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PROOF. Let L correspond to H = Gal(IK/L) in Theorem 9.38, so that . = K.
If ¢ is in Gal(K/k), then

KeH¢' — (k e K | phg (k) = k for all h € H}
={pk) e K| ph(k') = (k") forallh € H}
= (oK) e K | h(k') = k forall h € H}

= p(K") = p(L).

Since the correspondence of Theorem 9.38 is one-one onto, g Hp~' = H if and
only if (L) = L. Therefore H is a normal subgroup of Gal(K/k) if and only if
o) = L for all ¢ € Gal(K/k).

Now suppose that H is a normal subgroup of Gal(K/k). We have just seen that
¢(L) = L for all ¢ € Gal(K/k). Then each ¢ defines by restriction a member
¢ = (,0|IL of Gal(L/k), and ¢ +— ¢ is certainly a group homomorphism. The
kernel of ¢ — @ is the subgroup of Gal(K/k) given by

{p € Gal(K/k) | o], =1},

and this is just Gal(K/L). Thus ¢ +— @ descends to a one-one homomorphism
of Gal(K/k) / Gal(K/L) into Gal(L/k), and we have

| Gal(K/k)|/| Gal(K/L)| < | Gal(I/k)|.

We make use of Corollary 9.7 relating degrees of extensions. Applying Proposi-
tion 9.35¢ to K/k and K/L, as well as Proposition 9.33 to L /k, we obtain

[L:k]=[K:k]/[K:L]
= | Gal(K/k)|/| Gal(K/L)|
< |Gal(L/k)| < [L : K],

with equality at the first < sign only if ¢ - @ is onto Gal(IL/k) and with equality
atthe second < sign only if IL is the splitting field over k of the minimal polynomial
of a certain element y of L. Equality must hold in both cases because the end
members of the display are equal, and we conclude that ¢ — @ is onto and that
LL/k is a normal extension.

We are left with proving that if L /k is a normal extension, then H is a normal
subgroup of Gal(K/k). Thus let L/k be normal. In view of the conclusion
of the first paragraph of the proof, it is enough to prove that ¢(IL) = L for all
¢ € Gal(K/k). By definition of normal extension, L is the splitting field of some
polynomial F(X) in k[ X]. We may assume that F'(X) is monic. Let us write

FX)=X—x1) (X —xp) with all x; in L.
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Applying a given member ¢ of Gal(KK/k) to the coefficients, we obtain
FX) =X —@(x1) - (X —o(xn)),

and here the ¢(x;)’s are known only to be in K. By unique factorization in K[ X1,
@(x;) = xj(;) for some j = j(i). Therefore ¢(x;) is in IL for all i. Since LL is the
splitting field of F(X) over k, L = k(x, ..., x,). Thus ¢ maps L into L. O

The examples of Galois groups given in Section 6 all involved fields that are
finite extensions of the rationals Q. As we shall see in Section 17, itis important for
the understanding of Galois groups of finite extensions of QQ to be able to identify
Galois groups of finite extensions of finifte fields. This matter is addressed in the
following proposition.

Proposition 9.40. Let K be a finite extension of the finite field IF,, where
g = p® and p is prime, and suppose that [K : F,] = n. Then K is a Galois
extension of IF;, the Galois group Gal(K/IF, ) is cyclic of order n, and a generator
is the a™-power Frobenius automorphism x — x9 = x?°.

PROOF. Theorem 9.14 shows that K is a splitting field for X" — X over F,.
Hence it is a splitting field for X" — X over F,;, and K/F,, is a normal extension.
The polynomial X7 — X has no multiple roots, and it follows that K/F, is a
separable extension.

Define ¢ by ¢(x) = x?. Lemma 9.18 shows that ¢ is an automorphism of K.
Since every member of I/ has order dividing g — 1, every nonzero element of
is fixed by ¢. The map ¢ certainly carries O to 0, and thus ¢ is in Gal(K/F,). By
a similar argument, ¢" fixes every element of K, and hence ¢" = 1. Corollary
4.27 shows that K* is cyclic, hence that there exists an element y in K> such
that y/ % 1for 1 <1 < g" — 1. This y has y/ # y for2 <[ < ¢" — 1. Then
<pk(y) = qu cannot be 1 for | < k < n — 1, and ¢ must have order exactly n.
This shows that ¢ generates a cyclic subgroup of order n in Gal(K/F,). Since
n is an upper bound for the order of Gal(K/F,) by Proposition 9.33, this cyclic
subgroup exhausts the Galois group. O

EXAMPLE. Suppose that we are given a polynomial with coefficients in I,
and we want to find the Galois group of a splitting field. Since there are efficient
computer programs for factoring the polynomial into irreducible polynomials,
let us take that factorization as done. The Galois group will be cyclic of some
order with generator the Frobenius automorphism x +— x”. For an irreducible
polynomial of degree n, a splitting field has degree n, and the smallest power of
x > xP that gives the identity is the n'™ power. The conclusion is that the Galois
group is cyclic of order equal to the least common multiple of the degrees of the
irreducible constituents, a generator being the Frobenius automorphism.
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9. Application to Constructibility of Regular Polygons

In this section we use Galois theory to give a proof of Theorem 9.25 concerning
the constructibility of regular n-gons. Let us recall the statement.

THEOREM 9.25 (Gauss). A regular n-gon is constructible with straightedge
and compass if and only if # is the product of distinct Fermat primes and a power
of 2.

PROOF OF SUFFICIENCY. First suppose that n is a Fermat prime n = 22" 1.
Let K = Q(e?™/™). We saw in Section 5 that the degree [K : Q] is 22N, hence is
a power of 2. Furthermore we know that K is a separable extension of QQ, being
of characteristic 0, and it is normal, being the splitting field for X" — 1 over Q.
In Section 6 we saw that the Galois group Gal(K/Q) is cyclic of order 22" Let
¢ be a generator of this group. For each integer k with 0 < k < 2V, let Hy be

N_
the unique cyclic subgroup of Gal(K/Q) of order 2*. For this subgroup, P
is a generator. Put Ly« = K¢, Then we have inclusions

{1} CHC H22 c--- sz c---C H22N71 - H22N = Gal(K/@)a

the index being 2 at each stage. Theorem 9.38 says that the correspondence
with intermediate fields reverses inclusions and that the degree of each consec-
utive extension of subfields matches the index of the corresponding consecutive
subgroups. The intermediate fields are therefore of the form

K2L22L222"'L2k2"'2}1122”71 2L22N=Qa

and the degree in each case is 2. In view of the formula for the roots of a
quadratic polynomial, each extension is obtained by adjoining some square root.
By Theorem 9.24 the members of K are constructible with straightedge and
compass. In particular, e>™//" is constructible, and a regular n-gon is constructible.

Next suppose that ¢>™//" and >™'/* are both constructible and that GCD(r, s) =
1. Choose integers a and b with ar + bs = 1, so that { + ? = % Then the
equality (e271/9)@(e?71/m)b = ¢7/() shows that ¢>™/") is constructible. This
proves the sufficiency for any product of distinct Fermat primes. Bisection of an
angle is always possible with straightedge and compass, as was observed in the
third paragraph of Section 5, and the proof of the sufficiency in Theorem 9.25 is
therefore complete. ([l

REMARKS. The above proof shows that the construction is possible, but it gives
little clue how to carry out the construction. We shall address this matter further
in Section 12.
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We turn our attention to the necessity —that n has to be the product of distinct
Fermat primes and a power of 2 if a regular n-gon is constructible. For the moment
let n > 1 be any integer. Let us consider the distinct n'™ roots of 1 in C, which
are ek271/" for 0 < k < n. The order of each of these elements divides n, and the
order is exactly n if and only if GCD(k, n) = 1. In this case we say that ek>7i/"
is a primitive n™™ root of 1. Define the cyclotomic polynomial ®,(X) by

e,(X)= [] x-em,

GCD(k,n)=1,
0<k<n

Each such polynomial is monic by inspection. The splitting field Q(e?*/") in C
is called a cyglotomic field. Since the complex roots of X" — 1 are exactly the
numbers €271/ we have

x"—1=[]e«x),

dln

the product being taken over the positive divisors d of n.

Lemma 9.41. Each cyclotomic polynomial &, (X) lies in Z[ X ], and the degree
of ®,(X) is ¢(n), where ¢ is the Euler ¢ function defined just before Corollary
1.10.

PROOF. We know that ®,,(X) is in C[ X], and we begin by showing by induction
on n that ®,(X) is in Q[X]. For n = 1, we have ®;[X] = X — 1, and the
assertion is true. If it is true for all d with 1 < d < n, then the formula
X"—1= ndm ®,(X) and induction show that X" — 1 = ®,,(X) F(X) for some
F(X) in Q[X]. By the division algorithm, X" — 1 = F(X)Q(X) 4+ R(X) for
polynomials Q(X) and R(X) in Q[X] with R(X) = O ordeg R(X) < deg F(X).
Subtraction gives F(X)(dJ,,(X) — Q(X)) = —R(X) in C[X]. If R(X) is not
0, then deg R(X) < deg F(X) gives a contradiction. Therefore R(X) = 0 and
F(X)(®,(X)— Q(X)) = 0. Since C[X] is an integral domain, ®,(X) = Q(X).
Thus ®,,(X) is in Q[ X], and the induction is complete.

To see that @, (X) is in Z[ X ], we again induct, the case n = 1 being clear. The
formula X" — 1 = Hdln ®,(X) and induction show that X" — 1 = &,(X) F(X)
for some F(X) in Z[X]. Since ®,(X) is known to be in Q[X], Corollary 8.20c
shows that ®,(X) is in Z[X], and the induction is complete. ]

Lemma 9.42. Each cyclotomic polynomial ®,(X) is irreducible as a member

of Q[X].
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PROOF. Let ¢ be a primitive n™ root of 1, let p be a prime number not dividing
n, let F(X) be the minimal polynomial of ¢ over QQ, and let G (X) be the minimal
polynomial of ¢”. The main step is to show that F(X) = G(X).

To carry out this step, we observe that F(¢) = G(¢?) = 0 and that F(X)
and G(X) must divide ®,(X). Arguing by contradiction, suppose that F'(X) #
G(X). Then GCD(F, G) = 1 since F(X) and G(X) are irreducible over Q, and
therefore F(X)G(X) divides @, (X). Hence we can write

X"—1=FX)GX)H(X),

and H(X) is a monic member of Z[X] by Lemma 9.41 and Corollary 8.20c.
Since ¢ is a root of G(X?), we must have G(X?) = F(X)M(X) for some
monic polynomial M (X) in Z[X]. We apply the substitution homomorphism to
Z|X] — F,[X] that carries X to X and reduces the coefficients modulo p; the
mapping on the coefficients will be denoted by a bar. Then we have

X"—-1=FX)G(X)H(X) and GX)? =G(XP)=FX)M(X),

the equality G(X)? = G(XP?) following from Lemma 9.18. If Q(X) is a prime
factor of F(X), then Q(X) divides G(X)? and therefore must divide G(X). So
0O(X)? divides X" — 1. Therefore X" — 1 has multiple roots in its splitting field,
in contradiction to Corollary 9.17 and the fact that the derivative of X” — 1 is
nonzero at each nonzero member of I, (since GCD(p, n) = 1 by assumption).
We conclude that F(X) = G(X).

Now suppose that r is a positive integer with GCD(r, n) = 1. Then we can
writer = pp - -- p; with each p; not dividing n, and we see inductively that ¢ has
F(X) as minimal polynomial. Thus F(X) has at least ¢(n) roots. Since F(X)
divides @, (X), we must have F(X) = ®,(X). Therefore ®,(X) is irreducible
over Q. O

PROOF OF NECESSITY IN THEOREM 9.25. Theorem 9.24 shows that the degree
[Q(e?™/™) : Q] must be a power of 2 if a regular n-gon is constructible. Since
€2™i/" is a root of @, (X) and since Lemma 9.42 shows ®,,(X) to be irreducible
over Q, ®,(X) is the minimal polynomial of e?*/" over Q. By Lemma 9.41 the
degree in question is given by [Q(e*™/") : Q] = ¢(n), where ¢ is the Euler ¢
function. Corollary 1.10 shows that if n = p]f '... pk is a prime factorization of
n into distinct prime powers with each k; > 0, then

U o |
pm)=1T]p; (pj—D.
Jj=1
For constructibility this must be a power of 2. Then each p; dividing n must be 1

more than a power of 2, i.e., must be 2 or a Fermat prime, and the only p; allowed
to have pjg dividing n is p; = 2. (|
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10. Application to Proving the Fundamental Theorem of Algebra

In this section we use Galois theory to give a proof of the Fundamental Theorem
of Algebra. Let us recall the statement.

THEOREM 1.18 (Fundamental Theorem of Algebra). Any polynomial in C[X]
with degree > 1 has at least one root.

We begin with a lemma that handles three easy special cases.

Lemma 9.43. There are no finite extensions of R of odd degree greater than 1,
the only extension of R of degree 2 up to R isomorphism is C, and there are no
finite extensions of C of degree 2.

PROOF. If K is a finite extension of R of odd degree and if x is in K, then
[R(x) : R] is odd, and consequently the minimal polynomial F(X) of x over
R is irreducible of odd degree. By Proposition 1.20, which is derived from the
Intermediate Value Theorem of Section A3 of the appendix, F(X) has at least
one root in R. Therefore F (X) has degree 1, and x is in R.

If F(X) is an irreducible polynomial in R[ X] of degree 2, then F(X) splits in
C by the quadratic formula, and hence the only extension of R of degree 2 is C,
up to R isomorphism, by the uniqueness of splitting fields (Theorem 9.13).

Let G(X) = X? + bX + ¢ be a polynomial in C[X] of degree 2. Then G (X)
has a root x in C given by the quadratic formula since every member of C has
a square root® in C, and G(X) cannot be irreducible. Since any finite extension
of C of degree 2 would have to be of the form C(x), with x equal to a root of an
irreducible quadratic polynomial over C, there can be no such extension. O

PROOF OF THEOREM 1.18. First let us show that every irreducible member
F(X) of R[X] splits over C. Let K be a splitting field for F(X). Say that
[K: R] =2"N with N odd. Then K is a Galois extension of R, and | Gal(K/R)|
= 2" N. By the Sylow Theorems (particularly Theorem 4.59a), let H be a Sylow
2-subgroup of Gal(K/R). This H has |H| = 2™. The field L = K# that
corresponds to H under Theorem 9.38 has [IL : R] = N with N odd, and the
first conclusion of Lemma 9.43 shows that N = 1. Thus | Gal(K/R)| = 2™.
Corollary 4.40 shows that Gal(K/R) has nested subgroups of all orders 2"~*
with 0 < k < m, and Theorem 9.38 says that the corresponding fixed fields are
nested and have respective degrees 2¢ with 0 < k < m. The extension field of
R for k = 1 is necessarily C by Lemma 9.43, and Lemma 9.43 shows that there

8To see that every member of C has a square root in C, let ¢ + di be given with ¢ and d real and
with d = 0. Let a and b be real numbers with % = %(c + /2 +d?), b2 = %(—c + /2 +d?),
and sgn(ab) = sgnd. Then (a + bi)? = ¢ + di.
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are no quadratic extensions of C. Therefore m = 0 or m = 1, and the possible
splitting fields for F(X) are R and C in the two cases.

To complete the proof, suppose that K is a finite algebraic extension of C of
degree n. Then K is a finite algebraic extension of R of degree 2n. The Theorem
of the Primitive Element allows us to write K = R(x) for some x € K, and
the minimal polynomial of x over R necessarily has degree 2n. The previous
paragraph shows that this polynomial splits in C. Thus x is in C, and K = C.
This completes the proof. g

11. Application to Unsolvability of Polynomial
Equations with Nonsolvable Galois Group

The quadratic formula for finding the roots of a quadratic polynomial has in
principle been known since the time of the Babylonians about 400 B.C.” The
corresponding problem of finding roots of cubics was unsolved until the sixteenth
century, and Cardan’s formula was discovered at that time. The original formula
assumes real coefficients and was in two parts, a first case corresponding to
what we now view as one real root and two complex roots, the second case
corresponding to what we view as three real roots.! There is a similar formula,
but more complicated, for solving quartics. Further centuries passed with no
progress on finding a corresponding formula for the roots of a polynomial of
degree 5 or higher. The introduction of Galois theory in the early nineteenth
century made it possible to prove a surprising negative statement about all degrees
beyond 4.

Suppose that we are given a polynomial equation with coefficients in the field
@ or a more general field k of characteristic 0. In this section we use Galois
theory to address the question whether the roots of the equation in a splitting field
can be expressed in terms of k and the adjunction of finitely many n' roots to the
field, for various values of n. For the moment let us say in this case that the roots
are “expressible in terms of the members of k and radicals.” We shall make this
notion more precise shortly.

Recall from Section IV.8 that with a finite group G, we can find a strictly
decreasing sequence of subgroups starting with G and ending with {1} such

9The Babylonians did not actually have equations but had an algorithmic method that amounted
to completing the square.

10Cardan’s name was Girolamo Cardano. The solution in the first case of the cubic seems to
have been discovered by Scipione dal Ferro and later by Nicolo Tartaglia. Dal Ferro died in 1526
and passed the secret method to his student Antonio Fior. In 1535 Fior engaged in a public contest
with Tartaglia at solving cubics, and he lost. Cardano wheedled the solution method in the first case
from Tartaglia, published it in 1539, and discovered and published the solution in the second case.
Cardano’s student Lodovico Ferrari discovered how to solve quartics, and Cardano published that
solution as well. See “St. Andrews” in the Selected References for more information.
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that each subgroup is normal in the next larger one and each quotient group is
simple. Such a series was defined to be a composition series for G. The Jordan—
Holder Theorem (Corollary 4.50) says that the respective consecutive quotients
are isomorphic for any two composition series, apart from the order in which they
appear. We define the finite group G to be solvable if each of the consecutive
quotients is cyclic of prime order, rather than nonabelian. It is enough that the
group have a normal series for which each of the consecutive quotients is abelian.

Examples of solvable and nonsolvable groups are obtainable from the calcula-
tions in Section I'V.8: abelian groups and groups of prime-power order are always
solvable, the symmetric group G4 and each of its subgroups are solvable, and the
symmetric group Gs is not solvable since a composition series is S5 2 25 D {1}
and the group s is simple (Theorem 4.47).

Modulo a precise definition for a field k of the words “expressible in terms of
the members of k and radicals,” the answer to our main question is as follows.

Theorem 9.44 (Abel, Galois).!! Let k be a field of characteristic 0, let F(X)
be in k[ X], and let K be a splitting field of F'(X) over k. Then the roots of F (X)
are expressible in terms of the members of k and radicals if and only if the group
Gal(K/k) is solvable.

EXAMPLE. Withk = Q, let F(X) be the polynomial F(X) = X°> —5X + L in

Q[ X]. We shall show that
(i) F(X) isirreducible over Q,
(i) F(X) has three roots in R and one pair of conjugate complex roots in C,

(iii) the splitting field K over QQ of any polynomial of degree 5 for which (i)

and (ii) hold has Galois group with Gal(K/Q) = Gs.
We know that from Theorem 4.47 that S5 is not solvable, and Theorem 9.44
therefore allows us to conclude that the roots of X> — 5X + 1 are not expressible
in terms of the members of Q and radicals.

To prove (i), we apply Eisenstein’s criterion (Corollary 8.22) to the polynomial
F(X —1) = X° —5X* +10X? — 10X? 4 5 and to the prime p = 5, and the
irreducibility is immediate.

To prove (ii), we observe that F(—2) < 0, F(0) > 0, F(1) <0, F(2) > 0.
Applying the Intermediate Value Theorem (Section A3 of the appendix), we see
that there are at least three roots in R. Since F/(X) = 5(X* — 1) has exactly the
two roots =1 in R, F(X) has at most three roots in R by an application of the
Mean Value Theorem.

To prove (iii), label the roots 1,2, 3,4, 5 with 1 and 2 denoting the nonreal
roots. Each member of the Galois group permutes the roots and is determined

1T Abel proved that there is no general solution via radicals that gives the roots of polynomials
of degree 5. Galois found the present theorem, which shows how to decide the question for each
individual polynomial of degree 5.
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by its effect on the roots. Thus Gal(K/Q) may be regarded as a subgroup of Gs.
Since F(X) is irreducible over Q, 5 divides [K : Q] and 5 divides | Gal(K/Q)|.
By the Sylow Theorems, Gal(K/Q) contains an element of order 5, hence a 5-
cycle. Some power of this 5-cycle carries root 1 to root 2. So we may assume
that the 5-cycleis (1 2 3 4 5). Also, Gal(KK/Q) contains complex conjugation,
which acts as (1 2). Then Gal(K/Q) contains

(123450212345 '=223),
(1234523123457 '=@34),
(123453 4H12345'=@5).

Since the set {(1 2), (2 3), (3 4), (4 5)} of transpositions is easily shown from
Corollary 1.22 to generate Ss, Gal(K/Q) = Gs.

Let K’ be a finite extension of the given field k. A root tower for K’ over k is
a finite sequence of extensions

k=K, cK|,<c---CK_, cK =K

such that for each i with 0 < i <[ — 1, there is a prime number n; > 1 and there

isanelementr; in K| | witha; = r{" in K] and r; not in K. Then it follows that
k

ri is not in K for any k with 0 < k < n;.

(If we write a; = r;", then we might think of writing K/, ; = K}("\/a; ), but
this formulation is less precise at the moment since it does not specify precisely
which choice of "/a; is to be used.)

With “root tower” now well defined, we can make a precise definition and
thereby complete the precise formulation of Theorem 9.44. Let k be the given
field of characteristic 0, let F(X) be ink[X], and let K be a splitting field of F'(X)
over k. We say that the roots of F'(X) are expressible in terms of members of
k and radicals if there exists some finite extension K’ of K having a root tower
over k.

The statement of Theorem 9.44 is now completely precise, and the remainder
of the section will be devoted to the proof of one direction of the theorem: if the
roots are expressible in terms of members of k and radicals, then the Galois group
is solvable. The proof of the converse direction of the theorem is postponed to

Section 13. We begin with a lemma.

Lemma 9.45. Let k be a field of any characteristic, and let p be a prime
number. If a is a member of k such that X? — a has no root in k, then X? — a is
irreducible in k.
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PROOF. First suppose that p is different from the characteristic. Let IL be a
splitting field for X? — a. The derivative of X? — a, evaluated at any root of
X? — a in L, is nonzero, and Corollary 9.17 shows that X” — a splits as the
product of p distinct linear factors in IL. The quotient of any two roots of X? —a
is a p" root of 1. Fixing one of these two roots of X” — a and letting the other
vary, we obtain p distinct p™ roots of 1. Thus LL contains all p of the p™ roots
of 1. Proposition 4.26 shows that the group of p'" roots of 1 is cyclic. Let ¢ be a
generator. If a'/? denotes one of the roots of X” — a in L, then the set of all the
roots is given by {a'/P¢* |0 <k < p — 1}.

Now suppose that X? — a has a nontrivial factorization X” —a = F(X)G(X)
in k[X]. Possibly by adjusting the leading coefficients of F'(X) and G(X), we
may assume that F'(X) and G(X) are both monic. Unique factorization in L[ X]
then implies that there is a nonempty subset S of {k | 0 < k < p — 1} with a
nonempty complement S¢ such that

F(X)=[] (X —¢*a'?) and  GX)= [] (X —¢kal/P).
keS keS¢

If S has m elements, then the constant term of F(X) is (—a'/?)"w, where @
is some p™ root of 1. Thus x = (a'/?)"w is in k. Since GCD(m, p) = 1,
we can choose integers ¢ and d with cm + dp = 1. Since x is in k, so is
x¢a® = (a'/Pymetir ¢ = q'/P ¢, Buta'/Pw® is aroot of X? —a, in contradiction
to the hypothesis that no root of X? — a lies in k. Hence X? — a is irreducible.

If p equals the characteristic of k, then Lemma 9.18 gives the factorization
XP —a = (X —a'/P)P wherea'/? is one root of X? —a in K. Then we can argue
as above except that ¢ and w are to be replaced by 1 throughout. This completes
the proof of the lemma. (]

PROOF OF NECESSITY IN THEOREM 9.44 THAT Gal(K/k) BE SOLVABLE. We
are to prove that if some finite extension K’ of K has a root tower over k, then
Gal(K/k) is solvable.

Step 1. We enlarge each field in the given root tower to obtain a root tower
4 1 4 1 1
kcKycKic--- K, €K =K

of a finite extension K” of K’ in such a way that K] is the normal extension of k
obtained by adjoining all n'" roots of 1 for a suitably large n and such that each
K, | is the normal extension of K} for 0 < i < /— 1 obtained by adjoining all nih
roots of the member ¢; of K. Using Theorem 9.22, choose an algebraic closure
K’ of K'. Let n be the product of the integers ng, ny, ..., n;—1. Let &1, ..., {—1
be the n'M roots of 1 in K’ other than 1 itself, define subfields of K’ by

K/ =K:(¢1, -y Lnm1) forO0 <i </,
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and put K” = K. The field K{j is a splitting field for X" —1 over k and is therefore
anormal extension. The field K/, is given by K, | = K (r;), where r; is a root
in K7 | of the polynomial X" — a; in K/[X]. Here n; is prime. Lemma 9.45
shows that either 7; is in K/[X] or X" — g; is irreducible in K”[X]. In the first
case, K/, | = K, and we have a normal extension. In the second case, K, is
a splitting field for X" — a; over K/ because it is generated by K" and one root
of X" — a; and because all n?h roots of 1 already lie in K{J; thus again we have a

normal extension.

Step 2. The Galois group of K{j over k is abelian. In fact, Proposition 4.26
shows that the group of n roots of 1 in K§ is cyclic. Let ¢ be a generator, and
let U = {;k}z;(l). The map of Gal(K{/k) into AutU given by ¢ (p|U is a
one-one homomorphism, and Aut U is isomorphic to (Z/nZ)*. Since (Z/nZ)*
is abelian, it follows that Gal(K{ /k) is abelian.

Step 3. The Galois group of K, over K is trivial or is cyclic of order
n;. In fact, the Galois group is trivial if K7, | = K}. The contrary case is that
[KY, | : K/] = n;, and then Gal(K7, , /KY) has order n;, which is prime. Every
group of order n; is cyclic, and hence Gal(K7, | /KY) is cyclic.

Step 4. We extend the root tower to a larger field I. O K” that is a normal
extension of k. The resulting root tower of I will be written as

kCLy=Kj<CL; =K/ C---
Cli =K, CL=K'CLi; S---CL, =L.

As it is, we cannot say that K” is the splitting field over k for the product of the
minimal polynomials used in Step 1, because the elements a; are not assumed to
lie in k. To adjust the tower to correct this problem, write K” as

K// = k(r()? rl’ . "?rl_l’ é‘) = k(-x()? .. "xl)’

with ¢ as in Step 2. Here rg, ..., r—; are the given elements that define the
original root tower, and we define x; = ¢ and x; =r; for0 < j < /. Since K" is
a finite extension of k, each x; has a minimal polynomial G,;(X) over k. Define
G(X) = ]_[j.zo G;(X), and let L. be the splitting field of G(X) in the algebraic
closure K. The field L is a normal extension of k. The roots of G(X) are the
members of L that are roots of some G, (X). Each x; is a root of its own G;(X).
If xj’. is another root of G;(X), then there is a k isomorphism of k(x;) onto Il{(xj’.),
and we know by the uniqueness of splitting fields (Theorem 9.13')!? that this

12The theorem is to be applied to o : k(x;) — k(x)) with F(X) = F°(X) = G(X) and with
L'=L1.
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extends to a k isomorphism of I onto .. Hence to each root 6 of G(X) in L
corresponds some x; and some ¢ € Gal(K/k) with ¢(x;) = 6. Thus

L =k({¢(x;) |0 < j <land ¢ € Gal(L/k}).

For any ¢ in Gal(IL,/k) and any j </ — 1, the element ¢ (x;) of LL satisfies
()" = o) = p(ay),

and the element on the right is in (K ]’./ ). Any element ¢(¢) is an n root of 1
and hence is already in K{j; such elements are redundant for ¢ # 1. Enumerate
Gal(L/k) as ¢y, ..., s with ¢; = 1. The tower for K” is to be continued with
the fields obtained by adjoining one at a time the elements

‘PZ(rO)’ cec (p2(rl—1)9 ¢3(r0)1 LRI §03(rl—1)7 L) (pS(rO)i R (ps(rl—l)'

The final field is L, and then we have an enlarged tower as asserted.

Step 5. Gal(IL/k) is a solvable group. In fact, first we prove by induction
downward on i that Gal(IL/LL;) is solvable, the case i = ¢ being the case of
the trivial group. Leti < t be given. We have arranged that L;;; is a normal
extension of ;. Since LL is normal over all the smaller fields by Step 4, Corollary
9.39 therefore gives Gal(LL;11/L;) = Gal(L/Li)/Gal(L/Li+1). The group on
the left side is cyclic by Step 3 or the analogous proof with some r; replaced by
a suitable ¢(r;), and thus a normal series with abelian quotients for Gal(IL,/LL; ;)
may be extended by including the term Gal(IL/L;), and the result is still a normal
series with abelian quotients. Thus Gal(IL/L;) is solvable. This completes the
induction and shows that Gal(IL/LLg) is solvable. To complete the proof we use the
isomorphism Gal(ILy/k) = Gal(IL/k) / Gal(IL/Ly) given by Corollary 9.39. The
group on the left side is abelian by Step 2, and thus a normal series with abelian
quotients for Gal(IL /L) may be extended by including the term Gal(L /k), and the
result is still a normal series with abelian quotients. Thus Gal(LL/k) is solvable.

Step 6. Gal(K/k) is asolvable group. Wehave L. © K O k with I /k normal by
Step 4 and with K/k normal since K is a splitting field of F (X) over k. Applying
Corollary 9.39, we obtain an isomorphism Gal(K/k) = Gal(LL/k) / Gal(L/K).
Then Step 6 will follow from Step 5 if it is shown that any homomorphic im-
age of a solvable group is solvable. Thus let G be a solvable group, and let
¢ : G — H be an onto homomorphism. Write G = G; 2 --- 2 G, = {1}
with abelian quotients, and define H; = ¢(G;). Passage to the quotient gives
us a homomorphism ¢; carrying G; onto H;/H;;;. Since ¢(Giy1) S Hiyi,
¢ induces a homomorphism @; of G;/G;y; onto H;/H;1;. As the image of
an abelian group under a homomorphism, H;/H,; is abelian. Therefore H is
solvable. This completes the proof. ([l
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12. Construction of Regular Polygons

Theorem 9.25 proved the constructibility of regular n-gons when 7 is the product
of a power of 2 and distinct Fermat primes, but it gave little clue how to carry
out the construction. In this section we supply enough further detail so that one
can actually carry out the construction. It is enough to handle the case that n is a
Fermat prime, n = 22" 4+ 1, and we shall suppose that n is a prime of this form.
Let ¢ = */"  The field of interest is Q(¢), with [Q(¢) : Q] = n — 1. The
usual basis of Q(¢) over Qis {1, ¢, ¢%, ..., "2}, but we shall use the basis

€. ¢% % ... ¢

instead, in order to identify the Galois group Gal(Q(¢)/Q) more readily with F)*,
where IV, = Z/nZ is the field of n elements. In more detail we associate the addi-
tive group of [F,, with the additive group of exponents of the members of the cyclic
group{l, ¢, ¢ 2 {3 e (”‘1 }, and members of the Galois group correspond to the
various multiplications of these exponents by IF,* = {1, 2, ..., n —1}. The group
IF< is known to be cyclic of order n — 1, and thus the isomorphic Galois group
is cyclic. If a generator o of the Galois group is to correspond to multiplication
by a generator g of ), then o (¢*) = ¢4° for all s. With the prime n of the form

22" 4 1, let us note for the sake of completeness why we can always take g = 3.

Lemma 9.46. The number 3 is a generator of IF,’ when # is prime of the form
2N .
2 +1with N > 0.

REMARKS. We verified this assertion for n = 17 in Section 6, and in principle
one could verify the lemma in any particular case in the same way. Here is a
general argument using the law of quadratic reciprocity, whose full statement and
proof will be given in Chapter I of Advanced Algebra. For a prime number n
that is congruent to 1 modulo 4, quadratic reciprocity implies that 3 is a square
modulo » if and only if n is a square modulo 3. Since

2 1=+ )@+ R -1

and 22' — 1 = 3, 3 divides 22" — 1. Thus n is congruent to 2 modulo 3, n is
not a square modulo 3, and 3 is not a square modulo n. The nonsquares modulo
n=2"41are exactly the generators of I, and therefore 3 is a generator.

Taking Lemma 9.46 into account, we suppose for the remainder of this section
that the generator o of the Galois group corresponds to multiplication of exponents
of £ by 3. Theno (¢) = ¢? and o (¢*) = ¢, These formulas and Q linearity tell
us explicitly how o operates on all of Q(¢).
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The fixed fields that arise within Q(¢) correspond to subgroups of the group
Gal(Q()/Q) = {0/ |0<j < 22N}, and there is one for each power of 2 from
20 t0 22" Fix attention on the subgroup H; of order /, and write 22" = kI, with
k and [ being powers of 2. A generator of this subgroup is o¥, and the subgroup
is H = {1,0%, 0%, ..., 00Dk}, Let K; be the fixed field of this subgroup, or
equivalently of its generator o*; this has dimension k over Q.

We shall determine a basis of K; over Q. Since o (%) = ¢3°, wehave o (¢%) =
§3kS. For 0 <r < k — 1, the k elements

3r+2k 3r+k(/—l)

3 3k
="+ T g

are linearly independent over Q because they involve disjoint sets of basis vectors
of Q(¢) as r varies. The computation

O—k(nr) — Ok(§3r + é_3r+k + é_3r+2k + . + g_31‘#»/((/—1))
3r+k 3r+2k 3r+3k 3r+kl
=T AT
_ §3r + é'3r+k + é_3)'+2k + L + é_3r+l\'(lfl)
=nr
shows that each of these vectors is in K;. Hence {1, ..., nx—1} is a basis of

K; over Q. The elements of this basis are called the periods of / terms of the
cyclotomic field.

The extreme cases for the periods are (k,l) = (22N, 1), for which 0 < r <
22" _ 1 withn, = ¢, and (k, 1) = (1,2%"), for which r = 0 with

2N _
’70253()+{3]+§32+"‘+§32 l=§'+§2+§3+"'+§n71:—1'

Two facts enter into determining how to write ¢ in terms of rationals and square
roots. The first is that at stage k for k > 2, the sum of certain pairs of 7,’s is
an 7 for stage k — 1. The second is that the product of two n,’s at stage k is an
integer combination of 1’s from the same stage and that the sum formulas express
this combination in terms of 7’s from earlier stages. The result is that at the k™
stage we obtain expressions for the sum and product of two 7,’s in terms of 7’s
from earlier stages. Therefore the two 1,’s at stage k are the roots of a quadratic
equation whose coefficients involve n’s from earlier stages. Consequently we
can compute the 7, ’s explicitly by induction on k. To proceed further, we need
to know the formula for the product of two 1,’s, which is due to Gauss.

To multiply two 71,’s, we need to multiply various powers of ¢, and the expo-
nents get added in the process. This addition is not readily compatible with terms
like ¢¥ and ¢¥, and for that reason Gauss introduced new notation. Define

77(t) — {t + ;.t3" + §t32" 4oy é,t3k("” _ Z ngk”

vmod/
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forO0 <t <n—1. Thenn©® =1, and for0 <t < n — 1, n¥ is the 7, in which
¢" occurs. Gauss’s product formula is given by
ku kv
n(S)n(t) — Z ( Z é-s3 +13 )

umod! vmod!

= Y (X &) withv e utw
umod/ wmodl/

— Z ( Z é-(s+t3k"')3k“)

wmod/! umod!

— Z n(s+t3k“’)‘

w mod /

In words, this says that to multiply two n’s, we add the n’s for the exponents
obtained by multiplying the first term of ® by all the terms of n®.

At this point it is more illuminating to work some examples than to try for a
general result.

EXAMPLEl. n =5, N =1, 22" — 4. The relevant pairs (k, ) to study in
sequence are (k,1) = (1,4), (2, 2), (4, 1), and the case (k,[) = (1, 4) is trivial
since the only subscripted 1 is Y_; ¢¥ = —1.

FIGURE 9.3. Construction of a regular pentagon. The circle with center (% }—1)

and radius % meets the line from (% %) to the origin at a point at distance

cos(2m/5) from the origin.

For k = 2, i.e., for the case that there are 2 periods of 2 terms each, we go
back to the definition of the 1’s and find that

30+2-0 30+2- 1

="'+t
=+

no=7¢ +¢
31+2-0

m=< +¢

31+2-1



502 IX. Fields and Galois Theory

We form those sums of pairs of ’s that yield an 5 from the previous step. Here
there is only one pair, and the sum is given by
no+m=-1
Next we form the elements n), remembering that for ¢+ > 0, n is the 7, in
which ¢* occurs. Then
n® =2 nW=n. n¥=n., 1P =n. ¥ =no
We apply Gauss’s product formula to compute the product of the two 1n’s whose
sum we have identified. The formula gives
nom =n"n® =n® 40P =ng+m = -1,

the second equality following since the rule for the indices is to extract a power
of ¢ appearing in ‘" and add that index to all the powers of ¢ appearing in n®.
Since 1o and 7; have sum —1 and product —1, they are the roots of the quadratic
equation

¥’ 4+x—1=0, namely%(—l:i:\/g).

Deciding which root is 5o and which is 7, involves looking at signs. The two
roots of the quadratic equation are of opposite sign because the constant term of
the quadratic equation is negative. Since g = ¢ + ¢! = e?¥/5 ¢/ =
2 cos(2m/5) is positive, we obtain

no=%(-1++5) and g =3(=1-+/5).

The computation can in principle stop here, since knowing cos(27/5) gives
us sin(277/5) and therefore >™/>. See Figure 9.3. But it is instructive to carry
out the algorithm anyway. We are thus to treat k = 4. The periods of 1 term are

fo=¢ &=0, =0 &=
The corresponding objects with superscripts are
£0=1, §V=g, P=g &9=5 Y=g

The relevant sums of pairs are

&0 + & = no,

&1 +& =4
We again use Gauss’s product formula, and this time we obtain

foby = EVEW =@ =g = 1.

Hence &; and &; are the roots of the quadratic equation
# +ia_ (#)2

2

Y —noy+1=0, namely

The root y involving the plus sign is 27/,



12. Construction of Regular Polygons 503

EXAMPLE 2.3 n =17, N =2, 2" = 16. The relevant pairs (k, [) have
kl = 16, and the case (k,l) = (1, 16) is trivial since the only subscripted 7 is

15 s
Zs:O §3 = -1

For k = 2, the 2 periods have 8 terms each, and

0+42-0 0+2-1 0+42-2 0+2-3 0+42-4 0+42-5 0+4-2-6 0+42-7
m=2¢  +0 40T+ T+ T+ 0T+ T+
S T S T Sy Y Ly Ay Ay
1+2:0 1+2-1 1422 1423 1424 1425 1426 1427
m=¢ 4+ 4T T T T T+

SIS (S BIP S R S I  y S e L)
We form those sums of pairs of 1’s that yield an n from the previous step. Here

there is only one pair, and the sum is given by

no+mn =—1L

Next we form the elements n), remembering that for r > 0, ) is the 5, in
which ¢! occurs. Then n© = 2,

3 6
D) = O = 13 = (19 — 1O _ 1 ®) — p@& — @ —

3 0 5 4 2 6
@ = 10 — ) — () — gD — D) = p(1D — © —

n
n

To compute 191, by means of Gauss’s product formula, we use no = n" and
m = n®. Then

nont = 77(1),7(3) — 77(4) + 77(11) 4 ’7(6) 4 77(12) 4 77(15) + 77(8) + n(13) + 77(7)1

the indices on the right side being the indices for 7, plus one. Resubstituting in
terms of 7y and 7, we obtain

nom = 4no + 4n = —4.
Therefore gy and 7; are the roots of the quadratic equation
XX4+x—4=0, namely%(—l:i:x/ﬂ).

Deciding which root is ng and which is n; involves looking at signs. The two
roots of the quadratic equation are of opposite sign. Since

="+ H+C+H+C+H+E+
= 2(cos(27/17) + cos(4m/17) + cos(87/17) + cos(167/17))
>2(3+3+0+(-1)=0,

13The discussion of this example closely follows that in Van der Waerden, Vol. I, Section 54.
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no is the positive root, and we have
m=%(-1++17) and n =1i(-1-V17).

For k = 4, the 4 periods have 4 terms each, and

0-+4-0 0+4-1 0442 0+44-3
§0=§3+ +§'3+ +§3+ +§3+ I
1+4-0 1+4-1 1+4-2 1+4-3
§1=§3+ +§3+ +§'3+ +§3+ T R e
2440 2441 2442 2443
L=+ AT AT =0+ 0+ 8+
g é_33+4‘0 + é_33+4-1 + é‘33+4-2 + é_33+4-3 é_10 + é‘ll + é_7 + ;6
3 — = .
The sums of pairs of these that yield n’s are
§+& =mno
&1 +&=mn.
We can read off superscripted &’s from the exponents on the right sides of the
formulas for &, . . ., &3, and the results are

é'(l) — 5(13) — 5(16) — 5(4) = &,
5(3) — 5(5) — 5(14) — 5(12) =&,
5(9) — 5(15) — 5(8) — 5(2) =&,
%-(10) — g_—(”) — %-(7) — 5(6) = &.

Then the relevant products are

G052 =§VE0 =610 4519 160 160 =H+ G+ + 6 =1,
55 =660 =W e 010 g1 5 16+ 5H = -1
Thus &j and &, are the roots of the quadratic equation
y>—my—1=0,
while & and &; are the roots of the quadratic equation
y —my—1=0.
Since £y&, and &,&; are negative, these equations each have roots of opposite
sign. We observe that &) = 2(c0s(2n/17) + cos(87r/17)) > 0 and that & =
2( cos(14m/17) + cos(12n/17)) < 0, and we conclude that the signs are
§0>0 and §2<0,
& >0 and & <0O.
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FIGURE 9.4. Construction of a regular 17-gon. The small circle has center ( )
and radlus <. Two circles are drawn tangent to it with center (0, 0); their radn
are 1o /4 and In1]/4. Their x intercepts and helght determine the dashed box.

The diameter of the large solid semicircle is &y/2, and its heavy part is Ao /2.
The separate semicircle at the left constructs +/&; /4 from & /2, and the chord
in the large semicircle is at distance /& /4 from the diameter.

For k = 8, the 8 periods have 2 terms each, and the two with sum &, are

0480 0+8-1
ho=¢""" 4T =4
44-8-0 4+4-8-1
=TT =Pt
Their sum and their product are given by
Ao + Aq = &o,

rora =M+ P+ 40 =k
Thus Ag and A4 are the roots of the quadratic equation
2 — &z +& =0.
Since Ag = 2cos(2r/17) > 2cos(8xw/17) = A4, Ao is the larger of the two roots

of the equation.
In summary, we have successively defined

——(—1—|—\/_) and m:%(—l—«/ﬁ),
& =12(no+md+ and & = 1(no—\/n3 +4),

1)
sl=é(m+ n+4) and &= 5(n—yni+4).
(

= 1(50 + /&3 — 4&1).
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Since Ag = 2cos(27/17), these formulas explicitly point to how to construct a
regular 17-gon. See Figure 9.4.

13. Solution of Certain Polynomial
Equations with Solvable Galois Group

In this section we investigate what specific information can be deduced about a
finite Galois extension in characteristic 0 when the Galois group is solvable.
The tool is a precursor of modern harmonic analysis'* known as “Lagrange
resolvents.” The argument of the previous section could be regarded as an instance
of applying the theory of Lagrange resolvents, but Lagrange resolvents give only
the simpler formulas of the previous section, not the Gauss product formula.

Proposition 9.47. Let K be a finite normal extension of a field k of charac-
teristic 0, suppose that Gal(KK/k) is cyclic of order n with ¢ as a generator, and
suppose that X" — 1 splits in k. Fix a generator o of Gal(K/k) and a primitive
n™ root w of 1 ink. For 0 < r < n, define k linear maps E, : K — K by

E.x=n"" Z o ¥ okx for x € K.

k mod n

Then

(a) E,Eequals E; if r = s and equals 0 if » = s mod n, so that the E,’s are
commuting projection operators whose images are linearly independent,

®) Y, modn Er = 1, so that the direct sum of the images of the E,’s is
all of K,

(c) o(x) = & x for all r and for all x in image E,,

(d) image Ey = k.

REMARKS. The integers k and r depend only on their values modulo 7, and the
summation indices “k mod n” and “r mod n” are to be interpreted accordingly.
The operators E, are known classically as Lagrange resolvents, apart from
the constant n~'. The proposition says that the k linear map o has a basis of
eigenvectors, that the eigenvalues are a subset of the powers ", and that each E,
is the projection operator on the eigenspace for the eigenvalue «” along the sum
of the remaining eigenspaces.

14Lagrange resolvents give a certain specific Fourier decomposition relative to a cyclic group.
Similar formulas apply whenever a cyclic group acts linearly on a vector space over k and the relevant
roots of 1 lie in k. For the corresponding decomposition of a vector space over C when a finite group
G acts linearly, see Problems 47-52 at the end of Chapter VII. The decomposition in those problems
can be seen to work for any field k of characteristic O for which the values of all irreducible characters
of G lie in k. The values of the characters are sums of certain roots of 1, and thus it is enough that
k contain a certain finite set of roots of 1.
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PROOF. For x in K, we compute

E,Ex=n"% Y oo ( Y oox)
k mod n I modn
:n—Z Z Z w—kro_kw—ms-i-ksam—kx
kmodn m modn

:n—2 Z ( Z wk(s—r))w—mso_ x.
mmodn kmodn

The expression in parentheses on the right side is the sum of a finite geometric

series. If s = r mod n, then every term in the sum is 1, and the sum is n. If
liwn(x—r)

— = 0. Thus (a) follows.

s % r mod n, then the sum is
Next we calculate

> Ex= Y n' Y ofofx= Y n'( Y o F)okx

r modn r mod n k mod n k mod n r mod n

-’

As in the previous paragraph, the sum in parentheses is n if k = 0 and it is O if
k # 0 mod n. Therefore only the k = O term on the right side contributes, and
the right side simplifies to x. This proves (b).

The computation

o(E;x)=n"! Y o *oktlx
k mod n
—pn! Z WO gl
I mod n
=o'n ! Y o "ox =0 Ex
I modn
shows thato (y) = o’y forevery y of the form E, x, and these y’s are the members
of the image of E,. This proves (c).

Combining (b) and (c), we see that o (x) = x if and only if x is in image Ej.
Since Gal(K/k) is cyclic, the members of K fixed by o are the members fixed
by the Galois group, and these are the members of k by Proposition 9.35d. This
proves (d). ]

Corollary 9.48. Let K be a finite normal extension of a field k of characteris-
tic 0, suppose that Gal(KK/k) is cyclic of prime order p, and suppose that X” — 1
splits in k. Then there exist a in k and x in K such that x” = g and K = k(x).

REMARKS. In other words, a finite normal extension field in characteristic 0
with Galois group cyclic of prime order p is necessarily obtained by adjoining a
p™ root of some element of the base field, provided that the base field contains
all the p™ roots of 1. Once the extension field contains one p™ root of an element
of the base field, it has to contain all p" roots, since the base field by assumption
contains a full complement of p™ roots of 1.
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PROOF. We apply Proposition 9.47 with n = p. Since [K : k] = p > 1, (d)
shows that E) is not the identity. By (b), some E, withr # 0 is not the O operator.
Let x be anonzero element in image E,. Since the generator o of the Galois group
is a field automorphism, o (x?) = o (x)? = (0" x)P = &'"PxP = xP. Since x? is
fixed by the Galois group, x? lies in k. Then the element a = x” has the property
that x” =g and K D k(x) 2 k. Since [K : k] is prime, Corollary 9.7 shows that
there are no intermediate fields between K and K. Therefore K = k(x). O

We shall apply Corollary 9.48 to prove the converse statement in Theorem
9.44 —that solvability of the Galois group for a polynomial equation in charac-
teristic O implies that the solutions of the equation are expressible in terms of
radicals and the base field. We begin with a lemma that handles a special case.

Lemma 9.49. Let k be a field of characteristic 0, let » > 0 be an integer,
and let K be a splitting field for []'_, (X" — 1) over k. Then K/k is a Galois
extension, the Galois group of Gal(K/k) is abelian, and K has a root tower over k.

PROOF. Being a splitting field in characteristic 0, K is a finite Galois extension
of k. For1 <r < n, let w, be a primitive r root of 1 in K. The primitive
r' roots of 1 are parametrized by the group (Z/rZ)* once some ; is specified,
the parametrization being k > a)f. If o is in Gal(K/k), then o (w,) = a)f for
some such k. This correspondence respects multiplication in (Z/rZ)* since if
o(w,) = of and o' (w,) = @, then o’ (0(w,)) = o' (@) = o' (w,)* = WX.
Thus for each r, we have a homomorphism of Gal(KK/k) into the abelian group
(Z/rZ)*. Putting these homomorphisms together as r varies and using the fact
that the w,’s generate K over k, we obtain a one-one homomorphism of Gal(K/k)
into the abelian group [['_, (Z/rZ)*. Consequently Gal(K/k) is isomorphic to
a subgroup of an abelian group and is abelian.

It follows from Corollary 9.39 that every extension of intermediate fields is
Galois and has abelian Galois group. For 1 < r < n, we introduce the interme-
diate field K, = k(w;, wa, ..., w;). Here K| = k(1) =k. For1 <r < n, K, is
generated as a vector space over K,_j by w,, @?, ..., @/~ since Z;;(l) b =0
forr > 1, and thus [K, : K,_;] < r — 1. Since Gal(K, /K,_;) is abelian, it has
a composition series whose consecutive quotients are cyclic of prime order, the
prime order necessarily being < [K, : K,_;] <r — 1. Applying Galois theory,
form the chain of intermediate extensions between K,_; and K,. The degree of
each extension is some prime p with p < r — 1, the prime depending on the two
fields in the chain. The p' roots of unity are in the smaller of any two consecutive
fields because they are in K,_;. By Corollary 9.48, such a degree-p extension
between K,_; and K, is generated by the smaller field and the p™ root of an
element in the smaller field. Since K; = k, we see inductively that K, has a root
tower over K, _; for each r. Since K = K,,, K has a root tower over k. O
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PROOF OF SUFFICIENCY IN THEOREM 9.44 THAT Gal(K/k) BE SOLVABLE. Let
F(X) be in k[ X], and suppose that K is a splitting field of F(X) over k. Under
the assumption that Gal(K/k) is solvable, we are to prove that there exists a finite
extension K’ of K having a root tower.

Since G = Gal(K/k) is solvable, we can find a finite sequence of subgroups
of G, each normal in the next larger one, such that the quotient of any consecutive
pair is cyclic of prime order. We write

G=Hy2H 2 -2 H1 2 H = {1}
with H;/H; cyclic of prime order p; for 0 < j < k. Let

k=KoCK)C--- CKy—1 SKy =K
be the corresponding sequence of intermediate fields given by the Fundamen-
tal Theorem of Galois Theory (Theorem 9.38). Here K; = K/, and H; =
Gal(K/K;).

According to Corollary 9.39, K, is a normal extension of K; if and only if
Gal(K/K;4) is a normal subgroup of Gal(K/K;), and in this case we have a
group isomorphism Gal(K/Kj)/Gal(K/Kj+1) = Gal(K;41/K;). Since Hj 1 is
a normal subgroup of H; with quotient cyclic of order p;, it follows that K; | /K;
is indeed normal and the Galois group is cyclic of order p;.

Let us use Theorem 9.22 to regard K as lying in a fixed algebraic closure K.
Let n be the product of all the primes p;, and let K, be the splitting field over
k for [T'_, (X" — 1) within K. For I < j < k, let K/ be the subfield of K
generated by K; and K{;. We define K’ = K. Then we have

kCKyCK C---CK,_, CK; =K.
Lemma 9.49 shows that K{j has a root tower over K'. To complete the proof, it is
enough to show for each j > 0 that either K’ | = Kj orelse [K}, : Ki] = p;
and K; 41 18 generated by ]K} and the pjt.h root of some member of K}.

For each j > 0, suppose that K;; = K;(x;). Let F;(X) be the minimal poly-
nomial of x; over K;. Since K, /K;isnormal, K, is the splitting field of F; (X)
over K;. Then K}H = K; (x;) is the splitting field of F;(X) []'_, (X" — 1) over
K’, and consequently K’ /K’ is a normal extension. If g is in Gal(K}  , /K}),
then g sends x; into a root of F;(X) and is determined by this root. The restriction
81k, therefore carries K;; into itself and is in Gal(K;;/K;). Since g is

determined by g(x;), the group homomorphism g + g|K+] is one-one. The
J

image of this homomorphism must be a subgroup of Gal(K;,/K;) and therefore
must be trivial or have p; elements. In the first case, K} = K}, and in the
second case, [K} I K”] = p;. In the latter case, K; contains all p; of the p}h
roots of 1 since these roots of 1 are in K{j; by Corollary 9.48, K} 41 18 generated

by K and a p]‘.h root of some member of K. This completes the proof. a
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We turn now to apply our methods to irreducible cubics over a field k of char-
acteristic 0. In effect we shall derive Cardan’s formula,!> which was mentioned
at the beginning of Section 11.

The Galois group of a splitting field of a cubic polynomial has to be a subgroup
of the symmetric group &3, and irreducibility of the cubic implies that the Galois
group has to contain a 3-cycle. Therefore the Galois group has to be either G5 or
the alternating group 23 = Cs.

Let the cubic be X> +a> X?+a; X +ay, the coefficients being ink. Substituting
X=Z7Z- %az converts the polynomial into

(Z = 30)° +ax(Z - 30’ + al(Z = 30) + ao
=2+ (a1 — 38D Z + (a0 — 30102 + %a3),

and therefore we can assume whenever convenient that the given polynomial has
a) = 0.
Suppose for the moment that the Galois group is G = G3. A composition
series is
G=G632% 21},

and we can write the corresponding sequence of fixed fields as
kcLCcK,

where K is the splitting field and L is K%3. The dimensions satisfy [L : k] = 2
and [K: L] = 3.

Let the roots in K of the given cubic be ry, 1, r3. Since G is solvable, Theorem
9.44 tells us that the roots are expressible in terms of radicals and members of
k. To derive explicit formulas for the roots, the idea is to use a two-step process
with Lagrange resolvents, arguing as in the proof of Corollary 9.48 at each step.

The first step involves passing from k to L. The square roots of 1 are already
in k, and L is to be obtained from k by adjoining one of the square roots of
some element of k. In Proposition 9.47 the Galois group Gal(IL/k) is a 2-element
quotient group, the sum is over members of the quotient group, and the element x
isin L. Itis alittle more convenient to pull the sum back to one over the 6-element
symmetric group, taking w to be the sign function on G3 and taking x to be any
element of K. The formulas for the projection operators Eg and E| are then

Eox :% > o(x),

0663

Eix = % > (sgno)o(x),

06(‘53

15We discuss only Cardan’s cubic formula, omitting any discussion of the corresponding quartic
formula, which often bears Cardan’s name and which can be handled with the same techniques. See
Van der Waerden, Vol. I, Section 58, for details.
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with x in K, and the proof of Corollary 9.48 tells us to adjoin to k the square root
of any element of image E, i.e., any element with o (x) = (sgnx)x for all o in
Gs.

The only elements of K for which we have good control of the action of the
Galois group, apart from the elements of k, are the elements that are expressed
directly in terms of the roots ry, r,, 3 of the polynomial. By renumbering the
roots if necessary, we may assume that the roots are permuted by G5 according to
their subscripts. An example of a polynomial function of ry, r;, r3 that transforms
according to the sign of the permutation played a role in Section 1.4 in defining
the sign of a permutation. It is the difference product of the polynomial, namely

(rj —ri).
1<i<j<3

This is a square root of the discriminant D of the polynomial, which is given by

D = l_[ (rj—r,-)z.

1<i<j<3

We shall compute D in terms of the coefficients of the cubic shortly. In the
meantime, the proof of Corollary 9.48 thus tells us that L. = k(+/D ). Here /D
is given by

VD = (r3 —r)(rs —r1)(r2 — 11)
= (172 +ror? +r3rd) — 2y + r2rs 4 r2r).

The second step is to pass from L to K. Corollary 9.48 says to expect K
to be obtained by adjoining the cube root of something if the cube roots of 1
are already present in L. The proof of the second half of Theorem 9.44, which
follows Corollary 9.48, indicates how we can incorporate the cube roots of 1 into
the fields in order to have a root tower. What we can do is to replace k at the start
by a splitting field for [[,_,_; (X" — 1). Since %1 are already in k, we are to
adjoin the nontrivial cube roots of 1, i.e., the roots of X 24X +1,if they are not
already present. In other words, what we do is replace k at the start by k(v/—3).
Changing notation, we assume that /=3 lies in k from the outset.

We can now use Lagrange resolvents. Let o be the generator (1 2 3) of s,
sending ry to rp, rp tors, and r3 tor;. Let w = %(—1 + +/=3) be a primitive
cube root of 1. Then we have

Eox = %(x +ox + azx),

Eix = %(x + o lox + o %0%x),

E)x = %(x + o %ox + aflozx).
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Again we can use any x, but the roots of the cubic are the simplest nontrivial
elements for which we know the action of ¢. Corollary 9.48 shows that K =
L(Ex) if Eyx # 0. Proposition 9.47 says that (E;x)? is fixed by o, and it
therefore lies in L. Hence K is identified as obtained from IL by adjoining a cube
root of the element (E;x)3 of L.

Taking x = r|, we have o0x = r; and o2x = r3. Also, ™! = %(—1 +./-3).

Using the formula for E1x and substituting for v/D and w*! then gives

(3E1}"1)3 = 7”13 +I"; + 7”32 + 61"17‘2}"3
30~ (2 2 2 2 2 2
+ 3w (riry +ryr3 +rir) + 3w (riry +rory +r3ry)
= z:rl.3 + 6r11or3 — % > rizrj + %\/—_3«/D.
i i#]

To proceed further, we shall want to substitute expressions involving the co-
efficients of the cubic for the above symmetric expressions in the roots.'® These
expressions will be considerably simplified if we assume that the coefficient of
X? in the cubic is 0. We know that this assumption involves no loss of generality.

Thus we assume for the remainder of this section that the cubic is X> + pX +¢.
The relevant formulas relating the roots and the coefficients are

ri+r,+r3=0,
rirp +rir3 +ror3 = p,
rirri3 = —(q.

Aiming for the right side of the displayed formula for (3E7)?, we have

0= (r1+r2+7r3)° =312 +33 rlrj + 6rirars,
i

i#]
_ __9 2 27
0= (ry +ra+r3)(riry +rirs +rar3) = —5 Y rirj — rirars,
i)
27 27
—34 = Frirnrs.

Addition of these three lines and comparison with the expression for 3(E;r)3
yields

_27751 = Z:rl3 — % Z rizrj + 6ryror; = (3E1r1)3 — %«/ —3\/5
i i#j
Consequently

BEir)’ =—-Fq+3v-3VD.

16problems 36-39 at the end of Chapter VIII assure us that this rewriting is possible. For our
derivation this assurance is not logically necessary, since we will be producing explicit formulas.
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Similarly

BEr)’ = -3 q — 3v/-3VD.

Since 3Egr; = r; 4+ rp + r3 = 0, we have expressions for Egry, Er1, and Epry,
apart from the choices of the cube roots. Proposition 9.47b says that we recover
r1 by addition: r; = Egr; + Er; + E,r;. Thus we have found a root explicitly
as soon as we sort out the ambiguity in the choices of cube roots and determine
the value of D in terms of the coefficients p and g.

Theorem 9.50 (Cardan’s formula). Let k be a field of characteristic O con-
taining +/—3, and let X> + pX 4 ¢ be an irreducible cubic in k[X]. For this
polynomial the discriminant D is given by

D = —4p> —274°.

The Galois group of a splitting field of the cubic is G5 if D is a nonsquare in k
and is A3 if D is a square in k. In either case, fix a square root of D, denote it by

VD, and let 0*!' = %(—1 4 +/—3) be the primitive cube roots of 1. Then it is

possible to determine cube roots of the form

3Eir = —%q + %\/—3«/5 and 3Eyr = . _2_27q — %4/_3\/5

in such a way that their product is (3E17r;)(3E1r2) = —3p, and in this case the
three roots of X3 4+ pX + ¢ are given by

ri = Ejri + Eopry,
rp = a)Elrl + CU2E27’1,
r3 = w2E1r1 + wEsr;.
PROOF. Define o} = r{‘ + rf + ré‘ for 1 < k < 4. By inspection we have
2

1 1 1 1 r 3 o1 oy
r r, ri 1 rm r22 =|oy o o3].
r2 2 g2 1 2 oy 03 O

1 2 3 r3 r3 2 03 04

Taking the determinant of both sides and applying Corollary 5.3, we obtain

3 o 02
D=det| oy o, o3| =30004 — 023 — 3032.
03 03 O4

The given cubic shows that oy = r| + r, + r3 = 0. For the other o;’s, we have
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oy = r12 + r22 + r32 =1 4+r+m) =20rra+rirs +rar3) = —2p,
03 =r13 —|—r23 —I—r;’ = (r; —|—r2+r3)(r12+r22+r32)
— (r12r2 + r12r3 + r22r1 + r22r3 + r32r1r32r2)
= —(r1 +r2+r3)(rira +rirs +rar3) + 3rirars = =34,
oy =1} 1y 4rd = F 4343 =20 + il + i)
= (=2p)* = 2(rir2 + rirs + rar3)’
+4rirars(n +r2 +13) = (=2p)* = 2(p)* = 2p”.
Substituting, we obtain D = —12p* +8p® —27¢* = —4p> —274¢>. This proves
the formula for D. In particular, it confirms that D lies in k.
The Galois group of the splitting field of the polynomial must be G3 or 3. If
it is &3, then we saw above that L. = k(\/ﬁ) and that [IL : k] = 2. Hence D is a
nonsquare in k. If the Galois group is 23, then (r3 —rp)(r3 —ry)(rp —ry) is fixed
by the Galois group and lies in k. The square of this element is D, and hence D
is a square in k.

With either Galois group the calculations with the cubic extension that precede
the statement of the theorem are valid. If r; is one of the roots, then we know that

r1 = Eory + Evry + Epry = Ery + Eory,
(BEin)® = -%q+ 3v/-3VD,
(BExr)® = -Zq — 3v=3VD.

The uniqueness of simple extensions (Theorem 9.11) says that we can make any
choice of cube root to determine 3Er;. Then

GBEr)BExw) = (r + o lori + 0 26 r)(r + 0 %or + 0 o)
=1+ '+ o) 4+ o 40 ')
= ({473 +r) 4 (@40 )i+ rirs +rars)
= (r12 + r22 + r32) — (rira +rirs +raor3).

The first term on the right side we calculated in the first paragraph of the proof
as oo = —2p, and the second term gives —p. Thus (3Er|)(3E,r;) = —3p as
asserted. Since o operates on image E| as multiplication by @ and on image E,
as multiplication by w?, the fact that r; = Er| + Eary implies that

rp=o0(r)) =wEir + w2E2r1
and r3 = az(rl) = W’ Eir| + wEor,.

This completes the proof. ([l
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14. Proof That 7 Is Transcendental

In this section and the next three, we combine Galois theory with some of the

ring theory in the second half of Chapter VIII. This combination will allow us to

prove some striking theorems, see how Galois groups can be used effectively in

practice, and develop some techniques for identifying Galois groups explicitly.
The present section is devoted to the proof of the following theorem.

Theorem 9.51 (Lindemann, 1882). The number 7 is transcendental over Q.

The argument we give is based on that in a book by L. K. Hua.!” For purposes
of having a precise theorem, 7 is defined as the least positive real number such
that e™ = —1. In addition to Galois theory in the form of Proposition 9.35,
the proof here will make use of a few facts about algebraic integers. Algebraic
integers were defined in Section VIII.1 and again in Section VIIL.9 (as well as in
Section VII.4) as complex numbers that are roots of monic polynomials in Z[ X].
The algebraic integers form a ring by Corollary 8.38 (or alternatively by Lemma
7.30), the only algebraic integers in QQ are the members of Z by Proposition 8.41
(or alternatively by Lemma 7.30), and any algebraic number x has the property
that nx is an algebraic integer for some integer n # 0 by Proposition 8.42.

We begin with a lemma.

Lemma 9.52. Let f(X) in C[X] be givenby f(X) =Y ;_, ai X*, and define
F (X) to be the sum of the derivatives of f(X):

FX) =3 rOX).
=0

If Q(z) is defined as Q(z) = F(0)e* — F(z) for z € C, then F(0) = Y, _, axk!
and

10G)] < e 3 lallzlt.
k=0

PROOF. We calculate directly that

k! n kkl

EEy TR IR T

akk'

n n n k
F =
O=ZXa o’ ~LLa-n

7 Introduction to Number Theory, pp. 484—488. In the same pages Hua establishes the earlier
theorem of Hermite that e is transcendental, using a related but simpler argument.
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Evaluation at z = 0 gives F(0) = Y ;_, axk!. Then

n k k!
|0 akZ—Z - ‘
= =0i=0 !
n k!
Ya Y l—,zl]
k=0 I=k+1
I
< Zl a| ioj 2 since () <1
= 1=k (= K)!
P 2 |Z|m
= Z lag||z] Z —
< el Jallz)*. O

k=0

PROOF OF THEOREM 9.51. Arguing by contradiction, suppose that  is al-
gebraic over Q, so that « = i is algebraic over Q as well. Let M(X) be the
minimal polynomial of « over @, and let K be the splitting field of M(X) in C.
This exists since C is algebraically closed. We write oy, . . ., &, for the roots of
M(X) in K, with «; = «. These are distinct algebraic numbers, and they are
permuted by the Galois group, G = Gal(K/Q). What we shall show is that

R=T](1+ev) 0.
j=1

This will be a contradiction since 1 + ¢“' =0 for oy = ir.
We expand the product defining R, obtaining

— 1+Zeaj +Zeaj+ak+
J Jk
Whenever one of the exponentials has total exponent 0, we lump that term with
the constant 1. Otherwise we write the term as e/, allowing repetitions among
terms e, Thus
R=N+eﬁ‘ +eﬁz+...+eﬁr’

with N an integer > 1, with each §; # 0, and with N 4 r = 2.

Each member of G = Gal(K/Q) permutes a1, ..., a,,, and it therefore per-
mutes the §;’s that are single «;’s, permutes the ;’s that are the nonzero sums of
two «;’s, permutes the $;’s that are the nonzero sums of three «;’s, and so on.

Choose an integer a > 0 such that aay, . .., aa,, are algebraic integers, let p
be a prime number large enough to satisfy some conditions to be specified shortly,

and define
(a )L L r n
f(X)= ]_[ (@X —ap)? =Y aX".
(p—D! k=0
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The members o of G act on f(X) as usual by acting on the coefficients. Each §;
that is the nonzero sum of a certain number of «;’s is sent into another 8 of the
same kind, and thus o just permutes the factors of the product defining f, leaving
f(X) unchanged. The coefficients of (p — 1)! f(a~'X) are algebraic integers in
K. Being fixed by G, they are in QQ by Proposition 9.35d, and hence they are in
Z. Therefore
Ap_lapflxpfl + ApaPXP + - -

(p — D!
withA,_1, A, ... inZ. Since A,_| = lezl (—ap;)?, we can arrange that p does
not divide Ap,]a‘”_1 by choosing p greater than a and greater than | [T @B |
If we look at the /™ factor in the product defining f(X), we see that (X — 8;)?
divides f(X) in K[X]. Therefore we have further formulas for f(X), namely

Vp (X — BDP + yYp10(X — BPt 4.
(p— D!

As in Lemma 9.52, we define

f(X) =

forl <l <r.

f(X)=

F(X) = Z FOX) and 0(2) = F(0)e* — F(2).
=0

Then we have F(0) = ZZ:O ark!. For 1 <1 < r, the definition of Q(z) gives
F(0)e? = F(B)) + Q(B;). Substituting from the definition of R, we obtain

FO)R = FO)(N + ,Z oP) = NF(0) + IZ F(B) +li 0B). ()
=1 =1 =1

A further condition that we impose on the size of p is that p > N. Then the
computation

n
NF©) =N Y atk! = N(Ap—1a”~' + pA,a? + p(p + DA, pa?™ + )
k=0

and the properties of A,_i, A, ... together imply that N F'(0) is an integer and
is not divisible by p.

Let us compute F(f;). The derivatives through order p — 1 of f(X) are O at
B;. For the p" derivative we have

(P+J) G+ »
pypi = fPB) = pAyar + 3 LTI T Dy artip)

iz (p = D!

The coefficient of A, jap+j ,Blj inside the sum equals

(p+i)---(G+Djlp :p<p+j>
p(p—D!j! i)
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and thus

PYoa=fPB) =a’(pAy + X p("T) Apsj(app’).
J=

The higher-order derivatives are computed and simplified similarly. For the
(p + k)™ derivative with k > 1, we find that

(p+k) - (p+Dpypers = FPB)

=a’* ((p+k) - (p+ DpApk (%)
+ 2 (p+h) - (p+ Dp("TI) Ay jar (@B
j=1

Put Cpp = er:1 Yp+k,1- Summing the left and right members of (xx*) over /
gives
. l .
Cpar = a"H (rApss+ 1 (") Apsjin Y- (aBD)).
iz j=1

The sum Zﬁzl(aﬁl)j is an algebraic integer fixed by G, and it is therefore an
integer. Consequently each Cp is an integer. Summing the left and middle
members of (k) over k and [ gives

li F(B) = T (p+4)-+-(p + DpCpus,
=1 >

and this is an integer divisible by p.
Since N F(0) is an integer not divisible by p, NF(0) + er=1 F(B;) is an
integer not divisible by p, and we have

INFO)+ Y F(B)| = 1.
=1
In view of (x), we will have a contradiction to R = 0 if we show that

1> o) < 1.
=1
An easy argument by induction on m shows that if Y " diz" = [j_; (z — ¢)),
then Y 1 |di||z|* < ;:1 (Iz] + lcj1). Applying this observation to the sum and
product defining f(X) and using Lemma 9.52, we see that

n p—1 r P
10 = 3 layljzpt < LT T @I alDT
k=0 (p— D!
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For each fixed z, the right side is the (p — 1) term of the convergent series for an
exponential function at an appropriate point, and hence the right side is less than
r~le~ ! for p sufficiently large, p depending on z. Choosing p large enough to

make the right side less than r ~'e~?l for z = By, ..., B; and summing over these
z’s, we obtain ‘ Y Q(,81)| < 1, and we have arrived at the contradiction we
anticipated. (]

15. Norm and Trace

This is the second of four sections in which we combine Galois theory with
some of the ring theory in the second half of Chapter VIII. We shall make use
of a little more linear algebra than we have used thus far in this chapter, and we
shall conclude the section by completing the proof of Theorem 8.54 concerning
extensions of Dedekind domains.

Let k be a field, not necessarily of characteristic 0, and let K be a finite
algebraic extension. We take advantage of the fact that K is a vector space over
k. If a is in K, let us write M (a) for the k linear mapping from K to K given by
multiplication by a. The characteristic polynomial det(X I — M(a)) is called the
field polynomial of @ and is a monic polynomial in k[ X] of degree [K : k]. The
norm and trace of a relative to K/k are defined to be the determinant and trace
of the linear mapping M (a). In symbols,

Nk /k(a) = det(M(a)),
Trg/k(a) = Tr(M(a)).

Both Nk ik and Trgy are functions from K to k. If n = [K : k], then Nk i (a)
is (—=1)" times the constant term of det(X/ — M(a)), and Trg x (a) is minus the
coefficient of X"~!. The subscript K/k may be omitted when there is no chance
of ambiguity.

EXAMPLE. k = Q, K = Q(+v/2),a = +/2. If weuse I' = (1,+/2) as an
ordered basis of K over k, then the matrix of M (a) relative to I" is (ﬁ?) =

02
10
the field polynomial of a can be computed in this basis and is given by

. Since characteristic polynomials are independent of the choice of basis,

XI-M@ _ X -2\ _ y2
det( T >_det(_1 x>_X - 2.

We can read off the norm and trace as N (a) = —2 and Tr(a) = 0.
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Proposition 9.53. If K /k is a finite extension of fields with n = [K : k], then
norms and traces relative to IK/k have the following properties:

(@) N(ab) = N(a)N(b),

(b) N(ca) = c"N(a) for c € k,

(¢) N(1) =1, and consequently N(c) = ¢" for ¢ € k,

(¢) Tr(a + b) = Tr(a) + Tr(b),

(d) Tr(ca) = cTr(a) for c € k,

(e) Tr(1) = n, and consequently Tr(c) = nc for ¢ € k.

PROOF. Properties (a) and (b) follow from properties of the determinant in
combination with the identities M(ab) = M(a)M(b) and M(ca) = cM(a).
Properties (c) and (d) follow from properties of the trace in combination with the
identities M(a + b) = M(a) + M (b) and M(ca) = cM(a). Since M (1) is the
identity, the norm and trace of 1 are 1 and n, respectively. The other conclusions
in (c) and (e) are then consequences of this fact in combination with (b) and (d).

O

Proposition 9.54. Let K/k and /K be finite extensions of fields with
[K: k] = nand[L : K] = m, and let a be in K. The element a acts by
multiplication on K and also on L, yielding k linear maps in each case that will
be denoted by My /i (a) and My, /i (a). Thenin suitable ordered vector-space bases
the matrix of My, (a) is block diagonal, each block being the matrix of My /i (a).

PROOF. We choose the bases as in Theorem 7.6. Thus let I' = (wq, w», ...)
be an ordered basis of K over k, and let A = (&1, &, ...) be a basis of L over K.
Theorem 7.6 observes that the mn products &;w; form a basis of I over k, and we
make this set into an ordered basis €2 by saying that (i1, ji) < (i2, jo) ifi; < i»
orifij =i and j; < jo. Let Mg x(a)w; = Y, cjjo;. Then

My (a)éiw; = (1; cjw)& = 1;1 z; (kicij)érawy,s

where §;; is 1 when k& = i and is O otherwise. The matrix (Mgkg(a)> has

((k, D), (i, ) entry dy;c;;, and this is O unless the primary indices k and i are
equal. Thus the matrix is block diagonal, the entries of the i™ diagonal block
being ¢;;. O

Corollary 9.55. Let K/k and L/K be finite extensions of fields with
[L : K] = m, and let a be in K. Let Mgk (a) and My, (a) denote multiplication
by a on K and on L, and let Fi/k(X) and F1,x(X) be the corresponding field
polynomials. Then

Fipe(X) = (Fiepe(X))".

Consequently Np,/x(a) = (Ng/k(a))™ and Try i (a) = m Trg i (a).
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PROOF. Proposition 9.54 shows that the matrix of XI — My, (a) may be
taken to be block diagonal with each of the m diagonal blocks equal to the
matrix of X1 — Mg (a). The determinant of XI — My, (a) is the product
of the determinants of the diagonal blocks, and the formula relating the field
polynomials is proved.

The formulas for the norms and the traces are consequences of this relationship.

In fact, let .
FK/[K(X) = X" + c,,_lX"_ +---+0co

and FL/[K(X) = X’"”+dm,,,1X’””_l +---+dp.

Comparing coefficients of Fx(X) and (Fi/x (X))m, we see that dy,,— 1 = mcy—
and dy = ¢('. Therefore

Npjx(a) = (=1)""dy = ((=1)"co)" = (Ngx(a))"
and Try (@) = —dun—1 = —mc,—1 = mTrg i (a).

This completes the proof. g

Corollary 9.56. Let K/k be a finite extension of fields, and let a be in K. Then
the field polynomial of a relative to K/k is a power of the minimal polynomial of
a over k, the power being [K : k(a)]. In the special case K = k(a), the minimal
polynomial of a coincides with the field polynomial.

REMARKS. In the theory of a single linear transformation as in Chapter V,
the minimal polynomial of a linear map divides the characteristic polynomial, by
the Cayley—Hamilton Theorem (Theorem 5.9). For a multiplication operator in
the context of fields, we get a much more precise result—that the characteristic
polynomial is a power of the minimal polynomial.

PROOF. If F(X) is in k[ X], then the operation M of multiplication has
M(F(a))b = F(a)b = F(M(a))b for b € K, (%)

as we see by first considering monomials and then forming k linear combinations.
The minimal polynomial of a over k is the unique monic F(X) of lowest degree
in k[ X] for which F(a) = 0, hence such that M (F (a)) = 0. Meanwhile, the
minimal polynomial of the linear map M (a) is the unique monic F'(X) of lowest
degree such that F'(M(a)) = 0. These two polynomials coincide because of ().

The degree of the minimal polynomial of M (a) thus equals the degree of the
minimal polynomial of a, which is [k(a) : k]. The Cayley—Hamilton Theorem
(Theorem 5.9) shows that the minimal polynomial of M (a) divides the charac-
teristic polynomial of M (a), i.e., the field polynomial of a. When the field K is
k(a), the minimal polynomial of a and the field polynomial of a have the same
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degree; since they are monic, they are equal. This proves the second conclusion
of the corollary.

For the first conclusion we know from Corollary 9.55 that the field polynomial
of a relative to a general K is the [K : k(a)]™ power of the field polynomial of a
relative to k(a). Since we have just seen that the latter polynomial is the minimal
polynomial of a, the first conclusion of the corollary follows. (]

EXAMPLE, CONTINUED. k = Q, K = Q(+/2), a = +/2. We have seen that
the field polynomial of a is X? — 2, that the norm and trace are N (a) = —2 and
Tr(a) = 0, and that the matrix of the multiplication operator M (a) in the ordered

basis ' = (1,+/2) is (Al{(]f)> = (? g) The eigenvalues of (A?(lf)> are ++/2,
namely the roots of the field polynomial. These are not in the field k. Indeed,
they could not possibly be in the field, or we would have M (a)x = Ax for some
x # 0in K and some A in k, and this would mean that A = a. Since the roots
++/2 of the field polynomial each have multiplicity 1 and lie in K, the matrix

M@\ . o - . . V2 0
( r )15 s1m11aroveth0thedlagonalmatrlx( o —v3

have the same trace and the same norm, we can compute the trace and norm of
M (a) from this diagonal matrix, namely by adding or multiplying its diagonal
entries. The significance of the diagonal entries is that they are the images of /2
under the members of the Galois group Gal(KK/k). We shall now generalize these
considerations. Additional complications arise when K/k fails to be separable
and normal.'®

) . Since similar matrices

Proposition 9.57. Letk be a field, let k(a) be an algebraic extension of k, and
suppose that the minimal polynomial F (X) of a over k is separable. Let K be a
splitting field of F'(X), and factor F(X) over K as

FX)=X—-a)(X —ay)--- (X —ay)

with all a; € K and with a; = a. Then the matrix of the multiplication operator
M (a)k(q)x of a on k(a) is similar over K to a diagonal matrix with diagonal
entries ay, . . ., a,. Consequently

n n
Niay/x(a) = Haj and Try(ay/x(a) = Zaj-
j=1 j=1

18The above argument used a matrix with entries in k and considered the entries as in the larger
field K. The reader may wonder what the corresponding construction is for the k linear map M (a). It
is not to treat M (a) as a K linear map on K, since then M (a) would have just the one eigenvalue V2,
which would have multiplicity 1. Instead, it is to use tensor products as in Chapter VI, knowledge
of which is not being assumed at present. The idea is to extend scalars, replacing K by K ® K and
replacing M (a) by M(a) ® 1. The K linearity occurs in the second member of the tensor product,
not the first, and the operator M (a) ® 1 is the K linear map with eigenvalues +2.
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REMARKS. The elements aq,...,a, of K, with a; = a, are called the
conjugates of a over k. The conjugates of a are the images of a under the
Galois group when k(a) is Galois over k, but they extend outside k when k(a) /k
is not normal.

PROOF. Corollary 9.56 shows that F(X) equals the field polynomial of a
relative to k(a)/k, i.e., is the characteristic polynomial of the multiplication
operator Myq)/k(a). Let A be the matrix of My, (a) in some ordered basis of
k(a) over k. If we regard A as a matrix with entries in K, then the characteristic
polynomial of A splits in K, and the roots of the characteristic polynomial have
multiplicity 1, by separability. Consequently A has a basis of eigenvectors, the
eigenvectors being column vectors with entries in K and the eigenvalues being the
members ay, . .., a, of K. It follows that A is similar over K to a diagonal matrix
with diagonal entries ay, ..., a,. The determinant and trace of this diagonal
matrix equal the determinant and trace of A, and therefore the norm and trace of
a are the product and sum of the members ay, ..., a, of K. O

Corollary 9.58. Let K be a finite Galois extension of the field k, let G =
Gal(K/k), let L be an intermediate field withk C I. C K, and let H = Gal(K/LL)
as asubgroup of G. Fix an ordered basis I" of L over k. Then the expression “o (a)
for o € G/H ” is well defined for a in L, and there exists a nonsingular matrix

C of size [LL : k] with entries in K such that every a in L has C~! (erfﬂ;@) c

diagonal with diagonal entries o (a) for 0 € G/H. In particular, every member
a of L has norm and trace given by

Ny (@) = ]_[ o(@ and  Trpp(a) = Z o(a).

oeG/H oeG/H

PROOF. Letabeinl, o bein G, and T be in H. Then 7(a) = a, and therefore
ot(a) = o(a). Consequently all members of the coset 0 H of G/H have the
same value on a, and “o (a) foro € G/H ” is well defined.

Letn = [IL : k] = |G/H|. Fix an ordered basis I" of . over k. Foreacha € L,
let A(a) be the matrix of the multiplication operator M (a)r i relative to I'.

The Theorem of the Primitive Element (Theorem 9.34) shows that . = k(x)
for some x. Proposition 9.57 applies to this element x and to a splitting field
within K for its minimal polynomial, showing that there is a nonsingular matrix
C with entries in K such that C~'A(x)C is a diagonal matrix whose diagonal
entries are the n conjugates x1, ..., x, of x in K, x; being x; the diagonal entries
are necessarily distinct by separability. For eachi with 1 < i < n, there exists o;
in G with 0; (x) = x; by Theorems 9.11 and 9.23. Since H fixes L, every member
of the coset 0; H carries x to x;. On the other hand, every ¢ in G must carry x to
some conjugate, hence must have o (x) = o;(x) for some i. Then cri_lo fixes x
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and hence L, and it follows that (fi_la isin H. Thus o is in o; H. In other words,

the conjugates xi, ..., x, may be regarded exactly as the images of the n cosets
ojH.

In this terminology the diagonal entries of C ~! A(x)C are the n elements o (x)
foro in G/H. Foreach j with0 < j < n—1,wehave A(x/) = A(x)/, and hence
C~'A(x/)C = C7'A(x)/C is diagonal with diagonal entries o (x)/ = o (x/) for
o in G/H. Forming k linear combinations, we see for every polynomial P (X)
in k[ X] of degree < n — 1 that C~' A(P(x))C is diagonal with diagonal entries
o (P(x)). Every element a of K is of the form P(x) for some such P(X), and
the existence of C in the statement of the corollary is proved. The formulas for
the norm and trace follow by taking the determinant and trace. O

Corollary 9.59. If K is a finite separable extension of the field k, then the
trace function Try  is not identically 0.

REMARKS. This result is trivial in characteristic O because Trk /(1) = [K : k]
is not zero. The result is not so evident in characteristic p, and the assump-
tion of separability is crucial. An example for which separability fails and
the trace function is identically 0 has k = [F(x), where [F is a finite field of
characteristic p and x is transcendental, and K = k(x!/?). The basis elements
1, xYp x2/p . xW=D/P ]l have trace 0, and therefore the trace is identically 0.

PROOF. By the Theorem of the Primitive Element (Theorem 9.34), we can
write K = k(a) for some a # 0. Let K’ be a splitting field for the minimal
polynomial of a over k. Then K’'/k is a separable extension by Corollary 9.30
and hence is a finite Galois extension. Proposition 9.57 shows that the matrix of
My x(a) in any ordered basis of K over k is similar over K’ to a diagonal matrix
with entries ay, ..., a,, where ay, ..., a, are the conjugates of a with a; = a.
These conjugates are necessarily distinct by separability. For 1 < k < n, the
matrix of M i (a¥) is similar via the same matrix over K’ to a diagonal matrix
with entries af, ..., ak. If Trgx(a*) = 0 for 1 < k < n, then we obtain the
homogeneous system of linear equations

aix) + axxy + - - - + apxy =0,

2 2 2
aix; +ayxo +---+a;x, =0,

alxy+ayxo+---+ayx, =0,

with (x1, ..., x,) = (1, ..., 1) asanonzero solution. The coefficient matrix must
therefore have determinant 0. This coefficient matrix, however, is a Vandermonde
matrix except that the j™ column is multiplied by a; for each j. Since ay, ..., a,
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are distinct, Corollary 5.3 shows that the determinant of the coefficient matrix
canbe O onlyifaja; - - -a, = 0. Since a # 0, we have arrived at a contradiction,
and we conclude that Try i (a*) # 0 for some k. ]

With the aid of Corollary 9.59, we can complete the proof of Theorem 8.54 in
Section VIII.11. Let us restate the part that still needs proof.

THEOREM 8.54. If R is a Dedekind domain with field of fractions F and if K
is a finite separable extension field of F, then the integral closure T of R in K is
finitely generated as an R module and consequently is a Dedekind domain.

REMARKS. What needs proof is that 7T is finitely generated as an R module.
It was shown in Section VIII.11 how to deduce as a consequence that T is a
Dedekind domain.

PROOF. Since R is Noetherian (being a Dedekind domain), Proposition 8.34
shows that it is enough to exhibit 7" as an R submodule of a finitely generated R
module in K. Let {u, ..., u,} be a vector-space basis of K over F. Proposition
8.42 shows that we may assume that each u; is in 7'.

Define an F' linear map from K into its F vector-space dual K’ by y — ¢,
where £,(x) = Trg,r(xy) for x € K. This map is one-one by Corollary 9.59,
and the equality of dimensions of K and K’ over F therefore implies that the
map is onto. We can thus view every member of K’ as uniquely of the form ¢,
for some y in K. With this understanding, let {£{,,, ..., £, } be the dual basis of
K’ with £y, (u;) = §;; forall i and j. Then we have

Trg/r(uiv)) =§;;  foralliand j.

Applying Proposition 8.42, choose ¢ # 0 in R with cv; in T for all j. We shall
complete the proof by showing that

T C Rc_lul —I—-.-—{—Rc_lun. (%)
Before doing so, let us observe that
Trg,p(t) isinRiftisinT. ()

In fact, Proposition 9.57 shows that Tr () r (¢) is the sum of all the conjugates of ¢,
whether or not they are in K. The conjugates have the same minimal polynomial
over F' that ¢ has, and hence they are integral over R. Their sum Trr ), (¢) must
be integral over R by Corollary 8.38, and it must lie in F. Since R is integrally
closed (being a Dedekind domain), Trr ), (¢) lies in R. This proves (xx).

Now we can return to the proof of (x). Let x be given in 7. Since T is aring,
cxv;isin T for each j, and Trg,r(cxv;) is in R by (x*). Since {u, ..., u,}isa
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basis, we can write x = ), d;u; with each d; in F. Since Tr(cxv;) is in R, the
computation

Tr(cxvj) = ¢ Trgyr(xv;) = ¢ Y d; Tr(u;v;) = cd,;

i=1

shows that cd; is in R. Then the expansion x = ), (cd;j)c™'u; exhibits x as in
Rc'uy + -+ Re 'u, and completes the proof of (x). O

16. Splitting of Prime Ideals in Extensions

Section VIIL.7 was a section of motivation showing the importance for number
theory and geometry of passing from factorization of elements to factorization
of ideals. The later sections of Chapter VIII set the framework for this study,
examining the notions of Noetherian domain, integral closure, and localization
and putting them together in the notion of Dedekind domain. Only just now
were we able to complete the proof of the fundamental result (Theorem 8.54) for
constructing Dedekind domains out of other Dedekind domains. However, that
proposition does not complete the task of extending what is in Section VIIL.7 to a
wider context. Much of Section VIII.7 concerned the relationship between prime
ideals in one domain and prime ideals in an extension. In the present section we
put that relationship in a wider context, showing how the examples of Section
VIII.7 are special cases of the present theory.

In two of the examples in Section VIII.7, we worked with the ring Z of integers
inside its field of fractions Q and with the ring T of algebraic integers within a
quadratic extension K of Q. In the third example in that section, we worked
with the ring C[x], for transcendental x, inside its field of fractions C(x) and
with a certain integral domain 7 within a quadratic extension of C(x). For all
three examples we saw a correspondence between prime ideals P in T and prime
ideals (p) in Z or C[x], and that correspondence was formalized in a more general
setting in Propositions 8.43 and 8.53. The objective now is to understand that
correspondence a little better.

The notation for this section is as follows: Let R be a Dedekind domain, such
as Z or C[x], and let F be its field of fractions.!® Let K be a finite separable
extension of F, and let T be the integral closure of R in K. Theorem 8.54,
including the part just proved in the previous section, shows that 7" is a Dedekind
domain. We make repeated use of the fact about Dedekind domains that every
nonzero prime ideal is maximal.

191t might seem more natural to assume that R is a principal ideal domain, as it is with Z and
C[x]. But that extra assumption will not help us, and it will often not be satisfied when the present
results are used in the proof of the important Theorem 9.64 in the next section.
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Proposition 8.43 shows thatif P is any nonzero primeideal of T, thenp = RNP
is anonzero prime ideal of R. In the reverse direction Proposition 8.53 shows that
if p is any nonzero prime ideal in R, then pT # T, and there exists at least one
prime ideal P of T withp = RN P. The unique factorization of ideals in T (given
as Theorem 8.55) explains this correspondence better. If p is given, then pT is a
proper ideal, hence is contained in some maximal ideal P. Since “to contain is
to divide” (by Theorem 8.55d), such P’s (and only such P’s) are factors in the
decomposition of pT as the product of nonzero prime ideals. Accordingly let us

write
g
pT = l_[ Piei,
i=1

where the P; are the distinct prime ideals of 7' containing p7', or equivalently the
distinct prime ideals of T satisfying R N P; = p. The e; are positive integers
called the ramification indices.

For each P;, we can form the composition R € T — T/P; of inclusion
followed by passage to the quotient. Since p C P;, this composition descends to
a ring homomorphism R/p — T/ P;. The ideal p is maximal in R, and the ideal
P; is maximal in 7. Thus the mapping R/p — T/P; is in fact a field map. We
regard it as an inclusion. Define

fi=1[T/P;: R/pl,

allowing the dimension for the moment possibly to be +oc0. It will follow from
Theorem 9.60, however, that f; is finite. The integer f; is called the residue class
degree.

Theorem 9.60. Let R be a Dedekind domain, let F be its field of fractions, let
K be afinite separable extension of F with [K : F] = n, and let T be the integral
closure of R in K. If p is a nonzero prime ideal in R and p7T = f:l Pfisa
decomposition of pT as the product of powers of distinct nonzero prime ideals in
T, then the ramification indices e; and residue class degrees f; = [T/P; : R/p]

are related by
g
Z e fi =n.
i=1

REMARKS. Consequently each f; is finite. The cases of interest for our earlier
examples have R = Z or R = C[x]. When R = Z, each R/p is a finite field.
However, when R = K][x] for some field K of characteristic O like K = C, then
each R/p is a finite extension of K, hence is an infinite field.?’

20When R = C[x], then T/P; = R/p = C since C is algebraically closed. The last example of
the present section will elaborate.
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PROOF. Corollary 8.63 gives a ring isomorphism
T/(pT) = T/P{" x --- x T/Pg". (%)

Recall from the definition of residue class degree that we have a field mapping of
R/pinto each T/P;. Since p C Pf for 1 < e < ¢; and since p C pT, it follows
similarly that we have a one-one ring homomorphism of R/p into each T/ Pf
with 1 < e < ¢; and another one-one ring homomorphism of R/p into T/(pT).
Consequently each T/ Pf with 1 < e < ¢;, the product T/Pfl X oo X T/PEg,
and 7/(pT) may all be regarded as unital R/p modules, i.e., as vector spaces
over the field R/p. Fix i. For 1 < e < ¢;, let us prove by induction on e that

dimg ), (T/Pf) = ef;, (k)

the case e = 1 being the base case of the induction. Assume inductively that (s:x)
holds for exponents from 1 to e — 1. We know from Corollary 8.60 that Pf‘l/ Pf
is a vector space over the field 7'/ P; with

dimz/p,(PY 7'/ PF) = 1. ()

The First Isomorphism Theorem (as in the remark with Theorem 8.3) gives
T/Pf*] = (T/Pf)/(Pf*1 / Pf) as vector spaces over R/p, and it follows that

dimpg,p (T/Pf) = dimg)y (T/PF™") + dimpg,p (PF'/ PY)
=(e—Dfi+ fi=efi

the next-to-last equality following from (1) and the inductive hypothesis for the
cases e — 1 and 1. This completes the induction and the proof of (sx).

In view of the decomposition (x) and the formula (xx) when e = e;, the
theorem will follow if it is shown that

dimpg,p(T/(pT)) = n. (i)

To prove (1) we localize. Let S be the complement of the prime ideal p of R.
Corollary 8.48 shows that S™!'R is a Dedekind domain, Corollary 8.50 shows
that S~'p is its unique maximal ideal, and Corollary 8.62 shows that S~'R is a
principal ideal domain.

The composition R € S~'R — S~'R/S~'p descends to a field mapping
R/p — S~'R/S™'p. Let us see that this mapping is onto. If s, 'ro + S~ 'p in
S~'R/S~'p is given, then sq is not in p, and the maximality of p as an ideal in
R implies that (so) + p = R. Therefore we can choose r in R and x in p with
rso + x = ro. Under the mapping R/p — S~'R/S™'p, the image of r + p is
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r+Slp=r+ so_lx +85'p = so_l(rso +x)+ S lp = so_lro + S~ 'p. Thus
our mapping is onto S~!'R/S~!p, and we have an isomorphism of fields

R/p =S 'R/Sp. ()

Similarly the composition T € S~!T — S~'T/(S~!'pT) descends to a ho-
momorphism of rings T/pT — S~'T/(S~'pT). Let us show that this map too
is one-one onto.

If ¢ + pT is in the kernel, then the member ¢ of T is in S~'p7, and st is in
pT for some s in S. Hence we have (s)(tr) C Pf] P;g, and we can write
s)() = Pf i P;g Q for some ideal Q. Factoring the principal ideals (s) and
(#) and using the uniqueness of factorization of ideals gives

Vg

($)=P"---PQr and (1) =P P Qs

with O = Q10 and with u; + v; = e; for all j. If u; > 0, then we must have
(s) € Pjand sR € P; N R = p. This says that s is in p, in contradiction to
the fact that S equals the set-theoretic complement of p in R. We conclude that
uj = 0 forall j. Therefore (t) = P{'--- Pg*Qy C P{'--- Pg* = pT,and ¢ is in
pT. Consequently the kernel consists of the O coset alone.

Let us show that T/pT maps onto S™'T/(S~'pT). If s; 'ty + S~'pT in
S~'T/S~'pT is given, then sq is not in p, and the maximality of p as an ideal
in R implies that (s9) + p = R. Therefore we can choose r in R and x in p
with rso + x = 1, hence with rspto + xty = #o. Under the mapping T/pT —
S~'T/(S~'pT), the image of rty + pT is

rto+ ST =rty + sy ' xtg + S~ 'pT
= so_l(rsoto + xty) + S_lpT
= So_ll‘() + S_lpT.

Thus our mapping is onto S~!7/S~!'pT, and we conclude that we have an
isomorphism of rings
T/pT — S7'T/(57'pT). (D)

Since 7 is finitely generated as an R module (Theorem 8.54), S~!T is finitely
generated as an S~! R module with the same generators. Since S~! R is a principal
ideal domain, Theorem 8.25c shows that S~ 7 is the direct sum of cyclic S~'R
modules. Each of these cyclic modules must in fact be isomorphic to S~! R since
S~!T has no zero divisors, and therefore S~!7 is a free S—' R module of some
finite rank m. If 7, . . ., t,, are free generators, then we have

ST =S"'"Rty +---+ S Ri,,. )
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Letus see that {#1, ..., t,,} is an F vector-space basis of K. Suppose Zi cjti =0
with all ¢; in F. Proposition 8.42 shows that there is an » # 0 in R with
rey,...,rc, in R, Then Zj (rcj)t; = 0, and the independence of 71, ..., t,

over S™'R implies that r¢; = 0 for all j. Thus ¢; = 0 for all j, and we obtain
linear independence over F. If x € K is given, we can choose r # 0 in R with

rx in T by Proposition 8.42. Since #{, ..., t, span S~'T over S~' R, we can find
members di, ..., d, of ST'R with rx = Y, d;t;. Then x = Y, r~'d;z; with
each coefficient r_ldj in F. This proves the spanning. Hence {#1, ..., t,} is an

F vector-space basis, and m = n.

To complete the proof of (§ 1) and hence the theorem, it is enough, in view of the
isomorphisms (%) and (£%), to prove that the cosets #; + S~!'pT in S™!T/(S~'pT)
form a vector-space basis over ST'R/S™'p. If ¢ is in S7!T, then (§) says that
t =Y c;tj with¢; in S™'R. Hence

t+ ST =3 (c; +S7'p)(t; + S'pT),

and we have spanning. If )~ (c;+S~'p)(tj+S~'pT) = 0+S~'pT, then ), ¢;1;
is in S™!pT. Thus we can write >¢ity =D ait; witha; € pand 1] € S-IT.
Expanding each #/ according to (§), substituting, and using the uniqueness of the
expansion (§), we see for each j that c; is a sum of products of the a;’s by members
of ST'R. Therefore each ¢; is in S~'p. This proves the linear independence and
establishes (7). ]

The case of greatest interest is that K is a finite Galois extension of F'. In this
case the statement of Theorem 9.60 simplifies and will be given in its simplified
form as Theorem 9.62. We begin with a lemma.

Lemma 9.61. Let R be a Dedekind domain, let F be its field of fractions,
let K be a finite separable extension of F', and let T' be the integral closure of R
in K. Suppose that K is Galois over F. If p is a nonzero prime ideal in R and
pT = ]_[f:1 P{" is a decomposition of p7 as the product of nonzero prime ideals
in T, then Gal(K / F) is transitive on the set of ideals {Py, ..., P}.

PROOF. Arguing by contradiction, suppose that P; is not of the form o (Pr)
for some o in Gal(K/F). By the Chinese Remainder Theorem we can choose
an element ¢ of T with t = 0 mod P; and t = 1 mod o (Py) for all o. Every o
in Gal(K /F) carries ¢ to a member of T since ¢ and o (¢) have the same minimal
polynomial over F. Corollary 9.58 shows that N () = [ ], cgacx /) @ (), and
consequently Ng,r(f)isin TN F = R. Since the factor ¢ itself is in P;, Ng,r (1)
is in P;. Therefore Ng,r(t)isin RN P =p C ]_[;"’:1 P{'. The right side is

contained in Py. Since P, is prime, some factor o;(t) of Ng,r () is in P;. Then
tisin ol_l (Py), in contradiction to the fact that t = 1 mod o (P;) forallo. [
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Theorem 9.62. Let R be a Dedekind domain, let F be its field of fractions,
let K be a finite separable extension of F' with [K : F] = n, and let T be the
integral closure of R in K. Suppose that K is Galois over F. If p is a nonzero

prime ideal in R and p7 = [, P’ is a decomposition of pT as the product
of powers of distinct nonzero prime ideals in 7', then the ramification indices
have e; = --- = e,, and the residue class degrees f; = [T/P; : R/p] have
fi=:--= fg. If e and f denote the common value of the ¢;’s and of the f;’s,
then
efg=n.

PROOF. For o in Gal(K/F), apply o to the factorization pT = f: P

obtaining

g
pT = o (P [ o (P).
i=2
Lemma 9.61 shows that o (P;) can be any P;, and unique factorization of ideals
(Theorem 8.55) therefore implies that e; = e;. With the same o, the fact that o
respects the field operations implies that

T/Pr=0(T)/o(P1)=T/P;,

and thus f; = f;. Substituting the values of the ¢;’s and the f;’s into the formula
of Theorem 9.60, we obtain efg = n. ([l

EXAMPLES WITH n = 2 CONTINUED FROM SECTION VIIIL.7.

() R =Zand T = Z[+/—1]. In this case, Z and T are both principal ideal
domains. We found three possible behaviors?! for the prime factorization of a
principal ideal (p)T in T generated by a prime p > 0 in Z:

(@ (p)TisprimeinT if p =4m + 3. Heree = g =1;s0 f = 2.

(b) (p)T = (a+ib)(a—ib)withp =a’>+b*if p=4m+1. Heree = 1
and g =2;s0 f = 1.

() QT =1 +i)> Heree=2and g = 1;s0 f = 1.

(2) R = Zand T = Z[~/—5]. In this case, T is not a unique factorization
domain and is in particular not a principal ideal domain. We gave examples of
three possible behaviors for the prime factorization of a principal ideal (p)T in
T generated by a prime p > 0 in Z:

(@) (INT isprimeinT. Heree = g = 1;s0 f = 2.

) T =2, 14+/-52,1—+/=5). Heree = land g = 2;s0 f = 1.
(c) 5)T = (+/=5)>. Heree =2and g = 1;s0 f = I.

21The notation here fits with the notation in Theorem 9.62 and is different from the notation in
Section VIIL.7.
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B)R=C[x]and T = C[x, +/(x — I)x(x + 1) ]. In this case, R is a principal
ideal domain, and we saw that T is not a unique factorization domain. We found
two possible behaviors for the prime factorization of a principal ideal (p)T in T
generated by a prime p in C[x]:

(@) (x —x0)T = (x —x0, ¥y — Yo)(x — x0, ¥ + yp) if the equal expressions
yg = (xp — Dxp(xo + 1) arenot 0. Heree = 1 and g = 2;s0 f = 1.
(b) (x —x0)T = (x — x0, y)? if xg is in {—1,0,+1}. Here e = 2 and
g=L;sof=1
The third type, with (x — x¢)7T prime in T, does not arise. It cannot arise since
f > 1 would point to a quadratic extension of C, yet C is algebraically closed.

17. Two Tools for Computing Galois Groups

In Section 8 we mentioned that the effect of the Fundamental Theorem of Galois
Theory is to reduce the extremely difficult problem of finding intermediate fields
to the less-difficult problem of finding a Galois group. In the intervening sections
we have seen some illustrations of the power of this reduction, all in cases in
which the Galois group was close at hand.

The problem of finding a Galois group in a particular situation is usually not
as easy as in those cases, and it by no means can be considered as solved in
general. In this section we combine Galois theory with some of the ring theory
in the second half of Chapter VIII in order to develop two tools that sometimes
help identify particular Galois groups.

Let us think in terms of a finite Galois extension K of the rationals Q. The
field K is the splitting field of some irreducible monic polynomial with rational
coefficients, and we can scale this polynomial’s indeterminate (in effect by multi-
plying its roots by some nonzero integer) so that the polynomial is monic and has
integer coefficients. Thus let F'(X) be a monic irreducible polynomial in Z[ X ] of
some degree d, and let K be its splitting field over Q. The members of Gal(K /Q)
are determined by their effect on the d roots of F'(X), and hence Gal(K /Q) may
be regarded as a subgroup of the symmetric group &,. If ry, . . ., r4 are the roots
of F(X), then the discriminant of F(X) is the member of K defined by

D= T[ Gj—r)”

I<i<j=d

This was defined in Section 13 in the casesd = 2 andd = 3, and we computed the
value of D in those cases. The discriminant is an integer under our hypotheses,
and it is computable even though the roots 71, . .., r4 of F'(X) are not at hand. In
fact, the proof of Theorem 9.50 indicates that the discriminant D is given by the
determinant
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d a a - aq-
aj a as aq

D = det ap as aq o ddyl |,
dq—1 4q A4g+1 -+ 4242

where a; = rlj + r2j +- ré . Problems 36-39 at the end of Chapter VIII show

that each of ay, ..., axy— can be expressed as a polynomial in the elementary
symmetric polynomials inry, ..., ry, i.e., in the coefficients of F(X), and doing
22

so in a symbolic manipulation program is manageable for any fixed degree.

The first of the two tools that sometimes help in identifying particular Galois
groups directly concerns the discriminant: the discriminant is a square if and only
if the Galois group is a subgroup of the alternating group. Let us state the result
in the context of a general finite Galois extension even though we shall use it only
for our Galois extension K /Q.

Proposition 9.63. Let K/k be a finite Galois extension, and suppose that K
is the splitting field of a separable polynomial F (X) in k[X] of degree d. Let
D be the discriminant of F(X), and regard G = Gal(K/k) as a subgroup of the
symmetric group G,. Then D is in k, and G is a subgroup of the alternating
group 2, if and only if D is the square of an element of k.

REMARK. The proof will use Galois theory to show that D is in k, and Problems
36-39 at the end of Chapter VIII do not need to be invoked.

PROOF. Letry,...,rq be the roots of F(X), and put A = ]_[i<j (rj —ro).
Under the identification of G with a subgroup of the permutation group &, on
{1,...,d},each o in G has

o(A)= ]—[ (o(rj)—o(ry)) = 1_[ (ro(jy=Tsa)) =(sgno) ]—[ (rj—ri) =(sgno)A.

i<j i<j i<j

22For example, whend = 3,let F(X) = X 3 _¢1X% 4 X — c3. In Mathematica the following

program produces ay, az, as, a4 as output:

el={al==rl+r2+r3, rl+r2+r3==cl, rl r2+r2 r3+rl r3==c2,
rl r2 r3==c3}

Eliminate[el,{rl,r2,r3}]

e2={a2==r1A2+r2A2+r3A2, rl+r2+r3==cl, rl r2+r2 r3+rl r3==c2,
rl r2 r3==c3}

Eliminate[e2,{rl,r2,r3}]

e3={a3==r1A3+r2A3+r3A3, rl+r2+r3==cl, rl r2+r2 r3+rl r3==c2,
rl r2 r3==c3}

Eliminate[e3,{rl,r2,r3}]

ed4={ad==r1A4+r2A4+r3A4, rl+r2+r3==cl, rl r2+r2 r3+rl r3==c2,
rl r2 r3==c3}

Eliminate[e4,{rl,r2,r3}]
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In particular, the element D = A? has o(D) = D. By Proposition 9.35d, D is
in k.

If some o in G has sgno = —1, then o does not fix A, and A is not in k.
Since A is a square root of D and since any two square roots of an element in a
field differ at most by a sign, D is not the square of any element of k.

Conversely if every o in G has sgno = +1, then every o fixes A, and
Proposition 9.35d shows that A is in k. Since D = A2, D is the square of the
member A of k. U

The second tool is complicated to prove but simple to state. We reduce the
polynomial F(X) modulo p for each prime number p and form the associated
finite splitting field. The Galois group for a finite extension of finite fields is
cyclic by Proposition 9.40, and we thus obtain a cyclic subgroup of &,. The
second tool is this: if p does not divide the discriminant of F (X), then this cyclic
group as a permutation group is a subgroup of Gal(K /QQ) as a permutation group,
up to a relabeling of the symbols. In other words, the order and cycle structure
of a generator of the cyclic group are the same as the order and cycle structure of
some element of Gal(K /Q).

Let us formulate the result precisely. In the setting of Theorem 9.62, fix a prime
ideal P of T lying in the factorization of p7'. Each member o of G = Gal(K /F)
carries T to itself, but not every ¢ in G carries P toitself. Let G p be the isotropy
subgroup of G at P, ie., let Gp = {0 € G | o(P) = P}. The subgroup
Gp is called the decomposition group at P. Each ¢ in Gp descends to an
automorphism of the field 7/ P that fixes the subfield R/p, since o fixes each
element of R. Thus o defines a member & of G = Gal((T/P)/(R/p)) by the
formula

og(x) =o0(x), wherey =y + Pfory e T.

It is apparent that o — @ is a homomorphism of G into G. This homomorphism
turns out to yield the result stated informally in the previous paragraph. It has the
key property given in Theorem 9.64.

Theorem 9.64. Let R be a Dedekind domain, let F be its field of fractions, let
K be afinite separable extension of F with [K : F] = n, and let T be the integral
closure of R in K. Suppose that K is Galois over F'. Let p be anonzero prime ideal
in R, let P = P; be a prime factor in a decomposition p7 = ]_[;7”:1 Pf of pT as
the product of powers of distinct nonzero prime ideals in 7', and suppose that 7'/ P
is a Galois extension of R/p. Let G = Gal(K/F),Gp = {0 € G | 6 (P) = P},
and G = Gal((T/P)/(R/p)). Then the group homomorphism o > & of Gp
into G carries G p onto G.
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REMARKS. In our application with R = Z, T/ P and R/p are finite fields, and
Proposition 9.40 shows that 7/ P is a Galois extension of R/p with no further
assumptions.

PROOF. Let K< be the fixed field of G p within K; Theorem 9.38 shows that
Gal(K/K?) = Gp. Let T be the integral closure of R in K¢ this is a Dedekind
domain, and T is the integral closure of T¢ in K. We are going to apply Theorem
9.62 with R in the theorem replaced®® by T¢.

Proposition 8.43 shows that P = T¢ N P is a nonzero prime ideal of T¢. Since
every member of G p carries P to itself and since Gp is the full Galois group
of K over K¢, Lemma 9.61 shows that P is the only nonzero prime ideal of T
whose intersection with 7¢ is P. Therefore PT¢ = P¢ for some integer ¢’ > 1.

As always, we have a field mapping R/p — T</P. Let us show that this
mapping is onto T¢/P. For any given u in T¢, we are to produce r in R with

r =u mod P. (%)

Each o in G that is notin G p has 0 "' P # P, and the previous paragraph shows
that the nonzero prime ideal P, = T¢No~' P of T¢ has P, # T¢N P. Therefore
P, + P = T, and the Chinese Remainder Theorem (Theorem 8.27) shows that
we can find an element v of 79 with

v =u mod P and v =1 mod P,

for all o that lie in G but not G p. The first congruence implies that v — u is in
P=T9N P C P, hence that

v =u mod P, (%)

while the second congruence implies thatv — 1 isin P, = TYNo~'P C o' P,
hence that o (v — 1) lies in P. Therefore

o(v) =1mod P for all o in G butnot G p. )

Putr = Nga,p(v). Since the splitting field of the minimal polynomial of v over
F is contained in K, Corollary 9.58 shows that r is the product of the elements
o (v) for o in G/Gp. Each of these is in T, and hence Nga,r(v) isin T. Since
Ngap(v)isalsoin F,r = Ngap(v) isin T N F = R. If we use 0 = 1 as the
representative of the identity coset of G/G p, then we have

r = Nga/p(v) = v( I1 o(v)).

some g’’s
notin Gp

23Consequently it would not have been sufficient to prove Theorem 9.62 when the ring R is a
principal ideal domain.
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The factor of v is congruent to # mod P by (*x%), and each factor in parentheses
is congruent to 1 mod P by (). Therefore r = u mod P, and r — u is in P.
Since r —uisin T¢,r —uisin T¢ N P = P. This proves (x). Consequently we
can identify G = Gal((T/P)/(R/p)) with Gal((T/P)/(T¢/P)).

Choose X; in T/P with T/P = (T%/P)[#,]; this choice is possible by the
assumed separability of (T/P)/(R/p). Letx; beamemberof T withx; = x|+ P,
and let M(X) be the minimal polynomial of x; over K¢. Since x, is in T, the
coefficients of M(X) are in T¢. Let M(X) be the corresponding member of
(T?/P)[X], given by the substitution homomorphism that takes 7% to T¢ /P and
takes X to X. Since K /K¢ is normal, M (X) splits over K. Write x1, ..., x, for
its roots; these are in 7.

Let T be given in G, and suppose that 7(x1) = x;. Since M (X) is irreducible
over K¢, the Galois group Gal(K /K 4y = G p is transitive on its roots. Choose o
in Gp with o (x1) = x;. Then & (x;) = x;. Since & and 7 agree on the generator
%1 of T/P over T?/P, they agree on T/ P. Therefore 7 is exhibited as the image
of o under the homomorphism of the theorem, and the proof is complete. O

A first consequence of Theorem 9.64 is that we get interpretations of the
integers e, f, and g, and they will be helpful to us. Galois theory gives us
|G| = n, and Theorem 9.62 says that efg = n. The transitivity in Lemma 9.61
says that G acts transitively on the set { Py, ..., P,}, and the isotropy subgroup at
P = P isGp. Hence g|Gp| = |G|, and |Gp| = n/g = ef. Galois theory gives
us |G| = f,and the fact that G p maps onto G says that G p /kernel = G therefore
[kernel| = |G p|/|G| = (ef)/f = e. We conclude that g is the number of cosets
modulo G p, e is the order of the kernel of the homomorphism in Theorem 9.64,
and f is the order of the cyclic group G.

In the setting of interest for current purposes, we are taking R = Z, F = Q,
and K equal to the splitting field of a given monic irreducible polynomial F (X) of
degree d in Z[ X]. We will be using Theorem 9.64 for various choices of p = (p)
in Z to make progress on identifying Gal(K /Q). In order to identify G with the
subgroup G p of G, we need the kernel of the homomorphism of G » onto G to
be trivial. From the previous paragraph we know that the condition in question
is that e = 1. We postpone to Chapter V of Advanced Algebra any justification
of the assertion that e = 1 if p does not divide the discriminant of F (X).

In previous sections we have identified Gal(K/Q) in some cases when the
Galois group is relatively small compared with the degree d of the polynomial.
The method now is helpful when the Galois group is relatively large compared
with d.

Let us be sure when e = 1 that the theorem is telling us not only that G p
is isomorphic to G as an abstract group, but also that the cycle structure of the
elements of G is the same as the cycle structure of the elements of G p. For this
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purpose we ignore the proof of the theorem and concentrate only on the statement.
Assuming that p does not divide the discriminant, let F(X) be the reduction of
F(X) modulo p, letry, ..., ry be the roots of F(X) in T, and let 7y, ...,7rs be
the images of ry, ..., ry under the quotient homomorphism 77 — T /P. The
elements rq, ..., ry4 are distinct since p does not divide the discriminant of F (X).
Any member o of G = Gal(K/Q) permutes ry, ..., ry and is determined by the
resulting permutation since K is assumed to be generated by ry, ..., r;. Under
the assumption that o is in G p, o descends to an automorphism o of 7/ P. This
automorphism & acts on the set of elements 7y, ..., ry, permuting them. Since
the mapping of the r;’s to the 7;’s is one-one, the resulting permutation of the
subscripts 1, ..., d is the same.

When p varies, we cannot match the elements 7y, ..., 7r; for one value of
p with those for another value of p, because we have no direct knowledge of
F1,...,rq. Thus we cannot directly compare the permutation groups G that we
obtain for different p’s. But at least we know their cycle structure.

To apply the theory, we factor F(X) quickly with a symbolic manipulation
program, and we obtain the Galois group of a splitting field of F (X) by inspection,
together with the cycle structure of its elements. Specifically an irreducible factor
of degree m contributes an m-cycle for the element, and the cycles corresponding
to distinct irreducible factors are disjoint. Then we put together the information
from various p’s and see what elements must be in Gal(K /Q), up to a relabeling
of indices.

EXAMPLE 1. F(X) = X — X — 1. The discriminantis D = 2869 = 19-151.
Thus the method may be used with any prime number other than 19 and 151.
Here is the factorization for a few primes, together with the cycle structure within
&s for a generator of G:

p F(X) Cycle lengths
2 X2+ X+ DX+ X+1) 2,3

3 XS 4+2X+2 5

17 X 4+9DX + 1D (X>+14X%> 4+ 12X + 6) 1,1,3
23 (X +9)(X* 4+ 14X3 + 12X*+7X +5) 1,4

For comparison, p = 19 gives F(X) = (X 4 6)*(X? 4+ 7X? + 13X + 10), but
we cannot use this prime since it divides the discriminant. It is enough to use
the information from p = 2 and p = 3. The irreducibility modulo 3 implies
irreducibility over Q. From p = 3, we obtain a 5-cycle in Gal(K/Q). From
p = 2, we obtain the product of a 2-cycle and a 3-cycle, and the cube of this
element is a 2-cycle. In the example in Section 11 following the statement of
Theorem 9.44, we saw in effect that the only subgroup of G5 containing a 5-cycle
and a 2-cycle is Gs itself. Therefore Gal(K /Q) = Gs.



538 IX. Fields and Galois Theory

EXAMPLE 2. F(X) = X5 + 10X® — 10X? 4+ 35X — 18. The discriminant
is D = 3025000000 = 2058112, a perfect square. Thus the Galois group is a
subgroup of the alternating group 2s. The method using reduction modulo p
may be used with any prime other than 2, 5, and 11. Here is the factorization for
a few primes, together with the cycle structure within G5 for a generator of G:

p F(X) Cycle lengths
3 XX +2)(XP+ X>+2X+ 1) 1,1,3

7 X3 +3X34+4X2+3 5

17 (X + 14) (X% +5X + 14)(X% + 15X + 15) 1,2,2

It is enough to use the information from p = 3 and p = 7. The irreducibility
modulo 7 implies irreducibility over Q. From p = 7, we obtain a 5-cycle in
Gal(K/Q). From p = 3, we obtain a 3-cycle. Any 5-cycle and any 3-cycle
together generate all of 25. In fact, the generated subgroup must have order
divisible by 15, hence must have order 15, 30, or 60. It cannot be of order 15
because every group of order 15 is cyclic and 25 has no elements of order 15. It
cannot be of order 30 because 25 is simple and subgroups of index 2 have to be
normal. Hence it is all of 2s.

EXAMPLE 3. Galois group &,;. Given d > 4, let us see how to form an
irreducible F'(X) for which Gal(K/Q) is all of &,. For any degree d and any
prime number ¢, there exists at least one irreducible monic polynomial of degree
d in F¢[X]; the reason is that the finite field Fy« is a simple extension of F, by
Corollary 9.19. Let H; »(X) be such a polynomial of degree d for £ = 2, and let
H;_13(X) be such a polynomial of degree d — 1 for £ = 3. Then let p be a prime
greater than d, and let H, ,(X) be an irreducible monic polynomial of degree 2
in [F,[X]. We can regard each of Hy>(X), Hy—13(X), and H, ,(X) as in Z[X]
by reinterpreting their coefficients as integers. Consider the congruences

F[X] = Hy(X) mod (2),
FIX]= XHg-13(X) mod (3),
d=3

FlX] = (kl:[O (X — k) Ha,p(X) mod (p),

in Z[X]. Since the sum of any two of the three ideals (2), (3), and (p) of Z[X] is
Z[X], the Chinese Remainder Theorem (Theorem 8.27) implies that there exists a
simultaneous solution F'[ X ] to these congruences in Z[ X ], and we may take F[X]
to be monic of degree d. Let K be a splitting field for F[X] over Q. Our method
applies to the primes 2, 3, and p since none of the three polynomials has any



18. Problems 539

repeated factors. The result of applying the method is that Gal(K /Q) contains
a d-cycle, a (d—1)-cycle, and a 2-cycle. Let us see that the subgroup generated
by these three elements is all of S;. We may assume that the (d — 1)-cycle is
(12 --- d—1). Without loss of generality, the 2-cycle is either (1 j) with j < d
oris (k d) withk < d. Inthe first case some power of the d-cycle is a permutation
7 with 7(1) = d; if o denotes the 2-cycle (1 j), then Lemma 4.41 shows that
ot~ ! is the 2-cycle (d t(j)), and this is of the form (k d) with k < d. Thus
we may assume in any event that Gal(K /Q) contains (1 2 --- d—1) and some
2-cycle (k d) with k < d. Conjugating (k d) by powersof (1 2 --- d—1), we
see that Gal(K /QQ) contains every 2-cycle (k d) withk < d. Forl <k <d —1,
we then find that Gal(K /Q) contains

(k dyk+1 d)ytk d)y=(k k+1).

So Gal(K /Q) contains (1 2), (2 3),...,(d—2 d—1), and we have already seen
that it contains (d—1 d). These d — 1 transpositions generate the full symmetric
group, and therefore Gal(K /Q) = &,.

18. Problems

1. Take as known that the polynomial X> — 3X + 4 is irreducible over Q, and let
r be a complex root of it. In the field Q(r), find a multiplicative inverse for
r2+r+1and express it in the form ar? + br + ¢ witha, b, ¢ in Q.

2. Suppose that R is an integral domain and that F' is a subring that is a field, so
that R can be considered as a vector space over F. Prove that if dimp R is finite,
then R is a field.

3. LetK be a subfield of C that is not a subfield of R. Prove that K is topologically
dense in C.

4. LetK = k(x) be a transcendental extension of the field k, and let y be a member
of K that is not in k. Prove that k(x) is an algebraic extension of k(y).

5. What is a necessary and sufficient condition on an integer N > 0 for the positive
square root of N to be in the subfield Q( J2) of R?

6. The polynomials F(X) = X3+ X +1and G(Y) = Y3 + Y%+ 1 are irreducible
over [F5. Let K be the field K = F,[X]/(F (X)), and let L be the field L =

F,[Y]/(G(Y)). Since K and LL are two fields of order 8, they must be isomorphic.
Find an explicit isomorphism.

7. Can a field of order 8 have a subfield of order 47 Why or why not?

8. If K is a finite field, prove that the product of the nonzero elements of K is —1.
(Educational note: When Kis I, this result reduces to Wilson’s Theorem, given
as Problem 8 at the end of Chapter I'V.)

9. Suppose that K/k is a finite extension of the form K = k(r) with [K : k] odd.
Prove that K = k(r2).
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10.

11.

12.

13.

14.

15.
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Suppose that K/k is a finite extension of fields and that K = k[r, s]. Prove that
if [k(r) : k] is relatively prime to [k(s), k], then

(a) the minimal polynomial of  over k is irreducible over k(s),

(b) [K:k]=[k():k]k():k].

InC,let = V2, 0= 3(—14+/=3), and o« = wp.

(a) Proveforall cinQthaty = S+ca isarootof some sixth-degree polynomial
of the form X¢ + aX> + b.

(b) Prove that the minimal polynomial of 8 + « over QQ has degree 3.

(c) Prove that the minimal polynomial of 8 — « over QQ has degree 6.

Suppose thatk is a finite field and that F (X)) is a member of k[ X ] whose derivative
is the O polynomial. Prove that F'(X) is reducible over k.

Let k be a field, let F'(X) be a separable polynomial in k[ X], let K be a splitting

field of F(X) over k, and let r{, ..., r, be the roots of F(X) in K. Regard

Gal(K/k) as a subgroup of the symmetric group &,,.

(a) Prove that Gal(K/k) is transitive on {ry,...,r,} if and only if F(X) is
irreducible over k.

(b) Show that the cyclotomic polynomial ®g(X) is an example with k = QQ and
n = 4 for which Gal(K/k) is transitive but Gal(KK/k) contains no 4-cycle.

(c) Prove that if n is prime and F(X) is irreducible over k, then Gal(K/k)
contains an n-cycle.

Let ay, ..., a, be relatively prime square-free integers > 2, and define L; =

Q(vari, ..., Jag) for0 <k < n.

(a) Show for each k that [Ly : Q] = 2! with0 <[ < k.

(b) Suppose for a particular k that [IL; : Q] = 2% Exhibit a vector-space basis
of L over Q, and describe the members of Gal(IL; /Q) by telling the effect
of each member on all basis vectors of L, over Q.

(c) Suppose for a particular k < n that [Ly : Q] = 2¥. Assume that i1 lies
in [Lg, and let ,/ai1 1 be expanded in terms of the basis of (b). Show that
application of the members of Gal(ILLy /Q) leads to a contradiction.

(d) Deduce that [L, : Q] = 2".

Let p be a prime number, and suppose that a is a member of QQ such that X? —a

has no root in Q. If r is a member of C with 7? = q, prove that

(a) the cyclotomic polynomial ®,(X) is irreducible in Q(r),

(b) the splitting field K of X? — a over Q has degree [K : Q] = p(p — 1),

(c) the Galois group Gal(K/Q) is isomorphic to a semidirect product of the
multiplicative group of I, and the additive group of F,, with the action of
a member m of the multiplicative group on the members n of the additive
group being given by m(n) = mn.
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Let F(X) be a polynomial in k[ X] of degree n, where k is a field of character-
istic 0, and let K be a splitting field for F(X) over k. Prove that [K : k] divides
nl.

Let k be a field, and let K be a quadratic extension k(r), where r> = a is a
member of k.

(a) Ifk has characteristic 0, determine all elements of K whose squares are in k.
(b) What happens differently if the characteristic is different from 0?

Let G be a finite group. Show that there exist two finite extensions k and K
of Q such that K is a Galois extension of k and the Galois group Gal(K/k) is
isomorphicto G.

Let K/k be a finite normal extension. For F(X) in K[ X] and ¢ in Gal(K/k), let
F?(X) be the result of the substitution homomorphism K[X] — K[X] carrying
X to X and extending the action of o on K, i.e., let F'? (X) be obtained by applying
o to the coefficients of F(X). Prove that ]_[aeGal(K/k) F°(X)isink[X].

Corollary 9.37 concerns a separable algebraic extension K/k and a finite sub-
group H of Gal(K/k), showing that K/K* is a finite Galois extension with
H = Gal(K/K) and [K : K¥] = |H|. By going over its proof, obtain the
conclusion that if {xq, ..., x,} is the H orbit of x; in K, then

(a) the minimal polynomial of x1 over K¥ is M=) (X = xp).

(b) ndivides |H|.

(¢) K =K (x;) if the isotropy subgroup of H at x1 is trivial.

Let K be the transcendental extension C(z) of C.

(a) Prove thatany linear fractional transformation ¢ (z) = ‘C‘jis withad—bc # 0

in C extends uniquely to a C automorphism of K.

(b) Let H be the 4-element subgroup of Gal(K/C) generated by the extensions
of 0(z) = —z and t(z) = 1/z. Show that w = z2 + z~2 is invariant under
H, and conclude that every member of C(w) lies in K.

(c) Applying the previous problem to the element x; = z of K, show that the
minimal polynomial of z over C(w) has degree 4.

(d) Conclude that K = C(z2 + z72).

In characteristic 0, let /K and K/k be quadratic extensions.

(a) Show that there exists an irreducible polynomial F(X) = X* +bX? 4 cin
k[X] such that F'(r) = O for some r in L.

(b) Show that the element r in (a) has L = k(r).

(c) Show that LL is a normal extension of k with Galois group C, x C; if and
only if ¢ is a square in k for some polynomial as in (a), if and only if c is a
square in k for every polynomial as in (a).
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(d) Show that L is a normal extension of k with Galois group Cj if and only if
¢! (b? — 4c) is a square in k for some polynomial as in (a), if and only if
¢~ 1(b* — 4c¢) is a square in k for every polynomial as in (a).

(e) Give an example of quadratic extensions L./K and K/k in characteristic 0
such that I.,/k is not normal.

Determine Galois groups for splitting fields over QQ for the two polynomials
X3 —3X+1land X° + X + 1.

Suppose that F(X) is an irreducible cubic polynomial in Q[X] whose splitting
field K has Gal(IK/Q) isomorphic to G3. What are the possibilities, up to
isomorphism, for the Galois group of a splitting field of (X — 1) F(X) over Q?

Let K/k be a finite Galois extension whose Galois group is isomorphic to S3.
Is K necessarily a splitting field of some irreducible cubic polynomial in k[ X]?
Why or why not?

Is Cardan’s cubic formula valid for finding roots of reducible cubics X>+ pX +¢
in characteristic 07

Prove that the discriminant of a real cubic with distinct roots is positive if all the
roots are real, and is negative if two of the roots are complex.

Let F(X) = X? + pX + q be irreducible in Q[ X], and suppose that X — r is a

factor for some r in C.

(a) Show that F(X) factorsin Q(r)[X]as F(X) = (X —r)(X?+rX+*+D)).

(b) We know that Q(r) is a splitting field for F(X) over Q if and only if
the discriminant —4p3 — 27¢2 is a square in Q. On the other hand, it is
evident from the factorization of F'(X) that it splits is Q(r) if and only if the
discriminant 72 —4(r2 + p) is a square in Q(r). Show by a direct calculation
that these two conditions are equivalent.

Let K be a splitting field of an irreducible cubic polynomial F(X) in Q[X]. If
Gal(K/Q) is &3, does it follow that K contains all three cube roots of 1? Why
or why not?

In characteristic O, let K be the splitting field over k of an irreducible polynomial
ink[X] of degree 5. Assuming that the discriminant of the polynomial is a square
in k, what are the possibilities for Gal(IK/k) up to a relabeling of the indices?

Determine the Galois group of a splitting field over Q for the polynomial
X3 4+ 6X3 — 12X%2 4+ 5X — 4. Use of a computer may be helpful for this
problem.

The proof of Theorem 9.64 introduced a positive integer ¢’ in its second paragraph.
Prove that ¢’ equals the integer e in the statement of the theorem.
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Let R be a Dedekind domain, let F be its field of fractions, let K be a finite
separable extension of F', and let L be a finite separable extension of K. Let T
be the integral closure of R in K, and let U be the integral closure of R in L. Let
p, P, and Q be nonzero prime ideals in R, T, and U, respectively, and let the

ramification indices and decomposition degrees for the extensions L/K, L/F,
and K/F be

e(Q|P),e(Plp), e(Qlp) and fQOIP), f(PIp), £(Qlp).
Prove that

e(Qlp) = e(Q|P)e(Plp)  and  f(Qlp) = f(QIP)f(Plp).

Problems 34—40 concern norms and traces.

34.

35.

36.

37.

Let m be a square-free integer, and let N and Tr denote the norm and trace from

Q(v/m) to Q.

(a) Show that N(a + by/m) = a> — mb? and Tr(a + b/m) = 2a.

(b) Let T be the ring of algebraic integers in Q(,/m ). It was shown in Section
VL9 that T consists of all @ + by/m with a, b in Z if m = 2 mod 4 or
m = 3mod4, and of all @ + b/m with a,b in Z or a,b in Z + 1 if
m = 1 mod 4. Prove for a + by/m in Q(y/m) thata + b/m is in T if and
only if N(a + b/m) and Tr(a + b/m ) are both in Z.

(¢) Assume thata + b+/m is in T. Prove that N (a + b/m ) is in Z* if and only
ifa+by/misinT*.

(d) For m = 2, give an example of a member of 7 other than +1.

For the extension Q(~/2)/Q, find the value of the norm N and the trace Tr on a
general element a + b2+ c(/2)% of Q(~/2); here a, b, ¢ are in Q.

Let N(-) be the norm relative to the extension Q(¢)/Q, where ¢ is a primitive

n™ root of 1.

(a) Showthat N(1—¢)=®,(1), where ®,(X) isthe n? cyclotomic polynomial.

(b) Using the formula [, 4.1 ®a(X) = X1 4 x"=2 4 ... 1 1, show that
N —¢) = ®,(1) equals p if n is a power of the positive prime p and
equals 1 if » is divisible by more than one positive prime.

Let p > 0 be a prime in Z of the form 4n + 1. It was shown in Problem 31
at the end of Chapter VIII that such a prime is the sum of two squares. This
problem gives a shorter proof. Take as known from Section VIII.4 that the ring
Z[v/—1] of Gaussian integers is a Euclidean domain, and from Problem 30 at
the end of Chapter VIII that x> = —1 mod p has an integer solution x. Carry
out the following steps:
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(a) Write

+v-1 1 1
Ny o ax- VoL
p p P

If p were prime in Z[/—11, then it would follow from the divisibility of
x2 4 1 by p that p divides x + +/—1 or p divides x — v/—1. Deduce from
the displayed equation that neither alternative is viable, and conclude that p
cannot be prime in Z[v/—1).

(b) Using the conclusion of (a) to write p as a nontrivial product in Z[+/—1]
and applying the norm function, prove that there exist integers a and b such
that p = a® + b>.

Let p > 0 be a prime in Z of the form 8z + 1. Take as known from Problem
13 at the end of Chapter VIII that Z[+/—2 ] is a Euclidean domain, and from the
law of quadratic reciprocity (to be proved in Chapter I of Advanced Algebra)
that x> = —2 mod p has an integer solution x. Guided by the argument for the
previous problem, prove that there exist integers a and b such that p = a® 4 2.

Let p > 0 be a prime in Z of the form 6n 4 1. Take as known from Problem

26 at the end of Chapter VIII that Z[% (14+4/-3 )] is a Euclidean domain, and
from the law of quadratic reciprocity (to be proved in Advanced Algebra) that
x? = —3 mod p has an integer solution x. Guided by the argument for the

previous problem, prove that there exist integers @ and b such that p = a® 4 3b>.

Letk C L C I be fields such that I/ /k is a finite separable extension. Using
Corollary 9.58, prove that the norm and trace satisfy

N]L’/k = N]L/lk @) N]L’/]L and Tr]L//]k = TrL/k OTI']L//]L .

Problems 41-45 make use of the theory of symmetric polynomials, which was intro-
duced in Problems 36-39 at the end of Chapter VIII.

41.

42.

Let k be a field, let F(X) be a polynomial in k[X], let K be an extension field
in which F(X) splits, and let rq, ..., r, be the roots of F(X) in K, repeated
according to their multiplicities. If P(Xy, ..., X,) is a symmetric polynomial
ink[Xy,..., X,], prove that P(ry, ..., r,) is a member of k.

Letk be a field, let F'(X) and G(X) be polynomials over k, let K be an extension
field in which F(X) and G(X) both split, and let rq,...,r, and s1,..., s,
be the respective roots of F(X) and G(X) in K, repeated according to their
multiplicities. Deduce from the previous problem that the polynomials

Hl(X)Z ﬁ ﬁ(X—r,-—sj) and HQ(X): ﬁ ﬁ(X—risj)
i=1j=1 i=1j=1

lie in k[ X].



43.

44.

45.
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(a) Find a nonzero polynomial with rational coefficients having ~/2 + +/3 as a
root. What is the minimal polynomial of +/2 4+ +/3 over Q?

(b) Find a nonzero polynomial with rational coefficients having +/2 + /2 as a
root. What is the minimal polynomial of v/2 4+ /2 over Q?

Let k be a field of characteristic 0, and let K = k(ry, ..., r,) be the field of

fractions of the polynomial ring k[r(, ..., r,] in n indeterminates. Show that

any o in the symmetric group &, defines a member of Gal(K/k) such that
o(rj) =714 forall o in G,,. Then define F(X) to be the polynomial

FX)=X—=r1)(X—rp)
in K[X], and show that
(a) F(X) is irreducible over the fixed field K,
(b) K is a splitting field for F(X) over KS»,
(c) K®» =k(uj, ..., u,), where uy, ..., u, are given by
u1=Zr1, M2='Z‘Vﬂ’j, un:Hri,
i i<j i
(d) the Galois group of the splitting field of F'(X) over k(uy, ..., u,) is G,.
(Cubic resolvent) This problem carries out one step in finding the roots of an ar-
bitrary quartic polynomial. Letk be a field of characteristic 0, let K = k(p, ¢, 1)

be the field of fractions of the polynomial ring k[p, ¢, r] in n indeterminates,
and let L be a splitting field of the polynomial

F(X)=X*"4pX?>+gX +r

in K[X]. The Galois group Gal(LL/K) is &4 by the previous problem. Let
By = {(1),(1 2)(3 4),(1 3)2 4),(1 42 3)}. In the composition series
G4 2 U4 2 B4 2 {(1),(1 2)}(3 4)} > {1}, Proposition 9.63 shows that the
fixed field of 24 is K(+/D), where D is the discriminant. To obtain the fixed
field of B4, we adjoin to K(+/D) an element of L invariant under By but not
under 2A4. If 51, 52, 53, 54 denote the roots of F(X) in L, then such an element is
(s1 4 52)(s3 + s4). Its three conjugates under 24/ B4 are

01 = (51 + 52)(83 + 54),
0 = (51 + 53)(52 + 54),
03 = (51 + 54) (52 + 53),

which are the three roots of the “cubic resolvent” polynomial
93 - 0192 + 20 — c3,

where c1, ¢2, c3 are the elementary symmetric polynomials in 61, 6>, 63 given by
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Clzzei, 022.2‘959', C3=H9i.
1 1<y 1
(a) Show that ¢y, 2, c3 are symmetric polynomials in sy, s, 53, $4, hence are
polynomials in the coefficients p, g, r.
(b) Verify that ¢; = 2p, ¢ = p> — 4r, and c3 = ¢°.
(c) Show that the discriminant of the cubic resolvent equals the discriminant of
the original quartic polynomial.

Problems 46—50 concern Galois groups of splitting fields of quartic polynomials. Take
as known that the discriminant of a quartic polynomial F(X) = X*+ pX24+gX +r
is given by

—4p3q? — 27¢* + 16p*r + 144pg*r — 128p%r? + 256r°.

Let K be a splitting field for F(X) over Q, and let G = Gal(K/Q). Regard G as a
subgroup of the symmetric group G4.

46.

47.

48.

49.

(a) Identify all transitive subgroups of the alternating group 24, up to arelabeling
of the four indices.

(b) Identify all transitive subgroups of the symmetric group G4 other than those
in (a), up to a relabeling of the four indices.

Suppose g = 0.

(a) Show that G is a subgroup of 204 if and only if 7 is a square in Q.

(b) Show by solving F(X) = 0 explicitly that [K : Q] is a power of 2, and
conclude that G has no element of order 3.

(c) DeducewhenrisasquarethatG = {(1), (1 2)(34), (1 3)(24), (1 4)(2 3)}
if F(X) is irreducible over Q.

(d) Deduce when r is a nonsquare that G is cyclic of order 4 or is dihedral of
order 8 if F(x) is irreducible over Q; in the dihedral case, G is generated by
a 4-cycle and the group listed in (c). (Problem 22 shows how to distinguish
between the two cases.)

For F(X) = X* + X + 1, show by considering reduction modulo 2 and modulo
3 that G = 4.

Let F(X) = X* +8X + 12.

(a) Compute the discriminant of F(X), and verify that it is a square.

(b) Show that F(X) = (1+ X)(2+ X +4X? + X3) mod 5 with the two factors
on the right side irreducible in 5.

(¢) Show from (a) and (b) that if F(X) is reducible over QQ, then it must have a
root that is an integer. Check that there is no such root.

(d) Conclude that G = 4.
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50. For each transitive group G as in Problem 46, find a polynomial F (X) of degree 4
over Q whose splitting field K over Q has Gal(KK/Q) isomorphic to G.

Problems 51-56 continue the introduction to error-correcting codes begun in Problems
63-73 at the end of Chapter I'V and continued in Problems 25-28 at the end of Chapter
VII. The current problems will not make use of the problems in Chapter VIL. As in
the problems in Chapter IV, we work with the field F = Z/27Z, with Hamming space
F", and with linear codes C in F”. The minimal distance of C is denoted by §(C).
Problem 72 in Chapter IV introduced cyclic redundancy codes, which are determined
by a generating polynomial G (X) of some degree g suitably less than n. Such a code
C is built from all polynomials G(X)B(X) with B(X) =0ordeg B(X) <n—g—1.
A given polynomial ¢y + ¢1 X + - - - becomes the n-tuple (co, c1, ...) of C; the code
C has dimension n — g. This set of problems will discuss a special class of cyclic
redundancy codes called cyclic codes, and then a special subclass called BCH codes.

51. Alinear code C in " is called a cyclic code if whenever (co, c1, ..., cy—1) isin
C,thensois (¢;—1,€0,Cly--.,Cn_2).

(a) Prove that a linear code C is cyclic if and only if the set of all polynomials

co+caX+---+ c,,,lX”_1 corresponding to members (co, €1, ..., Ch—1)

of C is an ideal in the ring F[X]/(X" — 1). (In this case the members of C
will be identified with the set of such polynomials.)

(b) Prove that if C is cyclic and nonzero, then there exists a unique G(X) in
C of lowest possible degree. Moreover, G(X) divides X" — 1 in F[X],
and C consists exactly of the polynomials G (X)F(X) mod (X" — 1) such
that F(X) = 0ordeg F(X) < n —degG(X) — 1, and C has dimension
n —deg G(X). (The polynomial G(X) is called the generating polynomial
of C. A cyclic code C over the field Z/27Z having block length n and
dimension k is called a binary cyclic (, k) code.)

(c) Prove that if G(X) has degree n — k, then a basis of C consists of the
polynomials G(X), XG(X), X>G(X), ..., X*1G(X).

(d) Under the assumption that C is cyclic and nonzero, (b) says that it is possible
to write X" — 1 = G(X)H(X) for some H(X) in F[X]. Prove that a
member B(X) of F[X]/(X" — 1) lies in C if and only if H(X)B(X) =

0 mod (X" —1).
1001011
52. (a) Show that the row space C of the matrix G = (0 10111 0) is a cyclic
0010111

(7, 3) code with generating polynomial G(X) = 1 + X? + X3 4+ X%,

(b) Show directly from G that C has minimal distance § = 4.

(c) The polynomial H(X) = 14 X? 4 X3 has the property that G(X)H (X) =
X7 —1inF[X]. Find a 4-by-7 matrix  such that the column vectors v € F’
that lie in C are exactly the ones with Hv = 0.



548

53.
54.

55.

56.

IX. Fields and Galois Theory

(d) The matrix H in (c) is called the check matrix for the code. Describe a
procedure for constructing the check matrix when starting from a general
binary cyclic (n, k) code whose generating polynomial G (X) is known and
whose polynomial H (X) with G(X)H (X) = X" — 1 is known. Prove that
the procedure works.

Show that X" — 1 is a separable polynomial over I if n is odd but not if n is even.
Let C be a binary cyclic (n, k) code with generating polynomial G(X), and

suppose that n is odd. Let K be a finite extension field of F in which X" — 1

splits, and let « be a primitive n't root of 1, i.e., a root of X" — 1 in K such that
a™ # 1 for0 < m < n. Suppose that r and s are integers with 0 < s < n and

Ga)=G™H=.-..=G@@*)=0.
(a) Let P(X) = G(X)F(X) with F(X) # 0 and deg F < k be an arbitrary
nonzero member of C, so that P(o’) = P(a@’t!) = ... = P(@' %) = 0.

Write P(X) = co+c1X + -+ 4+ cp_1 X" 1, and use the values of P(a/)
forr < j <r +s tosetup ahomogeneous system of s + 1 linear equations
with n unknowns cg, ..., c;—1.

(b) Using an argument with Vandermonde determinants, show that every (s+1)-
by-(s+1) submatrix of the coefficient matrix of the systemin (a) is invertible.

(c) Obtain a contradiction from (b) if s + 1 or fewer of the coefficients of P (X)
are nonzero.

(d) Conclude that the minimal distance §(C) is > s + 2.

(BCH codes, or Bose—-Chaudhuri-Hocquenghem codes) Let n be an odd
positive integer, let e be a positive integer < n/2, let K be a finite extension
field of F in which X" — 1 splits, and let & be a primitive n" root of 1 in
K. For 1 < j < 2e, let Fj(X) be the minimal polynomial of a’ over F, and
define G(X) = (1 + X) LCM(F(X), ..., F2.(X)). Prove that G(X) divides
X" — 1 and that G(X) is the generating polynomial for a cyclic code C in F”
with minimal distance §(C) > 2¢ + 2. (Educational note: Therefore C has the
built-in capability of correcting at least e errors.)

In the setting of the previous problem, let n = 2" — 1 for a positive integer m,

and let K be a field of order 2™.

(a) Prove that any irreducible polynomial in F[X] with a root in K has order
dividing m, and conclude that the order of the generating polynomial G (X)
in the previous problem is at most 2em + 1.

(b) Prove that there exists a sequence C, of binary cyclic (n,, k) codes of BCH
type such that &, /n, tends to 1 and the minimal distance §(C,) tends to
infinity. (Educational note: The fraction &, /n, tells the fraction of message
bits to total bits in each transmitted block. Thus the problem says that there
are linear codes capable of correcting as large a number of errors as we
please while having as large a percentage of message bits as we please.)
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57. Take as known that F1(X) = 1 + X + X% is irreducible over F. Let K be the
field F[X]/(F1(X)) of order 16, and let « be the coset X + (F1(X)) in K.
(a) Explain why F|(X) factors as Fi(X) = (X —a)(X —a?)(X —a*)(X —a®)
over K.
(b) Find the minimal polynomial F3(X) of o3,
(c) Show in F!3 that the binary cyclic code C with generating polynomial
GX)=0+X)Fi(X)F3(X) hasdimC = 6 and §(C) > 6.

Problems 58-63 combine Problems 12—13 in Chapter V with the notion of extension
of scalars from Chapter VI and some Galois theory from Chapter IX to prove the
general Jordan—Chevalley decomposition. Let k be a field, and let V be a finite-
dimensional vector space over k. A linear map N : V — V is called nilpotent if
N¥ = 0 for some k. A linear map S : V — V is called semisimple if there is
some finite extension K of k for which the linear map S¥ : VK — VK obtained by
extension of scalars has a basis of eigenvectors. The theoremisthatif L : V — Visa
linear map with the property that every irreducible factor of the minimal polynomial
of L over k is separable, then L has a unique decomposition L = S + N with §
semisimple, N nilpotent, and SN = NS. The theorem applies without restriction
to alinear L : V — V if k is finite or has characteristic O because the separability
condition is automatically satisfied in these cases.

58. Letk be a field, let V be a vector space over k, and let K be an extension field of
k. Extend scalars to form the K vector space given by VE = V @y K, and let
Gal(K/k) act on VE by saying that o (v ® ¢) = v ® ¢(c) for ¢ in Gal(K/k) and
v ® cin VX, Explain for V = k” that V¥ may be interpreted as K” and that the
action by ¢ reduces to (¢(u)); = @(u;).

59. Let k be a field, let V be a finite-dimensional vector space over k, and let
L : V — V bealinear map. Suppose that every irreducible factor of the minimal
polynomial of L over k is separable. Prove the existence of a Jordan—Chevalley
decomposition of L by following these steps:

(a) LetK be a splitting field of k, so that K is a finite Galois extension of k. Use
Problems 12—13 of Chapter V to show that L ® 1 : VK — V¥ has a unique
decomposition as a sum S 4+ A of K linear maps of VX to itself such that
SN = NS, Nis nilpotent, and S has a basis of eigenvectors.

(b) Prove that any K linear 7: VK — VE such that (1®¢)T= 7T(1 ® ¢) for all
¢ € Gal(K/k) is of the form 7= T ® 1 for aunique k linear 7 : V — V.

(¢) Show that the K linear maps S and N of (a) satisfy (1 ® ¢)S = S(1 ® ¢)
and (1 ® 9)N = N(1 ® ¢) for all ¢ € Gal(K/k), and deduce from (b) that
S and N may be written as S = S ® 1 and N'= N ® 1 for uniquely defined
k linear maps S and N of V into itself.

(d) Show that S is semisimple, N is nilpotent, and SN = N §, and conclude
that L = S 4+ N is a Jordan—Chevalley decomposition of L.
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(e) Show that S and N are polynomials in L.

Let k be a field, let V be a finite-dimensional vector space over k, and let
L : V — V be a linear map. Prove the uniqueness result that there is at most
one decomposition L = § + N with S semisimple, N nilpotent, and SN = N S.

Letk =R, and let L : R* — R* be the linear map defined by the matrix

A=

(= =)

-1 0
0 1
0 0-—
0 1

S O = O

The minimal polynomial of L or A is (X2 + 1)?. Calculate the Jordan—Chevalley
decomposition of L in matrix form.

Let IF, be a field of two elements, and let k = F>(x), where x is transcendental
over Fy. Let L : k> — k2 be the linear map defined by the matrix A = (? )(; )

The characteristic polynomial of L or A is M(X) = X* — x. This is irreducible

over k and hence is also the minimal polynomial. The quadratic extension

K = k[x!/?] of k is a splitting field for M(X), and M (X) has a double root in

k[x'/2].

(a) Show that A, regarded as a matrix in M,(K), does not have a basis of
eigenvectors. Conclude that L is not semisimple.

(b) Calculate the most general 2-by-2 matrix commuting with A, and show that
it cannot have characteristic polynomial X unless it is the 0 matrix.

(c) Conclude that L cannot have a Jordan—Chevalley decomposition.

Let k be a field, let V be a finite-dimensional vector space over k, and let
L : V — V be an invertible linear map. Suppose that every irreducible factor
of the minimal polynomial of L over k is separable. A linearmap U : V — V
is called unipotent if (U — I)* = 0 for some k. By suitably adjusting the proof
of the Jordan—Chevalley decomposition, prove that there exist linear maps S and
U of V into itself such that S is semisimple, U is unipotent, and L = SU = US.

Problems 64-73 introduce ordered fields, formally real fields, and real closed fields.
An ordered field k is a field with a specified subset P of “positive” elements that is
closed under addition and multiplication and is such that each nonzero element of k
is in exactly one of P and —P. The fields Q and R are examples. A formally real
field k is a field in which —1 is not the sum of squares. A real closed field k is a
formally real field such that no proper algebraic extension of k is formally real. The
problems together prove the existence part of the Artin—Schreier Theorem: If k is
an ordered field with P as its set of positive elements and if k is an algebraic closure,
then there exists a real closed field K between k and k that is an ordered field with P
contained in its set of positive elements. Moreover, K is unique up to k isomorphism,
and k is of the form K(v/—1).



64.

65.

66.

67.

68.

18. Problems 551

Verify the following properties of an ordered field k when P is the set of positive
elements:

(a) lisin P,

(b) every nonzero square is in P,

(c) whenever a is in P, then so is a!,
(d) kis formally real,

(e) k has characteristic O.

In an ordered field k whose set of positive elements is P, definex > yandy < x
tomean x — yisin P. Leta, b, ¢, d be in k. Check the following:

(a) exactly one the relations a > b, a = b, and a < b holds,

(b) ifa>bandb > c,thena > c,

(¢) ifa > b,thena+c > b +c,

(d) ifa > band c > 0, then ac > bc,

(e) ifa>b>0,thenb™! >a1,

() ifa>b>0andc >d > 0, thenac > bd,

(g) ifa >bandc > d,thenac + bd > ad + bc.

Let k be an ordered field with P as its set of positive elements, let k(x) be a
transcendental extension, and define the positive elements of k(x) to be those
for which the quotient of the leading coefficient of the numerator by the leading
coefficient of the denominator is in P. Show that with this definition of the set
of positive elements, k(x) becomes an ordered field in which x > n for every
positive integer n. (Then also 1/n > 1/x for every positive integer n by Problem
65e¢.)

(a) Show that Q(+/2) becomes an ordered field in two distinct ways.

(b) If k is an ordered field with P as its set of positive elements and if ¢ is a
member of P that is not a square, show that there are two ways of defining
the set of positive elements P’ of K = k(4/c) so that K becomes an ordered
field with P C P’.

Let k be an ordered field, and let K be the extension that arises by adjoining the

square roots of all the positive elements of K. Prove that K is a formally real

field by carrying out the following steps:

(a) Show that if n is chosen as small as possible so that an equation —1 =

21;1 pjéjz holds in K with all p; positive in k and all &; in an extension

J
k(/c1, ..., /cn) of k with all ¢; positive in k, then writing

K(J/Cl s i) =k(JCT ... Jen 1) (Ven)

leads to an equation

k k k
—1= 3 pjaj + ¥ pjeab] + 2/ 3 piajb (+)
j=1 j=1 j=1

in which a; and b; are ink(\/c1, ..., \/ci"1).
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(b) Consider the third term on the right side of (), and show that a contradiction
results if this term is O and a different contradiction arises if this term is not 0.

Let k be a formally real field, and let k be an algebraic closure. Show that there

exist maximal formally real subfields of k containing k, and show that any such
is a real closed field.

Carry out the following steps to show that areal closed field k becomes an ordered

field in one and only one way:

(a) Suppose thatc # 0 is not a square, hence that k(,/c ) is a quadratic extension
of k. Why is —1 = Y"7_, (a; +b;j+/c)* for suitable members a; and b; of k?

(b) By expanding the identity in (a), show that ¢ is not a sum of squares. In
other words, every sum of squares in k is a square in k.

(c) Solve for ¢ in the expansion in (b), and conclude that —c is a square.

(d) Conclude from the previous steps that the choice of P as the set of nonzero
squares makes k into an ordered field and that there no other possible defi-
nition for the set P of positive elements that makes k into an ordered field.

Carry out the following steps to show that in any real closed field k, every

polynomial of odd degree has a root:

(a) Show by induction that it is enough to handle irreducible polynomials of
odd degree.

(b) For an irreducible polynomial Q(X) of odd degree n, let k() be a simple
algebraic extension of k such that QO («) = 0. Show that an expression of —1
as a sum of squares in k() forces an identity 21;:1 R; (X)?+0Q(X)A(X) =
—1 for suitable polynomials R;(X) in k[X] of degree < n — 1 and some
polynomial A(X) in k[X] of odd degree < n — 2.

(c) Ifr is aroot of the polynomial A(X) in (b), show that Zf: 1 Rj r?=-1,
and deduce a contradiction.

By using the results of Problems 70-71 and taking into account the proof of
Theorem 1.18 that appears in Section IX.10, prove that if k is a real closed field,
then k(4/—1) is algebraically closed.

Put the above results together to give a proof of the existence in the Artin—Schreier
Theorem: if an ordered field k has P as its set of positive elements and k as an
algebraic closure, then there exists a real closed field K with k € K C k such
thatk = K(\/—_l ) and such that P is contained in the set of squares in Kk, ie.,
such that the set of positive elements in the natural ordered-field structure on k
contains P.



CHAPTER X

Modules over Noncommutative Rings

Abstract. This chapter contains two sets of tools for working with modules over a ring R with
identity. The first set concerns finiteness conditions on modules, and the second set concerns the
Hom and tensor product functors.

Sections 1-3 concern finiteness conditions on modules. Section 1 deals with simple and semisim-
ple modules. A simple module over a ring is a nonzero unital module with no proper nonzero
submodules, and a semisimple module is a module generated by simple modules. It is proved that
semisimple modules are direct sums of simple modules and that any quotient or submodule of a
semisimple module is semisimple. Section 2 establishes an analog for modules of the Jordan—Holder
Theorem for groups that was proved in Chapter I'V; the theorem says that any two composition series
have matching consecutive quotients, apart from the order in which they appear. Section 3 shows
that a module has a composition series if and only if it satisfies both the ascending chain condition
and the descending chain condition for its submodules.

Sections 4-6 concern the Hom and tensor product functors. Section 4 regards Homg (M, N),
where M and N are unital left R modules, as a contravariant functor of the M variable and as a
covariant functor of the N variable. The section examines the interaction of these functors with
the direct sum and direct product functors, the relationship between Hom and matrices, the role
of bimodules, and the use of Hom to change the underlying ring. Section 5 introduces the tensor
product M ®g N of a unital right R module M and a unital left R module N, regarding tensor
product as a covariant functor of either variable. The section examines the effect of interchanging
M and N, the interaction of tensor product with direct sum, an associativity formula for triple tensor
products, an associativity formula involving a mixture of Hom and tensor product, and the use of
tensor product to change the underlying ring. Section 6 introduces the notions of a complex and an
exact sequence in the category of all unital left R modules and in the category of all unital right R
modules. It shows the extent to which the Hom and tensor product functors respect exactness for
part of a short exact sequence, and it gives examples of how Hom and tensor product may fail to
respect exactness completely.

1. Simple and Semisimple Modules

This chapter develops further theory for unital modules over a ring with identity
beyond what is in Section VIII.1. Results about modules that take advantage of
commutativity of the ring were included in Chapter VIIL. In the present chapter
the ring may or may not be commutative. We shall be interested in those modules
whose structure is especially easy to analyze and in constructions that create new
modules from old ones. The chapter consists of tools for working with such
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modules and their related rings and algebras. There are no major theorems in the
chapter, but the material here is essential for the developments in several of the
chapters of Advanced Algebra.

Throughout this chapter, R will denote a ring with identity. We shall work
with the category C of all unital left R modules. Specifically the objects of
C are left unital R modules, and the space of morphisms between two such
modules M and N consists of all R homomorphisms from M into N. It is
customary to write Homg (M, N) for this set of morphisms.! In the special case
that R is a field, the notation Homg (M, N) reduces to notation we introduced in
Section I1.3 for the set of linear maps from one vector space over R to another.
For general R, the set Homg (M, N) is an abelian group under addition of the
values: (@1 + ¢2)(m) = @1 (m) + @, (m). Without some further hypothesis on R,
Homg (M, N) does not have a natural R module structure.

However, there is some residual action by scalars. Any element 7 in the center
Z of R, i.e., any element with cr = rc for all 7 in R, acts on Homg (M, N). The
definition is that (cg)(m) = @(cm). The function c¢ certainly respects addition,
and it respects action by ascalarr in R because (c@)(rm) = @(crm) = ¢(rcm) =
ro(cm) = r(ce)(m); thus ce is in Homg (M, N), and Homgz (M, N) becomes a
Z module. The center Z automatically contains the multiplicative identity 1 and
its integer multiples Z 1.

We shall tend to ignore this action by the center except in two special cases.
One is that R is commutative, and then Homg (M, N) is an R module. The other
is that R is an associative algebra (with identity) over a field F. In this case the
action of members of F on the identity of R embeds F into R, and F may thus
be identified with a subfield of the center of R. The result is that when R is an
associative algebra over a field F, then Homg (M, N) is a vector space over F.

We write Endg (M) for Homgz (M, M). This abelian group has the structure
of a ring with identity, multiplication being composition: (¢y)(m) = @ (¥ (m)).
The distributive laws need to be checked: the formula (¢; + @) = o1 + @2
is immediate from the calculation

(@1 + @) ¥)(m) = (@1 + @2) (Y (m))
= @1(Y(m)) + @2(Y (m)) = (@1 Y + @29) (m),

while the formula ¢ (Y1 +v2) = @1 + ¢y, makes use of the fact that ¢ respects
addition and is proved by the calculation

(WY1 + ¥2))(m) = @1 (m) + Y2 (m))
= o1 (m)) + ¢(2(m)) = (P + ¢¥2)(m).

I'The notation Hom(M, N) with no subscript is sometimes used for Homz (M, N), i.e., to denote
the group of homomorphisms from one abelian group to another.
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If Z is the center of R, then Endg(M) is a Z module, as well as a ring, and
the two structures are compatible; the result is that Endg (M) is an associative Z
algebra in the sense of Example 15 in Section VIII.1. In particular, when R is an
associative algebra over a field F, then Endg (M) is an associative F algebra.

There is usually no need to re-prove for right R modules an analog of each
result about left R modules. The reason is that we can make use of the opposite
ring R’ of R, defined to be the same underlying abelian group but with reversed
multiplication: @ o b = ba. Any left R module M then becomes a right R’
module M under the definition mr® = rm for r in R, m in M, and r° equal to
the same set-theoretic member of R as r. The theory of unital left R modules
for all R thereby yields a theory of unital right R modules for all R.

A unital left R module M is said to be simple, or irreducible, if M # 0 and if
M has no proper nonzero R submodules. If M is simple, then M = Rx for each
x #% 01in M; conversely if M # 0 has M = Rx for each x # 0 in M, then M is
simple. Whenever M = Rx for an element x, then M is isomorphic as a unital
left R module to R/, where [ is the leftideal I = {r € R | rx = 0}.

A unital left R module M is said to be semisimple if M is generated by simple
left R submodules, i.e., if it is the sum of simple left R submodules. In this
definition, the sum may be empty (and then M = 0), it may be finite, or it may
be infinite. Evidently simple implies semisimple for unital left R modules.

We come to examples in a moment. First we prove that the sum of simple left
R modules in a semisimple module may always be taken to be a direct sum, i.e.,
that semisimple modules are completely reducible.

Proposition 10.1. If the unital left R module M is semisimple, then M
is the direct sum of some family of simple R submodules. In more detail if
{M; | s € S}is afamily of simple R submodules of the unital left R module M
whose sum is M, then there is a subset 7' of S with the property that

M=@M,.

teT

PROOF. Call a subset U of S “independent” if the sum ), _,, M, is direct.
This condition means that for every finite subset {uy, ..., u,} of U and every
set of elements m; € M,,, the equation m; + --- 4+ m, = O implies that each
m; is 0. From this formulation it follows that the union of any increasing chain
of independent subsets of S is itself independent. By Zorn’s Lemma there is a
maximal independent subset 7 of S. By definition the sum My = ), ., M, is
direct. Consequently it suffices to show that M is all of M. By the hypothesis
on §, it is enough to show that each M; is contained in M. For s in T, this
conclusion is clear. Thus suppose s is notin 7. By the maximality of T, T U {s}
is not independent. Consequently the sum M, + My is not direct, and it follows
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that My N My # 0. But this intersection is an R submodule of M;. Since M; is
simple, a nonzero R submodule of M must be all of M. Thus M; N My = M,
and M, is contained in M. O

EXAMPLES OF SEMISIMPLE MODULES.

(1) Let F be a field. Left and right amount to the same thing for modules when
the underlying ring is commutative. We know that the unital /' modules are just
the vector spaces over F. Such a vector space V is a simple F module if and
only if it is 1-dimensional, since 1-dimensionality is the necessary and sufficient
condition to have V # 0 be of the form V = Fx for all x # 0 in V. Any vector
space V is the sum of all of its 1-dimensional subspaces, and consequently every
unital F module is semisimple. Theorem 2.42 shows that each vector space V
has a basis; this theorem is therefore a special case of Proposition 10.1, which
says that any semisimple module is the direct sum of simple modules.

(2) Let D be a division ring. Division rings were defined in Section IV.4 as
rings with identity 1 # 0O such that the nonzero elements form a group under
multiplication. Every field is a division ring, and the quaternions form a division
ring that is not a field. Let M be a unital left D module, and let x # 0 be in
M. Then the left D module Dx is simple because if N € Dx is a nonzero D
submodule and if y is in NV, then we can write y = dx with d in D and see from
the formula d~'y = x that x isin N and N = Dx. Any unital left D module is
the sum of its D submodules Dx for x in M, and therefore every unital left D
module is semisimple. From Proposition 10.1 we can conclude that every unital
left D module M is the direct sum of simple modules. In other words, M has a
basis, just as if D were a field. Consequently it is customary to refer to unital left
D modules as left vector spaces over D. A notion of (left) dimension, equal to
a well-defined nonnegative integer or co, will emerge from the discussion in the
next section.

(3) Let D be adivision ring. Section V.2 introduced the ring of n-by-n matrices
over any commutative ring with identity, and Example 4 of rings in Section VIII.1
extended the definition to the case that the ring is noncommutative. Thus let R
be the ring M,,(D). Let M = D" be the abelian group of n-component column
vectors with entries in D. Under multiplication of matrices times column vectors,
M becomes a unital left R module. Let us prove that M is simple. It is enough to
show that Rm = M for every nonzero m in M. Let m’ be in M with entries m,
and suppose that the i(‘)h component m;, of m is # 0. Then we can multiply on
the left of m by the matrix r whose (7, j)th entry r;; is m;m;] if (i, j) = (@, jo)
and is 0 otherwise, and the product is the column vector m’. Thus m’ is in Rm,
and Rm = M as required. Hence M = D" is an example of a simple R module.

(4) Again let D be a division ring, and let R = M,,(D). Let us see that the left
R module R is semisimple. In fact, if R; is the additive subgroup of R whose
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nonzero entries are all in the j™ column, then R ; is a left R submodule of R that
is R isomorphic to D”. Thus we see that R = R} & - - - @ R, as left R modules,
and the left R module R is semisimple as a consequence of Example 3.

(5) Let G be a group, and let CG be the complex group algebra defined
in Example 16 in Section VIII.1. Let V be a vector space over C, and let
® : G — GL(V) be a representation of G on V. The universal mapping
property of complex group algebras described in that example and pictured in
Figure 8.4 shows that the representation ® of G extends to CG and makes V
into a unital left CG module. Conversely if the complex vector space V is a
unital left CG module, then we obtain a representation of G by restriction from
CG to G. What needs to be checked here is that each member of G acts by an
invertible linear mapping. This is a consequence of the unital property; since
1 acts as 1, the action by g~! inverts the action of g. Thus we have a one-one
correspondence of representations of G on complex vector spaces with unital left
CG module structures. Under this correspondence, irreducible representations
of G (i.e., nonzero representations having no proper nonzero invariant subspace)
correspond to simple CG modules. Now suppose that G is finite. Readers
who have looked at Section VII.4 know from Corollary 7.21 that every finite-
dimensional representation of a finite group G on a complex vector space is the
direct sum of irreducible representations; the corresponding CG modules are
therefore semisimple. But more is true. If V is any CG module for the finite
group G and if x is in V, then CGx is a vector subspace spanned by {gx | g € G}
and consequently is finite-dimensional. Applying what is known from Section
VIIL.4, we can write CGx as the direct sum of simple CG modules. Therefore
the sum of all simple CG modules in V is all of V, and V is semisimple. From
Proposition 10.1 we conclude that every unital left CG module is semisimple if
G is a finite group.

The next proposition shows that decompositions of semisimple modules as
direct sums of simple modules behave in a fashion analogous to decompositions
of vector spaces as direct sums of 1-dimensional vector subspaces. However,
the simple modules need not all be isomorphic to one another, as is shown by
Example 5. A theory that takes the isomorphism types of simple modules into
account appears in Problems 12-20 at the end of the chapter.

Proposition 10.2. Let M be a semisimple left R module, and suppose that
M = P, .5 M; is the direct sum of simple R modules M,. Let N be any R
submodule of M. Then

(a) the quotient module M /N is semisimple. In more detail there is a subset
T of S with the property that the submodule M7 = €, ., M; of M maps
R isomorphically onto M/N.
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(b) N is a direct summand of M. In more detail, M = N @& My, where My
is as in (a).

(¢) N is semisimple. In more detail choose T as in (a), and write T’ for the
complement of 7" in S. Then the quotient mapping M — M /M7 restricts
to an R isomorphism of N onto M /My, and M /M7 is R isomorphic to
My

PROOF. Each simple R submodule M; of M maps to an R submodule M, of
M /N. This image either is simple (and then is R isomorphic to M) or is zero.
We let U be the subset of S for which it is simple. Then M /N is evidently the
sum of the simple R submodules {M, | s € U}. By Proposition 10.1 there is a
subset T of U such that

M/N =M,

teT

This proves (a).

For (b), we use the following elementary observation: if N and N’ are R
submodules of M, then M = N @ N’ if and only if the quotient map M — M /N
carries N’ isomorphically onto the quotient M/N. Taking N’ = My and applying
(a), we obtain (b).

For (c), the same observation when applied first to M = N @ My and then to
M = M7 @& My shows that the quotient map M — M /My carries N isomor-
phically onto M /M7 and carries M7 isomorphically onto M/My. Therefore
N = M/Mrp = My, and (c) is proved. U]

In the context of simple modules, Homz (M, N) has special properties. Read-
ers who have looked at Section VIL.4 have seen these special properties in the
context of representations of finite groups on complex vector spaces. There they
were captured by Schur’s Lemma (Proposition 7.18). If we pass from represen-
tations on complex vector spaces to CG modules, following the prescription in
Example 5, we obtain a result about Homcg (M, N) when G is a finite group.
Lemma 10.3 and Proposition 10.4 generalize this to a result about Homg (M, N)
for arbitrary R.

Lemma 10.3. Suppose that E is a simple left R module and that M =
@D, M, is a direct-sum decomposition of the unital left R module M into
arbitrary R submodules, not necessarily simple. Then

Homg(E, M) = @HomR(E, M,)

acA

as an isomorphism of abelian groups.
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REMARKS. The hypothesis that E is simple is critical here. Without it a
map into a direct sum might have nonzero projections into infinitely many of the
summands, and then it could not be represented as a finite sum of maps into sum-
mands. Proposition 10.12 below will point out that the correct identity without a
special hypothesis on E is Homg(E, [[,c 4 Ma) = [[,c4 Homg(E, M,).

PROOF. Suppose ¢ is in Homg (E, M). Write ¢, for the composition of ¢ with
the projection M — M,. The map from left to right in the displayed isomorphism
istobe ¢ — {p;}aca. Suppose for the moment that the image is contained in the
direct sum on the right. The mapping is one-one since M is the sum of the M,’s,
and it is onto since the mapping is the identity on each subgroup Homg (E, M,)
of Homy (E, M).

Thus we must show for each ¢ that only finitely many of the maps ¢, are
nonzero. Choose e in E with ¢(e) # 0, and write

ple)=my+---+m, with m; € M,,.
Since E is simple, E = Re. Therefore

@(E) = Rp(e) =Rm; +---+m,) € Rm +---+ Rm,
CMy, @D DM,

Consequently only ¢,,, ..., ¢,, can be nonzero. g

Lemma 10.3 enables us to study maps between semisimple modules in terms
of maps between simple modules. The latter are described by the next result.

Proposition 10.4 (Schur’s Lemma). Suppose that M and N are simple left R
modules.

(a) If M and N are not R isomorphic, then Homz (M, N) = 0.

(b) Endg(M) is a division ring.

(c) (Dixmier) If R is an associative algebra over an algebraically closed field
F and if the vector-space dimension of M over F is less than the cardinality of
F, then Endg (M) consists of the F* multiples of the identity.

REMARK. In the setting of representations of a finite group G as in Section
VIL.4, orin the case that G is a finite group and R = CG in the current setting, any
singly generated R module such as M or N is finite-dimensional over C. Part (a)
in that case reduces to the statement that the vector space of intertwining operators
between two inequivalent irreducible representations is 0. Part (c) in that case
says that the space of self-intertwining operators for an irreducible representation
consists of the scalar multiples of the identity. For a general R, we get only the
weaker conclusion of (b) that Endg (M) is a division ring. If R is an associative
algebra over a field F', we have seen that Endg (M) is an associative algebra over
F, and (c) gives a condition under which we can improve upon (b).
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PROOF. Suppose that ¢ is nonzero in Homg (M, N). Then ker ¢ is a proper
R submodule of M, and we must have ker ¢ = 0 since M is simple. Similarly
image ¢ is a nonzero R submodule of N, and we must have image ¢ = F since
N is simple. Therefore ¢ is an R isomorphism of M onto N. This proves (a) and
(b).

For (c) let m be a nonzero element of M. The map ¢ +— ¢(m) is F linear and
one-one from Endg (M) into M by (b). Thus Endg (M) as an associative division
algebra over F has vector-space dimension at most the vector-space dimension of
M, and the latter by hypothesis is strictly less than the cardinality of F. Arguing
by contradiction, let us assume that Endg (M) is not equal to F'; say Endg (M)
contains an element ¢ not in F.

The smallest division subalgebra of Endg (M) containing F and ¢ is the field
F generated by F and ¢. Since F is algebraically closed, ¢ is not a root of any
nonzero polynomial with coefficients in F. Thus the substitution homomorphism
equal to the identity on F and carrying X to ¢ is one-one from F[X] into F.
By the universal mapping property of fields of fractions (Proposition 8.6), the
substitution homomorphism factors through the field of fractions F(X). Thus
we may regard F(X) as a subfield of F. In the field F(X), the set of elements
{(X —¢)~! | ¢ € F} is linearly independent over F, as we see by assuming a
nontrivial linear dependence and clearing fractions, and hence dimg F(X) is >
the cardinality of F. Since Endg(M) 2 F D F(X) under our identification, the
dimension of Endg (M) over F is > the cardinality of F'. This conclusion contra-
dicts the observation of the previous paragraph that the dimension of Endg (M) is
strictly less than the cardinality of F. So the assumption that Endz (M) contains
an element not in ' must be false, and (c) follows. ]

2. Composition Series

We continue with R as a ring with identity, and we work with the category of
all unital left R modules. In this section we shall say what is meant by a unital
left R module of “finite length,” and we shall investigate semisimplicity for such
modules.

A finite filtration of a unital left R module M is a finite descending chain

M=My2>2M 2---2M,=0

of R submodules. We do not insist on this particular indexing, and with the
obvious adjustments, we allow also a finite increasing chain to be called a fi-
nite filtration. Relative to the displayed inclusions, the modules M;/M; . for
0 <i < n —1 are called the consecutive quotients of the filtration. The finite
filtration is called a composition series if the consecutive quotients are all simple
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R modules; in particular, they are to be nonzero. The consecutive quotients in
this case are called composition factors.

We encountered an analogous notion with groups in Section IV.8, but there
was a complication in that case. The complication was that each subgroup had
to be normal in the next-larger subgroup in order for the consecutive quotients to
be groups. The overlap between the current treatment and the earlier treatment
occurs for abelian groups, which on the one hand are unital Z modules and on
the other hand are groups whose subgroups are automatically normal.

We are going to obtain analogs for the category of unital left R modules of the
group-theoretic results of Zassenhaus, Schreier, and Jordan—Ho6lder in Section
IV.8. The ones here will be a little easier to prove than those in Section I'V.8 since
we do not have the complication of checking whether subgroups are normal. Let

M=My2M 2---2M,=0
and M=N02N122Nn=0

be two finite filtrations of M. We say that the second is a refinement of the first
if there is a one-one function f : {0, ..., m} — {0, ..., n} with M; = Ny for
0 <i < m. The two finite filtrations of M are said to be equivalent if m = n and
if the order of the consecutive quotients Mo/ M, M/ M>, ..., My, /M, may
be rearranged so that they are respectively isomorphic to No/N;, Ni/Na, ...,
Nmfl /Nm

Lemma 10.5 (Zassenhaus). Let M, M,, Mi, and M), be R submodules of a
unital left R module M with M| € M, and M} € M,. Then
(M N M) + M) /(My N My) + M)
= ((My N M) + My)/ (M} N Ma) + My).
PROOF. By the Second Isomorphism Theorem (Theorem 8.4),
(M1 N M2)/((My N M3) + M7) 0 (M 0 My))
= (M0 M) + (My N My) + M) /((My N M) + M)
= (M1 N Ma) + My)/((My 0 My) + My).

Since we have
(M, N M3) + M) 0 (M, N M) = (M N M) + M) N M,

= (M N M) + (M} N Ma),
we can rewrite the above isomorphism as
(M1 0 Ma)/((My N M) + (M} N M>))
= (M N Ma) + MY /(M1 0 My) + MY).

The left side of this isomorphism is symmetric under interchange of the indices 1
and 2. Hence so is the right side, and the lemma follows. O
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Theorem 10.6 (Schreier). Any two finite filtrations of a module M in C have
equivalent refinements.

PROOF. Let the two finite filtrations be
M=My2M 2---2M,=0
and M=Ny2N 2---2N,=0,
and define
M;;j = (M; " N;) + M; 4 for0<i<m—1and0 < j <n,
Nji = (M; N N;) + N forO0 <i <mand0<j<n-—1.

Then
M = Moy 2 Mo1 2 -+ 2 Mo,
DMo2M12---2M2---2Myu_1,=0
and M = Noo 2 No1 2 -+ 2 Nom

DNip2N 122Ny 2 2Nu_1m=0

are refinements of the respective given filtrations. The containments M;, 2
M;i10 and N;,, 2 Njiqp are equalities here, and the only nonzero consecutive
quotients are therefore of the form M;;/M; ;1 and Nj; /N, ;1. For these we have

Mij/ M, j+1
= ((M; " N;j) + M; 1)/ ((M; " Njy1 + M) by definition
= ((M; NNj) + Njy1)/((Miz1 NV Nj) + Njs1) by Lemma 10.5
= Nj,‘/Nj,i_H by definition,

and thus the above refinements are equivalent. O

Corollary 10.7 (Jordan—Holder Theorem). If M is a unital left R module with
a composition series, then

(a) any finite filtration of M in which all consecutive quotients are nonzero
can be refined to a composition series, and
(b) any two composition series of M are equivalent.

PROOF. We apply Theorem 10.6 to a given filtration and a known composition
series. After discarding redundant terms from each refinement (those that lead to
0 as a consecutive quotient), we arrive at a refinement of our given finite filtration
that is equivalent to the known composition series. Hence the refinement is a
composition series. This proves (a). If we specialize this argument to the case
that the given filtration is a composition series, then we obtain (b). O
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Corollary 10.7 implies that the composition factors for a given composition
series depend only on M, not on the particular composition series. Moreover,
if M O M” are R submodules of an M with a composition series such that
M'/M" is simple, then M’/ M" is a composition factor of M. This fact follows
by eliminating redundant terms from the finite filtration M > M’ 2 M” 2 0 and
applying Corollary 10.7a to the result.

If a unital left R module M has a composition series, then we say that M has
finite length. This notion is closed under passage to submodules and quotients.
In fact, if

M=My2M2---2M,=0

is a composition series of M and if M’ is an R submodule of M, then
M=MyNnMDODMNM D---DM,NM =0

is a finite filtration of M’ in which each consecutive quotient is simple or 0.
Discarding redundant terms (which lead to 0 as a consecutive quotient), we obtain
a composition series for M’. A similar argument works for M /M’ .

Let us see that if the unital left R modules M’ and M /M’ have finite length,
then so does M. In fact, we take a composition series for M/M’, pull it back to
M, and concatenate it to a composition series for M’. The result is a composition
series for M, and the assertion follows. In particular, the direct sum of two unital
left R modules of finite length has finite length.

If M has a composition series of the form M = My 2 M; 2 --- D2 M, =0,
then we say that M has length n. If it has no composition series, we say it has
infinite length. According to Corollary 10.7, this notion of length is independent
of the particular composition series that we use. The argument in the previous
paragraph shows that if M’ is an R submodule of M, then

length(M) = length(M’) + length(M /M),

with the finiteness of either side implying the finiteness of the other side. One
consequence is that if M’ is a length-n submodule of a length-n module M with
n finite, then M’ = M. Another consequence is that if M is a semisimple left R
module, then M has a composition series if and only if M is the finite direct sum
of simple left R modules.

From the last of these observations, we see that if F is a field, then the vector
spaces over F that have a composition series are the finite-dimensional vector
spaces, and in this case the length of the vector space is its dimension. The
structure of finite-dimensional vector spaces is so elementary that the Jordan—
Holder Theorem is of no interest in this case, and it was for that reason that no
version of the Jordan—Holder Theorem for vector spaces appeared earlier in the
book.
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In the case that R = D is a division ring, matters are slightly subtler. We know
from Example 2 in Section 1 that every unital left D module is semisimple, and we
noted that such D modules are therefore called left vector spaces. Corollary 10.7
shows that the number of summands in any decomposition of a left vector space
V as the direct sum of simple D modules is either an integer n > 0 independent
of the decomposition or is infinite, independently of the decomposition. This
number, the integer n or oo, is called the dimension of the left vector space V.

We saw one other example of a semisimple left R module. Specificallyif Disa
division ring, then we saw in Example 4 of Section 1 that R = M,,(D) is semisim-
ple as a left R module. The number of simple summands is 7, and hence R has
length n. So R has a composition series when considered as a left R module.

There are two other cases in which composition series give something familiar.
One is the case that R is the ring Z of integers. A unital Z module is an abelian
group, and we know that the simple abelian groups are the cyclic groups of
prime order. For an abelian group with a composition series, the order of the
group is the product of the orders of the consecutive quotients and hence is finite.
Consequently an abelian group has a composition series if and only if it is a finite
abelian group. Such a group need not be semisimple; the group Cy4, for example,
is not the direct sum of cyclic groups of prime order.

The other case concerns triangular form, Jordan canonical form, and related
decompositions, as explained in Sections V.3 and V.6 and as reinterpreted after
Corollary 8.29. Let V be a finite-dimensional vector space over a field K, and let
L : V — V bealinear mapping from V toitself. Put R = K[X], and make V into
aunital R module by the definition A(X)(v) = A(L)v for any A(X) in K[X] and
v in V. The R submodules are the vector subspaces of V that are invariant under
L. The finite dimensionality of V forces V to have a composition series as an R
module. Let us suppose for a moment that K is algebraically closed. Proposition
5.6 says that the matrix of L in some ordered basis is upper triangular, and linear
combinations of the first k vectors in this basis form an invariant subspace under
L of dimension k. These subspaces are nested, and thus we obtain a composition
series. Thus obtaining a composition series when K is algebraically closed is
equivalent to obtaining triangular form. The existence of Jordan form is a finer
result. The discussion after Corollary 8.29 shows that V is a finite direct sum of R
modules R/(X — ¢;)% with ¢; in K and k; > 0. For each of these, the discussion
at the end of Section VIIL6 shows how to refine R/(X — ¢;)¥ to a composition
series for which there is an R submodule of each possible dimension from O to
k;; the finer structure is hidden in the way that each invariant subspace is obtained
from the next smaller invariant subspace. If K is not necessarily algebraically
closed, then (X — ¢;)" is to be replaced by P;(X) for some prime polynomial
P;(X), and the consecutive quotients for R/(P;(X )% have dimension equal to
the degree of P;(X).
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3. Chain Conditions

We continue with R as a ring with identity, and we work with the category of
all unital left R modules. Except in special cases we did not address conditions
in Section 2 under which a unital left R module M has a composition series. In
this section we shall see that a necessary and sufficient condition for M to have a
composition series is that it satisfy two “chain conditions,” an ascending one and
a descending one, that we shall define. We already encountered the ascending
chain condition in Proposition 8.30 for the special case that R is a commutative
ring with identity, and the proof for general R requires only cosmetic changes.

Proposition 10.8. If R is a ring with identity and M is a unital left R module,
then the following conditions on R submodules of M are equivalent:
(a) (ascending chain condition) every strictly ascending chain of R sub-
modules M; & M, G - - - terminates in finitely many steps,
(b) (maximum condition) every nonempty collection of R submodules has
a maximal element under inclusion,
(c) (finite basis condition) every R submodule is finitely generated.

PROOF. To see that (a) implies (b), let S be a nonempty collection of R
submodules of M. Take M, in S. If M| is not maximal, choose M, in S properly
containing M;. If M, is not maximal, choose M3 in S properly containing M>.
Continue in this way. By (a), this process must terminate, and then we have found
a maximal R submodule in S.

To see that (b) implies (c), let N be an R submodule of M, and let S be
the collection of all finitely generated R submodules of N. This collection is
nonempty since O is in it. By (b), S has a maximal element, say N’. If x is in
N but x is not in N’, then N’ 4+ Rx is a finitely generated R submodule of N
that properly contains N’ and therefore gives a contradiction. We conclude that
N’ = N, and therefore N is finitely generated.

To see that (c) implies (a), let M; & M, & --- be given, and put N =
Ur—; M,. By (c), N is finitely generated. Since the M, are increasing with n,
we can find some M,,, containing all the generators. Then the sequence stops no
later than at M,,,. 0

The corresponding result for descending chains is as follows.

Proposition 10.9. If R is a ring with identity and M is a unital left R module,
then the following conditions on R submodules of M are equivalent:
(a) (descending chain condition) every strictly descending chain of R
submodules M; 2 M, 2 - - - terminates in finitely many steps,
(b) (minimum condition) every nonempty collection of R submodules has
a minimal element under inclusion.



566 X. Modules over Noncommutative Rings

PROOF. To see that (a) implies (b), let S be a nonempty collection of R
submodules of M. Take M, in S. If M, is not minimal, choose M> in S properly
contained in M;. If M, is not minimal, choose M3 in S properly contained in
M,. Continue in this way. By (a), this process must terminate, and then we have
found a minimal R submodule in S.

To see that (b) implies (a), we observe that the members of any strictly de-
scending chain would be a family without a minimal element. Since (b) says that
any nonempty family has a minimal element, there can be no such chain. g

Proposition 10.10. Let R be a ring with identity, let M be a unital left R
module, and let N be an R submodule of M. Then

(a) M satisfies the ascending chain condition if and only if N and M/N
satisfy the ascending chain condition,

(b) M satisfies the descending chain condition if and only if N and M/N
satisfy the descending chain condition.

PROOF. We prove (a), and the proof of (b) is completely similar. Suppose M
satisfies the ascending chain condition and hence also the maximum condition
by Proposition 10.8. The R submodules of N are in particular R submodules
of M and hence satisfy the maximum condition. The R submodules of M/N
lift back to R submodules of M containing N, and they too must satisfy the
maximum condition. By Proposition 10.8, N and M/N satisfy the ascending
chain condition.

Conversely suppose that N and M /N satisfy the ascending chain condition.
Let {M;} be an ascending chain of R submodules of M; we are to show that {M;}
is constant from some point on. Since N and M/N satisfy the ascending chain
condition, we can find an n such that

Mn+kmN=MnmN and (Mn+k+N)/N=(Mn+N)/N

for all K > 0. Combining the Second Isomorphism Theorem (Theorem 8.4) and
the first of these identities gives

(Mn+k + N)/N = Mn+k/(Mn+k N N) = Mn+k/(Mn N N)

for all k > 0. Combining this result and two applications of the second of the
identities gives
Mn+k/(Mn NN) = Mn/(Mn NN).

The First Isomorphism Theorem (Theorem 8.3) shows that
(Mn+k/(Mn N N))/(Mn/(Mn N N)) = My /My,

Since the left side is the 0 module, the right side is the 0 module. Therefore
M, = M, for all k > 0. OJ
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Proposition 10.11. If R is a ring with identity and M is a unital left R module,
then M has a composition series if and only if M satisfies both the ascending
chain condition and the descending chain condition.

PROOF. If M has a composition series of length n, then the Jordan—Holder
Theorem (Corollary 10.7a) shows that every finite filtration of M with nonzero
consecutive quotients has length < n, and hence M satisfies both chain conditions.

Conversely suppose that M satisfies both chain conditions. By the maximum
condition, choose if possible a maximal proper R submodule N; of M, then choose
if possible a maximal proper R submodule N; of Ny, and so on. If all these choices
are possible, we obtain a strictly descending chain M 2 Ny 2 N, 2 - - -, and the
consecutive quotients will be simple at each stage. The minimum condition says
that we cannot have such a chain, and thus the choice is impossible for the first
time at some stage k. That means that some N; has no proper R submodule, and
N must be 0. Then M = Ny 2 N» 2 --- 2 Ny = 0 is a composition series. [J

4. Hom and End for Modules

We continue to work with the category C of unital left R modules, where R is
a ring with identity, not necessarily commutative. Our interest in this section is
with Homg (M, N) and Endg (M), where M and N are modules in C. Recall from
Section 1 that Homg (M, N) is a unital Z module, where Z is the center of R,
and that Endg (M) is a Z algebra, the multiplication being composition. We shall
tend to ignore Z except when R is commutative or R is an associative algebra
over a field. However, Z will implicitly play a role in the context of bimodules,
which we introduce near the end of this section.

In this section we shall be interested in interactions of Homg (M, N) and
Endg (M) within the category C, in identities that they satisfy, in the naturality of
such identities, and in the use of Homg (M, N) in “change of rings,” also known
as “extension of scalars.” The next section will carry out a similar investigation
for a notion of tensor product that generalizes the tensor products in Chapter VI,
and we shall obtain in addition one important formula involving Hom and tensor
products at the same time. Finally in Section VI we shall examine the effect of
Hom and tensor product on “exact sequences.”

The first observation is that Homp, is a functor, either a functor of one variable
with the other variable held fixed or, less satisfactorily, a functor of two variables.
To be precise, let D be the category of all abelian groups. For fixed M in Obj(C),
we define

F(N) = Homg(M, N).
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If pisinHomg (N, N’), we define F (¢) in Homy, (HomR(M,N), HomR(M,N’))
by the formula

F(p)(t) = ¢t for T € Homg(M, N),

where ¢t denotes the composition of 7 followed by ¢. In other words, F ()
is given by posmultiplication by ¢. By inspection we see that F(1y) is the
identity from Homg (M, N) to itself if 1y is the identity on N and that F(¢'¢p) =
F(¢")F(p) if ¢ isin Homg (N’, N"); the latter formula comes down to the asso-
ciativity formula (¢'¢)t = ¢’(¢7) for functions under composition. Therefore F
is a covariant functor from the category C to the category D. We write Hom(1, ¢)
for F(¢), so that Hom(1, ¢)(7) = ¢t.
Similarly for fixed N in Obj(C), we define

G(M) = Homg(M, N).

On morphisms, G is given by premultiplication. Specifically for a morphism
in Homg (M, M"), we define G(¢) in Homy, (HomR(M/, N),Homg (M, N)) by
the formula

G (1) =ty for T € Homz(M’', N).

We readily check that G is a contravariant functor from C to D. We write
Hom(v, 1) for G (¥), so that Hom(yr, 1)(7) = t.

To create a single functor H from F and G, we can try to define a functor
H from C* to D by H(M,N) = Homg(M, N). If ¢ € Homg(N, N’) and
¥ € Homg (M, M’) are given, we can try the formula H (v, ¢)(t) = ¢ty as a
definition for T in Homg (M’, N). The trouble is that H is mixed as contravariant
in the first variable and covariant in the second variable. To get H to be covariant,
we can use the same formulas but regard H as defined on C °PP x C, where C °PP is
the opposite category of C, as defined in Problems 7880 at the end of Chapter I'V.
But this is getting to be a complicated structure for describing something simple,
and we shall simply avoid this construction altogether,” working with F or G as
circumstances dictate.

Even though we shall not work with H as a functor, it is convenient to
combine Hom(1, ¢) and Hom(i, 1) into a single definition of Hom(y, ¢) as
Hom(y/, ¢)(t) = ¢t. In particular, Hom(1, ¢) and Hom(yr, 1) commute with
each other; the commutativity follows from the associative law

Hom(yr, 1) o Hom(1, ¢)(7) = (¢7)¥ = ¢(t¢) = Hom(l, ) o Hom(y, 1)(7).

%In category theory one sometimes proceeds in another way, defining a “bifunctor” to be a
functor-like thing depending on two variables, covariant or contravariant in each but maybe not the
same in each, and satisfying an appropriate commutativity property for the two variables.
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Now let us turn to three identities involving Homg and to their ramifications.
Each identity will assert some isomorphism involving Hom, and we consider each
side of the identity as the value of a functor. We shall be interested in knowing
that the isomorphism is natural in each case, the notion of naturality having been
defined in Section V1.6. The naturality need be proved in just one direction in
each case, since the inverse of an isomorphism that is natural is an isomorphism
that is natural.

The first two identities concern the interaction of Homp with direct products
and direct sums. Direct products and direct sums of unital left R modules were
defined in Examples 7 and 8 of modules in Section VIII.1, and they were seen to
be the product and coproduct functors for the category C. If S is a nonempty set,
then the direct product ]_[SE ¢ M; of a family of unital left R modules {M; | s € S}
is the module whose underlying set is the Cartesian product of the sets M, and
whose operations are defined coordinate by coordinate. The direct sum @, M,
is the R submodule of elements of [ [, . M, that are nonzero in only finitely many
coordinates.

seS

Proposition 10.12. Let S be a nonempty set, let M and N, be unital left R
modules for each s € S, and let M and N be unital left R modules. Then there
are isomorphisms of abelian groups

(a) Homg (@D,c5 M, N) = [];cs Homg(M;, N),

(b) Homg (M, [1;cs Ny) = [1,es Homg(M, Ny).
Moreover, the isomorphism in (a) is natural in the variable {M,};cs and in the
variable N, and the isomorphism in (b) is natural in the variable M and in the
variable {Ny};es.

REMARKS. In each instance the assertion of naturality is that some square
diagram is commutative, as illustrated in Figure 6.3. For example, if the mapping
from left to right in the isomorphism (a) is denoted for fixed N by ®,,, and
if a system of R homomorphisms ¢, : My — M| is given, then one assertion of
naturality for (a) is that CD{M;}ses o {Hom(® ¢y, 1)} = {Hom( ¢, 1)} o CD{MY}M.
The other says for fixed {M;}Ses and for an R homomorphism ¢ : N — N’ that
@ oHom(1, ) = Hom(1, ) o @y if the isomorphism (a) is denoted for fixed
P M; by &y andif y : N — N’ is an R homomorphism. Two corresponding
assertions are made about (b). To simplify the notation, we shall usually drop the
subscripts from ®.

PROOF. For (a), let e, : My — P, M; be the s™ inclusion, and let
ps - D, M; — M, be the st projection; the latter is defined as the restriction of
the projection associated with the direct product. The map from left to right in
(a) is given by ®(0) = {0 oe}ses for o in Homg (D, My, N), and the expected
formula for the inverse is ®'({t;}ses) = D, (75 © ps). Then we have
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P'(D(0) = P[0 oe)) =Y (oeop) =0

N

and D (P'({75)y)) = (I)(Z (75 0 Ps)) = {(Z (ts 0 px)) o el}t
= {1y 0 ps 0 &5}y = {Ts)s-

Hence @ is an isomorphism with inverse @'.

Next let the system of R homomorphisms ¢, : M, — M, be given, let
e, : M, — @, M, be the s™ inclusion, and fix N. For o in Homg (€D, M,, N),
we have

{Hom(& ¢y, D} (P(0)) = (Hom(D ¢, D} ({0 0 e5)s) = {0 0 es}s o {os}s
={ooe 0y ={oops0el; ={oofpsoel
= @ (0 o {ps}s) = P{Hom(® ¢y, 1)}5(0)).

This proves naturality in the variable { M,},. If an R homomorphism¢ : N — N’
is given and if o is in Homg (@, My, N), then

®Hom(l, ¢)(0)) = P(poo) ={p oo oel
= Hom(1, ¢)({o o es};) = Hom(1, ¢)(P(0)).

This proves naturality in the variable N.

For (b), let py : [[N: — N; be the s™ projection. The map from left to right
in (b) is given by ®(0) = {ps o o}, for o in Homg (M, I NS), and the inverse
is given by ®'({t;};) = t, where t(m) = {t;(m)};. The proof of naturality is
similar to the corresponding proof in (a) and is omitted. O

One ramification of Proposition 10.12 is the correspondence of “linear” maps
to matrices when the ring R of scalars is noncommutative. If R is a field and V is
an n-dimensional vector space over R, then we know that Endg (V) is isomorphic
as an R algebra to the space M, (R) of n-by-n matrices over R, the isomorphism
being fixed once we choose an ordered basis of V. Things are more subtle when
R is noncommutative.

Corollary 10.13. Let V be a unital left R module, and let S be the ring
S = Endg (V). For integers m > 1 and n > 1, there is a canonical isomorphism
of abelian groups
Homg(V"*, V") = M, (S)

such that composition of R homomorphisms, given as a mapping

Hompg(V", V") x Homg(V?, V") — Homgz(V?, V™),
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corresponds to matrix multiplication
M, (S) X an(S) — Mmp(S)-

In particular, in the special case that m = n, this canonical isomorphism becomes
an isomorphism of rings
Endg (V") = M, (S).

REMARKS. For V = R, this isomorphism takes the form
Endg(R") = M,(Endg(R))

and looks like something familiar from the case that R is a field. If Endg(R)
were to be isomorphic as a ring to R, then the correspondence would be exactly
what we might expect between R linear mappings from a free R module of rank
n into itself, with n-by-n matrices with entries in R. However, Endg(R) is not
ordinarily isomorphic to R, and the correspondence is something different and
unexpected. We shall sort out these matters in Proposition 10.14 and Corollary
10.15.

PROOF. Lete; : V. — V" = @;_, V = [[i_; V be the j™ inclusion for
whatever 7 is under discussion, and let p; : V" — V be the i projection
for whatever m is under discussion. For f in Homgz(V", V™), define f;; =
pifej. Then f;; is R linear from V into V, hence is in § = Endg(V). If also
g is in Homgz(VP, V"), so that f o g is in Homg(V?, V"), then the formula
Y i expk = 1 on V" gives

n n
(fo8ij=pifge = kZl pifexpkgej = kZl fik8k;j-
Thus f o g corresponds to the matrix product [ f;;1[g;;], and the mapping is a ring
homomorphism. Since

Yeifiipj = epifeipj=(Xep)f(Xeip) =1f1=F.

i i.j i J

the mapping is one-one. If an arbitrary member [u;;] of M,,,(S) is given, then

we can define f = ), exunpr, obtain fi; = p;fe; = Y, piexunipre; =

pieiuijpje; = u;;, and conclude that the mapping is onto. (|
Proposition 10.14. The mapping ¢ — ¢(1) isaringisomorphism Endgz(R) =

R° of Endg (R) onto the opposite ring R’ of R.

PROOF. The mapping ¢ — ¢(1) certainly respects addition. If ¢ maps to ¢ (1)
and t maps to 7 (1), then o7 maps to (¢7)(1) = @(z(1)) = @(z(1)1) = (1))
since ¢ respects left multiplication by the element 7(1) of R. The order of
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multiplication is therefore reversed, and ¢ +— ¢(1) is a ring homomorphism of
Endg (R) into R°.

Ifr is given in R, define ¢, (s) = sr for s in R. Then ¢, respects addition, and
it respects left multiplication by R because ¢, (r's) = r'sr = r’¢, (s). Therefore
¢, is a member of Endg (R) such that ¢, (1) = r, and ¢ — ¢(1) is onto R°.

If ¢ in Endg(R) has ¢(1) = 0, then the R linearity of ¢ implies that ¢(r) =
o(rl) =re) =r0 = 0, so that ¢ = 0. Consequently the map ¢ — ¢(1) is
one-one. ([

Corollary 10.15. For any integer n > 1, Endg(R") is ring isomorphic to
M, (R?).

REMARKS. Now we can complete the remarks with Corollary 10.13: the case
in which R is commutative might lead us to believe that Endg (R") is isomorphic
to M, (R), but the correct isomorphism is with M, (R°) instead.

PROOF. Corollary 10.13 shows that Endg (R") is isomorphic to M, (Endg(R)),
and Proposition 10.14 shows that the latter ring is isomorphic to M,,(R?). d

The third identity involving Homg concerns Homg (R, M), where M is a
unital left R module. Ordinarily Homg(N, M), when N and M are two unital
left R modules, is not an R module, but in the case that N = R, it is. The
definition of the scalar multiplication by r € R is (r)(r') = ¢@’r) forr’ € R
and ¢ € Homg (R, M). To see that r¢ is in Homg (R, M), we let s be in R and
compute that (r¢)(sr') = @((s7)r) = @(s('r)) = s(e(r'r)) = s(re) (")), as
required. To see that (sr)p = s(r¢), we compute that ((sr)@)(r') = @' (sr)) =
o((r's)r) = (ro)(r's) = (s(re)) (). Proposition 10.16 identifies Homg (R, M)
as an R module.

Proposition 10.16. For any unital left R module M, there is a canonical R
isomorphism
Homg(R, M) =M,

and this isomorphism is natural in the variable M.

PROOF. The map @ from left to right is given by ® (o) = o (1), and the inverse
will be seen to be given by ®'(m) = t,, with 7,,(r) = rm. The computation
S(ro) = (o)1) =c(lr) =o(rl) =r(c(1)) = r(d(c)) shows that ® is an
R homomorphism, and the computation t,,(sr¥) = (sr)m = s(rm) = s(1,,(r))
shows that 7, is in Homg (R, M).

To see that ® is an isomorphism with inverse ®’, we observe that ®’® carries
Homg (R, M) intoitself and has (&' ®) (o) = ®'(0 (1)) = 75(1), Where 7,(1)(r) =
ro (1) = o(r); thus (&'®)(0) = o, and ' ® is the identity. Also, (OD')(m) =
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P (ty) = tu(1) = lm = m, and O’ is the identity.
For the naturality let ¢ : M — M’ be an R homomorphism. Then we have
®(Hom(1, ¢)(0)) = ®(¢o) = ¢o (1) = ¢(P(0)), and naturality is proved. [

A relevant observation about the construction whose result is identified in
Proposition 10.16 is that we could get by with something more general than R
in the first variable of Homg. In fact, the construction would have worked for
Hompg (P, M) for any unital (R, R) “bimodule” P, i.e., any abelian group P that
is a unital left R module and unital right R module in such a way that the two
actions commute: (rp)r’ = r(pr’). More generally let S be a second ring with
identity. We say that P is a unital (R, S) bimodule if P is simultaneously a unital
left R module and a unital right S module in such a way that (rp)s = r(ps) for
r € R,s € §,and p € P. The following proposition shows that P allows us to
construct a unital left S module out of any unital left R module M.

Proposition 10.17. If R and S are two rings with identity, if P is a unital
(R, S) bimodule, and if M is any unital left R module, then the abelian group
Hompz (P, M) becomes a unital left S module under the definition (s@)(p) =
o(ps) fors € §, ¢ € Homg(P, M),and p € P.

PROOF. To see that s¢ is an R homomorphism, we compute that (s¢)(rp) =
o((rp)s) = pr(ps)) =r(e(ps)) =r((sp)(p)). Itis clear that 1 acts as 1, and
the distributive laws are routine. What needs checking is the formula (ss")¢ =
s(s’p) for s and s’ in S and ¢ in Homg (P, M). We compute that ((ss")¢)(p) =
e(p(ss")) = o((ps)s’) = (s'@)(ps) = s((s'®))(p), and the result follows. [

An example of a unital (R, S) bimodule P is a ring S with identity such that
R is a subring of § with the same identity. Then we can take P = S, with the
result that R acts on the left, S acts on the right, and the two actions commute by
the associative law for multiplication in S. In this situation the passage from R
to Homg (S, M) is called a change of rings, or extension of scalars, for M.

In the special case that the rings are fields and the modules are vector spaces,
we saw a different kind of change of rings in Section VI.6. What we saw there
is that if K C IL is an inclusion of fields and if E is a vector space over K, then
E™ = E ®x L has a canonical scalar multiplication by members of I under the
definition that multiplication by ¢ € L is the linear mapping 1 ® (/ — c¢l). In the
next section we shall see that this change of rings by means of tensor products
for vector spaces generalizes to give a second construction of a change of rings
for modules over a ring with identity.
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5. Tensor Product for Modules

In this section, R is still a ring with identity, and others rings will play a role
as well. We are going to generalize the discussion of tensor products of Section
V1.6, extending the notion from the tensor product of two vector spaces over a
field to the tensor product of a unital right R module and a unital left R module.
The tensor product will ordinarily not have the structure of an R module; it will
be just an abelian group. Additional structure on the tensor product will come
from a bimodule structure on one or both of the given R modules. For example it
will be seen that the tensor product, in the current sense, of two vector spaces over
a field F is a vector space over F because both vector spaces can be regarded as
unital bimodules over F'. We return to this detail after giving the definition and
the theorem. Later in this section we shall obtain two fundamental associativity
formulas, one for triple tensor products and one involving tensor product and
Hom together.

Let M be a unital right R module, and let N be a unital left R module. An R
bilinear function from M x N into an abelian group is a function b such that

b(m; +my,n) =b(my,n) +b(my,n) forallm, e M,m, e M,n € N,
b(m,n +ny) =b(m,n;)+b(m,ny) forallme M,n, € N,n, €N,
b(mr,n) = b(m,rn) forallme M,n e N,r € R.

The first two conditions are summarized by saying that b is additive in each
variable. A tensor product of M and N over R is a pair (V, ¢) consisting of an
abelian group V and an R bilinear map ¢ : M x N — V having the following
universal mapping property: whenever b is an R bilinear function from M x N
into an abelian group A, then there exists a unique abelian-group homomorphism
L : V — Asuch that the diagram in Figure 10.1 commutes, i.e., such that Lt = b
holds in the diagram. When ¢ is understood, one frequently refers to V itself as
the tensor product. The abelian-group homomorphism L : V — A is called
the additive extension of b to the tensor product.> Theorem 10.18 below will
address existence and essential uniqueness of the tensor product. Because of the
essential uniqueness, it is customary to denote a tensor product by M Qg N, and
Figure 10.1 incorporates this notation.* The image ¢ (m, n) of the member (m, n)
of M x N under ¢ is denoted by m ® n.

3Warning. The name “additive extension” is in analogy with the situation for the tensor product
of vector spaces over a field, in which the extension is linear and really is an extension. Example 2
below will show that the tensor product of nonzero modules can be 0, and hence we do not always
get something for general R that we can regard intuitively as an extension.

4Sometimes the notation M @ N refers to the constructed abelian group in the proof of Theorem
10.18, and sometimes it refers to any abelian group as in the definition of tensor product.
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FIGURE 10.1. Universal mapping property of a tensor product
of a right R module M and a left R module N.

Theorem 10.18. Let R be a ring with identity. If M is a unital right R module
and N is a unital left R module, then there exists a tensor product (M Qg N, ¢) of
M and N over R, and it is unique in the following sense: if (V1, ¢;) and (V,, 1p)
are two tensor products, then there exists a unique abelian-group homomorphism
® : V| — V,suchthat ® ot = 15, and it is an isomorphism. Any tensor product
is generated as an abelian group by the image of M x N in it. Moreover, tensor
product is a covariant functor from the category of pairs consisting of a unital
right R module and a unital left R module to the category of abelian groups under
the following definition: if ¢ : M — M’ is a homomorphism of unital right R
modulesand s : N — N'isahomomorphism of unital left R modules, then there
exists a unique homomorphism of abelian groups p @ ¥ : M Qg N — M’ Qp N’
such that (¢ @ ¥)(m @ n) = p(m) ® Y (n) forallm € M andn € N.

PROOF. Form the free abelian group G with a Z basis parametrized by the
elements of M x N. We write e(m, n) for the basis element in G corresponding
to the element (m, n) of M x N, and we regard e as a one-one function from
M x N onto the Z basis of G. Let H be the subgroup of G generated by all
elements of any of the forms

e(my +my,n) —e(m, n) — e(my, n),
e(m,n; +ny) —e(m,ny) —e(m, ny), (%)

e(mr,n) —e(m,rn),

where the elements m, m, m, are in M, the elements n, n;, n, are in N, and the
scalarr isin R. We define M ®pg N to be the quotientgroupG/H, ¢ : G - G/H
to be the quotient homomorphism, and ¢ to be the function (m, n) > e(m,n)+ H
from M x N into G/H. The function ¢ is therefore given by t = g o e.

Let us prove that (M ®g N, ¢) is a tensor product of M and N over R. Each of
the elements in (x) lies in H and hence is mapped by ¢ into the O coset of G/H.
Since ¢ is a homomorphism and since ¢ = g o e, we obtain

t(my +ma, n) = t(my, n) + 1(ma, n)
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from the first relation in (%) and similar equalities from the other two relations.
Thereforet : M x N — M ®p N is an R bilinear function.

Now letb : M x N — A be an R bilinear function from M x N into an
abelian group A. The universal mapping property in Figure 8.2 for free abelian
groups shows that there exists a unique group homomorphism L : G — A such
that L(e(m, n)) = b(m, n) for all (m,n) in M x N. For the first expression in
(x), we have

Z(e(ml +ma, n) — e(my, n) — e(my, n))
= L(e(m +m, n)) — L(e(m, n)) — L(e(ma, n))
= b(m; +my,n) — b(my,n) — b(my, n).

The right side is 0 since b is R bilinear, and a similar conclusion applies to the
other two expressions in (). Therefore each member of () lies in the kernel of L,
and the generated subgroup H lies in the kernel of L. Consequently L descends
to a group homomorphism L : G/H — A, i.e., there exists L with L = L ogq.
On any element (m,n) in M x N,wethenhave Lot =Logoe=Loe=b.
This proves the existence asserted by the universal mapping property for a tensor
product over R. For the asserted uniqueness, the formula L ot = b shows that L
is determined uniquely by b on t«(M x N). It is immediate from the definition of
M ®g N that (M x N) generates M ®g N, and thus L is determined uniquely
onall of M ®g N.

Therefore (M ®g N, ) is a tensor product. Problems 18-22 at the end of
Chapter VI show that the uniqueness up to the asserted isomorphism follows
from general category theory.

We are left with defining ¢ ® ¥ whengp : M — M’ and ¢y : N — N’ are
given, and to showing that this definition makes tensor product into a covariant
functor. Defineb : M x N - M' ®g N’ by b(m, n) = ¢(m) ® ¥ (n). Then b is
R bilinear into an abelian group, the property b(mr, n) = b(m, rn) being verified
by the calculation

b(mr,n) = ¢(mr) @ y(n) = e(m)r @ Y (n)
=@(m) @ryr(n) = (m) @ Y (rn) = b(m,rn).
The additive extension of b to M ®g N is taken to be ¢ ® . The formula is
therefore (¢ @ ¥)(m ® n) = ¢(m) ¥ (n). If we are given also ¢’ : M' — M”
and ' : N/ — N”, then
@Y )@ @Y)m@n) = (¢ @Y)(pim) ® Y (n) =g'epim) 'y (n)
= (' @ YY) (m @ n).

Since the elements m ® n generate M @ N, we obtain (¢’ @ ¥/')(¢ ® V) =

¢’ o @vy'. Similarly we check that 1), ® 1y = 1ygn. Therefore tensor product
is a covariant functor. O
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As in the last part of the above proof, the general procedure for constructing
an abelian-group homomorphism L : M ®g N — A is somehow to define an
R bilinear function b : M x N — A and to take the additive extension from
Theorem 10.18 as the desired homomorphism. Once one has observed that the
expression b(m, n) is of a form that makes it R bilinear, then the homomorphism
L is defined and is uniquely determined by its values on elements m ®n, according
to the theorem.

In practice, M or N often has some additional structure, and that structure
may be reflected in some additional property of the tensor product. The corollary
below addresses some situations of this kind.

Corollary 10.19. Let R, S, and T be rings with identity, and suppose that M
is a unital right R module and N is a unital left R module. Under the additional
hypothesis that

(a) M is aunital (S, R) bimodule, then M ® N is a unital left S module in
a unique way such that s(m ® n) = sm @ n forallm € M, n € N, and
ses,

(b) N is aunital (R, T) bimodule, then M ®g N is a unital right 7 module
in a unique way such that (m ® n)t = m @ nt forallm € M,n € N, and
teT,

(c) M is a unital (S, R) bimodule and N is a unital (R, 7') bimodule, then
M ®p N is aunital (R, T") bimodule under the left R module structure
in (a) and the right 7 module structure in (b).

PROOF. In (a), let left multiplication by s € S within M be givenby ¢, : M —
M with ¢;(m) = sm. Then multiplication by s in S within M ®g N is given
by ¢ ® 1. The covariant-functor property makes ¢;¢y = @5y and ¢; = 1, and
the distributive properties follow from the definitions and the fact that each ¢;
is a homomorphism of the additive group M. This proves (a), and (b) is proved
similarly. For (c), if left multiplication by s € S within M is given by ¢, and if
right multiplication by ¢ € T within N is given by v, then the commutativity of
the operations on M ®g N follows from the fact that the additive homomorphisms
¢s ® 1 and 1 ® ¥, commute with each other. O

EXAMPLES.

(1) R®r M = M as an isomorphism of left R modules whenever M is a left
R module. Here we regard R as a unital (R, R) bimodule, so that R@Qr M = M
has the structure of a unital left R module by Corollary 10.19a. The mapping of
left to right is the additive extension @ of the R bilinear function b(r, m) = rm,
satisfying ®(r ® m) = rm. It respects the left action by R. The two-sided
inverse @ to ® is given by ®'(m) = 1 ® m. Then @’ o ® is the identity since
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D (Prm)) =D (rm)=1Qrm =r @ m, and ® o &' is the identity since
D (@D'(m)) = ®(1 ® m) = Ilm = m. The R isomorphism R g M = M is
natural in M. In fact, if ¢ : M — M’ is given, then

9(@(r ®m)) = p(rm) = ro(m)
— D ® p(m) = (1 @ ) (r @ m)).

(2) R = Z. In this case, M ®z N is the tensor product of abelian groups.
Let us consider what abelian group we obtain when M and N are both finitely
generated. Proposition 10.21 below shows that direct sums pull out of any tensor
product, and hence it is enough to treat the tensor product of two cyclic groups.
For Z ®7 A, we get A by Example 1, and Proposition 10.20 below shows that
A ®z, 7 gives the same thing. Problem 3 at the end of the chapter identifies the
tensor product of two arbitrary finite cyclic groups (Z/kZ) ®z (Z./IZ). For now,
let us verify in the special case that GCD(k,[) = 1 that (Z/kZ) ®z (Z/1Z) = 0.
This tensor product is a unital Z module, being an abelian group, and Corollary
10.19a shows that the action by Z is given by c(a ® b) = ca ® b for any integer
c. Thenwehave 0 = k1) ® 1 =k(1® 1) and0 =1Q (1) = (1) Q1 =
(1) ® 1 =I(1 ® 1). Choosing integers x and y such that xk + y/ = 1, we see
that I® 1 =xk(1® 1))+ y((1®1) =0+0 = 0. The tensor product is
generated by 1 ® 1, and thus the tensor product is 0.

(3) R equal to acommutative ring with identity. Then M isan (R, R) bimodule,
since any unital left module for a commutative ring is a right module under the
definition mr = rm and vice versa. Corollary 10.19 shows therefore that M @ g N
is a unital R module. The special case that R is a field was treated in Section
VL6.

(4) M equal to aring S with R as a subring with the same identity. Then we can
regard S as a unital (S, R) bimodule, and Corollary 10.19a shows that S ® g M
is a unital left S module. The passage from M to S ®g M is a second kind of
change of rings, or extension of scalars, the first kind being the passage from
M to Homg (S, M) as in the previous section. Complexification of a real vector
space V as V ®g C is an instance of this change of rings by means of tensor
products. (Here we are taking into account the isomorphism V g C = C Qg V
given in Proposition 10.20 below.)

(5) M and N equal to associative R algebras with identity over a commutative
ring R with identity. Proposition 10.24 below shows that M ®g N is another
associative algebra with identity over R, with a multiplication such that

(m1 @ ny)(my @ ny) = mimy @ nyny.

In this case the additional structure on the tensor product is not a consequence of
Corollary 10.19, and additional argument is necessary.
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The rest of this section will be devoted to establishing some identities for tensor
product, together with their naturality, and to proving that the tensor product over
R of two R algebras, for acommutative ring R with identity, is again an R algebra.
Each identity involves setting up a homomorphism involving one or more tensor
products, and it is necessary to prove in each case that the homomorphism is an
isomorphism. For this purpose it is often inconvenient to prove directly that the
homomorphism has 0 kernel and is onto. In such cases one constructs what ought
to be the inverse homomorphism and proves that it is indeed a two-sided inverse.

Proposition 10.20. Let R be a ring with identity, let M be a unital right R
module, and let N be a unital left R module. Let R° be the opposite ring of R,
let M° be M regarded as a left R° module, and let N° be N regarded as a right
R’ module. Then

M Qg N = N°Qro M°

under the unique homomorphism of abelian groups carryingm @ n in M Qg N
inton @ m in N° @ go M°. The isomorphism is natural in the variables M and N.

REMARK. To make the proof below a little clearer, we shall distinguish between
elements of M and M?, writing m in the first case and m? in the second case,
even though m® = m under our definitions. A similar notational convention will
be in force for N.

PROOF. The map (m, n) — n° @ m? is additive in each variable and carries
(m,rn)to (rn)°@m° = n°r°@m° = n° @r°m® = n° ® (mr)°. This expression
is the image also of (mr, n), and hence (m, n) — n° ® m° is R bilinear and has
an additive extension ® to M ®r N. Arguing similarly, we readily construct a
homomorphism @' : N° ®ge M° — M ®g N. It is immediate that @’ is a two-
sided inverse to @, and the isomorphism follows. For the naturality in M, suppose
that ¢ : M — M’ is an R homomorphism. Write ¢° for the homomorphism
with ¢°(m?) = (p(m))°. Then (1 ® ”)(®(m @ n)) = (1 ® ) (n° @ m%) =
n° ® ¢°(m°) = n° @ (p(m))° = d(p(m) ® n) = d((p ® 1)(m ® n)). This
proves the naturality in the M variable, and naturality in the N variable is proved
similarly. O

Proposition 10.21. Let R be a ring with identity, let S be a nonempty set, let
M; be a unital right R module for each s € §, and let N be a unital left R module.

Then
(6}) Ad&) QR N = 6}9 (AISQQR PJ)

seS seS

as abelian groups, and the isomorphism is natural in the tuple ({M;}scs, N).
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REMARKS. A similar conclusion holds if the direct sum occurs in the second
member of the tensor product, as a consequence of Proposition 10.20. The
naturality carries with it some additional conclusions. For example, if each M is
aunital (7, R) bimodule foraring 7 with identity, then the displayed isomorphism
is an isomorphism of left T modules.

PROOF. The map ({m}, n) > {m; @ n}; is R bilinear from (P, ¢ My) x N
into @, ¢ (M ®g N), and its additive extension P is the homomorphism from
left to right in the displayed isomorphism. It has ®({m;}; ® n) = {m; ® n};.
To construct the inverse, let iy : My — P, s M; be the s™ inclusion. Then
(ms, n) v is(ms) @ n is R bilinear into (P, g M;) ® N and has an additive
extension carrying m; ® n to i;(m;) @ n in (EBSe s MS) ®gr N. The universal
mapping property of direct sums of abelian groups then gives us a corresponding
abelian-group homomorphism @' : @, ¢ (M; @g N) — (@SES MS) ®r N. It
has &' ({m,; @ n}y) = {m}; ® n. It is immediate that &’ o ® fixes each {m}; @ n
and hence is the identity, and that ® o @’ fixes each {m; ® n}, and hence is the
identity.

For the naturality let ¢, : My — M, be an R homomorphism of right R
modules, and let ¥ : N — N’ be an R homomorphism of left R modules. Then

q)(({(ps}s @ ¥)({ms}s ® n)) = qD({(ps(ms)}s ® W(l’l)) = {gs(ms) @ Y (n)}s
={os @ ¥}s({ms @ n}) ={o; ® ¥}(P({ms} @ n),

and naturality is proved. (]

Proposition 10.22. Let R and S be rings with identity, let M be a unital right
R module, let N be a unital (R, S) bimodule, and let P be a unital left S module.
Then
(MR N)Qs P =MQ®gr (N ®s P)

under the unique homomorphism @ of abelian groups such that ® (m®n) Q@ p) =
m ® (n ® p). The isomorphism is natural in the triple (M, N, P).

REMARKS. As with Proposition 10.21, the naturality carries with it some
additional conclusions. For example, if T is a ring with identity and M is actually
a unital (7', R) bimodule, then the isomorphism is one of left 7 modules.

PROOF. For fixed p, the map (m, n, p) > m ® (n ® p) is R bilinear. In fact,
the map is certainly additive in m and in n. For the transformation law with an
element r of R, the calculationis (mr,n, p) > mr@ (n®p) =mQr(n® p) =
m ® (rn ® p), and this is the image of (m, rn, p).

Thus for each fixed p, we have a unique well-defined extension, additive in
m and n, carrying (m ® n, p) tom ® (n ® p). Using the uniqueness, we see
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that this extended map is additive in the variables m ® n and p. Also, if s is in
S, then ((m ® n)s, p) = (m @ ns, p) mapstom Q@ (ns @ p) =m @ (n  sp),
which is the image of (m ® n, sp), and therefore (m @ n, p) > m Q@ (n ® p) is
S bilinear. Consequently there exists a homomorphism & of abelian groups as in
the statement of the proposition.

A similar argument produces a homomorphism &’ of abelian groups carrying
the right member of the display to the left member such that &' (m ® (n ® p)) =
(m ®n) ® p. On the generating elements, we see that ' o ® and ® o @’ are the
identity. This proves the isomorphism.

For the naturality, let ¢ : M — M’, v : N — N’,and t : P — P’ be maps
respecting the appropriate module structure in each case. Then

D((p@Y) ®@T) (M ®n) ® p)) = P((9 ® ¥)(m @ n) @ T(p))
= D ((p(m) ® ¥(n)) @ T(p)) = ¢(m) ® (¥ (n) ® T(p))
=@@WR)mMAn®p) =W T)(P((mn)  p)),

and naturality is proved. O

Proposition 10.23. Let R and S be rings with identity, let M be a unital left
R module, let N be a unital (S, R) bimodule, and let P be a unital left S module.
Then
Homg(N ®g M, P) = Homgz(M, Homg(N, P))

under the homomorphism @ of abelian groups defined by ®(¢)(m)(n) =
on®@m) form € M,n € N, and ¢ € Homg(M ®g N, P). The isomorphism
is natural in the variables (N, M) and P.

REMARKS. In the displayed isomorphism, N ®g M on the left side is au-
tomatically a left S module, and hence Homg(N ®g M, P) is a well-defined
abelian group. For the right side, Proposition 10.17 shows that Homg (N, P)
is a left R module under the definition (rt)(n) = t(nr); consequently
Homg (M, Homg(N, P)) is a well-defined abelian group. The naturality in the
conclusion allows one to conclude, for example, that if M is in fact a unital
(R, T) bimodule for aring 7' with identity, then the displayed isomorphism is an
isomorphism of left 7 modules.

PROOF. The homomorphism & is well defined. We construct its inverse. If ¥
is in Homg (M, Homg (N, P)), then the map (n, m) +— ¥ (m)(n) sends (nr, m)
to Yy(m)(nr) = (r(Y(m))(n) = (Y (rm))(n), and this is the image of (n, rm).
Hence (n, m) — ¥ (m)(n) is R bilinear and yields a map of N ® g M into P such
that n @ m maps to 1 (m)(n). The latter map is an § homomorphism since sn ® m
maps to ¥ (m)(sn) = s(y (m)(n)), which is s applied to the image of n @ m. We
define ®'(¥) to be the map defined on N ® g M with &' (V) (n @ m) = v (m) (n).
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Then @' (P (¢))(n @ m) = ®(¢)(m)(n) = ¢(n ® m) shows that &’ o ® is the
identity, and ® (D' (¥))(m)(n) = ®'(Y)(n ® m) = ¥ (m)(n) shows that & o d’
is the identity. Hence & is an isomorphism of abelian groups.

For naturality in (N, M),leto : N — N and t : M’ — M be given. Then

®(Hom(o ® 7, 9)(m")(n') = (Hom(o ® 7, 1)(9))(n' @ m)
=p@ @) @m) = g(o(n) ®t(m) = ®(p)(z(m"))(o(n))
= Hom(z, Hom(o, 1))(®(¢))(m")(n),

and naturality is proved in (N, M). For naturality in P, leto : P — P’ be given.
Then

@ (Hom(1, 0)¢)(m)(n) = (Hom(l, 0)p)(n @ m) = op(n @ m)
= o ((®(9))(m)(n)) = Hom(1, Hom(1, 0))(®(¢)) (m)(n),

and naturality is proved in P. U

Proposition 10.24. Let R be a commutative ring with identity, and let M and
N be associative R algebras with identity. Then M ®x N is an associative R
algebra with identity under the unique multiplication law satisfying

m@n)(m' @n") =mm' @nn'.

PROOF. What we know from Example 3 is that M ®g N is a unital R module.
We need to define the associative-algebra multiplication in M ®z N and check
that it satisfies the required properties.

Let w(m) and v(n) be the left multiplication operators in M and N defined by
u(m)(m’y = mm' and v(n)(n’) = nn’. The fact that R is central in M means
that u(m)(rm’) = mrm’ = rmm’ = ru(m)(m’) and hence that the mapping
u(m) : M — M is a homomorphism of R modules. Similarly v(n) : N - N
is a homomorphism of R modules. Therefore u(m) ® v(n) is a well-defined
homomorphism of abelian groups for each (m,n) in M x N, and b(m,n) =
w(m)®v(n)is awell-defined map of M x N into the abelian group Endz (M ®z N).
The map b is certainly additive in the M variable and in the N variable. If r is in
R, then b(mr, n) = u(mr) @ v(n). Since

(n(mr) @ vn))(m' @ n') = mrm’ @ nn' = mm'r @ nn’

=mm' @rann’ = (uim) @ v(rn))(m Qn'),

we see that b(mr, n) = b(m, rn). Thus b is R bilinear and extends to a homo-
morphism L : M @ g N — Endz(M ®p N) of abelian groups.
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Forx and yin M ® N, we define a productby xy = L(x)(y). Since L(x) isin
Endz(M ®g N), we have x(y; + y2) = xy; + xy;. Since L is a homomorphism,
L(x; + x2) = L(x1) + L(x3), and therefore (x; + x2)y = x1y + x2y. The
element 1, ® 1y, where 1, and 1 are the respective identities of M and N, is a
two-sided identity for M @z N. Since M @z N is a two-sided unital R module,
we have rx = xr, and thus R(1; ® 1y) lies in the center of M ® g N. Therefore
the product operation is R linear in each variable.

Suppose that x = m ® n and y = m’ ® n’. Then we have

xy =Lx)(y)=Lm@n)(m' ®@n") =bm,n)(m @n’)
= (u(m) @ v(n))(m' @n') = mm' @ nn’
as asserted in the statement of the proposition. Consequently

(m ® n)((m/ ® n/)(m// ® n//)) —(m® n)(m/m” ® n/n//) :m(m/m//) ® I’l(l’l/l’l//)
:(mm/)m// ® (nn/)n”:(mm’ ® nn/)(m” ® n//)
=(m@n)(m' ®n"))(m" @n").

This proves associativity of multiplication on elements of the form m ® n. Since
these elements generate the tensor product as an abelian group and since the
distributive laws hold, associativity holds in general. (]

6. Exact Sequences

Consider a diagram of abelian groups and group homomorphisms of the form

S M B oM, B M S
where M,,_1, M, M, 11, etc., are abelian groups and ¢, —1, @n, Pn+1, Pu+2, €LC.,
are homomorphisms. The diagram can be finite or infinite, and the particular kind
of indexing is not important. The sequence in question is called a complex if all
consecutive compositions are 0, i.e., if gr11¢r = O for all k. This condition is
equivalentto having image(¢;) € ker(¢g41) and is the backdrop for the traditional
definitions of homology and cohomology groups, which are the various quotients

ker(gx+1)/ image(gy).

EXAMPLES OF COMPLEXES.

(1) The simplicial homology of a simplicial complex. For this situation the
indexing is reversed (say by replacing n by —n), so that the homomorphisms
lower the index. Each group M, is a group whose elements are called “chains,”
and the homomorphisms are called “boundary maps.” The chains in the kernel
of one of the homomorphisms are said to be “closed,” and those in the image
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of a homomorphism are said to be “exact.” The quotient of the two, taking into
account the reversal of the indexing, is the system of simplicial homology groups
of the simplicial complex.

(2) The de Rham cohomology of a smooth manifold. For this situation the
indexing goes upward as indicated, the group M, is the vector space of smooth
differential forms of degree n, the homomorphisms are the restrictions to these
spaces of the linear de Rham operator d, ker(¢,+1) is the vector subspace of
“closed” forms, image(p,) is the vector subspace of “exact” forms, and the
quotient ker(¢,)/image(g,) is the n™ de Rham cohomology space of the
manifold.

(3) Cohomology of groups. This was defined in Section VII.6, knowledge
of which is not assumed in the present chapter. The result that shows that the
appropriate sequence is a complex is Proposition 7.39, for which we gave a direct
but complicated combinatorial proof.

The above sequence is said to be exact at M,, if ker(p,+1) = image(p,). It
is said to be an exact sequence if it is exact at every group in the sequence.
The condition of exactness may be viewed as having two parts to it. One is the
inclusion image(g,) < ker(¢,+1) that enters the definition of complex. Since
this condition says that ¢,+1¢, = 0, itis often easy to check. The other condition
is that ker(¢,+1) € image(p,), a condition that often is more difficult to check.

The extent to which a complex fails to be exact plays a fundamental role in the
subject of homological algebra. This is a subject that for the most part is left to
Chapter IV of Advanced Algebra. That chapter will put the examples above into
a wider context, and it will develop techniques for working with homology and
cohomology. In the present section we shall give the barest hint of an introduction
to the subject by discussing some of the effects of the Hom functor and the tensor
product functor on exact sequences.

Let us establish a setting for applying a functor F' to an exact sequence or more
general complex. For current purposes we have in mind that ' is Hom in one of
its two variables or is tensor product in one of its two variables. First we need
to have two categories available so that F' carries the one category to the other.
These categories will have to satisfy some properties, but we shall not attempt to
list such properties at this time.> Let us be content with some familiar examples of
categories whose objects are abelian groups with additional structure and whose
morphisms are group homomorphisms with additional structure. Specifically let
R be a ring with identity, let Cg be the category of all unital left R modules, and
let Dg, be the category of all unital right R modules. We suppose that our functor

5The appropriate notion is that of an “abelian category,” which is defined in Section IV.8 of
Advanced Algebra.
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F carries some Cg or Dy to another such category, possibly for a different ring.
The functor F can be covariant or contravariant. We require also of F' that it be
an additive functor, i.e., that F (¢; 4+ ¢2) = F(¢1) + F (¢2) for any maps ¢, and
¢ that lie in the same Hom group.

With the additional structure in place, we can now introduce the notions of
complex and exact sequence for the domain and range categories of F', not just
for the category of abelian groups. In this case the abelian groups in the sequence
are to be objects in the category, and the group homomorphisms in the sequence
are to be morphisms in the category; otherwise the definitions are unchanged.
The condition that F be additive implies that F carries any 0 map to a 0 map, and
that property will be key for us. In fact, we can apply F to any complex in the
domain category (by applying it to each object and morphism in the sequence);
after F is applied, the arrows point the same way if F' is covariant, and they point
the opposite way if F is contravariant. If F' is covariant, it sends any consecutive
composition 0 = @419, t0 0 = F(0) = F(@r+19k) = F(@r+1) F (¢r); therefore
the consecutive composition of F of the maps is 0, and we obtain a complex.
If F is contravariant, we have 0 = F(0) = F(grr10r) = F (o) F(@ry1); the
consecutive composition of F of the maps is still 0, and we still obtain a complex.
Thus the additive functor F sends any complex to a complex.

However, not all additive functors invariably send exact sequences to exact
sequences, as we shall see with Hom and tensor product in the category Cz. Yet
they each preserve some features of certain exact sequences, even when 7Z is
replaced by a general ring with identity. To be precise we introduce the following
definition.

A short exact sequence in our category is an exact sequence of the form

0—M-5NL P o

Exactness of this sequence incorporates three conditions:
(i) ¢ is one-one,

(1) keryr = image ¢,

(ii1) ¥ is onto.
In fact, the three conditions are precisely the conditions of exactness at M, N,
and P, respectively, since the maps at either end are 0 maps. If we think of ¢ as
an inclusion map, then the short exact sequence corresponds to the isomorphism
N/M = P obtained because i factors through to the quotient N/ M.

Proposition 10.25. Let R be a ring with identity, let

0—-M-S5NL P o0

be a short exact sequence in the category Cg, let E be a module in Cg, and let E’
be a module in Dg. Then the following sequences in Cz are exact:
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E oM -2 ForN -2 E'er P — 0,

Hom(1,¢) Hom(1,y)
s

0 —— Homg(E, M) Homgz(E, N) ———  Hompg(E, P),
Homg(M, E) <=2"D_ Homp(N, E) «2""Y Homg(P, E) «— 0.

REMARKS. Similarly tensor product in the first variable, which carries Dy to
Cyz, retains the same exactness as in the first of these three sequences. In each
case when we specialize to R = Z, there are examples to show that exactness
fails if we try to include the expected remaining O in the above three sequences.
We give such examples after the proof of the proposition.

PROOF. For the first sequence in Cz, we are to show that 1 ® ¥ is onto £’ Qg P
and that every member of the kernel of 1 ® 1 is in the image of 1 ® ¢. (Recall that
ker(1 ® ¥) 2 image(1 ® ¢) since the sequence is a automatically a complex.)

Thus let p € P be given. Since v : N — P is onto, choose n € N with
Y(n) = p. Then (1®Y¥)(e®n) = e® p. The elements e ® p generate E' Qg P
as an abelian group, and hence 1 ® v is onto E' ®p P.

To show that ker(1 ® {) € image(l ® ¢), we observe from the exactness
of the given sequence at N that E’ Qg kery = E’ ®g image ¢ is generated
by all elements e ® @(m), hence by all elements (1 ® ¢)(e ® m). Therefore
E’ ®g image ¢ = image(l ® @), and it is enough to prove that

ker(1 ® ) € E' @ ker . (%)

To prove (x), we use the fact that v is onto P. Define W = E’ Qg ker as a
subgroup of E/ ®g N,and letg : E' g N — (E’ ®g N)/ W be the quotient
homomorphism. Define b : £’ x P — (E' ®g N)/W by

b(e,p) =(e®@n)+ W, where n is chosen such that ¥ (n) = p.

The expression b(e, p) does not depend on the choice of the element n having
¥ (n) = p since another choice n’ will differ from n by a member of ker 1 and will
affect the definition only by a member of W. The function b is certainly additive
in each variable, and it evidently has b(er, p) = b(e, rp) forr € R as well. Thus
bis R bilinear. Let L : E' g P — (E’ g N)/ W be the additive extension.
From b(e, ¥ (n)) = (e®n)+ W, we seethat L(e ® ¥ (n)) = (e®@n)+ W, hence
that L o (1 ® ¥) = ¢g. This formula shows that ker(1 ® ¥) € kerqg = W, and
this is the inclusion ().

For the second sequence in Cz, we are to show that Hom(1, ¢) is one-one and
that every member of the kernel of Hom(1, ¥) is in the image of Hom(1, ¢). If
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o is in Homg (E, M) with Hom(1, ¢)(c) = 0, then ¢(c(e)) =0 foralle € E.
Since ¢ is one-one, o (e¢) = 0 for all e, and o0 = 0.

If r in Homg (E, N) is in the kernel of Hom(1, ), so that ¢ (t (e)) = 0 for all
e € E, then 7(e) = ¢(m) for some m € M depending on e, by exactness of the
given sequence at N; the element m is unique because ¢ is one-one. Define t’
in Homg (E, M) by 1/(e) = this m; the uniqueness of m for each e ensures that
7’ is in Homg (E, M). Then we have 7(e) = ¢(m) = ¢(1'(e)), and we conclude
that T = Hom(1, ¢)(1').

For the third sequence in Cz, we are to show that Hom(v, 1) is one-one and
that every member of the kernel of Hom(¢, 1) is in the image of Hom(y, 1). If
o is in Homg (P, E) with Hom(yr, 1)(0) = 0, then o (¢ (n)) =0 foralln in N.
Since i carries N onto P, o = 0.

If T in Homg (N, E) is in the kernel of Hom(gp, 1), then Hom(gp, 1)(z) = 0.
So t(¢(m)) = 0 for all m € M. Thus t vanishes on image¢ = kery, and t
descends to an R homomorphism T : N/kery — E. Thatis, 7 is of the form
T =Ty = Hom(y, 1)(T). O

EXAMPLES OF FAILURE OF EXACTNESS IN Cz. We start from the exact sequence

0—z-%72Y 72070,

where ¢ is multiplication by 2 and 1 is the usual quotient homomorphism.

(1) We apply Z/27Z ®z (-) to the given exact sequence, and the claim is that
1Q : (Z)22.Q77) — (Z./2Z.Q®77) isnotone-one. Infact, Z/2Z.Q77 = 7./27.,
and 1 ® ¢ acts as multiplication by 2 under the isomorphism, hence is the 0 map
and is not one-one.

(2) We apply Homgz(Z/2Z, -) to the given exact sequence, and the claim is
that Hom(1, ) : Homy(Z /27, Z) — Homy(Z /27, 7./27) is not onto. In fact,
Homgy(Z/2Z, 7Z) = 0, and the identity map in Homy(Z /27, 7./27) is nonzero;
therefore Hom(1, ¥/) cannot be onto.

(3) We apply Homy( -, Z/27Z)) to the given exact sequence, and the claim
is that Hom(y, 1) : Homy(Z, Z./27) — Homy(Z, 7./27) is not onto. In fact,
Hom(gp, 1) is premultiplication by 2 and carries any o in Homz(Z, Z/27Z) to the
homomorphism k +— o (2k) = 20 (k) = 0. Since the usual quotient homomor-
phism Z — Z/27Z is a nonzero member of Homgy(Z, Z/27Z), Hom(g, 1) is not
onto Homy(Z, 7./27).

7. Problems
1. Suppose that the commutative ring R is an integral domain. As usual, the R

submodules of R are the ideals. Prove that the ideals satisfy the descending
chain condition if and only if R is a field.
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Let F = [, be a field with two elements.

(a) Give an example of a representation of the cyclic group C, on F? with the
property that there is a 1-dimensional invariant subspace U but there is no
invariant subspace V with F> = U @ V.

(b) How can one conclude from (a) that the group algebra R = F C; has a unital
left R module of finite length that is not semisimple? (Educational note:
Compare this conclusion with Example 5 in Section 1, which shows that
every unital left CG module is semisimple if G is a finite group.)

Let G be the abelian group (Z/kZ) ®z (Z/IZ), where k and [ are nonzero

integers.

(a) Prove that G is generated by the element 1 @ 1.

(b) Prove that if k divides [, then (Z/kZ) Q7 (Z/17) = (Z] kZ) Qz, (Z] k7).

(¢) Using multiplication as a Z bilinear form on (Z/kZ) x (Z/kZ), prove that
(Z)kZ) @7 (Z.] kZ) has at least |k| elements.

(d) Conclude that (Z/k7Z) @z (Z/17) = Z/dZ, where d = GCD(k, ).

(Fitting’s Lemma) Let R be aring with identity, let M be a unital left R module,

and suppose that M has a composition series. Let ¢ be a member of Endg (M).

(a) Prove for the composition powers ¢" of ¢ that there exists an integer N such
that ker ¢ = ker ¢"*! and image ¢ = image ¢"*! foralln > N.

(b) Let K and 7 be the respective R submodules of M obtained for n > N in
(a). Prove that CNZ = 0.

(c) For x in M, show that there is some y in image (pN with q)N x) = (pN ).

(d) Deduce from (c) that M = KC 4+ Z, and conclude from (b) that M = K & .

(e) Prove that ¢ carries Z one-one onto Z and that (¢ | }C)” = 0 for some n.

Let R be a ring with identity, and let

0—M-25NYpP_>o0

be an exact sequence of unital left R modules. Prove that the following conditions
are equivalent:
(i) N is a direct sum N’ @ ker ¢ of R submodules for some N’,
(ii) there exists an R homomorphism ¢ : P — N such that o = 1p,
(iii) there exists an R homomorphism t : N — M such that T = 1.

(Educational note: In this case one says that the exact sequence is split.)

(a) If R is the ring of quaternions, prove that Endg (R) is isomorphic to R as a
ring.

(b) Give an example of a noncommutative ring with identity for which Endg (R)
is not isomorphic to R, and explain why it is not isomorphic.
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7. Let R be aring with identity, and let M be a unital left R module. Prove that M
has a unique maximal semisimple R submodule N. (Educational note: The R
submodule N is called the socle of M.)

8. LetF C K be an inclusion of fields, and let A be an associative algebra with
identity over F. Proposition 10.24 makes A ®r K into an associative algebra
over [F with a multiplication such that (a1 ® k1) (a2 ® kz) = ajaz ® k1k;. Show
that A ®p K is in fact an associative algebra over K with scalar multiplication
by & in K equal to left multiplication by 1 ® k.

9. A Lie algebra g over a field K is defined, according to Problems 31-35 at the
end of Chapter VI, to be a nonassociative algebra over K with a multiplication
written [x, y] that is alternating as a function of the pair (x, y) and satisfies
[x, [y, z]] + [y, [z, x]] + [z, [x,¥]] = O for all x,y,zin g. If L is a field
containing KK, prove that g = g ®x LL becomes a Lie algebra over L in a unique
way such that its multiplication satisfies [x ® ¢, y ® d] = [x, y] ® cd for x, y in
gandc,d in L.

10. Let R be aring with identity, let A be a unital right R module, and let B be a unital
left R module. Since Z C R, A and B can be considered also as Z modules. Form
a version of A ®g B with associated R bilinearmap by : Ax B — AQ®pr B, and
form a version of A ®z B with associated Z bilinearmap b, : Ax B - A®z B.
Let H be the subgroup of A ®z B generated by all elements b, (ar, b) —by(a, rb)
witha € A,b € B,r € R,andletq : A®z B — (A ®z B)/H be the
quotient homomorphism. Prove that there is an abelian group isomorphism
®:(A®z B)/H — AQ®pr B such that ®(q(ba(a, b))) = bi(a,b) foralla € A
and b € B.

11. Let R be a commutative ring with identity, and let C be the category of all
commutative associative R algebras with identity. Prove thatif A; and A, are in
Obj(C), then (A] ®r Az, {i1, i2}) is a coproduct, where i; : Ay — A| ®g Ay is
givenbyij(a;) =a; ® landir : Ay —> A| Qg Ay is given by iz(a2) = 1 Q@ as.

Problems 12-20 partition simple left R modules into isomorphism types, where R
is a ring with identity. For each simple left R module E and each unital left R
module M, one forms the sum Mg of all simple R submodules that are isomorphic
to E and calls it an isotypic R submodule of M. The problems introduce a calculus
for working with the members of Endr (ME) in terms of right vector spaces over a
certain division ring. They show that if M is semisimple, then M is the direct sum of
all its isotypic R submodules, each of these is mapped to itself by every member of
Endg (M), and consequently one can understand Endg (M) in terms of right vector
spaces over certain division rings. These problems generalize and extend Problems
47-52 at the end of Chapter VII, which in effect deal with what happens for the ring
C G when G is a finite group; however, the material of Chapter VII is not prerequisite
for these problems. The following notation is in force: M is any unital left R module,
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E is a simple left R module, Dg = Homg(E, E) is the ring known from Proposition
10.4b to be a division ring,

Mg = (sum of all R submodules of M that are R isomorphic to E),
and MFE = Homg(E, M).
Unital right Dg modules are right vector spaces over Dg. In Problems 18-20, &£
denotes a set of representatives of all R isomorphism classes of simple left R modules.
12. Prove that
(a) Mg is a direct sum of simple R modules that are R isomorphic to E,
(b) the image of every mapping in M* belongs to M,
(c) redefinition of the range from M to Mg defines an isomorphism M E >~
Hompg (E, Mg) of abelian groups.
13. Prove that
(a) MFE is a unital right Dg module under composition of R homomorphisms,
(b) E is aunital left D module under the operation of the members of Dp,
(c) the left R module action and the left Dg module action on E commute with
each other.
14. Show that ME ®p, E is a unital left R module in such a way that r(m ® e¢) =
mQ@re.
15. Prove that there is a well-defined R homomorphism ® : M£ ®p, E — M such
that (¥ ® e) = ¥ (e) and such that ® is an R isomorphism onto Mg.
16. Prove that the left R submodules N of Mg are in one-one correspondence with
the right D vector subspaces W of ME by the maps

N +— Homg(E, N) € Homg(E, M) = MY if N C Mg
and W Wep, ECME@p, EX My if W< ME.

17. Prove for any unital left R module N that there is a canonical isomorphism
Homg (Mg, Ng) = Homp, (M*, N*)

of abelian groups defined as follows. Suppose ¢ is in Homg (Mg, Ng). Com-
position with ¢ carries Homg (E, M) into Homg (E, N); this map respects the
right action of Dg and hence induces a map

of € Homp, (ME, NE).
The isomorphism is given in terms of the isomorphisms @, for M and @y for

N in Problem 15 by
P(@u(Y ®e) = Pn@ (¥) ®e)  fory e M.



18.

19.

20.
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If M is semisimple, prove that

M:EBME ;EB(ME ®p, E).

Ee& Ee€

Still with M semisimple, prove that the left R submodules of M are in one-one
correspondence with families {WE | E e &} of right Dg vector subspaces of
ME.

Suppose that M and N are two semisimple left R modules. Prove that there is a
canonical isomorphism of abelian groups

Homg (M, N) = [ [ Homp, (M*, N®).
Ee€
More precisely prove that an R module map from M to N is specified by giving,

for a representative E of each class of simple left R modules, an arbitrary right
vector-space map from M% to NE.






APPENDIX

Abstract. This appendix treats some topics that are likely to be well known by some readers and less
known by others. Most of it already comes into play by Chapter II. Section A1 deals with set theory
and with functions: it discusses the role of formal set theory, it works in a simplified framework that
avoids too much formalism and the standard pitfalls, it establishes notation, and it mentions some
formulas. Some emphasis is put on distinguishing the image and the range of a function, since this
distinction is important in algebra and algebraic topology.

Section A2 defines equivalence relations and establishes the basic fact that they lead to a parti-
tioning of the underlying set into equivalence classes.

Section A3 reviews the construction of rational numbers from the integers, and real numbers
from the rational numbers. From there it concentrates on the solvability within the real numbers of
certain polynomial equations.

Section A4 is a quick review of complex numbers, real and imaginary parts, complex conjugation,
and absolute value.

Sections A5 and A6 return to set theory. Section A5 defines partial orderings and includes Zorn’s
Lemma, which is a powerful version of the Axiom of Choice, while Section A6 concerns cardinality.

Al. Sets and Functions

Algebra typically makes use of an informal notion of set theory and notation for
it in which sets are described by properties of their elements and by operations
on sets. This informal set theory, if allowed to be too informal, runs into certain
paradoxes, such as Russell’s paradox: “If S is the set of all sets that do not
contain themselves as elements, is S a member of S or is it not?”” The conclusion
of Russell’s paradox is that the “set” of all sets that do not contain themselves as
elements is not in fact a set.

Mathematicians’ experience is that such pitfalls can be avoided completely by
working within some formal axiom system for sets, of which there are several
that are well established. A basic one is “Zermelo—Fraenkel set theory,” and the
remarks in this section refer specifically to it but refer to the others at least to
some extent.!

The standard logical paradoxes are avoided by having sets, elements (or “en-
tities”), and a membership relation € such that a € S is a meaningful statement,

'Mathematicians have no proof that this technique avoids problems completely. Such a proof
would be a proof of the consistency of a version of mathematics in which one can construct the
integers, and it is known that this much of mathematics cannot be proved to be consistent unless it
is in fact inconsistent.
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true or false, if and only if a is an element and S is a set. The terms set, element,
and € are taken to be primitive terms of the theory that are in effect defined by
a system of axioms. The axioms ensure the existence of many sets, including
infinite sets, and operations on sets that lead to other sets. To make full use of this
axiom system, one has to regard it as occurring in the framework of certain rules
of logic that tell the forms of basic statements (namely, a = b, a € S, and “S
is a set”), the connectives for creating complicated statements from simple ones

“or,” “and,” “not,” and “if ... then”), and the way that quantifiers work (“there
exists” and “for all”).

Working rigorously with such a system would likely make the development
of mathematics unwieldy, and it might well obscure important patterns and di-
rections. In practice, therefore, one compromises between using a formal axiom
system and working totally informally; let us say that one works “informally but
carefully.” The logical problems are avoided not by rigid use of an axiom system,
but by taking care that sets do not become too “large”: one limits the sets that one
uses to those obtained from other sets by set-theoretic operations and by passage
to subsets.”

A feature of the axiom system lying behind working informally but carefully
is that it does not preclude the existence of additional sets beyond those forced to
exist by the axioms. Thus, for example, in the subject of coin-tossing within prob-
ability, it is normal to work with the set of possible outcomes as S = {heads, tails}
even though it is not immediately apparent that requiring this S to be a set does
not introduce some contradiction.

It is worth emphasizing that the points of the theory at which one takes particu-
lar care vary somewhat from subject to subject within mathematics. For example
it is sometimes of interest in calculus of several variables to distinguish between
the range of a function and its image in a way that will be mentioned below, but it
is usually not too important. In homological algebra, however, the distinction is
extremely important, and the subject loses a great deal of its impact if one blurs
the notions of range and image.

Some references for set theory that are appropriate for reading once are
Halmos’s Naive Set Theory, Hayden—Kennison’s Zermelo—Fraenkel Set Theory,
and Chapter 0 and the appendix of Kelley’s General Topology. The Kelley book
is one that uses the word “class” as a primitive term more general than “set”; it
develops von Neumann set theory.

All that being said, let us now introduce the familiar terms, constructions,
and notation that one associates with set theory. To cut down on repetition, one

ZNot every set so obtained is to be regarded as “constructed.” The Axiom of Choice, which we
come to shortly, is an existence statement for elements in products of sets, and the result of applying
the axiom is a set that can hardly be viewed as “constructed.”
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allows some alternative words for “set,” such as family and collection. The word
“class” is used by some authors as a synonym for “set,” but the word class is used
in some set-theory axiom systems to refer to a more general notion than “set,”
and it will be useful to preserve this possibility. Thus a class can be a set, but we
allow ourselves to speak, for example, of the class of all groups even though this
class is too large to be a set. Alternative terms for “element” are member and
point; we shall not use the term “entity.” Instead of writing € systematically, we
allow ourselves to write “in.” Generally, we do not use € in sentences of text as
an abbreviation for an expression like “is in” that contains a verb.

If A and B are two sets, some familiar operations on them are the union AU B,
the intersection A N B, and the difference A — B, all defined in the usual way in
terms of the elements they contain. Notation for the difference of sets varies from
author to author; some other authors write A\ B or A ~ B for difference, but this
book uses A — B. If one is thinking of A as a universe, one may abbreviate A — B
as B¢, the complement of B in A. The empty set & is a set, and so is the set of
all subsets of a set A, which is sometimes denoted by 24 Inclusion of a subset A
in a set B is written A € B or B 2 A; then B is a superset of A. Inclusion that
does not permit equality is denoted by A & B or B 2 A; in this case one says
that A is a proper subset of B or that A is properly contained in B.

If A is a set, the singleton { A} is a set with just the one member A. Another
operation is unordered pair, whose formal definition is {A, B} = {A}U{B} and
whose informal meaning is a set of two elements in which we cannot distinguish
either element over the other. Still another operation is ordered pair, whose
formal definition is (A, B) = {{A}, {A, B}}. It is customary to think of an
ordered pair as a set with two elements in which one of the elements can be
distinguished as coming first.>

Let A and B be two sets. The set of all ordered pairs of an element of A and
an element of B is a set denoted by A x B; it is called the product of A and B
or the Cartesian product. A relation between a set A and a set B is a subset of
A x B. Functions, which are to be defined in a moment, provide examples. Two
examples of relations that are usually not functions are “equivalence relations,”
which are discussed in Section A2, and “partial orderings,” which are discussed
in Section AS.

If A and B are sets, a relation f between A and B is said to be a function,
written f : A — B, if for each x € A, there is exactly one y € B such that
(x,y)isin f. If (x, y)isin f, we write f(x) = y. In this informal but careful
definition of function, the function consists of more than just a set of ordered

3Unfortunately a “sequence” gets denoted by {x, x, ...} or {xn}52 . If its notation were really
consistent with the above definitions, we might infer, inaccurately, that the order of the terms of
the sequence does not matter. The notation for unordered pairs, ordered pairs, and sequences is,
however, traditional, and it will not be changed here.
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pairs; it consists of the set of ordered pairs regarded as a subset of A x B. This
careful definition makes it meaningful to say that the set A is the domain, the set
B is the range,* and the subset of y € B such that y = f(x) for some x € A is
the image of f. The image is also denoted by f(A). Sometimes a function f
is described in terms of what happens to typical elements, and then the notation
isx — f(x) or x — Yy, possibly with y given by some formula or by some
description in words about how it is obtained from x. Sometimes a function f is
written as f (- ), with a dot indicating the placement of the variable; this notation
is especially helpful in working with restrictions, which we come to in a moment,
and with functions of two variables when one of the variables is held fixed. This
notation is useful also for functions that involve unusual symbols, such as the
absolute value function x +— |x|, which in this notation becomes | - |. The
word map or mapping is used for “function” and for the operation of a function,
especially when a geometric setting for the function is of importance.

Often mathematicians are not so careful with the definition of function. De-
pending on the degree of informality that is allowed, one may occasionally refer
to a function as f(x) when it should be called f or x > f(x). If any confusion is
possible, it is wise to use the more rigorous notation. Another habit of informality
is to regard a function f : A — B as simply a set of ordered pairs. Thus two
functions f; : A — B and f; : A — C become the same if fj(a) = f>(a) for
all a in A. With the less-careful definition, the notion of the range of a function is
not really well defined. The less-careful definition can lead to trouble in algebra
and topology, but it does not often lead to trouble in analysis until one gets to
a level where algebra and analysis merge somewhat. One place where it comes

into play in algebra is in the notion of an exact sequence of three abelian groups

A% Bl C, which is defined as a system of three abelian groups and

homomorphisms as indicated such that the kernel of ¥ equals the image of ¢. In
this definition one is not free to adjust B to be the image of ¢ since that adjustment
will affect the kernel of ¢ as well.

The set of all functions from a set A to a set B is a set. It is sometimes denoted
by B#. The special case 2 that arises with subsets comes by regarding 2 as a
set {1, 2} and identifying a function f from A into {1, 2} with the subset of all
elements x of A for which f(x) = 1.

If a subset B of a set A may be described by some distinguishing property
P of its elements, we may write this relationship as B = {x € A | P}. For
example the function f in the previous paragraph is identified with the subset
{x € A | f(x) = 1}. Another example is the image of a general function
f i+ A— B,namely f(A) ={y € B|y = f(x) for some x € A}. Still more
generally along these lines, if E is any subset of A, then f(E) denotes the set

4Some authors refer to B as the codomain.
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{v € B|y= f(x)forsome x € E}. Some authors use a colon or semicolon or
comma instead of a vertical line in this notation.

This book frequently uses sets denoted by expressions like | J,.¢ Ay, an in-
dexed union, where S is a set that is usually nonempty. If S is the set {1, 2}, this
reduces to A; U A,. In the general case it is understood that we have an unnamed
function, say f, given by x — A,, having domain S and range the set of all
subsets of an unnamed set 7, and ], ¢ A, is the set of all y € T such that y is
in A, for some x € S. When S is understood, we may write _J, A, instead of
U, cs Ax. Indexed intersections [ ),.g A are defined similarly, and this time it is
essential to disallow S empty because otherwise the intersection cannot be a set
in any useful set theory.

There is also an indexed Cartesian product X  _. A, that specializes in the
case that § = {1, 2} to A; x A;. Usually § is assumed nonempty. This Cartesian
product is the set of all functions f from S into | J, ¢ Ay such that f(x) is in

A, for all x € §S. In the special case that S is {1, ..., n}, the Cartesian product
is the set of ordered n-tuples from n sets Ay, ..., A, and may be denoted by
Ay x .-+ x A,; its members may be denoted by (ai, ..., a,) witha; € A; for

1 < j < n. When the factors of a Cartesian product have some additional
algebraic structure, the notation for the Cartesian product is often altered; for
example the Cartesian product of groups A, is denoted by [, ¢ Ax.

It is completely normal in algebra, and it is the practice in this book, to take
the following axiom as part of one’s set theory; the axiom is customarily used
without specific mention.

Axiom of Choice. The Cartesian product of nonempty sets is nonempty.

If the index set is finite, then the Axiom of Choice reduces to a theorem of set
theory. The axiom is often used quite innocently with a countably infinite index
set. For example a theorem of analysis asserts that any bounded sequence {a, } of
real numbers has a subsequence converging to lim sup a,,, and the proof constructs
one member of the sequence at a time. When the proofis written in such a way that
these members have some flexibility in their definitions, the Axiom of Choice
is usually being invoked. The proof can be rewritten so that the members of
the subsequence have specific definitions, such as “the term a,, such that  is the
smallest integer satisfying such-and-such properties.” In this case the axiom is not
being invoked. In fact, one can often rewrite proofs involving a countably infinite
choice so that they involve specific definitions and therefore avoid invoking the
axiom, but there is no point in undertaking this rewriting. In algebra the axiom
is often invoked in situations in which the index set is uncountable; selection of
a representative from each of uncountably many equivalence classes is such a
choice if all equivalence classes have more than one element.
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From the Axiom of Choice, one can deduce a powerful tool known as Zorn’s
Lemma, whose use it is customary to acknowledge. Zorn’s Lemma appears in
Section AS.

If f: A — B is afunction and B is a subset of B’, then f can be regarded
as a function with range B’ in a natural way. Namely, the set of ordered pairs is
unchanged but is to be regarded as a subset of A x B’ rather than A x B.

Let f: A— Band g : B — C be two functions such that the range of f
equals the domain of g. The composition g o f : A — C, written sometimes as
gf : A — C,is the function with (g o f)(x) = g(f(x)) for all x. Because of the
construction in the previous paragraph, it is meaningful to define the composition
more generally when the range of f is merely a subset of the domain of g.

A function f : A — B is said to be one-one if f(x;) # f(x;) whenever x;
and x, are distinct members of A. The function is said to be onto, or often “onto
B’ if its image equals its range. The terminology “onto B’ avoids confusion: it
specifies the image and thereby guards against the use of the less careful definition
of function mentioned above. A mathematical audience often contains some
people who use the more careful definition of function and some people who use
the less careful definition. For the latter kind of person, a function is always onto
something, namely its image, and a statement that a particular function is onto
might be regarded as a tautology. A function from one set to another is said to
put the sets in one-one correspondence if the function is one-one and onto.

When a function f : A — B is one-one and is onto B, there exists a function
g : B — Asuchthat g o f is the identity function on A and f o g is the identity
function on B. The function g is unique, and it is defined by the condition, for
y € B, that g(y) is the unique x € A with f(x) = y. The function g is called
the inverse function of f and is often denoted by f~'.

Conversely if f : A — B has an inverse function, then f is one-one and
is onto B. The reason is that a composition g o f can be one-one only if f is
one-one, and in addition, that a composition f o g can be onto the range of f
only if f is onto its range.

If f: A — B isa function and E is a subset of A, the restriction of f
to E, denoted by f | > is the function f : E — B consisting of all ordered
pairs (x, f(x)) with x € E, this set being regarded as a subset of £ x B, not of
A x B. One especially common example of a restriction is restriction to one of the
variables of a function of two variables, and then the idea of using a dot in place
of a variable can be helpful notationally. Thus the function of two variables might
be indicated by f or (x, y) — f(x,y), and the restriction to the first variable,
for fixed value of the second variable, would be f(-,y) orx — f(x,y).

We conclude this section with a discussion of direct and inverse images of
sets under functions. If f : A — B is a function and FE is a subset of A, we
have defined f(E) = {y € B | y = f(x) forsome x € E}. This is the same
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as the image of f | ¢ and is frequently called the image or direct image of E
under f. The notion of direct image does not behave well with respect to some
set-theoretic operations: it respects unions but not intersections. In the case of

unions, we have
F(UE)=UreE
seS

seS

the inclusion D follows since f ( Uses Es) D f(Ey) foreach s, and the inclusion

C follows because any member of the left side is f of a member of some Ej. In
2

the case of intersections, the question f(ENF) = f(E) N f(F) can easily have
anegative answer, the correct general statementbeing f(ENF) C f(E)N f(F).
An example with equality failing occurs when A = {1,2, 3}, B = {1, 2}, f(1) =
fB =1, f2)=2,E={1,2}and F = {2, 3} because f(E N F) = {2} and
FE)N F(F) ={1,2).

If f: A— Bisafunction and E is a subset of B, the inverse image of £
under f istheset f~1(E) = {x € A| f(x) € E}. This is well defined even if f
does not have an inverse function. (If f does have an inverse function f~!, then
the inverse image of E under f coincides with the direct image of E under f~'.)

Unlike direct images, inverse images behave well under set-theoretic opera-
tions. If f : A — B is a function and {E | s € S} is a set of subsets of B,
then

(N E) =N E,
ses

ses

A (Ue)=Ur @,

ses seS

FUES = (f(E)-.

In the third of these identities, the complement on the left side is taken within
B, and the complement on the right side is taken within A. To prove the
first identity, we observe that f~'((),c5 Es) € f~'(E,) foreach s € S and
hence f’l(ﬂses ES) C Nyes f1(Es). For the reverse inclusion, if x is in
Myes fH(Ey), then x isin f~!(E,) for each s and thus f(x) is in E, for each s.
Hence f(x) is in ;g Es, and x is in f~'((,cs Es). This proves the reverse
inclusion. The second and third identities are proved similarly.

A2. Equivalence Relations

An equivalence relation on a set S is a relation between S and itself, i.e., is a
subset of § x §, satisfying three defining properties. We use notation like a >~ b,
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written “a is equivalent to b,” to mean that the ordered pair (a, b) is a member of
the relation, and we say that “~” is the equivalence relation. The three defining
properties are

(i) a ~aforallain S, i.e., > is reflexive,

(ii) a ~ b implies b >~ a if a and b are in §, i.e., > is symmetric.

(iii) a >~ b and b >~ c together imply a >~ c if a, b, and c are in §, i.e., >~ is

transitive.

An example occurs with S equal to the set Z of integers with @ >~ b meaning
that the difference a — b is even. The properties hold because (i) O is even, (ii)
the negative of an even integer is even, and (iii) the sum of two even integers is
even.

There is one fundamental result about abstract equivalence relations. The
equivalence class of a, written [a] for now, is the set of all members b of S such
thata >~ b.

Proposition. If 2~ is an equivalence relation on a set S, then any two equiv-
alence classes are disjoint or equal, and S is the union of all the equivalence
classes.

PROOF. Let [a] and [b] be the equivalence classes of members a and b of S.
If [a] N [b] # @, choose ¢ in the intersection. Then a ~ ¢ and b =~ ¢. By (ii),
¢ =~ b, and then by (iii), a >~ b. If d is any member of [b], then b >~ d. From
(iii), a >~ b and b ~ d together imply a >~ d. Thus [b] C [a]. Reversing the
roles of a and b, we see that [a] C [b] also, whence [a] = [b]. This proves the
first conclusion. The second conclusion follows from (i), which ensures that a is
in [a], hence that every member of § lies in some equivalence class. (]

EXAMPLE. With the equivalence relation on Z that a >~ b if a — b is even,
there are two equivalence classes—the subset of even integers and the subset of
odd integers.

The first two examples of equivalence relations in this book arise in Section
I1.3. The first example, which is captured in the definition of square matrices
that are “similar,” yields equivalence classes exactly as above. A square matrix
A is similar to a square matrix B if there is a matrix C with B = C~'AC. The
text does not mention in Chapter II that similarity is an equivalence relation, but
it is routine to check that it is reflexive, symmetric, and transitive. The second
example is a relation “is isomorphic to” and implicitly is defined on the class of all
vector spaces. This class is not a set, and Section A1 of this appendix suggested
avoiding using classes that are not sets in order to avoid the logical paradoxes
mentioned at the beginning of the appendix. There is not much problem with
using general classes in this particular situation, but there is a simple approach
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in this situation for eliminating classes that are not sets and thereby following
the suggestion of Section A1 without making an exception. The approach is to
work with any subclass of vector spaces that is a set. The equivalence relation
is well defined on the set of vector spaces in question, and the proposition yields
equivalence classes within that set. This set can be an arbitrary subclass of the
class of all vector spaces that happens to be a set, and the practical effect is the
same as if the equivalence relation had been defined on the class of all vector
spaces.

A3. Real Numbers

Real numbers are taken as known, as are the rational numbers from which they
are constructed. It will be useful, however, to review the constructions of both
these number systems so as to be able to discuss the solvability of polynomial
equations better.

We take the set Z of integers as given, along with its ordering and its operations
of addition, subtraction, and multiplication. The set (Q of rational numbers is
constructed rigorously from Z as follows. We start from the set of ordered pairs
(a, b) of integers such that b % 0. The idea is that (a, b) is to correspond to
a/b and that we want (na, nb) to correspond to the same a/b if n is any nonzero
integer. Thus we say that two such pairs have (a,b) ~ (c,d) if ad = bc.
This relation is evidently reflexive and symmetric, and it will be an equivalence
relation if it is transitive. If (a,b) ~ (c,d) and (c,d) ~ (e, f), then ad = bc
and cf =de. Soadf = bcf = bde. Sinced # 0, af = be and ~ is transitive.

From Section A2 the set of such pairs is partitioned into equivalence classes
by means of ~. Each equivalence class is called a rational number. To de-
fine the arithmetic operations on rational numbers, we first define operations on
pairs, and then we check that the operations respect the partitioning into classes.
For addition, the definition is (a, b) + (¢,d) = (ad + bc, bd). What needs
checking is that if (a, b) ~ (a’, b’) and (¢, d) ~ (¢, d’), then (ad + bc, bd) ~
(a'd"+b'c’, b'd’). This is aroutine matter: (ad +bc)(b'd") = ab'dd’+bb'cd’ =
a'bdd + bb'c’d = (a’d’ + b'c")bd, and thus addition of rational numbers is
well defined. The operations on pairs for negative, multiplication, and reciprocal
are —(a, b) = (—a, b), (a,b)(c,d) = (ac, bd), and (a,b)”"! = (b, a), and we
readily check that these define corresponding operations on rational numbers.
Finally one derives the familiar associative, commutative, and distributive laws
for these operations on Q.

The above construction is repeated, with more details, in the more general
construction of “fields of fractions” in Chapter VIII.

Inequalities on rational numbers are defined from inequalities on integers, tak-
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ing into account that an inequality between integers is preserved when multiplied
by a positive integer. Each rational number has a representative pair (a, b) with
b > 0 because any pair can always be replaced by the pair of negatives. Thus
let (a, b) and (c, d) be given with b > 0 and d > 0. We say that (a, ) < (¢, d)
if ad < bc. One readily checks that this ordering respects equivalence classes
and leads to the usual properties of the ordering on Q. The positive rationals are
those greater than 0, and the negative rationals are those less than 0.

The formal definition is that a real number is a cut of rational numbers, i.e.,
a subset of rational numbers that is neither Q nor the empty set, has no largest
element, and contains all rational numbers less than any rational that it contains.
The set of cuts, i.e., the set of real numbers, is denoted by R. The idea of the
construction is as follows: Each rational number ¢ determines a cut ¢*, namely
the set of all rationals less than ¢g. Under the identification of @ with a subset of
R, the cut defining a real number consists of all rational numbers less than the
given real number.

The set of cuts gets a natural ordering, given by inclusion. In place of C, we
write <. For any two cuts r and s, we have r < s or s < r, and if both occur,
then r = s. We can then define <, >, and > in the expected way. The positive
cuts r are those with 0* < r, and the negative cuts are those with » < 0*.

Once cuts and their ordering are in place, one can go about defining the usual
operations of arithmetic and proving that R with these operations satisfies the
familiar associative, commutative, and distributive laws, and that these interact
with inequalities in the usual ways. The definitions of addition and subtraction are
easy: the sum or difference of two cuts is simply the set of sums or differences of
the rationals from the respective cuts. For multiplication and reciprocals one has
to take signs into account. For example the product of two positive cuts consists
of all products of positive rationals from the two cuts, as well as 0 and all negative
rationals. After these definitions and the proofs of the usual arithmetic operations
are complete, it is customary to write 0 and 1 in place of 0* and 1*.

This much allows us to define n™ roots. The following proposition gives the
precise details.

Proposition. If r is a positive real number and # is a positive integer, then
there exists a unique positive real number s such that s” = r.

REMARK. In the terminology and notation introduced in Section 1.3, the
polynomial X" — r in R[X] has a unique positive root if r is positive in R.

SKETCH OF PROOF. Let s consist of all positive rationals ¢ such that g" < r,
together with all rationals < 0. One checks that s is a cut and that s” = r. This
proves existence. For uniqueness any positive cut s’ with (s')" = r must contain
exactly the same rationals and hence must equal s. O
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To make efficient use of cuts in connection with arithmetic and algebra, one
needs to develop a certain amount of real-variable theory. This theory will not
be developed in any detail here; let us be content with a sketch, giving a proof of
the one specific result that we shall need.’

The first step in the process is to observe that any nonempty subset of reals
with an upper bound has a least upper bound (the supremum, written as sup).
This is proved by taking the union of the cuts for each of the given real numbers
and showing that the result is a cut. Similarly any nonempty subset of reals with
a lower bound has a greatest lower bound (the infimum, written as inf). This
property follows by applying the least-upper-bound property to the negatives of
the given reals and then taking the negative of the resulting least upper bound.

Meanwhile, we can introduce sequences of real numbers and convergence
of sequences in the usual way. In terms of convergence, the key property of
sequences of real numbers is given by the Bolzano—Weierstrass Theorem: any
bounded sequence has a convergent subsequence. In fact, if the given bounded
sequence is {s,}, it can be shown that there is a subsequence convergent to the
greatest lower bound over m of the least upper bound for k > m of the numbers
Sk -

Next one introduces continuity of functions in the usual way. The Bolzano—
Weierstrass Theorem may readily be used to prove that any continuous real-valued
function on a closed bounded interval takes on its maximum and minimum values.
With a little more effort the Bolzano—Weierstrass Theorem may be used also
to show that any continuous real-valued function on a closed bounded interval
is uniformly continuous. That brings us to the theorem that we shall use in
developing basic algebra.

Theorem (Intermediate Value Theorem). Let a < b be real numbers, and let
f :la, b] = R be continuous. Then f, in the interval [a, b], takes on all values
between f(a) and f(b).

PROOF. Let f(a) = a and f(b) = B, and let y be between o and 8. We may
assume that y is in fact strictly between « and 8. Possibly by replacing f by
— f, we may assume that also ¢ < §. Let

A={xela,b]| f(x) <y} and  B={xelab]| f(x) =y}

These sets are nonempty since a is in A and b is in B, and f is bounded since
any continuous function on a closed bounded interval takes on finite maximum
and minimum values. Thus the numbers y; = sup{f(x) | x € A} and y, =
inf{f(x) | x € B} are well defined and have y; < y < y,.

3Details of the omitted steps may be found, for example, in Section 1.1 of the author’s book Basic
Real Analysis.
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If y; = y,then we can find a sequence {x, } in A suchthat f (x,) convergestoy.
Using the Bolzano—Weierstrass Theorem, we can find a convergent subsequence
{xn, } of {x,}, say with limit xo. By continuity of f, { f (x,,)} converges to f (xp).
Then f(x9) = y1 = vy, and we are done. Arguing by contradiction, we may
therefore assume that y; < y. Similarly we may assume that y < y,, but we do
not need to do so.

Let € = y, — y1, and choose, since the continuous function f is necessarily
uniformly continuous, § > 0 such that |x; — x| < § implies | f(x;) — f(x2)] <
€ whenever x; and x; both lie in [a, b]. Then choose an integer n such that
27"(b — a) < 8, and consider the value of f at the points py = a + k27"(b — a)
forO < k < 2". Since pyy+1—px = 27"(b—a) < §,wehave | f (prr1)—f(pr)] <
€ = y» — y1. Consequently if f(py) < y1, then

Fpes) < fo) + 1 f(Prv1) — F(P)l < yi + (2 — v1) = 2,

and hence f(pr+1) < y1. Now f(po) = f(a) = « < y;. Thus induction shows
that f(py) < y; for all k < 2". However, for k = 2", we have p,» = b. Hence
f(b) =B =y > y|, and we have arrived at a contradiction. (]

A4. Complex Numbers

Complex numbers are taken as known, and this section reviews their notation and
basic properties.

Briefly, the system C of complex numbers is a two-dimensional vector space
over R with a distinguished basis {1, i} and a multiplication defined initially by
11=1,1i =il =i,and ii = —1. Elements may then be written as a + bi or
a + ib with a and b in R; here a is an abbreviation for al. The multiplication is
extended to all of C so that the distributive laws hold, i.e., so that (a + bi)(c +di)
can be expanded in the expected way. The multiplication is associative and
commutative, the element 1 acts as a multiplicative identity, and every nonzero
element has a multiplicative inverse: (a + bi)( aZuW —1 uZLerz) =1.

Complex conjugation is indicated by a bar: the conjugate of a + bi is a — bi
if @ and b are real, and we write a + bi = a — bi. Thenwe havez + w =z + w,
rz =rzifrisreal, and zZw = zZw.

The real and imaginary parts of z = a + bi are Rez = g and Imz = b.
These may be computed as Rez = %(Z +2z)andImz = —%(z —2).

The absolute value function of z = a + bi is given by |z| = ~/a? + b2, and
this satisfies |z|> = zZ. It has the simple properties that |7| = |z|, |Rez| < |z,
and |Im z| < |z|. In addition, it satisfies

L lwl=lelw]
because lzw]” = zwzw = zwzw = zZww = |z|"|w|",
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and it satisfies the triangle inequality

lz +w| < [z] + [w]

because |z+w|2=(z—i—w)(z+w)=zZ—|—zzI)—}—wZ+w12)
= |z|* + 2Re(zw) + |w|* < |z* + 2|z0| + |w|?
= |zI* + 2lzllw| + |w]* = (Iz] + [w])*.

AS. Partial Orderings and Zorn’s Lemma

A partial ordering on a set S is a relation between S and itself, i.e., a subset of
S x §, satisfying two properties. We define the expressiona < b to mean that the
ordered pair (a, b) is a member of the relation, and we say that “<” is the partial
ordering. The properties are
(i) a <aforallain S,i.e., <isreflexive,
(i1) a < b and b < ctogether imply a < ¢ whenever a, b, and ¢ are in S, i.e.,
< is transitive.

An example of such an § is any set of subsets of a set X, with < taken to
be inclusion C. This particular partial ordering has a third property of interest,
namely

(i) a <band b < a witha and b in S imply a = b.
However, the validity of (iii) has no bearing on Zorn’s Lemma below. A partial
ordering is said to be a total ordering or simple ordering if (iii) holds and also

(iv) any a and b in S have a < b or b < a or both.

For the sake of a result to be proved at the end of the section, let us interpolate
one further definition: a totally ordered set is said to be well ordered if every
nonempty subset has a least element, i.e., if each nonempty subset contains an
element a such that a < b for all b in the subset.

A chain in a partially ordered set S is a totally ordered subset. An upper
bound for a chain 7 is an element u in S such that ¢ < u forall cin T. A
maximal element in S is an element m such that whenever m < a for some a in
S, then a < m. (If (iii) holds, we can conclude in this case that m = a.)

Zorn’s Lemma. If S is a nonempty partially ordered set in which every chain
has an upper bound, then S has a maximal element.

REMARKS. Zorn’s Lemma will be proved below using the Axiom of Choice,
which was stated in Section Al. It is an easy exercise to see, conversely,
that Zorn’s Lemma implies the Axiom of Choice. It is customary with many
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mathematical writers to mention Zorn’s Lemma each time it is invoked, even
though most writers nowadays do not ordinarily acknowledge uses of the Axiom
of Choice. Before coming to the proof, we give an example of how Zorn’s Lemma
is used. This example uses vector spaces and is expanded upon in Section I1.9.

EXAMPLE. Zorn’s Lemma gives a quick proof that any real vector space V
has a basis. In fact, let S be the set of all linearly independent subsets of V, and
order S by inclusion upward as in the example above of a partial ordering. The
set S is nonempty because @ is a linearly independent subset of V. Let T be a
chain in S, and let u be the union of the members of 7. If ¢ is in 7', we certainly
have t € u. Let us see that u is linearly independent. For u to be dependent
would mean that there are vectors xy, ..., x, inu withr;x; +---+r,x, = 0 for
some system of real numbers not all 0. Let x; be in the member ¢#; of the chain
T. Sincet; € tp ort C t1, x; and x; are both in #; or both in #,. To keep the
notation neutral, say they are both in 7). Since t;, C t3 or t3 C ¢, all of x1, x7, x3
are in ¢, or they are all in 3. Say they are both in #;. Continuing in this way,

we arrive at one of the sets ¢, ..., t,, say t,, such that all of x, ..., x, are all
in #;,. The members of #, are linearly independent by assumption, and we obtain
the contradiction7; = --- = r, = 0. We conclude that the chain 7" has an upper

bound in S. By Zorn’s Lemma, S has a maximal element, say m. If m is not
a basis, it fails to span. If a vector x is not in its span, it is routine to see that
m U {x} is linearly independent and properly contains m, in contradiction to the
maximality of m. We conclude that m is a basis.

We now begin the proof of Zorn’s Lemma. If T is a chain in a partially ordered
set S, then an upper bound u for T is a least upper bound for 7 if oy < u for all
upper bounds of 7. If (iii) holds in S, then there can be at most one least upper
bound for 7. In fact, if uo and u;, are least upper bounds, then uy < u since
uo is a least upper bound, and u;, < uy since u, is a least upper bound; by (iii),
uo = uy,. The proof follows that in Dunford—Schwartz’s Linear Operators 1.

Lemma. Let X be a nonempty partially ordered set such that (iii) holds, and
write < for the partial ordering. Suppose that X has the additional property that
each nonempty chain in X has a least upper bound in X. If f : X — X isa
function such that x < f(x) for all x in X, then there exists an xy in X with

f(x0) = xo.

PROOF. A nonempty subset E of X will be called admissible for purposes of
this proof if f(E) € E and if the least upper bound of each nonempty chain in
E, which exists in X by assumption, actually lies in £. By assumption, X is an
admissible subset of X. If x is in X, then the intersection of admissible subsets of
X containing x is admissible. Let A, be the intersection of all admissible subsets
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of X containing x. This is admissible, and since the set of all y in X withx <y
is admissible and contains x, it follows that x < y forall y € A,. By hypothesis,
X is nonempty. Fix an element a in X, and let A = A,. The main step will be to
prove that A is a chain.

To do so, consider the subset C of members x of A with the property that there
is a nonempty chain C, in A containing a and x such that

e a<y<xforallyinC,,

o f(Cyx—{x}) € Cy, and

e the least upper bound of any nonempty subchain of C, is in C,.
The element a is in C because we can take C, = {a}. If x is in C, so that C,
exists, let us use the bulleted properties to see that

A=A, UC,. (%)

We have A D C, by definition; also AN A, is an admissible set containing x and
hence containing A, and thus A © A,. Therefore A © A, U C,. For the reverse
inclusion it is enough to prove that A, UCy is an admissible subset of X containing
a. Theelementa isin Cy, and thus a isin Ay UC,. For the admissibility we have to
show that f(A,UC,) € A, UC, and that the least upper bound of any nonempty
chainin A, UCy liesin A, UC,. Since x liesin A, A, UC, = A, U (Cy — {x})
and f(A, UCy) = f(Ay) U f(Cy — {x}) € A, U C,, the inclusion following
from the admissibility of A and the second bulleted property of C,.

To complete the proof of (x), take a nonempty chain in A, U C,, and let u be
its least upper bound in X; it is enough to show that u is in A, U C,. The element
u is necessarily in A since A is admissible. Observe that

y<x and x <z whenever y isin C, and z is in A,. (%)

If the chain has at least one member in Ay, then (xx) implies that x < u, and
hence the set of members of the chain that lie in A, forms a nonempty chain in
A, with least upper bound u. Since A, is admissible, u is in A,. Otherwise the
chain has all its members in C,, and then u is in C,; by the third bulleted property
of C,.
This completes the proof of (x). Let us now prove that if C, and Cy- exist with
x < x"and x # x’, then
Cx - Cx’- (T)

In fact, application of (%) to x” gives A = A, U Cy.. Intersecting both sides with
C, shows that C, = (C, N Ay) U (C, N C, ). On the right side, the first member
is empty by (xx), and thus C, = C, N C,.. This proves (7).

Let C be the set of all members x of A for which C, exists. We have seen that
aisin C. If we apply () and () first to a member x of C and then to a member
x’" of C, we see that either x < x’ or x’ < x. That is, C is a chain.
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Letusseethat f(C) € C. If x isin C, then the set D = C, U{f(x)} certainly
has a as a member. The second bulleted property of C, shows that f carries
C, — {x} into D, and also f carries x into D. Thus f carries D — {f(x)} into
D, and D satisfies the second bulleted property of Cr(yy. If {x,} is a chain in D
with least upper bound u, there are two possibilities. Either u# is f(x), which is
in D by construction, or u is in C, which contains the least upper bound of any
nonempty chain in it. Thus u is in D, D satisfies the third bulleted property of
Crx), and Cy(y) exists. In other words, f(x) isin C, and f(C) C C.

Finally let us see that the least upper bound u of an arbitrary chain {x,} in C,
which exists in X by assumption, is a member of C. If x, = u for some «, then
C, = Cy, exists, and u is in C. So assume that x,, # u for all . Our candidate
for C, willbe D = (|, Cx,) U {u}. This certainly contains a. We check that
D satisfies the second bulleted property of C,,. For each «, we can find a 8 with
Xo < xg and x4 7# xg, since u is the least upper bound of all the x’s. Then ()
gives Cy, € Cyy — {xp}, and f(C,,) € f(Cx, — {xp}) S Cx, € D. Taking the
union over o shows that D satisfies the second bulleted property of C,,.

To see that D satisfies the third bulleted property of C,, let v be the least upper
bound in A of a chain {yg} in C,,. If v # u, then v cannot be an upper bound of
{xo}. So we can choose some x,, such that v < x,,. Each yg is < v, and thus
each yg is < x,,. Referring to (x), we see that all yg’s lie in Cxao- By the third
bulleted property of Cy, , v is in Cy, . Thus v is in D, and D satisfies the third
bulleted property of C,. Consequently the least upper bound u of an arbitrary
chain in C lies in C.

In short, C is an admissible set containing a, and it also is a chain. Since A is
a minimal admissible set containing a, C = A and also A is a chain. Let u be the
least upper bound of A. We have seen that f(A) € A, and thus f(#) < u. On
the other hand, u < f(u) by the defining property of f. Therefore f(u) = u,
and the proof is complete.

PROOF OF ZORN’S LEMMA. Let S be a partially ordered set, with partial
ordering <, in which every chain has an upper bound. Let X be the partially
ordered system, ordered by inclusion upward C, of nonempty chains® in S. The
partially ordered system X, being given by ordinary inclusion, satisfies property
(iii). A nonempty chain C in X is a nested system of chains ¢, of S, and | J,, ¢4 is
a chain in S that is a least upper bound for C. The lemma is therefore applicable
to any function f : X — X such thatc € f(c) for all ¢ in X. We use the lemma
to produce a maximal chain in X.

Arguing by contradiction, suppose that no chain within § is maximal under

Here a chain is simply a certain kind of subset of S, and no element of § can occur more than
once in it even if (iii) fails for the partial ordering. Thus if S = {x, y} with x < y and y < x, then
{x, y} isin X and in fact is maximal in X.
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inclusion. For each nonempty chain ¢ within S, let f(c) be a chain withc € f(c)
and ¢ # f(c). (This choice of f(c) for each c is where we use the Axiom of
Choice.) The result is a function f : X — X of the required kind, the lemma
says that f(c¢) = c for some c in X, and we arrive at a contradiction. We conclude
that there is some maximal chain ¢y within S.

By assumption in Zorn’s Lemma, every nonempty chain within S has an upper
bound. Let ug be an upper bound for the maximal chain ¢q. If # is a member of S
with ug < u, then ¢p U {u} is a chain and maximality implies that ¢y U {u} = co.
Therefore u is in ¢g, and u < ugy. This is the condition that u is a maximal
element of S. (]

Corollary (Zermelo’s Well-Ordering Theorem). Every set has a well ordering.

PROOF. Let S be a set, and let £ be the family of all pairs (E, <g) such that £
is a subset of S and <p is a well ordering of E. The family £ is nonempty since
(2, @) is a member of it. We partially order £ by a notion of “inclusion as an
initial segment,” saying that (E, <g) < (F, <p) if

() ECF,
(ii) a and b in E with a <g b implies a <p b,
(iii) a in E and b in F but not E together imply a <p b.

In preparation for applying Zorn’s Lemma, let C = {(Ey, <,)} be a chain in &,
with the o’s running through some set /. Define Ey = | J, E, and define < as
follows: If e; and e; are in Ey, let e; be in E,, with «; in 7, and let e, be in E,,
with «; in . Since C is a chain, we may assume without loss of generality that
(Eoys Z¢y) < (Eq,, <a,),s0that E,, C E,, inparticular. Then e; and e, are both
in E,, and we define e; <¢ e if e; <4, €2, and es <g e if &2 <4, €. Because of
(i) and (ii) above, the result is well defined independently of the choice of «; and
ay. Similar reasoning shows that < is a total ordering of Ey. If we can prove
that <( is a well ordering, then (Ey, <o) is evidently an upper bound in £ for the
chain C, and Zorn’s Lemma is applicable.

Now suppose that F' is a nonempty subset of Ey. Pick an element of F, and
let E,, be a set in the chain that contains it. Since (Eg,, <q,) is well ordered and
FNE,, isnonempty, F'N E,, contains aleast element fj relative to <,,. We show
that fy <o f forall f in F. Infact, if f is given, there are two possibilities. One
is that f is in E,,; in this case, the consistency of <o with <, forces fo <o f.
The other is that f is not in E,, but is in some E,,. Since C is a chain and
E,, C E,, fails, we must have (Eq,, <o,) < (Eq,, <4,). Then f is in E,, but
not E,,, and property (iii) above says that fy <,, f. By the consistency of the
orderings, fy <o f. Hence fp is a least element in F, and Ey is well ordered.

Application of Zorn’s Lemma produces a maximal element (E, <g) of &. If
E were a proper subset of S, we could adjoin to £ a member s of S notin £ and
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define every element ¢ of E to be < s. The result would contradict maximality.
Therefore E = S, and S has been well ordered. O

A6. Cardinality

Two sets A and B are said to have the same cardinality, written card A = card B,
if there exists a one-one function from A onto B. On any set A of sets, “having the
same cardinality” is plainly an equivalence relation and therefore partitions .A into
disjointequivalence classes, the sets in each class having the same cardinality. The
question of what constitutes cardinality (or a “cardinal number”) in its own right
is one that is addressed in set theory but that we do not need to address carefully
here; the idea is that each equivalence class under “having the same cardinality”
has a distinguished representative, and the cardinal number is defined to be that
representative. We write card A for the cardinal number of a set A.

Having addressed equality, we now introduce a partial ordering, saying that
card A < card B if there is aone-one function from A into B. The first result below
is that card A < card B and card B < card A together imply card A = card B.

Proposition (Schroeder—Bernstein Theorem). If A and B are sets such that
there exist one-one functions f : A — B and g : B — A, then A and B have
the same cardinality.

PROOF. Define the function g~ : imageg — A by g7 '(g(a)) = a; this
definition makes sense since g is one-one. Write (g o )™ for the composition
of g o f with itself n times, and define (f o g)™ similarly. Define subsets A,
and A), of A and subsets B, and B, for n > 0 by

Ay = image((g o f)™) — image((g o /)™ 0 g).
Al =image((g o f)™ o g) — image((g o £)"*V),
B, = image((f o g)™) — image((f 0 g)™ o f),
B, = image((f 0 9) o f) — image((f 0 ©)"*"),

and let

A= (Yimage((go ™)  and  Boo = ) image((f 0 &),
n=0 n=0

Then we have

00 00 00 00
A=AxUJA,UUA, and B=B,UlUB,UlJB.,
n=0 n=0 n=0 n=0
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with both unions disjoint.

Let us prove that f carries A, one-one onto B). If a is in A,, then a =
(g o f)™(x) for some x € A and a is not of the form (g o £)™(g(y)) with
v € B. Applying f, we obtain f(a) = (f o (g0 )™)(x) = (f 0 )™ (f(x)),
so that f(a) is in the image of ((f o g)™ o f). Meanwhile, if f(a) is in the
image of (f o )", then f(a) = (f 0 )"V (y) = f((g o /)™ (g(y))) for
some y € B. Since f is one-one, we can cancel the f on the outside and obtain
a = (g o )™ (g(y)), in contradiction to the fact that @ is in A,. Thus f carries
A, into B, and it is certainly one-one. To see that f(A,) contains all of B, let
b € B! be given. Then b = (f o )™ (f(x)) for some x € A and b is not of the
form (f o g)"*tV(y) with y € B. Hence b = f((g o f)™(x)), i.e., b = f(a)
with a = (g o )™ (x). If this element a were in the image of (g o f)™ o g,
we could write a = (g o f)"™(g(y)) for some y € B, and then we would have
b= fa)= f((go M) = (f o g)"*tV(y), contradiction. Thus a is in
An, and f carries A, one-one onto B).

Similarly g carries B, one-one onto Aj,. Since A/, is in the image of g, we can
apply g~ ! to it and see that g~ ! carries Aj, one-one onto B,,.

The same kind of reasoning as above shows that f carries A, one-one onto
Bs. In summary, f carries each A, one-one onto B;, and carries A, one-one
onto B, while g~! carries each A), one-one onto B,,. Then the function

1

b { f on A and each A,
g on each A/,

carries A one-one onto B. O

Next we show that any two sets A and B have comparable cardinalities in the
sense that either card A < card B or card B < card A.

Proposition. If A and B are two sets, then either there is a one-one function
from A into B or there is a one-one function from B into A.

PROOF. Consider the set S of all one-one functions f : E — B with E C A,
the empty function with £ = & being one such. Each such function is a certain
subset of A x B. If we order § by inclusion upward, then the union of the members
of any chain is an upper bound for the chain. By Zorn’s Lemmalet G : Ey — B
be a maximal one-one function of this kind, and let Fy be the image of G. If
Ey = A, then G is a one-one function from A into B. If Fy = B, then G~!
is a one-one function from B into A. If neither of these things happens, then
there exist xo € A — Ep and yo in B — Fp, and the function G equal to G on
Ep and having G (xp) = yo extends G and is still one-one; thus it contradicts the
maximality of G. U
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Corollary. If E is an infinite set, then E has a countably infinite subset.

PROOF. The proposition shows that either there is a one-one function from the
set of positive integers into E, in which case we are done, or there is a one-one
function from E into the set of positive integers. In the latter case the image cannot
be finite since E is assumed infinite. Then the image must be an infinite subset
of the positive integers. This set can be enumerated and is therefore countably
infinite. Thus E is countably infinite. (]

Cantor’s proof that there exist uncountable sets, done with a diagonal argument,
in fact showed how to start from any set A and construct a set with strictly larger
cardinality.

Proposition (Cantor). If A is a set and 24 denotes the set of all subsets of A,
then card 24 is strictly larger than card A.

PROOF. The map x +> {x} is a one-one function from A into 24. If we are
given a one-one function F : A — 24 et E be the set of all x in A such that x
is notin F(x). If we define E = F(xo), then xo € E implies xg ¢ F(xo) = E,
while xo ¢ E implies x € F(xg) = E. We have a contradiction in any case, and
hence E cannot be of the form F (x). We conclude that F cannot be onto 24. [J

Proposition. If E is an infinite set, then E is the disjoint union of sets that are
each countably infinite.

PROOF. Let S be the set of all disjoint unions of countably infinite subsets of
E. If A=, Ay and B = (4 Bg are members of S, say that A < B if each
A, is some Bg. The result is a partial ordering on S. If I/ is a chain in &, then
the collection C of all countably infinite sets that are U, ’s in some member of U/
is a collection of countably infinite subsets of E that contains each member of /.
If U, and Upg are distinct members of C, then U, and Ug must both be in some
member of I/ and hence must be disjoint. Thus C is an upper bound for U4. Also,
the empty union is a member of S. By Zorn’s Lemma, S has a maximal element
M. Let F be the union of the members of M. If E — F were to be infinite, then
the corollary above would show that E — F has a countably infinite subset Z,
and M U {Z} would contradict the maximality of M. Thus E — F is finite. Since
E is infinite, the corollary shows that £ contains at least one countably infinite
subset. Thus M has some member 7. The set T’ = T U (E — F) is countably
infinite, and (M — {T'}) U T’ is the required decomposition of E as the disjoint
union of countably infinite sets. (]

Corollary. Let S and E be nonempty sets with S infinite, and suppose that to
each element s of S is associated a countable subset E, of E in such a way that
E =|J,c5 Es. Thencard E < card S.
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PROOF. The proposition allows us to write S as the disjoint union of countably
infinite sets. If U is one of these sets, then Eyy = US cv Es is countable, being
the countable union of countable sets. Therefore there exists a function from U
onto Ey. The union of these functions, as U varies, yields a function f from S
onto | J Ey = E. Applying the Axiom of Choice, we can select, foreach e € E,
anelement s € f~'({e}) and call it g(e). The result is a one-one function g from
E into S, and consequently card £ < card S. O

Addition is well defined for cardinals: the sum of two cardinal numbers is
defined to be the cardinality of the disjoint union of the two sets in question. If
at least one of the two cardinals is infinite, the sum equals the larger of the two,
as an immediate consequence of the above corollary.






HINTS FOR SOLUTIONS OF PROBLEMS

Chapter 1

1. 582.

2. The Euclidean algorithm gives 11 =1-7+4,7=1-443,4=1-3+41,
3 =3.140. Sothe GCD is 1. Reversing the steps gives 1 = 4 — 1.3 =
ar-1-n-1-7-1-H=11-1-7—-1-7-1-(11—=1-7)=2-11-3-7.
So (x,y) = (2, —3) is a solution in (a). For (b), the difference of any two solutions
solves 11x + 7y = 0, and the solutions of this are of the form (x, y) = n(7, —11).

3. Letd, = GCD(ay,...,a,). The sequence d, is a monotone decreasing
sequence of positive integers, and it must eventually be constant. This eventual
constant value is d, and thus d,, = d for suitably large n.

4. These n’s divide x + y — 2 and the sum of 2x — 3y — 3 and —2 times the
x+y—2,hence x +y — 2 and —5y + 1. A necessary and sufficient condition for
—5y+ 1 = na to be solvable for the pair (a, y) is that GCD(5, n) = 1 by Proposition
1.2c. Let us see that the answer to the problem is GCD(5, n) = 1.

The n’s we seek must further divide S(x +y—2) = 5x+5y—10and —5y+1, hence
alsothe sum5x—9,aswellas —5y+1. IfGCD(5, n) = 1,then5x—9 = nbissolvable
for (b, x). With our solutions (a, y) and (b, x), we have 5x + 5y — 10 = n(b — a).
Since 5 divides the left side and GCD(5, n) = 1, 5 divides b — a. Write b — a = 5c.
Thenx +y —2 = nc and =5y + 1 = na, and we obtain 2x — 3y — 3 = n(2c + a).

5000=X—-DPX)+ X +x2+X+D, PX)=XX+x>+X+1)
+(X241), X34+x24+X+1 = (X+1)(X2+1)+0. Hence the GCDis D(X) = X2 +1.
For (b), we retrace the steps, letting R(X) = X> 4+ X?> + X + 1. We have D(X) =
P(X)—XR(X) = P(X)—X(Q(X)—(X—DP(X)) = (X*=X+1)P(X)—X Q(X).
Thus A(X) = X> — X + 1l and B(X) = —X.

6. The computation via the Euclidean algorithm, done within C[X], retains
real numbers as coefficients throughout. By Proposition 1.15a one GCD has real
coefficients. By Proposition 1.15¢ any GCD is a complex multiple of this polynomial
with real coefficients.

7. In (a), we may assume, without loss of generality, that P has leading coeffi-
cient I, sothat P(X) = X" +ay_1 X" '+ -+ay = [1; (X —z)™. Define Q(X) =
Hj (X —z;)™. Then Q(z) = ]_[j Z—z))" = Hj (z — zj) = P(z). Replacing Z
by zgives 0x) = PQ) ="+ a, 12" '+ +ay ="+ @ 1" + - +a.

615
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Since P has real coefficients, Q(z) = P(z) for all z. Then Q — P has every z as a
root and in particular has more than n roots. Hence it must be the O polynomial. So
]_[j X -z = Hj (X — zj)™, and the result follows from unique factorization
(Theorem 1.17).

In (b), the result of (a) shows that we may factor any real polynomial in C[ X] with
leading coefficient 1 in the form l_[x,- real (X —x;)™ nz,- nonreal (X —2))" (X —Z;)").
The right side equals [ ], o1 (X =)™ 1, nonreal (X2 = (zj+7))X +z;z;)". Every
factor on the right side is in R[ X ], and the only way that the polynomial can be prime
in R[X] is if only one factor is present. Thus the polynomial has degree at most 2.

8. For (a), let deg A = d and form the equation A(p/q) = 0. Multiply through
by ¢? in order to clear fractions. Every term in the equation except the leading term
has ¢ as a factor, and thus ¢ divides the leading term p?. Since GCD(p, g) = 1, no
prime can divide g. Thus ¢ = +£1, and n = p/q is an integer. Forming the equation
A(n) = 0, we see that n is a factor of each term except possibly the constant term ap.
Thus n divides ag.

For (b), we apply (a) to both polynomials. The only possible rational roots of
X? —2are +1 and £2, while the only possible rational roots of X3 + X2 + 1 are &1.
Checking directly, we see that none of these possibilities is actually a root. By the
Factor Theorem, neither X> — 2 nor X> + X2 + 1 has a first-degree factor in Q[ X].
If a polynomial of degree < 3 has a nontrivial factorization, then it has a first-degree
factor. We conclude that X> — 2 and X + X2 4 1 are prime.

9. Computation gives GCD(8645, 10465) = 455. Therefore 8645/10465 equals
19/23 in lowest terms.

10. Apart from the identity, the cycle structures are those of (1 2) with 6 represen-
tatives, (1 2 3) with 8 representatives, (1 2 3 4) with 6 representatives, and (1 2)(3 4)
with 3 representatives. This checks, since there are 4! = 24 permutations in all.

11. Check that the function ¢ + o (1 2) is one-one from the set of permutations
of sign +1 onto the set of permutations of sign —1.

1 —11/3 1
12. (a) x3 <—2>. (b) None. (c) ( 10/3) +x3 <_2>.
1 0 1

13. By the definition of “step,” an interchange of two rows (type (i)) takes n steps,
and a multiplication of a row by a nonzero scalar (type (ii)) takes n steps. Also,
replacement of a row by the sum of it and a multiple of another row (type (iii)) takes
2n steps. We proceed through the row-reduction algorithm column by column. For
each of the n columns, we do possibly one operation of type (i) and then possibly an
operation of type (ii). This much requires < 2n steps. Then we do at most n — 1
operations of type (iii), requiring < 2n(n — 1) steps. Thus a single column is handled
in<2n(n-—1)+2n= n? steps, and the entire row reduction requires < 3 steps.

-2 11 —1125
4. a+B=("3Y)and aB= (2} 7).

15. We induct on n, the result being clear for n = 1. Taking into account the
fact that B commutes with A, we have (A 4+ B)" = (A+ B)(A+ B)" ! = (A+
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B)Zn 1(71 I)An I-kpk _ Z é(n I)An k gk +Zﬂ 1(" I)An 1=k pk+1  _

0 () AR BR A () AT B = A [ ) A
In turn, the right side equals > ;_, (k) A"k Bk by the Pascal-triangle identity for
binomial coefficients.

110 010

16. Write (0 1 1) as I + B, where B = (00 1), and apply Problem 15. Since
INULE 000

B> = (000 ) and B} = 0, we obtain (/ + B)* = [ + nB + %n(n —1)B? =

000

(1 n %n(n—l))
01 n .
00 1
17. (AD)ij = Aijdj and (DA),']' = dl'A,'j. Thus AD = DA if and only ifd,' = dj

for all (i, j) for which A;; # 0.
18. EvEpg = b1pEig-

19. Check that ( ) times the asserted inverse is the identity. Then the matrix

b .
actually is the inverse. Apply the inverse to <“ ) ( y) = ( q ) to obtain the value

d
X
for (y>

2/3 —4/3 1 1-1 0
20. (a) No inverse. (b) A~! = (—2/3 11/3 —2). (c) Al = (—2 3 —1).
1 -2 1 2-5 4
21. No. If the algorithm is followed, then the row of 0’s persists throughout the
row reduction, at worst moving to a different row at various stages.

22. If C = (AB)™!, then ABC = I shows that BC is the inverse of A and
C AB = I shows that C A is the inverse of B.

23. U4+ AT —A+ A2 — A+ ...+ (A1) =T — (—=A) = I shows that
I — A+ A% — A3 +... 4+ (—A* s an inverse.

24. Let S be the set of positive integers, and let f(n) = n + 1. Take g(n) to be
n—1forn > 1and g(1) = 1. Then g o f is the identity. But f is not onto S, and g
is not one-one.

25. Take A = (10) and B = ((1)) Then BA = <(1)8>' More generally, if

A= (ab)and B = (2), then BA = (;Z f;;). If the upper right entry is 0, then
¢ = 0 or b = 0. But then one of the two diagonal entries must be 0, and hence B A

cannot be the identity.

26. The set of common multiples is a nonempty set of positive integers because
ab is in it. Therefore it has a least element.

27. This is a restatement of Corollary 1.7.

28. Let a and b have prime factorizations a = pll‘l e pf’ and b = pll' e pﬁ’.

Problem 27 shows that any positive common multiple N of a and b is of the form
P prrqlt g5 withmj > kj, mj > [;, and nj > 0, and certainly any positive
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integer of this form is a common multiple. The inequalities for m; are equivalent
with the condition m; > max(k;, [;). The smallest positive integer of this kind has
mj = max(k;, ;) and n; = 0. This proves (a). In combination with the form of N,
the formula for LCM(a, b) proves (b). Conclusion (c) follows from Corollary 1.8
and the identity k; + [; = min(k;, [;) + max(k;, ;).

29. If g; = p]f” e pf"’ is a prime factorization of a;, then LCM(ay, ..., a;) =

maxi << {ki,;} max) << {kr,j}
e pr

1 , just as with Corollary 1.11.

Chapter 1I

1. The methods at the end of Section 2 lead to the basis {(3, 1, 0), (3,0, 1)} for
(a) and to the basis {(1, —1,2)} for (b).

2. For 0 < k < n, the two recursive formulas and one application of associativity
give U(k+1)+v(k+2) = (v(k)+vk+1)+v(k+2) = v(k)+(Uk+1+v(k+2)) = v(k)-i-v(k""l),
and (a) follows.

For (b), we proceed by induction on 7, the cases n < 3 being handled by associa-
tivity. Suppose that the result holds for sums of fewer than n vectors, with n > 4.
In a sum of n vectors, there is some outer plus sign, and the inductive hypothesis
means that the sum is of the form (vy +- - - + vg) + (Vg1 + - - - + vy), the expressions
v] + - + vg and vg41 + - - - + v, being unambiguous. The inductive hypothesis
means that we have vi 4 -+ + vy = vg) and Ve + - + v, = v*+D and hence
the expression we are studying is of the form v + v**1. Part (a) shows that this
is independent of k, and hence (b) follows.

3. From Section 1.4, o is a product of transpositions, and hence it is enough to
prove the result for a transposition. Whenr +1 < s, iteration of the identity (r s) =
(r r+ 1@ +1 s)r r+ 1)shows that any transposition is a product of trans-
positions of the form ( r 4 1), and hence it is enough to prove the formula for
o = (r r + 1). This case is just the commutative law, and the result follows.

0
4. @f{(1 2 -1),(0 0 D} (b){(;),( 1)}; (c) 2.
0 -1

5. If R is a reduced row-echelon form of A, then we know that R = E A, where E
is a product of invertible elementary matrices. Since A has rank one, R has a single
nonzero row r and is of the form e;r, where e is the first standard basis vector. Then
A=E'R= (E_lel)r, and we can take ¢ = E~ley.

6. In (a), let uy, ..., us be the rows of R having at least one of the first r entries
nonzero, and let us1, ..., u;, be the other rows. For eachi with 1 < i < s, the
first nonzero entry of u; corresponds to a corner variable and occurs in the j (i)™
position with j(i) < r. The most general member of the row space of A is of the
form ciuy + - - - + iy, and the j (i)™ entry of this is ¢;. For this row vector to be
in the indicated span, we must have ¢; = 0 fori <.
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In (b), let R’ be a second reduced row-echelon form, and let its nonzero rows be
V1, ..., Up. From part (a), it follows that the linear span of us1, ..., u,, equals the
linear span of vsy, ..., v, for each s. Moreover, the value of each j(i) has to be
the same for u; as for v;. Inducting downward, we prove that u; = v; for each i. For
i = m, this follows since the first nonzero entry is 1 for both u,, and v,,. Assuming
the result for s + 1, we write vy = csls + Cy41Us1 + -+ + Cmty. We have ¢g = 1
since the first nonzero entry of u; and vy is 1, and we have ¢y4; = 0 fori > 0 since
the j(s + i)th entry of this equality of row vectors is 0 = c4;. Thus vy = u,, and
the induction is complete.

7. Let E = {x1,...,xn}, and let f1, ..., f, be a basis of U. Form the matrix
Sikx) - filew)
A= .o . By assumption, A has row rank n. Therefore it has column
Fue) = fulxn)
rank 7, and there exist n linearly independent columns, say columns ji, ..., j,. Then
D = {le, ...,)Cj”}.
8. Let the listed basis be I', and let ¥ be the standard basis. Then (211") =
3—4 . .. I (34 LY .
5 3 ) the inverse matrix is (rz) = (2 3), and (rr) is the product

34 -6 —12 3-4\_ (20
23 6 11 -2 3) 7~ \o3)"

9. One could compute the matrix of / — D? in an explicit basis, but an easier way
is to observe that D? = 0 and hence (I — D*)(I + D*) =1 —-D*=1.

10. Since image(AB) < image A, we have rank(AB) = dimimage(AB) <
dimimage A = rank A. Similarly rank((AB)") = rank(B’'A") < rank B’. Since a
matrix and its transpose have the same rank (by the equality of row rank and column
rank), rank(AB) < rank B.

11. Since A has n columns, rank A < n. Applying Problem 10 gives rank(AB) <
rank A < n. Since n < k = rank I, we cannot have AB = I.

12. Take A = (ég) and B = (8(‘)) Then AB = B has rank 1 while BA = 0
has rank O.
13. {cosht, sinht}.

14. Let {v, | n € Z} be a countably infinite basis. For each subset S of Z, define
U/S to be the member of V' such that U/S(vn) is 1 if n is in S and is O if not. Choose
by Theorem 2.42 a subset of {v} that is a basis for the linear span of all v§. Arguing
by contradiction, assume that this basis is countable. Number the S’s in question as
S1, 82, .... Any v then has a unique expansion as vy = clv’S] + -+ + cpvy, for
some k. Fix k, and let v’s be expandable for this k. Let E C {1, ..., k}. Letm and n
be such that v, and v, are in §; for j in E and are notin §; for jin {1, ..., k} — E.
Then vgf(vm) = vgi (vy) for j = 1,..., k, and hence v (v,y) = v5(v,). Thus with
k fixed, the number of S’s for which v§ is expandable is at most 2K, In particular, it
is finite. Taking the union over k, we find that there are only countably many v’ in
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the linear span of vgl, vgz, .... But there are uncountably many subsets S of Z, and
we have thus arrived at a contradiction. We conclude that our subset of all v§ that is
a basis for the linear span must have been uncountable.

15. For (a), take L, M, and N to be the three 1-dimensional subspaces of R2
shown in Figure 2.1. Then LN (M + N) = L while (LN M) + (LN N) =0.

For (b), we always have D since LN(M+N) 2 LNMand LN(M+N) 2 LNN.

For (¢),ifl=m+nisin LN (M + N),then L D M implies thatn =1 — m is
inL.Sol=m+nhasme LNMandn e LNN.

16. Take M, Ny, and N, to be the three 1-dimensional subspaces of V = R?
shown in Figure 2.1. Then M @ Ny = M & N, = R2, but N, #* Nj.

17. (b) only.

18. In Vi @ --- ® Vj, let p; pick off the j™ coordinate, and let ij carry v; to
©,...,0,v;,0,...,0). Then p,isis I on Vs if r = s andis O on Vy if r # 5. Also,
Yi_iikpk=1on Vi@ - @V,

19. Corollary 2.15 shows that dimker T 4 dimimage T = n. Since ker T’ and
image T have 0 intersection, the union of bases of ker 7 and image T is a linearly
independent set of n vectors in R”. This set must be a basis of R”, and hence
R" = kerT @ image T. This proves (a).

For (b), let T?> = T and suppose that v is in ker 7 Nimage T. Since v is in image T,
we have v = T (w) for some w. Thenv = T(w) = T?(w) = T(T(w)) = T (v), and
the right side is O since v is in ker 7. Consequently ker 7 N image 7' = 0.

20. Define L : V] @ V; — (Vi @ V2)" by L(u1, 12)(v1, v2) = 1 (v1) + p2(v2).

21. Proposition 2.25 shows that y > z is onto the subset of z’s in V’ such that
M C kerz,i.e.,is onto Ann M. Since g is onto V/M, y — z is one-one.

22. The kernel of g is M, and thus the kernel of g |N isMNN. Sogq |N is one-one
ifandonlyif M N N =0.

IfM+N = V, thenany v € Visoftheformm+n;sovhasv+M = m+n+M =
n+ M = g(n), and g carries N onto V/M. Conversely if g carries N onto V/M,
let v € V be given, and choose n with g(n) = v+ M. Thenn + M = v + M, and
hence v — nisin M. This saysthat V.= M + N.

Consequently g|, : N — V/M is an isomorphism if and only if M N N = 0
and M + N = V, and we know from Proposition 2.30 that this pair of conditions is
equivalent to the single condition V. = M & N.

23. If A~! has integer entries, then det A and det A~! are integers that are recip-
rocals, and we conclude that det A = +1. If det A = %1, then Cramer’s rule shows
that A~! has integer entries.

24. When r = rank A, there exist r linearly independent rows. Say that these are
the ones numbered iy, ..., 7. Let A; be the r-by-n matrix obtained by deleting the
remaining rows. Since A; has rank r, it has r linearly independent columns. Say
that these are the ones numbered j, ..., j-. Let Ay be the r-by-r matrix obtained by
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deleting the remaining columns. Then A is a square matrix of rank r, is therefore
invertible, and must have nonzero determinant. In the reverse direction if some
s-by-s submatrix has nonzero determinant, then the rows of the submatrix are linearly
independent, and certainly the corresponding rows of A are linearly independent.
Thus s < rank A.

25. Let the expression in question be f(r) = Y ", a;e“’. Putr; = €. The

numbers r; are distinct. The fact that f(0) = f(1) = --- = f(n — 1) = 0 says
that the product of the Vandermonde matrix formed fromry, .. ., r, times the column
vector (ai, ..., ay) is the O vector. Since the Vandermonde matrix is invertible, it
follows that (ay, ..., a,) is the O vector.

26. The characteristic polynomial is A2—51+6 = (A—2)(A—3). The eigenvectors
for A = 2 are all nonzero multiples of ( ;), and the eigenvectors for A = 3 are all

nonzero multiples of (;)
27. Y, (CT'AC); = Y, ik (C™1ijAjCri = ik Ajk D Cri(C™hy =
2k Ajrdej = Ajj.

28. For n = 2, direct computation gives A> — ajA — ag. Similarly we obtain
A3 — a2? — ajh — ap when n = 3. We are thus led to the guess in the general case

that the determinant is A* — a,_ A"~ ! — .- — a1 — ap. This is proved by induction,
using expansion in cofactors about the first column. The term from the (1, 1) entry,
by the inductive hypothesis, is A —q,_ M2 ... —ay), and the term from the

(1, n) entry is (—1)"*t1(—ap) det B, where B is a lower triangular matrix of size n — 1
with —1 in every diagonal entry. Then det B = (—1)"~!, and substitution completes
the induction.

29. In (a), we have det(A] — AB) = det(A(AA™' —B)) = det AdetL A~ —B) =
detrA~! — B)det A = det((AA~! — B)A) = det(A] — BA).

For (b), we know from the fact that the characteristic polynomial of A is a polyno-
mial that there are only finitely many € for which A + €/ fails to be invertible. Thus
there is some €y > O such that A + €[ is invertible when 0 < € < ¢y. By (a), these
e’shave det(A] — (A+¢€l)B) = det(Al — B(A+ €1)). Since det is a polynomial in
the entries of the matrix it is applied to, det(AI — C) is a continuous function of the
entries of C. Taking C = (A + €I)B and then C = B(A + €1)), and letting € tend
to 0, we obtain det(Al — AB) = det(Al — BA).

30. In R!, let the n'™ spanning set consist of {(r) | 0 < r < 1/n}. These each
span R, but their intersection is empty and the empty set does not span R!.

31. Let {vy} be a basis of V. For each «, define a member v/, of V' by saying
that v),(vg) is 1 for 8 = « and is O for B # «. In addition, let wo be the member
of V’/ that is 1 on each V,. Arguing by contradiction, suppose that wy is in ¢(V).
Then we can write wg = Y peF CB t(vg) for some finite set F, and for each o we
have wy(v;,) = ZﬂeF cpL(vg)(vy) = ZﬂeF cgv,, (vg). The right side is nonzero
only if some 8 € F has fo (vg) # 0, i.e., only if  is in F'. On the other hand, the
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left side is 1 for every «. For this equality to happen for all « forces F' to be infinite,
contradiction.

32. Ann(M + N) € Ann M, and Ann(M + N) C Ann N; thus Ann(M + N) C
AnnM NAnnN. If v/ isOon M and is O on N, then it is 0 on M + N. Hence
Ann(M 4+ N) D Ann M N Ann N.

33. Ann(M N N) D Ann M, and Ann(M N N) D Ann N; thus Ann(M N N) D
Ann M + Ann N. Let {u,} be a basis of M N N, let vg be vectors added to {uy} to
obtain a basis of M, and let w,, be vectors added to {u} to obtain a basis of N. Then
{ug} U {vg} U {w,}is a basis of M + N. Let x5 be vectors added to this to obtain a
basis of V. If v’ is given in Ann(M N N), define v’l to be v’ on all the basis vectors
but the vg, where it is to be 0, and define v, = v" — vj. Then v’ = v| 4 v} with
vj € Ann M and v, € Ann N. So Ann(M N N) € Ann M + Ann N.

34. Let v be in M, and let v/ be in Ann M. Then t(v)(v') = v/(v) = 0. This
proves (a).

For (b), Propositions 2.19 and 2.20a give dimAnnM = dimV’' — dimM
and dim Ann(Ann M) = dimV” — dimAnn M = dimV” — (dim V' — dim M) =
dimM = dim:¢(M). This equality in the presence of the inclusion (M) C
Ann(Ann M) implies t(M) = Ann(Ann M) by Corollary 2.4.

For (c), let V be as in Problem 31, and put M = V. Then Ann(M) = 0 and
Ann(Ann M) = V" #£ (V).

35. Parts (a) and (b) follow by writing out individual entries of the products as
appropriate sums.

36. If A or D is not invertible, then suitable row operations on the matrix on the left
side exhibit the matrix on the left as not invertible, and hence both sides are 0. Thus
we may assume that A~! and D~! exist. Problem 35c allows us to decompose the

. . ABY _ (AO0\(10\(IA'B .
given matrix as (0 D) = ( o [) ( 0 D) (0 , ) The determinant of the product

is the product of the determinants. Using the defining formula for det, we see that the
first two determinants from the right side are det A and det D. The third determinant
is 1 since the matrix is triangular with 1’s on the diagonal.

37. In effect, we do row reduction with blocks, taking advantage of Problem

ABY _ (A0 I A7'B\ _ (A0 10 I A'B
35¢c. We have (CD) - <0 1><c D ) - (0 1)(c 1)(0 D7CA*'B)' Tak-

ing the determinant of both sides and using Problem 36, we obtain det (2 g) =

(det A)det(D — CA™'B) = det(AD — AC A™'B), and this equals det(AD — C B)
since AC = CA.

38. The matrices (‘8) and (B0) are of size n-by-n, and their products in

the two orders are (AOB (0)) and BA. Problem 29 shows that det ()Jn - (AOB 8))
= det(Ll,, — BA). The left side equals A~k det(A\ I, — AB), and the result follows.
39. Substitute the definitions of the determinants of A(S) and Al (S) into the right

side, sort out the signs, and verify that the result is the defining expression for det A.
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40. Expansion in cofactors about the last row gives det A,, = (A;,), det ml —

(An)n—1.n det (Af)n\_l,n = 2det A,_| + det B, where B in block form is the square
An—2
0
the last row shows that det B = — det A,,_», and the stated formula results.

41. Inspection gives det A = 2 and det Ay = 3. The function f with f(n) =
det A, — (n+ 1) thushas f(1) = f(2) =0and f(n) =2f(n — 1) — f(n — 2) for
n > 3, and it must be O for all n > 1.

matrix of size n — 1 givenby B = _(1) ) Expansion by cofactors of det B about

42. The only changes in (a) are notational. For (b), we computedet C; = detC3 =
2, and the formula det C,, = 2 follows as in Problem 41.

43. For (b), we interchange the first two rows and then interchange the first two
columns. The determinant does not change.

44. For (b), we interchange the third and fourth rows and then interchange the
third and fourth columns. For (c) we change the list of rows and columns of A, from
1,2,3,4,5t03,5,4,2, 1.

45. The area of the rectangle is (a + b)(c + d), the two trapezoids have areas
%d(a + (a+b)) and %a(d + (c +d)), and the two triangles have areas %ac and %bd.
The difference is bc — ad. The answer is independent of the picture except for a sign.
Thus the answer is the absolute value of the determinant.

46. The geometric effect is to leave the left edge where it is and to translate the

right edge parallel to itself in the same direction. The area is unchanged because the

parallelogram can still be regarded as having base from (8

) to (Z) and having the
same distance between the parallel sides. The algebraic effect is that of the column

operation of replacing the second column by the sum of it and s times the first column.

47. Right multiplication by ( ; (1) ) leaves the bottom edge where it is and translates

the top edge parallel to itself in the same direction; algebraically it corresponds to

the column operation of replacing the first column by the sum of it and ¢ times the
1
0
of the parallelogram and corresponds to interchange of the two columns of the matrix.

second column. Right multiplication by (? ) interchanges the left and bottom sides

Right multiplication by (g (1)) corresponds to stretching the left side by a factor of ¢
if ¢ > 0, along with reversing the direction if ¢ < 0, and the algebraic effect is the
column operation of multiplying the first column by g. The effect of ((1) ?) is similar
but affects the bottom edge instead of the left edge.

48. The roles of rows and columns are interchanged by the transpose operation,
and the determinant is unaffected by transpose according to Proposition 2.35. In
view of Proposition 1.29, A can thus be put in reduced column-echelon form by a
sequence of column operations, each of which corresponds to right multiplication

by a suitable elementary matrix. The result is an equality saying that the product
of A and some elementary matrices is the identity. Using inverses shows that A is
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the product of elementary matrices. The product can be applied a step at a time to
the cube determined by the standard basis, and each step either preserves volume or
multiplies it by a known factor, up to a minus sign. The product of these numerical
factors is the determinant, up to a minus sign. Hence the volume of the parallelepiped
has to be the product of these factors, with its sign made positive.

Chapter III

L. Since Tr B*A =3}, ; Ajj Bi;, the inner product is the usual inner product on the
n? entries. Then (a) and (b) are immediate. For (c), (a) gives the result of Parseval’s
equality relative to the orthonormal basis in (b).

For (d), let U be the unitary matrix with columns uy, ..., u,, i.e., the matrix

(ZIF ), where I = (uy, ..., u,) and X is the standard ordered basis. Then || A||%IS =
Tr(A*A) = Tr(U~'A*AU) = Y, 1(AU);j > = Y2, 1 Auj|?, and this equals
Zl., j [v} Auj | by Parseval’s equality.

, In (e), W+ consists of all matrices that are 0 along the diagonal. It has dimension
n° —n.

2. The system has unknowns cy, cy, .. ., ¢, Where p,(x) = co+cix+- - -+cpx",
and the kth equation, for 0 < k < n, comes from the equality for f(x) = xk, namely
2R =Y G+ k+ D7 e

3. (LM)* = M*L* = ML isequal to LM if and only if LM = ML.

4. A vector u is in ker L if and only if (L(u), v) = O for all v, if and only if
(u, L*(v)) = 0 for all v, if and only if u is in (image L*)*.

5. There are none. The characteristic polynomial has no real roots, but all roots
must be real if A is Hermitian.

6. The map vy — (L(v1), v2)2 is a linear functional on V; and hence is given by
the inner product with a unique member u; of Vi, i.e., ((L(v1), v2)2 = (v1, u1)1, and
we define this element u; to be L*(v2). We readily check that L* is linear, and (a) is
then proved. The proof of (b) proceeds in the same way as in the case that V| = V5.

7. In (a), if visin ST N T+, then v is in V- = 0. Thus S+ + T is a direct
sum. We have dim V = dim S +dim 7 = (dim V —dim §*) + (dim V —dim 7+) =
2dimV — dim S+ — dim T1. Therefore dimV = dim(S+ + T1). The inclusion
plus the equality of the finite dimensions forces V = S+ + T+,

In (b), let A be O or 1. Then E*u = Au if and only if (E*u, v) = A(u, v) for all
v, if and only if (1, Ev) = A(u, v) for all v. When A = 1, this says that E*u = u if
andonly if u L (I — E)v for all v, hence if and only if # L T, hence if and only if u
isin T+. When A = 0, it says that E*u = 0 if and only if u L Ev for all v, hence if
and only if u L S, hence if and only if u is in S*.
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8. The formulas of the Gram—Schmidt orthogonalization process have v; =
cj(ge) + 3°; - aijvi with ¢j > 0. Therefore ge; = C;lvj + i< bijvi, and

gy =2, kg =Y, (k" Hiu(ge))
= o' D@+ Y e K ithm (o)
= Cj_l (k_lvj)i + Zm<j bmj(k_lvm)i = Cj_l(sij + Zm<j bijim.

If i = j, the right side is c;' and is positive. If i > j, then every term on the right

side is 0. Thus k! g is upper triangular with positive diagonal entries. Since k carries
the standard orthonormal basis to the orthonormal basis {vy, ..., v,}, k is unitary.

9. For (a), the Spectral Theorem and Corollary 3.22 show that A is similar to a
diagonal matrix with positive diagonal entries. Thus det A > 0. In (b), we specialize
the inequality X’ Ax > 0 to x’s that are 0 except in the entries numbered iy, . . ., iy, and
we find that the submatrix is positive definite. Then the result follows from Corollary
3.22.

10. Take g = +/A in Problem 8 and obtain ~/A = kr with k unitary and 7 upper
triangular with positive diagonal entries. Then A = (WA*(VA) = (kr)*(kt) = t*t.

11. The roots of the characteristic polynomial are %(a—l—d—}—s) and % (a+d—s), where

1 Ya+d+s) 0
s =(@a—d)?+4bP. Letr = Y(—~a +d +s). Then D = (2 5 %(M_S))

and U = (b* +r?)~1/2 (l: _lr;).

12. In (a), the conditions ad — |b|> > 0Oanda +d > 0 together are necessary

/1
and sufficient. In (b), let VD = ( z(a;rdﬂ) ﬁ), and let U be as in the

previous problem. Then the positive definite square root of A is U~/D U~".

13. The Spectral Theorem shows that A has a basis of eigenvectors, each with a
real eigenvalue. If v is an eigenvector with eigenvalue A, then v’ Av = 0 says that
Allv]I? = 0. So every eigenvalue is 0, and A, being similar to a diagonal matrix, has
to be 0.

14. Choosing a basis of eigenvectors, we may solve the corresponding problem
for diagonal matrices. Thus let A be a diagonal matrix, and assume, without loss
of generality, that Ajy = --- = Ay = 1 and A;; # 1 for j > k. Then the given
equation (/ — A)%y = (I — A)x says that (1 — A;;)%y; = (1 — Aj;)x; forall j. Thus
define y; to be 0 if j < k, and choose y; = (1 — A;;)"'x; for j > k.

15. LL* = (UP)(UP)* = (PU)(PU)* = PUU*P = P?> = PU*UP =
(UP)*(UP) = L*L.

16. The family has a basis of simultaneous eigenvectors, and the matrices are all
diagonal in this basis. So the answer is the dimension of the vector space of diagonal
matrices, namely 7.
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17. In (a), ¢!G(vy,...,v5)C = Zi,j ci(vi, vj)c; = (Zl CiVi, Zj Q/vj) =
letvy + - -+ + cuuull>. Thus Corollary 3.22 shows that G(vy, ..., v,) is positive
semidefinite. Moreover, |lcjv; + --- 4+ c,v,[|> = 0 for some ¢ # 0 if and only
if vy, ..., v, are linearly dependent. Thus G(vy, ..., v,) is definite if and only if
V1, ..., U, are linearly independent. We know that a positive semidefinite matrix is
definite if and only if it is invertible, and thus det G(vy, ..., v,) > 0 if and only
if vy, ..., v, are linearly independent; this proves (b). In (c), equality holds in the
Schwarz inequality if and only if the two vectors are linearly dependent, i.e., if and
only if one of them is a multiple of the other.

18. This is immediate by induction.

19. For (a), the left side is D*(X"T!) = (n + 1)D(X"X’). Comparing with the
expected right side, we see that we are to show that

nD(X"X') = 2n + DnX"X" + 4n’x"1.

The left side equals nX"~! times n(X’)?> + XX”, while the right side equals
nX"~! times (2n + 1)X” X + 4n. Since

n(X/)2 + XX" =4nx*>+2x> =2
—(@Gn+2)x>—@An+2)+4n=Q2n+ DX"X + 4n,

(a) is proved.
For (b), the Leibniz rule gives D"(X'Y) = X'D"Y + nX"D"'Y for any Y.
Meanwhile, application of D" 1o (a) yields

D" XY = 2n + HD'(X'X™) — n(2n + DX"D" N (X") — 4n® D" (X" h).

Substituting with ¥ = (2n + 1) X", we obtain (b). The recursion in conclusion (c)
follows immediately by multiplying by (2" !n!)~!.

For (d), conclusion (c¢) and the definition of P, show that Q,, = P, — R, satisfies
Qo= Q1 =0and (n+1)Qn+1(x) —2n+1xQy(x) —nQu—1(x). Thus Qn(x) =0
for every n by induction.

20-21. Write X = x2 — 1. Since X" = (x — 1)" f(x), the function X" has all
derivatives through order n — 1 equal to 0 at x = 1. The same conclusion applies
also at x = —1. If m < n, integration by parts gives
JL DM(X™ D (X" dx = [D"(X™) D" (X)L, — [ D" (xm™) D (X" dx

- _ /‘711 Dm+1(Xm)Dn_1(Xn)dx
== (=D ! DR (XM DR (X dx
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for k < n. If m < n, then taking k = m + 1 gives 0 on the right side because
D>+ (X™) = 0. If m = n, then taking k = n gives (—1)" f_ll X"D*(X")dx =
(—=D"*(2n)! f_ll X" dx on the right side. Therefore

n 2 n 2
(D"(X™), D"(X") = (=1)"@m!(~ 1" 3Ghr = 2

and (P, P) = 527

22. The expansion for (a) is
D"(D(X")X]
= D" (D(X")X + (n+ D" (D(X")NX' + sn(n + HD" ' (D(X") X"
= XD*(D"(X")) + (n + DX'D(D"(X")) + n(n + )X D" (X"),

and the expansion for (b) is

Dn+l[(D(Xn))X] — Dn-‘rl(nxnx/) — Dn+l(nxn)X/ + (n _|_ 1)Dn(nxn)X//
= nD(D"(X")X' +n(n + 1)D"(X")X".

Thus, for (c), we get (x2 = 1)D*(P,(x)) + (n+1)2x D(P,(x)) + %n(n +1)2P,(x) =
nD(P,(x))2x + n(n + 1) P,(x)2. This simplifies to

(x2 — I)P,;’ +2(n + l)xP,; +nn+ 1P, = 2nxP,; +2n(n+1)P,

and then to (1 — xz)P,;’ —2xP,+nn+1)P, =0.

24. In Problems 24-28, there is no difficulty with addition, and we have to check
something only about scalar multiplication. For Problem 24, we need to check in V
that (ab)v = a(bv), lv = v, a(u + v) = au + av, and (a + b)v = av + bv. These
are satisfied in V because the identities (ab)v = a(bv), lv = v, a(u +v) = au +av,
and (a + b)v = av+bv holdin V.

25. We are to see that L respects scalar multiplication, and the argument is that
L(cv) = L(cv) = cL(v) = cL(v).

26. We have (au, bv)y; = (bv, au)y = ab(v, u)y = ab(u, v)y, as required.

27. Let £ in V' correspond to v in V, so that £(u) = (u, v)y = (v, u)y. Then
£ in V' corresponds to v in V, while (c£)(u) = c(v, u)y; = (cv, u)y; shows that cf
corresponds to cv in V.

28. Let £ in V' correspond to v in V. Then L’ (€)(u) = £(L(u)) = (v, L(u))y =
(v, L(u))y; = ((L)*(v), u)y, and this says that L (€) corresponds to (L)*(v), i.e., L'
corresponds to (L)*.
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29. In (a), it is enough to check the result for p and ¢ equal to monomials, and
(b) is a direct calculation. In (c), let p(x) = >_ Ck.,...,knxfl . -x,’i”. The bilinearity
and (b) show that (p, p) = Z(ckl,.,_,kn)z(xlf‘ . -xﬁ”, x{{‘ .. -x,li”), and this is positive
unless all the coefficients are 0.

30. The polynomial p is in Hy if and only if d(|x|*)p = 0, if and only if
(8(|x|2)p, q) = 0 for all ¢ in Vy_5, if and only if 8(q)(8(|x|2)p) = 0 for all ¢ in
Vn_2, if and only if 8(|x|>q)p = 0 for all ¢ in Vy_», if and only if (p, |x|>q) = 0
for all ¢ in Viy_», if and only if p is in (|x|?Vy_2)".

31. Problem 30 gives Vy = Hy @ |x |2V _2, and we iterate this decomposition.

32. A basis of |x]?V5 is {|x|>x?, [x|>x1x2, [x|?x3}. Apply the Gram—Schmidt
orthogonalization procedure to obtain an orthonormal basis {|x|%u1, |x|?u2, |x|>us},
and write x? + yf = hg4 + Z;-Zl (xf + yf, |x|2uj)|x|2uj. Then h4 is harmonic by
Problem 30. A basis of |x|*Vj is |x|2, and hence an orthonormal basis consists of
the single vector w = |||x|?||~!|x|>. Write u; = ho ; + (uj, w)w for each j, and
substitute. Each A ; is harmonic. Then we have

x4yt =ha+ X1, o+l I Puplx P (ha + (uj, wyw)
=ha+ xP Y02, O + 01 IxPupha,
It 00 Gf + y xPug) g w) ] x 2!

with h4 in Hy, each hy j in H,, and the last sum in Hp.

33. Let P be the positive semidefinite square root of B. Then AB = AP P, and
hence det(Al — AB) = det(LI — P AP). Consequently AB has the same eigenvalues
as PAP. The latter is positive semidefinite since (P APv, v) = (A(Pv), Pv) > 0.
Therefore all the eigenvalues of AB are > 0.

34. Since (P"'ABCP 'v,v) = (ABC(P~'v), P~'v), ABC is positive
semidefinite if and only if P"'ABC P~! is positive semidefinite, if and only if
P~'ABC P! has all eigenvalues > 0. But P~' ABC P! has the same eigenvalues
as ABCP~'P~! = AB, which has all eigenvalues > 0 by the previous problem.

Chapter IV

1. Ifa®> = b*> = (ab)> = 1, thena™! = a, b~ = b, and (ab)™' = ab. So
ab = (ab)™' =b7'a"! = ba.

2. Number the vertices counterclockwise as 1, 2, 3, 4. The motions in D4 are then
given by permutations as 1, (1 2)(3 4), (1 42 3), 1 3),(2 4,1 2 3 4),
(132 4, 43 2).

2A. In (c), the result follows from (a) and (b) if r # 0. If r = 0, both sides are 1.
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3. Choose integers x and y with x/ + y|G| = 1. Then a = "6l =
(@)*(a'®1)? = (a")* since a!®! = 1, and this is a power of an element of H.
4. Define ¢ : G — G’ by ¢(a) = a. Then ¢(a) o p(b) = aob = ba = ¢p(ba) =
@(aob). From this equality it follows that G’ is a group and that ¢ is an isomorphism.
5. Forn > 0, (ab)" = abab---ab = a"b"; also (ab)™ = ((ab)~))" =
B laH = @ H = @ HreH" = a"b™". In Gz, a > a?isnot a
homomorphism since four elements are sent to 1 and since 4 does not divide |S3| = 6.
6. Define ¢ : H x K — HK by ¢(h,k) = hk. What needs proof is that
members of H commute with members of K. If 4 is in H and k is in K, then
(hkh~"Yh = hk = k(k~'hk). Since H and K are normal, hkh~! is in K and
k~'hk isin H. Then k~!(hkh~") = (k~'hk)h~! and H N K = {1} together imply
k='(hkh™") =1 = (k~'hk)h~" = 1. From the first of these, k = hkh~'. Therefore
hk = kh.

7. Since GCD(1234, 8191) = 1, there exist x and y with 1234x + 8191y = 1,
and x and y can be found explicitly by the Euclidean algorithm of Section I.1. For
this x, 1234x = 1 mod 8191.

8. The members 1,2, ..., p — 1 of ¥, are roots of xrl—1=0. By iterated use
of the Factor Theorem, X?~! — 1 = (X — D(X —2)--- (X — (p — 1)) Q(X), and
Q(X) must have degree 0. Checking the coefficient of X?~! on both sides shows
that Q(X) = 1. Evaluating at X = 0 gives —1 = (=1)(—=2)--- (—(p — 1)) mod p.
Since p is odd, this equation reads (p — 1)! = —1 mod p.

9. Corollary 4.39 shows that such a group has to be abelian, and Theorem 4.56
shows that it is the direct sum of cyclic groups. Thus it must be C )2 or C), x Cp, up
to isomorphism.

10. If y = axa™!, then y" = ax"a~'. This proves (a). Also, ba = a~!(ab)a
shows that ba and ab are conjugate. This proves (b).

11. There are four classes: C; = {1},Co = {(1 2)(3 4), (1 3)(2 4), (1 4)(2 3)},
C3={(123),341),1214),d32)},C4={(132),314), (241), 423)}.
The centralizer of the first element of each class is 24 for Cy, C; U Cy for C»,
{(1 2 3), (1 3 2)} for C3 and C4. Since 24 has no element of order 6, it has no
subgroup Cs. In a subgroup &3, an element of order 3 is conjugate to its square, but
no element of order 3 in %4 is conjugate to its square.

12. A subgroup of order 30 would have index 2 and would thus be normal, in
contradiction to Theorem 4.47.

13. This is a special case of Proposition 4.36.

14. Since H is normal, G acts on H by conjugation. The number of elements in
an orbit has to be a divisor of |G|, and the smallest divisor of |G| apart from 1 is p, by
hypothesis. Since {1} is one orbit and there are only p — 1 other elements in H, each
orbit must contain one element. Therefore ghg™! = h foreach g € G and h € H,
and each & is in Zg.
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15. Certainly the inner automorphisms are closed under composition and inversion
and therefore form a subgroup. If ¢ is an automorphism and v is the inner automor-
phism ¥ (x) = axa™', thenpoyop~ ! (x) = ¢(ap™ ' (x)a™") = p(a)xp(a)~! shows
that ¢ o ¥ o ¢! is inner. Hence the subgroup of inner automorphisms is normal.
Define a mapping ® of G into the inner automorphisms by ®(a) = {x > axa™'}.
Then @ (ab) = ®(a)P(b), and hence P is a homomorphism. Certainly & is onto the
inner automorphisms, and its kernel consists of all elements a € G with axa ' =x
for all x, hence consists of all a in Zg. Thus ® exhibits G/Z¢ as isomorphic to the

group of inner automorphisms.

16. Part (a) is proved in the same way as Lemma 4.45. For (b), choose m = 8;
then AutC,, is C> x C>.

17. In (a), each Cy is a conjugacy class, by Proposition 4.42, and it is evident that
the Cy’s are the only conjugacy classes whose members have order 2. If x and y are
in &, then 7(xyx~!) = t(x)7(y)r(x)~! shows that t carries any conjugate of y to
a conjugate of t(y). Therefore conjugacy classes map to conjugacy classes under t,
and 7(C}) has to be some Cy.

In (b), the number of ways of selecting 2k elements from #z is (z"k) For each
of these, the number of ways of selecting k unordered pairs of elements from 2k
elements is the multinomial coefficient ( ’’’’’ 2) Qk) ' . Although the individual pairs
are unordered, this enumeration counts one for each different ordering of the k pairs.
There are k! orderings, and hence the multinomial coefficient must be divided by k!
to discount the enumeration of the pairs. Thus |Cy| is the product of the integer (;’k)

and the integer (2212,!.
In (c), we saw in (b) that N} = (zzkkk), is always an integer. Let us bound it below.

Canceling every even factor of the numerator by a factor of k! and a factor of 2%, we
see that Ny = 2k — 1)(2k —3)(2k — 5) - - - (3)(1). Thus Ny > 2k — 1 with equality
only if 2k — 1 = 1, in which case k = 1. Also, Ny > (2k — 1)(2k — 3) with equality
holding for a value of k > 1 only if 2k — 3 = 1, in which case k = 2.

Now let us compare |Cy| and |C1|. We have Ny = 1. Also, |Cy| = (5;) S =
Ni(;) and |C1| = Ni(5) = (5). The easy comparison is that |C¢| > (5;) and this
is > (g) = |Cq| unless k = 1 or |[n — 2k| < 2. Thus |Cg| > |C1| unless k equals 1
or %n or %(n —1)or %(n — 2). We can discard k = %(n — 2) because in this case
ICxl = Ni(5) > Ni(5) = |C1| except when k = 1.

Consider k = 1(n — 1) with k > 1. Then |Cy| = n(n — 1) = nk and |C¢| =
Ni(," ;) = nNi. From above, the latter is > n(2k — 1) > nk = |Cy|.

Finally consider k = %n with & > 1. Then |C;| = %n(n — 1) = (n — 1)k and
|Ck| = Nk(Z) = Ni. From above, the latter for k > 1is > 2k — 1)(2k — 3) =
(n —1)(n — 3), and thisis > (n — 1)k = |C1| unless k > n — 3. Whenk > n — 3,
we obtain %n >n—3andn < 6. Since k = %n, n has to be even with n < 6.
The case n = 6 (with k = 3) we are allowing, and the case n = 4 with k = 2 has
|C2| =3 # 6 = |Cq]|. Thus the only exceptions have k = 1 or n = 6.
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18. In the composition series given for G4 in Section 8, take G to be 24, N to
be the 4-element subgroup in the series, and M to be the 2-element subgroup. For
another example, take G to be the dihedral group D4, N to be the cyclic subgroup of
the 4 rotations, and M to be the 2-element subgroup of N.

19. If GCD(r,s) = 1, define a homomorphism ¢ : Z — (Z/rZ) x (Z/sZ)
by ¢(n) = (nmodr,n mods). This is O for n = rs. Thus it descends to a
homomorphism ¢ : Z/rsZ — (Z/rZ) x (Z/sZ). The kernel of ¢ consists of
all integers n divisible by r and s. Since r and s are relatively prime, such integers
are divisible by rs. Thus ker ¢ = rsZ, and @ is one-one. Since the domain and range
have the same number of elements, ¢ is onto.

Conversely if GCD(r, s) # 1, then some prime p divides bothr and s. The number
of elements in C,; of order p is then p — 1, while the number of elements in C, x C;
of order pis p(p — 1)+ (p — 1) = p> — 1. So C,y cannot be isomorphic to C, x Cj.

20. Three, namely C»7, C9 x C3, and C3 x C3 X C3.

325

21. The matrix relating the bases is C = <0 1 3). A row interchange and a
015

103
column interchange move the entry 1 in the center to the upper left and give | 23 5 >

103
Two row operations and one column operation eliminate the other entries in the first
10 0

column and first row, yielding (0 3 -1 > The remaining steps pass from there to
00 2

1 00 10 0 10 0 100
<0—13>|—> (01—3)»—> (01—3>v—> <010).
0 20 02 0 00 6 006
Hence H =7Z ®7Z ® 6Z,and G/H = C.

22. Let the four generators for G be x1, x, x3, x4, and let the four generators for H
be yi, ¥2, v3, y4. Since each is linearly independent over Q, it is linearly independent
2-1 0 0
-1 2-1-1
0-1 0 2
0-1 2 0

over Z. The matrix of the y;’s in terms of the x;’s is C = . The

1000

reduction procedure on this leads to g (]) g 8 . Hence G/H = C, x C».

0002

23. Each step of row reduction or column reduction preserves the rank of the matrix
as a member of M,,,,(Q) since row rank equals column rank. Following through the
steps of the procedure, we may assume that the matrix is diagonal with diagonal
entries D1y, ..., Dp, with Dj; # 0 exactly for 1 < j <r. Then H = @;zl Dj;Z,
and we can read off that H has rank r and the QQ rank of the matrix is r.

24. Let G be an abelian group, and let G = @gec Z. For each g, form the
homomorphism ¢, : Z — G given in additive notation by ¢¢(n) = ng. Then the
universal mapping property of direct sums gives the desired homomorphism of the
free abelian group G onto G.
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25. For (a), right translation by any element of H N K sends x H to itself and yK
to itself, hence sends x H N y K to itself. Therefore x H N yK is a union of left cosets
of HN K. We are to see that at most one left coset is involved. Thus suppose we have
two elements g; and g, in x H N yK. Write g1 = xh| = yk; and g» = xhy = yk».
Then g5 'g1 = hy'hi = k; 'k, and g; ' g1 is exhibited as in H N K. So g is in
g2(HNK).

For (b), if the sets x1 H, ..., x,, H exhaust G and the sets y; K, ..., y, K exhaust
G, then G is the union of the mn sets x; H N y; K. By (a), G is exhibited as the union
of < mn left cosets of H N K.

26. Returning to Problem 23, we see that H = @?:1 D;;Z with each D;; # 0.
Then the index of H in G is [[}_; Dj;.

27. In (a), take H, = {(1), (1 2)(3 4), (1 3)(2 4), (1 H(2 3), (1 3), (2 4),
(1 23 4), (1 43 2)}. The number of such subgroups is 2k + 1 and divides 3.
Since H, is not normal, the number is > 1. Therefore it is 3.

In (b), take Hz = {(1), (1 2 3), (1 3 2)}. The number of such subgroups is
3k + 1 and divides 8. Since H3 is not normal, the number is 4.

28. Disproof: In &3, take H = {(1), (1 2)}. Then N(H) = H, and this is not
normal.

29. Since 168/7 = 24, the number of Sylow 7-subgroups is 7k + 1 and divides 24.
The group G is assumed simple, and so k % 0. Then k must be 1, and there are 8
distinct Sylow 7-subgroups. Any two of these intersect only in the identity, and each
contains 6 elements of order 7. Hence there are 48 elements of order 7.

30. The number of Sylow g-subgroups is gk 4 1 and divides p, hence must be 1.
So S, is normal, and the set S}, S, of products is a subgroup. An argument in the proof
of Proposition 4.60 shows that each element of G is uniquely a product of a member
of S, and a member of S, and hence G is a semidirect product.

31. Let I" be the set of subgroups conjugate to H, and form the action G xI' — T
by conjugation. The isotropy subgroup at H is N (H), which must have index 1 or
index p in G. If it has index 1, then H is normal, and |I"| = 1. Otherwise it has index
p. Then N(H) = H, the orbit of H has |G|/|H| = p elements, and |I'| = p.

32. In (a), the subgroup H is a Sylow 2-subgroup, and the number of its conjugates
must then be 2k + 1 and divide 24/8 = 3. Since H is assumed not normal, the number
of conjugates has to be 3.

In (b), call the conjugates H, H’, and H”. Each member g of G acts on the
set {H, H', H"} by conjugation of the subgroups, sending H to gHg~!, H' to
gH'g™ !, and H” to gH” g~ '. The result is that we obtain a function ® from G to the
permutation group &3 on {H, H’, H”}. This function @ is a group homomorphism.

In (c), the subgroup ker @ is normal, and it is enough to show that this subgroup is
neither {1} nor G. The image of ® is not the identity subgroup since some member
g of G has gHg™! = H’; thus ker ® # G. Since 24/|ker ®| = |G|/| ker ®| =
| image ®| < 6, we have 6| ker ®| > 24 and | ker ®| > 4; thus ker ® # {1}.
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33. Let H be a Sylow 3-subgroup, of order 9. If H is normal, then G/H is a
subgroup of order 4, necessarily either C> x C, or C4. Both of these groups of order
4 are isomorphic to subgroups of G4, and thus there is a nontrivial homomorphism
of G onto a subgroup of order 4 in S4.

If H is not normal, then the number of conjugates of H is 3k + 1 and divides
4. Then the number of conjugates must be 4. Arguing as in the previous problem
we obtain a homomorphism of G into G4 by having each element of g map to the
corresponding permutation of the conjugates of H. This homomorphism is nontrivial
since H can be moved to any of its conjugates by some element of G and since the
number of such conjugates is > 1.

34. Let K be a Sylow g-subgroup. The number of conjugates of K is of the form
kg + 1 and divides 2p. If k = 0, then K is normal. This conclusion disposes of (a)
and the first statement of (b) for this case. We come back to the remainder of (b) for
this case in a moment.

If Kk > 1, then kg + 1 < 2p is impossible since p < g. Thus the only other
possibility besides k = 0is k = 1. Then g + 1 divides 2p. So g + 1 equals 1, 2, p, or
2p. Since g > p, the only possibility is ¢ + 1 = 2p. This completes the argument
for (a).

For the rest we may assume that ¢ + 1 = 2p. If either of H or K is normal, then
an argument in the proof of Proposition 4.60 shows that H K is a subgroup with pg
elements. Since 2p = g + 1, p divides g + 1. If p also divides g — 1, then p divides
the difference, which is 2, and we obtain a contradiction. So p does not divide g — 1,
and Proposition 4.60 shows that H K is abelian, hence cyclic.

Thus we are reduced to the situation that g 41 = 2p and K is not normal; we are to
prove that H is normal. We have seen in this case that the number of conjugates of K
is ¢ 4+ 1, and hence the number of elements of orderg is (¢ +1)(g—1) =2p(g—1) =
2pg—2p. The number of conjugates of H is of the form/p+-1 and divides 2¢g. If/ = 0,
then H is normal, and we are done. If/ > 1, then the number of elements of order p is
(Ip+1)(p—1) = (p+1)(p—1) = p*—1. Thus the total number of elements of order
1, p,orgis > 1+(p*=1)+Q2pg—2p) = 2pg+(p—1)*—1 = 2pq+2°—1 > 2pq,
and we have obtained a contradiction.

35. Certainly ¥ is one-one and onto. For (h, k) and (h’, k') in H x,, K, we have
Y ((h, (' k) = Y (b, (@2)p-1 (k)K) = (@ (hl), (@2) -1 (K)K)
and
Y, Y K = (), D) (@), k) = (p(hh"), (91 -1 K)K).

The right sides are equal because (p2)-1 = (@10 ¢) -1 = (P11 = (P )1+

36. Again v is visibly one-one and onto. The formula for ¢; in terms of ¢ is
given more concretely as (¢2)(k) = a((g)n(a~'(k))). For (h,k) and (b, k') in
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H x4, K, we then have

Y k) K) = Yl (@)1 (K)K)
= (hh'. a(((@1)y-1 k)K)) = (', a((@1)y-1 (0))a (k)

and

V(Y K = (hat) (B ak)) = (b, ((92)p-1 (@(k)))ak))
= (nh', (a((@1)w-1 @ (@(k)))))ak)).

The right sides are equal because a ! (a(k)) = k.

37. An action of Cj, on C; is a homomorphism of C,, into AutC, = Cy ;. If a
is a generator of C, and b is a generator of Cy_, we may assume that a b* for
some k. Since the action is nontrivial, 0 < k < g — 1. Then 1 = a” maps to b,
and therefore b*” must be 1. This means that kp must be a multiple of ¢ — 1. So
kp =r(g—1). Since0 < k < g — 1, we see that p > r. Therefore p does not
divide r and must divide ¢ — 1.

38. Putn = (g — 1)/p. Leta be a generator of Cp, and let b be a generator
of AutC, = C,_. For reference, take v(a) = b". This defines a nontrivial
homomorphism of C), into C;_1. Any other one is of the form 7|(a) = bk with
0 < k1 < g — 1. As in the previous problem, we know that k; p = (¢ — 1). Hence
ki = nr for some r with 1 < r < p — 1. The mapping ¢(a’) = a@"* is then an
automorphism of C,, and 71(a) = b =b" =1(d") = (top)(a). Sot =T 0.
Problem 35 applies and yields the desired isomorphism.

40. For (a), D4 2 C4 2 C» 2 {1}, where Cj is the subgroup of rotations. For (b),
Hg D C4 2 Cp D {1}, where Cy4 is the subgroup {1, +i}.

41. For (a), the trivial subgroup, the whole group, and all subgroups of index 2
are automatically normal. The only other possibility is order 2. Since —1 is the only
element of order 2, the only subgroup of order 2 is {£1}. This is the center of Hg and
hence is normal.

For (b), the five conjugacy classes are {+i}, {j}, {*k}, {—1}, and {1}.

For (c), Problem 15 shows that the inner automorphisms form a normal subgroup
isomorphic to the quotient of Hg by its center. The center is {£1}, and thus the inner
automorphisms form a subgroup of the group of all automorphisms isomorphic to
Cy x C,. The nontrivial inner automorphisms multiply two of i, j, k by —1 and fix
the third one. In addition, the cyclic map i — j — k — i is an automorphism and
gives an automorphism of order 3. So is its square. One more automorphism fixes
i and has j — k — —j — —Kk. Consequently the group of automorphisms G acts
transitively on the set of six elements of order 4, and |G| = 6|H|, where H is the
subgroup fixing i. With i fixed, an automorphism can carry j to any of +j and +k.
Thus |H| = 4| K|, where K is the subgroup fixing i and j. Since i and j generate Hg,
K is trivial. Hence | Aut Hg| = 24.
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42. The only possible orders are the divisors of 8. If it were to have an element of
order 8, it would be cyclic, hence abelian. If all elements other than the identity were
to have order 2, it would be abelian by Problem 1. Hence it must have an element of
order 4.

43. Let C; be the subgroup generated by the element of order 2. Proposition 4.44
shows that G is a semidirect product C; x, K, and t has to be nontrivial for G to
be nonabelian. By Problem 16a, there is only one possibility for T. Since Dy is one
such semidirect product, G must be isomorphic to Dj.

44. Let the elements of K be the powers of i. By assumption every element
outside K has order 4. Thus i’ is the only element of order 2. Its conjugacy class
therefore contains no other element, and it is central. Let us write — 1 for this element.
No element other than +1 can be central since if the center has order 4, then it
commutes with any other element and together they generate an abelian G. So
Zg = {£1}. Next let j be an element of order 4 not in K. Define k = ij. We know
that j> = k? = —1, and thus the 8 elements are +1, i, &j, k. From k = ij, we
obtainkj = (i)(—1) = —i and similarly ik = —j. Finally we know that i and j do not
commute (since G would otherwise be abelian) and that neither ij nor ji is a power of
i or j. Thus ji has to be £k and cannot be k. So ji = —k, and we then obtain jk =i
and ki = j. Thus the multiplication table in G matches that in Hg, and we have an
isomorphism.

46. Suppose K = C4. If H acts nontrivially on K, then there is a nontrivial
homomorphism of H = C3 into Aut K = AutC4 = C;. Since C, has no element of
order 3, this is impossible.

If K = Cy x Ca, then Aut K = &3, the automorphisms being the permutations
of the set {(1, 0), (0, 1), (1, 1)}. Thus there are two nontrivial homomorphisms of C3
into Aut K. Since the elements of order 3 in G3 are conjugate in G3, Problem 36
applies and shows that the two resulting semidirect products are isomorphic. The
group A4 meets the conditions of this problem, and hence the given G must be
isomorphic to 4.

47. Certainly one of those conditions holds, and G is abelian if (i) holds. If (ii)
holds, then 7 has order 2, and 7 is determined by its kernel. Let us rewrite the group
K as Cy x C; with the second factor as the kernel of 7, so that t factors through to
a homomorphism of the first factor. Then (C2 x C2) x; C3 = C x7 (C3 x C3) =
Cy x7 C¢ = Dg. If (iii) holds, we have a nonnormal subgroup of order 4 in G, and
this does not happen in 244 or Dg.

48. If (iii) holds, the homomorphism C4 — Aut C3 has to be nontrivial and is then
uniquely determined since AutC3 = C,. This proves the uniqueness of the group
up to isomorphism. The group has 1 element of order 1, 3 elements of order 2, 2
elements of order 3, and 6 elements of order 4.

49. Let H be a Sylow g-subgroup, and let K be a Sylow p-subgroup. The number
of conjugates of H is of the form gk + 1 and divides p?. Since p is prime, gk + 1
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must be 1, p, or p2. If H is not normal, then k > 0 and we cannot have gk + 1 = p
since p < ¢; therefore gk + 1 = p2. In this case the number of elements of order ¢
is (gk+ 1)(g — 1) = p*(g — 1) = p*>q — p?, and a Sylow p-subgroup then accounts
for all the remaining elements. Consequently H not normal implies K normal.

Now let us analyze what k must be when gk = p? — 1. Since ¢ is prime, ¢ divides
p+1orgq divides p — 1. But the condition ¢ divides p — 1 is impossible since p < ¢,
and thus g divides p+-1. Since2g > p+¢g > p+1, wemustinfacthaveg = p+1.
Since all primes but 2 are odd, this says that p = 2 and ¢ = 3. We conclude that
either p2q = 12 or else the condition gk = p* — 1 is impossible; when gk = p? — 1
fails, we have seen that H is normal.

50. We form three distinct semidirect products, two with Sylow p-subgroup C 2
and one with Sylow p-subgroup C, x C,. For each a Sylow g-subgroup C, is
to be normal. We know from Problem 16a and Corollary 4.27 that the group of
automorphisms of the cyclic group C, is isomorphic with C,_;. We obtain one
homomorphism C,,> — C4—; by mapping a generator of C > to an element in C;—;
of order p? and a second homomorphism by mapping a generator of C p2 toanelement
in C4—1 of order p. The third semidirect product comes by having the first factor C,
of C, x Cp act trivially on C, and having the second factor act with a generator of
C), mapping to an element of order p in Cy_;.

51. The second and third groups constructed in the previous problem make sense
when p divides g — 1.

52. If p does not divide ¢ — 1, then p?q # 12. Problem 49 then shows that a Sylow
g-subgroup is normal. Hence the group has to be a semidirect product. The action
of a Sylow p-subgroup on Cy corresponds to a homomorphism of C 2 or C, x C),
into Cy4—1, and the condition that p not divide ¢ — 1 means that C ;2 or Cj, x Cp, must
map to the identity. Therefore the group is abelian.

53. In (a) and (b), the automorphism group of Z/9Z is given by multiplication by
the members of (Z/97)* = {1,2,4, 5,7, 8}. The element 4 has square 7 and cube 1
modulo 9, and hence the multiplications by 1, 4, 7 yield a group of automorphisms of
order 3 of Cy. Hence C3 has a nontrivial action by automorphisms on Cg, and there
exists a nonabelian semidirect product of C3 and Cy with C9 normal.

In (c), let a be a generator of Cy, let b be a generator of C3, and let 75 be the
automorphism a + a’. Then 1,1 is the automorphism a” + a**, and 7,-»(a") =
a*"™. Proposition 4.43 says that (b™, a™)(b?, a?) = (WP, (tp-»(a™))a?), and the
right side equals (b7, a*""*4). Takingm = —1,n =1, p = 1,and ¢ = 0, we
obtain (b~', a)(b, 1) = (1, a*). Abbreviating (1, a) as a and (b, 1) as b, we obtain
a’ =b>=b"laba=* = 1.

54. In such a group the subgroup H is normal by Proposition 4.36, and thus the
group of order 27 is a semidirect product of C3 and Cy with Cg normal. A nonabelian
such semidirect product must have a generator of C3 mapping into an automorphism
of order 3 of Cy. There are two possibilities, and Problem 35 shows that they lead to
isomorphic semidirect products.
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55. IGL2,F)| = (¢> — )(¢* — ¢) and [SL2,F)| = (¢ — D7'|GLQ2, F)|
because |GL(2, )| = | kerdet||imagedet|. This handles (a) and (b). For (c), the
scalar matrices of determinant 1 are those for which the scalar has square 1. Since the
characteristic is not 2, both +1 qualify. Since I is a field, the polynomial X2 — 1 can
have only two roots. So we factor by a group of order 2, and the number of elements

is cut in half. For (d), the order in general is % = %(q —1)q(q +1). Then
|PSL(2, F7)| = 168.

56. Regard G as a group of invertible linear mappings that is to be written in the
standard basis X. Let ' = (u, v). If A = (évl{), then A = (? _i>, the upper right
entry being —1 because det M = 1. Then ( M ) = ( M ) A( M )_1 Products

y g - zx/) = \=r =r :
AB go into products of such expressions, and conjugates hAh~! by matrices of
determinant 1 go into expressions

()0 () DGR A G G ()

that are conjugates of such expressions. Thus if A and such expressions generate
SL(2, ), then the conjugates generate the conjugates, again giving SL(2, F).

57. In (a), B~' A~ B A is the product of the conjugate B~' A~! B of the inverse of
A by Aitself and hence is in G. Direct computation shows that the matrix in question

is (a(;z C(“:;_l) ) In (b), the diagonal entries are equal if and only if > = a2, hence

if and only if a* = 1. In (c), the result of (b) shows that there are at most 4 choices
of a to avoid. We must also avoid @ = 0. Thus if the field has more than 5 elements,
a can be chosen nonzero so that a* # 1.

58. As in Problem 57a, the conditions that C is in G and det D = 1 imply that

CDC~'D7lisin G. The product in question is ((1) xzfl ) Sincex # +1,A =x>—1

is not 0.
59. Let A be the set of A such that E(A) = (é T) isin G. Since E(A + 1)) =
EMWEM) and E(A\)~! = E(—=1), A is closed under addition and negation. Since

-1
(g Oﬁ] ) EX) (‘S aql ) = E(a?)), A is closed under multiplication by squares of

nonzero elements.

60. The previous problems produce some Ag % 0in A, and —A¢ is in A since A is
closed under negatives. If x # %1, then }T(x +1D2and %(x — 1) are nonzero squares,
and hence %(x +1)2)p and %(x — 1)Ag are in A. Subtracting, we see that x1q is in A.
Thus all multiples of A¢ except possibly for those by 0, +1, —1 are in A. However,
we have seen separately that 0, A9, —Ag are in A. Hence A = F.

—1
61. The conjugacy follows from ( 0 1) (1 A) ( 0 1) = ( ! 0). Next we

—-10/\01 -10 -1
la 10 le) _
have <01><b1)<01> -

< 14+ab c+cab+a

b botl ), and it follows that every member of
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SL(2, IF) with lower left entry nonzero is in G. Conjugating by (_(1) (1)), we obtain

the same conclusion when the upper right entry is nonzero. Finally ((1) } ) (3 Oﬁ] ) =

(g Z:i ) says <g ag ) = ((1) _}) (g Z:i ) and shows that every matrix (g aql ) isin
G. Hence G = SL(2, IF).

62. Let ¢ : SL(2,F) — PSL(2, F) be the quotient homomorphism. If H is a
normal subgroup # {1} in PSL(2, ), then ¢~ (H) is a normal subgroup of SL(2, F)
containing an element not in the center. By Problem 61, ¢~ '(H) = SL(2,F).
Therefore H = (¢~ (H)) = ¢(SL(2, F)) = PSL(2, F).

63. If a differs from ¢ in a set A of k places and if b differs from c in a set B of
[ places, then a differs from b at most in the places of A U B, hence in at most k + [
places. Therefore d(a, b) < d(a, c) +d(c, b).

Ifd(w,a) < (D —1)/2 and d(w,b) < (D — 1)/2 with a and b distinct in C,
then it follows that d(a, b) < (D — 1) and hence that §(C) = minyyinc d(x,y) <
d(a,b) <(D—-1) <D.

64. Since C islinear,Oisin C. Then§(C) < d(0, c¢) forevery c in C, and we obtain
8(C) < mingec d(0, ¢). On the other hand, we certainly have d(a, b) = d(0,a — b)
for all @, b in F". If @ and b are in C, then the linearity of C forces a — b to be in C,
and hence d(a, b) = d(0,a — b) > min.ec d(0, ¢). Taking the minimum over all a
and b, we obtain §(C) > min.ec d(0, c). Hence equality holds.

65.n+1and0,1andn,nand 1,2 and n — 1.

66. In (a), a basis vector ¢ is 1 in one of the entries corresponding to the corner
variables, and it is O in the other entries corresponding to corner variables. At worst
it could be 1 in every entry corresponding to an independent variable. The number
of independent variables is n minus the rank, i.e., # minus dimC. Thus wt(c) <
1+n—dimC. Since §(C) < wt(c),dimC +6(C) <n+ 1.

For (b), one can take the parity-check code.

For (c), the alternative would be dim C+8(C) = n+1. Thendim C+wt(c) > n+1
for every c in C. Consequently every basis vector of C must have a 1 in every position
corresponding to an independent variable. Sincedim C > 2, there are atleast two such
basis vectors. Their sum gets a contribution of 2 to its weight from the corner variables
and can have a 0 in at most 1 position corresponding to an independent variable. But
their sum is O in every position corresponding to an independent variable. Hence there
is at most one such position, and we conclude that n — dim C = 1, in contradiction
to the hypothesis dimC < n — 2.

67. A direct check of all seven nonzero elements of C shows that each has weight
3. Therefore §(C) = 3.

68. In (a), the basis vectors each have one 1 in positions 3, 5, 6, 7, and at least
two of the parity bits in positions 1, 2, 4 are 1 since none of 3, 5, 6, 7 is a power of
2. Any sum of two distinct basis vectors has two 1°s in positions 3, 5, 6, 7, and the
parity bits cannot all be O since the parity bits for each of the basis vectors identify the
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basis vector and since the two basis vectors in question are distinct. Finally the sum
of three or more basis vectors has 1 in three or more positions 3, 5, 6, 7 and hence has
weight > 3. Thus all code words have weight > 3, and therefore §(C7) > 3. Since
the first basis vector has weight 3, §(C7) = 3.

In (b), each word in Cg is a word of C7 plus a parity bit. The part from C7 has
weight > 3, by (a), and the parity bit means that the weight has to be even. Thus the
weight of every word in Cg is > 4.

In (c) for C»-_1, we distinguish between the r bits whose indices are a power of
two and the other 2" — 1 — r bits. The first are the check bits, and the others are the
message bits. The message bits are allowed to be arbitrary, and the check bits will
depend on them. Thus dimCg = 2" — r — 1. For a given pattern of message bits,
the check bit in position 27 counts, modulo 2, the number of 1’s in message bits that
occur is positions requiring 2/ in their binary expansions. Then Cor is obtained by
adjoining a parity bit to each word of Cpr_.

The first conclusion of (d) was proved in the course of answering (c), and the other
two conclusions follow by the same argument that was given for r = 3 in (a) and (b).

69. In (a), the dimension of the null space of H is the number of columns minus
the rank, hence is 7 — 3 = 4. Since C7 lies in the null space and dim C7 = 4, the null
space equals C7.

In (b), let ¢ be in C7. If ¢; denotes the usual i basis vector, then H(c + ¢;) =
Hc + He; = He;, and this is the i™ column of H.

70. Take a basis of C, write it as the rows of a matrix, row reduce the matrix,
and permute the variables so that all the corner variables precede all the independent
variables. The resulting matrix in block formis (I A) for some matrix A with dim C
rows and n — dim C columns. Since each basis vector has weight > 3, each row of
A has at least two 1’s. Since each sum of two distinct basis vectors has weight > 3,
the sum of two distinct rows of A cannot be 0. Thus the rows of A must be distinct.

Arguing by contradiction, suppose that dimC > n —r, so that A has < r — 1
columns. The number of possible rows in A with at least two 1°s is then < r=l_q1—
r—1 = 2'=1 _p Hencen—r <dimC <2"~! —r andn < 2!, contradiction.

71. For (a), the answers are X", (X + Y)", X" +Y", %((X +Y)t+ %(X —Y)"),
X6 +7X373, X7 +7X4Y3 +7X3Y* + Y7, and X® + 14X*Y* + Y3, The last three
are by a direct count of the number of code words of each weight.

In (b), the O word is the unique code word of weight 0, and it is present in every
linear code.

In (c), the expression X"~V y™c) makes a contribution of 0 to the coefficient
Ni(C) of X" KY* if wt(c) # k and makes a contribution of 1 to the coefficient if
wt(c) = k. Summing on ¢ yields Y }_y Ne(C)X"¥Y*k =3 o X~ yw©),

72. The equality (14+X+X2+X*)(1 +X+X3) =1+X7 produces a member of C
with weight 2. Therefore §(C) < 2. On the other hand, the productof 1+ X+ X 24 x4
with a polynomial can never be a monomial, and therefore no code word has weight
1. Thus §(C) > 1.
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73. In essence we use the method suggested by the solution to Problem 70, except
that we put coefficients corresponding to low degrees on the left and we row reduce
the matrix into the form (A 7). Let 8 < n < 19. Form the images of as many of the
following polynomials as have degree < n:

LX, X5 X3, X4 X2, XO+41, XT+X+1, X(X¥+ X2+ X+ 1) fork > 0.

The list stops with k = n — 16. Assemble the coefficients of the image polynomials
as the rows of a matrix as in Problem 70. The images form a basis of C. They all
have weight 4, and thus every member of C has even weight. Since the image of 1
has weight 4, §(C) must be 2 or 4.

Imagine doing a row reduction as in the solution of Problem 70. We want to rule
out §(C) = 2, and it is enough to show that the basis vectors and all sums of two
distinct basis vectors have weight > 2. To handle the basis vectors, it is enough to
show that the A part of the reduced matrix (A ) never has just one 1 in a row. To
handle the sums of two distinct basis vectors, it is enough to show that the sum of
two rows of A is never 0, i.e., that the rows of A are distinct.

The matrix A will have 8 columns, corresponding to powers X’ with [ < 7. The
rows of (A ) are thus to correspond to polynomials of the form X" + “lower,” where
each expression “lower” has degree at most 7 and m takes on the values 8,9, ..., n.
The polynomials whose images correspond to the rows of the reduced matrix are

LX, oo, X, X0+1, X"+ Xx+1,
XX+ X+ XX+ X2+X+D,..., XX+ X2+ X+1),

and the left part A of the reduced matrix is

11100000
01110000
00111000
00011100
00001110
00000111
11100011
10010001
10101000
01010100
00101010
00010101

No row of A is 0, and no two distinct rows are equal. This completes the proof.

74. Suppose that {X}ses is an object in CS and that fs : Xy = Aforeachs is
a function, A being a particular set. The disjoint union of the X;’s consists of all
ordered pairs (xg,s) with s € S and x; € X,, and we define i;(x;) = (x;, ). To
define a function f from the disjoint union of the X;’s into A such that fi; = f; for
all s, we let f(x5,s) = fs(x5). Then fis(xs) = f(xs,5) = fs(x5). Thus f exists.
On the other hand, the condition that fi; = f; forces f(x;, s) tobe fs(xs), and hence
the f in the universal mapping property is unique, as it is required to be.
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76. Peeking ahead to Problem 80, we take the category to be C °PP, where C is the
category defined in Section 11 after Example 4 of products. The category C has no
product functor when § has two elements.

77. The existence of the identity and associativity are part of the definition. The
existence of inverses is given in the hypothesis. The answer to the question is “yes”;
if a group G is given, define a category with one object, namely the set G, define
Morph(G, G) to be the set G, and let the law of composition be the group law.

78. To see that o°PP is well defined, let f be in Morph,op (A, B), and let g be
in Morphgop (B, C). The definition is g o°PP f = f o g, and this is meaningful
since g is in Morph-(C, B) and f is in Morph.(B, A). The associativity and the
existence of the identity are straightforward to check. It is clear from the definition
that (C°PP)°PP = (.

In a diagram the vertices stay where they are, and so do the morphisms, since the
objects and the sets of morphisms do not change. However, the direction of each
arrow is reversed since “domain” and “range” are interchanged in passing from C to
C°PP. Thus diagrams map to diagrams with the arrows reversed.

Compositions correspond because of the definition of o°PP, and it follows that
commutative diagrams map to commutative diagrams.

79. Let A and B be sets such that A has three elements and B has one element.
The number of functions from A to B is then one, and the number of functions from B
to A is three. Since Morphgop (A, B) = Morph.(B, A), Morpheoxn (A, B) has three
elements and cannot be accounted for by functions from A to B.

80. For (a), if (X, {ps}ses) is a product of {X}scs, We set up the diagram of the
universal mapping property of the product. Passing to C °PP and using Problem 78,
we obtain the same diagram in C °PP but with the arrows reversed. Then it follows that
(X, {ps}ses), when interpreted in C °PP, satisfies the condition of being a coproduct.
The other half proceeds in the same way.

For (b), we start with two coproducts in C and pass to C°PP, where they be-
come products, according to (a). Proposition 4.63 shows that the two products are
canonically isomorphic in C °°P. This isomorphism, when reinterpreted in C, is still an
isomorphism, and the result is that the two coproducts in C are canonically isomorphic.

Chapter V

1. For (a), we have (g1, h1)((g2, h2)x)) = (g1, h1)(g2xhy ') = gigaxhy 'hy! =
(8182)x(h1h2) ™' = (8182, hiho)x and (1, Dx = 1x17! = x.

For (b), left multiplications by GL(m, C) preserve the row space, hence the rank,
and right multiplications by GL(n, C) preserve the column space, hence the rank.
Hence all members of an orbit have the same rank.

Row operations, which correspond to left multiplications by elementary matrices,
can be used to bring the matrix into reduced row-echelon form, and then column
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operations, which correspond to right multiplications by elementary matrices, can be
used to bring the result into reduced column-echelon form. If » = min(m, n), then
the resulting matrix is 1 in entries (1, 1), (2,2), ..., (/,/) for some ! < r and O
elsewhere. This has rank / and answers (c) and the remainder of (b).

2. If A has minimal polynomial XK 4o XKV 4+ 4 1 X + co, with ¢ #0,
then 7 = A(—cy ' (A*"' + ¢x_1 A*"2 + ... +¢11)), and A is invertible. Conversely
if co = 0, then X is a factor of the minimal polynomial and must be a factor of the
characteristic polynomial, by Corollary 5.10. Then O is an eigenvalue, and the null
space is nonzero. Hence A is not invertible.

3. Proposition 5.12 shows that /; > max(r;, s;). For u in U, we know that
Pi(L)"--- Pe(L)*(u) = 0. For w in W, we know that Py (L)' --- P (L)% (w) =
0. Thus any v in U or W has Py (L)™>*C1:s0) ... P (L)™*0&S0) (p) = 0. Forming
sums, we see that P (L)M&XC1s0) ... p (L)YMaX0%50) (y) = 0 for all v in V. Thus the
minimal polynomial divides P;(X)™&1s0) ... p(X)™aX(%5) - and we must have
l; < max(rj, s;).

4. For any monomial P(X) = X/, the monomial Q(X) = XP(X) = XJ+!
has Q(BA) = BA(BA) = B(AB)/A = BP(AB)A. Taking suitable linear
combinations of this result as j varies, we obtain (a).

For (b), let Map(X) and Mp4(X) be the minimal polynomials of AB and B A.
Part (a) implies that Mp 4 (X) divides X M 45 (X). Reversing the roles of A and B, we
see that M 4p(X) divides X Mp 4(X). By unique factorization all the prime powers in
the prime factorizations of M 4p(X) and Mp 4(X) are the same except for the power
of X. The powers of X in the factorizations of M 4p(X) and Mp 4 (X) differ at most
by 1.

5. Theorem 5.14 allows usto write K" = U, @ ---® Uy and K" = W, H--- D W,
where the U; are the eigenspaces for the distinct eigenvalues of D and the W; are
the eigenspaces for the distinct eigenvalues of D’. These decompositions are the
primary decompositions as in Theorem 5.19, and (e) of that theorem shows that
Wi=W;NU)@---@(W;NU) forl < j < /. Summing on j, we see that K" is
the direct sum of all U; N W;. Each of D and D’ is scalar on U; N W;, and (a) follows
by translating this result into a statement about matrices.

The matrices N = (8 é) and N’ = (8 5) commute, and both have N uniquely

as Jordan form. If C were to exist with C~!NC and C~!N’C both in Jordan form,
we would have C"'NC = CIN’C and N = N/, contradiction. This answers (b).

6. If E is the projection of V on U along W, then each member of U is an eigen-
vector with eigenvalue 1, and each member of W is an eigenvector with eigenvalue 0.
The union of bases of U and W is then a basis of eigenvectors for E, and (a) follows
from Theorem 5.14. In view of Proposition 5.15, two projections are given by similar
matrices if and only if they have the same rank.

7. For (a), EF = F implies image ' C image E, which implies EF = F.
Reversing the roles of E and F, we see that FE = FE if and only if image E C
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image F.

For (b), EF = E implies ker F C ker E, while FE = F implies ker E C ker F.
So EF = E and FE = F implies ker E = ker F. Conversely if ker F' C ker E, then
EF = Eonker F and EF = E onimage F; so EF = E. Reversing the roles of E
and F, we see that ker E C ker F implies FE = F.

8. If EF = FE, then (EF)? = EFEF = E(FE)F = E(EF)F = E*F? =
EF. So EF is a projection. This proves (a).

For (b), let E = ((1)8) and F = (éé) Each is a projection, and EF = F, so

that E'F is a projection. However, FE = E. Since E # F, EF # FE.

9. If E is a projection, then U = 2E — [ has U?> = 4E*> —4E + 1 =
4F —4E 4+ I = I;so U is an involution. If U is an involution, then E = %(U + 1)
has E? = J(U>+2U +1) = (I +2U +1) = (U +1) = E. So E is a projection.
The two formulas U =2E — [ and E = %(U + I) are inverse to each other.

10. Apply Theorem 5.19, and take U to be the primary subspace for the prime
polynomial X and W to be the sum of the remaining primary subspaces. Then (i),
(ii), and (iii) are immediate from the theorem. For (iv), let U; be the primary subspace
for some other prime polynomial P(X). The theorem shows that L| U has a power

of P(X) as minimal polynomial. Since X does not divide P(X), Problem 2 shows
that L|,, is invertible. Hence L|,, is invertible on the direct sum of the U;’s other
J J

than the one for the polynomial X.

11. LetV = U; @ - - - ® Uy, be the primary decomposition, with U corresponding
to the prime X. By (ii) and Theorem 5.19¢, U = (Ui NU) @ --- ® (Uy N U) and
similarly for W. Then U; N U = 0 for j > 2 by (iii), and hence U C Uj. By (iv),
UNW=0,sothat WUy ®---@U;. By(),U=Ujand W =Ur & --- @ U.

12. Part (a) is immediate, and a basis for (b) consists of the union of bases for the
individual U;’s. Part (f) is evident.

For (d) and (e), since D is a linear combination of the E;’s and each E; is a
polynomial in L, D is a polynomial in L, say D = P(L). Then N = L — P(L)
commutes with L, and this is (d). Applying the division algorithm to P, we have
P =AM + R with R = 0 or deg R < deg M. Evaluating at L gives D = P(L) =
A(LYM(L) + R(L) = R(L) since M(L) = 0. Thus R will serve in place of P if
deg P > deg M. This proves the existence in (e) of the polynomial for D. Since
N =L — D, N is a polynomial in L, and again we can take this polynomial to be
0 or to have degree < deg M. This proves the existence in (e) of the polynomial for
N. For uniqueness if P is a second polynomial that yields D, then0 = D — D =
P(L) — Pi(L) shows that P — P; is a multiple of M, and the condition on the
degrees of P and P; forces P — P; = 0. So P is unique. Similarly the polynomial
representing N is unique. This completes the proof of uniqueness in (e).

If Q;(X) is the polynomial (X — 0)", then N = (L — D)!i = Q;(L) on U;, and
Theorem 5.19f shows that Q;(L) is 0 on U;. Therefore a power of N is 0 on each
Uj, and N is nilpotent. This proves (c). Part (g) now follows.
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13. Each eigenvector of D must lie in some U; by Theorem 5.19¢. If V; is the
eigenspace of D with eigenvalue c;, it follows that V; € U;;) for some j = j(i).
Thus each Uj is the sum of full eigenspaces of D. Property (d) forces N to carry V;
into itself. By (c), (L — D)" is 0 on V; for n = dim V; hence (L — ¢;1)" is 0 on
V;i. Since V; € Uj, (L — A;1)" is 0 on U;. Application of Problem 10 to L — ¢;/
shows that L — A;/ is nonsingular on V; if ¢; # A;, in contradiction to the fact that
(L —A;I)"is 0 on Uj, and therefore ¢; = A;. The conclusion is that V; = Uj;), and
the desired uniqueness follows.

A slightly shorter argument is available if one takes the constructive proof of
existence of a decomposition L = D + N as known, so that Problem 12 is available
for that decomposition. If there is a second decomposition L = D’ + N’ satisfying
(a) through (d), then D’ and N’ commute with L and hence with all polynomials in
L. Thus they commute with D and N. The equality L = D+ N = D'+ N’ implies
D — D' = N’ — N. Problem 5a shows that D — D’ has a basis of eigenvectors, and
N’— N isnilpotent because the commutativity of N and N’ shows that the the Binomial
Theorem applies, in view of Problem 15 in Chapter I. Thus D — D’ = N’ — N = 0.

14. In (a), Lemma 5.22 says that det(XI — N') = X". Consequently
det(XI — (N' +cl)) =det(X —c)I —N') = (X — )"

In (b), form the primary decomposition of L as in Theorem 5.19, and let notation
be as in Problem 12. On the subspace U}, which is carried to itself by L, L = D+ N
acts as A;/ + N, and the characteristic polynomial on that subspace is (X — A;)"/,
by (a). On the whole space V, the characteristic polynomial of L is the product
of the contributions from each Uj, since as a consequence of Proposition 5.11, the
determinant of a block diagonal matrix is the product of the determinants of the
blocks. Therefore L has characteristic polynomial [ ];_; (X —2;)", and this matches
the characteristic polynomial of D.

15. The characteristic polynomial is X? —2X + 1 = (X — 1)2. Since A — I # 0,
the minimal polynomial is (X — 1)? rather than X — 1. Thus the Jordan form is

J = (é } ) Solving shows that ker(A — I) consists of the multiples of (3{2) Use

(;) as the first column of C, and solve (A — )X = (;) to get X = (}) as one

1 -1

answer for the second column. Then C = (; }), c = (72 3

checks that C~'AC = J.
16. The characteristic polynomial is P(X) = det(XI — A) = X3. Thus A is

), and one readily

010
nilpotent, and in fact A> = 0. Then J = <0 00 ), and the computation proceeds as

000

1

41 -1 00 g

in Example 1 in Section 7, yielding C = (—8 0 4) andC~ ! = |1 % —%

80 0 11

07 1

17. The characteristic polynomial is (X — 2)®(X — 3) by inspection. Thus there
is a primary subspace for X — 2 with dimension 6 and a primary subspace for X — 3
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with dimension 1. For the Jordan form let K; = ker(A — 2/ )/. By raising A — 21
to powers and row reducing, we see that dim K3 = 6, dim K, = 5, and dim K; = 3.
We do not have to proceed beyond K3 since we have reached the full dimension 6 of
the primary subspace for X — 2. Therefore the number of Jordan blocks for X — 2 of
size >3is6 —5=1,o0f size > 2is 5 — 3 = 2, and of size > 1 is 3. Hence there is
one block of each size 1, 2, and 3, and

210
21

Solving (A — 31)X = 0, we find that the eigenvectors for eigenvalue 3 are the
multiples of (5, 2, 2, 3,2, 1, 1). Thus this vector can be taken to be the last column
of C.

The next step is to express K1, K2, and K3 explicitly in terms of parameters by
using the standard solution procedure for systems of homogeneous linear equations.
The result is that

X1 X1 X1
X2 X2 X2
X3 X3 X3
Kl = 0 s K2 = X4 s K3 = X4
0 X5 X5
0 0 X6
0 0 0

Following the method of Example 1 in Section 7, we choose W; such that K3 =
K> & W;, and then we form U} = (A — 21)(W,):

0 0

0 X6

0 0
Wy = 0 and U = X6

0 X6

X6

0 0

We choose W; such that K = K1 ®U; d Wy, and we form Uy = (A—21)(U1+ Wj):

0 x4+2x6

0 0

0 X6
W, = X4 and Uy = 0

0 0

0 0

0 0

Finally we choose Wy such that K; = Ko @ Uy @ Wy. Here Ky = 0, and we can
take Wy = {(0, x2,0,0,0,0,0)}.
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To form C we take a basis of each W;, apply powers of A—21 in turn to its members,
and line up the resulting columns, along with the eigenvector for eigenvalue 3, as C:

2001005
0100012
1000002

C=]o0100103
0100002
0010001
0000001

18. In (a), if every prime-power factor of the minimal polynomial is of degree 1,
then the matrix is similar to a diagonal matrix, and the multiplicities of the eigenvalues
can be seen from the characteristic polynomial. If the minimal polynomial is (X —c)?,

cl0
then the matrix has to be similar to <0 c0 ) If the minimal polynomial instead is
00
¢ cl0
(X — ¢)*(X — d), then the matrix has to be similar to (0 c O). If the minimal
00d
cle
polynomial is (X — ¢)3, then the matrix has to be similar to <0 cl > There are no
00c
other possibilities.
0100 0100
For (b), 8 8 8 (1) and 8 8 8 8 both have minimal polynomial X2 and charac-
0000 0000

teristic polynomial X, but they are not similar because their ranks are unequal.

19. If the diagonal entries are ¢ and N denotes the strictly upper-triangular part,
then JK = (cI + N)F = Z?:o (l;)ck_ij. The term from j = 1 is not canceled by
any other term, and hence J is not diagonal.

20. Choose J in Jordan form and C invertible with / = C~'AC. Then J" =
CA"C~! = cC~! = I. By Problem 19, every Jordan block in J is of size 1-by-1.
Thus A is similar to a diagonal matrix D, and each diagonal entry of D must be an
n™ root of unity. Any n-tuple of n'" roots of unity can form the diagonal entries, and
the corresponding matrices are similar if and only if one is a permutation of the other.

21. The minimal polynomial has to divide X(X2—1) = XX+ DX -1.
Hence there is a basis of eigenvectors, the allowable eigenvalues being 1, —1, and 0.
A similarity class is therefore given by an unordered triple of elements from the set
{1, —1, 0}. There are three possibilities for a single eigenvalue, six possibilities for
one eigenvalue of multiplicity 2 and one of multiplicity 1, and one possibility with
all three eigenvalues present. So the answer is ten.

. = an = 0, then = U. DO 1S nilpotent an = V. dince
22. If A2 = N and N" = 0, then A** = 0. So A is nilp d A" = 0. Si
N""1 £0, A2"=2 £ 0. Thereforen > 2n —2,and n = 1.

23. If J is of size n, then the matrix C with C; ,4+1—; = 1 for1 <i < n and
Cij = 0 otherwise has C~1JC = J'.
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24. Choose C with C~'AC = J in Jordan form. Problem 23 shows that there
is a block-diagonal matrix B with B~'JB = J'. Then B~!C~'ACB = J' and
C'A(C™Y =J'". So B~'C~1ACB = C'A'(C~")’, and the result follows.

25. The matrices A and B have A> = B2 = 0 and hence are nilpotent. Since each
of A and B has rank 2, dimker A = dimker B = 2. The numbers dim ker A% and
dim ker B¥ being equal for all k, the two matrices have the same Jordan form and are
therefore similar.

26. If M(X) is the minimal polynomial of L, then M (L)v = 0. Hence M (X) is
in Z,. Then Proposition 5.8 shows that M, (X) exists.

27. The polynomial M, (X) has to divide the minimal polynomial of L |P(v)’ and
the latter has degree < dim P(v). Hence deg M, (X) < dimP(v). If v, L(v), ...,
LdeMv=1(y) are linearly dependent, then there is a nonzero polynomial Q(X) of
degree < deg M, — 1 with Q(L)(v) = 0, and that fact contradicts the minimality
of the degree of M, (X). Hence they are independent, and deg M, (X) > dim P(v).
Thus equality holds, and the linearly independent set is a basis. This proves (a) and
(b).

Since M, (X) divides the minimal polynomial of L ’P(v)’ which divides the char-

acteristic polynomial of L ’P(v) , and since the end polynomials have degree dim P(v),
these three polynomials are all equal. This proves (c).

28. Use the ordered basis (L¢~1(v), L42(v), ..., L(v), v).

29. Since P(X) is prime and does not divide Q(X), there exist polynomials
A(X) and B(X) with A(X)P(X) + B(X)Q(X) = 1. Using the substitution that
sends X to L and applying both sides to v, we obtain B(L)Q(L)(v) = v. Hence
P(Q(L)(v)) 2 P(v). Since the reverse inclusion is clear, the result follows.

30. In (a), the base case of the induction is that dim V = deg P(X), and then
the result follows from Problem 27. For the inductive step, the same problem shows
that there must be a nontrivial invariant subspace U. Proposition 5.12 shows that
the minimal polynomial for U and V/U is P(X), and induction shows that the
characteristic polynomial for U and V /U is a power of P(X). Proposition 5.11 then
shows that the characteristic polynomial for V is a power of P (X).

For (b), we induct on /, using (a) to handle the case [ = 1. For general /, form
the invariant subspace U = ker P(X)'~!, for which the minimal polynomial is some
P(X)" withr < [. The minimal polynomial of V /U is certainly P(X). By induction,
U and V /U have characteristic polynomials equal to powers of P (X), and Proposition
5.11 shows that the same thing is true for V.

In (c), (b) says that the characteristic polynomial is of the form P(X)" for some
r. Then the degree of the characteristic polynomial is rd, where d = deg P (X).

32-34. These are proved word-for-word in the same way as Lemmas 5.23 through
5.25 except that n is to be replaced by [ and N is to be replaced by P(L).
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35. If Q(X) is in K[X], we successively apply the division algorithm to write

QO = ApP + By withdeg By < deg P,
Ap = AP+ B; withdeg By < deg P,
Al = AP+ B, withdeg By < degP,

etc., and then we substitute and find that

Q= AoP + By = A P>+ BiP + By = AxP* + BoP* + B1 P + By
== AP/ L BiP/ .-+ ByP? + BiP + By

with each B; equal to O or of degree < deg P. The fact that W; C K| implies that
P/*1(L)(v) = 0. Consequently

P(v) = {(BjP/ +---+ BP + Bo)(L)(v) | B; =0or deg B; <d for0 <i < j},

and the given set spans P(v).

For the linear independence suppose that some such expression is 0 with not all
B;(X) equal to 0. Fix i as small as possible with B; (X) # 0. Since P(L)/ ' (v) =0,
B,(L)P(L)" (v) is annihilated by P(L)/~ if r > i. Application of P(L)/~ to the
dependence relation yields

P(L)/ ™ (B;(L)P(L) (v) + - - -+ Bix1 (L) P(L)"*' + Bi(L)P(L))(v) =0

and therefqre also B;(L)P(L)/(v) = 0. Since deg B; < deg P, Problem 29 shows
that P(L)’(v) = 0. Therefore v is in K;. Since W; N K, we conclude v = 0,
contradiction.

36. We show at the same time that it is possible to arrange for each U; and W; to
be such that K; + U; and K; + W; are invariant under L. We proceed by induction
downward on j. The construction begins with U;_1 = 0 and W;_; chosen such
that K; = K;_1 & W;_1. Then we have L(W;_;) € W;_1 4+ K;_1 and L(U;_1) C
Uj_1+K;_,. Select some v%lil) # 0in W;_,. Ifthere is a polynomial B(X) # 0 with
deg B < deg P such that B(L)(vil_l)) is in K;_1, then it follows from Problem 29

and the invariance of K;_; under L that vflil)

is in K;_1, contradiction. So there is
no such polynomial, and the vectors UY_I), L(vﬁl_l)), e, Ld’l(vﬁl_l)) are linearly
independent with span T](lfl) such that K;_; + Tl(lfl) is a direct sum.

If K, + Tl(l_l) # K;, then we form vél_l) and Tz(l_l) in the same way. If
there is a polynomial B(X) # 0 with deg B < deg P such that B(L)(vg*])) is in
K1+ Tl(l_l), then Problem 29 shows that vg_l) isin K;_ + Tl(l_l), contradiction.
We conclude that K;_1 + Tl(l_l) + Tz(l_l) is a direct sum. Continuing in this way,
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we obtain enough linearly independent vectors to have a basis for a complement
Wi—1 = Tl(lil) + Tz(lil) +--- to Kj_1.

Now suppose inductively in the construction of U; and W; that j < [ — 2
and that U; 1 + K1 and W1 + K are invariant under L. We define U; =
P(L)(Uj+1 ® Wj41), and the assumed invariance implies that U; + K is invariant
under L. We now construct W; in the same way that we constructed W;_1, insisting
that (U; + K;) N W; = 0. If we choose vfj) in K;y1 but not U; + K;, then the
invariance of U; + K; under L implies that the vectors vgj), L(vfj)), ., L] (v}j))
are linearly independent and their linear span Tl(j ) is such that U i+ Kj + Tl(j Visa
direct sum. Continuing in this way, we obtain the required basis of a complement W;
to Kj @ Uj.

37. Problem 36 arranges that the vectors L’(vl.(jji)) forO <r <d—1andall i;
form a basis of W;. We show by induction downward for j < [ — 1 that the vectors
L"P(L)k(vflitk)) forO <r <d-—1,k > 0, and all i; 4 form a basis of U;. This
holds for j =/ — 1 since U;—; = 0. If it is true for j + 1, then U;;1 @ W; 4 has a
basis consisting of all L’P(L)k(vi(]_]:::k)) forO0<r <d-—1,k>0,andall ij .
Since Problem 33 shows that P (L) is one-one from U; 1 & W onto U;, U; has a

basis consisting of all L’P(L)"“Ll(vl.(/ji’::rk)) for0 <r <d—1,k >0,andallij, |,

i.e., all LrP(L)k(vl.(]f]:k)) forO <r <d—1,k > 0, and all i; 4. This completes the
induction.

38. Problem 35 gives a basis for the cyclic subspace generated by vl(jj ), Problem
37 shows that the members within U; @ W; of the union of these bases, as j and i;
vary, form a basis of U; @ W;, and Problem 34 allows us to conclude that as i varies,
we obtain a basis of V.

39. Because of the linear independence proved in Problem 38, the left side of the
formula in question equals the number of vectors vl.(f) in any W with k > j, which
equals ) ;- ;j(dim Wy)/d. Iterated application of Problem 33 gives

diij+] —diij = dimUj —I—diij = dimUj+1 +diij+1 —i—dlva]
= :Zkzjdika,

and the result follows.

40. The minimal polynomial for any cyclic subspace must divide the minimal
polynomial for V' and hence must be a power of P(X). Problem 28 shows that the
restrictions of L to any two cyclic subspaces with the same minimal polynomial are
isomorphic. Hence the decomposition into cyclic subspaces will be unique up to
isomorphism as soon as it is proved that the number of cyclic direct summands with
minimal polynomial of the form P (X ¥ withk > j+1 equals (dim K1 —dim K;)/d.

Suppose that V' is the direct sum of cyclic subspaces C;, with v; as the generator
of C;. Since each C; is invariant under L, each K is the direct sum of the subspaces
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K, N C;. Thus

dim Kj 4 —dimK; = Y (dim(K; 1 N C;) — dim(K; N C7)).

1

If P(X)¥ is the minimal polynomial of C;, it is enough to show that the right side
of this displayed formula equals d if k > j 4+ 1 and equals O if k < j. By Problem
35, C; has a basis consisting of all vectors L" P(L)*(v;) withO <r <d — 1 and
0 < s < k — 1. The nonzero vectors among the L" P(L)**/*1(v;) are still linearly
independent; these are the ones withs + j + 1 < k,i.e.,s < k — j — 1. The vectors
L" P(L)*(v;) that are not sent to 0 by P(L)/*! are a basis of K11 NC;. These are
the ones with s > k — j — 1. This is the full basis of C; if j + 1 > k, and there are
d(j + 1) such vectors if j + 1 < k. Thus

. dk if j+1>k,
dlij+1ﬂCi= . o
dij+1) ifj+1<k.
Similarly
dk if j >k,
diijﬂC,-z{ R
dj if j <k.

Subtracting and taking the cases into account, we see that

d ifj+1<k,

(Kjy1NCy) (K;NCi) {0 otherwise.

—sint cost sinh¢ cosht

41. (a) ( cost sint ), (b) (COSh’ sinhf ), (c) the diagonal matrix with diagonal
entries e, ..., e,

42. Suppose that J has diagonal entry c. Let N be the strictly upper-triangular
part of J. Then e’/ = ¢//+!N = ¢/¢e'N Here e'N = I + (N + $’N> +--- +
—L_=1N"=1since N" = 0. The powers of N were observed to have the diagonal

=11
of 1’s move one step at a time up and to the right.

d
43, E(e”‘v) = (Ae'Mv = A(e' ).

44. Suppose that y(¢) is a solution. The product rule for derivatives is valid in this
situation by the usual derivation. Hence % (e ~"4y(1)) = 4L (e )y (1) +e "4y (t) =
—e M Ay (t)+e Ay (1) = e7"A(—Ay(t)+y'(t)). Therightsideis0since y(r) solves
the differential equation. Since 4 (e~'Ay(t)) = 0, each component of e~"4y(r) is
constant. Thus for a suitable vector v of complex constants, e “4y(r) = v, and the
conclusion is that y(r) = e'4v.

45. The first formula follows by making a term-by-term calculation with the
defining series. Multiplication of C has to be interchanged with the infinite sum, and
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similarly for C~!, but these operations are simply the operations of taking certain
linear combinations of limits.

Suppose that z(¢) satisfies %z(t) = (C7'AC)z(r) and z(0) = u. Multiplying
by C gives %Cz(t) = ACz(t). Thus y(t) = Cz(t) satisfies %y(r) = Ay(t) and
y(0) = Cz(0) = Cu. We can invert the correspondence by using C~!.

310
46. Example 3 in Section 7 says that C"'AC = J holds for / = [ 030 ) and

-110 1 0-10 1 -2 002
C = (1 00). Define u = C~1 (2) = <1 10) <2> = (1) Problems
-101 3 0-11 3 1
42-43 show that the unique solution of %z(r) = Jz(¢) with z(0) = u is z(z) = ¢’ u.
Problem 45 shows that the unique solution to % y() = Ay(t) with y(0) = Cu =

1
(2) is y(t) = Cz(t) = Ce'/ u. By Problem 42, this is
3

—110 e 0 0 1:0 -2 ~110 313 0 )
y([):<7100> 0 ¢ 0 010 (71)2(7100) 0 &' 0 (71>
-101 0 0e /) \ooi 1 ~101 0 0 o i

_e3t _te3r+831 0 ) e3r+te3z
= - —t 0 ( —1 ) = 2e3 +1e3 .
e —te3 el 1 263)‘+te3t+62t

Chapter VI

1. In (a), the linear function ¢ : V — V’ given by ¢(v) = (v, -) has kernel
equal to the left radical of the bilinear form, hence 0. Therefore ¢ is one-one,
and dimimageg = dimV = dimV’. Since dimV’ < o0, ¢ is onto V’. In (b),
v — (v, -) is a linear functional and by (a) is of the form (v, u) = (w, u) for some
unique w depending on v. Set w = L(v). The uniqueness shows that L(v; + v2) =
L(vy) + L(vy) and L(cv) = cL(v). Hence L is linear.

2. Since M'AM would have to be nonsingular, the only possibility would be
M!AM equal to the identity. Writing M~ as CZ ,
a+c=b+d=0andab+ cd = 1. A check of cases shows that these have no
solution.

3. Take M = (‘1 1).

we obtain the conditions

11
5. Define (a + bi)w = aw + bJ(w) for a and b real. The crucial property to
show in order to obtain a complex vector space is that ((a + bi)(c + di))(w) =
(a + bi)((c + di)w); expansion of both sides shows that both sides are equal to
(ac — bd)w + (bc + ad)J (w) since J> = —I. Thus W = Vi for a suitable V.
Next define (v, w) = (J(v), w) 4 i{v, w). This is bilinear over R. It is complex
linear in the first variable because (J (v), w) = (J2(v), w)+i (J(v), w) = —(v, W)+
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i(J(),w) = i(v,w). Itis Hermitian because (w, v) = (J(w),v) —i{v, w) =
(J2(w), J(v)) — i(w, v) = —(w, J(v)) —i(w, v) = (J (), w) +i{v,w) = (v, w).

6. For (a), U isotropic implies UL D U. If v is a vector in U~ but not U, then
U @ Ku is isotropic. Maximality thus implies that U+ = U. Proposition 6.3 says that
dimV = dim U + dim U+, and we conclude that dim V = 2dim U. So dimU = n.

The proof of (b) goes by induction on the dimension, the base case being dimen-
sion 2, where there is no problem. Assuming the result for spaces of dimension less
than dim V, let S be maximal isotropic in V, so that dim S| = Ldimv by (a). Fix a
basis {vy, ..., v,} of S1. Choose u; with (v, u1) = 1; this exists by nondegeneracy.
Put U = Kv; ® Ku;. Then (-, -)|UX v 18 evidently nondegenerate, and Corollary
6.4 shows that V = U @ U~. Certainly §; N U~ is an isotropic subspace of U~
It contains the n — 1 linearly independent elements v; — (vj, uj)vy for2 < j < n
and hence has dimension > n — 1. Therefore it is maximal isotropic. By induction,
there is a maximal isotropic subspace T of U+ with (S N UY) N'T = 0. Put
S» = T @ Ku;y. Since (uy, UL) =0, (u;, T) = 0. Therefore S, is isotropic, hence
maximal isotropic in V. Suppose that the element ¢ + cu; of S lies in S;. From
(vi,t+cu;)=0,v € U,t € UL, and (v, u1) = 1, we obtain ¢ = 0. Then ¢ + cv;
lies in (S; N U+) N T, which is 0. We conclude that S; N S, = 0.

For (c), if (-, s2) is the O function on Sy, then the fact that S} is maximal isotropic
implies that s, = 0. Therefore the mapping s — (-, s52) ’ s, is one-one. A count of
dimensions shows that it is onto S].

In (d), choose any basis {p1, ..., p,} of S, and let {q1, ..., g,} be the dual basis
of S}, which has been identified with S by (c).

7. In (a), first suppose that /s : EBS U; — Visgiven. Then hi; is in Homg (Us, V),
and the map from left to right may be taken to be h +— {his};cs. Next suppose that
hg : Ug — V is given for each s. Then the universal mapping property of @, Us
supplies h : @, Uy — V with hig = h, for all s. The map from right to left may be
taken as {h}secs > h. These two maps invert each other.

In (b), first suppose that hy : U — V; is given for each s. Then the universal
mapping property of the direct product produces 4 : U — [], Vi. The map from
right to left may be taken as {}ses +> h. Nextsupposethath : U — []; Vs is given.
Then psh is in Homg (U, V) for each s € S. Consequently the S-tuple {Ag}scs is in
[, Homg (U, V). Then the map from left to right can be taken as i + {psh}ses.
These two maps invert each other.

For (c), we treat (a) and (b) separately. In the case of (a), take S countably infinite
with each Uy = K and with V = K. Then Homg (D, Uy, V) has uncountable
dimension and €, ¢ Homg (Us, V) has countable dimension.

In the case of (b), take S to be countably infinite with each V; = K and with
U = ;g Vs. Each member of Homg (U, Vj,) has its values in Vj,, and hence each
member of @S Homg (U, Vi) has its values in finitely many V. On the other hand,
the identity function from U into @, Vs is in Homg (U, @ Vi) and takes values in
all V’s.
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8. For (a), we have g1(g2(x)) = g1(g2x8)) = 8182%858] = (8182)x(g182)" =
(g1€2)(x). If x is alternating, then (gxg’)’ = gx'g’ = —gxg’, and (gxg"); =
Dk 8ijXjk8ik = Dk 8ijXjk&ik + D jok 8ijXjk8ik = <k 8ij (Xjk — XjK)&ik = 0;
hence gxg' is alternating. If x is symmetric, then (gxg')’ = gx'g" = gxg’,and gxg'
is symmetric.

For (b), certainly x and gxg’ have the same rank if g is nonsingular. Theorem
6.7 shows that an alternating matrix x can be transformed by some nonsingular g to

01 .
4 0), where 2k is

the rank, followed by 0’s down the diagonal. This proves that any two alternating
matrices of the same rank lie in the same orbit. It also gives an example of a matrix
in each orbit.

For (c), certainly x and gxg’ have the same rank if g is nonsingular. The Principal
Axis Theorem (Theorem 6.5) shows that any symmetric matrix over C can be trans-
formed by some nonsingular g to a matrix gxg’ that is diagonal, say with diagonal
entries dy, .. ., d,. We may assume that dy, ..., dy are nonzero and the others are 0.

a matrix gxg’ that is block diagonal with k blocks of the form (

Taking & to be the diagonal matrix with diagonal entries (dl_l/2, e, dk_l/z, 0,...,0)
and forming h(gxg’)h’, we obtain a diagonal matrix in the same orbit whose first
k diagonal entries are 1 and whose other diagonal entries are 0. As k varies, these
matrices have different ranks and hence lie in different orbits. They provide examples
of matrices in each orbit.

9. In (a), the formulais Ty y ( Yiu® vi))(u) = Y ; u.(u)v;, and we may assume
that {v;} is linearly independent. If this is O for all u, then the linear independence
of the v;’s implies that u(u) = O for all i and all . Then all u} are 0, and hence
> ;i (u; ® v;) = 0. Thus Tyy is one-one.

In (b), Problem 7a shows that it is enough to handle U = K. Thus we are to
show that K’ ®k V maps onto Homg (K, V) = V. One member of K’ is the identity
function 1’ on K, and 1’ ® V certainly maps onto V.

For (¢), if U = V and if dim U is infinite, every member of the image of Ty has
finite rank, but Homg (U, U) contains the identity function, which has infinite rank.

In(d),letL : Uy - Uand M : V — Vj be given, so that F(L, M) carrying
(U'®kV)to(U;®k Vi) isgivenby F(L, M)(u'®v) = L'(u')®M (v) and G(L, M)
carrying Homg (U, V) to Homg (U, Vi) has (G(L, M)(¢))(u1) = M(p(L(uy))
Then

Ty, F(L, M)’ ® v)(u1) = Ty,v, (L' (") @ M(v))(u1)
= L' (") )M (v) = u'(L(u1)) M (v),
G(L, M)Tyy (' ® v)(u1) = M((Tyv (' ® v))(L(u1)))
= M@ (L(u1)v) = u'(L(u1))M(v).
The right sides are equal, and hence {Tyy} is a natural transformation.

In (e), the answer is no because the maps 7y y need not be isomorphisms, according
to (c).
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10. To see that W (E) is a vector space, one has to verify that (I +1)¢ = lp +1'p,
o+ ¢) =lp+1¢, and (I"Y¢ = I('p), and these are all routine. If w is in
Homg (E, F), then ¥ (u) : Homgk (L, E) — Homg (L, F) has to be given by left-
by-u, and the key step is to show that W (u) is L linear, not merely K linear. For ¢
in Homg (IL, E) and [, !’ in I, we have (W () (@) (I") = n (o)1) = u(pl)) =
(W (e)Il') = (¥ ()e)) (). Hence W(n)(lp) = (¥ (n)g) as required. It is
routine to check that W (1) = 1 and that u — W(u) respects compositions, and
hence WV is a functor.

11. LetT" = (vy,...,v,) be an ordered basis of E, A = (wq, ..., w,) be
an ordered basis of F, and A = [A;;] be the matrix of L in these ordered bases.
Put 'r = (vy,ivy, ..., v, 0v,) and Ar = (wy,iwy, ..., Wy, iw,). Then the
matrix of Ly in these ordered bases is obtained by replacing A;; by the 2-by-2 block

ReA,-j 7ImA,-j
(ImA,-_,- Re A,‘_,‘ )
12. LetI'y = (41, ..., upy) and Ay = (vy, ..., vy), and put
Q=u1Qu,u1®v2,...,u1 QUy, Uy @V, ..., U2 @ Uy, ..., Um @ Vp).

Form €2, from the ordered bases I'» and A, similarly. Members of 2 are indexed by
pairs (i, j)with1 <i <mand 1 < j < n, and members of 2, are indexed similarly
by pairs (r, S). Then C(r,s),(i,j) = Arist~

13. Define F to be the vector space KU @ KV, and let / be the linear map
| F - T(E) given by [(U) = Y and [(V) = X2 + XY + Y2 Let L be the
extension of / to an algebra homomorphism L : T(F) — T(E) with L(1) = 1. The
subalgebra in question is the image of L, and the affirmative answer to the question
comes by showing that L is one-one. It is enough to show that the basis elements
consisting of all iterated products U'' ® V/' @ U” ® --- ® V/» are carried by L
to linearly independent elements. The image of this element is homogeneous of
degree Y y_; (ix + 2 jk), and it is enough to consider only those images with the same
homogeneity, i.e., with Z’,Z:] (ix + 2ji) constant. A failure of linear independence
would mean that among these, the ones with the highest total power of X, namely
with Y} _; 2jx maximal, must cancel together. These terms are monomials with ) iy
factors of Y and Y _ ji factors of X 2_and all such monomials, being also monomials
in X and Y, are linearly independent.

14. Let iz : E — S(E) be the one-one linear map that embeds E as S'(E) C
S(E), and define (r similarly. The composition (r¢ is a linear map of E into the
commutative associative algebra S(F'), and Proposition 6.23b yields ahomomorphism
® : S(E) - S(F)ofalgebras withidentity suchthatipp = ® 1. Wetake ® as S(¢),
and this addresses (a). Part(c) is part of the construction of S(¢). For (b), itis plain that
S(1g) = 1s). For compositions, suppose that ¢ : F — G is linear and that S(y/)
is formed similarly. Proposition 6.23b says that S(1/¢) is the unique homomorphism
of S(E) into S(G) carrying 1 into 1 and satisfying (g ¢ = S(¥¢) tg. On the other
hand, S(y¥)S(¢) is another homomorphism of S(E) into S(G) carrying 1 into 1, and
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it satisfies 1 (Y¢) = (lg¥)e = (SW)tr)e = SW)rp) = SW)(S(P) te) =
(S(W)S(@))Lg. Therefore S(¥r¢) = S(¥)S(p) by uniqueness, and S is a functor.

15. The homomorphism ) carries each T"(E) into itself. Since ® carries
commutators into commutators, (/) < I. Thus &(T"(E) N 1) < T"(E) N 1.
Also,  commutes with the symmetrizer operator and hence carries S (E) into itself.
We are given the equation ¢ ®(x) = ®g(x) on all of T"(E). Since & carries S" (E)
into itself, we can interpret this as saying that ® |§,, is well defined, and then all the
assertions in the problem have been addressed.

(E)

16. Fix an ordered basis and check the result directly for L’s that correspond
to elementary matrices. The determinant and the scalar effect on /\d'mE (E) both
multiply under composition, and the result follows.

17. Part (a) is a consequence of uniqueness. The formula for (b) is ®(g) P (v) =
® (g~ ') for v in K",

18. For (a), take A to be the category of commutative associative algebras over K
with identity, V to be the category of vector spaces over K, and 7 : A — V to be
the forgetful functor that takes an algebra and retains only the vector-space structure.
If a vector space E is given, then (S, ¢) is taken to be (S(E), tg), where S(E) is the
symmetric algebra of E and (g : E — F(S(E)) is the identification of E with the
first-order symmetric tensors.

For (b), take V again to be the category of vector spaces over K. Define A to be the
category whose objects are pairs (A, F) in which A is an associative algebra over K
with identity and F is a vector subspace of A such that every element f of F has f2 =
0 and whose morphisms ¢ € Morph((A, F), (A, F1)) are algebra homomorphisms
@ : A — A’ suchthat 9(F) C Fy. The functor F: A — V is to take the pair (A, F)
to F and is to take the morphism ¢ to cp|F : F — Fj. If a vector space E is given,
we take (S, ) tobe (AE, \'E), tg), where i : E — N'E = F(\NE, N (E)) is
the identification of E with the first-order alternating tensors.

For (c), let the nonempty index set be J. Take V = C’ and A = C. The functor
F:C — (’ is the “diagonal functor” taking an object A to the J-tuple whose j
coordinate is A for every j; this functor takes any morphism ¢ € Morph.(A, A’) to
the J-tuple whose j™ coordinate is ¢ for every j. The given E is to be a J-tuple of
objects {X;}jes, S is to be the coproduct [ [; ; X;, and ¢ : {X}je; — F(S) is to be
the given J-tuple {i;};c; of morphisms of X; into X.

19. Let L be the unique member of Morph 4(S, S’) given as corresponding to
¢ in Morphy,(E, F(S")), i.e., satisfying F(L)t = ¢/. Similarly let L’ be the unique
member of Morph 4(S, ') corresponding to ¢ in Morphy,(E, F(S)), i.e., satisfying
F(L') = Then L'L and 1g are in Morph 4(S, S) and have F(1s)t = 1xst =t
and F(L'L)t = (F(L"YF(L))t = F(L"(F(L)) = FL)' = . By uniqueness,
ls = L'L. Similarly LL" = 1g.

20. By definition, T4 satisfies T4(L) = F(L)t for L € Morph 4(S, A). For
¢ in Morph 4(A, A”), we are to show that G(¢)(T4(L)) = Ta(F(p)(L)). Sub-
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stitution from the definitions gives G(¢)(T4(L)) = F(p)F(L) = F(eL)t and
Ta(F(p)(L)) = Ta(pL) = F(pL)t. These are equal, and hence {T4} is a natural
transformation. Since each T4 is one-one onto by hypothesis, the system {T4} is a
natural isomorphism.

21. The previous problem shows that F is naturally isomorphic to G and that F’
is naturally isomorphic to G. Hence F is naturally isomorphic to F’. The hypotheses
of Proposition 6.16 are satisfied, and the conclusion is that the object S is isomorphic
in A to the object S’ by a specific isomorphism described in the proposition.

22. Let E and F be in Obj(V), and let ¢ be in Morphy,(E, F). Then tfg is in
Morphy,(E, F(S(F))), and the universal mapping property of (S(E), tg) produces a
unique ® in Morph 4(S(E), S(F)) such that F(®)ig = tpe. We define S(p) = .
There is no difficulty in checking that S(1g) = Ig(g). Let us check that if we are
given also ¥ in Morphy,(F, G), then S(¥)S(¢) = S(¥¢). We know that S(¢) is
the unique member of Morph 4(S(E), S(G)) satisfying (¢ = F(S(¥¢)) tg. On
the other hand, S(1/) S(¢) is another member of Morph 4(S(E), S(G)), and it satisfies
(o) = (g = (FSW)) tr)e = F(SW))re) = FSW)(F(S(@) L) =
(FSWNF(S@Me = F(SH)S(@)p. Therefore S(Yyp) = S(¥)S(p) by
uniqueness, and S is a functor.

23. Pfaff(J) = 1 because the only nonzero term comes from t = 1.

24. The terms in which o contains a 1-cycle are each 0 because the diagonal
entries of X are 0. The remaining terms in which ¢ contains some cycle of odd
length will be grouped in disjoint pairs that add to 0. If such a o is given, choose
the smallest label 1, ..., 2n that is moved by a cycle of odd length within o, and let
7 be that cycle. Let o’ be the product of 7! and the remaining cycles of o. The
resulting unordered pairs {o, o'} are disjoint. For the indices i moved by 7, x; ) =
Xz while x; o7y = Xj r-14) = —X;-1(),;- Then Hr(i);ﬁi Xio(i) = l_[r(i);éi Xi, (i)
and we obtain ]_[t(l-)#i Xio'(i) = ]—[T(i#i Xi o) = (—1)length ]—[r(i#i Xe-1(yi =
(—1)length Hr(i);éi Xir@) = (—length Hr(i);éi Xio@) = — Hr(i);éi XioG). If
T(i) =1, then Xi,o(i) = Xi,o'(i)- Thus Hi Xio@i) = _l_[i Xi,o!(i)- Since sgno =
sgno’, the terms for o and ¢’ sum to 0.

25. If o is good, let Ap consist of the smallest index in each cycle of o, let A be
the union of all 6%¥(Ag) for k > 0, and let B be the union of all o2¥*1(A) for all
k > 0. Certainly AUB = {l1,...,2n},0(A) = B, and 0(B) = A. We have to
prove that AN B = . If the intersection is nonempty, we have o2k (ap) = g2+l (a())
for some ag and a) in Ag. Possibly by increasing / by an even multiple of the order
of o, we may assume that / > k. Then az(l’kHla(’) = ao. This says that a and ag
lie in the same cycle. Being least indices in cycles, they must be equal. Then some
odd power of o fixes ag, and the cycle of o whose least element is agp must have odd
length, contradiction.

The definitions of A and B in terms of Ag are forced by the conditions in the
statement of the problem, and therefore A and B are unique.
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26. Since AUB = {l,...,2n} and AN B = &, we have y(o)z(o) =
]_[,221 Xi.o(i). The definitions of 7 and t" make y(0) = s(v) [[_; Xr2k—1),z(2k) and
z(0) = 5'(t)) [1j= Xr'@2k—1).7'(2k)- The construction has made the integers 7 (2k — 1)
increasing and has made the inequalities T (2k — 1) < t(2k) hold, and similarly for
t’. This proves the desired equality, apart from signs.

27. The previous problem shows that (sgno’) ]_[1221 Xi o (i) equals

n n
(sgno)s(0)s' @) [ [ rr@—n.rao [ [ rra-n.ce-
k=1 k=1

Thus we want to see that

(sgna)s(0)s'(r)) = (sgn)(sgn ). (+)

In proving (), we retain the step in which factors x;; of y(o) and z(o') are replaced
by x;; with a minus sign if j < i, but we may disregard the step in which the factors
are then rearranged so that  and t’ can be defined. In fact, this rearranging does not
affect the signs of t and t’. The reason is that if p is in &, and if p'in &5, is defined
by p(2k — 1) = 2p(k) — 1 and p(2k) = 2p(k), then sgn o = +1; it is enough to
check this fact when p is a consecutive transposition, and in this case p is the product
of two transpositions and is even.

Turning to (x), we first consider the case in which o, when written as a disjoint
product of cycles, takes the integers 1, ..., 2n in order. In this case we compute
directly that t = 1, that s(t) involves no sign changes, and that 7’ is the product of
cycles of odd length, with an individual cycle of t’ permuting cyclically all but the
last member of a cycle of o. Thus 7’ is even. In the adjustment of factors of z(o),
one minus sign is introduced because of each cycle in o and comes from the last and
first indices in the cycle. Thus s’(z”) is (—1)”, where p is the number of cycles in o,
and this is also the value of sgno. Hence (x) holds for this .

A general o is conjugate in Gy, to the one in the previous paragraph. Thus it is
enough to show that if (x) holds for o, then it holds for 6’ = (a a + 1)o(a a + 1).
First suppose that 0(a) # a + 1 and o(a + 1) # a. Then a factor of y(o) gets
replaced with a minus sign for o if and only if it gets replaced for o’, and similarly
for z(o). Hence s(t) and s’(z’) are unchanged in passing from o to ¢’. The effect
on t and 7/, in view of the observation immediately after (x), is to multiply each on
the left by (@ a + 1). Thus sgn t and sgn 7’ are each reversed. Since sgno = sgno’,
(*) remains valid for o”.

Now suppose thato (a) = a+1. We may assume thato (a+41) # a since otherwise
o' = o. To fix the ideas, first suppose that a is in A. Then one factor in y(c) is
Xa.a+1, and the corresponding factor of y(c’) is x441.4- As a result t is unchanged
under the passage from o to ¢’, but the number of minus signs contributing to s(t)
is increased by 1 and s(7) is therefore reversed. Meanwhile, 7’ is left multiplied by
(@ a+ 1), and s'(z’) is unchanged. Thus (*) remains valid for o’. If a instead is in
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B, then the roles of 7 and 7’ are reversed in the above argument, but the conclusion
about (x) is not affected. Finally suppose that o(a + 1) = a and o(a) # a + 1.
Then the argument is the same except that the number of signs contributing to s(7)
or s'(z') is decreased by 1. In any event, (*) remains valid for o’.

28. What is needed is an inverse construction that passes from the pair (z, t’) to
o. Define w € Gy, to be the commuting product of the n transpositions (2k — 1 2k)
forl <k <n.

Assuming for the moment that we know that some index a is to be in A, we see
from the definitions above that b = o (a) is to be given by b = (w(t~Ya))) and b
is to be in B. If, on the other hand, we know that some index b is to be in B, then
o (b) is to be given by t/(w(t’~!(b))) and is to be in A. Thus the cycle within o to
which a belongs has to be given by applying alternately Tt ! and then /w7~

The critical fact is that this cycle is necessarily even. In the contrary case we
would have twt ! (t'wt' " twt ™ H)¥(a) = a forsome k. If k = 21, then this equality
gives (tot 1Tt D) (tot™ ) (T'wt’ " 'twt 1! (a) = a, which we can rewrite as
(tot™ ([0t M tor ™ (a) = (t'wt’ " 'rwtr ) (a); this equation is contradictory
since Twt ! is a permutation that moves every index. If k = 2/ 4 1, then this equal-
ity gives (towt ™) ('t ' tor T (Tt (tot T ot ) (twr ") (a) = aand
hence (7't Nt ot DY (tor @) = (Gor vt Y (tor ) (a);
this equation is contradictory since w7 ! is a permutation that moves every index.

What we know is that the smallest index in each cycle is to be in A. Thus we can
use this process to construct o from (z, t’), one cycle at a time. For the first cycle
the index 1 is to be in A; for the next cycle the smallest remaining index is to be in
A, and so on. We have seen that the constructed o will be the product of even cycles,
and we can define A as the union of the images of the even powers of o on the least
indices of each cycle, with B as the complement. In this way we have formed o and
its disjoint decomposition {1, ...,2n} = A U B, and it is apparent that T and t’ are
indeed the permutations formed in the usual passage from o to (z, t’) via (A, B).

29. It is enough to prove that ¢|y, : V, — V¥ is an isomorphism for every .
We establish this property by induction on 7, the trivial case for the induction being
n = —1. Suppose that

olv, , : Vue1 = V| is an isomorphism. (%)
By assumption
g ¢ (Va/Vue1) — (VF/VF ) is an isomorphism. (*%)

If v is in ker(g|y,), then (gr"* @)(v + V,—1) = 0 + Vlf_l, and (%) shows that v
isin V,—1. By (%), v = 0. Thus @]y, is one-one. Next suppose that v is in V,f.
By (%) there exists v, in V,, such that (gr" ¢)(v, + V,_1) = v* + V,fi]. Write
o(vy) = ot + vﬁfl with vfffl in fol. By (%) there exists v,—1 in V,_1 with
o(vp—1) = vf_l. Then ¢ (v, — v,—1) = v”, and thus @ly, is onto. This completes
the induction.
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30. We define a product (A, /Apm—1) X (An/An—1) = Amsn/Am+n—1 by
(@m + Ap—D)(an + Ap—1) = amay + Apyn—1.

This is well defined since a,, A,—1, An—1a,, and A,,_1 A,_1 are all contained in
Ap4n—1. It is clear that this multiplication is distributive and associative as far as it
is defined. We extend the definition of multiplication to all of gr A by taking sums
of products of homogeneous elements, and the result is an associative algebra. The
identity is the element 1 + A_; of Ag/A_1.

31. [x,x] = xx —xx = 0, and also [x, [y, z]] + [y, [z, x]] + [z, [x, y]] =
(xyz—xzy—yzx+zyx)+(yzx —yxz—zxy+xzy)+(zxy —zyx —xyz+yxz) = 0.
32. In (a), let x and y be in g. Then we have

[x, yI'"A+ Alx, y] = (xy — yx)' A+ A(xy — yx)
=y'x"A—x"y'A+ Axy — Ayx
=y ("A+ Ax) —x'(Y'A+ Ay) + (x"A+ Ax)y — (' A+ Ay)x = 0.

Part (b) is the special case A = 1.

33. Uniqueness follows from the fact that 1 and ¢(g) generate U (g). For existence
let L : T(g) — A be the extension given by the universal mapping property of 7'(g)
in Proposition 6.22.~To obtain L, we are to show that L annihilates the ideal I”. It is
enough to consider L on a typical generator of I”, where we have

LuX ®Y —1Y @1X —i[X,Y]) = L0X)L(Y) — L@Y)L(X) — LQ[X, Y])
= 1X)IY) = I(NI(X) —I[X, Y]
=0.

34. First one proves the following: if Zy, ..., Z, are in g and o is a permutation
of {1,..., p};then (tZy) --- (tZp) — (L Zs1)) -+ (tZs(py) is in Up_1(g). In fact, it
is enough to prove this statement when o is the transposition of j with j 4+ 1. In
this case the statement follows from the identity (tZ;)(tZj4+1) — (tZj41)(tZj) =
t{Z;, Z;+1] by multiplying through on the left by (¢Z;) - -- (tZ;_1) and on the right
by (LZj12) - (Zp).

For the assertion in the problem, if we use all monomials with ), j. < p,
we certainly have a spanning set, since the obvious preimages in T'(g) span
®k<pTk(g). The result of the previous paragraph then implies inductively that the
monomials with monotone increasing indices suffice.

35. We shall construct the map in the opposite direction without using the
Poincaré—Birkhoff—Witt Theorem, appeal to the theorem to show that we have
an isomorphism, and then compute what the map is in terms of a basis. Let
T,(g) = @}, T*(g) be the n'" member of the usual filtration of 7'(g). Define



660 Hints for Solutions of Problems

U, (g) to be the image in U (g) of T, (g) under the passage T (g) — T (g)/1”. Form
the composition

Tn(g) g (Tn(g) + I”)/IN = Un(g) g Un(g)/Unfl(g)‘

This composition is onto and carries 7,—1(g) to 0. Since T"(g) is a vector-
space complement to 7,,_;(g) in 7,(g), we obtain an onto linear map 7"(g) —
U, (9)/U,—1(g). Taking the direct sum over n gives an onto linear map

¥ T(g) — gr U(g)

that respects the grading.

Let I be the two-sided ideal in T (g) such that S(g) = T(g)/I. It is generated
byall X ® Y — Y ® X with X and ¥ in T'(g). Let us show that the linear map
¥ : T(g) — gr U(g) respects multiplication and annihilates the defining ideal 1
for S(g); then we can conclude that v descends to an algebra homomorphism

Y S(g) — grU(g)

that respects the grading.

To do so, let x be in 7" (g) and let y be in 7°(g). Then x + I” is in U, (g), and
we may regard v (x) as the coset x + T,_1(g) + I” in U,(g)/U,—1(g), with O in
all other coordinates of gr U(g) since x is homogeneous. Arguing in a similar
fashion with y and xy, we obtain

V@) =x+T@+1", T =y+T1@+1",
and  Y(xy) = xy + Trps—1(g) + 1"

Since 1" is an ideal, J(x)lz(y) = g;(xy). General members x and y of T'(g) are
sums of homogeneous elements, and hence y respects multiplication.

Consequently ker ¥ is a two-sided ideal. To show that ker 2 I, it is enough
to show that ker ¢ contains all generators X ® ¥ — Y ® X. We have

YXRY -YR®X)=XQY -Y®X+Ti(g)+1"
=[X, Y]+ Ti(g)+ 1"
=T1(g)+1”7

and thus 1; maps the generator to 0. Hence 1; descends to a homomorphism
as asserted.
Finally we show that this homomorphism is an isomorphism. Let {X;} be

an ordered basis of g. We know that the monomials X ,’1 X ,’k" in S(g) with
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ii <---<ixand with ), j, = n form a basis of §"(g). Let us follow the effect
of ¢ on such a monomial. A preimage of this monomial in 7" (g) is the element

X, ® QX ® X, ® QX

in which there are j, factors of X; for 1 < m < k. This element maps to the
monomial in U,(g) that we have denoted by X l]l X l]:, and then we pass to the
quotient U, (g)/U,—1(g). The Poincaré—Birkhoff—Witt Theorem shows that such
monomials modulo U,_;(g) form a basis of U, (g)/U,—1(g). Consequently i is
an isomorphism.

36. This is quite similar to Problem 33.
37. This is similar to Problem 34.

38. What is needed here is a description of a triple product of generators in
terms of permuting indices and replacing repeated pairs of indices by a scalar;
the description does not depend on the way that the parentheses are inserted in a
triple product, and then associativity follows. The details are omitted.

39. Using the universal mapping property of Problem 36, construct an algebra
homomorphism L : CLff(E, (-, -)) — C carrying 1 into 1 and extending the
mapping e; +> e;. Since the ¢;’s and 1 generate C, L is onto C. Problem 37
shows that dim Cliff(E, (-, -)) < 2", and we know that dim C = 2". Since L is
onto, L must be one-one, as well as onto.

40. This is similar to Problem 35. The substitute for the Poincaré-Birkhoff—
Witt Theorem is the fact established by Problem 39 that the spanning set of 2"
elements in Problem 37 is actually a basis.

41. The matrix that corresponds to X has r = —2.

42. To see that 7 has the asserted properties, form the quotient map
T(H(V)) — T (V) by factoring out the two-sided ideal generated by Xo — 1. The
composition T (H(V)) — W(V) is obtained by factoring out the two-sided ideal
generated by Xo—1 and all u®v—v®u— (1, v) 1, hence by all u@v—v®u—(u, v) Xo
and by Xo — 1. Thus T(H(V)) — W(V) factors into the standard quotient map
T(H(V)) — U(H(V)) followed by the quotient map of U (H(V)) by the ideal
generated by Xo — 1. By uniqueness in the universal mapping property for
universal enveloping algebras, Tis given by factoring out by Xy — 1.

43. Let P be the extension of ¢ to an associative algebra homomorphism of
U(H(V))into A. Then P(Xo) = 1 since ¢(Xo) = 1. The previous problem shows
that P descends to W(V), i.e., that there exists ¢ with P = ¢ o7. Restriction to
V gives g = g o L.

44. This is immediate from Problem 42 and the spanning in Problem 34.

46. The linear combination L; = ¢(p;) + 2m¢(q;) of the two given linear
mappings ¢(p;) = 9/0x; and ¢(q;) = m; replaces P(x) in e~ P(x) by
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0 P/dx;. Take a nonzero eIl P(x) in an invariant subspace U, let x{“ i x,]f" be
a monomial of maximal total degree in P(x), and apply L'l‘l e L]f,” to e~ P(x)

to see that e="*” is in U. Then apply products of powers of the various m;’s to
this to see that all of V is contained in U.

47. Letr; = p; + 2mg;, so that <p(r,-)(Pe_”|x|2) = (3P/3x))e ", Tt is
enough to prove that no nontrivial linear combination of the members of the
spanning set qi“ ~-~q,’§"ri‘ cerln maps to 0 under ¢. Let a linear combination
of such terms map to O under ¢. Among all the terms that occur in the lin-

ear combination with nonzero coefficient, let (L, ..., L,) be the largest tuple
of exponents (/1, ..., [,) that occurs; here “largest” refers to the lexicographic
ordering taking /; first, then /5, and so on. Put P(xy,...,x,) = le‘ x,f If
(h,...,1y) < (Ly,...,Ly,) lexicographically, then &(ri‘ ~-~r,l1")(Pe_”|x‘2) =0.
Thus (gf - gl - i) (Pe ™) is 0 if 1y, ..., 1y) < (L1, ..., Ly) lexico-

graphically and equals xf‘ coxb L L e PR, L) = (L, ..., Ly).
The linear independence follows immediately.

48. This is similar to Problems 35 and 40. The key fact needed is the linear
independence established in the previous problem.

52. In (a), for [a, b, c] to be alternating means that [a, a, c] = [a, b, a] =
[b, a, a] = 0. These say that (aa)c —a(ac) = (ab)a—a(ba) = (ba)a —b(aa) = 0.
For (b), [a, a, c] = [b, a, a] = 0 and the 3-linearity together imply that [a, b, a] =
la, b,al+[b, b,a]l =[a+b,b,a]l =[a+b,b,al+[a+b,a,a]l =[a+b,a+b,a]l =
0.

53. For (a), (1,0)(c,d) = (c,d) and (a,b)(1,0) = (a,b) directly from
the definition. Also, the definition (a, b)* = (a*, —b) makes (1,0)* = (1,0),
(a, b)*™ = (a*, —b)* = (a™*, b) = (a, b),and (¢, d)*(a, b)* = (c*, —d)(a*, —b) =
(c*a*—bd*, —c**b—a*d) = ((c*a* —bd*)*, a*d+cb)* = (ac—db*, a*d+cb)* =
((a, b)(c, d))*.

For (b), (¢), and (d), we observe that

((a, b)(c,d))(e, f)=(ac-e—db*-e— f-d*a+ f-b*c*, c*a*  f—bd"- f+e-a*d+e-cb)
and
(a,b)((c,d) (e, f))=(a-ce—a-fd*—c* f-b*—ed-b*, a*-c*f+a*-ed+ce-b— fd*-b),

and the results are immediate.

In (e), (i) is the usual construction, and (ii) has 1 = (1, 0),i = (i, 0), j = (0, 1),
and k = (0, —i), with the identity of H written now as 1.

54. For (a), (a, b)*+(a, b) = (a*, —b)+(a, b) = (a*+a, 0), whichis areal mul-
tiple of (1, 0). Also, (a, b)(a, b)* = (a, b)(a*, —b) = (aa* + bb*, a*(—b) + a*b)
= (aa*+bb*, 0), and this is a positive multiple of (1, 0) since aa* and bb* are > 0
and at least one of them is positive. A similar argument applies to (a, b)*(a, b).
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In (b), certainly (a, b) is bilinear over R, the expression for (a, b) is manifestly
symmetric, and we know that (a, a) = aa™ is > 0 with equality only for a = 0.

In (c), we are to prove that (xx)y = x(xy) and (yx)x = y(xx) in B. Itis
enough to prove the first identity since application of * to it gives the second
identity. We use (c, d) = (a, b) and substitute into the displayed formulas above
for Problem 53. We find that ((a, b)(a, b))(e, f) equals

(aa-e—bb*-e— f-b*a— f-b*a*, a*a* - f—bb* - f+e-a*b+e-ab)
and that (a, b)((a, b)(e, f)) equals
(a-ae—a- fb* —a*f -b* —eb-b*, a*-a*f+a*-eb+ae-b— fb*-b).

Taking into account the associativity of A, we see that it is enough to show that
(bb*)e = e(bb™), fb*(a+a*) = (a+a*) fb*, (bb*) f = f(bb*),and e(a +a™) =
(a + a*)e. These all follow from the fact that A is nicely normed.

55. Part (a) follows from (a) and (c) of the previous problem.

In (b), we have (xx™)y = (x(cl — x))y = cxy — (xx)y = cxy — x(xy) =
x(cy —xy) = x((cl —x)y) = x(x*y). The equality x(yy*) = (xy)y™* follows by
applying * and renaming the variables.

In (c), use of (b) and the definitions of the norm and s gives |lab|?a =
((ab)(ab)*)a = (ab)((ab)*a) = (ab)((b*a*)a) = (ab)(b*(a*a)) = ||la|*((ab)b*)
= llall*a(bb*) = |la|?|b|*a.

For (d), the norm equality of (c) implies that the R linear maps left-by-a and
right-by-a are one-one, and the finite dimensionality of O allows us to conclude
that they are onto. Hence they are invertible.

For (e), use of (b) gives a(||la|"2a*b) = |la||2a(a*b) = |la| *(aa*)b =
llal~2|la]l*b = b. This proves the result for left multiplication, and the argument
for right multiplication is similar.

For (f), the table is as follows, with each entry representing the product of the
element at the left (the row index) by the element at the top (the column index):

@0 4o §Go &0 ©On OB ©0) 0k
.00 -@10 (&0 -G,0 -0bH 01 -0k (0}
4.0 -k 0 —-10 @G0 -0.) 0k (01 =i
ko (GO0 -G40 -1,0 -0k -0)p O O
©o.n ©OH ©)p Ok -0 -01 -0) -0k
©H -1,0 -kO0 G0 0 -01) -0k 0]
©0.p &0 10 -G0 O 0k —01) —(,i
0k -Go 4o -10 Ok -0)p O -0D

56. Although B is nicely normed, the steps of (b) in Problem 55 are not justified
for it because we cannot conclude that B is alternative. Since the argument for
(b) breaks down, so do the arguments for (c) and (d).
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Chapter VII

1. The only integer < 60 that is not the product of powers of at most two primes is
30. Thus Burnside’s Theorem assures us that the only possible order less than 60 for
a nonabelian simple group is 30. The integer 30 is of the form 2pg with p = 3 and
q = 5,and g + 1 = 2p. Part (b) of Problem 34 at the end of Chapter IV is applicable
and shows that the group has a subgroup of index 2; subgroups of index 2 are always
normal.

2. For (a) and (b), (xyx~'y~™H~! = yxy~!'x~! is a commutator, and so is
a(xyx’ly’l)a’1 = (axafl)(ayafl)(axa’l)fl(aya’l)’l.

3. Let H be generated by a and b, and let K be generated by bab” and bab’.
Certainly K C H. Since bab* and bab’ are in K, so is (bab*)~'(bab’) = b and
then so is (b~ 1) (bab?)(b=%) = a. Hence H C K.

4. If H is characteristic, then in particular every inner automorphism x — gxg~
carries H to itself, and H is normal. If ¢ : G — G is an automorphism and z is
in Zg, then the equality ¢(2)¢(g) = ¢(zg8) = ¢(g2) = ¢(g)¢(z) and the fact that
@ is onto G show that ¢(z) isin Zg. If ¥ : G — G is an automorphism, then

Yxyx~ly™ = Y)Y ()W) (W (y)) 7! shows that ¥ carries commutators
to commutators; hence v carries the generated subgroup G’ to itself.

1

5. Hs, Zpg, and {1} are characteristic. But the subgroups of order 4 are not,
because, for example, there exists an automorphism of Hg carrying i to j.

6. Yes. The proof of Proposition 7.7, which takes S = G, gives a finite presenta-

7. In (a). <fi)(01)(ﬁ%)_l ’)_1:(“)'

¢
In (b), we have also (7 )(‘;)e)( ) (Oe_v)71:<g;23‘e(;s> and
(o)) e = () s (72 (57)- om0 5.0)

are in G’ for a > 0. Since <ab> = ( )(“ 91><1h/a> the matrix (a.b)
cd 0a 0 1 cd

-/a
.. ’ - ab _ [(a+tbrb
isin G'ifa > 0. If a < 0, we have (cd)(rl> = (c+drd> if b # 0, then

a + br > 0 for suitable r and therefore the equality (“ b) = (?IS: Z) (_i (1))

cd
(1 r) (“ b) = <“+cr b+dr> exhibits (“ b) as in G’. Thus all members of G are in
01 cd c d cd

exhibits ( ) asin G'. Similarly if ¢ # 0, then a + ¢r > 0 for suitable r and hence

G’ except possibly for (g a? ) with a < 0. So it is enough to prove that (_(1) (1)) is

in G’. This follows since ( —(1) 0) has been shown to be in G’ and has square equal to

(520)
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0 -1
trace of both sides and using the fact that Tr xyx ™
and Try = 0. Putx = (;)and y = (“ b), and substitute into the equality

). Then xyx~! = —y. Taking the
1

In (c), suppose that (xyx~ 1)y~ = (
=Try,weseethatTry = —Try

c —a

xy = —yx. The entry-by-entry equations are ra + sc = —ra — tb, rb = —ub,
uc = —rc, and tb — ua = —sc + ua. The first and fourth equations together say
that 2ra = —tb — s¢ = —2ua. Thus we have (r + u)a = 0, (r + u)b = 0, and
(r +u)c = 0. Since at least one of a, b, ¢ is nonzero, r +u = 0 and x = i _i .
Writing out the equality xy = —yx, we obtain the necessary and sufficient condition

2ra = —sc — tb. (%)
The determinant conditions are —r%> — st = 1 and —a®> — bc = 1. Multiplying
(%) by sc and substituting st = —1 — r? and be = —1 — a2, we obtain 2rsac =
—s2¢2 — (=1 =r?)(=1—da?) and then 0 = —s2c2 — 2rsac — 1 —a? —r2 —r2a® =

—(@ra +sc)?> — 1 — a® — r2, contradiction. Thus (_l 0) is not a commutator.

0 -1

8. By Proposition 7.8 the constructed group is a quotient of the group given by
generators and relations. We actually have an isomorphism if each element of the
group given by generators and relations is of the form b”a? with 0 < p < 2 and
0 < g < 8 because the group given by generators and relations then has order
< 27. Right multiplication by a carries this set to itself. Right multiplication by b
has bPa?b = bPb(b~'alb) = bPT (b~ lab)? = bP(a*)? = bPa*, and this equals
a suitable element b”'a9 with 0 < p’ < 2and 0 < ¢’ < 8. Hence the group
defined by generators and relations has at most 27 elements, and we have the desired
isomorphism.

9. Let F, befreeon xy, y1, ..., Xn, Yu,lete : F, — Fy,/F, bethe homomorphism
of Corollary 7.5, and let ¥ : F,, — G, be the given quotient homomorphism. Then
ker ¢ C ker W, and Proposition 4.11 shows that there exists a group homomorphism
¥ : G, — F,/F, such that y o W = ¢. Since F,/F, is abelian, ¥ factors as
¥ o g, where ¢ : G, — G,/Gj, is the quotient and v : Gn/G, — Fu/F,isa
homomorphism. Thus ¢y o g o ¥ = ¢. Since ¢ is onto, ¥ is onto; thus the image
of v is isomorphic with F,,/F/, which is free abelian of rank 2n. The group G,/G/,
is abelian and has a generating set of 2n generators, thus is a homomorphic image
£ : A, > G,/G), where A, is free abelian with 2n generators. The composition
¥ o £ is a homomorphism from a free abelian group of rank 27 onto a free abelian
group of rank 2n. Taking into account the proof of Theorem 4.46, we see that ¥ o &
is one-one. Since & is onto G, /G, V¥ is one-one. Therefore G,/ G, is free abelian
of rank 2n.

10. Let F be a free group of rank n, let g : F — F/F’ be the quotient homo-
morphism, let~xl, ..., Xx with k < n be generators of F, let F = F({x1, ..., xx}),
and let ® : F — F be the quotient homomorphism. The composition g o P
is a homomorphism of F onto the abelian group F/F’, and it factors through to a
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homomorphism of F / F'onto F / F’. Here the domain s abelian with k generators, and
the image is free abelian with n generators, and there can be no such homomorphism.

11. For (a), we can use 1 and a. For (b), the proof of Theorem 7.10 says that we are
to multiply each of these by a, b, c on the right and take the H part of the result. The H
parts that are not 1 form a free basis. Wehave la = aand lap(a)~! = 1,1b = ba~'a
and 1bp(b)™" = ba™ ', 1c = ¢ = ca™'a and lep(c)™! = ca™', aa = a*1 and
aap(a®)™' = a2, ab = abl and abp(ab)~" = ab, and ac = acl and acp(ac)~! =
ac. Thus a free basis of the generated subgroup is {ba‘l, ca=', a?, ab, acl.

12. The thing to prove, by induction on n, is that if aja; - - - @, is a reduced word
in variables ug, 11, us, ... and their inverses, and if we then substitute xk yx_k for
uy and reduce in terms of x, y, then the reduced form involves a total of n factors of

y or y~ !, the factor to the left of the first y or y~!is x? if a; = u;,“, and the factor

1 *1

to the right of the last y or y™" is x ™7 if ap = ug .

13. The remarks with Proposition 7.15 show that the reduced words in C, x C» are
all words whose terms are alternately x and y. Let H be a normal subgroup # {1}.
Then H contains a conjugate of a nontrivial such word. Form the shortest such word
# 1in H. If the word begins and ends with x and has length > 1, we can conjugate
by x and reduce the length by 2; similarly if it begins and ends with y and has length
> 1, we can conjugate by y and reduce the length by 2. We conclude that the word
has length 1. Then H contains x or y and is a quotient of either (y; y?) or (x; x2),
which give C» and {1}.

Thus we may assume that a shortest nontrivial reduced word in H is a product
xy---xy with 2n factors or a product yx --- yx with 2n factors. Then G/H is a
quotient of (a, b; a?, b2, (ab)"), and we saw in an example in Section 2 that this
group is D,. We readily check that all quotients of D, are of the form {1}, Cy,
Cyp x C», and D,, for certain values of m > 3.

14. Argument #1: When the irreducible representations are all 1-dimensional,
Corollary 7.25 shows that the number of irreducible representations must be |G|, and
Corollary 7.28 shows that the number of conjugacy classes must be |G|. Therefore
each conjugacy class contains just one element, and G is abelian.

Argument #2: Theorem 7.24 shows that the irreducible representations separate
points in G in the sense that for any pair x, y in the group, there is some irreducible
R with R(x) # R(y). When the irreducible representations are all 1-dimensional,
the multiplicative characters separate points. Since every multiplicative character is
trivial on the commutator subgroup, the commutator subgroup must be {1}. Then
every pair x, y has xyx~'y~! = 1 and xy = yx.

15. This is immediate from Lemma 7.11.

16. For (a), every cochain f has the property that mf = 0. Hence the same thing
is true of cocycles and of cohomology elements.
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For (b), the cocycle condition for f says that

(=D"f(g1, ... 8n) = &1(f (82, - -, &n+1))
n—1 .
+ Z (_l)lf(gls e 8i—158i8i+15 8i42y -+ - vgl’l+1)
i=1
+ (_l)nf(gls e 8n—1> gngn+1)-

Summing over g, in G gives

(=D"GIf(81,---. 8n) = 81(F (g2, ..., 8n))

n—1 .
+ > (=D'F(g1, ..., 8i—1, 8i8i+1s &it2s - -+ &n)
i=1

+ (_l)nF(gl’ ) grlfl)-

The right side we recognize as (6,,—1 F) (g1, - - -, gn), Which is the value of a cobound-
ary at (g1, ..., g&). Therefore |G| f is a coboundary and becomes the 0 element in
H?*(G, N). Thus f, when regarded as an element of H>(G, N) has order dividing
|G|.

17. The two parts of the previous problem show that every element of H>(G, N)
is of finite order dividing both |G| and |G/N|. Since GCD(|G|, |G/N|) = 1, every
element of H2(G, N) has order 1. Thus H2(G, N) = 0, and the only extension is
the semidirect product.

18. The only automorphism of C3 is the trivial automorphism, and therefore t is
trivial. The two possibilities for G are C, x Cy and C4. With G = C, x Ca, the
group E can be C; x Cp x C; or Hg, and with G = Cy4, E can be C, x C4 or Cg.
For the cases £ = Cy x Cp x C; and E = Cy x C4, the extension is the direct
product, and no further discussion is necessary. For the cases E = Hg and E = Cg,
the embedding of N = C, is unique, and we therefore get only one extension in each
case. Thus there are exactly two inequivalent extensions for each choice of G.

19. If N embeds as a summand C», then the quotient £ /N has one fewer summand
C», is still the countable direct sum of copies of C, and C4, and is therefore isomorphic
to E. If N embeds as a 2-element subgroup of a summand C4, then the quotient £ /N
has one fewer summand C4 and one more summand C», is still the countable direct
sum of copies of C3 and C4, and is therefore isomorphic to E.

The action t has to be trivial because C, has only the trivial automorphism.

If an equivalence @ of extensions were to exist, it would have to satisfy ® i1 (x) =
i2(x) for the nontrivial element x of N = C,. Buti{(x) is an element of order 2 that
is not the square of an element of order 4, while i, (x) is an element of order 2 that
is the square of an element of order 4. Since @ is an isomorphism, it has to carry
nonsquares to nonsquares, and we cannot have ® ij(x) = i (x).
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20. Let us write i1 and i, for the inclusions of N into £ and E;. For (i;(x), 1)
to be in Q, i1(x) must be 1; hence x must be 1. Thus x — (i;(x), 1) Q is one-one.
The image of ¢ is the same as the image of ¢, which is G. Suppose that (eq, €2)
isin (E1, E2) N Q. Then ¢;(e1) = ¢2(ez) and (e1, e2) = (i1(x), i2(x)~") for some
x € N. Then ¢(e1, e2) = ¢1(i1(x)) = 1, and ¢ descends to the quotient.

If (e1, e2)Q is in the kernel of the descended ¢, then (ej, e3) is in the kernel
of the original ¢, and e is in the kernel of ¢;. Therefore ¢; = ij(x) for some
x € N. Since ¢2(e2) = @i1(e1), ez is in the kernel of ¢ and ey = i>(y) for some
y € N. Theelement (i1 (y), iz(y)_l) isin Q, and we therefore have (i{(x), i2(y))Q =
(1), (M) E1(0), 20O = (i1(xy), 1)Q. Thus (i1(x), i>(y))Q is exhibited
as in the image of the embedded copy of N.

21. Since Q is normal, we have (i, #)(v,0)Q = (a(u, v)uv, b(u, v)uv)Q =
(b(u, v), bu, v) " H(a, v)uv, b(u, v)av)Q = (b(u, v)a(u, v)uv, luv)Q =
(b(u, v)a(u, v), 1)(mv, uv) Q). Thus the cocycle for (E1, E2) Qis {b(u, v)a(u, v)} =
{a(u, vV)b(u, v)}.

22. Let & : Ey — Ej and ®; : E; — E) be isomorphisms exhibiting the
equivalences of the extensions. Define ® (e, e;) = (P(e1), P(e2))Q’, and check
that this descends to the required isomorphism @ : (Ey, E2)/Q — (E}, E})/Q'.

23 f00 = Liea S OXD = X Znen f (+MA D = iy FOXD
= F(x).

24. Fourier inversion and Problem 23 give F (x) = |G/H|™! erﬁ/ﬁ f()‘())‘( (x)
=|G/H|™! Y578 F() % (x). Pulling back ¥ to the member x of G with x |, =1
and substituting the definition of F', we obtain the desired result.

25. For (a), if C = 0, then all ¢ € F” have (a,0) = 0, and hence C+ = F”.
For (b), the repetition code has C = {0, (1, ..., 1)}. The members a of F" with
(a,(1,...,1)) = 0 are the members of even weight, hence the members of the
parity-check code. For (c), it is enough to check that (a, c) = 0 for each pair of
members a, ¢ of a basis of C, and this one can do by hand.

For (d), Proposition 6.3 shows that n = dimC + dimC*. Since C = C*,
dimC =n/2.

For (e), every member ¢ of C is in C and must in particular have (c, ¢) = 0.
Therefore ¢ has even weight.

For (f), let ¢ and ¢’ be in C, and write cc’ for the entry-by-entry product (logical
“and”). Then wt(c + ¢’) = wt(c) + wt(c’) — 2wt(cc’), and hence %wt(c +c) =
%Wt(c) + %Wt(c’) — wt(cc’). Considering this equality modulo 2 shows that it is
enough to prove that C € C* implies that wt(cc’) is even whenever ¢ and ¢’ are in
C. Modulo 2, we have wt(cc’) = (¢, ¢’), and (¢, ¢’) = 0 since C < C+.

26. In (a), every element of " has order at most 2, and thus x takes only the
values £1. Define (a,); to be 0 if x(e;) = +1 and to be 1 if x(e;) = —1. Then
x(ei) = (— 1)@€) for each i. The two sides extend uniquely as homomorphisms of
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" to {1}, and it follows that x (¢) = (—1)@ for all ¢ € F”. The remainder of (a)
is routine.

In (b), let x correspond to a. Then f(a) = f(x) =Y flex() =
Y eern f(=1)@).

In (¢), we have

MFi@) =TT X file (=1

i c;eF
= ZFfl(Cl)(—l)a‘cl Z]an(cn)(—l)“”c"
= XF: Sile)(=DN -+ fu(en) (=)™ = XF: FO(=D)@) = fla).

27. In (a), fo(0) = > eper Joc) (=D = fo(0)(+1) + fo(1)(+1) = x + y and

o) = Y er foleo) (=D = foO)(+1) + fo(1)(=1) = x — y.
In (b), Problem 26¢ gives

fo=Mhe=( I «tn)( I «-y)

i with ;=0 i witha;=1

— ()C + y)n—wt(a)(x _ y)wt(a).

28. In (a), the members of G//T-I lift exactly to the members w of G with a)| g =1L
Under the mapping of Problem 26a, any member y of G yields a unique member a,
of F” with x(c) = (—1)@9 for all ¢ € F". If ay isin C*, then this formula gives
x(c) =1,1i.e., X|H = 1. If a, is not in CL, then x(co) # 1 for some ¢y € C, i.e.,
X |H 7 L.

In (b), we apply the special case of Problem 24 mentioned in the educational note.
Then the result is immediate, in view of (a). N

In (c), we let f(c) = x""WyW)  Problem 27b says that f(a) =
(x + y)" M@ (x — y)¥@  Substituting into the formula of the previous part gives
Y e XTTVUOYWHE) — L LN L (x + p) M@ (x — y)™M@ and this says that
Welx,y) = [CH T Wer(x +y,x — y).

In (e), parts (d) and (e) of Problem 25 show that the only monomials Xky! in
We (X, Y) with nonzero coefficients are those with k and [ even. Therefore W¢ (X, Y)
is invariant under the transformations X — —X and Y +— —Y. The MacWilliams
identity shows that W¢ (X, Y), apart from a constant, is the same polynomial in X +Y
and X — Y. Therefore W (X, Y) is invariant also under (X +Y) — —(X + Y) and
under (X —Y) = —(X —Y). Thus W¢(X,Y) is invariant under the group of
symmetries of a regular octagon centered at O with one of its sides centered at (1, 0).
This symmetry group is Dsg.

29. The characters of G are the ones with x, (1) = ¢ forO < n < m. Such a
character is trivial on H if and only if x,(¢) = 1, i.e., if and only if ¢,,? = 1; this
means that nq is a multiple of m, hence that n is a multiple of p.
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The element 1 of H is the element g of G. Thus the question about the identification
of the descended characters asks the value of x,, (1) when n is a multiple jp of p. The
value is x, (1) = ¢ = 3P = ¢

If we have computed F on G/H and want to compute F from the definition of
Fourier coefficients, we have to multiply each of the g values of F by the values of
each of the ¢ characters of G/H and then add. The number of multiplications is .
The actual computation of F from f involves p additions for each of the g values of
t, hence pq additions.

30. F™) = Y Fie P = SN (£ )¢ . The variant of
f for the number k is theni — f(i)¢,, ki Handling each value of k involves m = pq
steps to compute the variant of f and then the g> 4+ pgq steps of Problem 29. Thus we
have g2 + 2pq steps for each k, which we regard as of order g> + pg. This means
p(g® + pq) steps when all k’s are counted, hence pg(p + q) steps.

32. By inspection, (£y,, £y,) v = (v1, vg)v has the properties of an inner product.
The definition is set up so that the linear mapping £, > v of V' into V preserves
inner products.

33. The contragredient has (R°(x)€,)(v") = £,(R(x~Hv) = (R(x"Hv/, v)y =
V', R(xX)v)v = Lrex)w (V). Hence R (x)€y, = LRr(x)v, and (RE(x)Ly, RE(x)L))y =
(R(x)v, RV )y = (R(x)V, R(x)v)y = (v, v)y = (v, V)3 = (by, &)y

34. If {v;} is an orthonormal basis of V, then {Euj} is an orthonormal basis of
v’ by Problem 32, and (Rc(x)fvj,ﬁvj)v/ = (ZR(x)vjyguj)V’ = (Uj, R(x)vj)v =
(R(x)vj, vj)v. Summing on j gives the desired equality of group characters.

35. In view of Problem 34 a necessary condition on a 1-dimensional representation

for it to be equivalent to its contragredient is that it be real-valued. Hence the two
nontrivial multiplicative characters of C3 are not equivalent to their contragredients.

36. Following the notation in the discussion before Theorem 7.23, let p;;(x) =
(R(x)uj, u;), let [ be the left-regular representation, and let £,(u) = (u, v)y be as
above. Consider, for fixed jo, the image of R(g)¢,,, under the linear extensionto V' of

the map E'(6,)(x) = (R()ujp, ux) - This is E'(E5~ , )(x) = E'(Yg el ) (x)

= Y GE L)) = Y ax(RX)ujy, ux), = (R(x)uj, Y, cxug)y, and hence
E'()(x) = (R(x)ujy, v)v. Then the image of interest is

E'(RE(8)u) (x) = E'(LR(gyu;)(x) = (R(X)ujy, R(g)ui)y
= (R(g"W)ujp, ui)y = (L) pijy) (x).

Therefore [ carries a column of matrix coefficients to itself and is equivalent on such
a column to R€.

37. Letx = (? _(1)> and y = (_? _1 ), and let " be the subgroup generated

by x and y. Observe that —/ = x2, y~! = (_} _(1)), and yx = (7} ?) are in I'.
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Arguing by contradiction, suppose that I' £ SL(2, Z). Choose a matrix z = <Z Z

in SL(2, Z) but not I' such that max(|a/|, |b]) is as small as possible. If ab = 0,
then one of |a| and |b| is 1 and the other is 0 because the matrix has determinant
1. If |a| = 0, then zy~! has top row (1 0); so in either event we see that some

member of SL(2, Z) outside I is of the form =+ (: ?) Since x2 = —J isin I and

—11
Thus the matrix z cannot have ab = 0. Suppose that ab > 0. Then zy has

toprow (—=b a —b), and zy~! has top row (—a +b —a). The minimality of
max(|al|, |b|) for z says that

yx = ( 0) is in ', this is a contradiction.

max(lal, |b|) < max(| —b|, la—b|) and max(|al, |b]) < max(|—a+b|,|—al).

Now |a — b| < max(]a|, |b]) since ab > 0, and the only way that we can have the
above inequalities is if @ = b. In this case, zy is a member of SL(2, Z) outside I"
whose top-row entries have product 0, and we have seen that this is a contradiction.

Thus we must have ab < 0. Then zx has toprow (b —a ). The product of these
entries is positive and the maximum of their absolute values is the same as that for z.
So we are reduced to the situation in the previous paragraph, which we saw leads to
a contradiction. We conclude that I' = SL(2, Z).

38. In PSL(2,Z), we have x% = y3 = 1, and Problem 37 shows that x and
y generate PSL(2, Z). Proposition 7.8 therefore produces a homomorphism car-
rying (X, Y; X2, Y3) onto PSL(2, Z). Proposition 7.16 shows that C, x C3 =
(X,Y; X 2 Y3), and the composition of these two maps yields the desired homo-
morphism ®.

39. Let us drop the “mod + I” in order to simplify the notation. In (a), yx =

0 1y (o-l 1o - —1-1) (0 -1 1o
(—1—1>(1 0>=(—11)andy l_x:( 1 0)(1 O)=< 0_1).Thenzyx=
(Z:f; Z), and p(zyx) = max(la — b|, |b|). If ab < 0, then |a — b| > |a| and hence
—a a—b

u(zyx) = (). Similarly 2y~'x = (24420 ), and pu(zy~"x) = max(lal, la — b)),
If ab < 0, then |a — b| > |b| and hence (zy~'x) > 1(z). The arguments with v
are similar.

In (b), we have zx = (

—c c—d

5 7¢)- Then ju(zx) = max(bl, lal) = 1(z) and v(zx) =
max(|d|, c]) = v(2).
In (c), the entries of z are limited to =1 and 0. We may take the first nonzero entry

in the first column to be +1 by adjusting by —1 if necessary. Then the possibilities

. . 10 11 1 -1 10 1 -1 10 11
with determinant 1 are (01), (0 1), (0 1), (1 1), (1 0), (_1 1>, (_10>,

0 -1 0-1Y g (0!

o)\t 1) 1-1)

In (d), let us prove by induction on n that if Z = a; - - - a, is reduced and ends
in X, then ®(Z) = (‘Z Z) has ab < 0. The base cases of the induction are n = 1
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and n = 2, where we have Z = X, Z = YX, and Z = Y~ 'X; since ®(Z) is

(? _(1)>, (7} ?), and <_(1) 7}) in the three cases, we have ab < 0 for each. For the

inductive step we pass from Z, which ends in X, to anything obtained by adjoining
factors at the right in such a way that the new word is still reduced and has X at
the right end. This means that Z is replaced by ZY X or by ZY~!X. Suppose that

P(2) = (‘C‘ Z). We are assuming that ab < 0. According to the calculation in the

solution of (a), the entries in the first row of ®(ZY X) are a — b and b, with product
(a —b)b = ab — b* < ab < 0, and the entries in the first row of ®(ZY ' X) are —a
and a — b, with product —a(a — b) = —a% 4+ ab < ab < 0. Thus the induction goes
forward, and our assertion follows.

Now we can prove by induction that

w(®(ay - --ay)) = w(®a - an—1)) (%)

ifZ=a;- -a, = Z'a, isreduced. The resultis trivial forn = 1, and we letn > 2 be
given and assume the inequality for words of length < n. Let a word of length n > 2
be given. If a, = X, then (x) is immediate from (b). If @, # X, then a,—; = X and
ay is Y or Y~!. Also, ZX is a reduced word. From the previous paragraph we know
that the product of the entries in the first row of u(®(Z’)) is < 0. Applying (b) and
then (a), we obtain w(®(Z)) = u(®(ZX)) = w(®(Z'a, X)) > u(®(Z")), and this
proves (x). Similar arguments apply to v.

For (e), we are to prove that if W is a nonempty reduced word, then ® (W) is
not the identity of PSL(2, Z). Assuming the contrary, we may assume without loss
of generality that W is as short as possible with this property. If W = ay---a,,
and © (W) is the identity, then u(®(W)) = w(I) = 1 and similarly v(®(W)) = 1.
By (d), we must have u(®(a;---ax)) = v(®a;---ar)) = 1for1l < k < n.
Then, for each k with 1 < k < n, ®(ay---ax) lies in the set of 10 matrices in
(c) but is not the identity. The 10 matrices in (c) are obtained by applying & to
the elements 1, XY, Y~!'X, XY~!, XYX, YX, Y~!, X, Y, and XY~!X. The
remaining words W of length 3 are YXY, YXY~!, Y=!XY, Y~!XY~!, and the
ones of length 4 are XY XY, XY XYL, Xy~ 'Xy, Xy~ !Xy~ yXYX, YXy—'X,
Y7'XYX, Y7'XY~'X. We compute ® directly on these 12 reduced words and

ovain (0°2): (7012 (20 (0 G- G- (- (20)
( 7} _; ) , ( j _} ), (é _? ) Consequently @ (W) is not the identity for W of positive
length < 4. The inequality of (d) shows that (®(W)) > 2 if W has length > 4, and
therefore & (W) is the identity only if W is the empty word.

40. The definition of 0, is O (f Z) = (j—-:jr:; Ziﬁé ) We readily check that &,

respects multiplication and hence is a homomorphism into some group of matrices.
Since (a + mZ)(d + mZ) — (b + mZ)(c + mZ) = (ad — bc) + mZ = 1 + mZ, the

image group is contained in SL(2, Z/mZ). The kernel is the set of matrices (f Z)
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in SLQ2,Z) witha +mZ = 1 +mZ, b+ mZ = 0+ mZ, c + mZ = 0 + mZ,
d+mZ = 1+ mZ, and these are exactly the matrices M in SL(2, Z) with every entry
of M — I divisible by m. Therefore ker 6, = I'(m). This proves (a).

In (b),let y = GCD(a, m), sothatay ~' andmy ~! are relatively prime. Applying
Dirichlet’s theorem on primes in arithmetic progressions, take p > || tobe a prime of
the form p = ay "' +rmy~! forsomer. Thena+rm = py,and GCD(a+rm, B) =

GCD(py, B) = GCD(y, B) = GCD(GCD(«, m), B) = GCD(a, B, m) = 1.

ab .
o d with

integer entries with ad — bc = 1 modm. If p is a prime dividing a — b and
¢ —d, then ad — bc = bd — bd = 0 mod p, and hence p does not divide m.
Therefore GCD(a — b, ¢ — d, m)=1. Applying (b), we obtain an integer r such that

GCD(a +rm — b, c —d) = 1. Let us then work instead with (“frm b ) Adjusting

For (c), corresponding to any member of SL(2, Z/mZ) is a matrix

c d

a

notation to call this matrix ( Z), we may assume that GCD(a — b,c — d) = 1.

Since m divides ad — bc — 1, there exist integers C and A with

(a—b)C +(d—c)A=1=d=ba),

a+mA b+mA '\ .
Then det (c+mc d+mC) is equal to

(ad — be) + (d — c)mA + (a — bymC = (ad — be) + m(1=44=9) = 1,

a+mA b+mA'\ . . ~ . .
and (C +mC dtm C) is a member of SL(2, Z) whose image under o, is the given

matrix in SL(2, Z/mZ).

41. For the remainder of the problems in this set, it will be convenient to regard
the isomorphism C, % C3 = (X,Y; X?,Y3) of Proposition 7.16 as an equality:
Cr*Cy=(X,Y; X2, Y3,

In (a), ®,, is well defined as a consequence of the second conclusion of Proposition
7.8.

In (b), it is immediate from Proposition 7.8 that the kernel of ®,, is the smallest
normal subgroup of C; * C3 containing the element (XY)™. Under the isomorphism
® : Cy xC3 — PSL(2,7Z), we have ®((XY)") = (xy)" mod +I. Since the
smallest normal subgroup H,, of PSL(2, Z) containing (xy)™ mod +1 = ®((XY)™)
is @ of the smallest normal subgroup of C» * C3 containing (XY)™, we have H,, =
& (ker d,,).

In (c), if passage to the quotient is denoted by g,,, Proposition 4.11 shows that the
point needing verification is that the scalar matrices in SL(2, Z) lie in the kernel of

Gm © 0m, and this follows since (7(1) _?) maps under o, to the matrix with entries
taken modulo m and then maps to the identity under g,,.

In (d), K;;, is a normal subgroup of PSL(2, Z), and it is thus enough to show that

the element (xy)™ mod £/ of H, is in K,,. Since ((1) _(1)) (_? _1) = ((1) }) and

since the m™ power of this matrix is in ['(m), (xy)™ mod =%/ is indeed in K,,,.
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For (e), part (d) shows that ((1) 'f ) mod %/ isin K,,, and its t™ power (é t;" ) mod

=+1, for ¢ an integer, has to be in K,,. Then (Jm ?) =X ((1) ’T)x‘l mod =/ is in

K, since K,,, is normal, and so are ( 1:2;" ]i’;'m ) =yl ((1) ’:" ) yand ( l:t’n':’ 1;”:m) —
xy ™! ((1) t;" ) yx~!, for the same reason.

42. Let x and y be the listed images in the stated permutation groups of X and Y.
The homomorphisms in this problem come from Proposition 7.8 since in each case
x2=1, y2 = 1, and (xy)" can be verified to be 1. What needs to be verified in each
case is that x and y generate the stated permutation group.

In (a), the image group has a subgroup of order 2 and a subgroup of order 3 and
hence must be the whole 6-element &3.

In (b), Lemma 4.41 shows that (1 2 3)(1 2)(3 4)(1 2 3)~' = (2 3)(1 4), and
hence the image group has a subgroup of 4 even permutations and a subgroup of 3
even permutations, therefore must be all of 24.

In (c), we have (1 2)(2 3 4) = (1 2 3 4). Thus the image group contains
12342=0103)2 4,23 40 32 H2 3 H =1 4@ 3),and
2 3 41 2)2 3 497" = (1 3), hence a subgroup of order 8 and a subgroup of
order 3. Therefore it is all of G4.

In (d), we have (1 2)(3 4)(1 3 5) = (1 4 3 5 2). Thus the image group
contains a subgroup of order 5, a subgroup of order 3, and a subgroup of order 2, all
contained in 2As. The image group is not of order 30 because s has no nontrivial
normal subgroups, and hence it must be all of 2s.

43. Aswith Problem 39, let us drop the “ mod =1 in order to simplify the notation.
10 1 -1 0 1 01
In (a), we can take g = (01), g = (0 1), g3 = (_1 _1), g4 = (_10>,

(-1 -1 (10
gS— 1 0386_ —-11)/)

For (b), first we compute the six values of g;b; as g1b; = (_? (l)), b =

and then we compute the six values of g;by as g1by = (_(1) _i ), @by = (_} _2>,

g3br = <_i _(1)) gaby = <_(1) :}) gsby = (é?) g6br = (_(1) _;) Next we
locate each of these products in a coset, writing them with some g; on the right.
We find that, up to mod =+ I, the results are g1y = g4, g2b1 = g5, g3b1 = ge,

32
84b1 = g1, gsb1 = g2, g6b1 = g3, 8102 = g3, L2by = (72 71>86, &by = gs,
g4by = ( (1) f) g2, 85b2 = g1, g6b2 = (7; ?) g4. The conclusion is that generators

. 32 12 10
of K, are the three matrices (_2 _1>, (0 1)’ (_2 1).

For (c), the second and third of the generators in (b) are in Hy by Problem 41e.

The equality (7; j) = — ( (1) _?> ( ; (1)) exhibits the first of the generators as in
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H,. Hence all the generators are in H, and K» € Hj. Therefore Ky = H,.
For (d) withm = 3, we can take the 12 cosetrepresentativestobe g; = ( (1) ?) &=

1-1 11 01 01 0 1 1 -1

(as = (U)ose= (0w = ()= (2 ) = (170),
11 11 1 —1 10 1

= (1) s = (1 )so= (e = (1) s = (U

0
1
01 11 11
we compute that g1b; = (_10> = g4, g2b1 = (_10) = g9, g3b1 = (_1 0) =
-10 -1 0 -1 0
87, 84b1 = ( 0_1) = g1, gsb1 = (_1 _1) = g1, 861 = ( 1_1) = 812,
1 ~11 -1 0 -1 1
g7b1 = (01) 83, 88b1 = (_21> = (_3 _1)810, gob1 = ( 0_1) = 82,
810b1=<7;7} =<710>g3,g11b1 ( ?})=g5,g12b1=( ?7]>
—86,g2b2—< ?) ( 3 2)5’10 g3b2 =
-1
-2

-1 -1 -1
= g1, 8ab 0 ) = 83, gshy = ) = 88, 8eb2 = ( -
. -

g1by = ((1)?) = ((1) 2, 88b2 = (_; (1)) ( )812, goby = (
81,glob2=( ;_§)=<7§ 5)87 guby = ( (1) l)—g4,812b2—(_?_;>=
10
-31) 85
-1 0 10 4 3\ (13) (-1 0 (-2 3
Thusgeneratorsof[@::ure(_3 _1>,<_31),<_3 _2),(01),(_3 _1),( 3_5>,
10 4 3 4
(_3 1)- Allbut(_3 2 a2

_ (143 3 -2 3\ _ (1-3-3\(1-3
= ( 3 ]73> and< 3 75) = ( 5 1+3) (0 1) show that these two generators are

in H3. Therefore K3 = Hs.

44. Problem 41 produces a homomorphism o, of G, onto PSL(2, Z/mZ) with
kernel isomorphic to K,,/H,. The given fact H,, = K, for 2 < m < 5 implies
that o, is an isomorphism for these values of m. This proves the first isomorphism
in each part. Problem 42 gives us homomorphisms of G, for these m’s onto the
third group listed in each part. Composition with o, ! then gives a homomorphism of
PSL(2, Z/mZ) onto the third group. In each case the statement of Problem 43 gives
the number of elements in PSL(2, Z/mZ), and this matches the number of elements
in the third group. It follows that these homomorphisms are isomorphisms.

45. For (a), linearity gives ReT(a,b)R;l(x, y) = Rg(R;](x, y) + (a,b)) =
RoR; " (x,y) + Ro(a, b) = (x,¥) + Ra(a, b) = Tr,(ap) (%, Y)-

For (b), the result of (a) says that we get a semidirect product. Let us show that
the two sets—the elements of the semidirect product and the union of the translations
and rotations—coincide. In one direction a rotation about (xg, yo) is of the form
(x,y) = Ro(x —x0, y—y0)+(x0, Yo) = Rg(x,y)+(a, b) = T(ap)Re(x, y), where
(a, b) = —Rg(x0, yo) + (x0, yo). Hence it is in the semidirect product. In the reverse
direction suppose that T(, 5) Rg is in the semidirect product and is not a translation.
Then 6 is not a multiple of 27, and we can put (xg, yo) = (1 — Ry)Y(a, b). Then we

and ( _g _2 are certainly in H3. The expressions
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have T(4,5) Ro(x, y) = Ro(x, y)+(a, b) = Rg(x—x0, y—Y0)+Ro(x0, yo)+(a, b) =
Ry(x — X0,y — o) + Ro(1 — Rg)™'(a,b) + (a,b) = Ry(x — x0,y — yo)—
(1—Rg)(1—Rg)~'(a, b)+(a, b)+(1—Rp) " (a, b) = Ry(x —x0, y — o)+ (x0, Y0)-
Hence T(4,1) Ry is a rotation about (xp, yo).

46. In (a), we need to show only that r. = r,rp. In (b), we need to show that
rpralpralp is a translation but not the identity. Then it follows from (b) that the
group G generated by r, and r; is infinite. Since (a) and Proposition 7.8 yield a
homomorphism of G¢ = (X Y X2 Y3, (XY )6) onto the infinite group G, it follows
that G is infinite. Since PSL(Z/6Z) is finite, (c) follows.

To establish the two facts that need checking, we may, without loss of generality,
take T to be the triangle with verticesa = (0,0),b = (0, —1),and ¢ = (+/3,0). The
formulas for rq, rp, and r. are rq(x, y) = (—x, —y),

rp(x,y) = (xcos%” -+ l)sinzT”, xsin%” +(y+ l)coszT” -1
= (—x/2—yv3/2—+/3/2, xN3/2—y/2—1/2—1),
and
re(x,y) = ((x—~/3) cos T +ysing + V3, —(x=+/3) sin % + ycos §)
= ((x—v3)/2 4+ yV3/2+ V3, —(x—v3)V3/2+y/2).
Then ryrp(x, y) = —rp(x, y) = re(x, y) by inspection.
To verify that rpr,rpryrp is a translation, we write rprarprerp(x, y) = r;,rc2 (x, y).
The formula above for r. gives
rcz(x, y) = ((x—«/g) cos 27” + ysin 27” + /3, —(x—«/g) sin %’T + ycos ZT”)
= (= (x—v3)/2+yV3/2+ V3, —(x=+3)V3/2—y/2).
Then the first coordinate of rbrf(x, y) is —%(—(x — \/§)/2 + y\/§/2 + \/§)+
((x =v3)V3/2 + y/2)/3/2 — /3/2 = x — 2+/3, while the second coordinate

is (—(x—~/3)/2+ y+/3/2+v/3)v/3/2 + (x—+/3)V/3/2+y/2)/2—3/2 = y. So
rpr2(x, y) = (x — 24/3, y) is a translation.

47. We may suppose that the representations are unitary. Let {v;;} and {v2 ;} be
orthonormal bases of V| and V,. Then

(XR, * Xr,)(X) = 2 X, (X3~ D, (V)
y

= > (Ri(xy Hori, vi,)(Ra(y)va, j, v2,})
Yoy j

= > (Ri)RI i, vi0vLe 1) (Ra(D)v2, 5, v2,7)
i, j.k

= Y (Ri(X)vik, v1,i) Y. (Ri(YWvik, vi,) (Ro(W)v2,j, v2,))
ik y
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For (a), the inside sum is 0, and the argument is complete. For (b), let Ry = R, and
v, j = vy, ;. Then the right side of the display continues as

= Y Rk v1.)IGldg 17, vi0) @1y, v10)
i,j,k
= |Gldg ¥ (Ri(xX)v1 k. v1.)8k8;i
i,j,k
_ -1 _ —1
= |Gldg, X (Ri(x)vii, v1i) = |Gldg xg, (X).
1

48. We have E,Ep = |G|—2dadﬁR(ﬁ)R(@) = |G| 2dydgR(%, * Xp)- Prob-
lem47ashows that thisis 0 if Ry, and Rg are inequivalent; this proves (b). Problem47b
shows that the computation with R, = Rg continues as = |G|_1daR(E) = Eg; this
proves (a).

49. Let S be the set of all finite-dimensional irreducible invariant subspaces V; of
V. Call a subset T of S “independent” if the sum ), _, V; is direct. This condition
means that for every finite subset {#1, ..., #,} of T and every set of elements v; € V,,
the equation

v+---4+v,=0

implies that each v; is 0. From this formulation it follows that the union of any
increasing chain of independent subsets of S is itself independent. By Zorn’s Lemma
there is a maximal independent subset Ty of S. By definition the sum V) = Z,eTO V;
is direct. Consequently the problem is to show that Vp is all of V. Since every
member of V lies in a finite direct sum of finite-dimensional irreducible invariant
subspaces of V, it suffices to show that each Vi is contained in Vy. If s is in Tp,
this conclusion is obvious. Thus suppose s is not in 7. By the maximality of T,
To U{s} is not independent. Consequently the sum V + Vs is not direct, and it follows
that Vo N Vs # 0. But this intersection is an invariant subspace of V;. Since V is
irreducible, a nonzero invariant subspace must be all of V. Thus Vj is contained in
Vo, as we wished to show.

50. Letus impose an inner product on Vj that makes R | Vo unitary. Let{vy, ..., v,}
be an orthonormal basis of Vp. If we write R(x)v; = Z?:l R;j(x)v;, then R;;(x) =
(R(x)vj, v;). Consequently the character x,, of R|V0 is given by x,(x) = Zi R;; (x).
Then we have

Eqvj = |G| du 1 %a()R@)Y; = |G| dy 3 Y- Rk () Rij (x)v; = vy,
xeG xeG i,k
and E, is the identity on Vj.
51. Problem 49 allows us to write V as the direct sum of possibly infinitely many
finite-dimensional irreducible invariant subspaces V = @y Vy,. If any v in V is
given, we can write v = Zy v, with only finitely many terms nonzero. Applying
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E, and using Problem 50, we see that E, v is the sum of those v, such that R v is
Y

equivalent to R,. Thus each nonzero v, has the property that E,v,, = v, for some a.

On the other hand, this equality cannot hold for two distinct «’s. In fact, if R,
and Rg are inequivalent and we have E,v, = v, and Egv, = v,, then application
of E, to the second equality gives EqEgv, = Eqv, = v,. But E4Eg = 0 by
Problem 48b, and hence v, = 0.

The conclusion is that for each nonzero v, there is one and only one E, such
that Eqv, # 0, and that « has Eqvy, = v,. Applying } ., Eq tov =} vy, we
obtain ), Eqv = >, , Eavy = >, vy = v. Thus } , E, = I. Problem 50
shows that E,, is the identity on any finite sum of vectors lying in finite-dimensional
irreducible invariant subspaces equivalent to R,. The direct-sum decomposition just
proved shows that E,, is O on any vector in the direct sum of the images of the other
Eg’s. Thus the image of E, is as asserted.

52. For « as given and for any v in V, we have Eqv = |G| ™! Y oreg @(X)R(X)v.
The members of the image of E,, are exactly the vectors v for which Eyv = v, hence
exactly the vectors v for which |G|~ Y veg @(X)R(x)v = v. Applying R(y) to both
sides gives R(y)v = |G|~ Y g @@Rx)V = |GI7' Y. o X)RM@)Y =
oy HIGIT Y g @RV = 0(y~Hv = 0 ().

Chapter VIII

1. In (a), ¢ fixes 1 and must therefore fix the subfield generated by 1; this is Q.
For (b), (p(az) = (p(a)z. For (¢), if @ < b, then b — a = ¢? for some ¢. Hence
o) — pla) = <p(c)2, and ¢(a) < ¢(b). For (d), let r be any real, let ¢ > 0O be
given, and choose rationals ¢q; and ¢, with g < r < g and g» — q; < €. Then
g1 = ¢(q1) < ¢(r) < ¢(q2) = q2 by (a) and (¢). Hence |p(r) —r| < €. Since € is
arbitrary, p(r) =r.

2.0+t =1—r+r2=r+. £ tifrn =0.

3. This follows from the universal mapping property of the field of fractions.

4. Suppose that X divides A(X)B(X), i.e., A(X)B(X) = XC(X). If ap and by
are the constant terms of A(X) and B(X), we then have agbg = 0. If ayp = 0, then X
divides A(X); if bg = 0, then X divides B(X). Hence X is prime.

5. In (a), take (X) as the ideal. It is prime by Problem 4. Suppose that a is a
member of R with no inverse in R. then (X) is not maximal since (a, X) strictly
contains it and does not contain 1. For (b), we can use (a, X).

6. In (a), Iy, is certainly an ideal. Suppose J is an ideal with I, ; J. Choose f
in J thatis not in I,,. The function x — xq is in I,,. Therefore g = f L (x — x0)2
is in J. This function is everywhere > 0, and consequently 1/g is in R. Hence

1 =(1/g)gisin J, and J cannot be proper. So I, is maximal.
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Part (b) uses the Heine-Borel Theorem. For each point p in [0, 1], choose a
function f,, in I with f,(p) # 0. By continuity, f,, is nonvanishing on some open
set N, containing p. As p varies, these open sets N, cover [0, 1]. The Heine—

Borel Theorem produces finitely many Np,, ..., Np, that cover [0, 1]. Then f), is
nonvanishing on N e If x is a member of [0, 1], then x is in some N > and fl’j does
not vanish at x. Thus the functions f},, ..., fp, have no common zero.

For (c), suppose that the maximal ideal / is not some I,,. Using (b), we form the
function g = fpzl +- 4+ fpzk. This is in I and is everywhere positive. The function
1/g is therefore in R, and 1 = (1/g)g isin I. Hence I = R, in contradiction to the
fact that [ is proper.

7. In (a), I« is an ideal, and it is properly contained in the proper ideal of all
members of R vanishing at —oo. Part (b) follows from Proposition 8.8. The reason
for (c¢) is that for each xg in R, there is a member of R that is nonzero at x¢ and
vanishes at infinity; this function has to be in /, and thus / cannot equal I,.

8. For (a), let a + bi be a nonzero member of 7. Then (a + b/—5)(a — b/—3) =
a® + 5b? is a positive integer in /.

For (b), I is an additive subgroup of Z + 7Z+/—5, which is free abelian of rank 2.
Therefore I is free abelian of rank 1 or 2. We can rule out rank 1 because I contains
a nonzero integer and also the product of that integer and /—5.

For (c), a Z basis of I consists of x| = a; + bj+/—5 and x» = a» + br+/—5. Put
y1 =rxy +sxp = (ray + sap) + (rby + sb2)A/—35 and Yo = tx1 + uxp, and aim to
have y1, y, form a Z basis with y; not involving /—5. We thus want rby 4 sbhy = 0,
and the most economical way of achieving this equality is to put d = GCD(by, by)
and to take r = byd ' and s = —b;d~!. Then GCD(r, s) = 1, and we can choose

t and u with ru — st = 1. With these choices we have (y') = (r *) (2) Since

Y2 tu
det (: Z) = 1, this change is invertible. In other words, y; and y, form a Z basis
in which y; is some nonzero integer n. We may assume that n > 0. Let m be the
smallest positive integer in /. Then n must be a multiple of m by an application of
the division algorithm. Since y; and y, form a Z basis of I, we see that n equals m.

9. It is straightforward to see that P is an ideal and that xy € P implies x € P or
y € P. The ideal P is proper since the presence of 1 in ¢~!(P’) would mean that
@(1) = 1isin P’. But P’ is proper, and thus 1 is not in P’.

10. (@) {(r,0) | r € R} and {(0,r) | r € R}.

(b) (X).

(¢) (X —1)and (X —2).

(d) (0).

11. For (a), Q[X]/I is a field and hence is a unique factorization domain. For
(b), one can give a counterexample. The ring Z[+/—5] is an integral domain and is
the quotient of Z[X] by the ideal (X* + 5); therefore I = (X? + 5) is prime. On the
other hand, Z[+/—5] is not a unique factorization domain.
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12. For (a), choose x and y with xd 4+ yc = 1. Dividing by n gives xc ™' +yd~! =
n~!. Then (a) follows by multiplying through by . Part (b) uses an induction. Group
n as (plf1 -~~pf’_’1])pf’ and apply (a) to write mn~! = a(p]f‘ ~~pf"_’l‘)’1 + bp k.
Repeat the process with a( plf bo.. pff | )~!, and continue.

13. For (a), proceed as in the argument in Section 4 until near the end, obtaining x
and y just as in that construction. Then 8(x + yv/=2) = x> +2y? < 1 +2. 1 = %.
Then we have 6 (r + s+/—2) < é(c + d+/—2), and the argument goes through.

For (b), we would get 6 (x + y+/—3) = x4+ 3y2 < % +3- % = 1, and then the
step 8(r 4+ s4/—3) < 8(c + d+/—3) fails.

14. The map extends to an R module homomorphism by the universal mapping
property of RG, and it is one-one onto by inspection. To check that it respects
multiplication, it is enough to show that the product g g2 in RG mapsto f, * fg,,i.€.,

that fg, * fg, = fe,4,- The computationis (fg, * f,)(X) = 3 e fe xy ™D for () =

fa (xg{l), and this is 1 if and only if xg;l = g1, i.e., if and only if x = g;g». For
other values of x, it is 0. Therefore (f,, * f5,)(x) = fg,4,(x) for all x.

15. Let the monic polynomial in question be P(X). We prove by induction on
m that any polynomial A(X) in I of degree m is a multiple of P(X). The base case
of the induction is all polynomials of degree < n in I; only O fits this description.
Assume the result for all degrees < m, and let A(X) be any polynomial in 7, say
with leading term a,, X", a,, # 0. Then a,, X" " P(X) isin I, and so is B(X) =
A(X) — any X™ " P(X). The coefficient of X" in B(X) is 0, and hence B(X) = 0
or else deg B(X) < m. If B(X) = 0, then A(X) = g, X" "P(X), and A(X) is a
multiple of P(X). If deg B(X) < m, then induction gives B(X) = C(X)P(X), and
therefore A(X) = (@, X" 4+ C(X))P(X). So again A(X) is a multiple of P(X).

16. Let py,..., p, be n distinct positive primes in Z, put gx = pj --- px for
0 <k < n, and take 1,41 = (¢n, gun-1X, gn—2X>, ..., goX™). This can be written
with n + 1 generators but not with fewer than that.

17. In (a), certainly kergp 2 (y? — x%). In the reverse direction, suppose that
Z,Izvzo P,(x)y" isinker ¢. Since y? = x> mod (y* — x3), we can reduce this element
of ker ¢ tothe form Q¢ (x)+ Q1 (x)y. Substituting with ¢ gives Qg D+ 0 3 =0.
The first term involves only even powers of ¢, and the second term involves only odd
powers. Thus each is O separately. We are thus to determine what members Q¢ (x)
and Q1 (x)y of K[x, y] are in ker ¢. For Qo (#?) to be 0, every coefficient of Qg must
be 0. For Q; (t%)13 to be 0, every coefficient of Q| must be 0. Therefore only 0 is of
the stated form, and every member of ker ¢ lies in (y* — x?).

For (b), image ¢ contains 2, >, and every power " such that n = 2a + 3b with a
and b nonnegative integers. It follows that image ¢ consists of all linear combinations
of powers " for n > 2.

19. Write A(X) = B(X)Q(X) in F[X], and let A(X) = c(A)(c(A)~'A(X)),
B(X) = ¢(B)(c(B)"'B(X)), and o(X) = c(Q)(c(Q)_1 0 (X)) be the decomposi-
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tions of Proposition 8.19. Then we have
c(A)(c(A)TAX)) = c(B)e(Q)((c(B) ' B(X))(c(Q) ' Q(X))).

By Gauss’s Lemma and the uniqueness in Proposition 8.19, we obtain c(A) "' A(X) =
(c(B)"'B(X))(c(Q)~'Q(X)), apart from unit factors. Therefore the member By(X)
= ¢(B)"!'B(X) of R[X] is exhibited as dividing Ag(X) = c(A)"'A(X) with a
quotient c(Q) ' Q(X) in R[X].

20. Let R be a finite integral domain, and leta # 0. Multiplication by a is one-one
since R is an integral domain, and it must be onto R by the finiteness. Therefore there
is some b with ab = 1, and we have produced an inverse for a.

21. Let R = R/(p). Suppose that A(X) = B(X)C(X) nontrivially in R[X] with
B(X) =X+ +by,C(X) =b X' +---+co,and k +1 = N. Since p divides
ap but p2 does not, p divides exactly one of by and cg, say the former. In R'[X],
we have A(X) = ay XV, C(X) = ;X' + --- 4+ cp, and A(X) = B(X)C(X). Now
X is prime in R’[X] by Problem 4, and X" divides B(X)C(X) in R'[X]. Using the
defining property of a prime, one power at a time, we find that X" divides B(X).
Since deg B < N, we must have B(X) = 0 in R’[X]. Thus p divides b in R, and p
divides ap, contradiction.

22. In (a), we regard WZ — XY as a first-degree polynomial in W, with Z being a
prime in the ring of coefficients. A nontrivial factorization of WZ — XY must be of
the form A(X, Y, Z)(B(X, Y, Z)W+C(X, Y, Z)) with Z = A(X, Y, Z)B(X, Y, Z).
Since Z is prime, one of these factors must be a unit, hence a scalar. If A(X, Y, Z)
is a scalar, then the factorization of WZ — XY is trivial. Otherwise we may assume
that the factorizationis WZ — XY = Z(W +C(X,Y, Z)). Then Z divides XY, and
we arrive at a contradiction since Z does not appear in XY

In (b), we expand in cofactors about the top row. Using induction, we see that
we can regard the determinant det[X;;] as a first-degree polynomial in X; with an
irreducible coefficient P(X72, X3, ..., Xun). A nontrivial factorization must be of
the form det[X;;] = PX11+ Q0 = A(BX11 +C), where Q, A, B, C are polynomials
in the remaining indeterminates. Then AB = P and P irreducible implies that
A or B is a unit, hence a scalar. If A is a scalar, our factorization of det[X;;] is
trivial. Otherwise we may assume that the factorization is det[X;;] = PX1 + Q0 =
P(X11+C). Then P mustdivide Q. Taking the degrees of homogeneity into account,
we see that Q must be the product of P and a homogeneous polynomial of degree 1.
Every term of P is of the form ]_[:;2 X2,5(2) for some permutation o of {2, ..., n},
and thus such a factor must appear in every term of Q. However, the only terms of
det[X;;] that contain a factor ]_[;;2 X2,5(2) also contain the factor X, and this factor
is absent in Q. Thus the assumed reducibility has led to a contradiction.

23. The ideal of Z[X] generated by A(X) and B(X) consists of all polynomials
AX)C(X)+B(X)D(X) with C(X) and D(X) in Z[ X]. If such an expression equals
some integer 7, then a GCD within Q[ X] of A(X) and B(X) divides A(X) and B(X)
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and hence must divide n. It is therefore of degree 0 and is a unit in Q[ X]. Thus A(X)
and B(X) are relatively prime in Q[ X].

Conversely if A(X) and B(X) are members of Z[X] that are relatively prime in
QI[X], we can find P(X) and Q(X) in Q[X] with A(X)P(X) + B(X)Q0(X) = 1.
Multiplying by a common denominator of the coefficients of P(X) and Q(X), we
obtain a relation A(X)C(X) + B(X)D(X) = n with all polynomials in Z[X]. Thus
n is in the ideal of Z[X] generated by A(X) and B(X).

. +i2—i\ (w1 _ (0. : . . _ [ 1+i2—i
24. We are glven( 3 s ) (M2> = (0) with coefficient matrix C = ( 3 s )

Left multiplication on C by a matrix with determinant a unit does not change the
total set of conditions on (Z; ), and right multiplication by such a matrix changes the

generators but not the module they generate. In the first column of C, we observe

that GCD(1 + 7, 3) = 1 because 1 + i divides 2 and GCD(2, 3) = 1. Then we have
—(1—=i)(14+i)+1-3 =1, and we are led to the matrix A = ( _(i;') ljrl. >, which has
1 —1+48i
0 —1148i
operation replaces the upper right entry by 0. Thus we are led to the diagonal matrix

determinant 1. We can thus replace C by AC = ( ) An invertible column

( (1) _110+81. ) In other words, we may assume that the Z[i] module was given to us

with generators f1, f, satisfying t; = 0 and (—11 + 8i)#, = 0. Therefore the given
Z[i] module is cyclic and is Z[i] isomorphic to Z[i]/(—11 + 8i).

25. In (a), 8(z) = zz. Then §(zw) = zwzw = zzZww = §(z)5(w).

In (b), we start with two nonzero members o and 8 of R. We are to find y and
pin R with o = By 4+ p and §(p) < &6(B). It is the same to find y and p with
a/B =y +p/Bandé(p/B) < 1. Apply the hypothesis with z = «/, and let y be
the element 7 such that §(z — ) < 1. Then p may be defined as 8(z —r), and all the
conditions are satisfied.

26. Given z = x + y/—m, definer = a + 3b(1 4+ /=m) in Z[5(1 + /=m)] by

choosing b to be an integer with |2y — b| < % and then choosing a to be an integer

with |x —a — 1b| < 1. Since |y — $b| < 1, we then have

—_
—

8(z—r)=(x—a—%b)2+m(y—%b)2§%—i—mlié5 + = <1

Bl
N

27. In (a), complex conjugation is an automorphism of Z[i] and must therefore
carry primes to primes.

In (b), we know that (a + bi)(a — bi) is the integer N(a + bi). Suppose that
N(a + bi) = mn nontrivially with GCD(m,n) = 1. Since a + bi is prime, it
divides one of m and n. Say that m = (a + bi)(c + di). Then m? = N(m) =
N(a + bi)N(c + di) = mnN(c + di). Any prime number dividing » must divide
the left side m2, and hence there can be no such prime. We conclude that N (a + bi)
does not have nontrivial relatively prime divisors. Hence it is a power of some prime
number p.
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In (c), let N(a + bi) = p*. The left side is the product of two primes of Z[i]. If p
is the product of / primes of Z[i], then p* is the product of kI primes. Then we must
have kI = 2, and k must divide 2.

In (d), suppose N (a + bi) = p2, sothatk = 2in (c). Then!/ = 1, and p is prime
in Z[i].

28. The equation N(a + bi) = p says that a> + b> = p. The right side is
= 3 mod 4, but 3 is not the sum of two squares modulo 4. Hence N(a + bi) = p
is impossible when p = 3 mod 4. Problem 27c then forces N(a + bi) = p>, and
Problem 27d says that p is prime in Z[{].

29. If N(a + bi) = 2, then |a| = |b| = 1, and we obtain 1 4 i and its associates.
If N(a+bi) = 4,thena = £2 with b = O or else @ = 0 with b = £2; in these cases
a + bi is an associate of 2, which is (1 4 i)(1 — i) and is not prime in Z[i].

30. The multiplicative group of I, is cyclic of order p — 1. If p is of the form
4n + 1, then ]F; has order 4n. The n'™ power of a generator then has to be an integer
whose square is = —1 mod p.

31. For (a), we obtain ¢; by mapping Z[X] to FF,[X] with a substitution homo-
morphism and following this with a passage to the quotient. Similarly ¢; is obtained
from the substitution homomorphism Z[X] — Z[i] followed by the passage to the
quotient.

For (b), the kernel of ¢; consists of all polynomials that are multiples of X>41 when
their coefficients are taken modulo p. Thisis pZ[X]+ (X?>+ DZ[X] = (p, X>+1).
The kernel of ¢; consists of all polynomials with the property that when taken modulo
X2 + 1, they are multiples of p. This too is the ideal (p, X2 4 1).

For (c), Problem 30 shows that the polynomial X2+ 1 factors nontrivially in Fy[X].
Therefore X? + 1 is not prime, the ideal (X + 1) is not prime, and Fp [X1/(X?>+1)
is not an integral domain. By (b), Z[i]/(p) is not an integral domain, and the ideal
(p) is not prime. Hence p is not prime in Z[i]. By (c¢) and (d) in Problem 27, p is of
the form N (a + bi) for some prime a + bi in Z[i].

For (d), if we have p = N(a + bi) = N(a’' + b'i), we obtain two prime
factorizations of p in Z[i] as p = (a + bi)(a — bi) = (a’ + b'i)(@’ — b'i), and
unique factorization in Z[{] implies that a’ + b’ is an associate of a + bi or a — bi.

32. For (a), multiply C on the left by the matrix A that is the identity except in the
first column, where the i entry is C;;.

For (b) and (c), the step of row reduction leads to a first column that is O in all
entries but the first, where it is GCD(Cyy, ..., Cy,,). In other words, the new entry
in position (1, 1) divides all entries in the new C. Therefore one step of column
reduction leaves the entry unchanged in position (1, 1), leaves the remainder of the
first column equal to 0, and makes the remainder of the first row equal to 0. What
is left in the rows and columns other than the first is a matrix whose entries are all
divisible by GCD(C1y, . .., Cy,). Hence we can induct on the size.

33. In (a), changing notation slightly from Lemma 8.26, write AE = DB with
det A and det B in R*. Over the field of fractions of R, the m-by-n matrices E and D
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must have the same rank since A and B are invertible, and consequently D and E have
the same number of nonzero diagonal entries. Thus for some / with 0 <[ < k, we
are given that D;; divides Dj;1 ;41 and Ej; divides Ej 1 j+1 whenever 1 < j < [.
Fix i with 1 <i <, and consider all possible i-by-i determinants that can be formed
using the firsti rows of B and one of the (:’) sets of i columns. Since det B isin R*, it
follows from the expansion-by-cofactors formula that these determinants have GCD
equal to 1. Each corresponding determinant for DB equals Dy - - - D;; times such a
determinant, and hence the GCD for DB is Dy - - - D;;.

Meanwhile, the GCD of the determinants for A is also 1, and, because of the
divisibility property of the diagonal entries of E, Eq; --- E;; divides each of the
determinants for AE. Hence Eq; --- E;; divides the GCD of the determinants for
AE, which equals the GCD of the determinants for DB, which equals Dy --- D;;.
Thus Eq; --- E;; divides Dy - - - D;;.

Arguing similarly with the determinants formed from the firsti columns of A, AE,
B, and BD, we see that Dy --- D;; divides Eqq - - - E;;. Therefore D1 --- D;; and
Eq--- Ej; are associates for 1 <i < [. Since none of the factors in question is 0, we
see that each of the first / diagonal entries of D is an associate of the corresponding
diagonal entry of E. This proves the desired uniqueness.

34. For (a), we have seen in this setting that the decomposition of V as a direct
sum of cyclic K[X] modules means a decomposition of V as a direct sum of vector
subspaces, each of which is invariant under L. Also, if Vj is one of these vector
subspaces, the cyclic nature of the module means that there is some vector vy in
Vo such that K[X]vg = Vp, and the diagonal entry of the matrix D in the proof
of Theorem 8.25 is a polynomial M[X] such that Vo = K[X]/(M(X)) as a K[X]
module. Referring to Problems 26-31 of Chapter V, we see that vy is a cyclic vector
for the cyclic subspace Vj, and M[X] is the minimal polynomial of L on this subspace.

The divisibility property of the minimal polynomials and also the uniqueness
assertion now follow from what has been proved in Problems 32-33. We know
from Problem 28 in Chapter V that the data of a cyclic subspace and the minimal
polynomial yield a particular matrix for the linear mapping and hence determine
the linear mapping on that subspace up to similarity. Consequently the uniqueness
statement that has just been observed says that L is determined up to similarity by
the integer r and the sequence of minimal polynomials.

35. Let A and B be members of M, (K). Form the data for each from the rational
canonical form in Problem 34. Now consider everything as involving vector spaces
over the larger field L. We are given that the two matrices are similar over L, i.e., are
conjugate via GL(n, IL). Problem 34 shows that the respective decompositions have
the same data. The two matrices still have the same data when we again consider the
field to be K. Hence they are similar over K, i.e., are conjugate via GL(n, K).

36. The fact that the homomorphisms are isomorphisms follows from the compo-
sition rule.



Chapter VIII 685
38. In (b), we can write any member of F[X1, ..., X,, X] as

Ap(X1, ..., Xn)Xn + -+ AIXyL L X)X+ Ao(X . X,
and o ** acts by having o * act on each coefficient. Invariance under all o**’s therefore
means that each coefficient is invariant under all o*’s and hence is a symmetric
polynomial.

39. In (a), if, for example i < j and k; < kj, then the monomial aXll“ X,li" is

increased in the ordering by replacing the factors X ll."' Xf’ by X fj X;.(".

For (b), we need only take the largest monomial in each E;, raise it to the ¢; power,
and multiply the results.

For (c), let the largest monomial in A be axlf‘ e Xﬁ". To define M, chooser = a
and define ¢; = k; — kjy1 for1 < j <nand ¢, = k.

For (d), the construction in (c) yields O coefficient for X 'l“ e Xﬁ", and A —rM
has no larger monomials. So if A —rM = 0, the largest monomial is below that
monomial lel e X],i”.

For (e), iteration of the construction in (c) and (d) shows that any homogeneous
symmetric polynomial equals a homogeneous polynomial in the elementary sym-
metric polynomials. Problem 37 shows that any symmetric polynomial is a linear
combination of homogeneous symmetric polynomials, and hence every symmetric
polynomial is a polynomial in the elementary symmetric polynomials.

40. Suppose that zg and wg in C™ have P(zp) # 0 and P(wg) # 0. As a function
of t € C, P(z9 + t(wp — z0)) is a polynomial function nonvanishing at + = 0 and
t = 1. The subset of + € C where it vanishes is finite, and its complement in C
is necessarily pathwise connected and therefore connected. Thus zg and wq lie in a
connected subset of C" where P is nonvanishing. Taking the union of these connected
sets with zq fixed and wg varying, we see that the set of wy € C” where P (wqg) # 0
is connected.

41. For (a), two applications of the formula relating Pfaffians and determinants
gives us Pfaff(A’ X A)> = det(A’ X A) = (det A)>det X = (det A)>Pfaff(X)>. Tak-
ing the square root gives the desired result.

For (b), we fix X with Pfaff(X) # 0 and allow A to vary. On the set where
det A # 0, the function A — Pfaff(A’ X A)/ det A is a continuous function with image
in the two-point set {+Pfaff(X)}, by (a). The domain of the function is connected by
Problem 40, and therefore the image has to be connected. Hence the function has to
be constant. Checking the value of the function at A = I, we see that the function
has to be constantly equal to Pfaff(X).

42. Form the ring § = Z[{A;;}, {X;;}]. We can then regard Pfaff(A’X A) and
(det A)Pfaff(X) as two polynomials with entries in S. If we fix arbitrary elements
ajj € Z for alli and j and also x;; € Z for i < j, then Proposition 4.30 gives us
a unique substitution homomorphism ¥ — Z such that ¥ (1) = 1, W(4;;) = a;j,



686 Hints for Solutions of Problems

and W(X;;) = x;;. Assemble the a;; and x;; into matrices a = [a;;] and x = [x;;]
with x alternating. Problem 41b shows that the identity in question holds when the
entries are in C, and in particular it holds when the entries are in Z. Therefore
Pfaff(a’xa) = (deta)Pfaff(x). Since Z is an integral domain and since a and x are
arbitrary with x alternating, Corollary 4.32 allows us to conclude that Pfaff(A’ X A) =
(det A)Pfaff(X) as an equality in S.

To pass from S to K, let 1k be the identity of K, and let ¢; : Z — K be the
unique homomorphism of rings such that ¢ (1) = 1. If we fix arbitrary elements
a;j of K for all i and j, as well as arbitrary elements x;; of K for i < j, then
Proposition 4.30 gives us a unique substitution homomorphism ¢ : § — K such
that ®(1) = ¢1(1) = 1g, ®(A;j) = a;; foralli and j, and ®(X;;) = x;; whenever
i < j. Applying @ to our identity in S, we obtain Pfaff(a’xa) = (deta)Pfaff(x) as
an equality in K.

43. From Problem 42 and the hypothesis on g, we have 1 = Pfaff(J) =
Pfaff(g’ Jg) = (det g)Pfaff(J) = detg. Hence detg = 1.

45. For (a), if ¢ : R — R/P* is the quotient homomorphism, then ¢! of any
ideal of R/ P* is an ideal I of R containing P*. If Q is a prime ideal dividing I, then
Q divides P*, and it follows that Q = P. Thus the only possibilities for I are the
powers P of P, necessarily stopping with i = k.

For (b), we know that 7/ lies in P! but not P't!. For 1 <i < k — 1, it follows that
the principal ideal (77 + P¥)/ P¥ is contained in the ideal P?/P¥ but notin P!/ Pk,
Since the ideals P/ /P for j < k are nested and there are no other ideals in R/P,
we must have (7! + P¥)/P*¥ = Pi/P*. Thus P?/P¥ is principal.

46. Corollary 8.63 and Problem 44 together show that every ideal of R/I is
principal if it can be shown that every ideal of R/ P is principal when P is a nonzero
prime ideal. The two parts of Problem 45 together show that every ideal of R/ P¥ is
principal.

1

47. We may assume that (a) ; I since otherwise the result follows with b = 0.
Since a # 0, the ideal //(a) in R/(a) is a principal ideal by Problem 46¢c. If by
is a generator of this ideal, then (R/(a))bo = I/(a). Since by is in I1/(a), we can
write it as bp = b + (a) for some b in I. Every member of 7/(a) is then of the form
(r + (@)(b + (a@)) = rb + (a), and we conclude that every member of I is of the
form rb 4+ sa with r and s in R.

48. Any R submodule of R is an ideal.

49. Write M = Rxy + --- + Rx, with xq, ..., x, in F. Each x; is of the form
ris7! with r; and s; in R and with s; # 0. Then aM lies in R fora = []_, s;. So
aM is an ideal in R, by Problem 48. If N is a second fractional ideal, choose b # 0
such that bN is an ideal in R. Then (aM)(bN) is an ideal in R, and the formula
MN = (ab)~Y(aM)(bN) shows that M N is a fractional ideal.

50. Since [ is a finitely generated R module, we can write I = Raj + --- + Ra,
with all a; in R. The condition for x € F to be in I~ ! is that xI C R, and it is
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necessary and sufficient that xa; be in R for all i. Thus it is necessary that x be
in (aj ---a,)"'R. Consequently /! is an R submodule of the singly generated R
module (a; - - -a,) "' R. Since R is Noetherian, /! is finitely generated.

51. If I is maximal among the nonzero ideals of R for which there is no fractional
ideal M of F with IM = R, then Lemma 8.58 shows that / is not prime. Choose
a nonzero prime ideal P with [ ; P. Then Lemma 8.58 and the definitions give
I € IP' € II7! € R. We cannot have I = IP~! since otherwise [P =
(IP~YP = I(P~'P) = I and Proposition 8.52 gives I = 0. By maximality of /,
we can find some fractional ideal N with (/P~")N = R. Then I(P~'N) = R, and
we cantake M = PN, by Problem 49.

52. Every member x of M has xI C R, and thus M C I~L. On the other hand, if
xisin I~ !, thenx] C R,x =xIM C RM = M,and x isin M.

53. If M is a fractional ideal, then Problem 49 produces ¢ # 0 in F withcM C R,
and Problem 48 shows that cM is an ideal of R. Using Problem 52, we can write
M = (¢)"'(c)M = (¢)"!(cM). This proves that M = I J~! forideals I and J. Then
(a) follows from Theorem 8.55 and Problem 52, and (b) follows from Problem 52.

Chapter IX

1. The equation for r gives 73 = 3r —4 and r* = 3r2 — 4r. Therefore the inverse
has1 = P2 4+r+D(ar?+br+c¢) = ar*+(a+b)r* +(@+b+c)r2+b+c)r+c =
r’(da+b+c)+r(—a+4b+c)+ 1(—4a — 4b + ¢), and we are led to the system
of linear equations

da+b+c=0,
—a—+4b+c =0,
—4a —4b4c = 1.
Then (a.b,c) = (— 3. —25. ). and (2 +r + D' = =212 — 2r 4+ 1.

2. Multiplication by a nonzero r is a one-one F' linear mapping from the F vector
space R onto itself. Since dimp R < oo, this linear mapping must be onto. The
element s such that rs = 1 is a multiplicative inverse of r.

3. Let zo be a nonreal element of K. Then the closure of the Q vector space
Q + Qzg contains R + Rz = C.

4. If y = F(x)/G(x), then G(x)y = F(x). Arranging the terms as powers of x
with coefficients of the form ay + b with a and b in k, we see that x is a root of a
polynomial in one indeterminate over k(y). Therefore x is algebraic over k(y).

5. The condition is that N be the square of an integer. For any other N, X> — N
is irreducible over Q, and [Q(+/N) : Q] = 2. Since 2 does not divide 3, Q(+/N )
cannot be a subfield of Q(3/2).
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6. X—Y+1.
7. No, since 8 is not a power of 4. See Corollary 9.19.
8. Let g be a generator of the cyclic group K*, and let ¢ be the order of K. Then

g.gz.gS...gq_lzg

14243 ++(g—1) _ g%q(q—l).
If ¢ is even, then this is (g971)9/2 = 19/2 = 1 = —1. If ¢ is odd, it is (g%(’f_l))q =
(-1 = —1.

9. Proof 1: Let F(X) = X" + ¢,_1 X"~ + --- 4+ ¢( be the minimal polynomial
of r. We are given that n is odd. Write the equation F (r) = 0 as

rr" N e T ) = T =" — - — 0.

Then r is expressed as an element of k(r2) unless "~ ! + ¢,_r" > + ... 4+ ¢; =0.
But this expression cannot be 0 because this polynomial has degree n — 1 and the
minimal polynomial for r has degree n.

Proof 2: The element r of K is a root of the polynomial X% — 2 in k(?)[ X], and
hence [k(r) : k(r?)] < 2. Since [k(r) : k] = [k(r) : k(r®)] [k(?) : k] with the left
side odd by assumption, [k(r) : k(r?)] has to be odd. Thus it is 1.

10. Let d, = [k(r) : k] and d; = [k(s) : k]. Since K contains k(r) and k(s), we
see that d, and d; divide [K : k]. Since GCD(d,, d;) = 1, d,d, divides [K : k]. The
minimal polynomial M (X) of r over k is a polynomial over k(s) such that M (r) = 0.
Thus the minimal polynomial N (X) of r over k(s) divides M (X). If c is the degree
of N(X), we then have ¢ < d,. Since d,d; divides [K : k], we obtain

dvdy < [K: k] = [k(r, s) : k] = [k(s)(r) : k] = e[k(s) : kK] = cdy < d,d.

Equality must hold throughout. Equality at the right end says that ¢ = d,, and this
proves (a). Equality at the left end says that d.d; = [K : k], and this proves (b).

11. In (a), we have y = B+ ca = B(1 + cw). Herer = 1 + cw lies in Q(v/=3),
and so does 3. Therefore 73 is a root of a quadratic polynomial Y2 + pY +¢. Then
yo+ay? +b=r84ar’p® +b =44 2ar3 +b=40°+ %ar3 + %b), and
the right side is 0 if @ and b are chosen such that p = %a andg = %b.

In®),y =B+a=p1+w),andy® =G0 ++v/=3)°=2(-1) = -2.
Then y satisfies 3 + 2 = 0, and this is irreducible since —2 is not a cube in Q.

In (c), the field Q(y) contains y> = B3(33 — V=3))* = 13 - V/-3)* =
127-9v=3+43-3(-3) — (-=3)¥/=3) = —3/=3. Thus Q(+/=3) is a subfield of
Q(y), and 2 divides [Q(y) : Q]. Since Q(+/—3) is asubfield, 8 = y (1 —w) ! liesin
Q(y). Thus Q(</2) is a subfield of Q(y), and 3 divides [Q(y) : Q]. Consequently
6 divides [Q(y) : Q], and the minimal polynomial of y has degree > 6. By (a), it
has degree exactly 6.
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12. Let the characteristic be p. If F(X) has F/(X) = 0, then all the exponents
of X appearing in F(X) are multiples of p. Let F(X) = a, X" + a,_ X"~ VP 4
-+« 4+ a1 XP + ag. Since the Frobenius map is onto in the case of a finite field, we
can choose members c,, . .., co of k such that ¢} = a,, )| =a,—1,...,c} = ao.
Put G(X) = ¢y X" + cp1 X"V + -+ + ¢co. Then F(X) = G(X)?, and F(X) is
reducible.

13. In (a), if F(X) = G(X)H (X) isreducible and r; is aroot of G(X), then o (r1)
isarootof G(X) forany o € Gal(K/k). Consequently the orbit of 7| under Gal(K/k)
is a proper subset of the set of roots of F/(X). Conversely if F'(X) is irreducible and r;
is given, then the uniqueness of simple extensions gives us a k isomorphism of k(r)
onto k(r;). Theorem 9.13’ shows that this isomorphism extends to a k automorphism
of K, and hence Gal(K/k) is transitive on the set of roots of F(X).

In (b), the transitivity follows from (a) and the irreducibility of ®g(X) over Q. Let
¢ = €?™/3 Theroots of dg(X) = X*+1are ¢, ¢3,¢°,¢7. Soif o is in Gal(K/Q),
then o (¢) = ¢¥ with k odd. Then 02(¢) = o(¢%) = o (0)F = ()% = ¢¥*. Since
the square of any odd integer is congruent to 1 modulo 8, 2(¢) = ¢. Thus each &
has o2 = 1, and Gal(K/Q) cannot contain a 4-cycle.

In (c), the irreducibility of F(X) implies that ' (X) is the minimal polynomial of
r1. Hence [k(ry) : k] = n. Since k(r;) C K, [k(ry) : k] must divide [K : k], and
n divides [K : k]. Therefore n divides the equal integer Gal(K/k). If n is prime,
then the fact that n divides the order of Gal(K/k) implies that Gal(KK/k) contains an
element of order n, by Sylow’s Theorems. The only elements of order n in &,, are
the n-cycles, and hence Gal(K/k) contains at least one n-cycle.

14. In (a), we have Ly 1| = Lg( /ax+1), and hence [Ly 4 : Lg] equals 1 or 2. By
induction, [y : Q] is a power of 2, and the power is at most the number of steps in
the induction, namely k.

In (b), associate to each subset S of {1, ..., k} the element vg = ]_[jes J/aj in
Lg. The product of any two such elements is an integer multiple of a third such
element, and hence the elements vs span Ly linearly over Q. Since there are 2%
such elements, they form a vector-space basis. The extension L /Q is separable,
being in characteristic 0, and it is normal as the splitting field of ]_[f: | (X% = a)).
So it is a finite Galois extension. Any member o of Gal(IL;/Q) must permute the
roots of each X2 — a; and hence must send Jaj to + NGE On the other hand, o is
determined by its effect on each , /a;. Since Gal(ILx /Q) has order 2k there exists for
each subset S of {1, ..., k} one and only one o such thato (,/a; ) = —,/a; for j € §
and o (,/a;) = +,/a; for j ¢ S. The group Gal(Ly/Q) consists exactly of these
elements.

In (c), let o; be the member of Gal(ILy/Q) with 0;( /a;) = —./a; fori = j and
oj(/a;) = +./a; fori # j. Then oj(vs) = —vgif jisin S, and oj(vs) = +vgif j
isnotin S.

Arguing by contradiction, let ,/a;y1 = ) csvs with each c¢g in Q. If
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0 (\/ak+1) = \/ars1, then we have
Y cesvs = Jar1 = 0j(Jary1) = Y csoj(vs) =— Y. csus+ Y. csvs,

all § all § Swith jeS Swith j¢S

and it follows that cg = 0 whenever j is in S. On the other hand, if o;(\/ary1) =
—./ar+1, then we have

Y esvs = Jarr1 = —0j (a1 ) = — ) csoj(vs) = ) csus— Y. CsUs,
all §

all§ Swith jeS Swith j¢S

and it follows that cg = 0 whenever j is not in S.

Define So = {j | 0j(\/axr1) = —./aky1}. From the above it follows that
cs = 0 whenever some member of Sy is not in S, and that cg = 0 whenever some
member of the complement of Sp is in S. In other words, cs = 0 except for cs,. We

conclude that \/aii1 = cs,vs, = ¢s,/] s, aj and hence that ax41 = c?o jesy 4j-
This contradicts the hypothesis that {ay, . .., a,} are relatively prime and square free.

Hence /a1 does not lie in L. This proves (c¢), and we obtain [Lx4+1 : Lg] = 2. By
induction we see that [ : Q] = 2". This proves (d).

15. For (a) and (b), Lemma 9.45 shows that X? — a is irreducible over Q. Hence
[Q(r) : Q] = p. Let ¢ be a primitive p™ root of 1. Then [Q(¢) : Q] = p — 1
is relatively prime to [Q(r) : Q] = p. Problem 10a shows that ®,(X) is irre-
ducible in Q(r). Since ¢ and r generate K, Problem 10b shows that [K : Q] =
[Q() : QIQEQ) : Q] = p(p — D).

In (c), the Galois correspondence between intermediate fields and subgroups of
G = Gal(K/Q) associates Q(¢) to the subgroup N = Gal(K/Q(¢)), and it associates
Q(r) to the subgroup H = Gal(K/Q(r)). Since Q(¢)/Q is a normal extension, N
is a normal subgroup of G. Any member of H N N fixes r and ¢, hence fixes all of
K; thus H N N = {1}. The order of N is [K : Q(¢)] = p, and the order of H is
[K: Q)] = p — 1. Therefore |G| = |H||N|, and G is a semidirect product with N
normal.

Proposition 4.44 says that the action of an internal semidirect product is given by
7,(n) = hnh~!. Let us identify 7;,. Let h € H = Gal(K/Q(r)) have h(r) = r and
h(¢) = ¢%, and let n in N = Gal(K/Q(¢)) have n(¢) = ¢ and n(r) = r¢'. Then
hnh='(r) = hn(r) = h(re') = re, and hnh='(2) = hn(tX) = (X)) = ¢. Soif
n sends r to r¢! and h(¢) = ¢*, then hnh~! is the member of N sending r to X!,

This n is the member of N corresponding to / € F,, and this & is the member of
H corresponding to k € F7. We have just shown that hnh~! is the member of N
corresponding to kI € F,. Hence the action corresponds to multiplication of F; on
additive IF,.

16. [K : k] = Gal(K/k), and Gal(K/k) is a subgroup of G,,. Being a subgroup,
its order divides the order of &,,, which is n!.
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17. In (a), the most general element of K is of the form x + yr with x and y in k,
and its square is (x> + y?r?) 4 2xyr. This is in k if and only if xy = 0, i.e., if and
only if x 4+ yr is in k or in rk. In other words, the only squares in K that lie in k are
the obvious ones.

In (b), the same remarks apply unless the characteristic is 2. If the characteristic
is 2, then (x + yr)? = x? + y%r? and this is in k for all x and y. Hence every element
of K is a square.

18. The finite group G may be regarded as a subgroup of the symmetric group
G, for n = |G|. It was shown in Example 3 of Section 17 that there exists a finite
Galois extension K of Q with Galois group &,,. Let k be the fixed field of G within
S,,. Then Gal(K/k) = G.

19. The polynomial in question in fixed by every element of the Galois group.
Hence its coefficients are in the subfield of K fixed by all elements of Gal(K/k). This
is k.

20. For (a), define F(X) = ]_[7:1 (X — x;). For ¢ in H, we have F?(X) =
]_[;’zl (X —o(xj)) = ]_[;'=1 (X —xj) = F(X). Thus F(X) is in KH[X]. Let M(X)
be the minimal polynomial of x; over K. Since F (x1) = 0, M(X) divides F(X). On
the other hand, the equalities M? (X) = M(X) and M (x;) = 0 imply that M (x;) =0
for each j. Thus M (X) has degree at least n, and we conclude that F(X) = M (X).

In (b), n is the number of elements in an orbit of H and hence divides | H]|.

In (c), when the isotropy subgroup of H at xp is trivial, n = |H|. Therefore
[KH (x1) : KH] =n = |H| = [K : K], the last equality following from Corollary
9.37. Since K (x1) C K, it follows that K7 (x;) = K.

21. For (a), let p(z) = % with ad — bc # 0. Then we have a substitution
homomorphism of C[X] into C(z) fixing C and sending X into z. Since the range
is a field, this factors through the field of fractions of C[X] to give a field mapping
C(X) — C(z). We can regard the result as a map of C(z) into itself, and we write the
map of C(z) into itself as @,-1. The formulais ®,-1(r) =rog forr =r(z) in C(z).
Then ®y(r) =roWe) ' =Fop Hoy ™l =y @rop™l) = Oy (Py(r)), and
hence @y, = ®y o ®,. From this it follows that @1 is a two-sided inverse of .
Hence ®,, is an automorphism.

For (b), @5 (w(z)) = w(o ') = (—2* + ()2 = 22 + 272 = w(2),
and &, (w(2)) = w(r @) = (1/2)> + (1/2)7% = 22 + 272 = w(z). Since
Dyy = O, Py by (a), it follows that every element of H fixes w. Since each &, is
a field automorphism, C(w) lies in K.

For (c), we know from (b) that C(w) € K. The orbit of z under H has 4 elements,
and Problem 20a shows that the minimal polynomial of z over K has degree 4 and
is equal to

FX)=(X-2X+)X—z H(X+z7hH = X*-2)(X?—z7H=X*—w(@) X*+1.
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The polynomial F(X) is irreducible over K”, and its formula shows that its coef-
ficients are in the smaller field C(w). Hence it is irreducible over C(w) and is the
minimal polynomial of z over C(w).

For (d), (c) shows that [K (z) : C(w)] = 4. Problem 20c shows that K = K (2),
and hence [K : C(w)] = 4. Since [K : C(w)] = [K : K][K : C(w)] and since
[K : K¥] = 4 by Corollary 9.37, K# = C(w).

22. For (a), let L = K(4/u) and K = k(,/v). The minimal polynomial of /u
over K is X? — u, and this must divide the minimal polynomial of /u over k. The
degree of the latter polynomial equals [k(/u) : k], which must divide 4. Hence
it must be 2 or 4. If it is 2, then X2 — u lies in k[X], and u is in k. We return
to this case in a moment. Suppose that the minimal polynomial of /u over k has
degree 4. Let us write u = r + s4/v for some r and s in k. Then /u is a root of
(X% —r —sJV) (X2 =r4s5v) = (X?—r)? —5?v = X* —2r X?> 4 (r> —sv), which
is a quartic polynomial in k[ X]. Since the minimal polynomial over k has degree 4,
this is the minimal polynomial and is irreducible. Thus (a) holds with r = /u.

The remaining case is that u is in k but /u is not in k. Consider +./u + /v.
None of these is in k. The computation

(X + Vu+ V)X + Vu — Vo)X = Vu+ Vo)X = Vu—v)
= (X + Vu)* — v)(X — Vu)* —v)
=(X?*+u—v+2XV)(X>+u—v—2XVu)
=X’ 4+u—v)?—4uX®>=X*"+2uXx>— 20X+ (u — v)* — 4uXx>
=X 2u+vX’+wu—-v)Yl=X*+bx*+c¢

shows that these are all roots of a quartic polynomial in k[X] of the correct kind,
and the question concerns its irreducibility over k. As in the previous paragraph,
reducibility implies that it is the product of two irreducible quadratic members of
k[X]. Then the product of two of the first-order factors is in k[X], and the sum
of those two roots must be in k. The six possible sums of pairs of roots are ./u,
+4/v, and 0 twice. Since /u and /v are not in k, the irreducible quadratic must
be X% — (Ju + /v)? or X?> — (\/u — /v)>. However, the fact that /u is not in
K = k(4/v) implies that neither of \/u & /v is in k. Thus the quartic polynomial is
indeed irreducible. This completes (a).

In (b), we have 4 = [IL : k] = [L : k()] k() : k] = 4[L : k(r)]. Thus
[L:k()] =1,and L = K(r).

In (c), suppose that ¢ = ¢ for the given F(X). Find members u and v of k with
—2(u +v) = b and u — v = ¢. Then the displayed computation in (a) shows that
+./u % /v are the roots of X* —2(u+v) X2+ (u —v)> = X*+bX? +c. The given
root r must be one of these. Say that r = /u + /v without loss of generality. Since
[k(r) : k] =4 and [LL : k] = 4 and k(r) C L, we have . = k(). On the other hand,
k(r) € k(y/it, /0), and [k(y/it, /0) : k] = [k(v/t, 4/0) : k()] [k(/a) : k] <
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2.2 = 4. Hence k(y/u, »/v) = k(r) = L. Then all four roots &=./u & /v of F(X)
lie in L, IL is the splitting field of F'(X) over k, and IL/k is normal. The Galois group
is generated by one element that sends /u to —/u and fixes /v, and by a second
element that fixes 4/u and sends /v to —./v. Hence it is C» x C».

Conversely suppose that L./k is normal with Galois group G = Gal(L/k) =
Cy x C,. Let an irreducible polynomial X%+ bX?% + ¢ in k[ X] with a root r in L be
given. Since L/k is normal, X* + hX? 4 ¢ splits in L. Let the four roots be 4 and
+s. The square u of any of these roots satisfies #> 4 bu + ¢ = 0 and therefore lies
in a quadratic extension within K, the same quadratic extension for each root. Let
us define K to be this extension. Then K = k(x/b? — 4c). Because of the structure
of G, there exists exactly one element o in G whose fixed field is K. The minimal
polynomial of £r over K is X2 + %b + %\/b — 4c for one of the two choices of sign,
and the minimal polynomial of 4s over K is the one for the other choice of sign. The
element o must then permute the roots of each of these polynomials, and it follows
that o (r) = £r and o (s) = %s. Since neither r nor s is in K, we must in fact have
o(r) = —r and o (s) = —s. Therefore o (rs) = rs. One of the other two nontrivial
members 7 of G has 7(r) = s. Since > = t, we have t(s) = r. Thus t(rs) = rs,
and we see that every member of G fixes rs. Consequently rs is in k. Since rs is
equal for some choice of signs to

i\/—%b + Vb2 - 46\/—%17 — Vb2 —4c = i\/%bz — 1(b? —4o) = £/,

J/cisink. In other words, c is the square of a member of k, as asserted.

In (d), suppose that ¢~!(b? — 4c) for the given F(X) is a square in k. Arguing
with 2 as in (c), we see that K = k(+/b% — 4c ). Making the same computation as
in the display just above, we see that rs = /c. Since ¢! (b* — 4c) is a square in k,
/¢ lies in K. One of the roots, say r, lies in L, and the product rs = /c lies in K,
hence in L. We conclude that +r and s all lie in L. In other words, LL is the splitting
field of F(X) over k and is normal. Thus LL/k is normal. The Galois group must be
either Co x C; or Cy4. If itis C; x C, then (c) shows that /c lies in k. Under our
assumption that ¢~ ! (b? — 4c) is a square, ~/b2 — 4c lies in k. Consequently F(X) is
reducible, contradiction. We conclude that the Galois group is Cj.

Conversely suppose that IL,/k is normal with Galois group G = Gal(IL/k) = Cy.
Let an irreducible polynomial X* 4+ bX? + ¢ in k[X] with a root r in L be given.
Arguing with 2, we see that 2 lies in K = k(v/b2 — 4c). Since L is generated by
k and r, a generator of G cannot send r into £r. On the other hand, some element
of G has to send r into —r since —r is a root of the given polynomial. Therefore
62(r) = —r. Then we have o (ro (r)) = o (r)o2(r) = —ro(r), and we see that
o2(ro(r)) = ro(r). Consequently ro (r) lies in K. Computing as in (c), we find that
/¢ lies in K. This member of K has its square in k, and Problem 17 shows that /¢
lies in k or in the set of products k+/b% — 4c. By (c), /¢ cannot lie in k, and therefore
V¢ = d/b? — 4c for some d in k. Hence ¢! (b*> — 4c¢) = d—2 for an element d of
k.
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For (e), one can take L = K(4/2) and K = Q(+/2). We can easily see directly
that I is not normal. But let us use (c) and (d). The minimal polynomial F(X) in
question is X* + 2, with » = 0 and ¢ = 2. The conditions in (c) and (d) say that
LL/k is normal if and only if either 2 is a square in Q or —1 is a square in Q. Neither
condition is satisfied, and hence IL/k is not normal.

23. A cubic will be irreducible if it is divisible by no degree-one factor over Q,
hence if it has no root in Q. Since these cubics are monic and are in Z[ X ], they will
be irreducible if they have no integer root. An integer root must divide the constant
term, and we check that neither of 1 is a root in either case. Hence both cubics are
irreducible. By Problem 13 the Galois group in each case is a transitive subgroup of
G3, hence is &3 or 3. The discriminant —4p3 — 2742 is 81 in the first case and —31
in the second case; this is a square in the first case but not in the second case. Thus
X3 —3X + 1 has Galois group 23, and X3 + X + 1 has Galois group &3.

24. The extension field is either K itself, in which case the Galois group remains
S3, oritis L = K[+/—=3]. Since K/Q is normal, Gal(LL/K) is a normal subgroup of
Gal(LL/Q) of order 2 with quotient isomorphic to Gal(K/Q) = &3. The groups of
order 12 are classified in Problems 45-48 at the end of Chapter IV. Two such groups
are abelian, one is 24, and one is Dg = Cy x G3.

Write a general element of I as a 4 b/—3. Define t(a + by/—3) = a — by/=3.
This is the nontrivial member of the 2-element group Gal(IL/K). If ¢ is in Gal(K/Q),
then o extends to a member & of Gal(L/Q) by the definition (a + bv/—3) =
o (a) + o (b)v/=3. In fact, & respects addition. To see that it respects multiplication,
we compute

a(a+bv=3)a(c+dV=3) = (0(a) + o (b)V=3)(o(c) + o (d)v-3)
= (G(a)a(c) — 3a(b)0(d)) + (a(b)a(c) + o(a)a(d))«/—_S
= o (ac — 3bd) + o (bc + ad)v/—3
=5 ((ac — 3bd) + (bc + ad)v/=3)
— (@ + bV (e +dVD).

It follows that Gal(LL/Q) is the direct product C, x &3, the subgroup C; being
Gal(L/K).

25. Yes. Let L be the intermediate field corresponding to the subgroup {(1), (1 2)}.
Since the subgroup is not normal, IL/k is not normal. Let r be any element of IL not
in k. Then the minimal polynomial of 7 over k has degree 3, and it does not split in
L since L /k is not normal. Its splitting field has to be something between L and K,
and the only choice is K.

26. Yes, substitute and check it.

28. In (a), direct expansion of the right side gives (X —r) X?+rX+@G*+p) =
X3 + pX —r3 — pr. Since —r® — pr = ¢, the assertion follows.
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For (b), let us check that r2(—4p3 — 27¢%) = (=3r% — 4p)(3q + 2pr)?, from
which the assertion follows. In fact, the right side equals
—(3r? +4p)(9¢°* + 12pqr + 4p*r?)
= —(36pq® + 48p>qr + 27¢%r* + 16p°r* 4+ 36 pqr’ + 12p°r*)
= —r2(4p3 + 27q2) — 12p3r2 — 36pq2 — 48p2qr — 36pqr3 - 12p2r4
= —r2(4p3 + 27q2) — 12p3r2 — 36pq2 — 48p2qr
= 36pq(—pr —q) = 12p°r(=pr —q)
= —r2(4p’ +274%).

29. No. For example, F(X) could have three real roots, and then K would be a
subfield of R. A concrete example is X3 — 12X + 1, which is < 0 at —4, is > 0 at
0,is < O at 1, and is > O at 4; the Intermediate Value Theorem shows that F'(X) has
three real roots.

30. The group in question is a subgroup of Gs. It is transitive because of the
irreducibility, and it is a subgroup of 2(5 since the discriminant is a square. Problem
13c shows that it contains a 5-cycle. The other cycle structures in 25 are the 3-cycles
and the pairs of 2-cycles. If a 3-cycle is present, then the group is all of 25 because
15 divides its order, all groups of order 15 are cyclic, and 25 contains no subgroup
of order 30, being simple.

Suppose there are no 3-cycles. A Sylow 2-subgroup may be taken to be a subgroup
of H={(1),(1 2)(3 4), (1 3)(2 4), (1 4)(2 3)}, and it acts on the group of powers
of a 5-cycle. The only nontrivial action of a 2-element group on a 5-element group
carries elements to their inverses. Since no nontrivial element of H commutes with a
5-cycle (because Gs has no elements of order 10), the Sylow 2-subgroup contains at
most two elements. If it is trivial, then the group in question is of order 5, consisting
of the powers of a 5-cycle. If the Sylow 2-subgroup has 2 elements, we obtain a
semidirect product of a 2-element group with the powers of the 5-cycle, and the result
has to be isomorphic to the dihedral group Ds.

Thus the only possibilities are Cs, Ds, and 2s.

31. Computation shows that the discriminant is 2'272192, which is a square.
By Proposition 9.63 the Galois group is a subgroup of 2s. Modulo 3, the given
polynomial is 2 4 2x + x> and is irreducible. By Theorem 9.64 the Galois group
contains a 5-cycle. The given polynomial factors as (7 + x)(7 + 10x + 7x% + x3)
modulo 11, and Theorem 9.64 shows that the Galois group contains a 3-cycle. The
5-cycle and 3-cycle generate all of 25, and thus the Galois group is 2s.

32. Write e and f for e; and f}. The proof of Theorem 9.64 showed that /' = f.
Thene f' = |Gp| =|Gl/g =efg/g =¢f =ef’,and e’ = e.

33. 16 pT = [T, A7 and U =TT; 057", then pU = [T, (P "PU) =
[T (PP = [T, (T, 5 %' ™)<PIP). Hence e(P;lp) = e(Qij|P))e(Pilp).
The formula for the f’s follows from Corollary 9.7.
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34. Corollary 9.58 shows that the norm and the trace are the product and sum of
a + by/m and a — b/m. Hence they are a®> — b’m and 2a. This proves (a).

In (b), the minimal polynomial of r = a + b./m has degree 2 if b # 0, and this
is the same as the degree of the field polynomial. Hence the two polynomials are
equal, and the minimal polynomial is X> — (Trr)X + N(r). An algebraic integer is
an algebraic element whose minimal polynomial over QQ has integer coefficients, and
(b) follows.

In (¢), if ¥ = a + by/m is a unit with inverse s, then N(r)N(s) = N(rs) =
N (1) = 1 shows that N (r) is a unit with inverse N (s). Conversely if r is in T with
N(r) = £1, thenr(a — by/m) = +1, and +(a — b/m) is an inverse element in 7.

For (d), +/2 — 1 is a unit in the algebraic integers of Q[+/2]. Its inverse is v/2 + 1.

35. With respect to the ordered basis (1, 2, («3/5)2), the matrix of multiplication

by a+ b2+ c(/2)%is
a 2c2b
(b a 20).
cb a

The trace and norm are the trace and determinant of this matrix, namely 3a and
a’ 4 2b3 + 4¢* — 6abc.

36. In (a), if & is any number algebraic over Q of degree r, then the norm relative
to Q(r)/Q of & is (—1)"M(0), where M (X) is the minimal polynomial of & over
Q. Since M(1 — (1 — &)) = 0, the minimal polynomial of 1 — & is the polynomial
M (1 — X) adjusted so as to be monic. Thatis, itis P(X) = (—1)" M (1 — X). Hence
the norm of 1 — & is (—1)" P(0) = (—1)* M (1) = M(1). In the case of the given ¢,
the minimal polynomial of ¢ is @, (X), and therefore the norm of 1 — ¢ is ©,(1).

For (b), division of both sides of the identity Hdln PyX) =X"—1by X —1
gives Hdln, o1 Pa(X) = X"~1 4 X"=2 4 ... 4 1. Therefore l_[dln, d>1 Pa() =n.

If n is a prime power, say withn = p¥, let us see by induction on k that &, (1) = p.
The base case of the induction is k = 1, and the result of the previous paragraph
applies. Assuming that ®,(1) = p for n = p*, we have p*t! = [T<*/ (1) =
D et @) ]_[f:1 p. Therefore @ Pl (1) = p, and the induction is complete.

Inducting on n, let us now show that ®, (1) = 1 if n is divisible by more than one
positive prime. The base case of the induction is n = 2. Assume thatn = p]f‘ e pf"
and that the result is known for integers less than n. We may assume that » is divisible
by at least two positive primes. Then

ks

n= [ @)= f[l (.

dln, d>1

1<I>,,l<,(1)) [T @a(l),

otherd

where the “other d” are the divisors of n that are divisible by at least two primes.
These include 7 itself. So one of the corresponding factors is &, (1), and the others
are 1 by the inductive hypothesis. The factor in parentheses is pf/ by the result of
the previous paragraph, and the product of the factors in parentheses is n. Therefore
@, (1) = 1, and the induction is complete.
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37. For (a), the imaginary part of p~!x & p~!/—1 is not an integer, and therefore
p~'(x £ /=1) is not a Gaussian integer. Consequently p does not divide either of
x £ +/—1. Since p divides x> + 1 in Z and hence in Z[+/—11, p is not prime in
ZIN-T1].

For (b), it follows since p is not prime that p = a8 nontrivially in Z[+/—1]. Then
p2 = N(p) = N(x¢)N(B). Problem 34c shows that nontrivial factorization implies
that N («) and N (B) are not units. Thus they are both p. If @ = a 4 by/—1, then the
equation p = N («) says that p = a® + b°.

38. Let N be the norm function in Q(+/—2). Since p divides x> + 2 =
(x ++/—=2)(x —+/—2) and since neither of p~! (x = 4/—2) is of the form a 4+ b/—2
with @ and b in Z, p is not prime in Z[+/—2]. Write p = «f nontrivially. Then
p> = N(p) = N@)N(B) and N(@) = N(B) = p. If « = a + by/=2, then
p = N(a) says that p = a® + 2.

39. This is similar to Problem 38 except that the members of the ring are of the
forma+b+/—3 witha, bin Zora, binZ—i—%. Thus p = N(«) says that p = a”+3b>
either with @, bin Z or witha, b in Z+ % In the latter case, let ot! = %(—1 —J=3).
These have N (w*!) = 1. Therefore

p=N(@) = N(@ot!) = N((a +bv/=3)(—1 £ 1/-3))
= N(3(—a F3b) + 3(+a — b)y/=3)
= (L—aF3b)* +3(L(xa — H)V3)".

Since a, b are in Z + %, one of a + b and a — b is even, and the other is odd, the sum
2a being odd. If a + b is even, then a — 3b is even since their difference 4b is even,
and vice versa. Hence one of the two choices of sign exhibits p as c? 4+ 3d> with ¢, d
in Z.

40. Write I = k(x) by the Theorem of the Primitive Element, and let K be
a splitting field of the minimal polynomial of x over k. Then K is a finite Galois
extension of k by Corollary 9.30, and we have k C L. C I’ C K. Fora inI. and b in
L, Corollary 9.58 says that Ni//x(a) = [[,c/m 0(a), NLx(®) = [[yeq/m o (®),
and Ny /(@) = [[;ep/n T(@). Hence Npjx(NujL(@) = [1,eq/m 0 (NL/L(@) =
HaeG/H G(HreH/H’ T(a)) = HoeG/H HreH/H’ ot(a) = HGEG/H’ o@) =
Ny jk(a). The formula for traces follows similarly by replacing the products by
sums in the above computation.

41. Since P is symmetric, P(X5(1), ..., Xom) = P(X1,..., X,) for every

permutation o. Therefore P(r4(1), ..., o@m)) = P(r1,...,r,) forevery o. Problem
39¢ at the end of Chapter VIII implies that P(ry,...,r,) = Q(sy,...,s,) fora
polynomial Q(Xy, ..., X,) ink[Xy, ..., X,], where s1, ..., s, are the elementary
symmetric polynomialsinry, ..., r,. The elements sy, ..., s, are the coefficients of

F(X), up to sign, and hence are in k. Therefore P(ry,...,r,) = Q(sq, ..., 8,) isin
k.
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42. Inspection of the formula gives H;(X) = [[/L, G(X — r;). For each i, we
can expand G(X — r;) in powers of X as

GX —r)) = X"+ by 1 )X+ £ b1 ()X + bo(ry),

andeachofb,_1, ..., bpisamemberof k[ X]. When we multiplytheseforl <i < m,
each power of X in the product has a coefficient that is unchanged if we permute
ri, ..., rn. Problem 41 says that the coefficient of each power of X is therefore in k.
Thus H{(X) is in k[ X]. A similar argument shows that H,(X) is in k[ X].

43. For (a), we use F(X) = X? —2 and G(X) = X? — 3 in the previous problem.
Then +/2 + /3 is a root of

(X — (W2 +V3)X = (V2= V3)X = (—vV2+V3)(X — (=2 = /3)),

which must have coefficients in Q.

44. Proposition 4.40 extends the action by an element o in &,, uniquely from the
set {ry,...,rp} to Kk[ry, ..., r,] fixing k. The extended o is a one-one homomor-
phism of k[ry, ..., r,] into itself, hence into k(ry, ..., r,). It extends uniquely to a
field mapping of k(ry, ..., r,) into itself by Proposition 8.6. The homomorphism
corresponding to a composition is the composition of the homomorphisms, and
consequently the homomorphism corresponding to o~ ! is a two-sided inverse of the
homomorphism corresponding to o. Thus the extension of ¢ is an automorphism, as

required.
Conclusion (a) is immediate from Problem 20a. For (b), since K is generated by
kandry,...,r,, Kis certainly generated by KS» and i, ..., ,. We have arranged

that F(X) splits over K, and hence K is the splitting field. Conclusion (d) follows
from Corollary 9.37 once (c) is proved. Thus we are to prove (c).

The argument for (c) is similar to that in Problem 21. Since F(X) is in KSn, its
coefficients are in KS». Thus k(uy,...,u,) C KSn. Consequently Corollary 9.37
gives n! = [K : K] < [K : k(uy, ..., u,)]. Problem 16 shows that the right
side divides n!. Therefore equality holds throughout, and we see that [K : KS] =
K : k(uyp, ..., up)]. Since k(ui, ..., u,) € K, we must have k(u, ..., u,) =
KSn,

45. For (a), we have

Cl 229,' ZZZS,'S]‘ =2p,
i

i<j
= 60=) sl.zs/.2 +3 > sisisk(si +j + sk) + 651525354,
i<j i<j ’ i<j<k
3.2 2
c3=01003= ) s s7sk + 2S1S2S3S4(ZSZ-)
ijk i
unequal

+2 > sfs]zs,% + 4S1S2S354( > s,-sj).

i<j<k i<j
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Part (b) is a calculation with symmetric polynomials and is omitted. For (c), we
have

01 — 6y = —(s1 — 54) (52 — 53),
01 — 03 = —(s1 — s3)(52 — 54),
0, — 03 = —(s1 — 52)(53 — 54).

The square of the product of the left sides is the discriminant of the cubic resolvent,
and the square of the product of the right sides is the discriminant of the given quartic.

46. In (a), the subgroups in question are
H={D,1 234, 1324, ADHC2 3)}

and 2l4. In (b), one considers the possibilities for a Sylow 2-subgroup and is led to
conclude that the only possibilities for the subgroups in question are the powers of a
4-cycle, the dihedral group (generated by H and (1 2 3 4)), and &4. (The group H
and any 2-cycle generate G4, and thus the dihedral group cannot be generated by H
and a 2-cycle.)

47. In (a), the discriminant reduces when g = 0 to 16p*r — 128 p2r? + 25613 =
16r(p* — 8p%r 4+ 16r%) = 16r (p> — 4r). Thisis 0 if r = 0 orr = p2/4. If it is
nonzero, it is a square if and only if r is a square. Hence in all cases it is a square if
and only if r is a square.

In (b), let Y = X?. The equation is Y2 4 pY 4 r = 0, which can be solved with
a square root. For each of the two solutions, we can then solve for X with a square
root. Hence all the roots lie in an extension obtained by adjoining at most three square
roots. Thus [K : Q] divides 8, and |G| divides 8. Consequently G cannot have any
element of order 3.

In (c), the irreducibility shows that the possibilities for G are as in Problem 46.
Since r is a square, the discriminant is a square, by (a). Proposition 9.63 shows that
the possibilities are as in Problem 46a. Part (b) rules out 24, and then (c) follows.

In (d), » nonsquare and F (X) irreducible implies that G is a transitive subgroup of
G4 but not a subgroup of 24, by (a). Problem 46b shows that G is &4, or the powers
of a 4-cycle, or the dihedral group D4. By (b), there is no element of order 3, and &4
is therefore ruled out.

48. The polynomial remains irreducible when reduced modulo 2, and a prime
factorization modulo 3 is (X +2)(X> 4+ X2+ X +2). Thus G is a transitive subgroup
of G4 containing a 3-cycle. The discriminant is 257, not square. By Problem 46b,
G =Gy.

49. Part (a) is just a computation; the answer is 2!?3*. The factorization in (b)
is routine to check, and the only issue is the irreducibility of the cubic factor. For
a cubic polynomial, irreducibility follows if the polynomial has no root in the field.
Thus we need only verify that none of 0, 1, 2, 3, 4 is a root modulo 5.
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For (c), the conclusion of (b) shows that the only possible reducibility over Q is
into a degree-one factor and a cubic factor. For X* + 8X + 12 to have a degree-one
factor, it must have a rational root, and this root must be an integer dividing 12. Let
r be an integer dividing 12. If 7 is even, then r* 4 8r is divisible by 16, but 12 is not;
so an even r cannot be a root. We are left with £1 and +3 as the possibilities, and
we check that none of these is a root.

In (d), F(X) is irreducible, and G is transitive. It is a subgroup of 24 since the
discriminant is a square. By (b) and Theorem 9.64, G contains a 3-cycle. Problem
46a shows therefore that G = 4.

50. We saw in Problem 49 that G = 4 for X* + 8X + 12, in Problem 47¢ that
G = {1, 2)(3 4,1 3)2 4),( 4)(2 3)} for X* + 1, in Problem 48 that
G = 64 for X*+ X + 1, and via Eisenstein’s criterion that G = C4 for ®5(X). Since
X* — 2 does not split in Q(~/2), the Galois group in this case cannot be of order 4,
and Problem 47d shows that G must be Dy in this case.

51. For (a), let C correspond to a set of polynomials I of degree at mostn — 1. If C
is cyclic, then I is atleast a vector space over F. If F(X) = co+c X4+ -+c,_1 X!
isin 7, then XF(X) = coX + 1 X> + - -+ + ¢,_1 X" is congruent modulo (X" — 1)
to cp1 4+ coX + - - - + c4_o X", which is in I since C is cyclic. Hence I is closed
under multiplication by X mod (X" — 1) and hence under arbitrary multiplications
modulo (X" — 1). Therefore [ is an ideal in F[X]/(X" — 1).

Conversely if I is an ideal in F[X]/(X" — 1), then it is a vector space and is
closed under multiplication by X mod (X" — 1) in F[X]/(X" — 1). If F(X) =
co+ci1 X+ 4cp1 X" Visin I, then X F(X) = coX+c1 X?+- - -+cp_1 X" mod [
has to be in 7, and the corresponding member of C is (¢,—1, o, 1, - - ., cn—2). Hence
C is cyclic.

For the remaining parts, we identify the cyclic code C with the corresponding ideal
I inF[X]/(X"—1). In(b), letthe lowest degree of amember of / be n—k, andlet G (X)
be a member of [ of this degree. If there is a second member of this same degree,
then their difference has lower degree since both polynomials are monic, and the
difference must be in /, contradiction. Thus G (X) is uniquely defined. Regard G (X)
as a member of F[X] of degree n — k, and let M (X) = GCD(G(X), X" — 1). Then
we can choose A(X) and B(X) in F[X] with A(X)(X" — 1)+ B(X)G(X) = M(X).
Passing to F[X]/(X" — 1), we have B(X)G(X) = M(X) mod (X" — 1). Therefore
M (X) is in the ideal 1. Since the degree of M (X) is at most deg G(X) and since
G (X) has the minimum degree among the nonzero members of 7, either M(X) =0
or M(X) = G(X). The conclusion M (X) = 0 is ruled out since M (X) is a greatest
common divisor of nonzero polynomials, and thus M (X) = G(X). Therefore G(X)
divides X" — 1.

Let I be the inverse image of I in [F[X]. This is an ideal, it~ contains G (X), and
it contains no nonzero element of degree < deg G(X). Since I has to be principal,
I = (G(X)). In other words, I consists of all products of G(X) by a member of
F[X]. If F(X)G(X) is suchaproduct, then the division algorithm gives F (X)G(X) =
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B(X)(X" — 1) + R(X) with R(X) = 0 ordeg R < n. Since G(X) divides X" — 1,
G (X) divides R(X). Therefore every member of [ is congruent modulo X” —1toa
product G(X)S(X) that is O or has degree < n. Then (c) is clear.

For (d), (b) showed that G (X) divides X" —1in[F[X]. Write X"—1 = G(X)H (X).
If B(X) inF[X]/(X"™ —1) corresponds to a member of C, then (b) shows that B(X) =
F(X)G(X) for some F(X) in F[X]. Multiplying by H(X) gives B(X)H(X) =
F(X)G(X)H(X) = F(X)(X™ —1). Hence B(X)H(X) = 0 mod (X" — 1). Con-
versely if B(X)H(X) = A(X)(X" — 1), then B(X)H(X) = A(X)G(X)H(X), and
B(X) = A(X)G(X).

52. In (a), if rq, rp, r3 denote the rows and if vi = r; +r3, v = rp, and v3 = r3,
then vy, vy, v3 form a basis for the row space, and they cycle into one another when
the columns are shifted in cyclic fashion. Consequently the code is cyclic. Part (b)
involves looking at the 7 nonzero members of the space, and one can just do that
directly.

In (¢), one such matrix is

0001101
0011010
H= 0110100
1101000

A little check shows that the matrix product HG' is the 4-by-3 zero matrix, and hence
‘Hv = 0 for each v in C. Thus C is contained in the null space of H. The rank of ‘H
is 4 since the rows are certainly linearly independent. Since the sum of the rank and
the dimension of the null space is the number of columns, namely 7, the dimension
of the null space is 3. Therefore the null space is C and is no larger.

For (d), the general matrix H is to have n columns and n — k rows. The entries
of the top row are the coefficients of H(X) with the constant term at the right, the
coefficient of X in the next-to-last position, and so on. In each successive row these
coefficients are shifted one position to the left.

Let G(X) =go+ @1 X+ 4+ gnsX"Fand H(X) = ho + h X + - -- + Xk,
We know that {0, XG(X), X2G(X), ..., X*"1G(X)} is a basis of C. In terms of
members of F” the /™ such vector has the entries go, g1, . .., g»_ beginning in the
[t position. The (1, j)th entry of H is h,_; with 0’s elsewhere in the row, and the
(i, )M entry is h,_ j—i+1 with 0’s elsewhere in the row. The product of the i™ row of
H and the /™ basis vector of C is Z;’;,’;fLHl hn—j—i+18j—1, which is the coefficient
of X" *1=lin G(X)H(X). Here ] <i <n—kand1 <[ <k,sothat2 <i+I <n.
Thus the power of X in question varies from 1 ton — 1. Since G(X)H(X) = X" —1,
the coefficient is 0. Thus C lies in the null space of H. The same argument with rank
as in the previous paragraph shows that C is exactly the null space.

53. Since X" — 1 has derivative n X" !, we have GCD(X" — 1, nX"~!) = 1 when
n is odd. Lemma 9.26 then shows that X"~ ! is separable. If n is even, write n = 2k.
Then X" — 1 = (X* — 1)? in characteristic 2 by Lemma 9.18, and hence every root
has multiplicity at least 2.
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54. In (a), we have 0 = P(a’) = co + c1a/ + cr0® + -+ 4+ ¢ DI for

r < j <r +s, and therefore the column vector (¢, c1, ..., ¢,—1) satisfies
o 0[27' a(n—l)r ZO 0
o't Q20+ L (=D +D) Cl 8
2 |
r+s o 20r+s) .. o, m=1)(r+s)
o o « Cn—1 0

In (b), since s + 1 < n, the number s + 1 of rows is < the number n of columns.
Any square submatrix of size s 4 1 is a Vandermonde matrix after factoring a power
of @ from each column and transposing, and the determinant of the square submatrix
is therefore the product of a power of « and the differences o’ ¥/ — o/ + with j > i.
Since « is nonzero and since two powers of « can be equal only when the exponents
differ by a multiple of #, the determinant of the square submatrix is nonzero.

In (c), suppose that s + 1 or fewer of the coefficients co, c, . .., c,—1 are nonzero.
Choose s + 1 of them, say Cij for 1 < j < s+ 1, such that the remaining ones are 0.
If we discard the others from the matrix equation in (a) and discard the corresponding
columns of the coefficient matrix, then the matrix equation is still valid since we have
discarded only 0’s from the given equations. The resulting system is square with an
invertible coefficient matrix, and hence the unique solution has ci; = 0 for all j. But
then P(X) = 0, in contradiction to the assumption that F (X) # 0.

In (d), if some nonzero member P (X) of C has weight less than s + 2, then (c¢)
leads to a contradiction. Hence every nonzero weight is > s + 2, and 6(C) > s + 2.

55. Since a is aroot of X" — 1, sois every a/. Since F ' is the minimal polynomial
of o/, Fj divides X" — 1. Also, 1 + X = X — 1 divides X"~! and no Fj equals
X — 1,since o/ # 1 for 1 < j < 2e when 2e < n. Therefore G(X) divides X" — 1.
Applying Problem 54 with r = 0 and s = 2e, we see that the code C generated by
G(X)has6(C) > s+2=2e+2.

56. In (a), if an irreducible polynomial F (X) of degree d has a root 8 in K, then
K D> FB) 2 F, and [F(B) : F] = d must divide [K : F] = m. In the previous
problem it follows that each F;(X) has degree dividing m, hence degree < m. The
worst case for the degree of G(X) is that the LCM equals the product, and then the
degree of G(X) is the sum of 1 (from 1 + X) and the sum of the degrees of the
Fj(X)’s. Hence deg G < 2em + 1 in all cases.

In (b),letn, = 2" — 1, and let K be a field with 2" elements. Theorem 9.14 shows
that K is a splitting field for X> — X over IF. Hence it is a splitting field for X" — 1
over F. Lete = r, so thate < n,/2 as soon as r > 3. Using this e in the previous
problem, we obtain a cyclic code C;, in F"" with §(C,) > 2r + 2. According to (a),
the generating polynomial G, (X) has degree at most 2er + 1 = 2r% + 1. Therefore
k. =dimC, =n, —deg G, > n, —2r> —1=2"—2r> —2. Then k, /n, tends to 1,
and 6(C,) tends to infinity, as required.

57. In (a), the polynomial F;(X) splits over K because every finite extension of
a finite field is Galois. The Galois group Gal(K/[F) consists of the powers of the
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Frobenius isomorphism x + x2, by Proposition 9.40, and is transitive on the roots
of Fi(X), by Problem 13a. Hence all the roots are of the form azk, and all these
elements are roots. Taking k = 0, 1, 2, 3, we get distinct roots, which is necessary
since K/F is separable.

For (b), we start from 1 + « + a* = 0 and compute the powers of « in terms of
1, «, o2, &3, The interest is in only the powers a®, a3, 0, o, a2, but some of the
intermediate powers help in the computation. We have

o =ao’,

a4=1+(x,

a5=a+a2,

af = a? +ad,
a9=a3a6=a3(a2+a3)=a5+a6=a+a3,

a12=(a2+a3)2=a4+a6=1+oz+oz2+oz3.

Then we form the equation a + ba® + ca® + do® + «'? = 0, substitute from above,
and equate coefficients. The result is a homogeneous system of four linear equations
with five unknowns in F. Solving, we find that the space of solutions is 1-dimensional
with a = b = ¢ = d = e. Therefore the minimal polynomial of &> has degree 4 and
isl +a+a®+a+a’.

In (c), we apply Problem 55 with n = 15 and e = 2. Part (a) shows that F| =
F> = F4, and part (b) computed F3 as something else of degree 4. Therefore G(X) =
(14+X)LCM(F}, F», F3, F4) = (1+ X)LCM(F F3) = (14+X) F1(X) F3(X), which
has degree 9. Then dim C = 15 — 9 = 6, and Problem 55 gives 6 (C) > 2¢ +2 = 6.

59. In (a), Problems 12-13 are applicable when the scalars are extended to K
because the minimal polynomial becomes a product of first-degree factors. The
existence in the conclusion is immediate by applying (a) through (d) in Problem 12
to L ® 1, and the uniqueness is immediate from Problem 13.

In (b), fix a basis {v;} of V over k. Any member of VEhasa unique expansion as
> i (vi ® ¢;) with each ¢; in K. Since ¢(1) = 1, application of the given identity to
v ® 1 gives

T =T1epwe)=1v)TWR1).

If we expand 7(v ® 1) as Zi (vi ® ¢;), the displayed equation says that
iR =00 ) i ®c) =7, ®pc)).
Hence ¢(c;) = ¢; for all i. Since g is arbitrary, Theorem 9.38 implies that ¢; is in k

foralli. Thus ), (v; ® ¢;) is in V. If we write T'v for this element of V, then T is a
k linear map of V toitself suchthat 7=T ® 1.
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In (c), we multiply the identity L ® 1 = S+ N on the left by 1 ® ¢! and on the
right by 1 ® ¢ to obtain

Lel=(10¢ HLeaN1®e =100 "HS1®¢)+(1®¢ HN(1® ¢).

The equation (1@~ HN (1®¢))" = (1®¢~ A" (1®¢) shows that N'is nilpotent.
Since (1® 9™ HSU @)1 @ ¢ HINU®9) = 1@ ¢ HSN1® ¢) =
1®e HNSU®¢) = (1® ¢ HN1 ® 9)((1 ® ¢~ HS(1 ® ¢)), the maps
(1® ¢ HS1 ®¢) and (1 ® o HN (1 ® ¢) commute. Finally if Y (i ®c) is
an eigenvector of S with eigenvalue A, we have S( YU ® ci)) =) ;v ® Ac;.
Therefore (1 ® ¢™HS1 ® ¢)(Y; (i ® ¢ (i) = A ®@¢™H Y ;(vi ® Aey) =
P Wi ®e ' (M~ (¢;)), and > i ®¢~(c;)) isan eigenvector of (1Q¢~)S(1®¢)
with eigenvalue ¢ ~!(1). Then it follows that (1 ® ¢~ )S(1 ® ¢) has a basis of
eigenvectors. By uniqueness of the decomposition L ® 1 = S + N, we must have
1®¢ HSU1®¢) =Sand (1 ® ¢ HN (1 ® ¢) = N. Since ¢ is arbitrary in
Gal(K/k), (b) shows that S= S® l and ' = N ® 1.

In(d), (N"®1) = (N®1)" = N, and M nilpotent implies N nilpotent. Similarly
SN = NS implies SN = NS. Then the fact that S = § ® 1 = S has a basis of
eigenvectors implies that S is semisimple.

In(e), S® I and N ® 1 can be expressed uniquely as polynomials in L ® 1 that
are 0 or have degree less than the degree of the minimal polynomial of L ® 1; the
coefficients of these polynomials are in K. Application of a member ¢ to a polynomial
expression S®1 = P(L®1) justaffects the coefficients and gives another polynomial
expression for S unless ¢ fixes each coefficient. By uniqueness and Theorem 9.38,
we see that the coefficients are in k. A similar argument applies to N ® 1.

60. This is proved by the same argument as for Problem 13 in Chapter V.

61. The splitting field for the minimal polynomial is C. According to the procedure
in the solution of Problem 59, we are first supposed to find a decomposition over C.
In a suitable basis we know that A is the sum of a diagonal matrix and a strictly upper
triangular matrix, and this is the Jordan—Chevalley decomposition. Section V.6 shows
how to find the Jordan form and the basis over C in which it is realized. We transform
the D and N back separately to find the semisimple and nilpotent components of A
relative to the standard basis. The result is that

0-1 0 12 00 0 —1/2
10 12 0 oo 12 o0
S=10 0 0 -1 and N=1o0 0 o

00 1 0 00 0 0

62. In (a), if there were a basis of eigenvectors over K, then the fact that the
eigenvalues are equal would mean that A is similar to a scalar matrix. This is

manifestly not so. Thus A is not semisimple.
a cx )

In (b), a matrix (Z 2) that commutes with A is necessarily of the form (

and has characteristic polynomial X2 + a® + ¢?x since the characteristic is 2. If the

c a
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characteristic polynomial reduces to 0, and then a = ¢ = 0. In this case, A is the 0
matrix.

In (c), suppose that A = S + N is a Jordan—Chevalley decomposition. Then (a)
says that A is not semisimple and hence cannot be S. On the other hand, (b) says
that N has to be 0 and therefore that A = S is the only possibility. The result is a
contradiction, and thus there is no Jordan—Chevalley decomposition.

63. This comes down to what is happening in Problem 12 in Chapter V. In terms
of matrices, the problem reduces to the case that a square matrix A is upper triangular
with a certain nonzero scalar ¢ in every diagonal entry. Then D = ¢/, and U is taken
tobe D' A.

64. In (e), for characteristic p > 0, —1 is the sum of p — 1 copies of 1. Hence k
cannot be formally real.

65. In (e), we have (b~! —a~")ab = a — b. The right side is in P, and so are
a and b. Thus the remaining factor, b~! —a~! hastobein P. In (f), the sum of
a(c—d) > 0and (a—b)d > Oisac—bd > 0. In(g), expansionof (a —b)(c—d) > 0
gives ac + bd > ad + bc.

66. The definition is that ‘Mﬁ is positive if a,,b, ! is in P. It is routine
to check that the set P’ of positive elements of k(x) is closed under addition and

multiplication, and certainly every nonzero element is in exactly one of P’ and —P’.

67. In (a), one ordering has a + b/2in P ifa + bv/2 > 0 in the ordinary sense,
and the other has a + fz in Pifa— b\/f > 0 in the ordinary sense.

In (b), for any element a + b\/c with a®> > b*c, define a + b./c to be in P’ if and
only if a is in P. For any element a + b./c with b*’c > a2, define a + b./c to be
in P’ if and only if b is in P. The only element left undecided by this process is 0,
which is not to be in P’. The elements a + b./c in P’ with a*> > b?c will be said to
be of type I, while those with a®> < b?c will be said to be of type IL It is clear that
each nonzero element x of K is in exactly one of P’ and —P’, and we have to verify
that P’ is closed under addition and multiplication.

The verification is a little complicated. It uses parts (f) and (g) of Problem 65
repeatedly. Consider addition. There are cases. Case 1 is thata +b./cand @’ +b'/c
are in P’ with both of type L. If the sum is of type II, then addition of a*> > b’c,
a’? > b'%c,and (b+b')’c > (a+a')?* gives bb'c > aa’ upon cancellation. Squaring
and taking into account that aa’ > 0, we obtain (b%c)(b'*c) > a’a’>. On the other
hand, a®> > b%c and a’?> > b'?c together imply a’a’*> > (b%c)(b'*c), contradiction.
Thus the sum is of type L. Since @ and a’ are in P, so is @ +a’. Thus the sum is in P’.

Case 2 is that a + b/c and a’ + b'\/c are in P’ with both of type IL. If the sum is
of type 1, then addition of a®> < b?c, a’> < b'*c, and (b + b')*c < (a + a’)? gives
bb'c < aa’ upon cancellation. Squaring and taking into account that b’ > 0, we
obtain (b%c)(b'>c) < a*a’®. On the other hand, a*> < b?c and a’> < b'*c together
imply a’a’? < (b*c)(b'*c), contradiction. Thus the sum is of type II. Since b and 5’
are in P, sois b + b’. Thus the sum is in P’.
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Case 3 is that a + b./c is of type I and a’ + b'+/c is of type II (or vice versa).
The argument now depends on the type of the sum. Case 3A is that the sum is of
type I. Adding a® > b?c, b'’c > a’?,and (a +a’)? > (b + b)*c and canceling gives
a(a+a’) > b+ b')c. We want to see thata +a’ > 0. If a + a’ < 0, then the left
side is negative, and hence both sides are negative. Thus the squares of the two sides
are related in the opposite order: a*(a + a’)? < b*(b + b')*>c?. Here the right side is
< a®(b 4 b')?c, and we get (a + a’)?> < (b + b')*c, in contradiction to the fact that
the sum is of type I. So a + a’ is > 0, and the sum is in P’. Case 3B is that the sum
is of type II. Adding a®> > b%c, b'’c > a’*, and (b + b')*c > (a + a’)? and canceling
gives b'(b + b')c > a’(a + a’). We want to see thatb +b' > 0. If b+ b’ < 0, then
both sides are negative. Thus the squares of the two sides are related in the opposite
order: b'2(b + b')?c? < a’*(a + a’)*. Here the right side is < b'*c(a + a’)?, and
thus (b + b')?c < (a + a’)?, in contradiction to the fact that the sum is of type II. So
b+ b'is > 0, and the sum is in P’.

This completes the verification that P’ is closed under addition. We now consider
multiplication, again dividing matters into cases. Case 1 isthata+b./canda’+b'+/c
are in P’ with both of type I. Applying Problem 65g to the inequalities a> > b*c and
a'’? > b'*c, we obtain a?a’*> +b2b'*c? > a*b'*>c +a'*b*c, which says that the product
is of type I. We are to show that aa’ + bb'c is > 0. From a®> > b*c and a’> > b'?c,
we obtain 0 < a’a’? — b?b'*c* = (ad’ + bb'c)(ad’ — bb'c). Thus aa’ + bb'c and
aa’ — bb'c are both > 0 or both < 0, and they are the same as their sum, which is
2aa’. Since a and @’ are in P, we have aa’ > 0, we conclude that the product is in
P

Case 2 is that @ + b/c and @’ + b'\/c are in P’ with both of type II. Applying
Problem 65¢ to the inequalities b>c > a® and b'>c > a'?, we obtaina’a’>4+-b*b'%c? >
a’b’*c+a’*b*c, which says that the product is of type I. We are to show that aa’ +bb'c
is > 0. From a? < b%c and a’? < b'?c, we see that 0 < b2b'2c* — a?d’? =
(bb'c+aa’)(bb'c — aa’). Thus bb'c + aa’ and bb’c — aa’ are both > 0 or both < 0,
and they are the same as their sum, which is 2bb’. Since b and b’ are in P, we have
bb’ > 0, we conclude that the product is in P’.

Case 3 isthata + b/cis of type I and a’ + b’ /c is of type II (or vice versa). From
(@> —b%c)(b'*c —a'?) > 0, we obtain c(a'?h? +a’b'?) > a*a’* +b*b'"*c*. Addition
of 2aa’bb’c to both sides yields (ab’ + a’b)?c > (aa’ + bb'c)?, an inequality that
shows the product to be of type II. To show that the product is in P’, we are to show
that ab’ + a’b > 0. The product of a®> > b%c and b'’c > a'? gives a’b'’> > b*a’?
upon cancellation of ¢, ¢ being positive. Then (ab’ + ba’)(ab’ — ba’) > 0, and the
two factors have the same sign. Now a > 0 and ' > 0 since the given elements
are in P’. Thus ab’ > 0. Arguing by contradiction, suppose that ab’ < ba’. Then
ab’ > 0 implies (ab’)?> < (ba')?, in contradiction to a’b’> > b*a’>. We conclude
that ab’ > ba’, hence that ab’ — ba’ > 0. Thus ab’ + ba’ > 0, as required.

These steps complete all the verifications that P’, as we have defined it, is a positive
system. It remains to define a second version of P’ and to carry out the verifications
for it. For the definition, there is no change if a? > b2c,butif b%*c > a, thena + by/c
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is to be in P’ if and only if —b is in P. The verifications are essentially unchanged
except that the roles of b and —b are interchanged throughout.

68. In (a), the integer n, if it exists, cannot be 0 because k is formally real by
Problem 64d. So n > 1. We write § = a; + bj./c, with each a; and b; in
k(\/c1, ..., »/¢n—1) and expand out the squares.

In (b), let k' = k(\/c1,...,/cp—1). If the coefficient of ,/c, is 0, then (x)
becomes an equality in k’ that exhibits k" as not formally real, in contradiction to the
definition of n. If the coefficient of /c, is not 0, then (x) exhibits ,/c, as a member of
k’, again in contradiction to the definition of n. The conclusion is that K is formally
real.

69. Order the formally real subfields of k by inclusion upward. The set of such
subfields is nonempty since k is one. The union of a chain of such subfields is again
such a subfield because any expression of a sum equal to —1 has to be valid in a finite
such union. By Zorn’s Lemma, there is a maximal element K. By maximality, K is
a real closed field.

70. In (a), if ¢ is not a square in k, then k(,/c) is a proper algebraic extension
of k. Since k is maximal among formally real subfields of k, k(,/c) is not formally
real. Therefore —1 is a sum of squares in k(,/c), as indicated.

In (b), expansion gives —1 = ) ajz +cy bjz +2./c Y a;bj. Equating coefficients
of 1 and \/c shows that —1 = ) qlz +c) b/2 We cannot have ) blz = 0 because
otherwise we would have —1 = Zaf and k would not be formally real. Thus

—c=14+> af) /Y b2, and —c is exhibited as a sum of squares, hence a member
of P. Thus if ¢ is not a square in k, then ¢ cannot be a sum of squares in k. The
contrapositive is: every sum of squares in k is a square in k.

In (c), the equality —c = (1 + Za}) /3" b2, in view of (b), exhibits —c as the
quotient of two squares, hence as a square.

In (d), let P be the set of nonzero squares. We see from (a) through (c) that every
nonzero element is in P or in —P. By (b), every sum of squares is a square; thus
P is closed under addition. It is clear that P is closed under multiplication. Thus F
becomes an ordered field. Problem 64b shows that every nonzero square has to be in
P, and thus P is the only possibility for the set of positive elements.

71. In (a), let n be the least odd positive integer such that some polynomial over
k of degree n has no root in k. If this polynomial were reducible, some factor of it
would have smaller odd degree and would have a root. So the polynomial in question
has to be irreducible.

In (b), if —1 is a sum of squares in k(w), then we have —1 = Zle Rj(ot)2
for suitable polynomials R;(X) in k[X], necessarily of degree < n — 1. In other

words, Z;le R]-(X)2 + 1 is a member of k[X] that vanishes at «. Since Q(X)

is the minimal polynomial of o, Q(X) divides Zle R;j(X )2 4+ 1, and we obtain

-1 = Zle R; (X)? + Q(X)A(X) for a suitable polynomal A(X) in k[ X] of degree

<n-—2.
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In (c), the equality of the coefficients of X>*~2 in the polynomial identity of (b)
shows that the —1 equals the sum of squares of the leading coefficients of the R;’s
plus the coefficient of X" ~2 in A(X). The coefficient of X”~2 in A(X) cannot be 0, or
else —1 would be exhibited as a sum of squares in k. Thus A(X) has degree exactly
n — 2, which is odd. The inductive hypothesis applies to A(X) and says that A(X)
has a root r. We evaluate the polynomial identity from (b) at r, take into account that
A(r) =0, and obtain —1 = Zle R; (r)?. Again we have a contradiction to the fact
that k is formally real, and thus the minimal integer » in (a) cannot exist.

72. The indicated proof goes through without essential change.

73. Problem 68 shows that k is contained in a certain formally real subfield L of k,
Problem 69 shows that L is contained in a real closed subfield K of k, and Problem 70
shows that K becomes an ordered field. The set of positive elements for K includes
all squares by Problem 64b, and all the members of k in P have become squares in
LL by definition of .. Therefore all members of P are squares in K. The fact that
k = K(v/—1) follows from Problem 72.

Chapter X

1. If R is a field, then the only ideals are 0 and R, and they certainly satisfy the
descending chain condition. Conversely if the ideals satisfy the descending chain
condition, then there is a minimal nonzero ideal /. Fix m # 0 in /. For any nonzero
elementa € I, Ra = I since [ is a simple module. If x # 0 is in R, we apply this
observation to xm, which is nonzero since R is an integral domain. Since Rxm = I,
there exists y in R with yxm = m. Then (1 — yx)m = 0. Since R is an integral

domain and m # 0, we obtain 1 — yx = 0. Therefore y = x~!.

2. In (a), let C; = {£1}. Define r(1) = (é?) and r(—1) = ((1) i) Then r

is a representation since 1 +1 = 0 in F. The subspace U = F (1) is invariant.

If there were a complementary invariant subspace, there would be an eigenvector of
r(—1) notin U. However, the roots of the characteristic polynomial are both 1, and a
second eigenvector would mean that r (—1) is the identity, which it is not. For (b), the
representation in (a) makes [F2 into a unital left R module, the R submodules being
the invariant subspaces. There is no complementary R submodule to U, and hence
2 is not semisimple as an R module.

3. If {a,} is a set of generators of M as a right R module and {b,} is a set of
generators of N as a left R module, then {a; ® b;} is a set of generators of M Qg N
as an abelian group. Then (a) follows from this fact and the fact that 1 generates both
Z/kZ and Z]1Z.

In (b), if | = dk for some d and if b has b = gk +r with 0 < r < |k|, then
al®bl =agk(1Q 1)+ (al @rl) =aqkl ® 1)+ (al ®rl) =al ®rl, and it
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follows thatthe mapal®b1 + al® (b mod k)1 is a well-defined group isomorphism
of (Z/kZ) @z, (Z]IZ) onto (Z/k7) Qz, (L] kZ).

In (c), let b(x1, yl) = xy mod k for x,y € Z/kZ. This is Z bilinear from
7] kZ x Z.] kZ into Z/ k7 and extends to a group homomorphism L : Z/kZ Q7 7./ kZ
— Z/kZ with L(x1 ® yl) = xy mod k. In particular, L(1 ® 1) = 1 mod k.
Therefore k divides the order of 1 ® 1, and Z/kZ x Z/kZ has at least |k| elements.

In(d),wehave 0 = k1®1 =k(1®1)and0 = 1Q®I1 =1(1®1). If xk+yl =d,
thend(1® 1) =xk(1® 1)) + y((1 ® 1)) =0. Hence 1 ® 1 has order dividing d.
By (c), 1 ® 1 has order at least |d|. The result follows.

4. In (a), each ker 9" is an R submodule of M, and these R submodules form
an ascending chain. Hence they are the same from some point on. Similarly each
image ¢" is an R submodule of M, and these form a descending chain. Hence they
are the same from some point on.

In (b), if x isin K NZ, then ¢Vx = 0 and x = ¢y for some y. Then0 = ¢ x =
©*N'y. Since y is in ker 9>V = ker ¢, we obtain 0 = ¢V y = x, and x = 0.

In(c), if x isin M, then @™ x is in image ¢V = image ¢>V. Hence oV x = ¢?Nz =
oV (9" z) for some z € M, and "V x = "y with y = ¢V z.

For (d), if x is in M, let y be as in (c), and write x = (x — y) + y. Then
oV(x —y) =¢¥x — Ny =0and y = "z show that x — y isin K and y is in Z.
Thus M =K +Z. Since KNZ=0by(b), M =K P L

In (e), we know that (image ¢") = image "+ for all n. Taking n > N, we see
that ¢(Z) = Z. From (b), ker(<p| < K NZ = 0. Therefore ¢ is one-one from Z
onto itself. In addition, (ker ¢") C ker"~! for all n. Taking n > N shows that
©(K) € K. For x in K, we have ¢V x = 0. Therefore (<p|K)N =0.

5. If (i) holds, then v N is one-one from N’ onto P. Let o be its inverse. Then
o : P — N'isone-one with o = 1p. So (ii) holds.

If (ii) holds, then any » in N has the property thatn —o i (n) has ¥ (n —o ¥ (n)) =
Y(n) — 1pyr(n) = 0 and is therefore in image ¢. Write n — oy (n) = @(m) for
some m depending on n; m is unique since ¢ is one-one. If t : N — M is defined
by t(n) = m, then t is an R homomorphism by the uniqueness of m. Consider
T(p(m)) for m in M. The element n = ¢(m) hasn — oy (n) = p(m) — oyp(m) =
p(m) — a(0) = ¢(m), and the definition of 7 says that 7(¢(m)) = m. Hence
T = 1y, and (iii) holds.

If (iii) holds, then N’ = ker t is an R submodule of N. If n is in N’ N image ¢,
then n = ¢(m) for some m € M and also 0 = t(n) = t9(m) = 1y (m) = m. So
n=0,and N' Nimagep = 0. If n € N is given, write n = (n — p1(n)) + @t (n).
Then ¢t (n) is certainly in image ¢, and t(n — ¢7(n)) = t(n) — Lyt (n) = 0 shows
that n — ¢t (n) is in N'. Therefore N = N’ @ image ¢. Since image ¢ = ker v, we
see that N = N’ @ ker ¢ and that (i) holds.

6. For (a), the conjugation mapping C on R, carrying 1 to itself and carrying i, j,
and Kk to their negatives, respects addition and satisfies C(xy) = C(y)C(x). Hence
it exhibits R and R as isomorphic. Then the result follows from Proposition 10.14.
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For (b), again by Proposition 10.14, we need a noncommutative ring R with identity
such that R is not isomorphic to R°. Let IF be a field with two elements, and let R

a
0
to be the matrix with @ = 1 and b = ¢ = 0, and define y to be the matrix with

b =1anda = ¢ = 0. Computation shows that x> = x, y> = 0, xy = y, and
yx = 0. A ring isomorphism of R with R? is the same as an additive isomorphism
that reverses the order of multiplication, and we call this an “antiautomorphism” of
R. Suppose that an antiautomorphism ¢ of R exists. We must have ¢(1) = 1.
Suppose that ¢(x) = u and p(y) = v. Thenu = ¢(x) = p(x?) = p(x)? = u? and
0 = ¢(»?) = ¢(y)> = v?. Expanding « and v in terms of the basis {1, x, y} and
computing, we find that u = k1 4 [x and v = my with k, [, m in F. Since ¢ reverses
the order of multiplication, we have uv = ¢(x)p(y) = ¢(yx) = ¢(0) = 0. Thus
0= (kl+Ix)(my) = kml +Imxy = (km)1 + (Im)y, and km = Im = 0. Therefore
eitherm = 0 or k = [ = 0. In the first case, ¢(y) = v = my = 0; in the second case
¢(x) =u =kl +Ix = 0. In either case, ¢ fails to be one-one. We conclude that no
antiautomorphism ¢ of R exists.

be the 8-element ring consisting of all matrices ( i’) with a, b, ¢ in F. Define x

7. Take the sum of all simple R submodules of M.

8. Example 4 in Section 5 shows that A @ K is a vector space over K in such a
way that ko(a ® k) = a ® kok. It is therefore enough to show that the multiplication
is K linear in each variable of the product. Additivity is known, and it is enough to
check thatk()((al Rki)(az ®k2)) = (ko(al ®k1))(a2®k2) = (aj ®k1)(k()(a2®k2)).
Since scalar multiplication by ko equals left multiplication by 1 & ko, the left equality
is immediate from associativity of multiplication, and the right equality follows from
associativity and from the formula (a1 ® k1)(1 ® ko) = a1 @ kiko = a1 @ kok; =
(1 ® ko)(a1 ® ky).

9. Define u(x)(y) = [x, y]forx and y in g, and let v(¢)(d) = cd for c and d in LL.
Then p(x) : g > gand v(c) : . — L are K linear. Therefore b(x, ¢) = u(x) ® v(c)
is K bilinear from g x L into the K vector space Endk (g ®k L), and it extends to a
K linear mapping L : g ®k L. - Endk (g ®k L). Define [X, Y] = L(X)(Y).

With the Lie algebra multiplication now well defined in g ®x L, one readily checks
the two required properties. Therefore g ®k L is a Lie algebra over K satisfying the
two required identities.

Meanwhile, we know that g @k L is a vector space over LL because of a change of
rings. To complete the proof, we need to show that the multiplication is L linear, not
just K linear. It is enough to check L linearity in the second variable because of the
alternating property. Let s be in I, and let x ® ¢ and y ® d be elements of g ®xk L.
Then we have [x ®c, s(y®d)]| =[x ®c, y®sd] = [x, y]®csd = s([x, Y] ®cd) =
s[x ® ¢, y ® d]. Forming K linear combinations, we obtain the desired L linearity
in the second variable of the Lie algebra product.

10. This problem will follow from the uniqueness of the tensor product as given in
Theorem 10.18 if it is shown that ((A ®z B)/H, gb») is a tensor product of A and B
over R. Thuslet 8 : Ax B — G be an R bilinear function from A x B into an abelian
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group G. Since § is automatically Z bilinear, there exists a group homomorphism
¢ : A®z B — G such that ¢(a ® b) = B(a,b) foralla € A and b € B. Then
plar@b—a@rb) = plar ®b) —p(a ®rb) = B(ar, b) — B(a, rb). The right side
is in H, and hence ¢ descends to a group homomorphism ¢ : (A ®z B)/H — G
such that pg = ¢. Then B(a, b) = ¢(a ® b) = pqb,(a, b) shows that p(gby) = B.
Thus @ is the required additive extension of 8. For uniqueness, suppose @’ is a second
additive extension of 8. Then @’'gbs(a, b) = @gbr(a,b) foralla € A and b € B,
and hence 9'q(a ® b) = g (a ® b). The elements a ® b generate A ®z B, and hence
@'q = ¢g on A ®7 B. Since ¢ maps onto (A ®z B)/H, ¢ =@ on (A®yz B)/H.

11. We are to show that if C is a commutative associative R algebra with
identity and if ¢; : Ay — C and ¢, : A» — C are homomorphisms of commu-
tative associative R algebras with identity, then there exists a unique homomorphism
¢ Al ®g Ay — C of R algebras with identity such that pi; = ¢; and piy = @;.
Define b(ai, a2) = ¢1(ar)ez(az). This is R bilinear into C because b(apr, ay) =
pr(air)gz2(az) = g1(a)rez(az) = @1(a1)ea(raz) = b(az, raz), and hence there
exists a unique homomorphism ¢ : A1 ®g Ay — C of abelian groups such that
p(@1®az) = b(ay, az) = @1(a1)e2(az). Thengii(ar) = p(a1®1) = ¢1(a)g2(1) =
o1(ar)l = ¢1,and pi| = ¢;. Similarly i, = ¢>. To complete the proof, it is enough
to show that the homomorphism ¢ of abelian groups is a homomorphism of R algebras.
The fact that ¢ is a homomorphism of R modules is immediate from Corollary 10.19.
Also, (1 ® 1) = ¢1(1)@2(1) = 1 shows that ¢ carries identity to identity. Finally
the computation ¢((a; ® a2)(a] ® a})) = @(aia] ® axa) = ¢i(a1a})@2(azab) =
p1(a)e1(a)e2(a2)p2(ay) = g1(aea(a2)e1(a))pa(ay) = glar ® a)p(a; ® aj)
shows that ¢ respects multiplication on a set of additive generators of A] @ A».

12. Part (a) is immediate from Proposition 10.1. If  is a nonzero map in M then
Y (E) is a submodule of M isomorphic to E. Hence ¥ (E) € Mg by construction,
and (b) follows. Part (c) is immediate from (b).

13. With d € Dg = Homg(E, E), we can form ¥d = ¢ od if ¢ is in
Homg (E, ME), and we can form de = d(e) if e is in E. These definitions give
the required unital Dg module structures for (a) and (b). The members of Dg =
Hompg (E, E) commute with the left R action on E by definition, and this is (c).

14. In view of (c) in the previous problem, the left action of R on E can be regarded
as a right R? action on E in such a way that it commutes with the left D action on
E. In other words, E is a unital (Dg, R?) bimodule. Corollary 10.19b shows that
ME ®p » E becomes a unital right R module, hence a unital left R module.

15. Define a map b : ME x E — M, additive in each variable, by b(yr,e) =
¥(e). Ford in Dg, this has b(y od,e) = (Y od)(e) = Y¥(d(e)) = b(y, d(e)).
Hence b is D bilinear and has an additive extension ® : M£ ® py E = M with
DY ®e) =yl(e).

The map @ is R linear since P (r (Y @ ¢)) = P(Y Qre) =Y (re) =r(yY(e)) =
r(® (Y ® e)). Since ¥ is in ME, ¥ (e) is in Mg; thus ® has image in Mg.
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To see that & is onto Mg, write Mg = @, M, with each M, simple, and fix
an isomorphism oy € Homg (E, M) for each s € T. For any element m € Mg, we
can find a finite subset 77 of 7 such that m = Y _; ms with my € M. If we let
es = ay ' (my), then @( X", 7 o5 ® e5) = m. Thus ® maps onto M.

To see that @ is one-one, we observe from Problem 12 and Lemma 10.3 that

ME =Homg(E, M)=Homg(E, Mg)=Homg (E, @ M,) =P Homg (E., My).
seT seT

Each summand on the right side is isomorphic to Dg. That is, the collection of
isomorphisms {o}ser from the previous paragraph is a basis of ME as a right Dg
vector space. Consequently every element of ME ® p, E may be written as a finite
sum Y oy @ e with e; € E. The image of the element Y oy ® e is Y as(ey). If
this is 0, then each «;(ey) is 0 because of the independence of the M’s. Since oy is
an isomorphism, it follows that e; = 0 for each s. Therefore > s ® e; = 0. Thus
® is one-one.

16. The composition in one order is
N — Homg(E, N) — Homg(E, N) ®p, E. (%)

For N = Mg, the map ®, when applied to the composition, recovers Mg, since
Problem 15 says that ® is onto. For general N, we can write Mg = N @& N'. When
we apply ® to (x) for N and N’ separately, we recover R submodules of N and N’,
respectively. To have a match for all of Mg, we must recover all of N and N’.

The composition in the other order is

W > W ®p, E + Homg(E, W ®p, E). (%)

For W = MF , the image corresponds under the map Hom(1, ®) to Homg (E, Mg) =
ME. For general W, we can write MZ = W @ W’. When we apply Hom(1, ®)
to (%) for W, we get an R submodule of M¥ that contains W. In fact, for any
w € W, Homg(E, E ®p, E) contains the map e — w ® e. Composing with &
gives e > w(e). Thus the members of W are in the image. Similarly the members
of W’ are in the image for W’. The direct sum of the images must be M*, and thus
the images must be exactly W and W'.

17. The computation

P(@PuY ®e)) = (e)) = (poP)(e) = Dy((poy) ®e) = Py(p" W) ®e)

proves the formula in the last line of the statement of the problem. For the inverse,
suppose we are given amap t € Homp, (ME, NE). Then t induces an R linear map

1, M¥®p, E—> Nf®p, E
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defined by
(Y ®e)=1(¥)Qe.

Composition with the isomorphism of Problem 15 gives an R homomorphism
g =®yotpod, : Mg — Ng.

We show that ¢ +— <pE and T > 1 are inverses. If a map ¢ in Homgr (Mg, NEg) is
given, we are to calculate ((pE)E € Homgr(MEg, Ng). It is enough to find the effect
of (¢¥) on elements ® (Y ® e) with ¢y € MF and e € E. For such an element,

@O E( @y ®e) = Oy ((pF) (Y ®e)) = Dy(pE () ®e)
=0 W)(e) = (¥ (e) = p(Py (¥ ® e)).

Thus (pf)g = ¢. Similarly for T € Homp,(ME, NE), we find that (zp)f = 7.
Thus ¢ > ¢ and 7 +> 1f are inverses.

18. Let us write M = @Se s M, with each M, semisimple. Each M, is contained
in some Mg, and hence M = )_ gece ME. Let us see that the sum is direct. If
ME has nonzero intersection with Mg, + --- + Mg,, where Ey, ..., E, are simple
R modules with no two isomorphic, then there is a nonzero R linear map from E
into Mg, + -+ + Mg,. We can write each M E; as a sum of simple R submodules
isomorphic to E;, and Proposition 10.1 shows that

ME1+"'+ME,,=®MS/

seT

with each M/ isomorphic to one of Ey, ..., E,. Ifallof Ey, ..., E, are nonisomor-
phic with E, then Lemma 10.3 and Proposition 10.4a show that

Homg(E, Mg, +---+ Mg,) =0,

contradiction. We conclude that the sum M = ), _. M is direct. This proves the
equality at the left in the displayed formula of the problem, and the isomorphism on
the right in that display follows from Problem 15.

19. If N is a left R submodule of M, then Ng € M for every E. Conversely the
previous problem shows that a system of Ng’s defines an R submodule N. Thus this
problem is a restatement of Problem 16.

20. We have

Homg(M, N) = [] Homg(Mg, N) = [| Homg(Mg, Ng),
Ect Ect

and the rest follows from Problem 17.
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INDEX OF NOTATION

This list indexes recurring symbols introduced in Chapters I through X (pages
1-591). For other recurring symbols, including set-theoretic notation introduced
in the appendix (pages 593-613), see the list of Standard Notation on page xx.

In the list below, each piece of notation is regarded as having a key symbol.
The first group consists of those items for which the key symbol is a fixed Latin
letter, and the items are arranged roughly alphabetically by that key symbol. The
next group consists of those items for which the key symbol is a Greek letter.
The final group consists of those items for which the key symbol is a variable or
a nonletter, and these are arranged by type.

A, 121 F,, 142, 148
a(u,v), 348 F,, 461

A 72 F(S), 307, 377
Ann(U), 52 F(S), 159
AutH, 167 Gal(K/k), 474
B"(G, N), 356 GCD, 2, 394

c,,. 126 GL(V), 122
C(G, ), 330 GL(n, ), 122
C(G, R), 381 H, 128

c(A), 395 Hg, 128

C"(G, N), 356 H(V), 302
Ce(x), 165 H"(G, N), 356
CIiff(E, (- -)), 302 Hom(yr, ¢), 568
D, 511, 532 Homp (U, V), 43, 44
D,, 122 Homg (U, V), 266
deg, 150, 156 Homg (M, N), 554
det, 67, 215 i, j, k, 128
dimV, 37 K, k, K/k, 453
Endk (V), 372 ker L, 46
Endg(M), 554 kerg, 131

€1y ...,en, 36 I, 332

ei, fi. g, 527 LCM, 32

F, 9, 34, 158 Irad, 250

Fy, 143 M,(R), 215
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My, (F), 25
M,,,(R), 376
Morph(A, B), 189
N (a), 519
N(H), 188

0, 304

O, 343

O(V), O(n), 122
Obj(C), 189

C°PP 191, 210
Pfaff(X), 299, 449
PSL(2, Z), 366
PSL(2,Z/mZ), 366
PSL(n, ), 205
Qro], 122, 143

r, 332

rrad, 250

G, 121

S(E), 284

S"(E), 284
§'=85uUs-! 307
SL(V), 122
SL(n, ), 122
SO(V), SO(n), 122
SU(V), SU(n), 122
sgn, 17

span{vy}, 35
T(E), 281

T"(E), 281

Tr A, 74

TrK/]k(a), 519
U(g), 301

Uuv), U(n), 122
w(S"), 307
W(V), 302

wt(c), 206

Zg, 165

Zg(x), 165
Z/mZ, 120
Z/(m), 120

Index of Notation

ZIv/—11, 392
Z"(G, N), 356
ZG, 373

Greek
I, A, 44

(r). 45

(4)

8y, 356

§(C), 206
V=V 54
3, 48

Xg» 339

o, 71

Oy, 454
®,(X), 490

Operations on sets given
by superscripts

V', 50

G, 313

M=+, 96

U+, 251

L*, 100

A*, 101

V. 115

G, 329

A, 41

L', 53

M°, R°, 555

Cx, Q*, R*, Z*, 120
(Z/mZ)y*, 142

R*, 143

P!, 439
Specific functions
(-,-), 90

-1, 91

[-, -], 301

(-, ), 249

[K: k], 456



Index of Notation 719

Isolated symbols E ®k F, 265
=, 48, 119, 144 e® f, 265
=, 120 M ®g N, 574
1, 118 m®n, 574
{1}, 118 ¢y, 575
14, 190 A(E), 291
/\"(E), 291
Operations on sets and classes EC, 274
G/H, G\H, 130 E™, 275
gH, Hg, 129 D, 62, 138, 376
Gy x G, 126 [Toes. 62. 136, 198, 376
G x; H, 169
G * G,, 324 Lses 199
G,, 163 *ses» 323
G =(S; R), 314 K, 474
RG, 380 SR, 428
F[X], 9 Rs, 428
R[X], 149 Rp, 430
R[X4,..., X,], 155 Gp, 534
klxy,...,x,], 454
k(xy, ..., xn), 454 Miscellaneous
]IC{S(X), 384 (12345> permutation, 15
, 196 43512 )° ’
V/U, 55 (5 2 3), cycle, 16
M/N, 378 f1 * f>, convolution, 339
I+ J, 405 (a), principal ideal, 390
1J, 405, 435

(ai, ..., ay,), ideal, 390
uveVv, 59
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Abel, 494 uniqueness, 467-468
abelian group, 119 algebraic curve, 411
direct sum for, 138, 139 algebraic element, 454
finitely generated, 176 algebraic extension, 456
free, 176 finite 456
tensor product for, 578 simple 457
absolute value, 604 algebraic integer, 342,411, 421, 515
addition in abelian group, 119 algebraic number, 123, 387, 457. 465, 515
addition in ring, 141 algebraic number field, 123, 373, 387, 457
addition in vector space, 34 algebraically closed, 464
addition of cardinal numbers, 613 algebraically closed field, 212
addition of matrices, 25 alternating, 67
additive extension, 574 alternating bilinear form, 253
additive functor, 585 alternating group, 121, 171
additive in a variable, 574 alternating matrix, 257
adjoin, 454 alternative algebra, 304
adjoint, 100, 101 annihilator, 52, 85
classical, 72 antisymmetrized tensor, 294
algebra, 280 antisymmetrizer, 294
alternative, 304 area, 86
associative, 280, 372 Artin—Schreier Theorem, 550, 552
associative R, 380 ascending chain condition, 421, 565
Clifford, 302 associate, 393
division, 373 associated graded map, 300
exterior, 291 associated graded vector space, 300
filtered associative, 301 associated primitive polynomial, 396
graded associative, 301 associative algebra, 280, 372
group, 380, 445 filtered, 301
Heisenberg Lie, 302 graded, 301
Jordan, 303 tensor product for, 582
Lie, 281, 301 associative law, 25, 34, 82, 118, 141
polynomial, 289 associative R algebra, 380
symmetric, 284 associativity formula, 580, 581
tensor, 282 associator, 304
tensor product for, 582 automorphism, 453
universal enveloping, 301 inner, 201
Weyl, 302 of group, 167
algebraic closure, 465 of number field, 124
existence, 466 Axiom of Choice, 597
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Baer multiplication, 355, 361
basis, 36, 176
dual, 51
free, 312
standard, 36
standard ordered, 48
vector space, 36
Weyl, 296
BCH code, 548
Bessel’s inequality, 94
Bezout’s identity, 3
bilinear, 90
bilinear form, 249
alternating, 253
invariant, 260
nondegenerate, 251
skew-symmetric, 253
symmetric, 253
bilinear function, 263, 574
bilinear map, 263
bilinear mapping, 263
bimodule, 573
block, 232
block multiplication, 86
Bolzano—Weierstrass Theorem, 603
boundary map, 583
Burnside’s Theorem, 345

cancellation law, 118
canonical form, 212
Jordan, 232, 409
of rectangular matrix, 242
rational, 245, 447, 448
canonical map into double dual, 54
canonical-form problem, 214
Cantor, 612
Cardan’s formula, 492, 510, 513
Cardano, 493
cardinal number, 610
addition of, 613
cardinality, 610
Cartan matrix, 86
Cartesian product, 595
indexed, 597
category, 53, 135, 189
opposite, 191, 210

Cauchy’s Theorem in group theory, 185

Index

Cayley number, 304
Cayley—Dickson construction, 304
Cayley—Hamilton Theorem, 221
Cayley’s Theorem, 125
center, 372, 380, 554
of group, 165
centralizer of element, 165
chain, 583, 605
chain condition
ascending, 417, 565
descending, 565
change of rings, 573, 578
character, 339
multiplicative, 329
characteristic of a field, 148
characteristic polynomial, 74, 218
characteristic subgroup, 360
check matrix, 548
Chinese Remainder Theorem, 6, 405
class, 594, 595
equivalence, 600
class equation of group, 187
class function, 340
classical adjoint, 72
Clifford algebra, 302
closed, 583
closed form, 584
coboundary, 356
coboundary map, 356
cochain, 356
cocycle, 356
code, 207
BCH, 548
cyclic, 547
cyclic redundancy, 209
dual, 363
error-correcting, 206, 363, 547
Hamming, 207
linear, 207
parity-check, 207
repetition, 207
self-dual linear, 363
codomain, 596
coefficient, 9, 149
Fourier, 330, 362
leading, 150
matrix, 336
cofactor, 70, 217



cohomology group, 356
cohomology of groups, 355, 584
collection, 595
column space, 38
column vector, 25
in an ordered basis, 45
common multiple, 32
commutative diagram, 194
commutative law, 25, 34, 83, 119
commutative ring, 141
commutator, 360
commutator subgroup, 313
complement, 595
completely reducible, 555
complex, 583, 585
complex conjugate of vector space, 115
complex conjugation, 604
complex number, 604
complexification, 274
composition, 598
composition factor, 173, 561
composition series, 172, 560
congruent modulo, 120
conjugacy class, 165
conjugate, 165
conjugate linear, 90
conjugates of an element, 523
conjugation, complex, 604
consecutive quotient, 172, 560
constant polynomial, 10, 150, 155
constructible coordinates, 470
field of, 470-471
constructible regular polygon, 473, 489, 499
contraction of ideal, 432
contragredient, 53
matrix of, 53
contragredient representation, 365
contravariant functor, 193
convolution, 339, 372, 381
coproduct functor, 199, 376, 589
in a category, 198
corner variable, 21
correspondence, one-one, 598

coset
left, 129
right 129

countable, xx
counting formula, 164

Index

covariant functor, 192
Cramer’s rule, 24, 72, 217
CRC-8, 209
crossed homomorphism, 357
cubic polynomial, 542
cubic resolvent, 545
cut, 602
cycle, 15
cycle structure, 166
cycles, disjoint, 16
cyclic
code, 547
group, 125
R module, 401
redundancy code, 209
subspace, 244
vector, 244
cyclotomic field, 490, 500

cyclotomic polynomial, 399, 490, 540

dal Ferro, 493
de Rham cohomology, 584
decomposition group, 534

Dedekind domain, 416, 437, 450, 525

degree, 10, 150, 154, 456
dependent, integrally, 421
derivative of polynomial, 461
descend to, 57, 133, 147, 375

descending chain condition, 565

determinant, 65, 86, 215

Gram, 114

of linear map, 66

of matrix, 66

of square matrix, 67

properties of, 68, 216

Vandermonde, 71, 217
diagonal entry, 24, 180, 447
diagonal matrix, 24, 447
diagram, 194

commutative, 194

square, 194
difference, 595
difference product, 511

differential equations, system, 246

differential form, 584
differentiation, 461

dihedral group, 121, 170, 316
dimension, 564
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of vector space, 37, 78 Eisenstein’s irreducibility criterion, 398
direct image, 599 element, 593, 594
direct product elementary divisor, 179, 447
of groups, 126, 127, 136, 137 elementary matrix, 28
of R modules, 376 elementary row operation, 20
of rings, 374 elementary symmetric polynomial, 448
of vector spaces, 62, 63 entity, 593
direct sum entry, 20, 24
of abelian groups, 138, 139 diagonal, 24, 180, 447
of R modules, 376 enveloping algebra, universal, 301
of vector spaces, 59, 60, 61, 62, 64 equality of matrices, 24
Dirichlet’s theorem on primes in arithmetic equation, linear, 23
progressions, 330, 367 equivalence class, 600
discriminant, 511, 532, 533 equivalence relation, 599-600
disjoint cycles, 16 equivalent
disjoint union, 198 factor set, 352
distributive law, 26, 34, 141 finite filtrations, 561
divide, 1, 10, 388, 438 group extensions, 352
division algebra, 373 normal series, 174
division algorithm, 2, 11 words, 307
division ring, 144, 373 equivariant mapping, 191
divisor, 1 error-correcting code, 206, 363, 547
elementary, 179, 447 Euclid’s Lemma, 5
greatest common, 2, 8, 12, 393 Euclidean algorithm, 2, 13
zero, 144 Euclidean domain, 392, 444, 446
Dixmier, 559 Euler ¢ function, 7
domain, 596 evaluate, 10
Dedekind, 416, 437, 450, 525 evaluation, 151, 157
Euclidean, 392, 444, 446 even permutation, 121
integral, 144 exact, 583, 584
principal ideal, 390, 442 exact form, 584
unique factorization, 389 exact sequence, 584, 585
dot product, 90 short, 585
double a cube, 469, 471 split, 588
double dual, 54 expansion
dual homogeneous-polynomial, 155
double, 54 in cofactors, 70, 217
of vector space, 50 monomial, 155
dual basis, 51 expressible in terms of k and radicals, 495
dual code, 363 extension
duality in category theory, 210 additive, 574
algebraic, 456
eigenspace of linear function, 76 field, 453
eigenspace of matrix, 73 finite, 456
eigenvalue of linear function, 76 finite algebraic, 456
eigenvalue of matrix, 73 finite Galois, 485
eigenvector of linear function, 76 group, 348

eigenvector of matrix, 73 linear, 44, 264



normal, 481

of ideal, 432

of scalars, 275, 573, 578

separable, 476

simple algebraic, 457
exterior algebra, 291
external direct product

of groups, 126, 136

of R modules, 376
external direct sum

of abelian groups, 138

of R modules, 376

of vector spaces, 59, 61
external semidirect product of groups, 169

factor, 1, 10, 136, 388, 438
factor group, 132
factor ring, 146
factor set, 348
Factor Theorem, 11
factor through, 57, 133, 147, 378
factorization, 1, 10
nontrivial, 2, 10
prime, 5
unique, 5, 14
family, 595
fast Fourier transform, 331, 364
Fermat number, 472
Fermat prime, 472
Fermat’s Little Theorem, 142
Ferrari, 493
field, 142
algebraically closed, 212, 464
characteristic of, 148
cyclotomic, 490, 500
extension, 453
finite, 143, 153, 159, 373, 461, 488
fixed, 474
formally real, 550
Galois, 461
number, 123, 373, 387, 457
obtained by adjoining, 454
of constructible coordinates, 470471
of fractions, 383, 601
ordered, 550
prime, 148
quadratic number, 422, 543
real closed, 550

Index

splitting, 458
field isomorphism, 453
field map, 453
field mapping, 453
field polynomial, 519
filtered associative algebra, 301
filtered vector space, 300
filtration, finite, 560
finite
algebraic extension, 456
basis condition, 417, 565
extension, 456
field, 143, 153, 159, 373, 461, 488
filtration, 560
Galois extension, 485
length, 563
linear combination, 35
order, 130
rank, 178
rank of free R module, 401
support, 381
finite-dimensional vector space, 37
finitely generated abelian group, 176
fundamental theorem for, 179
finitely generated group, 315
finitely generated R module, 400
finitely presented group, 315
First Isomorphism Theorem, 57, 133, 379
Fitting’s Lemma, 588
fixed field, 474
forgetful functor, 192
form, 263
bilinear, see bilinear form
Hermitian, 258
sesquilinear, see sesquilinear form
skew-Hermitian, 258
formally real field, 550
Fourier coefficient, 330, 362
Fourier inversion formula
for class functions, 341
for finite abelian group, 330
for finite group, 338
Fourier inversion problem, 330
Fourier series 330
fractional ideal, 450
unique factorization of, 451
fractions
field of, 383, 601
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partial, 444
free abelian group, 176
free basis, 312
free group, 308
rank, 314
free product, 199, 323
free R module, 377
free subset, 312
Frobenius map, 462
function, 595
bilinear, 263
class, 340
k-linear, 263
k-multilinear, 263
linear, 42, 44
multilinear, 263
polynomial, 153, 158
functional, linear, 50
functional, multilinear, 66
functor, 53, 135
additive, 585
contravariant, 193
coproduct, 199, 376, 589
covariant, 192
forgetful, 192
product, 196, 376
Fundamental Theorem
of Algebra, 14, 465, 492
of Arithmetic, 5
of Finitely Generated Abelian Groups, 179
of Finitely Generated Modules, 402, 447
of Galois Theory, 345, 490

Galois, 494

Galois extension, finite, 485

Galois field, 461

Galois group, 474

Galois theory, 123, 484

Gauss, 473, 489, 500

Gauss’s Lemma, 395

Gaussian integer, 392, 446

general linear group, 122

generated by, 125

generated submodule, 377-378

generating polynomial, 209, 547

generator, 125, 176, 399
monic, 244

generators, 314

Index

graded associative algebra, 301
graded vector space, 300
Gram determinant, 114
Gram matrix, 114
Gram-Schmidt orthogonalization process, 95
greatest common divisor, 2, 8, 12, 393
greatest lower bound, 603
group, 118
abelian, 119
alternating, 121, 171
automorphism of, 167
center of, 165
cohomology, 356
cyclic, 125
decomposition, 534
dihedral, 121, 170, 316
direct product for, 126, 127, 136, 137
finitely generated, 315
finitely presented, 315
free, 308
free abelian, 176
free product for, 323
Galois, 474
general linear, 122
homomorphism of, 131
icosahedral, 368
octahedral, 368
of units, 143
order of, 129
orthogonal, 122
quaternion, 128
quotient of, 132
rotation, 122
semidirect product for, 169
simple, 171
solvable, 494
special linear, 122
special unitary, 122
symmetric, 121
tetrahedral, 368
trivial, 118
unitary, 122
group action, 124, 159
transitive, 163
trivial, 161
group algebra, 380, 445
group extension, 348
group ring, integral, 373
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imaginary part, 604

Hamming code, 207 independent variable, 21
Hamming distance, 206 indeterminate, 9, 149, 154, 155
Hamming space, 206 index of subgroup, 164
harmonic analysis, 506 indexed Cartesian product, 597
harmonic polynomial, 116 indexed intersection, 597
Heisenberg Lie algebra, 302 indexed union, 597
heptadecagon, 503 infimum, 603
Hermite, 515 infinite order, 130
Hermitian, 101 infinite-dimensional vector space, 78
Hermitian form, 258 inhomogeneous system, 23
Hermitian matrix, 259 injection, 59, 62
Hermitian sesquilinear form, 258 inner automorphism, 201
Hermitian symmetric, 90 inner product, 90
Hilbert Basis Theorem, 416, 418 inner-product space, 90
Hilbert—Schmidt norm, 112 integer, algebraic, 342, 411, 421, 515
homogeneous element, 281 integer, Gaussian, 392, 446
homogeneous ideal, 284 integers modulo, 120
homogeneous polynomial, 116, 155 integral, 421
homogeneous system, 23 integral closure, 416, 421
homogeneous-polynomial expansion, 155 integral domain, 144
homomorphism integral group ring, 373
crossed, 357 integrally closed, 425
of groups, 131 integrally dependent, 421
of R modules, 375 Intermediate Value Theorem, 603
of rings, 144 internal direct product
substitution, 151, 156 of groups, 127, 137
of R modules, 376
icosahedral group, 368 of vector spaces, 63
ideal, 145 internal direct sum
contraction of, 432 of abelian groups, 139
extension of, 432 of R modules, 377
fractional, 450 of vector spaces, 60, 61, 64
left, 378 internal semidirect product of groups, 169
maximal, 385 intersection, 595
prime, 384 indexed, 597
principal, 390 intertwining operator, 333
right, 378 invariant
two-sided, 145 leave a bilinear form, 260
unique factorization of, 438 of group action, 357
identity element, 118 invariant subspace, 73, 333
identity in a ring, 142 invariant vector subspace, 218
identity matrix, 27 inverse, 192
identity morphism, 190 multiplicative, 143
image, 596 inverse element, 118
direct, 599 inverse function, 598
inverse, 599 inverse image, 599

of homomorphism, 131 inverse matrix, 27
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invertible matrix, 27

involution, 242

irreducible element, 388

irreducible left R module, 555

irreducible representation, 333

isometry, 159

isomorphic, 48, 119, 144, 164, 192, 352,

378

isomorphism, 48, 119, 144, 192, 378, 453
natural, 268

isotropic subspace, 296

isotropy subgroup, 163

isotypic submodule, 589

Iwasawa decomposition, 113

Jacobi identity, 301

Jordan algebra, 303

Jordan block, 231, 409

Jordan canonical form, 232, 409

Jordan form, 231

Jordan normal form, 231
Jordan—Chevalley decomposition, 243, 549
Jordan—-Holder Theorem, 176, 562

k automorphism, 453
k isomorphism, 453
k-linear, 66

function, 263

map, 263

mapping, 263
k-multilinear

function, 263

map, 263

mapping, 263
kernel of homomorphism, 131
kernel of linear map, 46
Kronecker delta, xx, 27
Kronecker product, 297

Lagrange resolvents, 506

Lagrange’s Theorem, 130

law of composition, 190

law of cosines, 91

law of quadratic reciprocity, 499, 544
leading coefficient, 150

leading term, 150

least common multiple, 32

least upper bound, 603, 606

Index

leave a bilinear form invariant, 260
left coset, 129
left ideal, 378
left R module, 374
left radical, 250
left regular representation, 332, 338, 365
left vector space, 556
left-coset space, 130
Legendre polynomial, 114
length of module, 563
length of word, 307
letter, 121
Lie algebra, 281, 301
Heisenberg, 302
Lie bracket, 301
Lindemann, 515
linear, 42, 44
linear code, 207
self-dual, 363
linear combination, 35
linear equation, 23
linear extension, 44, 264
linear fractional transformation, 160
linear function, see linear map
linear functional, 50
linear map, 42, 44
determinant of, 66
eigenspace of, 76
eigenvalue of, 76
eigenvector of, 76
kernel of, 46
normal, 110
orthogonal, 103
positive definite, 107
positive semidefinite, 107
unitary, 103
linear mapping, see linear map
linear operator, 42
linear transformation, see linear map
linearly independent set, 36, 176
local ring, 434
localization, 416
of R at the prime P, 430
of R with respect to S, 429
lower bound, 603

MacWilliams identity, 364
map, 596



bilinear, 263
coboundary, 356
field, 453
k-linear, 263
k-multilinear, 263
linear, 42, 44
multilinear, 263

mapping, see map
matrix, 24

addition for, 25
alternating, 257
Cartan, 86

check, 548
coefficient, 336
column space of, 38
determinant of, 66, 67
diagonal, 24, 447
eigenspace of, 73
eigenvalue of, 73
eigenvector of, 73
elementary, 28
equality for, 24
Gram, 114
Hermitian, 259
identity, 27

inverse, 27
invertible, 27
multiplication for, 26
nilpotent, 232
nonsingular, 212, 217
null space of, 38

of a linear map in two ordered bases, 45

orthogonal, 103
positive definite, 107

positive semidefinite, 107

rank of, 41
row space of, 38

scalar multiplication for, 25

singular, 212, 217
skew-symmetric, 257
square, 24

symmetric, 253
symplectic, 450

trace of, 74

transpose of, 41
unitary, 103
Vandermonde, 71, 217
zero, 25

Index

matrix representation, 332
matrix ring, 371
maximal element, 605
maximal ideal, 385
maximum condition, 417, 565
member, 595
minimal distance, 207
minimal polynomial, 221, 223, 455
minimum condition, 565
module

cyclic, 401

direct product for, 376

direct sum for, 376

finitely generated, 400

free R, 377

homomorphism of, 375

irreducible, 555

left R, 374

of finite rank, 401

quotient, 378

rank of, 402

right R, 375

semisimple, 555

simple, 555

tensor product for, 574
modulo, 120
monic generator, 244
monic polynomial, 150
monomial, 155
monomial expansion, 155
morphism, 189

identity, 190
multilinear form

symmetric, 283

function, 263

functional, 66

map, 263

mapping, 263
multiple, 1, 10

least common, 32
multiplication

Baer, 355, 361

in a group, 118

in aring, 141

in an algebra, 280

of matrices, 26
multiplicative character, 329
multiplicative inverse, 143
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multiplicative system, 428 opposite category, 191, 210
multiplicity of a root, 14 opposite ring, 555
orbit, 163
n-fold tensor product, 280 order
Nakayama’s Lemma, 436 finite, 130
natural isomorphism, 268 infinite, 130
natural transformation, 268 of group, 129
negative, xx, 119 ordered field, 550
nicely normed, 305 ordered pair, 595
Nielsen—Schreier Theorem, 318 ordering
nilpotent, 549 partial, 605
element, 443 simple, 286, 605
matrix, 232 total, 605
Noetherian ring, 418 well, 605
nondegenerate bilinear form, 251 ordinary differential equations, system, 246
nonsingular, 212, 217 orthogonal complement, 97
nontrivial factorization, 2, 10 orthogonal group, 122, 262
norm, 91, 519, 544 orthogonal linear map, 103
Hilbert—Schmidt, 112 orthogonal matrix, 103
normal extension, 481 orthogonal projection, 97
normal linear map, 110 orthogonal set, 93
normal series, equivalent, 174 orthogonal vectors, 93
normal series of groups, 172 orthonormal basis, 93
normal subgroup, 131 orthonormal set, 93
normalizer of subgroup, 188
null space, 38 pair
Nullstellensatz, 412 ordered, 595
number unordered, 595
algebraic, 123, 387, 457, 465, 515 parallelogram law, 91
complex, 604 parity-check code, 207
rational, 601 Parseval’s equality, 98
real, 602 partial fractions, 444
number field, 123, 373, 387, 457 partial ordering, 605
automorphism of, 124 pentagon, 501
quadratic, 422, 543 period of cyclotomic field, 500
permanence of identities, 215
object, 189 permutation, 15, 121
octahedral group, 368 even, 121
octonion, 304 odd, 121
odd permutation, 121 Pfaffian, 299, 449
one-one, 598 Plancherel formula, 338
one-one correspondence, 598 Poincaré-Birkhoff-Witt Theorem, 301
onto, 598 point, 595
operation, elementary row, 20 Poisson summation formula, 362
operator polar decomposition, 111
intertwining, 333 polarization, 92
linear, 42 polynomial, 9, 149, 154

projection, 226 associated primitive, 396



characteristic, 74, 218
constant, 10, 150, 155
cubic, 542
cyclotomic, 399, 490, 540
elementary symmetric, 448
field, 519
generating, 209, 547
harmonic, 116
homogeneous, 116, 155
Legendre, 114
minimal, 221, 223, 455
monic, 150
primitive, 394
quartic, 541, 546
separable, 476
split, 458
symmetric, 448, 544
weight enumerator, 209
zero, 10, 150
polynomial algebra, 289
polynomial function, 153, 158
polynomial ring, 371
positive, xx
positive definite linear map, 107
positive definite matrix, 107
positive semidefinite linear map, 107
positive semidefinite matrix, 107
power, 125
presentation, 314
primary block, 232
primary decomposition, 229
Primary Decomposition Theorem, 229
primary subspace, 229
prime, 2, 10
relatively, 6
prime element, 389
prime factorization, 5
prime field, 148
prime ideal, 384
primitive element, 480
primitive polynomial, 394
associated, 396
primitive root, 490
Principal Axis Theorem, 254
principal ideal, 390
principal ideal domain, 390, 442
product
Cartesian, 595
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difference, 511

dot, 90

free, 199, 323

functor, 198, 376

in a category, 196

in a group, 118

in an algebra, 280

indexed Cartesian, 597

inner, 90

Kronecker, 297

n-fold tensor, 280

of matrices, 26

of permutations, 15

set-theoretic, 595

tensor, 263

triple tensor, 277

vector, 281
projection, 59, 62, 226

orthogonal, 97
Projection Theorem, 96
proper subset, 595
properly contained, 595
pure tensor, 265
Pythagorean Theorem, 91

quadratic number field, 422, 543
quadratic reciprocity, 499, 544
quartic polynomial, 541, 546
quaternion, 128
quaternion group, 128
quotient

group, 132

homomorphism, 132, 146

map, 55

module, 378

ring, 146, 374

space, 55, 130

R homomorphism, 375
R module, 375
R submodule, 377
radical, 250, 253, 257, 495
ramification index, 527, 543
range, 596
rank
of free abelian group, 178
of free group, 314
of free R module, 402
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of matrix, 41 matrix, 371
rational canonical form, 245, 447, 448 Noetherian, 418
rational number, 601 opposite, 555
real closed field, 550 polynomial, 371
real number, 602 quotient of, 146
real part, 604 with identity, 142
reduced row-echelon form, 20 zero, 142
reduced word, 325 Rodrigues’s formula, 114
reducible element, 389 root, 10, 152
refinement, 174, 561 multiplicity of, 14
reflexive, 600, 605 primitive, 490
regular tower, 495
17-gon, 503 rotation, 43
heptadecagon, 503 rotation group, 122
pentagon, 501 row operation, elementary, 20
polygon, 473, 489, 499 row reduction, 21
representation, 332, 337, 338, 365 row space, 38
relation, 314, 595 row vector, 25
equivalence, 599-600 row-echelon form, 20
function as, 595 Russell’s paradox, 593
partial ordering as, 605
relatively prime, 6 S-tuple, 196
repetition code, 207 scalar, 9, 19, 34, 89, 211
representation, 161 scalar multiplication
contragredient, 365 in vector space, 34
irreducible, 333 of matrices, 25
left regular, 332, 338, 365 scalars, extension of, 275, 573, 578
matrix, 332 scalars, restriction of, 277
right regular, 332, 337, 338 Schreier, 175, 348, 562
unitary, 332 Schreier set, 319
residue class degree, 527, 543 Schroeder—Bernstein Theorem, 79, 610
restriction, 598 Schur orthogonality, 335
restriction of scalars, 277 Schur’s Lemma, 333, 559
Riemann sphere, 160 Schwarz inequality, 92
Riesz Representation Theorem, 99 Second Isomorphism Theorem, 58, 135, 379
right coset, 129 self-adjoint, 101
right ideal, 378 self-dual linear code, 363
right R module, 375 semidirect product of groups, 169
right radical, 250 semisimple, 549
right regular representation, 332, 337, 338 semisimple left R module, 555
rigid motion, 159 separable element, 476
ring, 141 separable extension, 476
commutative, 141 separable polynomial, 476
direct product for, 374 sesquilinear, 90
division, 144, 373 sesquilinear form, 258
group, 373 Hermitian, 258
homomorphism of, 144 skew-Hermitian, 258

local, 434 set, 593, 594



set theory, von Neumann, 594
set theory, Zermelo—Fraenkel, 593
set-theoretic product, 595
short exact sequence, 585
sign of permutation, 17
signature, 255, 260
significant factor, 321
similar matrices, 48, 213
simple algebraic extension, 457
existence, 457
uniqueness, 458
simple group, 171
simple left R module, 555
simple ordering, 286, 605
simplicial complex, 583
simplicial homology, 583
simply transitive group action, 163
singleton, 595
singular, 212, 217
size, 24
skew-Hermitian form, 258
skew-Hermitian sesquilinear form, 258
skew-symmetric bilinear form, 253
skew-symmetric matrix, 257
socle, 589
solvable group, 494
span, 35, 36
spanning set, 36
special linear group, 122
special unitary group, 122
Spectral Theorem, 105
split exact sequence, 588
split polynomial, 458
splitting field, 458
existence, 458
uniqueness, 459
square a circle, 469, 472
square diagram, 194
square matrix, 24
stabilizer, 163
stable subspace, 73
standard basis, 36
standard ordered basis, 48
Steinitz, 466
straightedge and compass, 468
subcategory, 190
subfield, 144
subgroup, 119

Index

characteristic, 360

commutator, 313

index of, 164

isotropy, 163

normal, 131

normalizer of, 188
submodule, 377

generated, 377-378

isotypic, 589
subring, 144
subset, 595
subspace, 35

cyclic, 244

invariant, 73, 333

isotropic, 296

primary, 229

stable, 73
substitution homomorphism, 151, 156
sum of two cardinal numbers, 613
sum of vector subspaces, 58
superset, 595
support, finite, 381
supremum, 603
Sylow p-subgroup, 185
Sylow Theorems, 185
Sylvester’s Law, 255, 260
symmetric, 90, 101, 600

Hermitian, 90
symmetric algebra, 284
symmetric bilinear form, 253
symmetric group, 121, 159
symmetric matrix, 253
symmetric multilinear form, 283
symmetric polynomial, 448, 544

elementary, 448
symmetrized tensor, 290
symmetrizer, 290
symplectic group, 262
symplectic matrix, 450
system of linear equations, 23
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system of ordinary differential equations, 246

Tartaglia, 493

tensor algebra, 282

tensor product, 263
n-fold, 280
of abelian groups, 578
of modules, 574
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of R algebras, 582
triple, 277
tetrahedral group, 368
Theorem of the Primitive Element, 123, 457,
480, 524
total ordering, 605
trace, 519, 544
of matrix, 74
transcendental element, 454
transcendental v, 472, 515
transformation
linear, 42, 44
linear fractional, 160
natural 268
transitive, 600, 605
transitive group action, 163
transpose of matrix, 41
transposition, 16
triangle inequality, 605
triangular form, 219
triple tensor product, 277
trisect an angle, 469, 472
trivial group, 118
trivial group action, 161
tuple 196
two-sided ideal, 145

UFDI, 389, 419
UFD2, 389
union, 595
disjoint, 198
indexed, 597
unipotent, 550
unique factorization, 5, 14
of fractional ideal, 451
of ideal, 438
unique factorization domain, 389
unit, 1, 10
in aring, 143
unit vector, 93
unital, 375
unitary group, 122
unitary linear map, 103
unitary matrix, 103
unitary matrix representation, 332
unitary representation, 332
universal enveloping algebra, 301
universal mapping property

Index

abstract, 200, 298
of Clifford algebra, 302
of coproduct in a category, 198
of direct product of groups, 136, 137
of direct product of vector spaces, 63—64
of direct sum of abelian groups, 138-139,
139-140
of direct sum of vector spaces, 60, 64—65
of exterior algebra, 292
of field of fractions, 383
of free group, 308
of free R module, 377
of group algebra, 381
of integral group ring, 374
of localization, 431
of product in a category, 196
of ring of polynomials, 150, 156-157
of S*(E), 285
of symmetric algebra, 285
of tensor algebra, 282
of tensor product of modules, 575
of tensor product of vector spaces, 263264
of universal enveloping algebra, 301
of A"(E), 292
of Weyl algebra, 303
unknown, 19
unordered pair, 595
upper bound, 603, 605

Van Kampen Theorem, 323
Vandermonde determinant, 71, 217
Vandermonde matrix, 71, 217
variable, 19
corner, 21
independent, 21
vector, 34
addition for, 34
column, 25
cyclic, 244
row, 25
scalar multiplication for, 34
unit, 93
vector product, 281
vector space, 34, 158
associated graded, 300
basis of, 36
complex conjugate of, 115
dimension of, 37, 78
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direct product for, 62, 63 Wentzel, 473

direct sum for, 59, 60, 61, 62, 64 Weyl algebra, 302

dual of, 50 Weyl basis, 296

filtered, 300 Wilson’s Theorem, 201, 539

finite-dimensional, 37 word, 307

graded, 300 word problem, 310

infinite-dimensional, 78 for finitely presented groups, 316

left, 556 for free groups, 310

quotient of, 55 for free products, 325, 326
vector subspace, 35

invariant, 218 Zassenhaus, 174, 561

sum for, 58 Zermelo—Fraenkel set theory, 593
volume, 86 Zermelo’s Well-Ordering Theorem, 466, 609
von Neumann set theory, 594 zero divisor, 144

zero matrix, 25

weight, 206 zero polynomial, 10, 150
weight enumerator polynomial, 209 zero ring, 142

well ordering, 605 Zorn’s Lemma, 79, 385, 466, 468, 555, 605






