of
some v™s with the o’s lying in an open half space. Accordingly we form the
product measure on the Lie algebra and then carry it to the group by the
exponential map. Our normalization is then well defined and completely de-
termined.

Lemma 2.1. Let u be a nilpotent Lie algebra contained in the vector space n, v,
and suppose that u is of the form u= ) v for a set S of a,roots « lying in an

aeS

open half space. Put U=expu, and let w be in the normalizer of a, in K. Then the
normalized Haar measures on U and w=1Uw satisfy

[Fuydu= [ Fwu'wl)du.
U wolUw

Proof. In view of our construction, we pass to the Lie algebras of U and w=tUw
and compare the Lebesgue measure there. Each is given as a product, and
consequently the lemma will follow if we show that

[ fwdv= [ fwvw hHdv. .1

1ZC) w1 V(®w

Here w=1V@w=¥™"'9 and it is enough to prove (2.1) for the single function
f)=exp {-2p@H®(v)}.

Two slips need correction on p. 35 of [32]. Formula (2.2.8) should have an additional factor of

¢,{p)~* on the right side, and the right side of formula (2.2.9) should be ¢, (p). The corrected (2.2.8) is
by induction from [8] and (2.2.5).

2
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The left side of (2.1) is then 1 by definition of dv. For g in G*™'®, we have
PP HO (wgw")=p* T H™ (),

and hence the right side of (2.1) is 1 by definition of dv’. The lemma follows.

Lemma 2.2. Let MAN, and MAN, be associated parabolic subgroups, and let w

be a representative of a member of W(a,) such that Ad(w)(n; +ny)=n,+n,,.
Then
Vo nw™ LN )ow=Vo O N,.

Remark. This lemma allows one to relate the integral formulas in [32] and in the
present paper.

Proof. The Lie algebra of the intersection on the left is

o (0g+op) N (g + 1),
which is just vy, .
Proposition 2.3. Suppose that b=MAN,, 0<i<2, are three associated parabolic
subgroups such that n,"nysn, Nn,. Then

[ flydv= { fuyu,)du, du,.

VonN3 (VinN2)x(VonNy)
Proof. We have
D, NN,=0,"1,ND, Do, An,Nny

S0, NN, NDy+ D AR NATE=D, NN, "D,

and
Do+, =DyN1, NN, BogNn, N,
TSN, O, + Dy N, ND, =0 N, NN,
Thus
b, NN, =0, N(BgNn,) and vy, =n; N(EyNn,),
and 4 o

Dy NN, =0, N(0yNN,) D1, N(0,NN,)=(v; Nn,) (o, Nny).
In view of our normalization of Haar measures, we therefore have

§ fwdv= | flexpx)dx

VonNy poNy

= | flexp(x;+x,)dx, dx,

(1 AN2) @ (vormy)

= f f(expy; expy,)dy,dy,

(®1nn2) D (vorny)

= j Sfuyuy)du, du,,

(V1nN2) x(VonNy)

with the third equality holding since (y,, y,)—exp~'(expy, expy,) is a diffeo-

morphism whose Jacobian determinant is identically one. (See [36], pages 95
and 235.)
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Lemma 2.4. Let MAN and MAN' be associated parabolic subgroups. Then the
normalized Haar measures on N, NnV’, and NN’ satisfy

dny=dny_ . dny. ..

Proof. We apply Proposition 2.3 to the three parabolic subgroups MAV, MAN’,
and MAN. The result applies since

O=nnov<sn' No.

Lemma 2.5. Let MAN be a parabolic subgroup. Then the normalized Haar
measures on NN,,, N, and N, satisfy

dnyy,, =dnydny, .

Proof. This follows from Proposition 2.3 applied to the three parabolic sub-
groups M, A4, VVy, M,A,VNy, and M, A, NN,,.

Lemma 2.6. Let MAN and MAN' be associated parabolic subgroups and let s be
in Ng(a). Then the normalized Haar measures satisfy

{ foydv= [  f(s 'us)ydu.

VAN’ s(VAN')s—!

Proof. Under the assumption that s is also in Ng(a,), this result follows from
Lemma 2.1. In the general case, by Lemma 8 of [17], we can write s=m¢t with t
in Ng(a,) and m in M. The special case applies to ¢, and we have

[ foydo= | f@ 'ut)du

VAN t(V ANt
= [ fe'*mtumt)du
s(¥nN)s—1
= [ f(s'us)du,
s(VnN)s~—1

the middle equality holding since m is in M. This proves the lemma.

Corollary 2.7. Let MAN and M AN’ be associated parabolic subgroups and let s be
in Ny(a) and satisfy sNs~'=N'. Then the normalized Haar measures on N and N’
satisfy '

§fmydn={ f(s~'n's)dn’.

N N’

Proof. This follows from Lemma 2.6 applied to the parabolics MAV and MAN
and to the same element s.

Lemma 2.8. Let MAN and MAN' be associated parabolic subgroups, and let dn
and dn’ be the normalized Haar measures of N and N'. Then the integrals

{ flkmna)dkdmdnda and { fkmn'a)dkdmdn'da

KMNA KMN'A

define the same normalization of Haar measure on G.
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Proof. We can write dm=dk,,dn,,da,, for a suitable normalization of da,,.
Conjugation of N by a,, does not affect dn, since a,, is in M, and thus we can
regroup the first integral as

§ 7 T | fkkynynaya)daydadnydndk,dk.

K Knp ApgA Ny N

The dk,, goes away after a change of variables, da, da can be grouped as da,,
and dnydn can be grouped as dn, according to Lemma 2.5. Thus Lemma 2.8
reduces to the identity

§ flkn,a)dkdn,da,= § f(kn,a,)dkdn,da,,

KNpA, KNpd,

which follows from Corollary 2.7 and a change of variables.

§ 3. Existence of Operators, Real-rank One Minimal Case

In this section we shall assume that G has dim a,=1, and we shall drop the
subscripts p. The theory of intertwining operators for this real-rank one minimal
case was developed in [20] when G is a linear connected semisimple group.
Much of that development is unnecessary for our current purposes, and we shall
now isolate the essential results, referring to [20] for most of the proofs.

Our basic minimal parabolic subgroup is P=MAN, and M is contained in
K since P is minimal. The assumption that dimA=1 enters in the following
way: The group M'= N (a) has W(a)=M'/M of order 2. Let w be in M’ but not
M. By the Bruhat decomposition, we have

G=MANUMANwWMAN,

and it follows that every v=1 in V has the property that w—'v is in VM AN. [To
see this, we note that VAMAN =1. Thus v+ 1 implies that v is in MANwMAN
=NwMAN and hence that w™'visin w=! Nw MAN =VMAN.] This property
of ¥ means that the basic convolution operator given by (3.6) and (3.7) below
has a one-point singularity. The analysis of the operator is therefore relatively
simple.

Convergence and analytic continuation follow after a computation giving a
number of equivalent forms for the intertwining operator A4,(w, &, A). Before
giving the computation, we assemble some identities. Corresponding to the
decomposition G=KAN, we write g=x(g)e®n as in §1. Corresponding to the
decomposition of most of G as VM AN, we write g=vm(g)a(g)n. Then we have

eAH®) _ o —Alogalc(v) (3.1)
m(c()=1. (3:2)

The unique positive reduced a-root is denoted a, and we let p=dimg, and g
=dimg,,. The linear functional p=p, is given as p=1(p+2q)a. With the
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normalization of Haar measure as in §2, we have

fe" O dy=1
1 4

since V=V, Consequently we see from [10, p. 287] that

[fydk= [ f(c@)m)e 2" dmdv. (3.3)
K VxM

We can now do our computation for a function f on G satisfying
f(xman)=e~®+182 Em)~1 f(x),
provided one of the integrals in question is absolutely convergent:
If/f(xwv)dv=i[e“"”"””("’f(xwrc(v))dv (3.4
= J o7 B =200 E (i) f e (0 do

= [ e - Mlesate®mo) o =20H0) £ (1 (1 (v)m,)) £ (x wk(v)mg) dmy dv
VxM

= f e~ =D19%a® ¢ () f (xwk) dk
K

= [ e=P=M08a 0 £ (=1 k) £ (x k) dk (3.5)
K

= [ e tp-Mlogatw™ x®mo) £y (=1 g (p)my)) f(x K(v)my) e 2P FO dmy dv
VxM

= [ ==t 5 (a0 () £ (x (o) e 2P H
14

= j e—w—logalw™'v) e—-(p+A)H(v)¢:(m(w—- 1 v))f(x K(U)) dv (3.6)
Vv

= [ e~ Mlegatw™ o) £ (w=1y)) f(x v)dv. 3.7
14

The left side of (3.4) is, of course, the formal expression for Ap(w, &, A) f(x).
Formulas (3.5) and (3.7) show how to write this expression as a convolution on
K and V, respectively, and (3.6) is the useful form of the expression in the proof
of the theorem below.

Theorem 3.1. For the rank-one minimal case, let A=zp and p=3i(p+2g)a.
Suppose f is a C* function in the space of the representation Uy(¢, A, *), realized
in the “compact picture”, ie, f is a C® function on K satisfying f(km)
=¢&(m)~ L f(k) for k in K, m in M. Then

(i) for Rez>0, Ap,(w, &, zp)f is convergent,
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(ii) for general z, Ap(w, £, zp)f extends to a meromorphic function of z with
at most simple poles at nonnegative integral multiples of —(p+2q)~"; except on
this set, the map (z, f)— Ap(W, &, zp) f is continuous from € x C* into C*.

Conclusion (i) was observed in [28]. It follows from (3.4), the finiteness of
j e~ (1 +erHO) gy (see [10], p. 290), and the boundedness of f(xwx(v)). Conclusion
v

(ii) is Theorem 3 of [20] if G is linear connected semisimple, and the proof is the
same for general G.

As soon as we have the convergence in conclusion (i), we obtain the
intertwining property (1.10). By conclusion (ii), (1.10) extends to be valid for all A,
as an identity of meromorphic functions (when applied to a C* function f).

We now introduce the function 7,(z), which was called c.(z) in [20]. The
operator Ap,(w=1, w& wA)Ap(w, &, A) commutes with Up(é, 4, +), which by
Bruhat’s theorem ([5], p.193) has no nonscalar self-intertwining operators
continuous in the C* topologies if A is imaginary. Letting A=zp and noting
that wA= — A, we have

A=, wE, —zp) Apw, & 2p) =1, ()] (3:8)

for z imaginary. From Theorem 3.1 (ii), this identity extends to be valid for all z,
with 7,(z) meromorphic in €.

The operator A,(w, &, zp) commutes with left translation by K, and each K-
space of functions is finite-dimensional. In other words, there are disjoint finite-
dimensional spaces left stable by A,(w, &, zp) whose sum is a dense subspace. In
the sense of K-space by K-space, straightforward computation from (3.5) yields
the adjoint formula

Apw, & — AP =Apw™ ', wE wA). (3.9)
Proposition 3.2. The function n,(z) has the following properties:

(@) n, is independent of the choice of w and depends only on the class of ¢,

(b) me(2)=n,(-2),

(¢) 7,(z)=0 on the imaginary axis, and n¢(z) is not identically 0,

(d) 1 (—2)=n.(2),
(€) n:o(2)=n(2) if @ is an automorphism of G leaving K stable and the
positive chamber of A fixed and if £°(m)=E(@p~ ' (m)),

() ’75(2)=’7§(_ z).

Proof. Conclusions (a), (b), (), and (d) are contained in Proposition 27 of [20].
For (e), we can check directly that

(Ap(w, &, A) )@~ (k)= Ap(p(w), &%, A)(fo ) (K),

and then (e) follows readily. For (f), we combine (d) and (e), using ¢(g)
=w-YOg)w.

Finally we define A(P: P:¢: A) by means of (1.9), where P=MAV. Namely



Intertwining Operators for Semisimple Groups, 11 23

AP :P:&: A)=R(w)~! Ap(w, & A). (3.10)

Proposition 3.3. For the rank-one minimal case
(i) A(P:P:Z:A)=Rw YAP:P:w&:wA)Rw),
(i) A(P:P:EMAP:P:E:M)=n,(2)] if A=zp,.

Proof. In (i), apply each side to f and evaluate at k, under the assumption that A
= —zpp with Rez>0. The left side is

§ fkn)dn,

and the right side is
{ flkw™'vw)do,
|4

and these are equal by Lemma 2.6. Then (ii) follows from (i), (3.10), and (3.8).

§ 4. Existence of Operators, Higher-rank Minimal Case

We drop the assumption that G has dima,=1. But since we shall work in this
section only with minimal parabolic subgroups, we continue to omit the
subscripts p.

The operators Ap(w, £, A) and their normalizations were dealt with in [32]
and [20], and the operator A(P,:P,:¢:A) may be defined in terms of them by
(1.9). However, following a suggestion due to N. Wallach, we shall rederive the
theory by dealing with A(P,: P, : &: A) first; this approach is one that can be
adapted easily to the case of nonminimal parabolics and will make it possible to
omit a number of proofs in §6 and §7.

The inner product B, on g induces an inner product on the dual a’ of a,
which we denote by (-,>.

Recall that the formal expression for an intertwining operator is

APy P8 f(x)= | f(xv)do

VinNy

if P,=MAN, and P,=MAN,_. For a reduced a-root o, we recall the definition of
G in (1.5) and of the subgroups N® and V.

Proposition 4.1. Let P, =MAN, and P,=MAN, be minimal parabolic subgroups
such that Vi "N,=V® for a P,-positive reduced root a. Let f be in the C* space
Jor Up (&, A, +), and let f, be the restriction to G of the left translate of f by k in
K. Then f, is in the C* space for Upw(&, Ay, *), and

AP, P2 E: A) f(K)=ADOPD: PO £: A o) fi(1).. (4.1)

Consequently A(P,:P,:,:A)f is given by an absolutely convergent integral if
{ReA,a)>0, and it continues to a global meromorphic function in A. Moreover,

AP Py AP, Py i é: A)=n(Py: Py E: ], 4.2)
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where n is the meromorphic function of A given by

4, o>
< (u) (a)>)
Proof. It is clear that f, satisfies the appropriate transformation law, apart from

the relationship between pp and p“. Here pp H, (1)=p® H® (1) by p.399 of
{281 or by Proposition 1.2. The two sides of (4.1) are, respectively,

WPy P& A)=n® (

[ ftkovydvo and | flku)du.

VinNy Vi)

Since V, "N, =V, formula (4.1) is a question of whether the normalizations of
Haar measure, the one for ¥, "N, =G and the one for V® < G"®, are the same.
But both normalizations are defined the same way, in terms of the integral of
exp {—2 p® H®(p)}, and hence the two normalizations are the same.

In view of (4.1), the absolute convergence of the integral when (Re A, a> >0
is a consequence of Theorem 3.1(i), and the meromorphic continuation follows
from Theorem 3.1(ii). Formula (4.2) then follows from Proposition 3.3 (ii).

Let P=MAN and P'=MAN' be minimal parabolic subgroups. A sequence
P.=MAN, 0<i=<r, is called a string from P to P’ if there are P-positive reduced
a-roots o;, 1 <i<r, such that

V. ,AN=V® or N®  1<igr,

4.3)
P,=P and P=P.
The string P, is called a minimal string from P to P’ if
V. ;,AN=V®  1<igr,
4.4

Py=P and P=P.

The parabolics P and P’ can always be connected by a minimal string ([12],
p-145). Namely, we choose H and H’' in the respective open positive Weyl
chambers of a for P and P’ so that

Hi)=(1—nH+tH, 0<t<1,

is never annihilated by more than one P-positive reduced a-root for a given t.
Let 0<t, <...<t,<1 be the values of ¢ such that H(t)) is annihilated by some P-
positive reduced a-root a;. Let P,=MAN, be associated to the Weyl chamber in
which (¢;,t,, ,) lies, for 0<i<r, with t,=0 and r,, ,=1. Then P, 0<Zi<r, is a
minimal string from P to P’

Theorem 4.2. Suppose that P=MAN and P'=MAN' are minimal parabolic sub-
groups and P,=MAN,, 0Zi<r, is a minimal string from P to P', with associated
reduced P-positive a-roots {«;}. Then

(1) the set {o;} is characterized as the set of reduced a-roots o that are positive
for P and negative for P'.

(i) r is characterized as the number of roots described in (i).
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(iil) the unnormalized intertwining operators satisfy
AP P& A)y=AP:P_:&:A)-...- A(P,: Py: £ A),

they converge when {ReA, ;> >0 for each i, and they have global meromorphic
continuations in A that satisfy the intertwining identity (1.8). The meromorphic
continuation of A(P':P:¢&: A) is holomorphic at A, unless

2<A05 a>

e (4.5)

for some reduced a,-root « that is positive for P and negative for P'.

(iv) P._;, 0<i<r, is a minimal string from P’ to P, with associated reduced P'-
positive a-roots {—u,}.

(v) A(P:P & ANAP :P:E:A)y=n(P :P:&: A)I, where n is the scalar-valued
Jfunction meromorphic in A given by

(A4, p
NP PiE:A)= ne (——)
areId—u[ced ¢ <p( )a P( )>

a>0 forP
a<0 forP’

The function n is holomorphic at A, unless (4.5) holds for some a-root o that is
positive for P and negative for P, and it satisfies

PP :E:A)y=n(P:P:E:AN). (4.6)
Proof. First we show by downward induction on i that

{6 =reduced a-root|g;=n,nn}

={d=reduced a-root{g;en’'nu}uie}u...u{e, } (47)

disjointly. Formula (4.7) is clear for i=r. Assume (4.7) holds inductively for i=
j+1; we prove (4.7) holds for i=j. Then we have

=0, An)+m;nn,  Anen® V4 m,, nn),
which says that the left side of (4.7} is contained in the right side for i=j. Also

=, nonn)+(, A c0+(;nn)
and
n®*V=n;np,, SN,
which says that the right side of (4.7) is contained in the left side for i=j. If the
union stopped being disjoint for i=j, we would have
n“*den,  nn,

but this inclusion contradicts the inclusion n*Y<v, ;. Thus the induction
goes through, and (4.7) holds.
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Taking i =0 in (4.7) and identifying the left side as the set of reduced a-roots
¢ that are positive for P and the right side as the set of reduced a-roots § that
are positive for both P and P, we obtain conclusion (i) of the theorem. Then (ii)
is immediate.

For (iii), if we disregard convergence questions, we can use (4.7) to see that
n,Anen; _; nn. Applying Proposition 2.3 inductively on i downward, with

MAN, MAN, ,, and MAN,

as the three parabolics in the proposition, we obtain

§ flxvydo= § fxv,v)dv,dv

VAN’ (Vy—1nNy) x(V Ny 1)

= ] Sfxv,v)dv. dv

V&) x VAN, -1}

=...= | f(xv,...v)dv, ...dv,,

Viep) x . x Vixgd

which is formally the identity in conclusion (iii). To deal with the convergence,
we note that if f is in the space for Up(¢, A4, *), then |f| is in the space for
Up(1, Re 4, +). We apply our formal computation to |f], and the i integration
on the right produces a finite result since (Re A4, o;> >0. (Here the relevant part
of the proof of Proposition 4.1 is valid, even though the function acted on by the
intertwining operator need not be C®.) Thus the integral on the left is absolutely
convergent, and our formal computation is justified. As soon as we have
convergence, the intertwining identity (1.8} is valid, and the meromorphic
continuation follows from the continuation of each factor of (iii), known from
Proposition 4.1. The singularities of A(P': P:¢: A) are limited in location to (4.5)
by the product decomposition of the operator and by Theorem 3.1, This proves
(iii).
For (iv), let Q,=P, ;. Then

VQi—lmNsz I/;'—i+1ﬁ]\]r—i:_"0(1\'71—~i+1 mVr—i)

=0V(‘1r—i+l)¥V(_ar+1‘i)’ 1<i<r.

This proves (iv). For (v), we expand the two factors on the left by means of (iii)
and (iv) and then collapse pairs of factors (starting from the center) by means of
(4.2). This proves the product formula. In (4.6), at any A where either side of (4.6)
is nonzero the two operators A(P':P:¢:A) and A(P:P':¢: A) must commute

with each other on each K-space, hence globally. Then (4.6) follows. This proves
(v). ‘

Lemma 4.3. Suppose that f is a C* function on K such that
fkm)y=Em)~1f(k) for k in K, m in M,

and such that A—A(P':P:¢: A)f fails to be holomorphic at A=A,. Let =X
be the Fourier expansion of f on K, with f, the projection of f to the space of the
K-type . Then A—>A(P':P:¢: A)f, fails to be holomorphic at A= A, for some t.
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Proof. Expand A(P':P:&£: A) as in Theorem 4.2(iii) and let A(P,:P,_,:¢:A) be
the term corresponding to the P-positive reduced root a. By Theorem 3 of [20]
and Proposition 4.1, the operator

A=Ay, a>AP:P._ &2 A)
is holomorphic at 4, on all of C* and is continuous on C®. Consequently

{ TI <A=Ag,ad}A(P':P:E: A) @.7)

a>0 for P
o<0 for P

is holomorphic at A, on all of C* and is continuous on C*. Applying (4.7) to
both sides of the identity f=) f,, we obtain an equality of holomorphic
functions near A4,:

{(JIKA=Ag, D} A(P' P :E: A)f
=S {TIKA = Ag, 0D} A(P': P:E: A) ..

Assuming by way of contradiction that our operator is holomorphic at 4, on
K-finite functions, we see that the right side of (4.8) is O term by term for all A
near A, such that [[<A4—A,,a)>=0. The factors in [[{A—A,,«) are of the
first order, and their zero varieties are distinct. From the theory of one complex
variable, we may divide through the right side of (4.8) by one factor at a time,
retaining the holomorphic behavior. Thus the left side of (4.8) is holomorphic at
Aq if the factor [[{A—A,,a) is dropped, and we have arrived at a con-
tradiction.

(4.8)

At this time we could derive further properties of the operators
A(P':P:&:4), and we could introduce their normalizations, as well as the
operators Ap(w, £, A) and their normalizations. But these further properties will
not be needed to develop the operators for nonminimal parabolics, and con-
sequently we shall obtain the further properties as special cases of the theory for
nonminimal parabolics.

§ 5. Subrepresentation Theorem

Casselman [6] has proved the following subrepresentation theorem. A detailed
exposition has been given by Mili¢i¢ [31].

Theorem 5.1. (Casselman). Let G be a connected semisimple group with finite
center, and let U(g) be the universal enveloping algebra of ot. Let & be an
irreducible admissible representation of G on a Banach space H¢, and let Hi be
the subspace of K-finite vectors. Then there exists a nonunitary principal series
representation U(a, A, ) such that H% imbeds in U(g)-equivariant fashion in the
space of K-finite vectors for U(o, Ay, *).

In unpublished work, Casselman and Mili¢i¢ have extended this result to all
groups satisfying the basic axioms of §1. We shall give such an extension here,
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providing a proof that starts from Casselman’s theorem and keeps track of the
parameters in the imbedding. We need the result only for irreducible unitary
representations and shall limit ourselves to that context. The result we seek is
Theorem 5.4. Before stating the result, we put matters into perspective with
Lemma 5.3 below, giving a proof based on Lemma 5.2, which is well known.

Lemma 5.2. Let & be an irreducible unitary representation on a Hilbert space X of
a group G satisfying the axioms of §1. For each z in the center & of the universal
enveloping algebra 9 (g), &(z) acts as a scalar on the C* space of X.

Proof. Since Ad(G) is contained in the connected adjoint group of the com-
plexification g%, Ad(G) fixes every element z of Z. It follows then from standard
arguments that &£(z) is scalar on the C® space of X.

Lemma 5.3.3 Let £ be an irreducible unitary representation on a Hilbert space X
of a group G satisfying the axioms of §1. Then under {|; , X admits a splitting
into the finite orthogonal sum of irreducible closed subspaces, with at most
[G:G,] terms in the orthogonal sum.

Proof. By Lemma 5.2, &|;, is quasisimple. We shall apply Corollary 2, p. 229, of
{91, which is proved in [9] for connected semisimple groups and is easily seen to
be valid for G,. By this corollary, there exist closed G,-invariant subspaces
V2 U such that &g is irreducible on U/V. Since ¢ is unitary, F=UnV"' is a
closed subspace of X invariant and irreducible under G,.

Let g, 1<i<n, be coset representatives of G/G,. Since G, is normal, E;
=¢(g,)F is another closed irreducible subspace under G,,. Since & is irreducible,

n
it follows that ) E; is dense in X. Here the K,-finite vectors of E, are
i=1

irreducible under g and are dense in E,. If F, denotes the orthogonal projection
on E7, then B is a bounded G,-intertwining operator from E, into Ey. So

YE=E,+PE,+..+PE,

and the K -finite vectors in P E;, 2<i<n, are dense in P, E; and irreducible (or
0) under g. Let B, be the orthogonal projection on (B, E,)*. Proceeding as above,
we obtain

YE=E,+PE,+PRPRE;+..+BFE,

with each space on the right invariant under G, and such that its K,-finite
vectors are dense in the space and are irreducible (or 0) under g. In similar
fashion, we obtain

YE=E,+PRE,+RPE,+PPRPE,+..+P_, ..-RE,

The closure of each space on the right is irreducible under G,,. Since the sum is

orthogonal, the sum of the closures is the closure of the sum. Then X is
3 This is a relatively easy special case of Lemma 1.16 of Milici¢ [38]: If G is a locally compact
group and H is an open subgroup of finite index and £ is an irreducible unitary representation on X,

then, under £|;, X admits a splitting into the finite orthogonal sum of irreducible closed subspaces,
with at most [G: H] terms.
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exhibited as the orthogonal sum of at most n closed G,-irreducible subspaces, as
required.

It follows from Lemma 5.3 that, in an irreducible unitary representation of G,
the K-finite vectors for each K-type form a finite-dimensional space and are
necessarily analytic vectors. We can therefore form an infinitesimal repre-
sentation in the subspace of K-finite vectors; this consists of the algebra action
by %(g) and the group action by K, and the two are consistent in the obvious
fashion. The space of K-finite vectors is irreducible in the sense that there are no
proper subspaces invariant under %(g) and K.

Theorem 5.4 (Casselman-MiliCic). Let G be a group satisfying the axioms of §1,
let & be an irreducible unitary representation of G on a Hilbert space H*, and let
H% be the subspace of K-finite vectors. Then there exists a nonunitary principal
series representation Ul(a, Ay, *) such that H% imbeds in the space of K-finite
vectors for U(o, Ay, *), equivariantly with respect to g and K.

Proof. Let MAN be a minimal parabolic subgroup of G. Then (M nG,)AN is a
minimal parabolic subgroup of G,. We have G,=Z2; -G,, where Z; is the
compact center of G, and G, is the (semisimple) commutator subgroup of G,,.
The group (M nG)AN is a minimal parabolic subgroup of G,, and (M N G,)
=Zs, (MG

By Lemma 5.3, we can choose a constituent &, of &, irreducible under G,.
Then Z;  acts as scalars under &, (say &,(2) =y (z)]), and &y, is irreducible. By
Theorem 5.1, we form an equivariant imbedding of the (K n G )-finite vectors of
¢olg, in a nonunitary principal series U(o,, A,, *) of G,. The latter representation
extends to a representation of G, given as U(o,, 4,,*) on G, and the scalar x(z)
on z in Z; , and this extended representation is easily seen to be canonically
identified with U(oy, Ao, ) of G4, where

_Jo,  on (MnGy
%= on Zg,.

Thus we have the required result for G,: &, imbeds infinitesimally in
Ulo g, Ag, *).

Now we pass to G. By Theorem 4’ of [30], Frobenius reciprocity holds for G
and G,, provided we count only discrete occurrences of representations. The
formula gives

[lg,:€o]="L1nd £4: 1.
GotG

Since the left side is nonzero, ¢ occurs in md Co, which in turn imbeds in
equivariant fashion in ind U(oy, Ag,*). This last representation is canonically
G

Got
identified with U( ind o4, Ay, ), which in turn is identified with a direct sum
(MAGo) T M

Z U(ai, AO’ .)a
i=1
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where

n
ind ¢,=) o,
(MAG T M i=1
g, irreducible. Since ¢ imbeds in the direct sum and is irreducible, it must imbed

into one of the factors, by projection. This proves the theorem.

In Lemma 5.2 we saw that the center % of #(q) acts by scalars, for an
irreducible unitary representation, and thereby defines a character of #. It is
well known that such characters are classified by complex-linear functionals on
a Cartan subalgebra of g%, modulo the action of the complex Weyl group.

Lemma 5.5, Let the irreducible unitary representation ¢ of G imbed in the
nonunitary principal series representation of G with parameters (o, Ay). If the
infinitesimal character of & is a real linear combination of roots, then A, is real.

Proof. The infinitesimal character of ¢ must match that of the nonunitary
principal series representation, which is y,-,,-, 4, Where A~ is the highest
weight of ¢ and p~ is half the sum of the positive roots of M. Since the infini-
tesimal character of ¢ has been assumed real, it follows that A, is real.

§6. Existence of Operators, General Case

We turn to the general case with P=MAN a parabolic subgroup, and we deal
with M AN and its associated parabolics. We fix an Iwasawa decomposition M
=K Ay Ny of M such that K, is KnM and a,, is in p. Then G=KA N, is an
Iwasawa decomposition of G if we put a,=a @a,, and n,=n @&n,,, as in §1.

We shall construct intertwining operators that go with representations
induced from P and associated parabolics. An approach that works when the
representation ¢ of M is in the discrete series is to connect intertwining
operators with Harish-Chandra’s c-functions (cf. §9). However, we shall follow a
different approach, for two reasons:

(1) there would be no evident way of handling a representation ¢ that is not
in the discrete series

{2) there would be no clear way of dealing with functions in the induced
space that are not K-finite, and such functions are critical to the proof of the
linear independence in Theorem 12.1.

The different approach is to use an imbedding of ¢ in the nonunitary
principal series of M, by means of Theorem 5.4 applied to M. On an algebraic
level, we shall see that

Up((,4,°)= ind (®e'®1)
MAN1G

then imbeds in the nonunitary principal series of G and its intertwining
operators are identified with restrictions of the operators constructed in §4 and
§5. The results in this section were announced in [22].
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Let ¢ be an irreducible unitary representation of M, and let F,=MAN, and
P,=MAN, be given. The formal integral for the intertwining operator is

AB:P:E:MF(x)= [ F(xv)dv. 6.1)

Vthz

By means of Theorem 5.4 applied to M, let the space Hg,, of K, finite vectors
in { imbed by a mapping 1 in the space HY  of K,,-finite vectors of

w= ind (Qe™M®I),

MparAMNMTM
with the K, and %(m) actions equivariant. Here w acts on the space*
HY={f:M~H°|f(xmyayny)=e 1t pmlosin g(m j=1 f(x)},
whose norm is the I* norm on K,,. Form

Up(@,4,")= ind (0®e'®1)
MAN1TG
acting on

HY?={F:G—H®|F(xman)=e~*erNea oy(y)~1 F(x)} (6.2)

with norm squared
[IF ) o dk.
K

Evaluation F(+)— F(-)(1) exhibits Up(w, 4, -} as equivalent via a unitary mapping
with the nonunitary principal series representation

ind (c®e“4™®VR1)

MpA,N,1G

(This is routine to check and uses the equalities My, =M, and p,=p+p,,.)
Now we pass to intertwining operators. In terms of N, and N,, we let

(N),=N; Ny and (NZ)pzNZNM’
so that
V),=ViVy and (V3),=V, V.

Then the set of integration for (6.1) is
VinN;,=(V}),0(Ny),.

Therefore, using our evaluation map, we see that we have an equality of two
formal expressions:

AR, P :w: A)F(x)(m)
=(A((R),:(R),:0: 4y @A) F(-)(1))(xm).

(6.3)

4 To avoid measure-theoretic complications, we may stick to smooth functions.
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The expression on the right has a definition and analytic continuation whenever
F(-)(1) is smooth, and we can therefore use it to define the left side of (6.3) for
smooth F and give an analytic continuation for it. (The left side of (6.3) is not
identically singular in A; we shall identify in Theorem 6.6 a dense set of A in
which it is holomorphic.)

Next we bring in & For now, we shall be content with the effect of
A(P,: B, : £: A) on K-finite functions.® We have

W(Hg, )= Hg,.
Let

Hg =closure of :(Hg,,) in norm topology of H®.

The space HY is w-stable under M, and K, by [9], hence is stable under w(M).
{But beware: A4 priori, the C* vectors of Hj need not be related to C® vectors of
H?, since no continuity of : has been established.)

Let

C*(HY)={smooth F in HY|F(x) is in HZ for all x in G}
= {smooth F in HY|F(k) is in H® for all k in K}.

Lemma 6.1. The closure of C®(HY) in the norm topology of HV yields a
representation of G in a Hilbert space, and the C*® subspace is C*(HY). The
topology that C*(HY) gets as the C* subspace is the same as the topology it
inherits as a subset of the C* subspace C*(H") of H".

Proof. C®(Hg) is G-invariant, and hence so is its closure cl C*(HY). If
g U(g) Fy is C* and F, is in the closure, then F, is in C*(HY)ncl C*(HY). Let |
be any continuous linear functional on H® that vanishes on H% and let 4 be in
I[*(K,C). Then

F—[{h(k)F(k)dk—I({hF dk)
K K

is a composition of continuous functions in the norm topology and so vanishes
on F,. Peaking h, we obtain /(image F,)=0. Allowing ! to vary, we obtain image
Fy= HY. Hence F, is in C*(HY).

In the reverse direction, if F, is in C*(H}), then F, is in C*(HY) and
g—-U(g)F, is C*. Hence F, is a C* vector.

To see that the topologies coincide,® we note that the representations in
question are quasisimple. A Laplacian on G can therefore be given in terms of
the scalar Casimir operator and a Laplacian A on K. This means that both
topologies in question are given in terms of seminorms | A"F), and they
coincide.

* Tt will be crucial in §12 and in Appendix B to consider a wider class of functions than the K-

finite functions. The wider class that we use will be smooth functions on K that transform
appropriately under K, and have their values in a finite-dimensional K ,,-finite subspace of H%.
®  This style of argument for dealing with C™ topologies was pointed out to us by Roe Goodman.
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Lemma 6.2. The imbedding 1 induces an imbedding 1* of the K-finite space for
Up(&, A, +) onto the K-finite space for Up(w, A, )Iclcw(HU) The map 1* is equi-
variant with respect to K and g.

Proof. The K-finite space for Up(¢&, 4, *) consists of

{F: G>H¢|F(xman)=e~ ¢+ M) ~1 F(x) and dim {span F(k-)} <oo}.
keK

These functions are determined by their restrictions to K, which satisfy

F{km)=¢m)~'F(k) for keK, meKnM
and
dim {span F(k «)} < o0.

keK

For such an F, F(k) is in Hg, because

span Em)y~H(F(k)= span Fkm)

meKnM meKnM

=ecval, { span F(km-)} ceval, {spanF(k 3.

meKnM
Hence these F are characterized as

F(km)=¢E(m)~ ! F(k) for keK, meKM
K—H
{F K~H M| dim {spanF(k )} < oo (6.4)
Similarly the K-finite space for Up(w, A, et @) is
F(km)=w{(m)~ 1 F(k) for keK, meKM
F:K—(HY .
{ ~Hok,, dlm{spanF( )} <00 (6:5)

If F is in the space (6.4), then 1¥ F=10F is in the space (6.5), since 1 is K-
equivariant. It is obvious that 1* is K-equivariant. For the g-equivariance, let X
be in g. Then we have

d
Up(¢, 4, X)F(k)=EF((eXPtX)_‘k)|,=o

& F(kexp(~ A=) X))o,
Thus if we decompose — Ad(k~ ') X according to g=f ®m @a ®n, we see that
that above expression is given in terms of differentiation on K, the transfor-
mation law of ¢(m), and the transformation law for a. These are compatible with
the corresponding formula for Up(w, 4, X), and thus 1* is g-equivariant. Finally
* is one-one onto since (1*)~' F=1"' 0o F provides a two-sided inverse.

For F in the K-finite space of Up (£, 4, *), we define
AP:P 8 A)F=0*)"14A(R:P :w:A)1*F. (6.6)
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The right side is meaningful, in view of the following lemma.

Lemma 6.3. A(P,: P, :w: A) carries the space C*(HS), with transformation laws
according to B, w, and A, continuously into C®(HS), with transformation laws
according to P,, o, and A, provided A is a regular value.

Proof. By (6.3) and Theorem 4.2(iii), A(P,: P, : w: A) F (k) is given by a convergent
integral of values F(kv), provided A is in a suitable region. Each F(kv) is in Hy
and hence so is the integral. Then A(B,: P, : @ : A)F (k) must be in H} for all A, by
analytic continuation. The continuity of the intertwining operator follows easily
from Lemma 6.1 and the technique at the end of its proof.

Formula (6.6) gives us a definition and analytic continuation for the left side
of (6.6) for K-finite F. Before deriving the basic properties of the operators, we
shall show that this definition is independent of the choice of nonunitary
principal series w into which ¢ is imbedded. We do so by giving an intrinsic
definition for the left side of (6.6) by means of a convergent integral for 4 in a
suitable region; the definition extends to be intrinsic for all 4 because of the
analyticity that has already been proved.

Lemma 6.4. The trivial representation of M is imbedded as a subspace of the
nonunitary principal series when o=1 and Ay = —p,,.

Proof. The space for this induced representation of M is

{f: Mo>C|f(mmyayny,) =e=m+Amosan £ )1

={f: M-C|f is right invariant under M,, 4,,N,,},

and the space of constant functions is an M-invariant subspace.

Lemma 6.5. For each a-root f3, let
cp=max{py(H,)}, (6.7)

where the maximum is taken over all a,roots o such that a|,=p. If MAN and
MAN’ are associated parabolics, then exp(—(A+pp)Hp(v)) is integrable on
VAN, provided {Re A, B)>cy for all § with g;=nnv’.

Remark. For a minimal parabolic, each ¢, should be interpreted as 0.
Proof. Taking note of Lemma 6.4, we apply our theory to the representation
Up(1,4,*) of G. The function F: G—C given by

F(x)=exp(—(A+pp)Hp(x))

is in the space of this representation, and 1* F(x) is the constant function on M
given by

1* F(x)(m)=F ().
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By (6.3}, we have, for £ in K and m in K,
(A(P":P:w:A)1* F)(k)(m)
=(A(B:B:1: = pp @A) 1* F(+)(1))(km),

with the expression on the right given by the absolutely convergent integral

= [ 1*Fkmv)(l)dvo= [ F(kmv)do

VpnNp VAN (6.8)
= | exp(—(A+pp)Hp(v))dv,
VAN’

provided the condition of Theorem 4.2(iii) is satisfied,
<Re(_pM+A)’ a> >0’

for every a,-root o such that g, =n,nv;. The o’s with g,Sn,no,=nnp’ are the
a’s with a],=f and f<nnv’. For such an «, our hypothesis gives

(Re(=py+ A), 0> = — py(H,) +<(Re 4, B
2 —cz+<Re4,$>>0.
Hence the integral on the right of (6.8) is indeed convergent.

Theorem 6.6. Let F,=MAN, and P,=MAN, be associated parabolics, and sup-
pose that {Re A, ) >c, for every a-root B such that g;=n, Nv,, where ¢y is given
by (6.7). If F is a smooth function in the space for U, (£, A, *), then the integral

{ F(xv)dv

VinN,

is a convergent H*-valued integral. If, in addition, F is K-finite, then

AB:P:E:A)F(x)= | F(xv)dv. (6.9)

VinN2
In this case, if the restriction of F to K is regarded as a member of a space
independent of A and if x is in K, then the integral has an analytic continuation to
a global meromorphic function in A. Moreover, there exist a rational number ¢ and

finitely many complex numbers d(£) such that the meromorphic continuation of
A(P,: P, : &: A) is holomorphic at A, unless

2{4q, B>
|BI?
for some a-root B that is positive for P and negative for B,. If rank M =rank K ,,

the number c can be taken to be 1/3. If the infinitesimal character of ¢ is a real
linear combination of roots of M, then the numbers d,() are all real.

ecZ+d, (%) (6.10)

Proof. For convergence of the integral, we have
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F(xv)=exp{—(A+pp)Hp (xv)} &(u(xv))~ ! F(x(xv))
and

[F(xv)lgeSexp{—(Red+pp ) Hp (xv)} sup |F (k)| gz

Write x =kman, v,, with n; in N; "N, and v, in ¥; n N,. For a suitable constant
C depending on a, we have

j |F(x0)lgedv= C j exp{—(Re A+pp ) Hp (n,v,0)} dv

VinNjy VinN2

=C | exp{—(Red+pp)Hp(nv)}dv.

VinN3

Since N, =(N, nN,)(V, nIN,)= (¥, A N,)(N, A N,), we can write n, v=05#,, and it
is known that v—7 is unimodular (cf. [28] or [8]). Thus the above integral
equals

=C _[ exp{—(ReA+pp ) Hp (v)} dv,

ViaN;

which is finite by Lemma 6.5. This proves convergence of the integral.
To prove (6.9), it is enough to handle x=k in K, since both sides transform
the same way under M AN, on the right. Set

AF(ky= | F(kv)do.

VinN;

Here F is K-finite, and it follows that AF and A(F,: P, : &: A) are K-finite. Taking
the spaces of left K-translates of F and AF and evaluating at 1, we see that

span{all F(k), all AF (k), all A(R,: P, : & : A)F(k)} (6.11)

is finite-dimensional in Hg,,. Then we can find an orthogonal projection E on
H¢ that is 1 on (6.11), has finite-dimensional image, and is 1 on every vector of a
given K,,-type whenever it is 1 on one nonzero vector of that K,,-type. Let E’
=1E17! be the corresponding projection for HS.

We shall show that

E om)E =1Eém)E1"! (6.12)

for all m in M. The K ,-equivariance of 1, E, and E’ implies (6.12) for m in K >
and it is enough to prove (6.12) for m in M,. For X in %(m), the m-equivariance
of 1 implies

o(X)E=o(X)1Ei-t=15(X)E1~".

Left multiplication of both sides by E' gives (6.12), but with m replaced by X.
This means that the two sides of (6.12) are analytic functions on M, (since image
E' is finite-dimensional) with respective derivatives of all orders equal at m=1.
This proves (6.12) for M, hence for M.
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Thus we obtain

AF(k)=EAF(k)=E [ exp{—(d+pp)Hp (1)} ES(u(v))"' F(kx(v)dv

Vin N,

since E is bounded

=E | exp{—(A+pp)Hp ()} E&(uw) ' EF(kx(v)dv

VinN3
=E | exp{—(A+pp)Hp,0)} 17" E o(u®) ' E 1 F(kx(v)dv
VinN,
= | exp{— (A+pp)Hp (W}E1™" E w(pu(v)) " 1EF(kx(v))dv
VinN>
=E17'E | exp{—(A+pp)Hp } o(u®) "1 Fkx()dv

VinN2
since E:1~'E’ is bounded
=E1= E A(P,: P, 0: A)(1* F)(k)
=E1" E'(1* (A(P,: P, : £: A)F)(k))
=E17 (¥ (A(P,: P, : £: A)F)(K))
=A(P,:P,:&: A)F(K).

The qualitative statements about analytic continuation were proved earlier
and center about Theorem 4.2(iii) and formulas (6.3) and (6.6). We still have to
prove the quantitative estimate (6.10). Imbed ¢ in a nonunitary principal series
representation of M with parameters (o, A,,). Theorem 4.2(iii) and formulas (6.3)
and (6.6) show that A(P,: P, :&: A) is holomorphic at A, unless

2 Ao+ Ay, %) _

z
o

for some a,-root « that is positive for (P,), and negative for (P,),. For such an a,
write a=f+7, where f=«|, and y=al, . The condition is that the operator is
holomorphic at A, unless

2 <A0, B 2<AM> >
Z_.
By T B

for some f+7y. To obtain (6.10), we are to show that |B+y|2=cn|B|?* for some
integer n and fixed rational c. Since W(a,,) fixes no nonzero member of a,,, we
know that

wy=0.

we W(ang)
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Then

24+ wB+1)) 5 2B+ frwry 21 W(ay)
weWl(ang) |ﬁ+,})12 w |ﬁ+y|2 !ﬁ'l"'))lz

The left side of this expression is an integer <2|W(a,,)|, and (6.10) follows. If
rank M =rank K,,, we can compute c directly from [17]. In fact, |f+7|*=r|B|?
with r=1,2,4, or 4/3; hence c¢=1/3. Finally if ¢ has a real infinitesimal
character, A,, is real by Lemma 5.5, and then 2{A,,, y>/|B+7|* is real.

§ 7. Properties of Unnormalized Operators

We retain the notation of §6, working with general parabolic subgroups. The
results in this section were announced in [22].

Proposition 7.1. The analytic continuations of the operators A(P,: P, :&: A), de-
fined on K-finite functions for Up (&, A, +), have the following properties:

(1) Let F be a finite set of K-types, and let E be the orthogonal projection onto
the span of all functions of one of the K-types in F. Then

ExUp, (8, A, x)Eg A(Py: Py : 8- N)=A(Py: P : L A)EL Uy (8, A, X) Ep

for all x in G.

(i) A(Py:P,:EEE~ :A)=EA(P,:P,:(: A)E~' if E is a unitary operator on
H¢ (carrying Hy,, onto HESE™).

(iii) If wis in Ni(a), then

APy P E:Ny=RW)y ' AWP,w= 1 :wP,w™ L :wéwA)R(w). (7.1

(iv) A(P,:P,:E: A)*=A(P,: P,: &: — A), with the adjoint defined K-space by
K-space.

Proof. For (i), let A be in the region of convergence of Theorem 6.6, and define
A(P,: P, : & A)F by (6.9) for F in C®. By Proposition 1.1,

Up,(§, A, x)A(Py: Py : C: A)=A(P,: P, : {: A)Up (€, 4, x)

for all x in G. Multiplying by E on the right and left and commuting E past
A(P,: P, : & A), we obtain (i) for A in the region of convergence. On the range of
Ey, both sides of (i) are operators in a finite-dimensional space varying mero-
morphically in A. Hence (i) extends to all A.
For (ii), let F be in the K-finite space for U, (ECE~', 4, ). Then E~'(F(-))
satisfies
E-'F(xman)=e~#P M8 f-1(E¢(m)~1 E- 1) F(x)

ze—(pp1+/1)loga «f(m)‘l(E“l F(X))
and
dim {span E~! F(k )} =dim {span F(k -)},
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so that E=1(F(+)) is in the K-finite space for Uy (&, 4, ). For A in the region of
convergence,

EA(P,:P,:£: A)E~'F(x)
—E | E~'F(xv)dv

VinN2

= | EE~'"F(xv)dv since E is bounded

VinN2
= | F(xv)dv
VinN3

=A(P,: P, :EEE-': A)F(x),

and (ii) follows by analytic continuation.
For (iii), suppose A is in the region of convergence of Theorem 6.6 for the
operator on the left side of (7.1). This means that

(ReA, By>c;  whenever ggSn;no,.
Then
(RewA,wf)>c;, whenever g,,SAd(w)(n,ND,).

Setting §'=w f§, we obtain
(Rewd, f>>c,-1;  whenever g, < Ad(w)(n; no,).

It is easy to see from Lemma 8 of [17] that c,,-. 5 =c;, and it follows that wA is
in the region of convergence of Theorem 6.6 for the operator on the right side of
(7.1). For such A, the left and right sides of (7.1), applied to F at 1, respectively
are

| F(v)dv and ] Fw uw)du,

V(nN3 w(VinNy)w-1

and these are equal by Lemma 2.6. Translating the functions by members of K
on the left, we obtain (7.1) for A in the region of convergence. The conclusion for
general A then follows by analytic continuation.

For the proof of (iv), we need the lemma below, which is also needed for the
detailed proof of Proposition 1.1.

Lemma72. | f(ava ')dv=e?-#2'8 [ f()dv forain A
VinN3 VinN3
Proof. We have
c@ | flava~YHdv= [ f(v)dv,

VinN; VinN2
where

cl@y=det Ad(@)l,,n,=exp{ » (dimgy)Blloga)}.

[:PE=1 T¥a); P
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But

2 Y (@dmg)p=3Y - ¥ + X - %

agSoinny ggSPr ggSvoiNL2  ggEMNy  ggEninmy

The second and fourth terms on the right cancel, and the lemma follows.

Proof of Proposition 7.1(iv).” Let A be in the region of convergence for
A(P,:P,:£: A) given in Theorem 6.6. Then — A is in the region of convergence
for A(P,:P,:£: —A). Suppose f and g transform according to

glxmany)=e~ @1 Dle g (m)~1 f(x) (7.2)
Slxmany)=e=¥2=Dlsa E(m)=1 £ (x). (7.3)

Choose ¢ =0 on G with
| olxs)ds=1

MAN;

for all x in G, where d,s denotes left Haar measure. Then

(g, A(Py: P Z: A)* f)
=(A(P2:P1151A)g,f)
={( | glkv)dv, f(k)ysdk

K VinN>

= § ([ glkv)do, f(k)gso(kman,)d,(many)dk

KMAN; VinN2

= | (] e errdiosagmm-1gkv)dv, e~ @2~ D18 E(m) =1 £ (k))ye

KMAN,; VinNy
1PV o (kman ) d (man,) dk

= [ ([ sgtkmav* ")dv,f(kma)),e

KMAN; VinN;
P18 o (kman,)d (man,)dk

= [ ([ glkmav)dv, f(kma))y:

KMAN> V{nN>
- @228 o (kman,)d,(man,)dk by Lemma 7.2
co= B O] glkma(na)y, i, (1, an, )0, f (kmany)g,

KMAN> VinN;
e*P 8 pkman,)d (man,)dk

with n, introduced into f by (7.3), (n,), .y, introduced into g by translation,
and (n,)y, .y, introduced into g by (7.2) and the same change of variables as in
the proof of Theorem 6.6. Then the above expression is

7 This proof evolved from an argument by Schiffmann [32].
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= [ ([ glkman,v)do, f(kman,)y:p(kman,)e*#?'***d,(man,)dk

KMANz VinN>

= | (g0cv), f(x)gs p(x)dvdx

G VinN2
since €2°2'°%%d (man,)dk=dx

={ | (g(),f(x)g: p(xv)dvdx

G VinN2

under xv—x and p—p~!

= | | (glkmany), f(kman)y: ¢(kman,v)

KMAN{ VnN;

ce?rr%dmdadn, dvdk by Lemma 2.8

= § § (glkma), f(kmany _p Nye plkmany, .y, Ny n,V)
KMAN{aV)(N1nN2) VAN,

-e* % dmdadny, ., dny, ., dvdk
by Lemma 2.4 with n; =ny .y, 1y, ., and by (7.2) and (7.3), and this is

=] [ [ (et eseg(h), e fenge )
K MAN; N(nV3

~@p(kmany, ., ny)e** ' %dn, , dmdadn,dk
by Lemma 2.4 and (7.2) and (7.3)

=§ j j (g(k),f(ansz))Hz (P(an,nVZmanz)dlsanszdk

K NinVy; MAN,

by Lemma 7.2
=§ j (8(1‘),f(k"NmVZ))Hé‘d"Nszdk

K NinV;,

by the defining property of ¢
=(g, AP : Py :&: = A) f).

The result for general A follows by analytic continuation. This completes the
proof of Proposition 7.1.

Proposition 7.3. Let P, =MAN, and P,=MAN, be associated parabolic sub-

groups. Then there exists a scalar-valued function n(P,: P, : &: A) meromorphic in
A such that

AP, :P,:E: A)A(P,: Py &: A)=n(Py: P : &: A)L. (7.4)

The function n satisfies

NPy P i EA)y=n(P,:P,: & A). (7.5)
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Moreover, there exist a rational number ¢ and finitely many complex numbers d;(£)
such that the meromorphic continuation of n(P,:P;:¢: A) is holomorphic at A,

unless
2<A0’ AB>
18I

for some a-root f§ that is positive for P, and negative for P,. If rank M =rank K,,,
the number ¢ can be taken to be 1/3. If the infinitesimal character of & is a real
linear combination of roots of M, then the numbers d,(&) are all real. If £ imbeds
in the nonunitary principal series representation of M with parameters (o, A,,),
then

ecZ+d,(é) (7.6)

NPy Py & A)=n((By), (), 0:(A ©Ay)). (1.7)

Proof. By means of (6.6), it is enough to prove (7.4) and (7.7) with ¢ replaced by
the nonunitary principal series representation w of M. We compute the left side
of (7.4) from (6.3), obtaining
(A(P,: Py:w: A)A(P, :.P1 rw: A)F)(x)(m)
=A((P),:(P,),:0:4 ©Ay) (A(P,: Pyt 0 AYF)(+) (1)) (xm)
=A((P),:(P),:0: A@AN{[AWP,), (P)),:0: 4 DA F(- )(1)](+)} (xm)
=[A((P),:(Py),:0: 4 ®Ay) A(P),:(P),:0: A DA F(--)(1)](xm)
=0((Py),:(P),:0: 4 @A) F(xm)(1)
by Theorem 4.2(v)
=1((Py),:(P),:0:4 @A) F(x)(m),

and (7.4) and (7.7) follow. Applying (4.6), we obtain (7.5). Then (7.6) follows
from Theorem 6.6, provided we enlarge the set d,(¢) so as to be closed under
multiplication by —1.

Proposition 7.4. Let dimA=1 and let P=MAN and P=MAV be
associated parabolic subgroups. Define”

'7:(2)="I(P_:P:éizl’p)-

Then 1,(2) is a scalar-valued meromorphic function of one complex variable with
the following properties:

(a) n depends only on the class of £,

(®) n:(2)=n,(—2),

(¢) 1¢(2)20 on the imaginary axis, and n,(z) is not identically 0,8

(d) 1, (—2)=n,2) if wis an element of Ny(a) satisfying wPw~1=P,

8 Actually 1, vanishes nowhere on the imaginary axis. The proof of this fact is deferred to

Appendix B.
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(€) 1. (2)=n.(2) if @ is an automorphism of G leaving K stable and the
positive chamber of A fixed and if &°(m)=E(p~1(m)).

() n.(2)=ns(—2z) if the infinitesimal character of & is a real linear com-
bination of the roots of M. In this case all the poles of 1.(z) are real.

Proof. Part (a) is immediate from (7.4) and Proposition 7.1(ii). For (b), we take
the adjoint of (7.4) on a single K-space and then apply Proposition 7.1(iv}). For
{c), we apply Proposition 7.1(iv) to the first factor in (7.4) to exhibit 5.(z)I as an
operator times its adjoint for z imaginary. Then #,(z)=0 for z imaginary. The
proof that #,(z) is not identically 0 is harder. ‘

If n,(z) is identically O, then the vanishing on the imaginary axis of #.(z)
implies that A(P:P:¢:zpp)=0 for all imaginary z. By analytic continuation,
A(P:P:&:2pp)=0 for all z, and then Theorem 6.6 gives

0= [ F(v)dv=[ e +DerHr® £y (1))~ 1 F(x(v))dv (7.8)
14 v

whenever F is in the K-finite space of the induced representation and Rez is
sufficiently large. Passing to the limit by dominated convergence and the
integrability in Lemma 6.5, we obtain (7.8) also for all smooth F on K such that
F(km)=¢(m)~'F(k) for k in K and m in K,,: there are many such F, by the
techniques of [5]. If F is one such function and ¢ is the lift to K of a function on
K/K ., then @F is another such function. Now Lemma B.1 assures us that we
can make @(x(v)) have compact support in ¥V and then peak ¢(x(v)) for v=1,
and it follows from (7.8) that F(1)=0. Since this equality holds for all the left K-
translates of F, F is 0. Thus (7.8) for all F implies F=0 is the only function in
the space, contradiction. This finishes the proof of (c).
For (d), we apply Proposition 7.1(iii) to obtain

A(P:P:E:A)y=Rw)"'A(P:P:w&:wA)R(W)
and
A(P:P:E: Ay=RwW)y AP :P:w&:wA)R(w).

Here if A=2zp,, we have wA = —zp,. Then {(d) follows by making use of {7.5).

For (e), let A=zp, be in the region of convergence. If F is in the space for
Up(£, A, +), then Fog is in the space for Up(¢*, 4, ). In the region of con-
vergence for A,

(A(I_’:Pié:A)F)O(p(k)=‘j;F((p(k)v)dv
=£F(<P(k¢‘1(v))dv
=£F(q>(kv))dv
=A(P:P:&°: A)(Fo)(k), 19
since ¢ acts in unimodular fashion on V (because a finite power of ¢ must be

Ad(k,) on [g, g] for some k, in K). By analytic continuation, (7.9) extends to all
4, and then (e) follows.
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For (f), let £ imbed in the nonunitary principal series of M with parameters
(o, A,,). By Lemma 5.5, A,, is real. Thus we apply (a) to our parabolic, then (7.7),
then (a) to a minimal parabolic, then (f) to a minimal parabolic, and finally (7.7)
again to find

Ne(2)=n(=2) =A(P:P:&: —A)
=f(M,A,VNy:M,A, NNy :0:—A+A4,)
=n(M,A,VNy:M,A,NNy:0:A—Ay) since A, is real
=n(M,A,VNy M, A, NNy :a: —A+A,)
=n(P:P:&: —A)y=n,(—2).
In this case, the poles of #,(z) occur only for z real by Proposition 7.3.

Proposition 7.5. Let P,=MAN, and P,=MAN, be associated parabolic sub-
groups such that V, "\N,=V® for a P,-positive reduced a-root f. Let f be in the
K-finite space for Up (&, A, ), and let f, be the restriction to GP of the left
translate of f by k in K. Then f, is in the K®-finite space for Upe,(&, Alym, *), and

A(Py: P E:A) f(K)=APOPP . PP . &: Al ) £ (1). (7.10)
Moreover,
P, Py 55/1):71('”(91)(”) P®: & Al

Proof. The transformation law for f, under MA® N® is immediate if we take
into account Proposition 1.2, Also

span {fi(k, -)} =span{f(k -)}
kge KA kekK

shows f, is K®-finite. As in Proposition 4.1, the remainder of the proof comes
down to the question of whether the normalized Haar measure for V"N,
within G is the same as the normalized Haar measure for V¥ within G%. If « is
an a,root whose restriction to a is a nonzero multiple of B, then the proof of
Proposition 4.1 notes that V™ gets the same Haar measure whether considered
as in G or in G, Applying this result to G%® in place of G, we see that V@ gets
the same Haar measure whether considered as in G or in G%¥. We therefore run
through the proof of the first three parts of Theorem 4.2, applied to minimal
parabolics, to see that the Haar measure in V, "N, =V® can be written as the
product of the Haar measures for the various V. Since the normalizations of
the measures for V@ are the same in G as in G®, the normalizations of the
measures for V¥ are the same in G as in G,

Let P=MAN and P'=MAN’ be associated parabolic subgroups. Proceed-
ing as in §4 after Proposition 4.1, we can define strings {MAN,} and minimal
strings from P to P'. The parabolics P and P’ can always be connected by a
minimal string, just as in §4 (see [12], p. 145).

Theorem 7.6. Suppose that P=MAN and P'=MAN’ are associated parabolic
subgroups and P,=MAN,, O0<i<r, is a minimal string from P to P, with
associated reduced P-positive a-roots {f;}. Then
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(i) the set {B;} is characterized as the set of reduced a-roots f that are positive
for P and negative for P'.

(ii) r is characterized as the number of roots described in (i).
(iii) the unnormalized intertwining operators satisfy

A(P’:P:é:A)zA(P,:P,_l:é:A)-'... ~A(P, By E: A).

(iv) P._;, 0<ZiZvr, is a minimal string from P' to P, with associated reduced P'-
positive a-roots {—f,}.
(v) the n-functions satisfy

nP:P:E:A)= [] #POPP:PP:¢: A ).

J0 forp

B <O forP’
Proof. Conclusions (i) and (ii) are proved just as in Theorem 4.2. For (iii), let A
be in the region of convergence of Theorem 6.6 for the operator on the left. Then
A is in the region of convergence for each of the operators on the right. The
proof of the formula for (iii) is then the same as in Theorem 4.2. Conclusion (iv)
is proved as in Theorem 4.2. For (v), we obtain, by the method of Theorem 4.2,

(P P& )= ] n(B:P_ &2 ),
i=1

and (v) then follows from Proposition 4.1.

Corollary 7.7. Suppose that P=MAN, PP=MAN’, and P'=MAN" are as-
sociated parabolic subgroups such that w’ nn<n'nn. Then the unnormalized
intertwining operators satisfy

AP":P:E:A)=AP" P :E:NAP P& A).

Proof. Let P, ..., P, be a minimal string from P to P’, and let B,,..., P, be a
minimal string from P’ to P”. Applying Theorem 7.6(iii) to the three operators
in the statement of the corollary, we see that it is enough to prove that P,, ..., P.
is a minimal string from P to P”. Referring to the definition of minimal string,
we see that we are to show that the P’-positive a-roots f§; associated to the string
B, ..., P are P-positive. From Theorem 7.6(i), we see that these B, are character-
ized as the reduced a-roots § that are positive for P’ and negative for P”. If such
a f; were P-negative, then we would have g_z Sn”’nn and g_g En'nn, in
contradiction to hypothesis. Thus f; is P-positive, as required.

Let P=MAN be a parabolic subgroup. Recall from §1 the definition
Ap(w, &, Ay=R(W)A(w'Pw:P:¢: /),

where w is assumed to be in Ng(a) and where R(w) is defined by R(w)f(x)
= f(xw).

Proposition 7.8. The analytically continued operators Ap(w, &, A), defined on K-
finite functions for Up(&, A, *), have the following properties:
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(i) Let F be a finite set of K-types, and let E. be the orthogonal projection
onto the span of all functions of some K-type in F. Then

EFUP(wéy WA, x) EFAP(W9 é’ A) = AP(wa é: A) EF UP(éa Aa x) EF
forall x in G.
(i) Ap(w, EEE~ Y, A)=EAp(w, ¢, AYE~ ! if E is a unitary operator on H%.
(1) Ap(w, & A)*=Ap(w™ ', wE, —wA), with the adjoint defined K-space by K-
space.

(v} Ap(wyw,, & Ay=Ap(w,, w, &, w, Y Ap(w,, & A) if every P-positive a-root
B such that w,w, § is P-positive has w, f P-positive.

Proof. For (i), start with the formula of Proposition 7.1(i) with P, =P and P,
=w~! Pw, and multiply on the left by R(w). Since R(w) commutes with E,, the
identity in question will follow from knowing

RW)U,,-1p,(& A, x)=Up(wé, wA, x) R(w), (7.11)

which is readily verified. (The identity p,,-.p, =w~!p, is relevant here.)

Conclusion (ii) is immediate from Proposition 7.1 (ii) and the fact that R(w)
commutes with E. For (iii), we note that R(w) is unitary on L?(K), since it is
given by translation, and hence

Apw, &, A)* =AW ' Pw:P:E: A)*R(w)~!
=AP:w 'Pw:¢: —~A)Rw)~!
by Proposition 7.1(iv)
=RwW) "' AwWPw 1:P:wé: —wA)
by Proposition 7.1 (iii)
= Apw= L, wE, —wA).

For (iv), we apply Corollary 7.7 with P’=w; ! Pw, and P"=w;*wi ' Pw, w,.
Suppose g; is in n”n. Then B is a_P-positive root such that w, w, B is P-
positive, and by assumption w, f is P-positive. Therefore g, is in n'nn. Thus

AP(WI Was é: A)

=R(w,w)Aw; w1 Pw,w,:P:&:A)

=RwW)RW,)AW; ' wi'Pw,w,: w7 Pw,:E: A)R(wy) ™!
“R(w,)A(wy'Pw,:P:¢:4) by the corollary

=Rw)AWT'Pw :P:w,E:w,A)R(w,) A(w;* Pw,:P:{: A)
by Proposition 7.1 (iii)

=Apwi, wy &, wy A)Ap(w,, £, A).

In dealing with questions of reducibility and complementary series, we shall

use also a slight variant of 4,(w, &, A) addressed in Proposition 7.10 below. We
first need the construction in Lemma 7.9.
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Lemma 7.9.° Let H< H' be locally compact groups with H closed and normal and
with H'/H cyclic of order n, let x be an element of H whose powers meet all
cosets of H'/H, and let L be an irreducible unitary representation of H on a
Hilbert space V such that L and xL are equivalent. Then it is possible to define
L(x) as an operator on V in exactly n ways, differing only by an n'® root of unity as
a factor, such that L extends to a unitary representation of H on V.

Proof. For existence, let E be an operator, which we may take to be unitary,
such that L(x"*hx)=E~'L(R)E for h in H, and put L(x)=¢"E, with 6 to be
specified shortly. According to Lemma 59 of [20], it suffices to check that

L(x)L(h) L(x)" ' =L(xhx~1) (7.12)
and
L(x)"=L(x"). (7.13)
Now (7.12) follows from

L(X) L(h) L(x)" ' =€ EL(hye " E-'=EL(h) E-*=L(xhx~ ).

For (7.13), we have
L(x)"L(x ") =e" E"L(x~™), (7.14)

and the conjugate of L(h) by E"L(x~") is
E"L(x~"yL{h) L(x")E~"=E"L(x "hx")E~".

By successive applications of the definition of E, we see that the right side
simplifies to L(k). By Schur’s Lemma, E"L(x ~")=cI for a constant c (necessarily
of modulus 1). Define ¢’® by e¢"®=c~!. Then the right side of (7.14) is the
identity, and so (7.13) holds. This proves existence.

For the uniqueness result, we observe that any choice of L(x) exhibits x L
and L as equivalent and hence by Schur’s Lemma is a multiple of E. The
existence proof found all possible multiples of E. The proof of the lemma is
complete.

Returning to the situation with P=MAN a parabolic subgroup and ¢ an
irreducible unitary representation of M, let us suppose that w is a member of
Ny(a) such that w¢ is equivalent with ¢. Taking H in the lemma to be M and H’
to be the smallest group containing M and w, we see that we can define &(w) so
as to extend & to a larger group acting on the same space H¢.

Proposition 7.10. If w is in N(a) and if w¢ is equivalent with £, then the operators
(W) Ap(w, &, A), defined on K-finite functions for Up(¢, A, +), have the following
properties:

(1) Let F be a finite set of K-types, and let E, be the orthogonal projection
onto the span of all functions of some K-type in F. Then
® 8. Lichtenbaum has pointed out to us that when dimV =1, the lemma is an immediate

consequence of the long exact sequence for cohomology of groups and the easy fact that H? of a
finite cyclic group with coefficients in the circle is 0,



48 AW. Knapp and EM. Stein

E Un(E, wA, x) EpE(w) Ap(w, & A)=EW) Ap(w, & A)EpUp(é, A, x)Ef

for all x in G.
(i) [EW)Ap(w, &, A)J*=Ew) "L Ap(w™ 1, &, —wA), with the adjoint defined K-
space by K-space.

Proof. For conclusion (i), we note that if f is in the space for Up(w¢, w4, +), then
&(w) f is in the space for Up(&, 4, ). Then (i) follows from Proposition 7.8(i). For
(ii) we use Proposition 7.8, parts (ii) and (iii), to find

(W) Ap(w, & A)J* = Ap(w, {, A)* E(w) ™!
=Apw™ ! w&, —wA)E(w)!
=E(W) " Apw T EW W Ew) Y, —wA)
=Ew) "1 Apw 1 ¢, —wA).

A final remark is in order. The operator &(w)Ap(w, &, A) is unchanged if w is
replaced by wm with m in K. In other words, the operator depends only on the
element of W(a) that w represents. We shall occasionally use notation that
incorporates this fact.

§8. Normalization of Operators, General Case

We retain the notation of §6, working with general parabolic subgroups. The
results in this section were announced in [23]. Taking into account the functions
1¢(z) and their properties as given in Proposition 7.4, we recall the following
lemma.

Lemma 8.1 (Lemma 36 of [20]). If #(z) is a meromorphic function in the plane
that is not identically 0 and is such that

(i) n(z):ﬁ for all z and

(ii) n(z)=0 on the imaginary axis, -
then there exists a meromorphic function y(z) in the plane such that

n(2)=7y(2)y(-2). &.1)

The function y(z) can be chosen to be regular and nonvanishing whenever 3(z) is
and to have all its zeros in the closed right half plane and all its poles in the closed
left half plane. If also 5(z) satisfies

(ill) n(z)=n(—2) for all z,
then y(z) can be chosen to be real for real z.

We shall apply this lemma to our functions 7.(z) to obtain normalizing
factors 9,(z). A construction of such factors was made in [20], but we shall redo
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the construction even there because, by error, the functions y,(z) in [20] may not
have had the important invariance property suggested by Proposition 3.2(e).*°

Thus assume now that P=MAN and P’"=MAN’ are any parabolic sub-
groups. We first treat the case that dim 4= 1. Guided by Proposition 7.4(f), we
introduce the following .

Basic Assumption. The infinitesimal character of the irreducible unitary repre-
sentation ¢ of M is a real linear combination of the roots of M.

What we do is select simultaneously for each scalar-valued meromorphic
function 7(z) of one complex variable satisfying (i), (ii), and (iii) in Lemma 8.1a
meromorphic y(z) that satisfies (8.1) and is real for real z. (When it is convenient
to do so, we shall assume that y{(z) is regular and nonvanishing whenever 5(z) is
and that y(z) has all its zeros in the closed right half plane and all its poles in the
closed left half plane.)

Proposition 7.4 says that 7,(z) is such a function #(z), and we let y ¢(z) be the
corresponding function y(z). In this way, we obtain y,(z)=7,(z) whenever # #(2)
=1,(z), in particular when &' = £ (see Proposition 7.4(e)).

Restoring the notation that carries all the variables, let us write

p(P:P:E:A)  for 7,(2)
whenever A=zp, and 5.(2) is given by n(P:P:&:A).
Lemma 8.2. If dimA=1, then

) y(P:I_’:é:A)zy_(P:P:i: —A),—
(it) y(P:P:E:Ny(P:P:E:A)=n(P:P:¢: A).
Proof. Let A=zpp= —zpp. By Proposition 7.3
nP:P:E&:A)=n(P:P:¢:A),
and hence
NP:P:&: —zpp)=n(P:P:&:zpp).
Because of the Basic Assumption and Proposition 7.4(f),
NP:P:E:—zpp)=n(P:P:¢:zpp).
Therefore
NP:P:E:zpp)=n(P:P:¢:2pp).

That is, the function #.(z) for (P: P) is the same as for (P: P), and the same must
be true of y.(z). Consequently

VPP EN)=yp(P:P:E:—zpp)=y(P:P:&: —zpp)=y(P:P:E: —A)

1% This error becomes troublesome when we pass to G of higher rank. In a construction in that
case, we recognize a certain subgroup as being of real-rank one, and we do not want our normalizing
factors to depend on what isomorphism we choose between this subgroup and a standard real-rank
one group.
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and (i) follows. The right term here equals the complex conjugate of
y(P:P:&:—Zpp),
since y,(z) is real for real z. Substituting in (8.1), we obtain (ii).

For the general case with dim A arbitrary, we define

yPP:EA)= ] yPOPP:PP:E: Al ),

B reduced
p>0for P
B<Gfor P

where y® is a factor attached to data for the group G®, B an a-root. The
normalized intertwining operators are defined, under our Basic Assumption, by

AP PE:A)y=y(P:P:E:A)" AP :P:E:A)
Apw, &, A)=y(w P Pw:P:E:A)"  Ap(w, & A).
Once the initial choice of functions y(z} has been made, these definitions are

unambiguous. Notice that y(P': P:&: A) is not identically 0 since it is a product
of functions that satisfy (8.1), and 7,(z) is not identically 0 by Proposition 7.4(c).

Lemma 8.3. Let P=MAN and P'=MAN’ be associated parabolic subgroups.
Then

(1) L(P:P:E:ANAP:P:E: A=,
(it) for any minimal string P=MAN,, 0<Zi<r, from P to P,
AP P E:AN)=AA(P:P_ :E:A)-...- AP :Py:E:A).
Proof. Conclusion (ii) is trivial from Theorem 7.6, parts (iii) and (i), and from the

definition of the normalization. For (i), we use (ii) and Theorem 7.6(iv) to see
that it is enough to conclude that

AP _ P NAP P E:A)=1]

13

for each i. Let B be the associated P,_,-positive reduced a-root here. The left
side, in view of Proposition 7.3 and the definition of the normalizing factors, is

YOPO QPP &N o) LyPOPP PP E: Al o) ' (P:P_ 6N,  (82)
and the # factor here equals
,,,(Ii) (gp(ﬂ) - pB . E: Aia(m)

by Proposition 7.5. Thus (8.2) collapses to I by Lemma 8.2(ii), and the result
follows.

Theorem 8.4. For any three associated parabolic subgroups P,=MAN, with
15ig3,

(P3P il A)=od (Py: Py & A) A (Py: Py A).
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Proof. We shall suppress & and A in the notation. By Lemma 8.3(i), we are to
show that
AP :P) A (Py:Py) A (Py: P)=1. (8.3)

Choose minimal strings from P, to P, from P, to Py, and from P, to P,, and
replace each of the factors on the left of (8.3) by the product of operators given
in Lemma 8.3(ii). Then we can change notation and reformulate the result in
question as follows: If P, P,, ..., P, is a string with P, =P,, then

AP, P,_\)- ... A (Py: Pl (P,: P)=1. (8.4)

We shall prove this result by induction on n. We may assume that no two
consecutive parabolics in the string are the same, since </ (P:P)=1.

First we show that n is even. Arguing as in the first part of the proof of
Theorem 4.2, we see that

nimnozn(ﬂﬁl) ®("i+1ﬁ“o) if V;ﬁNH_l:Vw”l)
and
m Ae=n®*Y®mnng)  if VAN, ;=NF),

That is, the number of reduced a-roots f such that g;=n;nn, either increases or
decreases by one in passing from i to i+ 1. Since F,=P,, the number of such
roots is the same for i=0 as it is for i=n, and it follows that n must be even.

The same argument shows that if P and P’ are parabolics that are connected
by a nonminimal string P=P©®, PV PY=P' than any minimal string P
=Q©@, QM ..., Q¥ =P between P and P’ must have s<r. In fact, the counting
argument of the previous paragraph shows that the number of reduced a-roots f
such that g, < n exceeds the number such that g,=n’nn by less than r (and also
by exactly s). Thus s<r.

We return to (8.4). For n=2, the result follows from Lemma 8.3. Fix n and
the expression on the left of (8.4), and assume that such an identity holds for all
shorter “circular” strings. We examine the strings

Py, P, ...,B, (8.5a)
2

P,P, ,...P, (8.5b)

2 2t!

and distinguish three cases.
If both (8.5a) and (8.5b) are minimal, then Lemma 8.3(ii) allows us to
collapse the left side of (8.4) to

(B, Pn/z)&f(Pn/z Ry,

and this collapses to I by Lemma 8.3(i) since P,=P,.
If (8.5a) is not minimal, let Q,, ..., Q, be a minimal string with Py=Q,, and
F,»=0Q,. We have seen that r <n/2. Then

PO=QOaQ1’ ""Qr—I’Qr=P P

B>°n
2 2

P,

—1’"
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is a string with r+g<n members, beginning and ending with Py. By inductive
hypothesis

A(Q0:Q1)H(Q,:Q3) ... #(Q,_1:Q,) A (F,:F,

2

=

)l (P Py)=1

N

and hence, by Lemma 8.3(i),
M(P%:P%_l) (P P)=AQ,:0,_1) ... 4(Q,:0Q0).
We make this substitution on the left side of (8.4). Then

P,=P,P,_,, ...,P%=Q,, s Qo=F,

. . n . . .
1s another string of r+§ members to which we can apply the inductive

hypothesis. Thus the left side of (8.4) collapses to I.

Finally if (8.5b) is not minimal, nor is the string in the reverse order. Then no
string of that length can be a minimal string from F, to F,,, and (8.5a) cannot
be minimal. Thus we are reduced to the previous case. This proves the theorem.

Proposition 8.5. The operators o/ (P, : P, :&: A), defined on K-finite functions for
Up, (S, 4, *), have the following properties:

(i) Let F be a finite set of K-types, and let E. be the orthogonal projection
onto the span of all functions of one of the K-types in F. Then

EFUPZ(C, A X)Epd (Py: P E:M)y=ed (P, P : A Ep Upl(é, A, YEg

Jor all x in G.

, () o/ (P,:P:EEE~ Y A)=E/(P,: P,:E: A)E~Y if E is a unitary operator on
H-,

(iii) If w is in Ny(a), then
APy Pl A)=Rw) LA (wPw L :wPw=liwé wA) R(w).
(iv) A (Py: P i E: A)* = (P, : Py: E: — A), with the adjoint defined K-space by
K-space.

(V) (P, P, :&: A) extends to a holomorphic function of A for A imaginary, is
unitary for every imaginary value of A, and, for such A, exhibits Up (¢, A, *) and
U, (&, A, *) as unitarily equivalent.

Proof. Property (i) is immediate from Proposition 7.1, as is (ii) if we take into
account Proposition 7.4(a). For (iii), Proposition 7.1 shows it is enough to prove
PP P i EA)=y(wPw  LiwPwmhiwE iwA). (8.6)
The left side here is
[T Y9OP®:PP:¢: A0,

B reduced
p>0for P,
p<0for P,
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and the right side is

[T 0P : PO :w:wd| ).
F’ reduced

p>0forwPw™}
B <0forwPw?

For p'=wp, let us notice that G® and G®’ are isomorphic since G¥'=
wG¥ w1, This isomorphism matches the parameters in y#? and ¥ and shows
the two products are equal, factor by factor. This proves (8.6) and (iii).

For (iv), Proposition 7.1(iv) shows we want

Y(Py: P i E:N)=y(P,: Py: & — A).

Expanding each side as a product of factors 7, we see we are to prove that

YOOPP PP £: A 5)=7P (PP OPP & — A (). (8.7

These factors are real for A a real multiple of p®, and the right side of (8.7) is
therefore

=yOPOIPB 2 — A ),

which equals the left side of (8.7) by Lemma 8.2(i). This proves (iv).

For (v), Theorem 6.6 and Proposition 7.3 show that A(P,:P,:¢:A) and
n{P,: P :&: A) are both holomorphic on a dense open set of imaginary A.
Moreover, Proposition 7.4(c) and Theorem 7.6(v) show that n(P,: P :£:A) is
nonzero on a dense open set of imaginary A, and therefore the same thing is true
for y(P,: P,: £: A). Consequently o/ (P,: P, : £: A) is holomorphic on a dense open
set of imaginary A. Applying (iv) and Lemma 8.3 (i), we obtain (v) for such 4,
with the statement about equivalence following from (i).

The full conclusion of (v) will follow by a passage to the limit, provided we
show that o7/ (P, : P, : £ : A) extends to a holomorphic function for 4 imaginary. If
dim4=1, we can go over the above argument to see that the normalized
operator can fail to be holomorphic only on a discrete set. At each point of this
set, the possible singularity is at worst a pole but then is removable since
A (Py:P,:&: A) is unitary for those imaginary A where it is defined. Applying
Proposition 7.5 and the definition of normalizing factors, we see that
A (P :P:E:A) extends to be holomorphic for A imaginary, provided VNN’
=V® for a reduced a-root B. By Lemma 8.3(ii), o/ (P, : P, : &: A) itself extends to
be holomorphic for A imaginary in all cases.

Proposition 8.6. The operators ofp(w, &, A), defined on K-finite functions for
Up(&, A, +), have the following properties:

(i) Let F be a finite set of K-types, and let E; be the orthogonal projection
onto the span of all functions of some K-type in F. Then

EpUpwé, wA, x) Epslp(W, &, A)=sdp(w, £, A) Ex Up(&, A, x) E,

Sfor all x in G.
(i) p(w, EEE~Y, A)=E.ofp(w, &, A)E~' if E is a unitary operator on H®.
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(itl) Lp(w, & A)* =ofp(Ww, W&, —wA), with the adjoint defined K-space by
K-space.

(iv) Ap(w, & A) is defined and unitary for all A imaginary.

(V) MP(W1W25 6: A)="d1’(w1’ W2 57 WZA) ‘MP(WZ’ 59 A)

Proof. Conclusion (i) is immediate from Proposition 7.8, and (ii) and (iii) are
obtained by repeating the proofs of Proposition 7.8 but relying on Proposition
8.5 instead of Proposition 7.1. Conclusion (iv) follows from Proposition 8.5(v)
and the fact the R(w) is unitary. Conclusion (v) is obtained by repeating the
calenlation of Proposition 7.8 but relying on Theorem 8.4 instead of Corollary
7.7 and on Proposition 8.5(iii) instead of Proposition 7.1 (iii).

Corollary 8.7. If w is in Ni(a) and if wé is equivalent with &, then the operators
E(w)Ap(w, &, A), defined on K-finite functions for Up(¢, A, +), have the following
properties:

(i) Let F be a finite set of K-types, and let E, be the orthogonal projection
onto the span of all functions of some K-type in F. Then

ErUp(C, wA, x) EgE(w) p(w, &, A)=E(w) stp(w, &, A)Ep Up(E, A, x) E

Jorall x in G.

(i) [E(w)p(w, & A)]*=E(w) " Lpw™1, &, —wA), with the adjoint defined K-
space by K-space.

Proof. This follows by comparing Propositions 7.10 and 8.6.

II. Applications to Reducibility Questions
§9. Connection with Eisenstein Integrals and c-functions

We mentioned in the introduction that the theory of intertwining operators and
the proof of the Plancherel theorem should be regarded as complementary
theories. One’s first inclination might be to expect the theories to be identical.
Indeed, there is a parallel structure to them. Matrix coefficients of induced
representations lead, via asymptotics, to intertwining operators, as was pointed
out in a special case in [19], and composition of intertwining operators leads to
the n-functions. Meanwhile, within Harish-Chandra’s theory, Eisenstein integrals
lead, via asymptotics, to c-functions, and composition of c-functions leads to the
Plancherel measure. It was already observed in [18] that intertwining operators
and c-functions can be expressed in terms of each other in some special cases,
and [19] gave a connection between y-functions and Plancherel measures. In the
year 1971-72, Nolan Wallach (in unpublished work) extended these matters,
explicitly relating matrix coefficients to Eisenstein integrals and relating in-
tertwining operators to c-functions. In particular, he obtained formula (9.4)
below.

But it is apparent that the parallel between the two theories leads not to
similar results, but to complementary ones. For example, Harish-Chandra’s
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results lead to an upper bound on the dimension of the space of self-intertwining
operators, while the theory of intertwining operators itself leads to a lower
bound.

The purpose of this section is to bring Harish-Chandra’s results to bear on
our own theory, after showing in detail the correspondence between the two
theories. This material was announced in [22].

The notation for this section will be as follows. We shall work with a
cuspidal parabolic subgroup P=MAN (i.e, one in which rank M=rank K,,)
and its associated parabolics with the same MA. The representation ¢ will
always be in the discrete series of M. Then the Basic Assumption of §8 is
satisfied: the infinitesimal character of £ is a real linear combination of the roots
of M. For the most part, our notation will be similar to Harish-Chandra’s ({12]
and [15]), except that our a-parameter and his will be off by a factor of i.

Let F be a finite set of irreducible representations of K, and let o, be the sum
of the degrees times characters of the members of F. Let V, be the space of
complex-valued functions f on K x K such that

apxf( k)=f( ky) and  apxflky, )= flky, ).

Define a double representation 7 of K on ¥, by
elly) frles)k, K= £ (k7 'k, K, K).
Let °%(M, t,,) be the space of all functions ¢ from M to V; such that
ylk mky)=1t(k,)Yy(m)t(k;,) for meM, kleK,;,, k,eK,,

and such that the entries of Y are linear combinations of matrix entries of ¢.
Finally let H, be the subspace of functions f in the representation space of
U(¢, A, +), regarded as H-valued functions on K, such that a,*f=f. It is easy
to check that the linear map T—y, given by

Yrm)(ky, ky)=d, Tr(e* E(m)e L(k,) TL(k; 1)),
where

e=evaluation at 1
d.=formal degree of £
L =left regular representation of K,

carries End H. into °%,(M, 1,,). The lemma below is proved in [15], p. 133 and
§9. See also [35].

Lemma 9.1. The linear map T—y ;. of End(H,) into O‘KC(M, Ty4) is an isomorphism
onto. Apart from a scalar factor, this linear isomorphism is an isometry under the
definitions

(T}, ,)=Tr (T, T;*) for T,, T,eEnd Hg
Wi, ¥2)= I j‘l’x(m)(ku k) y,myky, ky)dmdk, dk,

KxK M

for ¥, 111260‘6’;(M, Tar)-
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Moreover, Y *Yg=yr if a product on Vy is defined by
Sglky, k2)=£f(k1, kyg(k, k;)dk.

Using notation that is off by a factor of i from Harish-Chandra’s, we define
Eisenstein integrals by

E(P:y:A:x)=[y(xk) (k)= ! e -pPHpCH g
K

for ¥ in °.(M, t,,), under the convention y(kman)=1(k)y(m). The lemma
below is proved in §9 of [15]. See also {35].

Lemma 9.2. Let E, denote the orthogonal projection on H. Then
E(P:p:A:x)(ky, ky)=d, Tr(E; Up(&, A, k' xk,) TEp)

Jor yrpin °6.(M, 1,).

Before proceeding, let us underline the connection between Eisenstein in-
tegrals and matrix coefficients. In one direction, Lemma 9.1 says that every ¥ is
of the form y,, and therefore Lemma 9.2 expresses all Eisenstein integrals in
terms of matrix coefficients. In the reverse direction, take k, =k, =1, let f and g
be members of H, and define Th=(h, g} f. Then we see from Lemma 9.2 that

E(P:yr:A:x)(1,1)=d,(Up({, A, X) £, g)gs-

Hence all matrix coefficients can be obtained from Eisenstein integrals.

Harish-Chandra (p.131 of [12]) obtained asymptotics for Eisenstein in-
tegrals, showing, for A imaginary and for f=E(P:y: A:-), that there exists a
unique f, on M4 transforming appropriately and satisfying

lim {e?®'°% f (ma) —f,.(ma)} =0.

a0
.

For the proof, see Theorem 21.1 and Lemma 19.1 of [13] and Lemma 17.1 of
[14]. Harish-Chandra gave an expansion for f,. for A regular (p.134 of [12]):

Ep(P:y:A:ma)= Y (cppls:A)P)(m)e o8,

seW(a)

where cpp(s: 4) is in End(o(gé(M, 7y) and the dependence on A is meromor-
phic. See Theorem 18.1 of [14]. For cpp(l:4), an integral formula is given as
Theorem 19.1 of [14] for ReA sufficiently far out in the P-positive Weyl
chamber:

cPIP(I MY m)(ky, ky)
=Cp ' [Y(mu@)™ ") t(k@) " (ky, ky) e~ P+ D@ gy (9.1)
v

Cp=[e=20rHr0) gy, 9.2)

v
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In applying these resuits, we shall work with ¢ and its transforms w¢ by
Ni(a), and we shall be led outside the space "(gé(M, 7,)- To emphasis the space
to which y belongs, we shall write ¥* or ¥*%, as needed, and the ¢ functions
should be understood to be those appropriate to the space of s being acted
upon.

Proposition 9.3. Let T be in EndHp, let s be in W(a) with w in Ny(a) as a
representative, and denote OP by P. Then

() E(Py:¥Sp, pemri A X)=E(P ¥ 4p,.p,004 0 A1 X)
and

cP;]Pz(S:A)‘pi(PZ:P,:é:A)Tchz[P;(S :4) lp%"A(Pz:Plzr::A)'

(i) E(P:y5:A:x)=EW 'Pw YRl rrom-1:54:X)

and
Ccpip(s:4) Y= Cpiwpw-1 (1:s4) lﬁﬁfw) TR(w)~ 1"

(ii)) cp)p(1: A)Y5=C5 Yop.p.c.ayr> Where Cyp is defined as in (9.2).
(iv) Y3 =y if wé is equivalent with & and S=E(w)~! TE(w), where E(w) is
defined as in Lemma 7.9,

Remarks. From (i) we can express cpjp(s: 4) in terms of cp p(s: A), which by (ii)
can be expressed in terms of cp(,p,,-:(1:54), which by (i) can be expressed in
terms of cp p(1:54), which can be evaluated by (iii) in terms of intertwining
operators. Thus all c-functions for G can be computed in terms of intertwining
operators for G. When wé is equivalent with &, (iv) shows that all the com-
putations can be made in terms of a single mapping T—y/%.

Proof. Starting from Lemma 9.2, we see that

EB ¥y p,pyiemr: A3k, k)

=d, Tr(EpUp, (&, A, k7 ' xk,) A(R, 1 P, : £ : A)TEy)

=d, Tr(A(B: B, :&: A)E, Uy, (& A, ki ' xk,) TEp)
by Proposition 7.1(i)

=d, Tr(EpUp (§, A, kT " xk ) TE; A(P,: P : & A))
since Tr(AB)= Tr(BA)

=d, Tr(EgUp (&, A7  xk)) TA(P, : P : £ A)Ey)

=E(R 3‘#%4(1’2:1’1;::4) i Ax)(ky, k),

as a meromorphic identity in A. Suppressing (k,,k,), we form the PB-limit of
both Eisenstein integrals when A is imaginary and regular, obtaining

zy:y(cmpl(s 1 A) lpi(h:h:{m)r)(m) gsAloga
S€

= ZW(Cm]Pl(S 1 A) l/jTA(Pz:PlzézA))(m) eshlose,
S€
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Since A is regular, we may equate coefficients to obtain (i) for A imaginary.
Analytic continuation gives (i) for all A.

For (ii), the operator T'=R(w)TR(w)~' is in End(H}) for the associated
space H} of functions transforming according to w¢, and

Up(&, A, x) T=RW)" ' U, p, - (W& 54, x)T'R
by (7.11). Hence

EP:y5:A:x)=d, Tt(EcRW)" ' U,p,, (W& sA,ky " xk,) T R(W) Ef)
=d, Tr(RW) "' Ex U, p,,- 1 (W& 54, ki ' xky) T ExR(w))
—d, Tt(Ey Uy p (W& 5 4, ki L xky) T Ej)
=EWwWPw ™ :y%:sA:x).

For regular imaginary 4, the P-limit of both sides gives

Z CP|P(t : A) (p'fT etAlosa _ Z CpiwPw- 1(7' ZSA) llj¥§ prsAloga
teW reW

Equating the terms in which t=s and r=1 and using analytic continuation, we
obtain (ii).

For (iii) we start from (9.1) for Re A sufficiently far out in the P-positive
Weyl chamber and find

Cpepp(l: A)Yim)(ky, ky)
= (Y5 mpu)~ ) (k@) (ky, ky) e P VERO gy

=‘fllllér(mu(v)‘1)(’61,'6(0)‘lkz)e“"”“’”*""’dv
=d¢‘5/Tr(e* Elm) ()~ e L(k(v) ™ ky) TL(kT ) e~ r Ve gy
=d.) £(f('n) E(u)~* Th,-(kz;1 K()), bkt ))gs e CPEOEEO 4y
where h; runs through a (finite) orthonormal basis of H, and this is
=d¢;(é(m)A(F:P:6:A)Th,-(k;l),hi(kl“l))m
=Vip.p.e. MKy, k).

Analytic continuation gives the result for general A.
Finally for (iv), with h; running through an orthonormal basis of the space
Hy for &, we have
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Yyt im)(ky, ky)=d, Tr(e*w&(m)e L(k,)SL(kT "))
=d; Xi:(w Em)Shy(ky "), hy(ky M)
=d; ;(6 (m) (W) Shy(k3 1), EO0) ey )y
=ngi:(€(M)T§(W)hi(kz_1),f(W)hi(kfl))Hg

=d, Tr(e*&(m)e L(k,) TL(k,)™ ")
=l//§T(m)(k1’k2),

the next to last equality holding since £(w) h; runs through an orthonormal basis
of the space for wé.

Corollary 94. Let T be in EndHy, let s be in W(a) with w in Ngla) as a
representative, and denote OP by P. Then

cpp(s: A5 =Cplyys,

T =RWAW 'Pw:P:E:NTAP:w=Pw:¢:A)R(w)~ L.

where

Remarks. Qualitatively the corollary says that each cp, is given by a pair of
“complementary” unnormalized intertwining operators, one operating on the
left and one on the right. This result was obtained independently by Arthur [2].

Proof. We have

CPIP(S A Y5
=Cpjwpw-1 (LS DY 1RO -1)
by Proposition 9.3(ii)
=cpp(l:54) l//:(éP:wa'lzwézsA)R(w)TR(w)”1A(P:wa'1:w§:sA)"
by Proposition 9.3(i)
=CPIP(1 . SA) Ipl(‘y(éw)A(w‘ 1Pw:P:E:A)TA(w = 1Pw:P:E:A)"1R(w) 1
by Proposition 7.1(iii)
= CFI lp::({P:P:wézsA)R(w)A(w"Pw:P:é:A)TA(w‘ TPw:P:&:A)"LR(w)~ L
by Proposition 9.3(iii)
= C; ! wsz)A(W* IPwiw ' Pw: & AW IPwiP &M TAW 1PwiPiE:A) " 1R(w) ! (93)
by Proposition 7.1(iii). Now
AW 'Pwiw tPwiE: A)AW 1Pw:P:E:A)
=AW 'Pw:P:(:A)AP:w ' Pw:E: A)Aw*Pw:P:£: A)
by Corollary 7.7
=W Pw:P:E:A)AW ' Pw:P:¢:A)
by Proposition 7.3
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and
Aw='Pw:P: At
=nw IPw:P:E: Ay YAP w IPw:EA)
by Proposition 7.3.
Upon substitution, the 1’s cancel and the result follows.

Corollary 9.5. Let T be in EndHy, let s be in W(a) with w in Ny(a) as a
representative, and denote OP by P If w& and ¢ are equivalent, then

cpypls: AYe=Cp Y5,

T = A(P:P: &5 A)EW).otp(w, & D) T(E(w) Lp(w, &, ).

where

Proof. Starting from (9.3), we have

Cp|p(5 :A) ll]éTchlP(l :sA) l/’j;’i(w,é,A)TAp(w,é,A)"
=cp1pL: S Y 0 g )Tt 2.0
= Cpip(L: S AW E oyt o2, T, 2,40 ©-4
by Proposition 9.3(iv). The corollary now follows from Proposition 9.3(iii).

Proposition 9.6. If f and g are in Hy, then

(A(P:P:¢:A)f, g)LZ(K)=d{1 CPIJ;(CP]P(I YD)k, k)d k,
where Th=(h,g)f.

Remarks. From this result we can express A(P:P:¢:A) for G in terms of c-
functions for G. By Proposition 7.5 and Theorem 7.6, we can therefore express
all unnormalized intertwining operators for G in terms of c-functions for G and
its subgroups G

Proof. Take T as above, and let {h;} be an orthonormal basis of H, with h,
=lgl"'g

\I/Z(P;P:@A)T(m)(ku k)
=d, Tr(e* E(m)eL(ky,) A(P:P:&: A)TL(kTY))

=d€Z(§(m)A(I—’ (PEA)Thyks Y, hy(kT l))m
=d§(é(m)A(13:Pié5A)f(k5 l)ag(kl_l))Hi-

By Proposition 9.3(iii), the left side is Cpcpp(l: A)Y5(m)(ky,k,). Hence the
result follows.

Following Harish-Chandra, put

%p,1p, (81 A)=Cp,p,(1:5A) " Cp, p (5: A).
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Harish-Chandra’s completeness theorem is the following. For a proof see
Lemma 38.2 and Theorem 38.1 of [15].

Theorem 9.7 (Harish-Chandra). Let A be imaginary and let
W, 4= {seWl(a)|s[{]=[CTand sA=A}.
To each s in W, , corresponds an operator y, in GL(Hp) such that
OCPIP(S’ A) wéT = lljgsTy; 1

for all T in EndH,. Moreover, the set of such y,, for s in W, 4» Spans the
commuting algebra of EpUplé, A, *)Ep.

Corollary 9.8. Let A be imaginary and let W, , be as in Theorem9.7. Then the
commuting algebra of Up(& A,-) is the linear span of the unitary operators
E(s) Lp(s, &, A) for s in W(:’A.11

Proof. 1t is enough to identify the commuting algebra of the operators projected
to Hy. Corollary 9.5 and Proposition 9.3(iil) combine to give

OCP{P(S e =vy5,
T =(E(w) p(w, & ) T(E(w) Ap(w, &, A) 71

if w is a representative of s. Hence we can take Ps=E&(w)fp(w,, A) in Theo-
rem 9.7. The operators &(w).ap(w, &, A) are unitary by Proposition 8.6(iv).

where

§10. Identities with Plancherel Factors

We continue to work with cuspidal parabolic subgroups built from the same
MA, and we continue to assume that & is a discrete series representation of M.
In this section we shall use Harish-Chandra’s formula relating c-functions to the
Plancherel measure in order to give formulas for the n-functions. As a con-
sequence of these results and the known form of the Plancherel measure when G
has dima,=1, we obtain explicit formulas for the y-functions. These explicit
formulas will be used in a later paper by the first author and G. Zuckerman.

According to Harish-Chandra [12], Theorem 11 and Lemma 15, the contri-
bution to the Plancherel measure of G from the series Up(&, 4, ), with ¢ in the
discrete series of M and A imaginary, is

cd,ps(A), (10.1)

where ¢ is a constant, d ¢ 1s the formal degree of £, and p,(A) is a meromorphic
function that is holomorphic for A imaginary, is positive for 4 imaginary and
regular, satisfies u,,.(wA)=p.(4) for w representing a member of W(a), and is

1 As noted at the end of §7, &(w).afp(w, £, A) does not depend upon the choice of the representative

w of 5, and we may therefore write the operator as &(s) s#(s, &, 4).
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given by

(W)l CppelA)epp(L: A)cpp(l: A) =1y (10.2)
for Y in °%,(M,t,,), in the notation of §9.

Proposition 10.1. The contribution p,(A) to the Plancherel measure of G is related
to the n-function of §7 by

u(A)~ =W (@) C5 (P P:¢: A),

Proof. We apply Proposition 9.3. To simplify notation, let us suppress (1:4) in
the c-functions and (£ : A4) in the intertwining operators and »-functions. Then we
have

CpiPCpip '/’T=CP|PCP;P l/’A(P:P)TA(P:P)"
=Cp! Cp1p W ap: Py 4P Py T AP~
=C51’7(135P)CP|P‘/’TA(P:P)*
=Cp'n(P:P) ColpY ap: YT A P)- 1 AP: P~

=C;'Cp'n(P:P) Y AP Py AP: BYT AP P)- L AP Py~ 1
=Cs' Cp'n(P:P)n(P:Pyn(P:P)~ "y

Now Cp=Cp, as follows from Lemma 2.8 by an easy argument, and #(P:P)
=n(P: P) by Proposition 7.3. The result follows.
We shall not use the full generality of Proposition 10.1 but shall use it only

for the groups G%). Let y, , be the function of Proposition 10.1 in this case. Then
we have

te g(Alaw) ™t =IW(@P)] Coy y® (PO PP £ Ap)). (10.3)

We shall work with p, ; instead of 7%’ in order to convert poles into zeros. For
each pair of parabolics built from MA we define the Plancherel factor Kpp BY

B plE: A)= H He g(Alym)- (10.4)
£ reduced e-root

B>0for P
B<0for P

Proposition 10.2. The Plancherel factors have the following properties.

(@) pg g(Alys) is holomorphic for Al imaginary and is nonvanishing for
ReAl s +0.

() ppp(&:A) is holomorphic for A imaginary.

(©) ppp&: Ay=cn(P':P:&: A)~', with ¢ a positive constant depending on P
and P'.

(d) ;LP,‘P(i:A)=c’ﬂPH,,p(o:A DAyy), with ¢’ a positive constant depending on
P and P', if  imbeds in the nonunitary principal series representation of M with
parameters (0, A,,).

Proof. In (a), p, , is holomorphic by a result of Harish-Chandra quoted above or
by Proposition B.2. Where it vanishes, ¥ has a pole, and Proposition 7.4(f) says
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this can happen only at real points. Then (b) follows from (a) and (10.4), (c)
follows from Theorem 7.6(v) and (10.4), and (d) follows from Proposition 7.3 and
(10.4).

§11. Intertwining Operators Corresponding to Reflections

Throughout this section £ will denote a discrete series representation of M. The
Plancherel factors y will be those of §10. The point of this section will be to
single out certain intertwining operators corresponding to reflections in W(a)
that have to be scalar.

Our results use two lemmas announced by Harish-Chandra [12] and given
as Lemmas 11.1 and 11.2 below. (The proofs of these lemmas appeared later in
[15] in Lemmas 3.1 and 39.1.) The first lemma for A=0 has a long history. It
was first proved for minimal parabolics in {19]. Arthur in his thesis [1] gave a
completely different proof, which Harish-Chandra was able to extend to the case
at hand.

Lemma 11.1. Suppose P=MAN has dim A =1, and suppose A is imaginary. Then
Up(S, A, *) is irreducible unless A=0, p.(0)>0, |W(a)|=2, and s[{]=[&], where s
is the nontrivial element of W(a).!2

Lemma 11.2. Suppose P=MAN has dimA=1. If uS(O)z(), then |W(a){=2 and
s[E1=[&], where s is the nontrivial element in W(a).!

Lemma 11.3. Let P=MAN and P'=MAN' be parabolié subgroups such that
VAN'=V® for a reduced a-root B. If the root reflection p, exists in W(a), then
P'=p;'Pp,.

Proof. We are in the situation of Proposition 1.2. The problem is to show that
the only P-positive roots y such that p;y is P-negative are the multiples of 8. By
Proposition 1.2 there exists a B-simple a,-root « such that «|,= . Let all the F,-
simple roots be

gy oeey Olgy Oy fhyy oeny gy

where u,, ..., yt, are simple for a,,. Choose by Lemma 8 of [17] an element w of
Wi(a,) such that w|,=p,. Then w fixes kerf in a and must be the product of
reflections in W(a,) fixing kerf, by Chevalley’s Lemma. Each such reflection
must then carry each «; into the sum of ; and a linear combination of the roots
oy, ..., 4, Dy the formula for a reflection, and then w must have the same

property. Thus
w o +caty cu)=Y o +dat+y dip,

If one of the ¢;’s is >0, the a,-root on the right is >0. Thus the only positive a-
roots that can go into negative a-roots under w are the multiples of §.

Lemma 114. Let P=MAN and P'=MAN’ be parabolic subgroups such that
VAN'=V® for a reduced a-root p. If p, 4(Al,s)=0 with A imaginary, then the

12 [¢£] denotes the equivalence class of £.
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root reflection py exists in W(a) and is such that pg[{]=[£], ppA=4, and
E(pg) Ap(py, &, A) is scalar.

Proof. Let p, 4(A|»)=0. By Proposition 10.2(a), 4|, must be real. On the
other hand, 4 is by assumption imaginary, and we conclude A|; =0. Hence
#e 5(0)=0. By Lemma 11.2, p, exists in W(a®), hence in W(a), and it fixes [¢].
Since A, =0, p;A=A. By Lemma 11.1, U$},(£,0, +) is irreducible. Then Corol-
lary 8.7 shows that

Epy) Zh (pg, €,0)=cI  with |c|=1.

By abuse of notation, let us write p, for a representative of the Weyl group
element p, within K. For k in K, we have

cR(py) ' fk)y=cfkps H=cfilp; ")

= é(pﬁ)"d;ﬁ;)(pps é’ O)ﬁc(pﬁ_ 1)

=C(pp) R(py) o (PP : PP :£:0)f(p; ")

=&(p) Y P (PP PP & Al ) Alpy ' PPpy: PP 22 Al ) fi(1)

=&y (P :P:E: A PAP P EA) f (k)

by Proposition 7.5

=&(pp) L (p; ' Ppy:P:E:A)f(k) by Lemma 11.3.
Multiplying through on the left by R(p;) and commuting R(p,) past £(p,), we
obtain

E(pp) Ap(py:E: A f(k)y=cf(k),

as required.

Lemma 11.5. Suppose ¢ is a a-root such that pi, (A],.)=0, where A is imaginary.
Then the root reflection p, exists in W(a) and is such that p,{E1=[&], p, A=A, and
E(p,) Ap(p,, &, A) is scalar for every choice of P.

Proof. First suppose that p, exists in W(a) and fixes [£] and A. Fix P, let P’
=p; ' Pp,, and choose a minimal string from P to P/, say P=RE,, P, ..., B=P.
Write, by Lemma 8.3(ii),

AP P:l:M=oA(P:B_:&:A)-...- (B F: & A). (11.1)

Multiplying ¢ by a scalar if necessary, we may assume that ¢ is P-positive and
reduced. According to Theorem 7.6(i) the reduced a-roots y, such that ¥,_, "N,
=V are those such that g, Sv'nn, and ¢ satisfies this condition. Hence one
factor on the right of (11.1), say

SRR :¢:4),

has V,_;nN,=V'9. By Lemma 11.3, B=p 'F_, p,. Since ; ,(4|,)=0, Lem-
ma 11.4 yields (with w denoting a representative of p, in N(a))

EWRMW) AW B_ywi P& )=Ew) sy, W, & A)=c]  (11.2)
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for a scalar c. With our given parabolic P, we then have

S(w)p(w, &, 4)
=¢(W)RwW)L (W™ Pw:P:E:A)
=(W)RW) AL (W Pw:w  P_ w:E: A)RW)™ Ew)~!
EW)RW) AW 'P_ w:P_:E:A)- A (P_:P:E:A)
by Theorem 8.4
=céW)A(P:P_:wEwA)EW) ™ A (P_,:P:E:A)
by (11.2) and Proposition 8.5(iii)
=ch(P:P_,:EwA)- A (P_,:P:E:A)
by Proposition 8.5(ii)
=cl by Theorem 8.4 since wA = A.
We still have to prove that p, exists in W(a) and fixes [¢] and A. In view of
Lemma 11.4, we will be done if we can produce P,=MAN, and P,=MAN,
with ¥, "N, =V®. Choose a basis p,, ..., u, for the dual of a,,, adjoin ¢, and

extend to a basis for the dual of a, by adjoining a,, ..., ;. Write this basis in the
order

a1’ '“,aja &, ”15 sy Auk,
and use it to define positive a-roots; the N for this ordering will be denoted N,.
It is easy to see that ¢ is a simple a-root in this ordering. If instead we use the

basis
Oyyvnns Oy =& My, ooy fly

to define another ordering (with N group N,), then N, and N, have the required
properties.

Lemma 11.6. If s is a member of W(a) that fixes [£] and A and satisfies

Hs-1psp(&: A)=0

for an imaginary value of A, then there exists a P-positive a-root ¢ such that the
reflection p, exists in W(a) and fixes [£] and A, such that &(p,)p(p,, & A) is
scalar, and such that s¢ is P-negative.

Proof. Choose a minimal string from P to s~! Ps, say P=P,, P,, ..., P=s"!Ps.
We have

#s“Ps“’(é :A)= H Hg,ﬂ(/”aun)= I:[l Hp,p; . 1(5 :4)

B reduced
B>0for P
B<Ofors=!Ps

by (10.4) and Theorem 7.6(i). Since each u function in question is holomorphic
at A by Proposition 10.2(b), the hypothesis implies that there is a value of i with

”PilPi_l(é:A)=0~
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Letting ¢ be the reduced P-positive root associated with this factor, we then have
He, (Aly@)=0. Since ¢ is negative for s~! Ps, we see that s¢ is negative for P. By
Lemma 11.5, p, exists in W(a), fixes [¢] and A, and is such that &(p,).«/,(p,, &, A)
is scalar.

§12. Linear Independence Theorem

For this section we fix a cuspidal parabolic subgroup P=MAN, and we let £ be
a discrete series representation of M. The Basic Assumption of §8 is then
satisfied. For A imaginary, let

W, a={weW(a)|w[{]=[¢] and wA=A}.

The goal of this section is to prove Theorem 12.1 below, which was announced
in [23].

Theorem 12.1. For A, imaginary, let
R'={reW, 1|t -1pyp(E: 40)+0}.

Then the unitary operators &(r) p(r, & A,) for r in R are linearly independent.

In this form, the theorem was announced in [23]. For minimal P the result
had already been obtained in connection with [21], and the idea behind the
proof is implicit in Lemma 64 of [20].

The idea is that the operators in question are given in terms of distributions
on K whose supports are filtered according to the complexity of the elements of
R'. A linear relation among the operators then implies that the operator with
the largest support makes no contribution and is absent. The result readily
follows.

The technical aspects of the proof involve two ingredients. One is a de-
scription, due to Borel and Tits, of the closure of a Bruhat M ,4 N, double coset
in G. The other is an analysis of our intertwining operators on a larger domain
of functions than the K-finite ones - large enough so that we can shape them to
suit our needs and small enough so that we do not have to cope with questions
of continuity of 1¥ or its inverse. !>

We begin with the result of Borel and Tits [4]. For w in W(a,), let

B(w)=M,4,N,wM,A,N,. (12.1"

The Bruhat decomposition theorem says that the B(w), we W(a,), disjointly
exhaust G.

Theorem 12.2 (Borel and Tits). For w in W(a,), the closure of B(w) is the union of

BWw') for all w' in W(a,) described as follows: Fix a decomposition of w into the
'3 In [23] it was asserted that (1*)~! is continuous. We have since realized that there is a gap in
our argument. However, the proof of Theorem 12.1 that we give here will not require that we know
this continuity.

4 Of course, w should be replaced on the right by any of its representatives in Ni(a,).
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minimal product of simple reflections; then w' can be any element obtained from w
by deleting some subset of the factors of w.

Before applying this result, we introduce some notation. For ¢ in W(a,), let
[(t) be the length of t relative to N,=NN,,. This is the number of reduced B,-
positive a,-roots « such that to is P -negative, For w in W (a), define

jwj= max I(sW),
se Wiany)

where W is any member of W(a,) with w=1|,. Such an element W exists by
Lemma 8 of [17], and sW runs through all such choices as s runs through
W(a,). For w in W(a), let

C(w)=MANwMAN.
Lemma 12.3. For w in W(a), Cw)= | B(sW).

seWiaar)

Proof. We may choose W so that w='>0 for all a,,-roots >0. Then

Cw)=MANWN
= |J M,AyNysNy,ANWN
se Wianm)
by the Bruhat decomposition for M
= |J M,AN,sN,NWN

seWlanr)

= U M,A,NysNN,WN

seW(an)

= U M,A,NyNswNyN

se Wian)

since sNs™'=N and W !N,Ww=N,

= |J B(sw).

seWanm)

Lemma 124. If p and w are members of W(a) with |p|=|w| and p in C(w), then p

=W,
Proof. Choose j in W(a,) with p|,=p and |p|=1(p). Then
Cw)y= |J B(sw) by Lemma 12.3

seWianr)

= |J (B(sw)|Jcertain B(t) with I(t)<I(sW))

seW(anr)

by Theorem 12.2.

If § is in C(w), then p=sW for some s or I(p) <I(s W) for some s. In the first case,
we obtain p=w by restriction to a. In the second case, we have

Ipl=1@)<l(s W) <|wl,
contradiction. So p=w.
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Lemma 12.5. For A, imaginary if r is in R, then the normalizing factor for
Ap(r, &, A) is holomorphic and nonvanishing at A= A,,.

Proof. The factor in question is y(r~'Pr:P:¢:A). By (10.4) and Proposition
10.2(a), each u, 4(Al,s) is holomorphic and nonvanishing at A, when >0 and
rB<0. Hence each reciprocal #'#’ has the same property, and so must each y#
and the product y(r~! Pr:P:¢: A).

By Lemma 12.5 the linear independence theorem really concerns the un-
normalized operators &(r) Ap(r, & Ag). Instead of limiting ourselves to K-finite
functions on K, we shall work with C® functions on K whose values lie in a
finite-dimensional space of K ,,-finite vectors in H% Let F’ and F” be finite sets
of K, -types, and let E,, and E.. be the orthogonal projections onto the span of
all functions of one of the K,-types in F’ and F”, respectively. Imbed the K-
finite vectors for ¢ in the K,,-finite vectors of a nonunitary principal series
representation @ of M, via a mapping 1, and let E}. and E}.. be the correspond-
ing projections for the space HY defined in §6. Let X and Y be the images of H*
under Ep. and Ep., and let CP(K, X) and C?(K,Y) be the spaces of smooth
functions transforming under K,, according to ¢ and having values in X and Y,
respectively. Let CP(K, X’) and C2(K, Y’) be the corresponding spaces for w.

Lemma 12.6. For r in R’ there is an analytic family of operators B(r:&: A) from
Cy (K, X) into CZ(K, Y) such that

(a) the family is holomorphic in an open connected set containing A, and all
values of A with ReA sufficiently far out in the positive Weyl chamber

(b) for Re A sufficiently far out in the positive Weyl chamber,
Br:&: ) fy= | e “PIOEL E(u@) ! Ep f(kK(v)dv

Var-iNe
(c) for A=A,
B(r:&:Ag) f(k)=Ep A(r~'Pr:P:&: Ay E,. f (k).
Proof. Let
B(r:¢:A) flk)y=1""Ep.(A(r~ Pr:P:o: Ao Epof)(k)(*)) (12.2a)

=17 Ep(A((r~  Pr),: Pyia s A+ Ay) (o Epo () (D) (k +), (12.21)

where  has parameters (o, 4,,). Here the variable - in (12.2a) is in K,,, and the
variables - in (12.2b) are in K and K,,, respectively.

First we check on, the continuity and analyticity, The map
(f; A)=B(r:£: A) f is to be continuous from CF (K, X) x {4} into C(K, Y) and
is to be holomorphic in A for fixed f. In (12.2b), we have maps

f—o10Ep. of =h (12.3a)
and

h—=h(-)(1)—>A((r~ ' Pr),:Pia: A+ A h(-)(1)=H (12.3b)
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and
H—-H(k-)=L(k) (12.3¢)

and
L(k)—Ey. L(k)—>1~ ! E},. L(k). (12.3d)

Line (12.3a) represents a continuous map of C°(K, X) into Cg (K, X') since X
and X’ are finite-dimensional and i1: X — X' is therefore continuous. In (12.3b),
the maps are evaluation at 1 followed by the intertwining operator for the
minimal parabolic, and (12.3b) is continuous from CJ (K, X'} into C? (K, H?) by
Theorems 3.1 and 4.2, provided 4 is a regular value of the intertwining operator.
In (12.3¢), the variable - is in K,,, and the map is continuous from CX(K, H°)
into CX(K,H®)< C*(K, C*(K,;, H?)). Finally in (12.3d), the maps are the
projection from C®(K, H®) to C*(K,Y’) and the effect of 1=, which is to carry
Co(K,Y') to CX(K,Y). These are continuous since Y and Y’ are finite-
dimensional and :1=': Y'Y has to be continuous.

The above argument proves f—B(r:¢: A) f is continuous. To bring in A, we
simply cross the map in (12.3a) and the first map in (12.3b) with the identity
operator in A, and we use the joint properties of the second map of (12.3b) in
the function and A given in Theorems 3.1 and 4.2. Then the joint continuity in
(f, A) and the holomorphicity in A follow, but only for regular values A of the
intertwining operator in (12.3b).

The argument that B(r:&:A) is given by the integral formula for ReA
sufficiently far out in the positive Weyl chamber is the argument of Theorem 6.6,
except that the single E there is now replaced by two projections E;. and E...

Now let us consider a value of A near A, for which the intertwining operator
in (12.3b) is holomorphic. For K-finite f, the right side of (12.2a) is equal to

Ep A(r=*Pr:P:¢: A)EL f(k)

by formula (6.6). Lemma 12.5 shows that this expression is regular at A=4,.
Therefore the expression in (12.3b) is regular for A=A, on K-finite functions.
By Lemma 4.3, the expression in (12.3b) remains regular for A=A, when we
pass to C® functions. This means that A=A, is in the domain in which
B(r:&: A) is holomorphic and provides a continuous operator. We have

B(r:¢:Ay)=E . A 'Pr:P:£:A)E,

on K-finite functions with both sides continuous on C(K, X). (The right side is
a nonzero scalar times a unitary operator that commutes with translation by K
and so is continuous on C*.) Hence the two are equal on C°(K, X).

Proof of Theorem 12.1. In view of Lemma 12.5, we are to show that

Z Cr é(r)AP(r’ ‘f’ AO)=0

reR’
implies ¢,=0 for all r. Pick representatives in Ny(a) for each r, calling them r
also. Among all members r of R’ with ¢,+0, let p be one with |p| as large as
possible. We shall derive a contradiction by producing a smooth function f so
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that

EW) Ap(w, & Ag) f(1)=0  when c,+0 and w#p
<) App, & A) (1) *0.

First, we claim that p is not in the closure of

Q wk(Vnw ! Nw)K,, (12.4)
wFp
cw*0

within G. Here () is the K-component relative to G=KMAN. In fact,
wk(VAaw 'Nw)K,cwkw ' Nw)K,,=x(Nw)K,,SNwMANM = C(w).

Consequently if p were in the closure of (12.4), then p would be in C(w) for some
w=p, and Lemma 12.4 and the maximality of |p| would give a contradiction.
Because of the result of the previous paragraph, we can choose a complex-

valued C® function on K/K,, that vanishes on (12.4) but does not vanish at p;
let @, be its lift to K.

Next, let X< H¢ be a finite-dimensional subspace of the kind discussed
before Lemma 12.6. Construct F, in C(K, X) such that Fy(p)*0. (To do so,
choose a C® function F, from K into X that is sufficiently peaked at p, and set

Folky= | &lky) Fy(kkpp)dky.

Then this F,, has the required properties.) Put F =g F, so that F is in C?(K, X).
Our function f will be f=¢F, where ¢ is a complex-valued right K ,,-invariant
C* function on K to be specified.

Suppose w=p. In the notation of Lemma 12.6 we have

Ep. Apw, & Ag) f(1)=B(w:&: Ag) f(w). (12.3)

However, when k=w, the integral in (b) of Lemma 12.6 vanishes for ReA
sufficiently far out in the positive Weyl chamber. Thus the analyticity asserted in
the lemma implies that B(w, & A,) f(w)=0, and (12.5) gives

Ep Ap(w, §, 4,) f(1)=0.
This equality holds for all F”, and thus
Sw)Ap(w, &, 4,) f(1)=0.

Now we consider p. For ReA sufficiently far out in the positive Weyl
chamber, we have

Bp:&:M)f(p= | e “PHOEL Euw) ! Ep o(px(v) F(pr(v)dv.

Vap~iNp

By Lemma B.1 choose ¢ at least to have the property that ¢(px(v)) has compact
support. Then this integral provides its own analytic continuation, and Lemma
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12.6 implies

Ep Ap(p, & Ag) f()= | e rPHOEL Eu@)~! o(pr) Fpr(v)d.

Vap~iNp
Choose F'=F’, and then
Ep &(u(1))" ' F(pr(1))=F (p)+0.

Then if we choose ¢ to be sufficiently peaked about p so that all of the mass of
@(px(v)) is concentrated near v=1, we conclude that

EF”AP(ps é, Ao)f(l):f:o

This inequality persists if we remove Ej.., and thus we have

This completes the proof of Theorem 12.1.

Corollary 12.7. Suppose that ¢ is an a-root such that p, exists in W(a) and is in
W, 1, where A is imaginary. Then {(p).p(p,, ¢ A) is scalar if and only if
#{, E(A Iu(‘:))': 0

Proof. When p, (A],0)=0, the result is contained in Lemma 11.5. When
K, (Aly) £0, we shall apply Theorem 12.1. We cannot do so immediately
because Hp-1pp, p MAY have several factors, i.e.,, ¢ may not be simple. We proceed
as in the proof of Lemma 11.5. Forming a minimal string P=F,, P, ..., P
=p; ! Pp, and decomposing .o/ (p; ' Pp,: P: ¢: A) accordingly, we find a factor

A (B:F_y:¢:4)
in which ¥,_, AN;=V®. By Lemma 11.3, B=p; ! P,_, p,. Here

'up;_‘l’i-lpcll’i-l(é:A)zui,ﬁ(/l‘ﬂ“))*()’

and p, is in the set R’ defined relative to P,_,. Thus the unitary operator

<p) Ap,_ (b, &, A) (12.6)
is not scalar. The computation in the middle of the proof of Lemma 11.5 shows
that

S Appes 6, A=A (P:F,_1:8:4)-E(p) Ap,_,(per & A)

- (P_ P& A).

That is, the operator of interest is the conjugate of the nonscalar operator (12.6)
by the unitary operator &/ (P:P,_,:&:A) and hence is nonscalar.

Corollary 12.8. Suppose P=MAN has dimension A=1, and suppose A is imag-
inary. Then Up(¢, A, *) is reducible if A=0Q, 1:0)>0, |[W(a)l=2, and s[{]=[£],
where s is the nontrivial element of W(a).

Remark. This is a converse to Lemma 11.1.
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Proof. By Corollary 12.7, the intertwining operator corresponding to the ele-
ment s (which is a reflection in this case) is not scalar and therefore exhibits the
reducibility.

§13. R Group and the Commuting Algebra

Throughout this section ¢ will denote a discrete series representation of M, and
A will be imaginary-valued on a. The parabolic subgroup P=MAN will be
fixed. Writing [¢] for the class of &, we recall the definition

W, 4={se W(a)|s[{]=[£] and sA=4}.

We shall describe below a decomposition of W, , as a semidirect product W, ,
=W; 4R, 4, where W, , is normal and is a Weyl group. The group R, , will turn
out to coincide with the set R’ of Theorem 12.1, and the operators
&) Ap(r, &, A), for rin R, ,, will turn out to be a linear basis for the commuting
algebra %,(¢, A) of U,(¢, A, +). This result is given here as Theorem 13.4 and was
announced in [23].

Lemma 13.1. Let w, and w, be representatives in Ny(a) of members of W, 4

(a) If wy and w, are in a cyclic extension of K, and if &(w,) and E(w,) are
compatibly defined, then

Cwy)p(wy, &, A) E(Wo) Hp(wy, & A)=E(w wy) Lp(w w,, &, A).
(b) Whether or not w, and w, are in a cyclic extension of K,,,
Ewy) Lp(wy, & A) E(wo) Ap(Wy, & A)=c&(w w,) Lp(w wy, & A)
with ¢ a constant satisfying |c|=1 and given by

Ew wy) 1 E(wy) E(wy) =cl.

Remarks. Without further proof, it might not be possible to choose the constant
c in (b) to be 1, because &(w, w,) is determined up to an n™ root of unity if w, w,
has order n modulo K,,. We shall take up this matter further in §14.

Proof. We shall drop A from the notation since it is unaffected throughout. We
have

Ap(wywy, é)—l S(w,y Wz)_l E(wy) p(wy, ) E(wy) Ap(wy, £)
=slp(wyw,y, &)1 é(wlwz)_l Swy) E(w,) Ap(wy, w,y &) p(w,, &)
=l p(w,w,, é)—l é(wlwz)_l é(Wl)C(Wz)vdp(W1 wy, €).

Then (a) is immediate. For (b), we need only prove

f(W1W2)_1 Ewy) S(wy)=cl,
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and we do this by Schur’s Lemma, showing commutativity with &(m) for m in M.
Thus we compute step by step that

E(wywy) ™t E(wy) E(w,) E(m) E(wy) 1 E(w,) ™1 E(wy wy)=E(m),

and the lemma follows.

In order to proceed, we need the main theorem from [17]. A root « of a, can
be written as a=f+y, where f§ is the projection on a’ and y is the projection on
ay- By Lemma 9a of [17], &= B~y is again an a,-root. We say that « is useful if
2<a, @/le)?*+ +1, and a root of a is useful if it is the nonzero restriction to a of a
useful root of a,,.

Theorem 13.2. The useful roots of a form a possibly nonreduced root system A, in
a subspace of a'. A reflection p, in a root of aisin W(a) if and only if t B is useful
for some t>0, if and only if B itself is useful in case g has no split G, factors.
Moreover, W(a) coincides with the Weyl group of 4.

We come to the fundamental definitions. We would like to define
A’ ={f=a-root|p; s(A,»)=0}. (13.1)

This formula will suffice as definition unless g has a split G, factor. In that case,
we include in the definition the additional assumption that f is useful in the
sense described above; Lemma 11.5 and Theorem 13.2 then assure us that all
members of A’ are useful in every case. Lemma 11.5 tells us also that if fis in 4,
then the reflection p, is in W, ,. Bringing in Corollary 12.7, we obtain an
alternate characterization of 4’ as

4’ ={p=useful a-root|p,e W, , and E(pp) Ap(pg, &, A) is scalar}. (13.2)

We shall see in Lemma 13.3 that 4’ is a (possibly nonreduced) root system that
is mapped into itself by every element of W, ,. Thus we can define groups W; ,
and R, , by
W, 4=Weyl group of 4= W(a)
and
R, 4,={peW, 4lpB>0 for every B>0 in A'}.

Lemma 13.3. If 4’ is nonempty, 4’ is a (possibly nonreduced) root system in a
subspace of o, and W, , carries A’ into itself. Consequently W; , is a normal
subgroup of W, 4, and R, , is a group.

Proof. By (13.2), 4’ is contained in the root system 4, of Theorem 13.2.
Consequently 4’ is a root system if it is closed under its own reflections. Let f
and & be in 4. In view of (13.2), we are to show that the operator for p, , is
scalar if the operators for p, and p, are. But p, s=p.p;p,, and so this result
follows from Lemma 13.1.
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More generally if s is in W, , and B is in 4’, then we can apply (13.2) and
Lemma 13.1 to p.y=sp,s ~1 to see that s B is in 4'. The rest follows immediately.

Theorem 13.4. W, , is the semidirect product W, ,=W, 4R, , with W/ , normal.
This decomposition has the following properties:

() W; 4 is the set of s in W, , for which &(s).lp(s, &, A) is scalar.
(i) R, 4 is the set of r in W, 4 for which p,_.p,p(¢: A)F0.
(iii) The unitary operators &(r).op(r, &, A) for rin R, , are linearly independent
and span the commuting algebra €p(&, A) of Up(¢, A, *).
(iv) The dimension of the commuting algebra of Up(&, A, +) is given by

dim €p(E, A)={Ry 4| =I{re W, lpt,-1p,p(&: )+ 0}].

Proof. The first step is to decompose every element of W, , into the product of a
member of R, , by a member of W/ ,. Let C* be the positive Weyl chamber of
4’ in the subspace of a spanned by vectors H,, fe 4'. Let w be given in W, ,.
Since wA'c A', w carries C* into another chamber w C*. By the transitivity of a
genuine Weyl group on its chambers, we can find w’' in the Weyl group W, , of
4’ such that w'wC* = C*. Then w'w is in R, , and w=(w')~' (w'w) exhibits w as
the required product.

Now W, , is normal by Lemma 13.3, and it leads to scalar operators by
(13.2) and Lemma 13.1. Lemma 11.6 implies that no element r of R, , can have
Bp-1p,p(¢: A4)=0. That is, R, , is contained in R’, in the notation of Theorem
12.1. By that theorem, the operators corresponding to R, , are linearly inde-
pendent.

If wis in R, we can write w=w'r with w' in W, , and r in R, ,. Applying
Lemma 13.1, we see that the operator for w is a scalar times the operator for r.
Since Theorem 12.1 says that the operators for R’ are linearly independent, we
conclude R, ,=R’. This proves (ii) and the second equality in (iv).

The same argument applied to a general element of W, , shows that scalar
operators come only from W, ,. (This proves (i).) It shows also that the span of
the operators for R, , is the same as that for W, ,, which proves part of (iii).
Obviously W, ;,nR, ,={1}, and so we have a semidirect product. By Corollary
9.8 to Harlsh Chandra’s completeness theorem, the span of the operators
for W, , is all of 6,(¢, A). This proves the remaining part of (iii), and the first
equality in (iv) follows from it.

§ 14. Reduction Lemmas

Fix a cuspidal parabolic subgroup P=MAN, let ¢ be a discrete series repre-
sentation of M, and let A be an imaginary-valued linear functional on a. Under
some additional assumptions on G, it will be shown in a later paper [37] that
the group R, , of §13 is a finite direct sum of copies of the two-element group
Z,. Briefly we write R, ,=) Z, for this conclusion. (In fact, the number of
factors Z, will be shown not to exceed dimA.) In Lemma 14.1 we shall show
that it suffices to prove this result for 4=0.
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For A =0, the proof is long and ultimately reduces to the case that G is split
over IR and the parabolic subgroup is minimal. This case will be treated in §15,
but the reduction is deferred to [37].

Even after it is shown that R, ,=3 Z,, it does not follow directly that the
intertwining operators £(r) #p(r, &, A), re R, commute and hence that the com-
muting algebra %p(¢, A) is commutative. A hint of the difficulty is given in
Lemma 13.1(b). We shall isolate the problem in Lemma 14.2 but shall defer the
resolution of the problem to [37].

Lemma 14.1. If R,,=YZ, and A, is imaginary, then R,, =317, and
IRg, 4o) SR ol

Proof. Let w be in Ni(a), let {w] be its class in W(a), and suppose that [w] is in
W, 4, and [w] has order k. The set of A for which wA=4 is connected since
such A form a vector subspace. Form &(w).«/p(w, & A) for these A. By Lemma
13.1(a),

[E(w) Zp(w, & D)) = (W) p(W, & A) (14.1)

for each I. Consider the restriction of &(w)e/p(w, &, A) to a large finite-dimen-
sional sum of K-spaces. Equation (14.1) with I=k says [&(w)olp(w, & A)]F =1
Hence there are only finitely many possibilities for the characteristic polynomial
of the unitary operator &(w)sfp(w, & A4), and it follows that the characteristic
polynomial of this operator must be independent of A. In particular, the order of
the operator is independent of A. Taking A=0 and applying Theorem 12.4 and
the assumption that R¢,0=ZZZ, we see from Lemma 13.1(a) that

[Ew) Zp(w, &, 0)17

is scalar. Hence [£(w)op(w, &, A,)]? is scalar. If [w] is in R, ,,» this contradicts
Theorem 12.4(iii) unless [w]*=1. Thus every element in R ¢.4, has order at most
2, and it follows that R, , =3 Z,.

The same argument with characteristic polynomials shows that
$(w)Ap(w, £, 0) is nonscalar for each w+1in R, 4. By Lemma 13.1(b), the R, ,
component of such an element w must be nontrivial in the decomposition W, ,
=W, 4 R; ,. However, the map of Ré 4, 1Into R, , defined by inclusion into W, ,
followed by projection into R, , is a group homomorphism. Thus this map is
one-one, and |R; , | SIR; ol

Lemma 14.2. Under the assumption that A is imaginary and R, , is abelian, the
following conditions are equivalent:

(8) The commuting algebra 6p(&, A) of Up(&, A, *) is commutative.

(b) For every pair [r] and [s] in a set of generators of R, 4,

EMEEEM e =LrsrtsT).

(c) The representation ¢ extends to a representation, still on H, of the group
generated by M and a representative in Ng(a) for each member of R, ,.

Proof. First we show (a)<>(b). Let [r] and [s] be in R, ,. By Lemma 13.1 we
have

S p(r, &, D) EE) (s, & A)=cE(rs) Hplrs, &, A),
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where cI=¢(rs)~ ! £(r) £(s). An analogous formula holds for sr, with a constant d
on the right. Now rs and sr are representatives of the same member of R, ,
since R, , is abelian, and so the corresponding operators are the same. Thus the
operators for r and s commute if and only if ¢c=d, i.e., if and only if

E(rs)™ L) L) =L 77T E) E).
Multiplying through, we obtain the condition

EM &) EM T EE) T =Lrs) E6n "

On the right side, rs and sr are in the same cyclic extension of M, and so the
operator on the right equals &(rsr—*s~'). Hence (a)<>(b).

Obviously {(c) implies (b). To see that (b) implies (c), we invoke Lemma 59 of
[20]. We know from Lemma 7.9 that we can handle a cyclic extension of M. To
handle an extension by a direct sum of cyclic groups, Lemma 59 says that it is
enough to verify the relations in M’ that correspond to the commutativity of
R, 4. These are the relations of (b). Thus (b) and (c) are equivalent.

§15. Structure of R-group, Split Minimal Case

The theorem in this section was announced in [21]. As will be seen in [37],
the structure theorem for R, , in the general case is reduced to the special case
considered here.

Theorem 15.1. Let G be a connected split semisimple Lie group of matrices, and let
MAN be a minimal parabolic subgroup. In this case R; 4 is always Y Z,.

Proof. By Lemma 14.1, we may take A=0. For this G and for the minimal
parabolic, a is a Cartan subalgebra. Also M is a finite abelian group and is
generated by the elements

y,=exp2nila| 2 H,

for all a-roots . Each y, has order at most 2. Direct computation gives

pﬂVap; t =’)Jpﬂa='yay§ (‘Z,ﬂ)/lalz.

Let 4 be the set of roots. For a minimal parabolic all roots are useful. For « in
4, ¢ is isomorphic with s1(2, IR) because g is split, and the element y, is the

. 0 . .
image of ( 1) under the corresponding mapping of SL(2,R) into G.

0
Within SL(2, R) a representation {=character) ¢ of M has

o (_01 _?1>= +1 if and only if u,(0)=0

-1 0
a( 01 _1)=—1ifand only if u,(0)=+0,
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as is well known (see, e.g., p. 544 of [20]). By (13.1),

A'={a|é(y)= +1}.
We shall show that
Weo={weW(a)|wa' =4} (15.1)

In fact, each member of W o preserves A" by Lemma 13.3. Conversely, if w
preserves 4', then w preserves also its complement, and we have

aed = wl(p)=¢W 1y, W)=L,(p,,-1,)=+1=¢(3,)
agd = wl(y)=,w y,w)=E(p, -1 )= —1 =&(7,):
Thus wé=¢. A corollary of (15.1) is that

R; o={weW(a)lwd'* =4""}, (15.2)

where A’* denotes the set of positive elements in 4.
We shall introduce a dual situation. We associate to the data

(g split, @ most noncompact Cartan subalgebra, A, & on M)

a set of data

{g" with rankg¥ =rank k", compact Cartan subalgebra b,
(4¥)*, Cartan involution),

as follows: (g¥)® is a complex semisimple Lie algebra whose Cartan matrix is the
transpose of the Cartan matrix for g.'°> We single out a Cartan subalgebra ¢ of
(g”)® and a positive system (4")* of roots, and we form in the standard way'® a
compact form u of (§%)% Let h=unh® The simple roots in g and (g")®
correspond, and the Weyl groups correspond. The correspondence of simple
roots extends to a correspondence a—a“ of roots via the Weyl group action, not
via addition.

We shall use ¢ to isolate a real form g of (V). To do so, we designate a
simple root a” as noncompact if £(y,)= — 1, otherwise compact. Choose H,, in
such that

“(H,) 1 if a¥ is a simple root designated noncompact,
o = . . ) .
0 0 if o is a simple root designated compact,

and define 0=Ad(expriH,). Then 0 is an involution of (g¥)® leaving u stable.
Consequently if we define

I =un(+1 eigenspace of 0 in (g*)%
pY =iun(~1 eigenspace of 8 in (g¥)9
g\/ =f\/ +pV’

13 For example, B, leads to C,, and vice-versa.

16 See [36], page 155.
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then gV is a real form of (g*)® with Cartan decomposition g¥ =¥ @p". Clearly
his in f, and thus b is a compact Cartan subalgebra of g~.

Since b is a compact Cartan subalgebra, we have a standard notion of
compact and noncompact roots, and we can check readily for simple roots that
this notion coincides with the one above used to define 6.

We shall show that a general root o is compact if and only if &(y,)= +1. To
do so, we write a=p;, ...pg & with B,,..., B, ¢ simple and with »n as small as
possible, and we proceed by induction on n. The case n=0 was noted in the
previous paragraph. Thus let «=p;é and suppose it is known that

6" compact <> {(y;)=+1 and B compact < {(y,)= + L.

We compare

248,87 240,87
V_§v__ F TRV =3V v 15.3
S T A P =
with
é(vq)=i(v,,ﬂa)=é(va)é(vﬂ)“"’””'"'z. (15.4)

If B¥ is compact, (15.3) says o¥ and 6Y are the same type, compact or
noncompact, and (15.4) says £(y,)=&(y,). B~ is noncompact, (15.3) says «¥ and
6" are of the same type if and only if 2¢4, 8)/|| is even, and (15.4) says &(y,)
=¢(y,) if and only if 248, B>/|6/? is even. The assertion follows.
Thus we have
(4')Y ={compact roots}. (15.5)

Let s be in W, o, regard W(a) also as the complex Weyl group of ()%, and let §
bea representatlve of s in the complex adjoint group (G ¥)T; we may assume that
§ is in the compact form U. Then (15.1) and the fact that the correspondence
a—aV is implemented by the action of the Weyl group together mean that

A (EV)C (V)"
Since §is in U, §U§ '=U. Thus
AdB)EY =AdG)un ()9S unE)C=t

and Ad(3) normalizes T". Similarly Ad(3) normalizes p¥ and so it normalizes g .
By Proposition 2 of Kostant-Rallis [27], Ad(5?) is in Ad(K ). In other words, s2
is in the Weyl group generated by reflections in the compact roots. By (15.5), this
means s2 is in Wy o

Applying thxs concluswn to s in R, ,, we have

s?eR, oW, ,={1}.

Hence every element of R, , has order at most two, and consequently R:o

_.ZZ
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I11. Complementary Series
§16. Existence

Under the hypotheses given in partI for G, P and &, we say that Up(¢, A4, ) is in
the complementary series if its K-finite vectors possess a nontrivial semidefinite
Hermitian inner product with respect to which K acts by unitary operators and
g acts by skew-Hermitian operators. If s is an element of order 2 in W(a) that
fixes &, then Corollary 8.7 says that

[E(s) tpls, &, MT* = E(s) Hpls, &, —s A).
Thus when sA= — A, the form

18> =(E(s)Ap(s, &, A, g)LZ(K)

is Hermitian, and it is shown in Lemma 62 of [20] that it possesses the correct
invariance properties. The question is whether the form is semidefinite.

We shall not attempt a comprehensive answer to this question now but shall
be content with a general result that illustrates a method.

Lemma 16.1. Suppose P=MAN is a cuspidal parabolic subgroup and & is a
discrete series representation of M. If & imbeds in the nonunitary principal series
representation of M with parameters (o,4,) and if G, has a faithful matrix
representation, then

2{A 0> 1
2"
for every a,-root a.

Proof. Since P is cuspidal, Lemma 4 of [17] shows that a), has an orthogonal
basis of roots J,. These roots may be taken to be “inessential” in the nomencla-
ture of that paper; this means that if a,, is extended to a Cartan subalgebra of m
and if each ¢, is extended to be 0 on the orthogonal complement of a,,, then the
extended J; is a root relative to the Cartan subalgebra.

Since G, (and therefore M) has a faithful matrix representation, the parame-
ter of the infinitesimal character of ¢ is algebraically integral, by [11]. This
parameter is A~ +p~ 4+ A,,, where A~ +p~ is a part corresponding to ¢ that is
in the orthogonal complement of a},. Therefore

%’j’zﬁel for all i.
By Parseval’s theorem,
and therefore i

2{ Ay, a>_z Ay, 00 248, “>,_1
o> & j6P e T2
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Theorem 16.2. Under the assumptions on G in §1, let P=MAN be a cuspidal
parabolic subgroup, let ¢ be a discrete series representation of M, and suppose
W, o is not the one-element group. If s is any element of order 2 in W; ,, then every
complex A that is not purely imaginary and satisfies

(i) sd=—-41
A
(i) RC<”;‘€> <c; for every a-root B is such that Up(¢, A,*) is in the

complementary series. Here c, is a positive constant depending on L. If G, has a
Jfaithful matrix representation, the number c, can be taken to be 1/4, independently

of &

Remarks. (a) W; , is a Weyl group; if it is nontrivial, it must contain elements of
order 2.

(b) For a minimal parabolic when G, is a matrix group, ¢, can be taken to
be 1/2, as will be apparent from the proof; 1/2 is the best possible universal
constant, as is shown by SL{2, R).

(c) This theorem was announced in [23]. For earlier results in the direction
of this theorem, see [26], Theorems 8 and 9 of [207], and Theorem 13 of [12].

Proof. By the techniques of [20], it is enough to show that the unnormalized
intertwining operator

A(s~'Ps:P:&:A) (16.1)
is holomorphic in the region
A
0< Re% <c; (16.2)

and that (s~ ! Ps:P:¢: A) has no singularities or zeros in this region.

To see that (16.1) is holomorphic in the region (16.2), we use Theorem 6.6
and also examine the proof of that theorem. Singularities of the operator can
occur only when there is some f§ such that

244, B>

Jx|?

€Z+d(Q),

where d;(§)= —2{ A, a>/a|* for an a,-root « whose restriction to a is . For a
suitable choice of c,, there are no singularities in (16.2). If G, is a matrix group,
Lemma 16.1 says d;(¢) is in 1 Z. Thus the condition is that

244, B> 1Z

e— 4.
laf> "2

Here |a|/|8|? is one of the numbers 1, 2, 4, or 4/3, and so singularities can occur
only when

24 1 2
jﬁﬁzeil or Z or 2Z or SZ'

Therefore ¢, can be taken to be 1/4.
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Next, we deal with #. The singularities of # can arise only from singularities
of one or another unnormalized intertwining operator, and there are none in the
region (16.2).

As for the zeros of #, the question is one of singularities of Plancherel factors.
By Proposition 10.2(c) and formula (10.4), we are to examine the singularities of

A+ Ay,
.ua,a((A + AM)!o(w)) = Jua,a (gila‘%“—z a)

for every reduced a,-root o that does not vanish identically on a. A Plancherel
factor for a real-rank one group gets its singularities (poles) only from a factor of
tangent or cotangent. Letting p and g be the dimensions of g, and g,,,
respectively, we are to look at singularities of

taninpiz or cotinpiz if g=0
or
tanin(p+2q)iz or cotin(p+2q)iz if g+0.

Here z is a parameter such that z=1 corresponds to p® =%(p +2g)a. (See §12 of
[20].) The singularities are all contained in the set of 2’s that are integral
multiplies of (p+2¢)~!, which corresponds to the set of multiples of /2. Thus
the singularities of y, , are limited to those A for which

A+ 4,0 1
a2

and this is the same set as before for the intertwining operator. Thus the 5
function has no zeros in the region (16.2).

Appendix A. Proof of Proposition 1.2

The Lie algebras n+mn,, and n'+n,, are the sums of the root spaces for positive
a,-roots in two different orderings, and there exists a member w of the Weyl
group W(a,) such that w(n'+n,)=n+mn,. Let positivity of a-roots be defined
relative to n+n,,. Without loss of generality, we may assume § is reduced. Then
VAN'=V® implies

n= Y g+ Y gy (A1)
y>0 czt
y*cp
and
W=y g+ Y 8. (A2)
?>0 cz1
y¥ch

We claim that § cannot be decomposed as the sum of positive a-roots f=f,
+ B, ie, B is simple. Assuming the contrary let «; and «, be a,-roots with a,],
=B, and a,|,=8,, and write &, =f, +u,, x,=p,+u,. Since B, +cp with c21,

the a,-root space g,  must be included in the first term of (A.1), and similarly for
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g,,- Thus g, and g,, are in n'. Since w carries n’ into n+mn,, it follows that
w(f,+u,)>0 and w(f,+u,)>0.
If s is in W(a,), then sa, =f, +spu, is also in ', and similarly for so,. Hence
w(B,+su)>0 and w(B,+su,)>0, seW(ay).

Summing over s, we obtain wf, >0 and wf,>0 and therefore wf>0. Let a=f
+p4 be an a,-root with af, =f. Applying s in W(a,) and summing over s in
W(ay), we see from wB>0 that w(f+su)>0 for some s in W(ay). But g_, o,
is contained in the second term of n' in (A.2), and w carries '’ into n-+n,,, so
that —w(f+su)>0. This is a contradiction, and we conclude that § is simple.

Let a be the least a,-root with «| =B. We show « is simple. Assuming the
contrary, write a=o, +o, with &, and o, positive. Then o, and a, cannot both
have nonzero restrictions to a, by what was shown in the previous paragraph.
Thus assume a,[,=0. Then o, is smaller than o and has «,|, = f, contradiction.
We conclude that « is a simple a,-root.

The simple ay,-roots p,, ..., 4, are simple for a,, and thus o, u,,..., g, are all
simple a,-roots. From this set of simple a,-roots, we can form a new parabolic
subgroup M*A*N* containing MAN. Applying (1.11) twice, first to the para-
bolic M*A* N* of G and then to the parabolic MA® N® of M* we obtain

Pp=p*+pr=p*+pP +py.

Evaluation of both sides on H, completes the proof of Proposition 1.2.

Appendix B. Further Property of the » Function

We give here a further property of 5,(z) that could have been included in
Proposition 7.4 but for the length of its proof. We require a lemma.

Lemma B.1. Let MAN and MAN' be associated parabolic subgroups. If ¢ is a
C= function on K/K,, that is supported in a sufficiently small neighborhood of the
identity coset, then @(x(v)) is a well-defined function of compact support in VAN’

Proof. The ambiguity with x(v) u(v) is with elements of K,,; since ¢ is right K ,,-
invariant, @(x(v)) is well-defined. Since N’ is closed, it is enough to find that
@(x(v)) has compact support in V. Now veV—«(v) K,, is a smooth map such that

[ fR)dk=]f(x(v) e~ 20rHr®dy,
K/Kam Vv

which says that exp{—2pp,H,(v)} is the Jacobian determinant. Moreover, the
map is one-one since ¥ nMAN ={1}. Hence the image, all x(v)K,,, is open and
the inverse map is smooth onto V. The result follows.

Proposition B.2. Let dimA =1 and let P=MAN. Then the function y «(2) defined
in Proposition 7.4 is nowhere vanishing for z imaginary.
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Proof. Suppose 17,(zo)=0 with z, imaginary. As in the proof of
Proposition 7.4(c), this means that A(P:P:¢:z,pp) is the 0 operator on K-finite
functions. To show that this is impossible, we shall give a simplified variant of
the argument in §12. We introduce again the notation that follows Lemma 12.5:
¢ is imbedded infinitesimally in , and there are projections E,. and Ep.. in H®
onto finite-dimensional subspaces X and Y.

We restate and reprove Lemma 12.6, replacing r~' Pr by Pand r~'Nr by V
throughout. Call the analytic family B(&:A)f(k). To apply this lemma, we
proceed as in the proof of Theorem 12.1. Construct F in C (K, X) with F(1)+0.
Consider the function f=¢F, where p is a complex-valued right K,,-invariant
C™ function on K to be specified.

For A=zp, and Rez sufficiently large, we have

BE:A)f(N)=[e MHOEL Euw) ™! Ep k(@) Fx(v)) dv.
| 4

By Lemma B.1 choose ¢ at least to have the property that ¢(x(v)) has compact
support. Then this integral provides its own analytic continuation, and our
variant of Lemma 12.6 implies

Ep AP:P:&:zopp) f(1)=[e M +2wrHO B, E(u(v) ™ (k(0)) F (e(v)) d v,

Choose F”"=F'. Since F(1)=%0, if we choose ¢ to be sufficiently peaked about 1,
we conclude that

Ep A(P:P:&:24pp) f(1)£0.

Thus there is a function in CP(K,X) on which the continuous operator
A(P:P:&:2ypp) is non- vanlshmg Composing with projections to K-finite
spaces, we obtain a contradiction to our assumption that A(P:P:E:z,pp)
vanishes on K-finite functions.
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