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1. INTRODUCTION

One of the fruitful achievements of probability theory in recent years
has been the recognition that two seemingly unrelated theories in physics-—
one for Brownian motion and one for potentials—are mathematically
equivalent. That is, the results of the two theories are in one-to-one corre-
spondence and any proof of a result in one theory can be translated directly
into a proof of the corresponding result in the other theory. Although this
connection has been known to some mathematicians for a number of years,
the details have not been collected in any one source, and an exposition
seems in order.

Historically the first theorem indicating any connection was discovered
by Kakutani in 1944. It was known that if D is a sufficiently nice bounded
domain in the plane, then to cach point x in ) there is a measure p, on the
boundary of D such that for any continuous function f on the boundary
the unique harmonic function in D with f as boundary values has the value
[fdu. at x. In potential theory it turns out that if K is a nice compact
subsct of Bd(D), then u,(K) is the value at x of a potential which is one on
K and whose charge has all its mass on K. It was Kakutani’s observation
in [13] that p(K) is also equal to the probability that a Brownian motion
particle started at x reaches K before hitting Bd(D) — K. Doob and Hunt
in [4-6, 9, 10] noticed other parallels between the subject of Brownian motion
and the subject of potential theory and harmonic functions, and they extended
Kakutani’'s work. From their results it gradually became clear that in a
certain sense Brownian motion and potential theory were really the same
and that the key to the connection was in the potential operator and its
inverse, the Laplacian. Later Hunt in [11] exploited this connection by
defining potential theories associated with a wide class of Markov processes.

The connection can be shown in several ways and we shall consider only
one of them. After briefly describing three-dimensional Brownian motion
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and potential theory separately, we shall show that there is a natural way
in terms of Brownian motion of obtaining the operator mapping charges
into potentials and that, conversely, from the potential operator it is possible
to recover the family {P'} of transition operators which define Brownian
motion. These facts will make it clear that in a technical sense the two theories
are identical, In the last section we shall discuss what minor modifications
in the argument need to be made for dimensions greater than three and
we shall see in what sense the correspondence fails in dimensions one and two.

2. BrowNiaN MoTiON

Brownian motion physically is the constant movement that microscopic
particles undergo because of molecular bombardment when left alone in a
liquid. The first step in setting up a probabilistic model for this movement
1s to replace the known statistical estimates of what happens to a large
number of particles by a probability for what happens to one particle. We
are then to require two things:

(1) Pr [particle started at » is in £ at time ¢] = [ [1/(2m)3/?] e~lu=ul*r2t gy
where E is any Borel sct in R® and | # — y ! is the Euclidean distance from
u to y. We shall abbreviate the left side as Pr,[x, € E].

(2) If t; <ty < -+ < ¢, then x> R x,n_l} 1s a set
of independent random variables and x,,; — x, has the same distribution
as &, -— «. That is,

Prfx, € Ey, ..., (2, — x_)EE,] =Pr[x, eE] " Prfx, —x _€E]

= Pr,[x; € Ej} = Pryf[xq 4 ue E,].

1)

The abstract setup for Brownian motion is a measure space whose under-
lying set is the set of functions with domain the z-axis for positive rational ¢
and with range in R3, whose sigma-algebra will be specified shortly, and
whose measure Pr, is to satisfy the two conditions above. Before sketching
a construction of this measure, we shall state a few consequences of the
two conditions. From (1) we have

Pr[x, € E] -- f ] p(u, dy),

where p(u, -) is the measure (2wt)3/%exp(— | u — y |*/2t)dy. With this
notation, condition (2) implies that we must have

Pr[x,€E, x,€F, ..., x,€G, x,€ H]

M
= [ dw) [ o d) [ [ piosy, da).
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Equation (1) gives several definitions for Pr,(x, € E] and we must check
that they are consistent. For example, we must check that

Pr,[x,e R, x,€ £] = Pr,[x, € E]
and
Pr,[x,€F, x, € R3] = Pr,[x,eF].

Such identities can be verified by direct calculation.

The consistency of these definitions implies that if £ is the set of all
functions from the positive rational f-axis to R® and if {x,, ¢ rational} is
the set of projections, then Pr, defines a finitely additive set function on the
least algebra containing the cylinder sets of £. By Kolmogorov’s Extension
Theorem (see [3, pp. 10 ff.]), Pr, is completely additive and extends to the
generated sigma-algebra F. It can then be shown that the set of functions
in £ which are uniformly continuous on every bounded time interval has
measure one. For such points w we define

xt(w) = lim x,(w)
rt

r rational

and we define x(w) arbitrarily otherwise. The completion of the space
(Q,F, Pr,) is the desired measure space: In it x;%(E) is measurable when £
is a Borel sct of R?, conditions (1) and (2) are satisfied, and almost all elements

of £ are continuous.

The details of this construction may be found in [3] or [14]. We do not
give them here because we shall not use any facts about Pr, that are any
deeper than Eq. (1).

Brownian motion need not be started deterministically at position u.
If we start the particle according to probabilities assigned by a measure
on R3, then we have

prixeE) = [ Q—,,—i)me—'u—v"m dy duw) = [ || p(u dy) duu).

A similar expression holds for Pr,[x, € E, ..., x, € F].
If x is a finite signed Borel measure on R®, we define a measure pP* by

WPIB) = [ [] e duto)] . @)

If the finite signed Borel measures on R? are considered as a Banach space M
under the norm || u [, = u*(R%) + u(R®), then P! is a continuous linear
operator of norm one from M into itself. The effect of the operator P* is
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determined by the facts that P! is linear and that for measures . > 0 with
w(R?) = |, (uP*)(E) = Pr,[x, € E]. Moreover if (uP*)x; denotes the measure
whose value on the set F is (uP!)(E N F), then

Prx,€E x,€F, .., x,€ G x € H] = ((-((eP)x)P~xr )P )H).

Consequently the formulation we have just given for Brownian motion
determines and is determined by the family of operators {P*}. The family
{P%} will be called the set of transition operators for Brownian motion. It is
what we shall use in Section 4 when we discuss the connection with potential
theory.

3. PoreNTIAL THEORY

In physics potential theory begins as a study of Coulomb’s law of attraction
of electrical charges. This law states that every two charges in the universe
attract (or repel) each other with a force whose direction is the line connecting
them and whose magnitude is proportional to the magnitude of each of
them and inversely proportional to the square of the distance between
them. That is,

where ¢, is a constant depending on the units. As an aid in the study one
introduces the notion of potential: The potential at a point x due to a charge ¢
is the work (or energy) required to bring a unit charge from infinity to
the point x. It can be shown that this potential is independent of the path
along which the charge is brought to the point x and that its value is

1 q

2m|x —xp |’

where x, is the position of the charge and where the constant 1/27 has been
fixed after a certain choice of units.

More generally one defines a charge distribution to be any finite signed
measure on the Borel sets of R3. The potential at x due to the charge distribu-
tion is again the work required to bring a unit charge from infinity to the
point x. Since force (and hence work) are additive, the potential due to a
charge distribution consisting of charges ¢, , ..., ¢, at points x; , ..., %, is
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Passing to the limit in an appropriate sense, we would expect the potential
due to an arbitrary charge distribution p to be

1 J au(y)

2nlp |x—yl°

We first check that such an expression is always well-defined, and then we
shall define a potential to be any function of this form.

Lemma 3.1. If p is a charge distribution, then

1

 du(w
P a— m(y)

o) =55 |

is finite everywhere except possibly on a set of Lebesgue measure zero.

Proor. It suffices to prove the lemma for the case u > 0 since the general
case follows by taking differences. Letting K, denote the closed ball about
the origin of radius #, we have

J ) = 2—1—71' | , | " -H_!_ﬂ du(y) dx

=5 [, e ad o

The inside integral on the right is bounded by its value when y == 0, which
is some finite number ¢. Thus the right side does not exceed ¢u(R?)/2m < 00,
and g must be finite a.c. in K,,. Hence g is finite a.c. in R, Q.E.D.

DeFiNiTion 3.2, If p is a charge distribution, then the function

1 1
Z—T,fka Ty T )

is called the potential of u. The operator transforming a charge into its
potential is called the potential operator.

Potential theory is the class of theorems relating charges and potentials
and quantities definable in terms of them. It includes the subject known
in physics as electrostatics since the quantities commonly arising in electro-
statics are all definable in terms of distances, charges, and potentials. It is
readily verified, for instance, that capacity, energy, field, and force are all
definable at least dimensionally in terms of distance, charge, and potential.
As a further indication that the class of theorems relating charges and poten-
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tials is large, we give four cxamples of how concepts may be defined explicitly
(and not just dimensionally) in terms of distance, charge, and potential.

1. The total charge of a charge distribution p is u(R3). The support of u
is the complement of the union of all open sets U with the property that
@ vanishes on every measurable subset of U.

2. We can reasonably ask what the total amount of work required to
assemble a charge distribution is if only an “infinitesimal’® amount of charge
is brought into position at one time. The way to compute this amount of
work is to integrate the potential function against the charge distribution,
provided the integral exists. Thus we define the energy of a charge distribution
to be the integral of its potential with respect to the charge, provided the
integral exists.

3. If a total amount of charge ¢ is put on a piece of conducting metal in
R3, the charge will redistribute itself in such a way that the potential is a
constant on the set where the metal is. The situation where the potential is
constant on the metal is the one which minimizes energy among all charges p
with total charge ¢ and with support on the set where the metal is, and this
situation is referred to as equilibrium. We define an equilibrium potential
for a compact set I to be a potential which is 1 on E and which arises from
a charge with support in . An equilibrium set is a set which has an equilibrium
potential. One can show that such a potential is unique and that the charge
producing it 1s also unique.

4. The capacity of a conductor in R® is defined as the total amount of
charge needed to produce a unit potential on the set where the conductor is.
We thus define the capacity of any equilibrium set to be the total charge
of the charge distribution which produces the equilibrium potential.

We shall not necd these auxiliary definitions or any theorems about
potentials in the remaining sections, and we shall therefore not statc the
classical theorems in the subject. Such results can be found in [1] and [2].

4. CONNECTION BETWEEN THE THEORIES

The essence of the connection between Brownian motion and potential
theory is that the potential operator can be obtained in a simple way from
the transition operators P for Brownian motion, a result we state as
Theorem 4.1 (see [10]). It is also true that the operators P! can be obtained
from the potential operator, and we shall prove this fact afterward. We recall
from Eq.(2) that a Radon-Nikodym derivative of pP! with respect to
Lebesgue measure is IRG (2mt)372 exp(— | x — y |3/2t) du(y). We denote this
function by (uP?)'(x).
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THEOREM 4.1. If u is a charge, then the potential g of p satisfies

g() = lim [ (uPy(o) at

for every x for which g(x) is defined.

Proor. We may assume that p > 0 without loss of generality. Then

= J.Ra [J.:QT_l)we—lx—vlzlm dt] du(y).

If we make the change of variable on ¢ which sends | x — y |t into #?,
the above expression becomes

- J.Ra U*’ ﬁ fx —y et du] dp(y)-

lz—y!/VT

By monotone convergence

fim [ @Py@de = [ {[ g e =y 1 e ] duty)

R3

1 1
" 2n fksw du(y) = 8(x)- Q.E.D.

Formally, therefore, the potential operator is limg. fl’TP' dt. To show
in the converse direction that potential theory is at least as strong as Brownian
motion, what we shall do is recover P! from the potential operator and
some elementary properties of Pt. The argument is long and will be broken
into several steps:

(1) introduction of an operator ' whose adjoint is P!
(2) development of the infinitesimal generator A

(3) recovery of Q! from A and some properties of Q¢

(4) definition of the inverse —G of 4

(5) identification of A and the Laplacian operator

(6) use of G to recover 4 from the potential operator.

First, we introduce Q*. Let C, be the Banach space of all continuous
real-valued functions on R® which vanish at infinity; we choose as usual
i fllo = sup| f(x)|. Every element of Cy is uniformly continuous on R?,
and the space of continuous linear functionals on C, is the set of finite
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signed Borel measures, Norm convergence in Cy is uniform convergence,
and we shall use the notation “strong lim” to denote such convergence.
Define Q! to be the restriction to Cy of the adjoint of P¥; Q¢ is determined

by the equation u(Q) = (P f.

ProposITION 4.2. (f maps C, inte C, and satisfies
(ON0) = [ | 5o =2 f(x) d
Y r (2mt )P :

Moreover, ()t satisfies the following properties:
() aQi=1
@) O =0
(3) stronglimQY = f
)
(4) stronglim Qi =0
t-x
(5) Iff=0, then Q' = 0.

Proor. For every p,

MQY) = WP = [ fo) [ | Q@rt) o emixor e du(y) d

= La U-Rl' (2mt)~3/2 e=la—v1%2t f(x) dx] du(y).

Hence (Q%)(y) equals the integrand on the right side. Then (1) and (5)
are obvious.
Next we prove that Qf has range in C; . We have

|005) — @0l < 1 e gy [, | 7m0 — et .

As y — ¢, the right side tends to zero by Lebesgue’s Theorem, and hence
Q'f is continuous, In addition,

0¥ < |

(2mt)-312 g-le-uir2t | fx)| dx
N

lzj=

+ 11/l _’. N (2mt)32 e~ le-vitet e

|z <

The first term is small for large N since f vanishes at infinity. For fixed N
the second term tends to zero as y — c0. Hence QYf vanishes at infinity.



336 KNAPP

We still have to prove (2), (3), and (4). For (2) we have
s()t _ 32 -8/2 _ ly— LAR N
0Qf(e) = (@ms) 22 @ty 3 | [ exp [ 2]

x—y?
X exp [— |_21}i] f(x) dx dy

x — 22

X exp [— m] f(x) dy dx

z|?

— Qnls = 1)) J’Ra exp [~ '2"(3—13] Fx) dx
- 0.

For (3) let ¢ > 0 be given. Choose § > 0 so that sup,, f(x + ¥) —f(»)| <e
for all x with [ x| < 8. Then

PO — flio <sup | (2mt)22 exp(— | % */20)| f(x + y) — ()] dx

¥V x| <8/2

v

toup [ @iy texp(— |3 20! f(s +) —fO)l s

Se+2ifle | @uyometstady

zi>86/2

= =20/l [ (2m)372 1412 .

121 >8/20102

For small enough ¢, the right side is <{2e. In (4) let € > 0 and choose M
so that | f(x)| < € when x is outside the ball B == {x| | x| << M}. Then

[ O lo < € 4 sup f (2mt)-312 e=1z-vIP/2t gy
v JB
<e+supllfla [ (2m)372 =12 d
v

<e+Ifl |

2By

—3/2 ,—2%/2
. (21r) [4 dz

< 2e for large t. QE.D.

From now until after Proposition 4.13, we assume that {Q%} is any family
of operators mapping C, into C, and satisfying statements (1), (2), and (3)
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of Proposition 4.2. The procedure will be to introduce the infinitesimal
generator A in terms of Q! and then to show that Q' can be recovered from
it in the presence of the three properties of Q. This method originally
was discovered independently by Yosida [15] and Hille [8].

The infinitesimal generator .1 of the family {Q*} is the operator

t_
Af = strong lim ( -1 )f
t10 t

defined on the vector subspace of all fe C, for which the limit exists.

Lrmma 4.3, If f is in the domain of A, then Q'f is in the domain of A
and AQY = QtAf.

PROOF.
QUAS) = Q' (strong lim %)
= strong lim w by (1) and (2) for O*
= A(QY). QE.D.

Lemma 4.4. If f is in the domain of A, then (QYf)(x), the derivative of
Q'(x) with respect to t, exists and is in C,, and the difference quotients
(Ot+*f(x) — OY(x))ih converge to it uniformly in x. Moreover (QYf) = Q'Af.

Proor. For & > 0 we have by Lemma 4.3 and property (2) of {Q%}

O'4Af = AQYf == strong lim Q——————h(Qtf; —QY = strong lim Q_—thh_ 'Qtf.
hio0

hlO

A similar result as 210 is enough to establish the lemma. Let 2 < 0 and
put 2 = —h. Then

EL o -[o (S| o
< \_Q‘f_k—_f_ —ox4p)| by (1)

<125l ap| vvar—orany

The first term on the right tends to zero as %k | 0 since f € domain 4, and
the second term tends to zero by (3). Q.E.D.

Lemma 4.5. If fe C,, then Qf(x) is continuous in t and hence IOTQ‘f(x) dt
is defined.
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Proor. We apply (3) twice and usc (1). If 4 >- 0,
N9 - O < QHIIOY —FI < NOY - f1 0.
Ifh = -k <0,
1O — O < NQUMINOY — I <19 —fll—0. QED.
Levva 4.6. If fe Cy, then so is |1 Q'f dt.

Proor. First we prove continuity:

‘ f O f(y + h) — f(y)) dt ‘ sup ‘ f Of(y + k) — f(%) dt
< f QU + By —foi e

<[y +m—fona by
= TIf(y + k) — )

and the right sxde tends to zero as # — 0 by uniform continuity of f. Next
we prove that f Q¥ dt vanishes at infinity. Let ¢ >> 0. Choose by (3) a
& > 0 such that %if 0 < t < 8, then || QY — f'I <~ e. Then for every n and
for 0 < ¢t < 8§,

1@ — QWf1 = 1 Q™(QY — Il < 11QY — f1

For each n such that #8 < T, let r, be a real number such thatif |y | >r,,
then (O™f)(y)| < e. Let r be the maximum of the 7,’s. Then |[y| =7
implies | O¥(y)| < 2¢ for every t € [0, T'] and hence | f OY(y) dt| < 2eT.
Q.E.D.
Lemma 4.7. If fe Cy, then

1 rt+h
strong lim - f Qsf ds = Q.
njo  hJy

ProoF. Let € > 0 and choose 2 > 0 by (3) so that r < 2 implies
197 — fll <e Then

HIR I EHINCAEO
S

< hf 1Q* — £l ds
<e QE.D.
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LemMa 4.8. .4 is a closed operator. That is, if f, is a sequence of functions

in the domain of A converging uniformly to f and if Af, converges uniformly,
then f is in the domain of A and

Af = strong lim Af, .
ProoF, Set g - stronglim Af, . Since || QYA4f,) — Ol <|lidf, —gi

Q!Af, converges in norm uniformly in ¢ to Q% as n — 0. Therefore for
fixed & we have by l.emma 4.4 and by (1)

h h
Q'g dt = strong lim f QLAf, dt
v 0 ]

h
—= strong lim f (QY) dt
0

== strong lim (Q*,, — f,) == O* — f.
Dividing by 4, letting 4 | 0, and applying Lemma 4.7, we obtain g = Af.
Q.E.D.

Lemma 4.9. For every fe Cy, f;Q‘f dt is in the domain of A. Furthermore
T
Al| Ofdt) =07 ~f.
([ oar) =07 -
Proor. By (1) and (2)

or (Mo ) — [ o ar ; ;
(fo 2 fo :%J‘OQ;,Hfdt_%J'OQ,fdt

1 (T+k 1 T
=5 ofa [ ofa
| [T+h 1 *
— ZJT QY dt —;;foQ‘fdt.
As h | 0, the right side tends to Q”f — f by Lemma 4.7. Q.E.D.

Lemma 4.10. The domain of A is a dense subspace.

Proor. ILet £, |0 and let f be given. Set f, = h? I::"Q‘fdt. Then
fn € domain 4 by L.emma 4.9 and strong lim f, = f by Lemma 4.7.

Q.E.D.
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Lemma 4.11.  The limit
T
R,f = strong lim f M QY dt
T-x 0

exists for each A > 0 and for all fe C,, and R, is a bounded linear operator
from Cyinto Cy of norm < 1/A.

Proor. The limit exists because
T T

| [ eoyar| < [ erioifia<ifi [ erat—0as T .
T T T

Moreover

IR < [ e f 1 dt = 1fI QED.

LemMa 4.12. For each A >0, Ry = (A — A)™L.

Proor. First we show A(R,f) = AR, f — f if fedomain R, ; that is,
(A — A)R; = I. We have

Cirg =5 [ e —0ysa

e A(t—-h) ()t 1 —
= | eM-mQifdt — — | e QY dt
p] PO dt— g [ ey

e — 1

“engrrdr — L [ eremors ar
et N 2 A S R
— AR, f —fash 0.

Secondly we show that R,(Af) = —f — AR,f if fedomain (A — 4) =
domain 4; that is, Ry(A — A) is the identity on domain 4. We have

RiAf) = [ engrag = [ ey de
— MY “: +af :° eMQY dt = —f 4+ AR,f. QE.D.

PROPOSITION 4.13. The operator Qi = cxp[tAd(A — A)™] is well-
defined by the exponential's power series for each A > 0, is bounded, and

satisfies
strong lim exp[tA4(A — A)7']f = Qf 3)
Ao

foral feC,.
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Proor. We have range (A — 4)"! == domain (A — A) = domain 4, and
thus A(A — A4)7! is defined everywhere on C, . It satisfies

AXA— A = (A=A - AT AA — A AN - AT -1, (4)

and the operator on the right is bounded; hence QF is defined and bounded.
Its norm is

lexplIAAQ - Ay Ui - i explt2(A - 4) * —AD)]|

N l .
e | D — (e Ay

m=0

€0

<o 3 Lo,

m=0"""
L

<L e 2%(,\:)"‘ = 1.

m=0"""

For the rest of the proof it is sufficient to prove Eq. (3) for the dense subspace
domain 4 (see Lemma 4.10). In fact, let f be given and choose f, € domain A4
with f = strong lim f, . Then

10 — O Il SO — NS — flli -+ 1 Qs fn — Ol
LS 2Uf —full + 105 — Oall-

If we first choose 7 and then choose A, we can make the right side <e.
We shall need two commutativity relations. If f is in domain 4, then

()

AL — A) Y = NA — N — A -+ XA — A)Y
=X — A4 — N f + MA — Ay = XA — A)L4f. (6)

Since Q'Af = AQY for fedomain A (Lemmad4.3) and hence since
A —A)0* =02 — 4) on domain 4, the relation range (A — A)™! =
domain (A — 4) = domain 4 implies that

(A~ A)IQ = (A — AR~ DA — A)
= O = A{A = DHEIA — A = QA — Ay ()

We use Eqs. (4) and (6) together as follows, For f € domain A4

1AQ = A7 —fll = 1 AQ — A= | (A — Ay 4f |
<A = A7HHAfY < A AL

409 12{2-13
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Hence i MA — -1)7Yf — f|| = O for fe domain A. The same argument as
in Eq. (5) except with Q! and Q! replaced by MA - 4)~! and I, respectively,
shows that consequently | A(A --- A)"Y — | — 0 for all fe C,. Applying
this result to Af for fe domain 4, we have

limsup | Af - - AAQA -~ A)Yf| < limsup |, Af — XA — A)*Af): 0. (8)

Now we can prove Eq. (3). By Eq. (6) the second step of the following
calculation is justified:

limAsup EQY - exp[tA(A — A) 'S
- lim sup |||r Z(i‘ (exp[(t -~ AR — A)1Q"f) dr |

~t
= tim sup || (expl—]Q"Af — expl—JONAN — A)7f) dr H
',
ot
< lim\SUPJ wexp[—IlIOT il Af - AA(A - A) Y dr
! 0
g Iim\sup tUAf - AAX — A7
The right side is zero by Eq. (8). Q.E.D.

The content of Proposition 4.13 for the present purpose is that 4, the
three formal properties of {()*}, and the definition of A4 in terms of {Q%}
completely determine {Q%}.

For the fourth step in the recovery of {P*} from the potential operator,
we introduce an operator G and prove that its inverse is —.4. We define

T
Gf == strong lim ’ QY dt
-0 Y0
on the subspace of all fin C, for which the right side exists.

ProposiTioN 4.14. If f € domain A, then Af € domain G, and G(~Af)= /.
Conversely, if f € domain G, then Gf € domain A, and (—A)Gf = f.

Proor. Let fe domain A. By Lemma 4.4
~T ~T
| o(—4ndt = — | ©fydt - —QF +f.

By conclusion (4) of Proposition 4.2, the right side converges uniformly to
fas T'— co. Conversely, let f € domain G. Set g, = fOTQ‘f dt. By hypothesis
g7 converges in norm. Also by Lemma 4.9

Agr = A([ Q¥ at) =07 — .
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and the right side converges uniformly to --f by (4) of Proposition 4.2.
Hence by Lemma 4.8, Gf € domain 4 and A(Gf) =: -—f. Q.E.D.
We shall now identify .4 as a constant multiple of the Laplacian operator

- L7/ c?
Xy Ox,2 1 Oxy?

when each is restricted to a suitable domain. This result is due to Yosida [16].

Lemma 4.15. If Q'f e domain 4 for every t > 0 and if 4A(QY)=0Q'%,
then f € domain A and Af .

Proor. We have stronglim,,,QY = f and strong lim,,, A(Q¥) = g.
Apply Llemma 4.8. Q.E.D.

We use the notation L! to denote the space of all Lebesgue integrable
functions on R®, and we denote ' f ) = [| f(x)! dx.

Lemma 4.16. If fe Con LY, then Q'f € domain A for t > 0, and

AQP) - [ 75 (@tyete=otn) ) . ©)
R3 ;'
Proor. We have to show that

%f [(2n(t = Rh))y 3% ix—yltiegteny (2mt)-312¢~"=- yl’/zt] f(x) dx
RJ

tends uniformly in y to the right side of (9) as 2| 0. Set g(s, x) =
(2ms)~3/2 ¢='="/2¢ and let g (s, x) be the partial derivative of g with respect
to s. Let € =~ 0. Restricted to the domain where s > /2, g (s, x) is uniformly
continuous in the two variables jointly. Choose § > 0 corresponding to e.
By the Mean Value Theorem if A <Z ¢/2 and & <C §, then there is a &k with
0 < k< h-_8and

l g(t + h’ \?) _g(t’ x)
‘ h

— gdt, X)l = | gt + k, x) — g(t, x)] <e.
Therefore for such 4,
HIEEIEEEYOr:
— [ ettx S a] = [ gt x —5)f) dx
<[ |BREo A ECI N s — ) 1) e
<elfh. Q.E.D.
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Iet S be the set of testing functions of Schwartz; that is, the set of real-
valued infinitely differentiable functions on R® which, together with their
partial derivatives of all orders, remain bounded when multiplied by any
polynomial. We have SC CynL'. The Fourier transform is a one-onc
map of S onto itself.

ProposiTiON 4.17. Any function f€ S is in the domain of A and satisfies
Af = 2V,

Proor. By direct calculation

4 —3/2,—lz-yl2/2t] -3/2 _i_, ix—_y|2
57 [(2rt) e 1=y == )(2mt) [ = ]

= 2VE[(2mt)~Bi2e~ z-vI*i2t],
Hence by Lemma 4.16

AQNN) = [ |2V @rt) el f(x) d.

Applying Green's identity twice and using the fact that f € S, we get

AQN) = - J.R:‘ 22ty e = AV (x) dx = QH2VH)(y)-

The result then follows from Lemma 4.15. Q.E.D.
Finally we use G to recover A from the potential operator.

Lemma 4.18. If fe Co N LY, then f is in the domain of G and

_lp =,
Gf(x) _2‘;J,,a ey dx.
Proor. Without loss of generality, let f = 0. Then f Q‘fdt increases

with T, so that by Dini’s Theorem the convergence is uniform 1f_f Qf dt
is a continuous function vanishing at infinity. As in the casc of Theorem 4.1

we find -
ORI ROEES |Tf(_x)7

s

For continuity we have for any 6 > 0

f fO+%) —fo +2) ;.

o |

18) —£00) = 5|

<y 2ifle | Ixltds

2| <&

2—1lr8 J 'f(y — f(yo + x)| dx.
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Choose 8 so that the first term on the right side is < ¢/2 and then choose y
(by Lebesgue’s Theorem) close enough to y, to make the second term
< €f2.

It remains to be proved that g(y) — 0 as y — oc. Choose R large enough
so that (27)"1R-Y| fll, < ¢, and choose r << R small enough so that

@ISl [ xltds <

L4 R

Then choose % large enough so that | ¥y | = k implies

(2m) i1 f Sty <e

17l

For any such y, | g(y)| < 3e. Q.E.D.

Lemma 4.19. If f€ S, then the differential equation

(I-V)y=f (10)
has a solution in S.

Proor. Let f be the Fourier transform of f. Then fe S. If 7 denotes the
distance-from-the-origin function, then f/(1 + r2) is infinitely differentiable.
By induction on the order of the derivative, we see that any polynomial
times any derivative of it is bounded. Hence f/(1 + 72) is in S. Its inverse
Fourier transform is in S and is a solution of (10).

THEOREM 4.20. The transition operators {P'} of Brownian motion are
determined by the potential operator K in the following sense: Let K be the
restriction of K to the subspace of signed measures whose densities exist and
are in S. Then K is one-one. Let —L be the operator which transforms a
potential in range K s into the density of the corresponding charge in domain K g .
There is a unique family of linear operators Qt : Cy— C, such that

et =1

@ o+ =00
(3) stronﬁ limQY = f  forallfe C,

h o
@ 1f = steonglim@ L5 for all fe domainL.
kiO

The operator P is the adjoint of Q.
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PrOOF OF EXISTENCE. By Lemma 4.18, K is a restriction of the com-
position of two maps: one which sends a signed measure with density in S
into its density function and the other one cqual to G. Each of these maps
is one-one (Proposition 4.14) and hence K is onc-one. By Proposition 4.14,
L is a restriction of A. The operators ' and P* of Brownian motion then
certainly satisfy the rest of the conditions.

PROOF OF UNIQUENESS. Suppose there is another family () satisfying
(1), (2), (3), and (4). Then its infinitesimal generator 4 is well-defined and
is such that L is a restriction of 4 (by (4)) and that (A — 4)™1 is a
bounded operator defined on all of C, (Lemmas 4.11 and 4.12). Hence
(A — L) is a restriction of both (A - 4)! and (A — 4)~1. But L = 2V?
on S by Proposition 4.17 and (2 - 2V?)-1 is defined on the dense subset .S
of C, by Lemma 4.19. Therefore for A = 2, (A — L)1 is densely defined.
Therefore (2 -- A)' = (2-- A)* and A :- A By Proposition 4.13,

t= OF Q.E.D.

5. BROwNIAN MoTioN AND POTENTIAL THEORY IN 7 DIMENSIONS

Both Brownian motion and potential theory are often studied in other
domains than all of R3, such us all of R" or some open set of R In this
section we shall point out what parts of the preceding carry over to the
n-dimensional theory, but we shall treat only the case where the underlying
set is all of R",

The n-dimensional Brownian motion transition operator P is defined by

(#Pt)(E) = J‘E [(—2‘”1)—"/2_ J‘R" e_lx—yl’/Zt d’l’(y)] dx‘

The potential operator differs in appearance from dimension to dimension
more than the Brownian motion operators do, but its kernel is still a constant
multiple of the integral of | x |~{"~); the potential g(x) of the signed measure
u is defined by

— J | x — v | du(y) in dimension 1
Rl
g) ={2[ log|x—yidu(s) in dimension2
e [ e—lsdu(y)  in dimensionn >3,

grlx—yln?

where
Cq = Yoru 2 (Yp(n — 2)).
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In dimension # _> 3, g(x) is necessarily finite a.e., but in dimensions | and 2
we shall need to assume that g is finite a.e.

In one or two dimensions a Brownian motion particle started at the origin
returns to any neighborhood of the origin after any specified amount of
time with probability one, but in three or more dimensions it returns with
probability less than one. Thus the two cases differ sharply for Brownian
motion and the same thing may be expected for potential theory and for the
connection between the theories. The fact that the potential kernels are
unbounded at infinity in dimensions one and two is a clue to the situation.

Indeed, all of the results of Section 4 are valid word-for-word in all

~.

dimensions »# ™: 3, except that an occasional constant must be changed.
The formula

#o) = lim [ (uPY)

of Theorem 4.1 is still the heart of the connection, and the theories are still
equivalent.

But the situation is different in dimensions 1 and 2. Proposition 5.1, whose
proof is omitted, is what replaces Theorem 4.1, and it is not sufficient to
demonstrate that the potential operator can be obtained in a natural way
from the family {P*}. It asserts that the exact analog of Theorem 4.1 holds
for a charge precisely when its total charge is zero and its potential is finite a.e.

PropositiON 5.1. In R* for n =1 or 2 let p be a signed measure, and
suppose that

f Jx—y] dlp|(y) < o a.e. (Lebesgue) if n = 1
or F
fRzilog]x—-y] | dlpl(y) < ae ifn =2.
If w(R™) £ 0, then
T
limJ (uPY)'(x)dt = 40 or —o0 ae.
T »0 0
If W(R*y =0, then .
&) =lim [ (uPY(x)

exists a.e., 1s finite a.e., and satisfies

—J x=yldu) i m=1

g(x) =
2 loglx—yldu(y) if n=2.
R
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In the converse direction most of the results of Section 4 are still valid
after changes in certain constants. Everything from Proposition 4.2 through
Proposition 4.17 goes over with little change. Lemma 4.19 is still valid, and
only Lemma 4.18 and Theorem 4.20 break down. The result that replaces
Lemma 4.18 is Proposition 5.2, and it is insufficient to prove directly any
analog of Theorem 4.20, even for charges of total charge zero.

ProrosiTION 5.2. In R* for n =1 or 2, let fe CynLt, Suppose that

[N 15 —y1dy <o if n=1
or

[ SN loglx—yildy <o if n=2.

If J'R,, f(y)dy = 0, then j (Qf X(x) dt tends pointwise to a finite limit
g(x) = f (O )(x) dt as T——> 0. The function g is continuous and bounded
(but posszbly not in C,) and satisfies

— [ SN —yldy i m=1

&x) =
2f fo)logla—yldy if n=2.
R
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