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Let G be a discrete group and let £ be the
Banach algebra of all bounded complex-valued
functions on G with the supremum norm, A G-sub-
algebra of ¢° is a left-invariant conjugate-closed
subalgebra of £ which contains the constants and
is closed under uniform limits.

This paper is divided into two parts, and the
connection between the parts is indicated only at
the end. The first part gives some simple proper-

ties of a certain G-subalgebra L of & . The

functions in L arise naturally from Ellis' work in
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300 TOPOLOGICAL DYNAMICS

[2] and the author's in [5], and they seem to be
closely related both to the almost automorphic
functions of Veech [7] and to the distal functions
of [6].

O The second part of the paper contains a
theorem and an application about disjointness in
the sense of Furstenberg [4], together with some
remarks about how this theorem might apply to L if

more were known about L.

1. THE ALGEBRA L

The notation we use is essentially that in
[5]. The maximal ideal space of a G-algebra B is
denoted M(B); M(B) is a flow in a natural way, and
G maps canonically onto a dense orbit of M(B). If
{gnl is a net in G such that lim f(gg ) exists for
all £ in 2 and all g in G, then {gn} converges in
M(2 ) to some @ and we write T, £(g) = lim f(ggn).

Ta is called a shift operator. Conversely, if ign}

converges to some « in M(ﬁw), then 1lim f(ggn)
exists and depends only on «  Thus the shift
operator T, depends only on « and not on the net

which defines it. Right translations are examples



FUNCTIONS LIKE ALMOST AUTOMORPHIC FUNCTIONS 301

of shift operators. The set of shift operators is
a semigroup under composition, and the compact
Hausdorff topology it inherits from M(Z ) is such
that the map T, - TﬂTb for fixed Tg is continuous,

A shift operator Tu is minimal if it lies in
a minimal left ideal, and Tu is idempotent if

Tl =T s Define
uu u
L = if!Tuf = f for every minimal idempotent Tu}

L. is the intersection of all the algebras A which
arise in [5], or it is the intersection of all
maximal G-subalgebras of minimal functions in the
sense of [5], or it is the intersection of all the
algebras A(u) in the notation of Ellis [2].
Although no maximal G-subalgebra of minimal
functions need be invariant under right translation,
L is right-invariant because a right translate of
such a maximal subalgebra is another such sub-
algebra,

We recall that an f in £ is distal if the
equality T,Tgf = T,Tyf implies Tﬂf = T,f. Distal
functions are exactly those functions lying in

algebras whose maximal ideal spaces are distal
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flows. Almost automorphic functions are defined

as follows. If a net {g,| defines a shift

operator T,, then it is easy to see that {ggl} does
define a shift operator, and we call this operator
Ty_7+ Call an f in £° almost automorphic if
T&_lTaf = f for all T,. Almost periodic functions
are both almost automorphic and distal, and an
almost automorphic distal function is almost
periodic. L contains all almost automorphic

functions and all distal functions.

PROPOSITION 1.1, If f is in ¢, £ is in L if and

only if the equality TaTﬁf = T,f implies TBf =it

Proof, 1If the condition holds and Tu is idem-

potent, then the equality TuTuf = Tuf implies

T,f = £f. Conversely, let f be in L and let T,Tgf

= T,f. By Corollary 3-5 of [5], there is a minimal
idempotent T, , say in the left ideal I, such that
TVTBf = Tﬁf' Since TaTV is in I, find by Lemma 2
of [1] members T; and T, of I with T, (T,T) = T,T,

and T4(T,T,) = T,. Since T,T, = T,, we obtain

Tﬁf TvTﬁf = TvTuTﬁf = TV(TgTaTv)TBf

TvTaTa(Tﬁf) = TvTaTaf = TVTéTava
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as required.

We wish to point out some similarities
between the role of functions in L relative to
distal functions and the role of almost automorphic
functions relative to almost periodic functions.

In [7] Veech proved, among other things, the
following five facts about almost automorphic
functions. 1In them, (la) and (1b) follow easily
from each other, and (2), (3), and (4) are
corollaries of (1b).

(la) 1If G is given the relative topology
from the orbit Ge in the universal equicontinu-
ous flow, then the almost automorphic functions
are exactly the bounded continuous functions
on G.

(1b) A G-subalgebra A consists entirely of
almost automorphic functions if and only if M(A)
is proximally equicontinuous and the fiber above
e in the equicontinuous quotient has just one
point dn iits

(2) £ is almost periodic if and only if T,f

is almost automorphic for all T,.
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(3) The composition of an almost automorphic
function followed by a bounded continuous
function on its range is again almost auto-
morphic.

(4) A nontrivial G-subalgebra of almost
automorphic functions contains nonconstant

almost periodic functions.

PROPOSITION 1.2, Let {Ta} be a set of shift
operators, and let A be the G-subalgebra of all f

in £ for which T,f = f for all the given a's.

Then any bounded continuous function on the orbit

Ge of M(A) is a member of A, Conversely, if B is

a G-subalgebra of £ and A is the G-subalgebra of
all bounded continuous functions on the orbit Ge

of M(B), then there is a set {T,} of shift operators
such that A is all functions in ¢ for which Tt

= f for all the a's,

Proof. Let the set of shift operators be given,

let T, be in the set and be defined by a net {gn},
and let f be bounded and continuous on the orbit

Ge of M(A). Every continuous h on M(A) satisfies

lim h(gn) = Tah(e) = h(e)



FUNCTIONS LIKE ALMOST AUTOMORPHIC FUNCTIONS 305

and it follows that gne converges to e in M(A).

Then gg e — ge also, and hence
T tilg) = 1im f(ggne) = fi(ge) = f(g)

the middle equality holding by the continuity of
£:'on Ge, " /Thus T_f ="1,

Conversely let B and A be given, let {T,} be
the set of all shift operators such that T,h = h
for all h in B, and suppose f is a function in g
with Tof = f for all these a's. We are to show f
is in A or that f is continuous on the orbit Ge
in M(B). To see f is continuous at e in M(B), let
{gne} be a net converging to e in M(B) and suppose,
by taking a subnet if necessary, that {gn} defines a
shift operator T,. Since goe o in M(B), we have
Tqh = h for all h in B and consequently Tt = £

That is,
lim f(gne) =S (el = “Lile)

Since {gn} is arbitrary, f is continuous at e. To
obtain continuity at ge in M(B), we observe that

the left translate fg satisfies Tafg = fg and hence
fg is continuous at e, In other words f is continu-

ous at ge.
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PROPOSITION 1.3. L has the following properties:
(1') 1If G is given the relative topology
from the orbit Ge in the universal distal flow,
then every bounded continuous function on G is
in L. There is a set of shift operators {T,}
such that the bounded continuous functions on

G in this topology are those functions in g
with T, f = £ for these a's.

(2'") £ is distal if and only if T,f is in
L for every shift operator T,.

(3') The composition of a function in L
followed by a bounded continuous function on

its range is again in L.

Proof, (1') is a special case of Proposition 1.2,
(2') is immediate from the definition of L and
from the fact that an f in & is distal if and
only if T Tof = T,f for every T, and every minimal
idempotent T . This fact is Theorem 3.7 of [6].
(3') is a consequence of Proposition 1.2 and the
fact that the composition of continuous functions
is continuous.

For an example, cos 2ﬁn23 is a well-known

distal function on the integers and its range does
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not include 0 if # is irrational. Since signum is
continuous on the line with 0 deleted, signum
cos 2rn29 is in L.

One might conjecture as a converse to the
first half of (1') that every member of L is con-
tinuous on G in the relative topology from the
universal distal flow. But Furstenberg pointed
out that M(L) should be closed under isometric
extensions (see Proposition 1.4), whereas this
closure property is not apparent for the algebra
of bounded functions on G continuous in this
relative topology. A safer conjecture would be
that there is an analogue to property (4), namely
that any nontrivial G-subalgebra of L contains
nonconstant distal functions. The answer to this

question is not known.

PROPOSITION 1.4, If B is a G-subalgebra of L and
A is a G-subalgebra of % for which M(A) is an
isometric extension (see [3]) of M(B), then A is

contained in L.

Proof. Let p exhibit the isometric extension,

let u be an idempotent in the Ellis semigroup of
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M(A), and let 7 be the projection of M(A) onto

M(B). Then w(u) is idempotent on M(B) and must
satisfy r(u)w(e) = r(e) since B C L. That is, ue
and e are in the same fiber and p(ue, e) is defined.

Since p is G-invariant and continuous,

p(ue, e) = p(uze, ue) = p(ue, ue) = 0
Since p is a metric on each fiber, ue = e, This
condition on M(A) means that A C L.
2. A DISJOINTNESS THEOREM

We say that two flows X and Y under G have a

common factor if for some flow Z with more than one

point there are homomorphisms of X and Y onto Z.
The flows X and Y are disjoint if the only closed
G-invariant subset of X x Y which projects onto
all of X and all of Y is X x Y itself, If X and

Y are both minimal, it is easy to see that X and Y
are disjoint if and only if X x Y is minimal. 1In
particular, this observation applies to maximal
ideal spaces of G-subalgebras of minimal functions,
since these flows are minimal. The maximal ideal

spaces of G-subalgebras A and B have no common
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factor if and only if T_(A) N TS(B) = constants
for every T, and Tg. If M(A) and M(B) are minimal,
they have no common factor provided A F\Tﬁ(B) =
constants for every Tg.

Disjointness of X and Y implies that X and
Y have no common factor, and Furstenberg asked in
[4, p. 25] about the converse. The converse is
false in general, and we give an example which
both settles the question and illuminates the

relation between the two notions.

EXAMPLE. Let G be a compact topological group,
and restrict attention to G-subalgebras of con-
tinuous functions. The maximal ideal spaces of
such algebras are left coset spaces of G and are
in one-to-one correspondence with the closed sub-
groups of G. Let H1 and H2 be two closed sub-
groups. Then G/I—Il and G/H2 have no common factor
if and only if [ngg‘le], the closed subgroup

generated by ngg_l

and H2, is all of G for each
g in G. Also, G/H; and G/H, are disjoint if and
only if H1H2, the set of products of a member of
Hl by a member of Hp, is all of G.

If HjHy = G, then ngg"le = G also. Thus
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the inclusion [HjH,] 2 H;H, shows that disjointness
implies no common factor. The reverse implication
is false. For instance, take G to be the symmetric
group on four letters, let Hy; be the powers of a
4-cycle, and let Hy be the powers of a 3-cycle.
Then [H1H2] = G. Since ngg_l is again the powers
of a 4-cycle, we have [ngg'lej = G for every g.
Hence G/H1 and G/H2 have no common factor. On the
other hand, H1H2 has at most twelve elements and
therefore cannot be all of G. Thus G/Hl and G/H2
are not disjoint.

When G is compact, the Ellis semigroup (or
group, actually) of G/H is G/ééﬁ gHg-l. Let
E(G/H) be the Ellis group of G/H. Even if G/H;
and G/H2 are disjoint, it does not follow that
E(G/Hl) and E(G/Hz) are disjoint., For an example,
take G to be the symmetric group Sn with n > 2,

H; to be the alternating group An, and H2 to be
the identity and a transposition. Then H1H2 =0y
E(G/H)) is a two-element group {+1, -1} and
E(G/Hz) = Sn' The closed orbit of (+1, e) in
E(G/Hl) X E(G/Hz) contains no points of the form
(-1, even permutation), and E(G/H;) and E(G/Hz)

are therefore not disjoint.
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Return to the case of a G not necessarily
compact. The theorem to follow comes from an idea
suggested by the above example. We know that
[HyH,] = H H, when either H, or Hy is normal. Now
H is normal exactly when the algebra of functions
lifted to G from G/H is right-invariant, and this
condition suggests that we assume one of the flows
is closed under the operation of all shift operators.

We say a G-subalgebra A is shift-invariant
if T,f is in A whenever f is in A and T, is ‘a shift
operator. For M(A), shift-invariance of A means

that there is a transitive set of homeomorphisms

of M(A) commuting with G.

THEOREM 2.1. Let A and B be G-subalgebras of I
and suppose B is distal and shift-invariant. If
M(A) and M(B) have no common factors and if M(A)
is minimal, then M(A) and M(B) are disjoint and,

consequently, M(A) x M(B) is minimal.

Proof. M(A) x M(B) is semisimple because all
distal functions occur in every maximal G-subalgebra
of minimal functions on G. Thus we are to prove

that the orbit of (eA, eB) in M(A) x M(B) is dense.
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Let C be the least G-subalgebra of £° contain-
ing both A and B. It is well known that M(C) is
canonically isomorphic with the closure of the

orbit of (e eB) in M(A) x M(B) and that ec

A’
is identified with (ey, eB). Let E(C) be the
Ellis semigroup of C, let be the projection of
M(C) on M(A) or E(C) on E(A), and define mg
analogously.

Define Xe to be the set of points rrA(r)eA
in M(A) as r ranges through all members of E(C)
for which wB(r) is the identity on M(B). We prove
that if Xe = M(A), then G(eA, eB) is dense in
M(A) x M(B) and that if Xg is not M(A), then M(A)
and M(B) have a common factor.

If Xe = M(A), let (x, y) be given in
M(A) x M(B) and let U be any neighborhood of y.
Since GeB is dense in M(B), we can choose y' = gep
in U for some g in G. Then g'lx is in M(A), hence

in X_. Hence g'lx = 7 (r)e, with rB(r) equal to
A

A
the identity on M(B), and

gr(eA, eB) = (grA(r)eA, ng(r)eB)

1

T (gg- X, geB) = (X, Y')

That is, the closure of G(e,, eB) meets (x, U).
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Since U is arbitrary, the orbit of (eA, eB) is
dense,
Now suppose X, is not all of M(A). For t

in E(B), we define Xt to be all points rA(r)eA in

M(A) as r ranges through the members of E(C) with

TB(r) = t, Every element of M(A) is in some Xt.
We claim that either Xs = Xt or Xs M Xt is empty.

Let Xx be in X n Xt and let y be in Xs‘ It
s

suffices to show y is in Xt. Let

S = rrA(rS)eA = #A(rt)eA and y = TFA(pS)eA

with

rB(rS) = wB(pS) = 8 and WB(rt) =t

Since M(C) is minimal, we can find members u and

A7 2
r of E(C) such that u® = u, uec = eos and
-1

riEr 0 = u. Then
s 8

¥ = rrA(pS)eA = m(p)m, (e,

= 1 =],
FA(per )Wﬂ(ls)nﬂ(u)eﬂ = TA(pSI‘S )TA(rs)eA

i ] -1
wA(pSrS )rA(rt)eA rA(per rt)eA

Since E(B) is a group, xB(u) is the identity and

= i - -
rB(rS ) = s 1 Thus rB(per rt) = ss™1t = t, and
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y is in Xt

If x and y are in M(A), define x ~ y if x
and y are in the same Xt. We have just proved that
this is an equivalence relation. There exist in-
equivalent pairs since Xe is not all of M(A). The

equivalence relation is group-invariant since

gxt = th. To see the relation is closed, let
X be in Xt , let x - x, and let t_ > t. We are
n n n n
to show x is in Xt‘ For suitable r we have
- rrA(rn)eA and rB(rn) = tn

Passing to a subnet if necessary, we may assume rn
converges, say to r. Then by continuity of T

and rB we obtain

X = vrA(r)eA and WB(r) = t

That is, x is in Xt‘

Let (Y, G) = aA(M(A), G) be the quotient.
(Y, G) is not the one-point flow., It is straight-
forward to verify that (Y, G) is a quotient flow of
(E(B), G) under the definition aB(t) = aA(Xt) for
t in E(B). Since B is shift-invariant, E(B) and
M(B) are isomorphic flows. Therefore M(A) and

M(B) have Y as a common factor. The proof is
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complete.

COROLLARY 2.2, If C is a G-subalgebra of minimal
functions, then any directed system of G-subalgebras
of C with no nonconstant distal functions has an

upper bound.

Proof. Let D be the algebra of all distal functionms.
It is shift-invariant. By the theorem, M(D) is
disjoint from the maximal ideal space of each
member of the system. An easy calculation shows
that Furstenberg's definition (in [4]) of disjoint-
ness from a given flow is preserved under inverse
limits. The inverse limit of the system in
question is therefore disjoint from M(D) and can
have no common factors with it. That is, the
closure of the union of the given algebras has no
distal functions other than the constants, and the
proof is complete.

Let A and B be G-subalgebras of minimal
functions and distal functions, respectively. By
the theorem and Proposition II.1 of [4], M(A) and
M(B) are disjoint if A contains no nonconstant

distal functions. This fact may help settle the
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question whether every nontrivial G-subalgebra of
L. contains nonconstant distal functions. If the
answer to the question is yes, is the M(A) in the

statement above disjoint from M(L)?
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