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PREFACE

Sophus Lie (1842-1899) was a Norwegian geometer who in the 1870s and
1880s developed a theory of continuous transformation groups to use in
analyzing partial differential equations. These transformation groups were
local, operating in Euclidean space in a neighborhood of a point, and they
related to finite-dimensional group actions, consisting of both a group and
a space on which the group acts. The groups in question have come to be
known as Lie groups in recognition of Lie’s work. Lie groups nowadays play
an important role in many areas of pure and applied mathematics, and this
book develops the foundations of Lie theory in present-day language.

A feature of Lie’s work was his examination of the behavior of the group
infinitesimally at the group identity through a structure that was ultimately
called the Lie algebra of the Lie group. Lie stated and proved three theorems
about the relationship between his local Lie groups and the Lie algebras in
question, showing in particular that the Lie algebra determines the Lie group
completely in a neighborhood of the identity.! Lie’s student F. Engel took up
the job of putting Lie’s work into writings. Despite Lie’s hopes, continuation
of this work was not taken up immediately by others. Instead, work on Lie
algebras became paramount. Some of the most fundamental work on Lie
algebras was carried out systematically by Lie’s student Elie Cartan, and
discussion of it is deferred to the sequel of the present volume.

Work of H. Weyl in 1924-25 and E. Cartan in 1930 began a change in
focus of the theory from local to global, and C. Chevalley in 1946 completed
the change by incorporating into the theory an extension of some nineteenth
century work on foliations in differential topology. Chevalley used the term
“analytic group” for connected Lie group. In that framework an analytic group

1See Cohn [1957] for precise statements.
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Preface xi

becomes a group with a topological structure and a smooth manifold structure
with all structures compatible. A subgroup of an analytic group is called an
“analytic subgroup” if it has the structure of an analytic group for which the
inclusion map is smooth. The four Fundamental Theorems of Lie Theory,
which incorporate global versions of Lie’s three local theorems and a fourth
theorem that was not even stated until the 1920s, are then as follows:

(A) Every Lie group has a real Lie algebra of the same finite dimension
as the group. The analytic subgroups of a given Lie group stand in one-one
correspondence with the Lie subalgebras of the Lie algebra of the given Lie
group. Under the correspondence each Lie subalgebra is the Lie algebra of its
corresponding analytic group, the elements of the analytic subgroup are the
ones generated by the exponentials of the members of the Lie subalgebra, the
topology on the analytic subgroup is the natural topology defined in terms of
the exponential map, and the manifold structure on the analytic subgroup is
determined by exponential coordinates.

(B) The derivative at the identity of any smooth homomorphism of one
analytic group into another is a homomorphism of the Lie algebra of the first
into the Lie algebra of the second, and any homomorphism of the Lie algebras
of two analytic groups lifts to a smooth homomorphism of the analytic groups
if the domain group is simply connected.

(C) Every finite dimensional real Lie algebra is the Lie algebra of some
analytic group.

(D) Every analytic group has a simply connected covering group that is
itself an analytic group, and any two simply connected analytic groups with
isomorphic Lie algebras are isomorphic analytic groups.

Largely the present volume is devoted to stating and proving all but the
third of these four Fundamental Theorems. Fundamental Theorem C is too
complicated to prove in the present volume. Some remarks about its proof
appear in the section Summary of Chapter IV, and the full proof appears in an
appendix “Lie’s Third Theorem” of the author’s volume entitled Lie Groups
Beyond an Introduction that was published earlier.

In 1897 J. E. Campbell proved a formula for small matrix solutions Z
of the equation e? = eXe¥ in terms of X and Y, matrix addition, scalar
multiplication, and matrix multiplication. It was understood that if the
expression for Z could be written using matrix commutators like [X,Y] =
XY — YX instead of matrix products like XY, then one would be close to

having an explicit way of passing from a Lie algebra back to the analytic



Xii Preface

group from which it arose. In other words the hard part of the Fundamental
Theorem A could be proved directly.

Over the years many people worked on aspects of “Campbell’s Problem,”
as it was called, including H. F. Baker in 1905 and F. Hausdorff in 1906, and
the result has come to be known as the Campbell-Baker-Hausdorff Theorem.
Hausdorff gave an affirmative answer to the question whether Z could indeed
be written using matrix commutators rather than matrix products, but a usable
formula of this kind was not proved until E. Dynkin obtained such a result in
1947 and published it in Russian.

Meanwhile Chevalley’s book appeared in English in 1946, and his
argument for constructing analytic subgroups out of Lie subalgebras made
use of his extension of an 1877 result of G. Frobenius about foliations in
differential topology. That work on foliations had demanding prerequisites by
the standards of the time.

The 1962 book by S. Helgason gave a different argument, exchanging
demanding prerequisites in differential topology for demanding prerequisites
in differential geometry. A 1982 book by R. Godement constructed analytic
subgroups out of Lie subalgebras by a long argument using neither differential
topology nor differential geometry.

Finally some books appeared that put together all the details, including
Dynkin’s Formula, for developing Lie theory economically without using
foliations. One of these is a textbook in German from 1991 by Hilgert
and Neeb. This author’s favorite is the one from 2000 by Duistermaat and
Kolk. With the Duistermaat—Kolk book in hand, it became possible to write
an exposition of Lie theory that required less background than ever before.
W. Rossmann wrote such a book in 2002, and B. Hall wrote another such
book in 2003. Both these authors emphasized Lie groups that are subgroups
of the multiplicative group of nonsingular real or complex matrices of some
size—linear groups is what such Lie groups are called here. Rossmann gave
also a few indications of how his approach might be extended to handle Lie
groups that are not linear groups.

Rossmann and Hall were not the first authors to work especially with
linear groups. For example, H. Freudenthal and H. de Vries had written a
book about linear groups in 1969. But Rossmann and Hall were the first to
work especially with linear groups and make use of Dynkin’s Formula rather
than extensive differential topology or geometry.

Rossmann and Hall each incorporated some additional simplifications of
their own into their treatments of the foundational theory of Lie groups, and
some of those have been included here.



Preface Xiii

My own experience with Lie groups began with courses taught at M.L.T.
by B. Kostant and S. Helgason in 1965-67, and parts of those courses continue
to affect my thinking about the subject. Some of the present book is based
on various courses I taught at Cornell University and Stony Brook University
between 1971 and 1995. Other parts of the book have been influenced by the
more recent developments of Duistermaat, Kolk, Rossmann, and Hall.

The book has four chapters, and there are three appendices. Chapters I
through III deal with linear analytic groups, and Chapter IV shows how to
adjust the theory so that it applies to all analytic groups. The point of initially
restricting the exposition to linear groups is that doing so cuts down on the
prerequisites, making it unnecessary to know more than a minimal amount of
differential topology or differential geometry for a long time.

The mathematical prerequisites for reading this book amount to under-
graduate courses in real analysis and algebra, but greater sophistication is
expected of the reader than those words suggest. Here is more detail.

For Chapters I and II, the mathematical prerequisites are the elements
of linear algebra, group theory, uniform convergence, metric spaces, and
vector calculus, including the statement of the Inverse Function Theorem. In
addition, one needs to know something about topological groups as in the
two sections of Appendix A and something about smooth manifolds as in the
first section of Appendix B. Two optional examples at the end of Chapter I1I
make use of covering spaces as in Appendix C. Chapter IV has further
prerequisites that are included in Appendices A, B, and C. Further discussion
of prerequisites appears on the page that follows this Preface.

There are several possibilities for study after one reads this book. One
is this book’s sequel, Lie Groups Beyond an Introduction. Another is
any of several books by other authors on compact Lie groups and their
representations.

Each chapter has an abstract at the beginning and a summary near the
end. The latter indicates what progress has been made in that chapter toward
establishing the four Fundamental Theorems of Lie Theory as listed above.
Each chapter ends with a selection of problems, and hints for solving many of
the problems appear near the end of the book. The back matter contains some
historical commentary and references.

I am grateful to Brian Hall, Kiyoshi Sogo, Robert Stanton, and Po-Lam
Yung for providing me with helpful comments about earlier versions of this
book.

Anthony W. Knapp
July 2026
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CHAPTER 1

Closed Linear Groups and Lie Groups

Abstract. Chapter I concerns closed linear groups and their relation to Lie groups.
Sections 1-5 are a leisurely introduction to the subject of Lie groups, Lie groups
themselves being defined in Section 1. Linear groups are defined in Section 4
as arbitrary subgroups, not necessarily closed, of any general linear group of all
nonsingular real or complex square matrices of a particular size under multiplication.
Each linear group has a linear Lie algebra defined in Section 4 in terms of derivatives
of curves extending from the identity matrix. Sections 6—7 represent a transition to
the deeper theory, proving von Neumann’s theorem that closed linear subgroups are
Lie groups.

Section 1 defines Lie groups as groups that have also the structure of a smooth
manifold in such a way that multiplication and inversion are smooth. Connected Lie
groups are of special interest; these are often called analytic groups for historical
reasons. Only a few examples of Lie groups are immediately at hand. These include
the additive group R" of a Euclidean space, the circle S' and its higher-dimensional
version called a torus 7", direct products of Lie groups, and the general linear groups
GL(n,R) and GL(n,C). The section concludes by showing how complex matrices
can be viewed as real matrices of twice the size.

Section 2 examines abelian Lie groups, connected or disconnected, particularly
those of dimension 0, 1, or 2. Special attention is paid to lines on the torus T2, which
are analytic subgroups of 72. An analytic subgroup of an analytic group is an abstract
subgroup that is itself an analytic group for which the inclusion mapping is smooth.

Section 3 defines the notion of a semidirect product of Lie groups by a con-
struction that produces a new Lie group out of two old ones. Four examples are
given.

Section 4 works with linear groups as defined above. Of special note are some
groups of matrices that are defined by polynomial equations relating entries to one
another; such groups include rotation groups, unitary groups, and special linear
groups. All these examples are closed subgroups in the relative topology. By
contrast the line on 72 with an irrational slope, as in Section 2, is not closed in the

1



2 L. Closed Linear Groups and Lie Groups

relative topology even though it can be viewed as a linear group in a variety of ways.
The linear Lie algebra of a linear group G is the real vector space of derivatives at
t = 0 of smooth curves ¢ — c¢(¢) that are in G for every t; this vector space has
a natural “Lie bracket” product operation given by [X,Y] = XY — YX. Section 4
concludes by beginning to identify the linear Lie algebras of the rotation groups, the
unitary groups, and the special linear groups.

Section 5 reviews from advanced calculus the exponential mapping X +— exp X
for real and complex square matrices, and then it completes the identification of the
linear Lie algebras of the rotation groups, the unitary groups, and the special linear
groups.

Section 6 shows for any closed linear group G, i.e., for any linear group that is
closed in the relative topology from nonsingular matrices, that the linear Lie algebra
as defined in Section 4 consists of all matrices X such that exp X is in G for all real 7.

Section 7 uses the exponential mapping to show that any closed linear group G
admits consistently with its relative topology the structure of a smooth manifold such
that G becomes a Lie group.

1. Examples of Lie groups

A Lie group G is a topological group that at the same time is a smooth
(= C*) manifold! in which multiplication, as a mapping from G X G into G,
and inversion, as a mapping from G into G, are both smooth. The dimension
of the Lie group is the dimension of the underlying smooth manifold. The
fact that G is a manifold implies that G is locally connected as a topological
space, and therefore its connected components are open. In particular the
connected component of the group identity is an open normal subgroup,
and the remainder of the group consists of the other cosets of the identity
component. These other cosets offer nothing new for the topological structure
or the manifold structure, and most of the effort in this book will be in dealing
with the identity component.

The following definition takes this fact into account. For reasons that are
explained in the Historical Commentary at the end of the book, a connected
Lie group will often be called an analytic group.

When are two Lie groups the same? A Lie group G is said to be
isomorphic to another Lie group G’ if there is a group isomorphism
®: G — G’ thatis also a diffeomorphism of G onto G’.

ISmooth manifolds are built from overlapping open subsets of a Hausdorff topological
space that are identified with subsets in a Euclidean space. The actual definitions and
elementary properties of smooth manifolds, smooth mappings, and diffeomorphisms are not
needed now and will be treated in more detail in Section 7 when the need arises.



1. Examples of Lie groups 3

Only a few examples of Lie groups are immediately available, and for the
most part, they are not particularly illuminating. A list appears below. Later
in this chapter some further work will show that “closed linear groups,” to
be defined below, form a rich additional class of examples. Here are some
immediately available examples.

ExampLE 1. Euclidean space R is a group with addition as the opera-
tion, and the usual metric on R™ makes R™ into a locally compact abelian
topological group. This group is also a smooth manifold of dimension m,
with only one chart necessary, namely (1, R") with 1 denoting the identity
function from the manifold R™ to the Euclidean space R"*. Addition is smooth
from R X R"™ into R™, and passage to the negative is smooth from R"* into
R™. Thus R™ is an abelian Lie group, noncompact if m > 0.

ExampLE 2. The circle S', defined in one way as the subset of all
complex numbers z € C having |z| = 1, is a group under multiplication. With
the relative topology from C, S' is a compact metric space, being closed and
bounded in a Euclidean space. In this topology, S! is a compact topological
group; the continuity of multiplication and inversion follow from the facts that
the limit of a product in C is the product of the limits and that the (nonzero)
limit of a reciprocal is the reciprocal of the limit. One way of making S'
into a smooth manifold of dimension 1 is to use two charts (S! — {i}, ¢) and
S' — {~i},¥) with ¢ and  given by

p(x+iy) = (x(l—y)_l) and U(x+iy) = (x(1+y)_l).
Multiplication and inversion are smooth, and thus S' is a compact abelian Lie
group.

ExampLE 3. The direct product? of a finite number of Lie groups is a Lie
group. It is to be given the product group structure, the product topological
structure, and the product smooth-manifold structure. The n fold product of
copies of the circle group S' is called an n dimensional torus and is often
written as 7". In particular T is just another name for S'.

ExampLE 4. The general linear group GL(n,R) of nonsingular n-by-n
real matrices, with multiplication as the group operation and with the topology
and smooth structure inherited as an open subset of the Euclidean space
m,, (R) of all n-by-n real matrices, becomes a Lie group. More particularly
let us write e;;: my,(R) — R for the numerical-valued function defined on
all n-by-n matrices that extracts the (i, 7)™ entry of a matrix. We can identify

2Sometimes the (finite) direct product is called the direct sum, particularly when the
individual groups are all abelian.



4 L. Closed Linear Groups and Lie Groups

. 2 .. . . .
M, (R) with R by listing the n? functions e; 7 in a convenient order and then

identifying each matrix x with the member of R™ whose n? coordinates are

the numbers e;;(x). With this identification we see that matrix multiplication
is given, entry-by-entry, by certain polynomials of total degree 2 in the entries.
The determinant function itself is a polynomial in the e;;’s, and the set where
the determinant is nonzero is an open set, polynomials being continuous
functions. Thus we can regard GL(n, R) as an open set in R"2, and it becomes
a smooth manifold. Multiplication, being given by polynomial functions, and
inversion, being given by polynomial functions divided by the determinant
function, are smooth functions on this open set. Thus GL(n,R) is a Lie

group.

ExampLE 5. In the same way, the general linear group GL(n,C) of
nonsingular n-by-n complex matrices, with multiplication as the group oper-
ation and with the topology and smooth structure inherited as an open subset
of the Euclidean space m,,, (C) of all n-by-n complex matrices, becomes a
Lie group. Identifying m,,(C) with a Euclidean space involves one extra
wrinkle: the Euclidean space in question has dimension 2n”, and the n”
coordinate functions e;; used for m,, (R) get replaced by the 2n? functions
Re €ij and Im €ij-

A few further examples of Lie groups come from taking a general linear
group and requiring that some entries be 0. For example, one might require
that all entries below the main diagonal be 0. Such examples will not give us
further insight at this point, and we shall skip over them.

It is understood that any linear group is a subgroup of some GL(n,C)
or GL(n,R). We shall usually write M for this underlying general linear
group. The corresponding full matrix space, either n,, (R) or m,, (C), will
be called m.

It will be convenient to pin down the relationship between real and
complex matrices a bit. Real matrices can be regarded as complex matrices
of the same size, of course, but it is also true that complex matrices can be
regarded as real matrices of twice the size. Moreover, the correspondence
can be set up in such a way that we can easily keep track of what happens
under familiar operations such as addition, multiplication, adjoint, trace, and
determinant. Here are some details.

For v in C"*, write v = a +ib with ¢ € R" and b € R”, and define
functions Re and Im from C" to R" by Rev = a and Imv = b. Then set up
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the R isomorphism C* — R?" given in block form by

- (R”). (1.1

Imv

Next let U be an n-by-n matrix over C and write U = ReU +iImU.
Under the isomorphism (1.1), left multiplication by U on C" corresponds to
left multiplication on R*" by

Re U —ImU). (12)

2U) = (ImU Re U
This identification has the following properties:

(@ Z(UV) = Z(U)Z(V),

(b) Z(U*) = Z(U)",

(¢c) TrZ(U) =2ReTr U,

(d) detZ(U) = | detU/|%.
For the proof, only (d) requires comment. Because the function U + Z(U)
is real linear and satisfies (a), use of row reduction shows that it is enough to
check (d) for elementary matrices (the ones that implement a single step of
row reduction). Matters come down to U of size 1-by-1, where the argument
is that

<z>=<x+,~y>H(; ‘fc) with det(; _)yc)=x2+y2=|z|2.

2. Analytic subgroups in abelian examples of low dimension

In topics related to group theory, it is natural to consider subgroups, quotients,
and homomorphisms. In this section we take note of some of the considera-
tions in dealing with the corresponding notion of subgroups for Lie groups.
We shall return to these matters later.

First consider subgroups in the abelian case. The one-dimensional exam-
ples in the previous section were the additive group R = R! of the real line
and the circle group S' = T'. In the case of R as a Lie group under addition,
most subgroups of R have nothing to do with the topological structure of R,
much less the manifold structure. The fact is that the only subgroups of R are
{0}, {all multiples of a nonzero real a}, and subgroups that are dense in R.
To see this fact, it is enough to see that any subgroup of R that contains the
real number 1 and some irrational « is dense.
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Proposition 1.1. Any additive subgroup of R that contains 1 and some
irrational number is dense in R.

Proor.3 Let an integer n > 1 be given, and let @ be a fixed irrational

number. Consider the n + 1 real numbers {ka} defined to be the fractional
parts of ka for 0 < k < n, specifically

{ka} = ka - |ka] k=0,1,...,n,

where | -| is the floor function.# Each of these n + 1 numbers is > 0 and < 1,
and thus each fits into exactly one of the n intervals given by

o) L2 )

By the pigeon-hole principle, there must be at least one of the intervals
containing two of the numbers. Say that {k;a} and {k,a}, with k| # k;, both
fit into the interval [k /n, (k + 1)/n) and that {k1a} < {k,a}. Because of the
inequality 1 > {kya} — {k1a} = 0, we have

{kaa} — {k1a} = {{kaa} - {kia}}
= {koa - lkaa] - kia + | k1a]}
= {kya — ki + integer}
= {(ky — k1)ar}.

The right side cannot be 0, since (k» — k)a is not an integer, @ being
irrational. Since k; and k; were chosen so that {k;a} and {k;,a} fit into the
same subinterval of [0, 1), the above computation allows us to conclude that
0 < {(ky —kpa} < 1/n.

Let S be the additive subgroup of R consisting of all integer combinations
of 1 and . Briefly what we have just seen is that S contains arbitrarily small
positive numbers. It will be enough to show that any x > 0 is a limit point of
S. Thus let x > 0 be given in R, and let € > 0 be given. Choose y > 0 in S
with 0 < y < €, and let n = [x/y]. From the inequality n < x/y < n+ 1, we
see that yn < x < yn+y and thus 0 < x — yn < y < €. Thus the member yn
of § is exhibited as within € of x. m|

We turn to the circle group. Instead of considering it as S', let us consider
it as R/Z, the set of real numbers modulo 1. Proposition 1.1 shows that any

3This argument was contributed to StackExchange by Pedro on July 23, 2013. The idea
of using the pigeon-hole principle in this way in this argument is due to G. L. Dirichlet.

4The floor function is defined so that the error term {ka} is > 0 and < 1. Historically
the floor function often used to be called the “greatest integer” function, but the term “greatest
integer” function has come nowadays to be used for something else.
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irrational @ in R, when considered in R/Z, generates a dense subgroup. For
rational @, say @ = p/q in lowest terms with ¢ > 0, the number @ generates
the cyclic subgroup {0,1/¢4,2/q,...,(g—1)/g)}. Thus the subgroups of the
circle group are 0, the cyclic subgroup of each finite order, and various dense
subgroups.

Since the interest in this book is in Lie groups, not general groups,
it is appropriate to single out subgroups with interesting features in their
topological or manifold properties. For our abelian examples in dimension 1,
the only way to bring interesting manifold structure into the study is to look
for manifolds of dimension 1, since single points do not contribute anything
of interest. That requirement leads us to discard all the dense subgroups for
R and S! except for the whole groups themselves, saying that the excluded
subgroups are of little interest for current purposes. For dimension > 2,
however, matters are more subtle. We make a definition.

A subset H of a Lie group G is called an analytic subgroup if

(1) itis a subgroup under the group operation inherited from G,
(i1) it has the structure of an analytic group, and
(iii) the inclusion mapping of H into G is smooth.

Right away, we find an interesting example to study. Take the two-
dimensional torus 72, and consider it as the set R? /ZZ, the Euclidean plane
modulo the lattice pairs with integer coordinates. Any line through the origin
is a subgroup of R?, and it projects under the quotient mapping R? — R?/Z?
to a subgroup in 72. Let us parametrize it as ¢ — («at, Bt) for t € R, where a
and S are real numbers not both 0.

This subgroup is certainly an analytic subgroup of R? because when we
follow the parametrization mapping R!' — R? with the quotient mapping
R? — R?/Z2, the three properties of an analytic subgroup are still valid. The
following result describes the two possibilities for the behavior of this analytic
subgroup.

Corollary 1.2. View the torus 72 = R?/Z? as the unit square in R? with
opposite sides identified. If o and S are not both 0, then the image in T2 of
the line 7 — (at, Bt) is one of the following:

(a) a finite set of parallel line segments when viewed within the unit
square with opposite sides identified, topologically a circle when
viewed within T2, or

(b) acountable dense infinite set of parallel line segments when viewed
within the unit square with opposite sides identified.
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The first case occurs when a = 0 or the slope B/« is rational, and the second
case occurs when the slope 8/« is irrational.

Proor. If @ or B1is 0, then the image of ¢ — (at, Bt) is the segment [0, 1]
on one of the axes. For the remaining cases we may normalize matters and
assume that @ = 1 and 0 < 8 < 1. Then the first line segment that arises is
the line segment from (0, 0) to (1, 8), the next one is (0, 8) to (1, 28 mod 1),
the third one is (0,28 mod 1) to (1, 38 mod 1), and so on. Evidently the
numbers that occur as second coordinates of the endpoints of the segments
are the real numbers n8 mod 1 with n € Z. If (8 is rational, this set of these
numbers is finite, and the image of ¢ — (z, 8t) is topologically a circle. If 8
is irrational, then Proposition 1.1 says that this set is dense; Proposition 1.1
even enumerates the set and shows that it is countable. O

In the first case the image is a circle, not only as a topological space
but actually as a topological group. In the second case, the image is again
a subgroup of T2 and at first appears to be topologically a line in its relative
topology. However, the image is not locally compact in the relative topology.
Indeed, a locally compact dense subset of a Hausdorff space is open,’ and an
open subgroup of a topological group has to be closed by Proposition A.6.
Under these circumstances the image would have to be all of 72, and we know
from Corollary 1.2 that it is not.

For the Lie group R?, the analytic subgroups are {0}, each line through
the origin, and R? itself. The only other example that we have of an abelian
analytic group of dimension 2 is R! x 7!, and its analytic subgroups and their
behavior tell us nothing new. A little care is needed in identifying analytic
subgroups, however: the group R? has a connected dense subgroup H with
no inherited manifold structure. This example is discussed more at the end of
Section II.3.

5 A proof that a locally compact dense subset of a Hausdorft space is open runs as follows:
Let Y be a locally compact dense subset of the Hausdorft space X. If y isin ¥, let N be
a relatively open neighborhood of Y such that N € K with K compact in Y. Since N is
relatively open, N = U NY for some open U C X. It will be proved that N = U, so that
each point of Y has an X open neighborhood, and then Y will be open. The set K is compact
in X and must be closed since X is Hausdorff. The points of U N K are in Y since K C Y,
and hence UNK € UNY = N. Consider a point x of the open set U — K. Arguing by
contradiction, suppose x is not in Y. Then x is a limit point of ¥ since Y is dense. Hence the
open neighborhood U — K of y contains a point yg of Y. Then ygisinUNY =N C K and
cannot be in U — K, contradiction. We conclude that x isin Y. ThenxisinUNY = N, and
U=N.
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For higher dimensions we shall see in Chapter IV that the problem of
identifying abelian analytic groups comes down to understanding “discrete”
abelian subgroups of R” for each n. A subgroup is discrete if each element
has an open neighborhood that meets no other member of the set, i.e., if its
relative topology is the discrete topology. Right now we can identify such
subgroups completely.

Proposition 1.3. If D is a discrete subgroup of R", then there exists a
basis x1, . . ., x, of R” such that D consists exactly of those vectors of the form
kixi+---+kpx, with all k; in Z. Here p is some integer with 0 < p < n.

Proor. The proof will proceed by a kind of induction. We start from
any vector subspace W of R" for which D N W is known to consist exactly
of all integer combinations kjx; + --- + k,x, of p vectors xy,...,x, that
form a basis of W over R. The base case of the induction has W = 0 and
p = 0. For the inductive case we take p as large as possible so that D N W
has the required form. Certainly p < n, since xi, ..., x, are assumed to be
linearly independent over R in R”. Arguing by contradiction, suppose that
there is some member u of D that is not an integer combination of x1, . .., x,.
Consider the set S of all members of u of W of the form

X=cCix1+-+Cpxp+cu (1.3)

with all ¢; satisfying 0 < ¢; < 1 with 0 < ¢ < 1. This set S is compact.
Since D is discrete, S N D is finite. Since u is of the form (1.3) with ¢ = 1,
S N D contains at least one element with ¢ > 0. Choose xy in S N D whose
coeflicient of u is as small as possible but nonzero.

Any other member x” of S N D will have a multiple of ¢ as coefficient of u.
In fact if x” has coeflicient ¢’ that is not a multiple of ¢, then for some integer
m, we can write ¢’ = mc +d with 0 < ¢’ < c. Subtraction of suitable integral
multiples of the various elements x; from x” will result in an element like the
elements in (1.3) but with ¢’ in place of ¢, in contradiction to the minimal
choice of c.

As a consequence, D N (W + Ru) consists exactly of all elements

(DNW)+Zu =7Zx) + -+ Zx, + Zu.

The conclusion is that W = W + Ru had D N W’ of the proper form, in
contradiction to the maximality of p. Thus the element u in (1.3) could not
have existed, and D must have consisted of those vectors kjxj +--- + kpx),
with all k; in Z and no others. O
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3. Semidirect products of Lie groups

“Semidirect product” is a construction in abstract group theory that produces
a new group out of two old ones. The construction has a meaning also in the
subject of Lie groups, and thus it gives us a routine way of obtaining new Lie
groups from old ones.

The prototype is the group of rotations and translations of the plane, the
rotations being taken about an arbitrary center. What is happening here is that
we have two groups and that one (the group of rotations about the origin) acts
on the other by automorphisms, each rotation being an automorphism of the
(group of translations of the) plane. Out of the these ingredients we can define
a single group that captures all the structure. Let us write out the details for
this example and then give the general definition.

Let G be the group of all rotations about the origin in R, which we can
view as the group of 2-by-2 matrices

cosf@ —sinf
sin @ cos@|’

and let H be R%, which we can view as the space two-dimensional column
vectors with group operation given by addition of column vectors as usual.®
The group G acts on the space H by automorphisms, the automorphism
corresponding to g being written as & +— 7(g, h) = gh, the matrix product
of a 2-by-2 matrix in G by a 2-dimensional column vector in H. The
fact that each 7(g, -) is an automorphism of R? additively amounts to the
identity g(hy + hy) = ghy + ghy, in combination with the invertibility of the
operations. The semidirect product G X, H is defined to be the group defined
on the set-theoretic product G X H with multiplication (gi, 71)(g2, h2) =
(8182, (T(g5 ")) + ho).

In the general case with two groups G and H written multiplicatively and
with G operating on H by automorphisms through 7, the semidirect product
G X, H is taken to be the set G X H with group law written as

(g1, h1)(g2. h2) = (8182, 7(g5 ", ) ha). (1.4)

61t will often be convenient to identify R” with the vector space of all n dimensional real
column vectors (even if the column vectors are written horizontally as tuples (c1, ..., c,)) and
to identify the space of linear maps of R into itself with the space of all n dimensional real
matrices. Under this identification the action of a linear map on a vector in R” corresponds
to the product of the matrix and the column vector. Normally we make these identifications
without particular comment.
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Associativity of this multiplication comes down to the equality of

((g1,h1) (g2, h2)) (g3, h3) = (818283, 7(g3 " 7(g5 ", h1)ha) h3)

and

(81, h1) (82, h2) (g3, h3)) = (218283, 7(g5 85", )T (85" h2)h3),
which follows from the computation

(g7 t(gy o) = (g5, (g5, h))T(g5 ", o)
=1(g3'e; ' h)t(g3 !t ho).

One readily verifies that the ordered pair (1, 1) is a two-sided group identity
and that the inverse of (g, /) is given by

(g. ) "=(g (g, k7). (1.5)

In other words, G X, H is indeed a group.

The other two structures needed for G X, H to be a Lie group are
a topological structure and a manifold structure, with everything defined
compatibly. Both structures, the topological structure and the manifold
structure, are taken to be product structures. Under the assumption that
the group action 7: G X H — H is smooth, it is apparent from (1.4) and (1.5)
that multiplication and inversion in G X H are smooth, and G X, H is thus a
Lie group.

Here are three further concrete examples.

ExampLE 1. Affine group of the line. Let G be the group of dilations
of additive R!' by positive real numbers. Each dilation can be viewed as a
multiplication operator on R! by a positive number ¢’. The group G acts on
the additive group R!, and the semidirect product is the group of all dilations
of R! relative to an arbitrary origin.

ExampLE 2. Group of rigid motions of R". The orthogonal group
G = O(n) of rotations and reflections about the origin acts on H = R" by
linear functions, and the semidirect product of G and H is the group of all
rigid motions of R" about an arbitrary center.

ExampLE 3. Let G be any group of linear mappings of R" into itself,
and let H = R". Then the semidirect product of G and H is defined and
is a generalization of the two previous examples. One particular case of
interest in physics has G equal to the group of all linear mappings of R* =
{(x1,x2, x3,x4)} into itself that leave the expression x%+x§ +x§ - czxi invariant.
The group H is R* with G acting by the corresponding linear mappings. With

the constant ¢ taken as the speed of light and x4 treated as time, the group
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G is called the homogeneous Lorentz group in space-time. The semidirect
product of G with H is called the inhomogeneous Lorentz group.

4. Introduction to linear groups

Let us turn now to GL(n, R) and GL(n,C). A linear group in this book is a
subgroup of some general linear group, either GL(n, R) or GL(n, C) for some
n, with matrix multiplication as group operation. No topological restriction
is imposed whatsoever. The underlying general linear group will usually
be called M. Groups of linear transformations on a finite-dimensional real
or complex vector space, with composition as the group operation, will be
treated as linear groups also. We regard two linear groups as the same only
when there is a Lie group isomorphism of the underlying general linear groups
carrying the one linear group onto the other.”

Let us observe that all of the Lie groups we have encountered so far can
be viewed as linear groups. Whether the scalars for the general linear group
are from R or from C usually makes no difference. In fact we certainly have
the inclusion GL(n,R) € GL(n,C). Also we saw in Section 1 that GL(n, C)
is isomorphic as a Lie group to a subgroup of GL(2n, R).

Let us see some ways of viewing Examples 1 through 3 of Section 1 as
linear groups. With Example 1 one way of viewing the additive group R”
as a linear group is to identify the member (xi,...,x,) of R" with the real
diagonal matrix with diagonal entries e*', ..., e*. Another way of viewing
the group R" as a linear group is as the linear group of all real square matrices
of size n + 1 with 1’s down the diagonal, with the coordinates of R" listed
down the last column except in the diagonal entry, and with 0 in all remaining
entries. In block form the matrix corresponding to a column vector x € R” is
thus n 1

1 x\n
(o 1)7
with the upper left entry 1 standing for the n-by-n identity matrix. By either
identification the linear group in question can be given the structure of a smooth
manifold, and the embedded copy of R" becomes an analytic subgroup.

For Example 2 the Lie group S! is isomorphic to a subgroup of GL(1, C)
and thus to a subgroup if GL(2,R). The identification is
ix (cosx - sinx)

“—> .

e .
S x COosx

7This is a small point, and we shall not develop it.
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For Example 3 if G| and G are linear subgroups of GL(m, R) and GL(n, R),
respectively, then G| X G, can be viewed as a block diagonal subgroup of

GL(m + n,R), namely
G, 0
0 Gy

Here are a few more examples of linear groups:

SO(n) = {x € GL(n,R) | xx" =1 and detx = 1}
Un) ={x e GL(n,C) | xx* =1}
SUn) ={x € U(n) | detx = 1} (1.6)
SL(n,R) = {x € GL(n,R) | detx =1}
SL(n,C) = {x € GL(n,C) | detx = 1}.

The first three are called the rotation group, the unitary group, and the
special unitary group; the last two are the special linear groups over R and
C. More examples appear in the Problems at the end of the chapter.

Checking that any of the sets listed in (1.6) is a subgroup under matrix
multiplication is merely a question of checking closure under multiplication
and inversion. For example, if x and y are in SO(n), the definitions give
xx" = yy" =1 and detx = dety = 1. Then

(xy)(xy) = xyy'x" = x(yy" )x" = xx’,
(x—l)(x—l)t — x—l(xl)—l — ((xt)x)—l — 1,
detxy = detxdety =1, and det(x™') = (detx)™! =1.

Thus xy and x~! satisfy the defining conditions for being in SO(n).

A closed linear group is a linear group that is topologically closed in the
relative topology that it inherits from the ambient general linear group. For
groups of complex matrices, the condition “closed” is unaffected by whether
the matrices are considered as in GL(n, C) or in GL(2n, R).

All the examples listed in (1.6) above—namely SO(n), U(n), SU(n),
SL(n,R), and SL(n,C)—are closed linear groups. The reason that these
subgroups are closed is that they are defined as the simultaneous zero loci of
some polynomial equations; polynomials being continuous, their zero loci are
closed. The polynomials in question are the entry-by-entry relations in the real
and imaginary parts of the matrix entries that come from the defining equations
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for the groups. And of course, GL(n,R) and GL(n, C) are themselves closed
linear groups, practically as a matter of definition.8

An example of a connected linear group that is not a closed subgroup is
obtained as follows: regard the torus 77 as a linear subgroup of GL(2,C),
embedded as diagonal matrices with both diagonal entries of absolute value 1,
and consider any line in Corollary 1.2 that winds around 7% with an irrational
slope. For convenience we shall refer to any such line as a line on the torus
T? with an irrational slope.

The study of linear groups as potential Lie groups begins from the fact
that a kind of differentiation is available in any linear group. For any linear
group G, we can speak of smooth curves in G, namely C* functions defined
on an open interval of R taking values in the underlying matrix space m,
either m = m,,;,(R) or m = m,,,,(C), whose image is in G for each . We are
especially interested in smooth curves in G with the property that ¢(0) is the
identity 1. An example is the curve

cost sint O
c(t) =] —sint cost O
0 0 1

in the group G = SO(3). For any such curve we can form the derivative ¢’ (0)
at 0, which will be some 3-by-3 matrix. With ¢ as in this example, ¢’(?) is to
be formed entry by entry. Thus

—sint cost 0O 010
c¢'(t)=|—-cost —sint 0| and c'(0)=|-1 0 O].
0 0 0 000

Here ¢’(0) tells us the direction in G in which the curve extends from the
identity matrix 1. We may think of it as telling how a parameter describing ¢
is to start out from the identity. Let

¢ : R — G is a curve with
g =1 ¢’(0) | ¢(0) =1 that is smooth as
a function into matrices

Then g is a subset of matrices of the same size as the underlying general linear
group M and matrix space m; the members of g are not necessarily invertible.

8GL(n,R) is an open subset of M, (R), being the subset where the determinant function
is nonzero, and this set is not a closed subset of M,,,; (R). However, GL(n, R) is a closed linear
group tautologically because it is the closed subset GL(n,R) of GL(n,R).

9For some purposes it will be convenient to allow smooth curves to be defined on closed
intervals. These curves will be understood to be smooth functions defined on open intervals
containing the given closed interval.
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The above set g has a certain amount of structure. First, g is a real vector
space. To see closure under addition, let ¢’(0) and 5’(0) be in g. Forming
c(t)b(t), we have

ELeb)] = b 1)+ D0,

d ’ ’ ’ ’
- [c(t)b(1)] |t=0 =¢(0)6’(0) + ¢’ (0)b(0) = b’ (0) + ¢’ (0).
Thus g is closed under addition. To see closure under multiplication by real
scalars, let ¢’(0) be in g and let k£ be in R. Forming c(kt), we have

%[c(kt)] = ¢'(ki)k  and %[c(kt)]‘tzo = k' (0).

Thus g is closed under scalar multiplication.

Second, G is closed under group conjugation x — gxg~!. Thus if c(7)
is a smooth curve in G passing through 1 at ¢ = 0, then so is gc(t)g~".
Differentiating at ¢ = 0, we see that g¢’(0)g ! is in g. Thus g is closed under

the linear mappings Ad(g), for g € G, that are defined by
Ad(g)X = gXg™".

Third, let X be in g and let ¢(¢) be a smooth curve in G with ¢(0) = 1.
Then ¢ — Ad(c(#))X is a smooth function from R into the vector space g,

as we see by substituting g = ¢(¢) into the equation Ad(g)X = gXg~! and
writing matters out. By definition we have
d 1
2 Ad(e(t X| = lim - [Ad(c(1)X - X], 1.7
= Ad(e()X] _ =lim— [Ad(c()X - X] (17)

and we know that the left side exists. The right side involves vector space
operations and a passage to the limit, all on members of g. Since g, as a real
vector subspace of matrix space, is closed topologically, the limit is in g. Let
us calculate this limit.

We need a preliminary formula, namely

d -1 _ -1 -1
EC(t) =—c(t)"c(t)ec(®)". (1.8)

To see this, we differentiate ¢(¢)c()~' = 1 by the product rule, being careful
about the order in which we write down products. We obtain

¢ (De() " + c(t)(% c(t)_l) -0,

and our preliminary formula (1.8) follows.
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Therefore

d d )
— Ad(c(1)X = E(c(z)Xc(t) ‘)

=c' () Xe(t)™' + c(t)X(% c(t)_l)
=/ (DX —c()Xe() e (D)™ by (1.8).
Putting ¢ = 0 and taking (1.7) into account, we see that
c"(0)X — Xc'(0)
is in g. We conclude that g is closed under the Lie bracket operation
[X,Y] =XY -YX. (1.9

Any real vector space of square matrices (or linear maps from a finite-
dimensional real vector space to itself) that is closed under the Lie bracket
operation (1.9) will be called a linear Lie algebra. Any vector subspace of a
linear Lie algebra that is closed under Lie brackets will be called a linear Lie
subalgebra.

This definition will be codified below and will be formulated more
generally in Chapter IV to provide a full definition of “Lie algebra.” For
the moment we work with only linear Lie algebras.

The Lie bracket operation [X,Y] = XY — Y X is R linear in each variable
and has the properties that

(a) [X,X]=0forall X € g(and hence [X,Y] = —[Y, X]) and
(b) the Jacobi identity holds:
[[X,Y],Z] +[IY,Z], X] + [[Z, X].Y] = 0. (1.10)
Property (a) is clear, and property (b) follows from the calculation

[[X.Y].Z] +[[Y, Z], X] + [[Z, X]. Y]
=[XY-YX,Z|+([YZ-2Y, X+ [ZX - XZ, Y]
=(XYZ-YXZ)- (ZXY -ZYX)+ (YZX - ZYX)
—(XYZ-XZY)+ (ZXY - XZY) - (YZX -YXZ)
=0.
A real vector space with an operation [X, Y] that is linear in each variable
and satisfies (a) and (b) will later be called a real Lie algebra. Any

vector subspace that is closed under the operation [X, Y] will be called a
Lie subalgebra. Accordingly we define
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¢ :R — G is a curve with
g =1 ¢’(0) | ¢(0) =1 thatis smooth as ¢ . (1.11)
a function into matrices
to be the linear Lie algebra of the linear group G. Observe that if the linear
Lie algebra consists of complex matrices, then g, defined as in (1.11) is still

asserted only to be a real Lie algebra.
Returning to the linear group G = SO(3), we can compute its full linear

Lie algebra explicitly. We have already seen that the matrix ( —z é §) is one
member of the linear Lie algebra g of SO(3). Using different curves involving
cosines and sines, we can see that the matrices ( _? § (é) and (§ _g g) lie in g
also. Taking into account the vector space operations, we see that

0 a b
g23|—-a 0 c|; = {skew-symmetric real 3-by-3 matrices}.
-b —c 0

Actually equality holds in this inclusion. In fact if ¢ is any smooth curve
of matrices in SO(3) with ¢(0) = 1 and ¢(¢)c(¢)" = 1, then we calculate that

c(He(t) +c(t)c’ (1) =0,
' (0)1" + 1</ (0)' = 0, (1.12)
' (0) +c’(0) =0,
and we see that ¢’ (0) is skew symmetric. Thus the linear Lie algebra of SO(3)
is exactly
s0(3) = {skew-symmetric real 3-by-3 matrices}
={X €gl(3,R) | X + X" =0}

Proposition 1.4. For the five classes of examples SO(n), U(n), SU(n),
SL(n,R), and SL(n,C) of closed linear groups, the respective linear Lie
algebras are given by

so(n) = {X € gl(n,R) | X + X" =0}
u(n) ={X € gl(n,C) | X+ X* =0}
su(n) = {X € gl(n,C) | X+ X* =0 and Tr X = 0} (1.13)
sl(n,R) = {X € gl(n,R) | Tr X =0}
sl(n,C) ={X € gl(n,C) | Tr X = 0}.



18 L. Closed Linear Groups and Lie Groups

FIRST PART OF PROOF. At this time we shall prove in each of the five
cases that the appropriate linear Lie algebra is contained in the set on the
right side of (1.11). The proof of the reverse inclusion requires our knowing
some explicit smooth curves in each of the five cases, and this part of the
proof is deferred to the next section after we have assembled properties of the
exponential mapping on square matrices.

In the case of SO(n), the argument is exactly like the one in (1.12):
working with a smooth curve ¢(¢) in G with ¢(0) = 1, we start from the
identity xx’ = 1 in (1.6), substitute x = ¢(¢) and differentiate, following the
steps of (1.12) and writing X for ¢’ (0).

In the case of U (n), we argue similarly, starting from xx* = 1 with x = ¢(t)
and differentiating. The result is

(@) +c(t)' ()" =0,

from which we obtain ¢’ (0)1* + 1¢’(0)* = 0 and then ¢’ (0) +¢’(0)* = 0. Thus
a necessary condition is that X + X* = 0. This handles U (n).

To complete this direction of the proof in all cases, what is needed is that
the condition detx = 1 for all x € G forces Tr X = O for all X in the linear
Lie algebra of G. In symbols we shall verify that if ¢(¢) is a smooth curve of
matrices with ¢(0) = 1, then

(% detc(t))| ,=Trc(0). (1.14)

t=
To verify this formula, we regard the outer expression in parentheses on the
left side as the derivative of a sum of n-fold products, and we apply the product
rule to each n-fold product. If the matrices are of size n-by-n, the derivative
of the determinant is in effect the sum of n determinants; in each of these
n determinants, one row of ¢(z) has been differentiated, and the others have
been left alone. Evaluation at ¢ = O of one of these determinants results in the
determinant of a matrix that equals the identity in all but one row; hence the
evaluated term yields a diagonal entry of ¢’(0). Then (1.14) follows. m|

5. Exponential of a matrix

Let us prove the reverse inclusions in Proposition 1.4, showing in each case
that any matrix in one of the Lie algebras on the right side of (1.13) is indeed
¢’(0) for some smooth curve c(¢) that lies in in the corresponding group G
and has ¢(0) = 1. The tool for doing so is the exponential of a matrix.°

10This material if often part of an advanced calculus course. It is reproduced here for the
reader’s convenience.
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If A is an n-by-n complex matrix, then we define

(o)

et=expA=) — Ak (1.15)

This definition makes sense, according to the following proposition.

Proposition 1.5.  For any n-by-n complex matrix A, e is given by a
convergent series (entry by entry). Moreover

(a) eXe¥ = eX*Y if X and Y commute,

(b) X is nonsingular,

(©) eX' = (eX)" and X" = (eX)*,

(d t — e'X is a smooth curve into GL(n, C) thatis 1 atz = 0,

(©) () = XeX,

(f) deteX = T,

g X+ eX is a C*™ mapping from matrix space (= RZ"Z) into itself.

REMARKS.

(1) If the matrix A in the proposition has real entries, more can be said.
In the first place, e is real. Conclusions (a), (b), (c), (e), and (f) are still
valid. The conclusion of (d) can be strengthened to say that ¢ — ¢’X is a
smooth curve into GL(n,R) that is 1 at r = 0, and (g) becomes the assertion
that X — ¥ is a C® mapping from matrix space (= an) into itself.

(2) For any n-by-n complex matrix B, define the operator norm of B by

||B|| = sup |Bx]|, (1.16)

|x|<1
where |x| and | Bx| refer to the Euclidean norm.

Proor. The tail of the exponential series satisfies

Z 1 N2 1
H Z AV < DT A< Y Al
N=N; N=N,

and the right side tends to 0 as Ny and N, tend to infinity. Hence the series
for e# is Cauchy, entry by entry, and it must be convergent. This convergence
is good enough to justify the manipulations in the remainder of the proof.
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For (a), under the assumption that XY = Y X, we have

o 1 I | R
eXeY:(Zor_!Xr)(Zoﬁya):ZmX YS
S= r,s

=l

_ o XKy Nk N xkyN-k
_1;) ok'(N k)! ZMZ()

o |
=> XN =
N=0"""

Conclusion (b) follows by taking ¥ = —X in (a) and using e” = 1. Conclusion
(c) follows by substituting from the series definition of the exponential and
observing that the desired equality is valid term by term. For (d) and (e) we
have

(o)

N:Od
= i ﬁtN“XN = Xi X))V = Xe'¥
=R =R

In (f) if X is upper triangular, then so is eX. Moreover deteX in this

case depends only on the diagonal entries of eX, which depend only on the
diagonal entries of X. Thus deteX = ¢™ X in this case. A general complex
matrix is of the form gXg~! with X upper triangular, and then we have

det(e#X8 ") = det(geXg™!) = deteX = ¢ X = (T &Xs™
Conclusion (g) follows from standard facts about term-by-term differentiation

of series of functions. This completes the proof. O

Let us return to the problem of identifying the linear Lie algebras for the
various groups in (1.6), i.e., of verifying that the linear Lie algebras are given
by the formulas in (1.13).

PROOF OF REVERSE INCLUSIONS IN ProposITION 1.4. Suppose that X is a
matrix in one of the five Lie algebras
so(n), u(n), su(n), sl(n,R), sl(n,C)

listed in (1.13). Then we are to exhibit a smooth curve ¢(¢) in the correspond-
ing linear group

SO(n), U(n), SU(n), SL(n,R), SL(n,C)
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in (1.6) such that ¢(0) = 1 and ¢’(0) = X. In every case the smooth curve
will be ¢(t) = e’X. In view of parts (d) and (e) of Proposition 1.5, this curve
is smooth, has ¢(0) = 1, and has ¢’(0) = X. Thus we will be done if, for
each of the five Lie algebras, each point ¢(¢) on the curve satisfies the defining
conditions of the appropriate one of the five kinds of linear groups.

First consider SO(n) and so(n). If X has X + X’ = 0, then x = X satisfies

xxt — (eX)(eX)t — (eX)(eXT) _ eX+Xt _ eo -1

by parts (c), (a), and (d) of Proposition 1.5. Since X has trace 0, Proposition
1.5f shows that x has determinant 1.

The arguments for U(n) and u(n), as well as for SU(n) and su(n), are
completely similar except that (- )* replaces ( - )’.

The conclusions for SL(n,R) and sl(n,R), as well as for SL(n,C) and
sl(n, C), follow from Proposition 1.5f. m|

The above arguments used that for any square matrix X, c(¢) = ¢/X is a
smooth curve whose value at = 0 is 1 and whose derivative at ¢t = 0 is X.
We checked manually that in each case, if X is in the linear Lie algebra g of
the linear group G, then the smooth curve ¢ — ¢’ lies in G. Remarkably this
conclusion remains valid for all linear groups, but its proof lies deeper in the
general case. In the next section we shall prove this conclusion for all linear
groups that are topologically closed.

6. Closed linear groups

According to (1.11) in Section 4, the linear Lie algebra g of a closed linear
group G consists of the set of matrices X = ¢’(0) for smooth curves ¢(¢) in G
that pass through 1 at7 = 0. As with the examples in Sections 4-5, it will turn
out that there is a “best” such curve, namely 7 — ¢’X, which we are allowing
ourselves to write also as ¢ > exptX. Proposition 1.5 shows that ¢ - e/ is
a smooth curve with the correct derivative at t = 0, but we need to see that
e'X lies in G for all real . We saw that this was so for the five classes of
examples in listed in (1.6), and we establish it for all closed linear groups in
Proposition 1.9 below. In Section 7 we shall review the definition of smooth
manifold," and then we shall see that any closed linear group has a smooth
manifold structure consistent with the relative topology of the group so that
the closed linear group becomes a Lie group.

UFor a more detailed treatment than in Section 7, see Appendix B.
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To fix the ideas, we shall work with a closed linear group that is a subgroup
of GL(n,C). With really minor modifications the proofs work also for any
closed linear group that is a subgroup of GL(n,R). The key tool is the Inverse
Function Theorem from multivariable calculus; we need its statement but
never its proof.

Lemma 1.6. There exist an open cube U about 0 in gl(n, C) and an open
neighborhood V of 1 in GL(n, C) such that the exponential mapping X > e*X
is smooth and one-one onto from U onto V, with a smooth inverse.

REMARK. A similar conclusion is valid for gl(n,R) and GL(n,R). The
only change in the proof below is that the basis of gl(n, R) has n> members
rather than 2n°.

Proor. Proposition 1.4 says that exp is smooth. By the Inverse Function
Theorem, it is enough to prove that the derivative matrix at X = 0 of X —
exp X is nonsingular. Let {E;} be the standard 2n%-member basis over R of
gl(n,C), and let x; be the corresponding coordinate or coordinate function.
Then

A(x;(X — X))

d E
0x; =i j)|t:O

dt
- Xi(EjetEj)L:o since x;( - ) is R linear
=x;(E))
=5y

Thus the derivative matrix is the identity matrix, and the lemma follows. O

X=0

Though we do not need it just yet, let us point out right now a variant of
Lemma 1.6 that we shall need starting in the next section.

Lemma 1.7. Let a and b be real subspaces of gl(n, C) with gl(n,C) =
a ®b. Then there exist open balls U; about 0 in a and U; about 0 in b, as well
as an open neighborhood V of 1 in GL(n, C), such that

(a,b) — expaexpb
is a diffeomorphism of U; X U, onto V.
RemaRrk. Other variants of Lemma 1.6 are valid and have similar proofs.
For example, if gl(n, C) is the direct sum of three subspaces aj, a», and as,
then there exists open balls Uy, U, U3 about 0 in each of the subspaces, as

well as an open neighborhood V of 1 in GL(n,C) such that (aj, as,as) —
exp a exp a exp as is a diffeomorphism of Uy X U X U3 onto V.
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Proor. Let Xi,...,X, and Yy,...,Y, be bases of a and b, and consider
the map

(Uly .. Uy, Ve V) > EXP {(epouiXi)(epoijj)} (1.17)

defined in an open neighborhood of 0, with the result written out as a
linear combination of Xi,...,X,,Y],...Y with coefficients depending on
Uly...,Ur,V1],...,Vs. We shall apply the Inverse Function Theorem to see
that this map is locally invertible. Since exp is invertible in a neighborhood
of 0 by Lemma 1.6, the present lemma will follow.

Thus we are to compute the derivative matrix at 0 of (1.17). In computing
each of the required partial derivatives, we can set all variables but one
equal to O before differentiating, and then we see that the expression to be
differentiated reduces to a polynomial of degree 1. The derivative matrix is
thus seen to be the identity matrix, the Inverse Function Theorem applies, and
the proof is complete. O

Lemma 1.8. If ¢(¢) is a smooth curve in GL(n,C) with ¢(0) = 1 and

¢’(0) = X, then
1\ k
li (_) _ X
k—lglooc k ¢
for all ¢ in the domain of c.

RemMark. This lemma has a familiar prototype in real-variable theory:
We identify the additive reals with a closed linear group of 1-by-1 matrices
by r — (e'). One curve in this group is c¢(r) = (1 + 1), and we have
c(t/k)* = (1 +t/k)k, which is well known to converge to (e’).

Proor. Choose U and V as in Lemma 1.6, and choose 6 > 0 so that c(7)
isin V for all # with |¢| < 26. Using Lemma 1.6, we can form a smooth curve

Z(t) =exp le(r) for|t] < 26.
This curve has Z(0) = 0, and the Chain Rule gives
Z'(0) = (exp’(0)) "¢’ (0) = X.
Thus Taylor’s formula gives
Z(t) =tX + 0(?),

where O(#?) is a term that is bounded for |f| < 6 and remains bounded near
t = 0 when divided by r2. Replacing ¢ by ¢/k and regarding ¢ as fixed gives

ty ot 2\t 1
Z(—) = —X+0(—) = —X+0(—)
k k k2 k k?
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and thus
kz(é) = tX+O(%) for any |t| < 6.
Therefore
1)} = (w2l =oor(z) ool ).

Letting k£ tend to infinity and using the continuity of exp, we obtain the
conclusion of the lemma for |¢| < §.

For other values of ¢ in the domain of ¢, let us modify the above argument.
First we choose and fix a positive integer N with |f/N| < §. The above
estimates apply to t/N. Instead of replacing ¢ by t/k, we replace /N by
t/(Nk+1)with0 <[ < N — 1. Again regarding ¢ as fixed, we obtain

l‘2

1
Z(th+z) B th+l +0((Nk+1)2) - th+z X+0(P)

t 1
and thus Z( ): X (_)
(Nk +1) YT, tX+0 p

Therefore

)™ (ol

Nk +1 Nk +1
t
= exp (VK + )2 ))
exp (Vk + D2 (57—
1
= tX + O(—))
xp ( k
for 0 <[ < N —1. Letting k tend to infinity, we obtain the conclusion of the
lemma for this value of 7. O

Proposition 1.9. If G is a closed linear group and X is in its linear Lie
algebra g, then exp X is in G. Consequently its linear Lie algebra is given by

g={X e€gl(n,C) | exptX isin G for all real ¢}.

Proor. The containment 2 is immediate from Proposition 1.5, parts (d)
and (e). For the containment C, let X be in g, and let ¢(¢) be a smooth curve
in G with ¢(0) = 1 and ¢’(0) = X. Then ¢(¢/n)" is in G for n > 1, and since
G is closed, so is the limit on 7 if the limit exists and is nonsingular. Lemma
1.8 says that the limit indeed exists for all ¢ in the domain of ¢ and is equal to
exptX. Thus exptX is in G for |¢| small, and it follows by raising to powers
and using Proposition 1.5a that exp#X is in G for all real ¢. |
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Actually exp maps g onto a neighborhood of 1 in a closed linear group
G, and this fact indicates a strong connection between g and G. To get at this
fact, however, requires making more serious use of the definitions concerning
smooth manifolds and smooth mappings.

7. Closed linear groups as Lie groups

The main result of this section is that any closed linear group G can be made
into a smooth manifold in a canonical way such that G becomes a Lie group.
The terms “smooth manifold” and “Lie group” have already been used in
Section 1. They have a variety of meanings in books and papers, and we
begin by giving their definitions as we shall understand them in this book.

The terms “smooth” and “C® ” will be used interchangeably throughout.
For us the underlying topological space of a smooth manifold may be assumed
to be a metric space, not necessarily connected.? The connected component
of the group identity will need to be open and separable, and the remaining
components topologically will be translates of the identity component. A
metric will usually not be specified, but a topological space can be recognized
as admitting the structure of a separable metric space if it is separable, regular,
and Hausdorff.3

Let M be such a topological space. We shall want M to have a well defined
dimension, and the possible disconnectedness means that we have to specify
the dimension in advance. Let the specified dimension be d. The manifold
structure consists of a system of charts (U, ¢) with U an open subset of M
and ¢ a homeomorphism of U onto an open subset ¢(U) of R?. These charts
are to have the following two properties:

(a) each pair of charts (Uy, ¢1) and (U,, ¢2) is smoothly compatible in
the sense that ¢; o 901_1 from the open set ¢ (U; N U,) of RY to the
open set ¢, (U; NU,) of R is smooth and has a smooth inverse, and

(b) the system of compatible charts (U, ¢) is a C* atlas in the sense
that the sets U together cover M.

The topological space M, together with the C™ atlas as above, is said to be
a smooth manifold of dimension d. We can then speak of smooth functions
f : E — Ron an open subset E of M as functions that are C* when referred
back to functions on open subsets of R?. There is a small technical point here:

2There exist connected smooth manifolds that are not separable, but such manifolds never
admit the structure of a topological group.
3This result is called the Urysohn Metrization Theorem.
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A different C* atlas that leads to the same smooth functions on open sets is
to yield the same smooth manifold. To handle this matter, one can observe
that the set of all charts smoothly compatible with a particular C* atlas is a
maximal C* atlas. Two C* atlases lead to the same smooth functions exactly
if their corresponding maximal atlases are the same. So, technically, M is a
smooth manifold when it is endowed with a maximal C* atlas.

The existence of an atlas implies that every point has an open neigh-
borhood that is topologically connected. Briefly we say that the topological
space is locally connected. In any locally connected space every connected
component is open. In particular the connected components are open in any
smooth manifold.

Now we return to the definition of “Lie group” as the term is to be
understood in this book. A Lie group G is a topological group with the
additional structure of a smooth manifold compatible with the given topology
in such a way that multiplication and inversion are smooth. Here multiplication
is a mapping from G X G into G, and we understand G X G to be a smooth
manifold whose charts are products of charts in the factors.

The term analytic group is used for a connected Lie group. In a Lie
group G, the identity component G, which is necessarily open because G
is locally connected, is an open closed normal subgroup and is an analytic
group.

Here is the main result of this section. We continue to work with a closed
linear group that is a subgroup of GL(n, C). With really minor modifications
the proofs work also for any closed linear group arising as a subgroup of
GL(n,R).

Theorem 1.10 (von Neumann). If G is a closed linear group, then G
with its relative topology becomes a Lie group in a unique way such that

(a) the restrictions from GL(n,C) to G of the real and imaginary parts
of each entry function are smooth and

(b) whenever ® : M — GL(n,C) is a smooth function on a smooth
manifold M such that ®(M) C G, then ® : M — G is smooth.

Moreover, the dimension of the linear Lie algebra g equals the dimension of
the manifold G. In addition, there exist open neighborhoods U of 0 in g and
V of 1 in G such that exp: U — V is a homeomorphism onto and such that
(V,exp~!) is a compatible chart.

REMARKS.
(1) The theorem is equally true if the general linear group over C is
replaced in the statement with a general linear group over R.
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(2) Part (b) shows why it was enough in Section 1 for our definition of
smooth curve to assume smoothness into the total underlying matrix space.

Proor of UNIQUENESS IN THEOREM 1.10. Suppose that G and G’ are
two versions of G as a smooth manifold. Let j: G — G’ be the function
that identifies G and G’ as groups. The inclusion ¢: G — GL(n,C) is
smooth because smoothness of this map is detected by smoothness of each
real or imaginary part of an entry function, which is known from (a). By (b),
t: G — G’ is smooth. By the same argument, :! : G’ — G is smooth. O

ProoFr of Ex1sTENCE IN THEOREM 1.10. Choose a real vector subspace
s of gl(n,C) such that gl(n,C) = g @ s, and apply Lemma 1.7 to this
decomposition, obtaining balls U; and U, about 0 in g and s and an open
neighborhood V of 1 in GL(n,C) such that (X,Y) — expXexpY is a
diffeomorphism from U; x U, onto V. Let 2¢ be the radius of U,. For
each integer k > 1, form the set (k + 1)~'U,. The claim is that for large k,
exp X expY cannot be in G if X isin U; and Y is in (k +1)"'U, unless Y = 0.

Assume the contrary. Then for every k > 1 we can find X in U; and Y}
in (k + 1)~'U, with Y}, # 0 and with exp X; exp Y in G. By Proposition 1.9,
exp Xi is in G. Thus exp Yy is in G for all k. Since Y # 0, we can choose
an integer nx > 0 such that €/2 < ng|Yx| < 2e. Passing to a subsequence if
necessary, we may assume that n; Yy converges, say to Y. Then Y is in s and
Y # 0. Since expniYx = (expYx)™* isin G and G is closed, expY is in G.

Let us show that exp SY isin G for all integers p and g with g > 0. Write
ngp = mrq +r with 0 < rp < g — 1. Then %"Yk — 0 since Y — 0. Also
%Yk — §Y, so that

(exp kak)(eXp r—kYk) = exp MY;( — exp BY.
q q q

Since exp %Yk — 1, limg expm Yy exists and equals exp §Y. However,
expmpYr = (expYx)"™* is in G and G is closed, and thus exp §Y isin G.

In other words, exp tY is in G for all rational ¢. Since G is closed and exp
is continuous, exp tY is in G for all real ¢. By Proposition 1.9, Y is in g. Thus
Y is a nonzero member of g N s, and this fact contradicts the directness of the
sum g ® s. We conclude that for large k, exp X expY cannot be in G if X is
in Uy and Y isin (k + 1)~'U, unless Y = 0.

Changing notation, we have found open balls U; and U, about 0 in g and
s and an open neighborhood V of 1 in GL(n, C) such that the function e with
e(X,Y) =exp XexpY carries U; X U, diffeomorphically onto V and e(X,Y)
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isin G only if Y = 0. In view of Proposition 1.9, V N G is an open set in G
such that exp is a homeomorphism from U; onto V N G.

Let Ly: G — G be left translation by g € G, given by Lg(x) = gx, and
then take (Lg(V N G),exp~! o L) as a chart about the element g of G. The
image of this chart in Euclidean space is exp™! (VN G) = U; C g, and we
are identifying Uy with the subset U; X {1} of Uy X U, € g @ s = gl(n, C).
These charts cover G. Let us show that they are smoothly compatible. Take
two of the charts (Lg(V N G), explo L;l) and (L,(VNG), explo Lgl)
that overlap, and let

W=L,(VNG)NL,(VNG) and W¥=Lg(V)NLy(V).
Let U and U’ be the images of W in the real vector space g,
U=exp! oLgﬁl(W) and U’ =exp oL, (W),
and let U* and U’* be the images of W# in the real vector space gl(n, C),
Uf=e'o L' (W") and U*=e'o L' (WH).

The sets U and U’ are open subsets of U; C g, and the sets U* and U’* are
open subsets of U; X U, C gl(n,C). We are to check that

(exp™' oL, o (exptoLH)™! (1.18)

is smooth as a map of U onto U’, i.e., as a map of U x {1} onto U’ x {1}.
Since U € U*, the map (1.18) is the restriction to an open subset of a lower-
dimensional Euclidean space of the map (1.18) from U* onto U’*, and the
latter map is known to be smooth. Thus the map of U onto U’ is smooth, and
we conclude that G is a smooth manifold.

The same reasoning shows that multiplication and inversion are smooth.
For example, near the identity, what needs checking in order to see that
multiplication is smooth is that, for a small open neighborhood U about 0
in g,

(X,X') e Ux U — exp (exp XexpX’)
is smooth into g. But this map is a restriction of the same map on a suitable
U* x U*, where we know it to be smooth.

Finally let us check (a) and (b). For (a), near 1 in GL(n,C), we are
writing coordinates in terms of exp XexpY with X € gand Y € s, and
smoothness near 1 of a numerical-valued function means smoothness as a
function of the pair (X, Y). Smoothness near 1 of a function on G is measured
by smoothness as a function of X alone, and this holds because the restriction
to a vector subspace of a smooth function on Euclidean space is smooth. For
(b) we check smoothness of @ by following ® with coordinate functions and
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checking smoothness of the composition. With coordinates again built from
(X,Y) — exp XexpY, we see that smoothness of @ into G is controlled by
the coordinates X alone, and (b) follows.

Since G as a manifold has open subsets of g as charts, we have dimG =
dim g. Thus the theorem is completely proved. O

Corollary 1.11. If G isaclosedlinear groupand f: G — M is afunction
into a smooth manifold that is the restriction of a smooth map F: U — M,
where U is open in some GL(n,R) or GL(n,C) and where G C U, then
F: G — M is smooth.

Proor. We can write f = F o, where ¢ is the inclusion of G into
GL(n,R) or GL(n,C). Then ¢ is smooth by Theorem 1.10a, and hence f is a
composition of smooth maps. m|

Corollary 1.12. If G is a closed linear group and g is its linear Lie
algebra, then exp g generates the identity component G.

Proor. Proposition 1.9 shows that exp g is contained in G. By continuity,
exp g is a connected subset of G. Thus expg C Go. The final statement
of Theorem 1.10 implies that exp g contains a neighborhood of 1 in Gy.
Since the smallest subgroup of G containing a nonempty open neighborhood
of 1 in G is all of Gy, the result follows. |

Corollary 1.13. If G and G’ are closed linear groups with the same
linear Lie algebra as sets of matrices, then the identity components of G and
G’ coincide.

Proor. Apply Corollary 1.12. m|

8. Summary

A Lie group is a separable topological group with the additional structure of
a smooth manifold consistent with the topology such that multiplication and
inversion are smooth. An analytic group is a connected Lie group. Only
a few examples of Lie groups are readily at hand, and of those examples,
the richest are the general linear groups GL(n,R) and GL(n, C). This chapter
concentrates on linear groups, which are arbitrary subgroups of such a general
linear group.

The first objective is to associate a “linear Lie algebra” to each linear Lie
group to reflect the behavior of the group near the group identity. For linear
groups that are closed subgroups of their underlying general linear groups, the
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theory is rather tidy and appears in Chapter I. One makes use of all smooth
curves of matrices extending within G and passing through the identity at
t = 0. The set of derivatives of such curves at ¢ = 0 is a subset of matrices
that forms a real vector subspace g. The space g is closed under the Lie
bracket operation [X,Y] = XY — YX and is called the linear Lie algebra of
G. From the fact that G is topologically closed, it is not too hard to see that
the exponential map for matrices carries g into G. This fact allows one to
introduce the structure of a smooth manifold on G that is compatible with the
topology and makes G into a Lie group.

The upshot of all this development is that one can associate to each closed
linear group a linear Lie algebra by differentiation at t = 0 of curves through
the identity and that the exponential map for matrices carries the Lie algebra
back into the group.

9. Problems

1. Using Jordan form, prove that exp carries gl(n, C) onto GL(n, C).

2. (a) Show for all real square matrices X that exp X commutes with X.

(b) Show that ( 73 7?) is not of the form exp X for any 2-by-2 real matrix X.

(c) Show nevertheless that ( _(2) _(1)) is of the form exp X exp Y for a certain pair

of 2-by-2 real matrices X and Y.
(d) Show that there is a smooth curve of nonsingular 2-by-2 real matrices from

(o7) w0 (51)

3. Identify the linear Lie algebra of

ool 2

4. With || - || defined as in (1.16), prove that every square matrix A has ||e|| < ellAll.

a>0,zeC}.

5. Consider the set of nonzero rational numbers as a linear group G of 1-by-1 real
matrices. What is the linear Lie algebra of G?

6. Let G; and G, be separable topological groups whose topologies are locally
compact, and let 7 : G; — G» be a continuous one-one homomorphism onto.
Taking for granted that the Baire Category Theorem is valid for locally compact
Hausdorft spaces, prove that 7 is a homeomorphism. Give an example to show
that this conclusion can fail if G| and G, are not assumed to be separable.
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Problems 7-9 list some closed linear Lie groups. For each one, (a) prove that the
group is connected (and is therefore a linear analytic group), (b) find the corresponding
linear Lie algebra, and (c) give its dimension.
lxz
7. (Heisenberg group) The group of all real matrices (0 1 ;)
001
8. (Affine group of the line) The group of all affine transformations of the line of
the form x — ax + b with a > 0 and b € R. In matrix form this group is given
by all real matrices (¢ ¥) with a > 0.

9. (Upper triangular group) The group of all real n by n matrices with positive
entries on the diagonal and Os below the diagonal.

Problems 10-13 introduce the algebra H of quaternions over R. The space in
question is a vector space of dimension 4 over R with a basis 1,7, j, kK and with an R
bilinear multiplication in which 1 is a two-sided identity and in which the rules for
multiplying other basis vectors are

il=jr=k>=-1,ij=k, jk=i, ki=j, ji=—k, kj =—i, and ik = —j.

10. Another algebra of dimension 4 over R is the space m; (R) of all two-by-two real
matrices, with matrix multiplication as operation. Prove that the linear extension
of the map of H into m,(R) given by

P ) R | (0N (01
o 1> "*Tlo -1)0 721 of 1 0

respects multiplication, and conclude that the algebra H is associative.
11. An R linear operation of conjugation of H into itself is given by
a+bi+cj+dk=a-bi—-cj—dk,

Show for x in H that x& = Xx = |x|? is the square of the usual Euclidean norm on
R*, and conclude that every nonzero member of H has a two-sided multiplicative
inverse. Thus H is a division algebra. Why does it follow that |xy| = |x||y| for
all x and y in H?

12. The real part of a quaternion is given by Re(a + bi + cj + dk) = a. Despite the
noncommutativity of H, show that
(a) the real part satisfies

Rexy =Re yx for all x and y in H,
(b) the operations of conjugation and real part on H commute with one another,

and
(c) the operations of conjugation and real part satisfy

Rexy = Re yx. for all x and y in H.
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13. Show how to conclude that the unit sphere S* in H is a compact connected Lie
group of dimension 3 under the multiplication operation in H.

Problems 14-16 establish the polar decomposition of a matrix in GL(n, C), saying
that GL(n,C) = U(n) exp p is the sense that each member of GL(n, C) is uniquely
the product of a unitary matrix by a positive definite Hermitian matrix that is the
exponential of a Hermitian matrix. This set of problems claims only that the mapping
in question is smooth, is one-one onto, and has a continuous inverse. An argument
that the continuous inverse is smooth lies deeper and is not made at this time.

14. Start with any member g of GL(n,C), form g = gg*, and show that g has a
unique positive definite square root p. Show how to write p = exp X for a
unique Hermitian matrix X.

15. With g and g as in the previous problem, put k = p~'g. Show that k is unitary.

16. Let p be the vector space of Hermitian matrices. Deduce from the previous two
problems that the continuous mapping (k, X) — kexp X of U(n) X p into G is
one-one and onto.

Problems 17-20 give a technique for reducing certain questions about GL(n,R) to
questions about O(n). The technique uses the Gram—-Schmidt orthogonalization
process, which takes any vector-space basis of R” as input and yields a suitable
orthonormal basis of R” as output. Specifically the process is uniquely defined by
the requirements that it takes any ordered basis (x,...,x,) of R" and produces an
ordered basis (y1,...,y,) of R" satisfying the equalities |x;| = 1 and

span(xi,...,x;) = span(yi,...,y;)

forevery jwith1 < j <n.
17. Write an explicit formula for x; in terms of yi,...,y;.

18. Fix g in GL(n,R), and apply the Gram—Schmidt orthogonalization process to
the basis (geq,...,ge,) of R, where (ey, ..., e,) is the standard ordered basis
of R". Let k be the n-by-n matrix defined by k~'y; = e;. Prove that k=g is
upper triangular with positive entries on the diagonal.

19. Let S be the subgroup of all matrices in GL(n,R) that are upper triangular and
have positive diagonal entries. How does it follow that GL(n,R) = O(n)S?
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20. (Iwasawa decomposition) Prove that the multiplication map O(n) X § —
GL(n,R) is a homeomorphism onto. (Educational note: It will be observed
in Chapter IV that SO(n) is connected, and it follows from this problem that
GL(n,R) has two components, one consisting of those matrices of positive
determinant and the other consisting of those matrices of negative determinant.)

Problems 21-23 concern a class of examples of Lie groups that can be defined as

Z) over R with real entries, and

letG =G (a b) be the semidirect product Lie group R x, R? with 7() equal to the
cd

linear map on the space of column vectors R? given for ¢ € R by left multiplication

by exptM. A concrete formula for the multiplication rule in G is

(t1, X1) (12, X2) = (t1 + o, exp(—12 M) X + X5)

for #; and 1, in R and X; and X in R2.
21. Let G’ be the linear group

semidirect products. Fix a 2-by-2 matrix M = (i

X
exptM (y)
(0 0) 1

G =

of all matrices of the indicated shape contained in GL(3,R). Define a smooth
map @ from G into G’ by the formula

® (t, (x)) _[exptM  (exptM) (i)
Y (0 0) 1

Verify that ®: G — G’ is a homomorphism of groups.
22. Calculate the linear Lie algebra of G'.

23. Show directly that ®: G — G’ is smooth, one-one, and onto.

Problems 24-25 expand beyond GL(n,R) and GL(n, C) the list of examples of closed
linear groups defined by polynomial equations that was provided in Section 4. The
notation x’ refers to the transpose of a real or complex square matrix x, and the
notation x* refers to the conjugate transpose of the complex square matrix x. Further
examples of closed linear groups may be found in Chapter I of Lie Groups Beyond
an Introduction. The matrix I, , is a diagonal matrix of size m + n by m + n with
the first m diagonal entries equal to 1 and the last n diagonal entries equal to —1.
The matrix J, , is a matrix of size 2n by 2n that in blocks of size n by n is of the

form ( 7(1) (l)) with —1 and 1 indicating minus the identity matrix and plus the identity

matrix, respectively.
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24. Verify that each of the following sets is a closed linear group. Some of the sets
were already listed and checked in the text for this chapter:

Compact groups
O(n) ={x € GL(n,R) | xx" =1}
SO(n) = {x € GL(n,R) | xx’ = 1 and detx = 1}
U(n) ={x € GL(n,C) | xx* =1}
SU(n) = {x € GL(n,C) | xx* = 1 and detx = 1}.
Complex groups (with Lie algebras defined over C)
SL(n,C) ={g € GL(n,C) | detg =1}
S§O(n,C) = {g € SL(n,C) | g'g = 1}
Sp(n,C) = {g € SL(2n,C) | §"Ju,ng = Jun}-
Other noncompact groups
SL(n,R) ={g € GL(n,R) | detg =1}
SO(m,n) ={g e SLim+n,R) | g lng =Ln.n}
O(m,n) ={g € GLm+n,R) | g"Imng = Imn}
SU(m,n)={g € SL(m+n,C) | g Lung =Imn}
Sp(n,R) ={g € SL2n,R) | g'Ju,ng = Jn,n}-

25. Verify that the following are linear Lie algebras and that they are the linear Lie
algebras of the respective linear Lie groups in Problem 24:

o(n) ={X egl(n,R) | X+ X' =0}
so(n)={Xegl(nR)|X+X =0and TrX =0}
u(n) ={X egl(n,C) | X+ X" =0}
su(n) ={X € gl(n,C) | X+ X*=0and TrX =0}
sl(n,C) ={X € gl(n,C) | Tr X =0}
s0(n,C) ={X €sl(n,C) | X'+ X =0}
sp(n,C) = {X € s1(2n,C) | X' Jyp +Jn.nX =0}
sl(n,R) = {X € gl(n,R) | Tr X =0}
so(m,n) ={X e sl(m+n,R) | X" Lyn+ [n,X =0}
su(m,n) ={X € sl(m +n,C) | X" Ly pn + [;n.nX =0}
sp(n,R) = {X € s1(2n,R) | X'Jyy.n + XJp.n = 0}.



CHAPTER 1I

Arbitrary Linear Groups

Abstract. Chapter II develops a general theory of linear groups as Lie groups,
beginning with the deep result Theorem 2.1 that associates a linear Lie algebra to an
arbitrary subgroup of real or complex matrices.

Sections 1-3 examine arbitrary linear groups, attempting to extend to this case
as much as possible of the theory of Chapter I. The first and most difficult step, which
is carried out in Section 1, is to show for an arbitrary linear group G that if X is in
its linear Lie algebra, then exp¢X is in G for all real #. In Section 2 one introduces
the “natural topology” on G. This is finer than the relative topology and is shown in
Section 3 to be distinct from it unless G is a closed subgroup. The natural topology
is generated by “basic open neighborhoods” defined in terms of the exponential map.

In Section 3 it is shown that when G is given its natural topology, the combined
structure of the group and the topology makes G into a topological group. Moreover
the identity component Gy is separable. Unless G is a closed subgroup, only the
identity component G will be of any interest. One makes G into an analytic
group, which is called the “linear analytic group” associated with G. It is an analytic
subgroup of the full general linear group of matrices in which the given linear group
Sits.

Section 4 treats homomorphisms of linear analytic groups, associating to any
smooth homomorphism of linear analytic groups a homomorphism of their respective
linear Lie algebras.

1. Lie algebra of an arbitrary linear group

Strikingly, much of the theory for closed linear groups as given in Sections 6—7
of Chapter I goes over for arbitrary linear groups, but this fact lies much deeper
than the presentation in those sections. As we shall see in this section and
the next, an arbitrary linear group has a natural topology and its connected
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component of the identity element canonically admits the structure of an
analytic group. Analytic groups that arise in this way will be called “linear
analytic groups.” The linear Lie algebra of the linear analytic group will be
the same as the linear Lie algebra of the given linear group. We must, however,
abandon any expectation that

(1) the natural topology of a linear group is the same as the relative
topology acquired from the underlying general linear group, or that

(ii) the manifold structure of the linear analytic group can be obtained
from the manifold structure of the underlying general linear group.

For an arbitrary linear group G, closed or not, we have defined the linear
Lie algebra of G in (1.11) as

¢ :R — G is a curve with
g =1 ¢’(0) | ¢(0) =1 that is smooth as
a function into matrices

Here G is a subgroup of some underlying general linear group, either some
GL(n,R) or some GL(n,C), and we shall be writing M in either case for
this general linear group. The corresponding underlying full matrix space of
n-by-n matrices with entries in R or C will be called m; under the definition
(1.11), m is the linear Lie algebra of M. In any event the matrices ¢’(0) are
members of m.

The remarkable fact is that three results about closed linear groups extend
to be valid for all linear groups G, closed or not, namely

(a) if X is in the linear Lie algebra g of G, then exp¢X is in G for all
teR,

(b) the linear Lie algebra g of G consists exactly of those X in the
underlying full matrix space m such that exp#X is in G for all real ¢,
and

(c) in any sufficiently small neighborhood of 1 in the underlying general
linear group M, every element of G that can be connected to 1 by a
smooth curve that stays in G and in that neighborhood is of the form
exp X for some X in the linear Lie algebra g.

We shall prove these results in this section.

ExampLE. Consider a line on the torus 72 with irrational slope. In terms
of the torus as R?/Z?, the subgroup of interest is the line t — (at, 8t), with
a # 0 and B/« irrational. We can cast the situation in terms of linear groups
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by regarding 77 as the subgroup of GL(2, C) of all matrices

et? 0
0 el
Here 77 is a closed linear group in GL(2, C), and its linear Lie algebra consists
of all matrices

0

This linear Lie algebra is abelian in the sense that all Lie brackets are 0. In
terms of matrices the subgroup G of interest becomes the line given by

eiat 0
r— ( 0 eiﬁt) .

According to (b), its linear Lie algebra consists of all matrices

iat 0
0 ipt

(’x l.(;) withx e Rand y € R. @2.1)

) with 7 € R. (2.2)

Conclusions (a) and (b) mentioned above are not difficult in this example, but
(c) needs examination. If we imagine 7 again as the points of the unit square
in R? with opposite sides identified, then G consists of a dense set of line
segments with slope 8/, one of the lines being the line through the origin.
The identity element of G corresponds to the point (0, 0) in the unit square. If
we view a disk of radius 1/2 about (0,0), then the only elements of G that can
be connected to the identity by a path that stays in G and in that neighborhood
are the points on the line segment that passes through (0, 0) with slope 8/a.
The elements of G on the other parallel line segments are not involved.

Theorem 2.1. Let G be any linear group, let g be its linear Lie algebra
as defined in (1.11), let M be the underlying general linear group, either some
GL(n,R) or some GL(n,C), and let m be the linear Lie algebra of M, either
My, (R) or my, (C) in the two cases. Then exprX is in G for every X in g
and ¢ in R, and g consists exactly of those X in m such that exp X is in G for
all real 7.

Remark. Regardless of whether the underlying general linear group M
is GL(n,R) or GL(n,C), we regard m as a vector space over R.

Proor. We begin by constructing a certain function # from g into G. This
function will be noncanonical but, once constructed, will be fixed throughout
the proof. Fix an ordered basis (X1, ..., Xx) of g over R. For each j with
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1 < j <k, lett— cj(tr) be a smooth curve in G with ¢;(0) = 1 and
c;.(O) = Xj,and defineu: g - G € M by

u(ti Xy +0Xo + -+ 11 Xy) = ci(t)ea(t2) - - - cr(te).

Choose a vector subspace s of m such that m = g @ s, and define a
functionv: s - M by v(Y) =expY for Y € s. The function that will interest
us is w: m — M given by w(X,Y) = u(X)v(Y). This has w(0,0) = 1,
w(X,0) = u(X), and w(0,Y) = v(¥Y) = expY. We can compute its Jacobian
matrix at (0, 0). The vector partial derivative of u with respect to #; when all
trareOforl1 <€ < kis

_dei(n) - er(tr)

all £,=0 0t;

ou

ou _ aCj(tj)
alj B

all ;=0 0t;

=X;, (23)

lj=0

and thus the Jacobian matrix of w in block form when all ¢, are O is

S
*) g
1/ s

with the first k£ entries corresponding to g and the last n — k entries
corresponding to s. This matrix is nonsingular.

The Inverse Function Theorem applies and shows that there exist an open
neighborhood Ny of 0 in m and an open neighborhood Ny of 1 in M such
that w is a diffeomorphism of Ny onto N;. The remainder of the proof will
involve only the neighborhoods Ny of 0 in m and N; of 1 in M. If we write
W: N; — N for the inverse function of w: Ny — Ny, then every a € N has
W(a) = (U(a),V(a)), where U(a) and V(a) are the respective components
of W(a) in g and s. Here U and V are functions with

S =

D0w= (

U.Ni—>¢g and V:N; > s.
In particular, for a = w(X,Y), we have
(U(a),V(a)) =W(a) =W(w(X.,Y)) = (X,Y).
The upshot is the following:

Every a in N is of the form a = u(X)v(Y) for a unique

pair (X,Y) in Ny, namely X = U(a) and Y = V(a). (24)
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From this statement we read off the conclusion that if V(a) = 0, then Y = 0,
v(Y)=1,and a = u(X). But u(X) is in G. We summarize as follows:!

V(a) =0 forsomea € N; implies aisinG. 2.5)

Fix a = u(X)v(Y) in N;. Let Z be any element of g, and consider the
product a’ = u(X+tZ)v(Y) for real t small enough so that (X+¢Z,Y) is in Ny.
From (2.4) we have X +tZ = U(a’) and Y = V(a’) for some a’ € N;. From
above we have (U(a’),V(a")) = W(a') = Ww(X +tZ,Y)) = (X +tZ,Y).
Consequently

Viu(X +tZ)v(Y)) =7, (2.6)
both sides being equal to V(a’).

Differentiation of this identity with respect to ¢ at ¢+ = 0 and use of the

Chain Rule gives

(DaV)(% WX +12)| _, V(Y)) 0.

Here D,V is a linear mapping of m into s that depends on a, and the product
of it and the expression in large parentheses has to be 0. Since v(Y) = expY
is invertible and so is u(X), it is the same to say

(D.V) (% w(X +12)|,_, u(X)_l) - 0. .7

The function u was constructed to take values in G. Therefore the
expression % u(X +tZ)| -0 u(X)~! in large parentheses in (2.7) is the tangent
vector at ¢ = 0 to the smooth curve in G given by

tu(X+tZ)u(X)"",

Consequently it is in g.
In other words we have constructed a function A: g — g by the definition

d
A(Z) = Eu(X+tZ)|t:O u(X)"L (2.8)

This function A is a linear mapping of g into itself that depends on the initial
point a = u(X)v(Y) in N;. The dependence of A on a is continuous.

Let us see that A is the identity mapping on g if @ = 1. The point
a = 1 of Ny results from the choice (X,Y) = (0,0). Expanding X = 0
in terms of our noncanonical basis Xi,..., Xy of g shows that t; = --- =

In the case that the linear group G is closed within the set of invertible matrices, the
converse of (2.5) is valid for suitably small Ny and Ny, i.e., a in G implies that V(a) = 0.
This fact makes the proof of Theorem 1.10 succeed more quickly than the proof of the present
theorem. Unfortunately the converse of (2.4) fails for arbitrary G, and we have to proceed in a
more roundabout fashion here.
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tr = 0. Then u(0) = ¢1(0)c2(0)---cx(0) = 1. For the vector of partial
derivatives, (2.3) gives ((’3u/8tj)| = X;. For the individual partial
derivative (8u,~/c’)tj)|
l'th

all £,=0

_ . we want the i component of this, hence the
all 7,=0

component of X;, which is 6;;. The matrix of Dxu for X = 0 is thus
the identity matrix, and ((Dxu)(Z))u(X)~! reduces to Z. In other words
A(Z) = Z for every Z when a = 1, and A in this case is the identity mapping
of g into itself.

Being nonsingular at a = 1, the continuously varying A must be nonsin-
gular for all @ in some open neighborhood N of 1 that is contained in Ny, and
A(Z) takes on all values Z’ in g for such values of a. Substituting (2.8) into
(2.7), we see that

(DaV)(Z) =0

for all Z’ in g as long as a is in the subneighborhood N, of 1 in M. Since Z’
is arbitrary, we obtain

D,v=0 (2.9

for all nonsingular a in the subneighborhood of N, in M. By continuity, (2.9)
extends to be valid for all a in the subneighborhood N, of 1 in M.

For X € g, we now take a(t) = exp X with # small enough so that a() is
in N,. Multiplying (2.9) on the right by a’(¢), we obtain

d
= V(a() =0, (2.10)

from which we see that V(a(t)) is constant. The constantis V(a(0)) = V(1) =
0, and thus (2.5) says that a(¢) is in G as long as ¢ is small enough so that
a(t) is in N,. Since G is a group and (exp sX)” = exprsX for every positive
integer r, it follows that exp X is in G for all real ¢. O

Theorem 2.1 establishes results (a) and (b) mentioned at the beginning
of this section. It also allows us to use the special function u(X) = exp X in
the set-up of the proof of the theorem and to mine the consequences. A first
consequence is the following.

Corollary 2.2. Let G be alinear group that is a subgroup of an underlying
general linear group M, let m be the underlying full space of matrices regarded
as a real vector space, and let g be the linear Lie algebra of G. If a(z) is a
smooth curve in m with a(0) = 1 and with a’(¢) in the matrix product ga(?)
for ¢ in an interval about 0, then there exists a smooth curve X(r) in g defined
for ¢ in an interval about O such that a(¢) = exp X () for those values of 7.
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Proor. Taking the function u : ¢ — G to be u(X) = exp X, we go over
the proof of Theorem 2.1. This choice of u is permissible by an application
of Theorem 2.1. The definition of w becomes w(X,Y) = (exp X)(1 +Y),
the Inverse Function Theorem applies to w about 0 in m, and we obtain a
diffeomorphism w : N9 — N; from an open neighborhood of 0 in m onto an
open neighborhood Nj of 1 in M. For a = w(X,Y), we are led to functions
U: Ny - gandV: N, — ssuch that (U(a),V(a)) = (X,Y). Once again we
obtain (2.4) and (2.5).

We are given a smooth curve ¢ — a(¢) in G defined for ¢ near 0. Fix a
value of ¢ in the domain close enough to 0, and put b = a(r). We can write
b = (expX)v(Y) for some X € gand Y € s. Let Z be an element of g, and
form the product exp(X + tZ)v(Y) for real values of 7 close to 0. As in (2.6)
we find that

V(exp(X +tZ)v(Y)) =Y.
Imitating the argument after (2.6), we are led to consider the member
((DxexpX)(Z)(expX)~! of m, which is the tangent vector at s = 0 of
s > exp(X +sZ)(exp X)~! and is therefore in g. Arguing as in (2.8) through
(2.9), we obtain (D, V)(b) = 0. Restoring b = a(¢) and multiplying by a’(¢),

we see that p V(a(t)) = 0, from which we see that V(a(t)) is constant. At

t = 0, the constant is 0, and thus V(a(¢)) = O for all ¢ near 0. Consequently
a(t) = exp(U(a(t))), and the corollary follows with X (¢) = U(a(r)). O

Now we can address result (c) that was stated at the beginning of this
section.

Corollary 2.3. Let G be any linear group, let g be its linear Lie algebra,
let M be the underlying general linear group, and let m be the corresponding
full space of matrices regarded as a real vector space. In a sufficiently small
open neighborhood of 1 in M, every element a of G that can be connected to
the identity by a smooth curve that lies in G and stays in this neighborhood is
of the form a = exp X for some X in g.

Remark. The example of a line of irrational slope on the torus is
illuminating. The content of this corollary for that example was worked
out before the statement of Theorem 2.1.

Proor. Let p be a point of M near 1, and let a be a smooth curve from 1 to
p that lies in G and stays in the neighborhood of 1 produced in Corollary 2.2.
The smooth curve s — a(t + s)a(t)~" lies in G and for each ¢, has tangent
vector a’(t)a(t)~" in g by definition of linear Lie algebra. Thus a’(z) lies in
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ga(t) for each t. Then Corollary 2.2 shows that a(z) = exp X(¢) with X (¢)
in g. O

2. Natural topology on an arbitrary linear group

Let G be a linear group, let g be its linear Lie algebra, and let d be the
dimension of g. We shall introduce canonically a Hausdorff locally connected
topology on G and then the structure of a smooth manifold of dimension d
on G such that the connected component Go of G containing 1 becomes an
analytic group of dimension d. We call this topology the natural topology on
G or Gy. If G is a closed linear group, then the natural topology will coincide
with the relative topology. But if G is not closed, the two topologies will
necessarily be different. Here are some examples. A more dramatic example
appears at the end of Section 3.

ExampLE 1. If G is a line on the torus 72 with irrational slope (viewed as
a linear group in one of the ways suggested in Section 1.4), then the natural
topology turns out to be the usual topology on the line. The dimension is
1. As pointed out in connection with Corollary 1.2, the relative topology is
not locally compact and therefore differs from the usual topology on the real
line.

ExampLE 2. If G is the additive group of rational numbers, considered
as a subgroup of the real line (which is to be viewed as a linear group in
one of the ways suggested near the beginning of Section 1.4), then the linear
Lie algebra is 0 and the natural topology on G is the discrete topology. The
dimension is 0.

ExampLE 3. If G is an uncountable but proper subgroup of the additive
group of real numbers (which is again to be viewed as a linear group), then the
linear Lie algebra is still 0 and the natural topology on G is again the discrete
topology. Observe that G is not separable. However, the identity component
Gy of G is a one-element group and is a perfectly good analytic group.

For the given linear group G, let M be the underlying general linear group,
let m be the corresponding full space of matrices regarded as a real vector
space, let ¢ C m be the linear Lie algebra of G, and let || - || be the operator
norm in m as defined in (1.16). We come to the definition of the “natural
topology” on G. The definition is in terms of basic open neighborhoods.
According to Lemma 1.6, we can find open neighborhoods Ny of 0 in m and
Nj of 1in M such that exp: m — M is a diffeomorphism of Ny onto N;. Fix
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a number gy > 0 small enough so that every X in m with || X|| < &g lies in
Ny and therefore has exp X in N;. Without loss of generality, we may take &g
to satisfy e?%0 < 2. This number &y will occur repeatedly in the arguments
below.

If aisin G and X is in g, then a exp X is in G by Theorem 2.1, G being
a group. For a € G and & < gy, the basic open neighborhood N, . in G of
the element a of G is defined as the subset of G given by

Nge={aexpX | X e gand || X|| < &}.

We shall show that the basic open neighborhoods in G define a topology on
G, and this topology will be what we call the natural topology on G. We
require a lemma.

Lemma 2.4. For a linear group G, if a and b are elements of G such that
b lies in some basic open neighborhood N, . with & < %so, then there exists
a basic open neighborhood N, .- in G with & < g such that Np oo € Ny ¢.

Proor. Since the element b lies in N, ., we have b = a exp X for some
X € g with || X]|| < &. Thus a~'b = exp X. Suppose that some &’ < & has
been specified. If cisin Nj,_ o/, then b~'c = exp X’ with || X’|| < &’, and hence

ale=(a"'b)(b7'c) = (exp X) (exp X') (2.11)

with X and X’ in g and with || X|| < € and || X’|| < &’.
We shall make use of two facts connecting the exponential mapping and
the operator norm || - ||, namely

lleX|| < el (2.12)
lleX — 1] < [IX]e"X. (2.13)

Inequality (2.12) is proved by writing out the series expansion of eX, recogniz-

ing that the operator norm of eX is < the sum of the series of operator norms,

and reading off the result. Inequality (2.13) follows similarly by writing out

the series expansion of eX — 1, applying the operator norm to both sides, and

comparing the resulting series term by term with the series for || X ||e/X1.
From (2.11) we have

ale=(expX)(expX’) = (expX — I)(expX' - 1) +expX +exp X’ — 1
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and hence
la™'c = 11| < lexp X — 1{lllexp X" = 1| + [|exp X — 1]+ [lexp X' — 1]
< X117 1M 4+ e 117 X

’ ’
<eg'e®® +ege® + e’

<2eg’ +ef(e+ &),

the last inequality holding since &’ < & and ¢?*0 < 2. The right member of
the chain of inequalities has limsup . |, (€&’ + e®(e +&")) = e®&.
Now €% < ¢?0/2 < ¢2%0 < 2 and & < %50, and hence e®e < gg. Thus for
&’ sufficiently small,
gg' +ef(e+&') < g.

For any such &’, we see that N, .- C N, ¢, and the proof is complete. ]

Proposition 2.5. If G is a linear group, then the collection of all unions
of basic open neighborhoods is a topology on G. This topology is locally
compact Hausdorff and locally connected, and it makes G into a topological
group. Moreover this topology is at least as fine as the relative topology from
the underlying matrix space mt.

Remarks. The topology in the statement of the proposition is the natural
topology on G. It need not be separable, as we have already seen in Example 3
above. The connected component containing the identity 1 will, however, be
separable, as we shall see in Theorem 2.6, and it will yield an analytic group.
We shall make use of the positive number ¢ defined earlier in this section. It
has the properties that 2% < 2 and that every X in m with || X|| < &g lies in
Ny and therefore has exp X in Nj.

Proor. The collection of all unions of basic open neighborhoods N, . in
G such that € < %so is closed under finite intersections by virtue of Lemma
2.4, and it covers G. Therefore it is a topology on G. We shall show that
this topology, the natural topology on G, is Hausdorff, and we shall compare
compare it with the topology on mt.

On any basic open neighborhood Ny o with € < %30, where g is defined
earlier in this section just before “basic open neighborhood,” the Inverse
Function Theorem shows that N . has the same topology as the subset

{Xeg|lX] <&},

where g C m is the linear Lie algebra of G. It follows readily that for any point
a of G and any neighborhood U, w of a in m, there exists a neighborhood U, 4
inG witha € U, g and Uy g € Uy m. In other words the natural topology on
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N, ¢ is at least as fine as the relative topology from m. The latter topology is
Hausdorff, and therefore the natural topology on G is Hausdorft.

We see that N, . is behaving like the Euclidean space g topologically.
In particular it is locally compact and connected. Since N, . is open in the
natural topology on G, the natural topology on G is locally compact and
locally connected. o

3. Linear analytic group associated to a linear group

Now we concentrate on the connected component G of G containing the
group identity 1.

Theorem 2.6. If a linear group G with linear Lie algebra g is
given its natural topology, then G becomes a topological group, and the
connected component G of the identity becomes a separable locally compact
(Hausdorff) topological group. Each basic open neighborhood N, . with
a € Gand g < %so defines a chart (¢, ¢, N4, o) on G of dimension dim g,
and the collection of all such charts makes G into a smooth manifold of
dimension dim g in such a way that multiplication as a map of G X G into G

and inversion as a map of G into itself are smooth.

REMARKS.

(1) In the terminology that we introduced in Section 1.1, Gy becomes
an analytic group. We call it the linear analytic group associated with G.
Although the passage from a given linear group to its associated linear analytic
group may not be transparent (for example, the passage from a line on the
torus with irrational slope to the analytic group R is not transparent), it is
nevertheless canonical.

(2) If a linear group G is a closed subgroup of matrices, then it follows
from Theorem 1.10 that the natural topology on the identity component of G
coincides with the relative topology.

Proor. We begin by defining the charts (¢4, ¢, N4, -) for each a € G and
each positive & < %eo. Lemma 2.4 shows that the function
Ya,e: Nae = {X € g|IX]] <&}
given by
Ya,s(aexpX) =X
is a homeomorphism of N, . onto an open subset of the Euclidean space g
aslongasaisin G and & < %30, the number g( having been defined earlier.
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So (¢a.e, Na,e) is a chart on G of dimension dimg. The set of such charts
covers G. Later we shall show that these charts are smoothly compatible.

First we use these charts to see that multiplication and inversion are
continuous. In both cases continuity is a local question. For inversion
we consider a point x = aexp X and its inverse x~' = (exp(=X))a~' =
a~!(exp(-aXa~')), and we regard X as moving and a as fixed. The map
expX — X foraexpX € N, . is continuous since & < gp. It is followed in
succession by

X+ —XforX eg,

Y —aYa 'forY e g when a isin G,

Z —exp Z for Z € g, and

expZ > a 'expZ for Z € g when aisin G.

' is continuous.

which are all continuous. Hence the composition x +— x~
Thus inversion is continuous.

Next we consider two points x = aexp X and y = bexpY. Their product
is xy = a(exp X)b(expY) = (ab)(exp(b~'Xb))(expY). Here we regard X
and Y in g as moving but small, and a and b are fixed in G. We start with the
functionsexp X +— X andexpY — Y foraexpX € N, cand bexpY € Np, ..
These are continuous since £ < g9. Then we set up the ingredients for the

next step, namely

expX — X foraexpX € Ny ¢,
expY — Y forbexpY € Np -, and

X b 'XbforX e g when b isin G,
and we combine them by composing
(expZ,expY) > (Z,Y) > Z+Y — exp(Z+7)

and expW +— abexpW. All the steps involve continuous functions, and
hence the composition (x, y) — xy is continuous.

Thus G is a topological group, locally compact (and Hausdorff) by
Proposition 2.5. That proposition shows also that G is locally connected,
and hence the identity component G is an open connected subgroup.

To prove that G is separable, the first step is to prove that G is o-compact.
For this purpose write N (!) for the basic open neighborhood N, where ¢ is
fixed as some positive number less than %80. For each integer n > 2, define
inductively N "*1) to be the set of products of a member of N"") and a member
of N\U'. The set NV is closed under inverses, since || exp(=X)|| = || exp X|[,
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and it is open and connected. Its closure is compact. For each n, the set
N@*1) is the union over the members a of N , of the sets N™a. If we
assume inductively that N is open and connected and contains 1, then
we see that the same thing is true of N**1). Consequently N**!) is open
and connected. Taking the union on n, we see that the union of all these
connected open sets is an open connected subgroup of G and is necessarily
Go. Meanwhile, the closure of N**!) contains the set of products of the
closure of N and the closure of N, . since the product of two compact
subsets of a topological group is compact.2 Thus the closure of N is
compact for every n, and Gy is exhibited as being o-compact.

Let Gy = U,,_; Kn exhibit G as the union of countably many compact
sets. The charts cover G( and hence cover K, for each n. By compactness
finitely many charts cover each K,,, and hence G is covered by countably many
charts. Each chart has a countable base, and the union of these countable bases
is a countable base for Go. Thus Gy is separable.

All that is left is to prove that the charts that we have defined are smoothly
compatible and that multiplication and inversion are smooth.

First we address the compatibility of the charts. For ¢ < g, let B, =
{X em | | X]|| < &}. We are to consider ¢ ¢ © gp;}s as a mapping taking
the subset of the ball B, = B, N g on which ¢, is defined, carrying it to
the subset of the same ball B, in the image of ¢, .. That is, we consider
b © (p;’lg as a mapping from the open subset ¢, (Ng e N Np g) of g
onto the open subset ¢p (Ng e N Np,¢) of g. To understand ¢ ¢ © go;’lg
better, we put x = aexp X in the formula ¢, -(aexpX) = X. Then we
see that ¢, .(x) = (exp ! oL,")(x), where L, is the function G given by
L, (y) = ay. In other words, our chart about the element a of G is

((La © eXp)(Eg N g)’ eXp_l OL;I)’
and we have
Na,a = (La © CXp)(Bg N g)
and
@a.e = (Lgoexp)™! onB,Ng withimage N, .
The composition ¢p - © ¢, is thus given by
@b,e0 @yl = (Lpoexp)™' o (Lg oexp)

= exp_] OL;1 oL, oexp

2The set of products of the members of two compact sets is the continuous image in G
under the multiplication mapping of a compact set in G X G. It is therefore compact.
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from the subset ¢, o (Ngy, e NNp, ) of Eg N g to the subset ¢p «(Ng, e N Np, ¢)
of B;Ng. Is it smooth? Yes, it is, because it is the restriction to the Euclidean
subspace g of the smooth function exp~! OL;1 o L, o exp on B, defined on
an open subset of m. Thus the charts are smoothly compatible.

The last step is to show that multiplication and inversion are smooth
functions. To handle this step, we go back to the arguments earlier in this proof
that multiplication and inversion are continuous. Each step in those arguments
showed the continuity of some constituent mapping, and we observe that each
of those constituent mappings is in fact smooth. Consequently multiplication
and inversion are smooth. O

Corollary 2.7. If G is a linear group with Lie algebra g and if G is the
associated linear analytic group, then exp g generates Gy.

Proor. Since Gy is connected, any Nj . with & < %so generates Gy.
Hence the subset exp g generates Gy. O

Corollary 2.8. If a linear group G has m as its underlying vector space
of matrices and if G is the associated linear analytic group, then the inclusion
of Go into m is smooth; consequently the restrictions to Go of the real and
imaginary parts of each entry function are smooth. In the reverse direction if
f is any smooth function from a smooth manifold into m whose image lies in
Gy, then f is smooth as a function into Gy.

Proor. The inclusion of G into m is given near a by i, (exp X) = exp X,
which for || X|| < € < %80 is the composition of the smooth maps ¢, ., which
carries exp X into X, followed by X +— exp. Thus it is smooth. Smoothness
of a map into m can be detected entry by entry, and the conclusion about
smoothness of the entry functions follows.

For the reverse direction let D be the domain of f. Without loss of
generality we may assume that D is an open subset of a Euclidean space.
To check smoothness of f into m or Gy, we refer the image space to charts.
Define balls Eg in m and B, in g by

B.={Xem|||X||<e} and B.,=B.ng={Xegll|X|<e)

To handle the image f(x) of f near a point f(a) of M, we follow f with the

translation L Fla)-1 to center matters at 1 and then use exp~' to pass to B, or

B,. Thus we are to compare the smoothness of x — exp~! OLf(a)’l o f(x)
into B = with the smoothness of the same expression into B .. The second one
is just the same expression viewed as in a Euclidean subspace, and the second
one is smooth if the first one is smooth. The result follows. O
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REMARKS.

(1) The first conclusion of Corollary 2.8 is an extension of Theorem 1.10a
from closed linear groups to arbitrary linear groups. Similarly the second
conclusion is an extension of Theorem 1.10b.

(2) The critical fact for the above proof is that the values f(x) for x near a
all lie in G, so that left translation of all of them by f(a)~! moves them into
the image of exp on B, not merely the image of exp on B.,.

(3) The group Gy is an analytic group by Theorem 2.6, and it is also a
subgroup of the Lie group M. The first conclusion of the corollary says that
the inclusion of G into M is smooth. Therefore G is an analytic subgroup
of M. This conclusion establishes part of Fundamental Theorem A of
the Preface: we have succeeded in passing from an arbitrary subgroup G
of M to its Lie algebra g in m, and then to an analytic subgroup G of M.

Proposition 2.9. If the natural topology on a linear group G coincides
with the relative topology, then G is closed as a subgroup of invertible
matrices.

Proor. The natural topology on G and on its identity component G have
to be locally compact Hausdorff. A footnote in Section 1.2 contains a proof
that a locally compact dense subspace of a Hausdorft space is necessarily
open, i.e., open in its closure. If the natural topology on G coincides with the
relative topology, then G must be open in its closure in the relative topology.
The closure being a subgroup, the union of the remaining cosets must be open,
and it follows that G must itself be closed. |

Corollary 2.10. If G is a linear group, then the following conditions on
G are equivalent:

(a) G is connected in its natural topology,

(b) any two points of G can be connected by a smooth curve in G,

(c) any two points of G can be connected by a smooth curve of matrices
that lies in G, and

(d) G is generated by exp g.

ReEMARKs. A linear group will be said to be connected if the equivalent
conditions of the corollary are satisfied. In this case G is automatically
connected in the relative topology because any open closed subset of G in
the natural topology is open closed in the relative topology. A pathological
example after the proof of Corollary 2.10 refers to a linear group in the
literature that is connected in the relative topology but is not connected in the
natural topology.



50 IL. Arbitrary Linear Groups

Proor. If (a) holds, then Corollary 2.7 shows that (d) holds. If (d) holds
and if x and y are given elements of G, write x "'y = exp X; exp X> - - - exp Xx.
Thent — xexptX;exptX; - --exptXy isasmoothcurvein G thatisx ats =0
and is y atr = 1. Thus (b) holds. If (b) holds, then (c) holds by Corollary 2.8.
If (c) holds, then (a) holds because any pathwise connected topological space
is connected. O

ExampLE. Connectedness in the relative topology does not imply con-
nectedness in the natural topology. In fact Jones [1942] constructed some
really pathological examples of additive subgroups of R?, and Theorem 5
of his paper gives an example of a connected dense one of these that is not
a manifold and is therefore not an analytic subgroup of R2. That subgroup
G of R? has Lie algebra 0, and it follows that Gy = 1. By contrast any
pathwise connected subgroup of R? has to be an analytic subgroup, according
to Yamabe [1950] and Goto [1969].

4. Smooth homomorphisms between linear analytic groups

Suppose that G and G’ are linear analytic groups endowed with their natural
topologies and natural smooth structures in the sense of the second remark
after Theorem 2.6. Let g and g’ be the linear Lie algebras of G and G,
and suppose that 7 is a smooth homomorphism of G into G’. For G and
G’ connected Corollary 2.8 has shown that we can test for smoothness of a
homomorphism by testing whether it is smooth into the underlying matrix
space for G’, i.e., whether each entry g - 7(g);; is a smooth numerical-
valued function on G.

The notion of smoothness of 7 makes sense when G and G’ are possibly
disconnected, since G and G’ with their natural topologies still have smooth
structures: the mapping 7 is to be continuous, and its restriction to each (open)
component of G is to be a smooth mapping into a component of G’.

With this understanding, let g and g’ be the linear Lie algebras of G and
G’. If r: G — G’ is asmooth homomorphism, we shall associate to 7 a linear
mapping Dr : ¢ — ¢’ that suitably respects the Lie bracket multiplication in
gandg’.

Before proceeding, let us comment on the case that G or G’ is the Lie
group R. We can always regard R as a linear group, say as the set {(e’)}
of 1-by-1 matrices. We use this convention throughout the remainder of this
section. Here are three examples of smooth homomorphisms of linear groups.
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ExampLE 1. If H is any linear group and X is in b, then ¢ — expzX is
a smooth homomorphism of R into H. As a homomorphism between groups
of matrices, this map is (e’) > exprX.

ExampLE 2. The circle group S' = {z € C| lz| = 1} is a closed
linear group within GL(1,C), and ¢ > ¢ is a smooth homomorphism of R
into S'.

1

ExampLE 3. The triangular group of real matrices of the form (0 1 ; ) is

001

a closed linear group G, and the map that sends the indicated matrix into x is
a smooth homomorphism of G into R.

We return to the general setting of smooth homomorphisms 7 of linear
analytic groups G and G’ endowed with their natural topologies and smooth
structures. If X € gis given, let ¢(¢) be a smooth curve in G with ¢(0) = 1 and
¢’(0) = X. (For example, we can take ¢(f) = exprX.) Then the composition
t — n(c(t)) is a smooth curve in G’ with 7(¢(0)) = 1, and we define Dr by

Dr(X) = (moc)(0). (2.14)

Let us see that this definition is independent of the choice of c¢. If ¢ (¢)
and ¢, (t) both have starting value 1 in G and starting derivative X in g, then
we compute

d
(02 (0) = Zonlea)]
d
it n(ca(t)er ()" Cl(t))L:o

d
= m(ca(t)cy (t)_l)n(cl(t))’ . since 7 is a homomorphism
t=

= L (e - w e o)
#r(ex0)ey(0)7) - S ntero]

= S r(ex0er 07|+ o)

Thus it is enough to prove that the curve c(t) = c»(t)ci(z)~!, which has
¢(0) = 1 and ¢’(0) = 0, has (o ¢)’(0) = 0. We now refer matters to local
coordinates, using the exponential map, taking advantage of Theorem 2.6.
The local expression for 7 o ¢ near ¢ = 0 is exp~! o 7 o ¢, which we write as

exp lomoc=(explomoexp)o (exploc).
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Here the two factors on the right side are the local expressions for 7 and
c. However, the second factor on the right is a curve in g, and it has
(exp~'o¢)’(0) = 0 by the Chain Rule, since ¢’(0) = 0. Still another
application of the Chain Rule gives (exp~'om o ¢)'(0) = 0. Applying
the exponential map and using the Chain Rule once more, we see that
(mroc¢)(0) = 0. Thus our definition (2.14) is independent of the choice
of c.

Now we can imitate some of the development earlier of the properties of
linear Lie algebras. First of all, D : ¢ — ¢’ is linear. In fact let ¢1(¢) and
¢2(t) correspond to X and Y, and let k£ be in R. Then

Dr(kX) = %ﬂ(cl(kt))‘tzo

d d
= gn(cl(S))L:O ' E(kt)’zzo

= k Dr(X)

and

Dr(X+7) = - aleres)]|

_ %ﬂ(cl(t))ﬂ(cz(t))’tzo
= Dn(X) + Dn(Y)

by the product rule for derivatives.

To see the effect of D on the Lie bracket of two elements of the linear
Lie algebra g, we proceed somewhat as in the middle part of Section 1.4,
beginning by introducing Ad. Since the group G is closed under conjugation,
it follows that G acts on the linear Lie algebra g by conjugation. Specifically
let g be in G. If X is in g and ¢(¢) is a smooth curve in G with ¢(0) = 1
and ¢’(0) = X, then b(t) = gc(t)g ! is another smooth curve in G, and it has
b(0) =1and b’(0) = gXg~'. Hence gXg~'ising.

We define Ad(g) on g to be conjugation by g. If we write Endg(g) for
the vector space of all mappings from g into itself that are linear over R, then
what we have just seen is that Ad(g) is a member of Endg (g). From the fact
that Ad(g) is the operation of conjugation by g on g, it follows immediately
that

Ad(g1g2) = Ad(g1)Ad(g2)  for gy and g2 in G. (2.15)
One calls Ad the adjoint representation of G on g.

We return to the question of how D interacts with Lie brackets. Again

let ¢(¢) be a smooth curve in G with ¢(0) = 1 and ¢’(0) = X. If g isin G, then
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gc(t)g~! has derivative Ad(g)X at ¢t = 0. Hence our smooth homomorphism
m: G — G’ has

Dr(Ad(g)X) = - n(ge0™)]

j .
= Z @@

= n(g) S (e ()] _ ()
= n(g)Dr(X)n(g)~".
If also Y is in g, then this formula similarly says that
Dr(Ad(c(1))Y) = n(c(t))Dr(Y)r(c(2))".

Differentiating at # = 0 and using (1.8) and the fact that D is a linear mapping,
we obtain

Drn[X,Y] =Dn(X)Dn(Y) — Dr(Y)Dn(X). (2.16)

The right side of (2.16) is by definition the Lie bracket [Dx(X), Dn(Y)] of
the two linear mappings of g’ into itself given by Dx(X) and Dz (Y). Thus
(2.16), in the presence of the linearity of D, says that Dr is a Lie algebra
homomorphism, i.e., D is R linear and maps Lie brackets to Lie brackets. A
Lie algebra isomorphism is a Lie algebra homomorphism with a two-sided
inverse. Anyway, our smooth homomorphism 7 : G — G’ leads to a Lie
algebra homomorphism D7z : ¢ — ¢’. We summarize as follows.

Theorem 2.11. If 7: G| — G» is a smooth homomorphism of one
linear analytic group to another with their natural topologies and manifold
structures, then 7 induces a homomorphism Dn: g; — g of their linear
Lie algebras by the following formula: whenever c(¢) is a smooth curve in
G, with ¢(0) = 1 and ¢’(0) equal to a member X of g;, then Dx(X) is the

d
member Y of g, such that o 7r(c(t))|z=0 =Y.

The discussion of examples earlier in this section continues.

ExampLE 1. If 7((e")) = exptX, then Dr((1)) = X. To see this, we use
the curve ¢(t) = (e'), which has ¢’(0) = (1), and we compute (7 o ¢)’(0)
from Proposition 1.5e.

ExampLE 2. If 7((e’)) = (e'?), then Drr((1)) = (i) as a 1-by-1 matrix.

1xz 0ac
ExAMPLE 3. Ifﬂ(O 1 y) = (ex),theﬂD”(OOb) = (a).
001 000
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A particularly important instance of Theorem 2.11 arises when 7 is Ad.
If G has linear Lie algebra g, then each Ad(g) for g € G is an invertible linear
mapping of g into itself. For brevity let us say that each Ad(g) is in GL(g).
Thus Ad is a smooth homomorphism from G into GL(g). It is customary
to abbreviate D (Ad) as ad. The corresponding homomorphism of linear Lie
algebras is then written as

ad: Endr(g) — Endgr(g).

The effect of ad X on g is “left bracket by X.” To see this fact, let ¢(z) be a
smooth curve in G with ¢(0) = 1 and ¢’(0) = X. Then

ad(X)(1) = £ Ad(e()) ()],
= % c(OYe(®) ',
d
=c'(0)Y + Ya(c(t)‘l)L:O

= XY -YX by (1.8). 2.17)

Since ad is D of a smooth homomorphism of linear groups, ad must be a
homomorphism of Lie algebras. In other words, ad must satisfy

ad[X,Y](Z) = (ad X)(adY)(Z) — (adY)(ad X)(Z).
for all Z in g. Indeed, one readily checks that this equation is just a rewritten

version of the Jacobi identity.

The key tool for dealing with smooth homomorphisms of linear groups is
the following formula, which relates r, D, and the exponential map.

Theorem 2.12. If 7 : G — G’ is a smooth homomorphism of one
linear analytic group to another, both with their natural topologies and smooth
structures, then 7 o exp = exp o Dx.

Proor. Fix X in the linear Lie algebra of G, and let ¢1(¢) and c;(¢) be
the smooth curves of matrices in G’ given by

c1(t) =exp(t Dn(X)) and c(t) = n(exptX).
Then ¢1(0) = ¢(0) = 1 and

%cl(t) =Dn(X)exp(t Drn(X)) = Dn(X)c ()
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by Proposition 1.5e. Also

d d d
- ea(t) = < m(exp(r + h) )'h:O r(exp hX)m(expeX)|

- % x(exp hX)’hzo (exp1X) = Dr(X)ea (1)

by definition of Dr(X). Since the j™ columns of both ¢ (¢) and c,(¢) solve
the initial-value problem for the linear system of differential equations
dy

i Dr(X)y with y(0) = (j" column of 1),

Theorem B.16 (the uniqueness theorem for linear systems of first-order or-
dinary differential equations) says that c¢1(¢) = c,(¢) for all r. The theorem
follows by taking ¢ = 1. |

Corollary 2.13. If G is a linear analytic group and g is its linear Lie
algebra, then Ad o exp = exp o ad.

Proor. This is the special case of Theorem 2.12 in which 7 = Ad and
Dr = ad. O

Corollary 2.14. Let 7 : G — G’ be a smooth homomorphism of
linear analytic groups, and let g and g’ be the linear Lie algebras. If the
map x — m(x) near x = 1 is referred to local coordinates relative to the
exponential maps of G and G’, then the corresponding homomorphism of
linear Lie algebras is exactly Dz : ¢ — @', which is linear. Hence D is also
the derivative of m at the identity when 7 is referred to local coordinates by
the exponential maps.

Proor. The map in local coordinatesis Y = exp~! (r(exp(X)) near X = 0,
and Theorem 2.12 says that this is the same as ¥ = exp~!(exp D7 (X)) =
Dn(X), which is linear. A linear map is its own derivative, and the corollary
follows. O

Corollary 2.15. If 7; and m, are smooth homomorphisms from one
linear analytic group G to another G’ such that Drr; = Dy, then 1y = 5.
Proor. For X in g, Theorem 2.12 gives
7 (exp X) = exp D1 (X) = exp Dmp(X) = my(exp X).

Corollary 2.7 shows that exp g generates G. Therefore m| = n5. |
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Corollary 2.16. Let 7 : G — G’ be a smooth homomorphism of linear
analytic groups, and let D : ¢ — ¢’ be the corresponding homomorphism
of linear Lie algebras. Then

(a) D onto implies r is onto, and
(b) D one-one implies 7 is one-one in some neighborhood of 1 in G,

Proor. We start from the formula of Theorem 2.12, namely
n(expX) =expDn(X) forX eg. (2.18)

For (a), D is assumed to be onto g’, and thus the image of exp oDx contains
exp g’, which contains a neighborhood of 1 in G’. On the other hand, the image
7m(G) is a subgroup of G’. Any subgroup of G’ containing a neighborhood of
1 must contain the identity component of G’. Thus 7(G) = G’.

For (b), suppose D is one-one. Since D is linear, there exists a constant
C such that |Dn(X)} < C||X|| for all x € g. Let X; and X, be distinct
members of g with | X;|| < C'¢ and || X»|| < C~'e, with & chosen so that
Cle< %so for the number g( defined earlier for the group H. Then we have
|Dr(X1)|| < € and ||Dr(X3)|| < €. Since Dn(X;) # Dn(X,) and since the
exponential map from g’ to G’ is one-one for ||Y|| < ¢ < %80, we see that

exp(Dn(Xy)) # exp(Dn(X3)). In view of (2.18), m(exp X;) # n(exp Xz). O

S. Summary

Chapter II continues the effort begun in Chapter I to attach a linear Lie
algebra to each subgroup of a given linear group and to use it to understand
the subgroup better. Chapter I dealt particularly with the case of a closed
subgroup. In that case the closed subgroup admitted the structure of a Lie
group in such a way that the identity component was an analytic subgroup
with the relative topology.

Somewhat surprisingly a considerable amount of this theory extends to
arbitrary linear groups that are not necessarily closed subgroups of matrices.
An arbitrary linear group G comes initially with neither a useful topology nor
a manifold structure, only with a specific embedding as an abstract subgroup
of some general linear group M. In turn this underlying general linear group
is a specific open dense set in the full matrix space m of real or complex
square matrices of that same size. The space m is of course a real vector space
under addition and multiplication by real scalars.

To construct the topology of interest on a linear group G, one makes use
of all smooth curves in m extending within G and passing through the identity
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atr = 0. Just as in the case of closed subgroups, the set of derivatives of such
curves at ¢ = 0 is a subset of m that forms a real vector subspace g of m, and the
space g is closed under the Lie bracket operation [ X, Y] = XY —Y X. Again the
space g with this operation is called the linear Lie algebra of G. Remarkably
the exponential mapping for matrices still carries g into G. From this fact one
can construct the “natural topology” on G. The natural topology is locally
compact Hausdorff and is locally connected, and it makes G into a topological
group and also a smooth manifold for which multiplication and inversion are
smooth. Topologically the identity component Gy is separable. Thus Gy
becomes an analytic group. This is the linear analytic group associated to the
given untopologized linear group G.

The chapter concludes by associating to any smooth homomorphism of
one linear analytic group to another, a Lie algebra homomorphism of their
respective linear Lie algebras, i.e., a linear map that respects Lie brackets. If
the homomorphism of Lie algebras is onto, then the smooth homomorphism
of analytic groups is onto. If the homomorphism of Lie algebras is one-one,
then the smooth homomorphism of analytic groups is one-one in some open
neighborhood of the identity.

The upshot of all this development is that one can associate to each linear
group a linear Lie algebra by differentiation at + = 0 of curves through the
identity, the exponential map for matrices carries the Lie algebra back into
the group, and the exponential map allows one to define a natural topology
on the given linear group. The identity component of this topologized group
is taken to be the associated linear analytic group for the given linear group.
In addition this association carries smooth homomorphisms of linear analytic
groups into linear maps of the corresponding Lie algebras that respect Lie
brackets.

Chapters I and II have made some progress toward establishing for linear
groups Fundamental Theorems A and B of Lie Theory as formulated in the
Preface. Indeed Chapter I has associated a real Lie algebra g to each linear
analytic group G, and that real Lie algebra has dimg = dim G. Also for any
smooth homomorphism of G into some linear analytic group H, there is a
corresponding Lie algebra homomorphism of g into the linear Lie algebra §
of H. Taking the smooth homomorphism to be an inclusion shows that the
Lie algebra of a linear analytic subgroup is a Lie subalgebra of the linear Lie
algebra of the whole group.
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6. Problems

Problems 1-5 construct a specific smooth homomorphism of SU(2) onto SO(3).

1. The linear Lie algebra of SU(2) is the real vector space su(2) of all 2-by-2 skew
Hermitian matrices of trace 0, and the elements

(i 0 (01 (0 i
M=lo i) "7 -1 o) BT oo

form a basis of this 3 dimensional vector space. For g = (_Z—/ g ) with
la|?+|B|* = 1, compute Ad(g)u; = guig~", Ad(g)ua, = gurg~"', and Ad(g)usz =
gusg™", and use the results to write out the matrix of Ad(g) relative to the basis
uy, uy, uz of su(2). How could we have seen in advance that this matrix has to

be an orthogonal matrix?

2. For the three basis vectors uy, uy,u3 of su(2) listed in Problem 1, compute
exp tuy, exp tus, and exp tuj for ¢ real.
(a) Substitute these elements for g into the formula for Ad(g) from Problem
1, and check in each case that the matrix Ad(g) is in SO(3), not merely
GL(3,R).
(b) Why do the matrices Ad(g) for g = exptu;, exp tuy, and exp tu3 generate
all of Ad(G)?
(c) How can one conclude that this mapping carrying g in SU(2) into Ad(g) in
0(3) is a smooth homomorphism of linear analytic groups?
3. Prove that the smooth homomorphism Ad: SU(2) — O(3) of Problem 2 is in
fact onto SO(3) and has a two-element kernel {+1}.
4. Using the definitions of u, u», and 3 in Problem 1, compute ad of each of u1, us,
and u3. Compute the matrix of ad relative to the basis uy, up, u3 of su(2).
a B
B al)
matrix of D(Ad) relative to the basis uy,u;,u3 of su(2) by differentiating
Ad(exptX) at t = 0 for each of the 2-by-2 matrices uy, uy, u3.

5. Using the 3-by-3 matrix in Problem 1 obtained as Ad (_ compute the

Problems 67 introduce the Pauli matrices of mathematical physics as a means for
working with quaternions without going outside the complex numbers. There are
three such matrices:

0 1 0 —i 10
== o) 2T o) BT%T o 1)

They occur in the “Pauli equation,” which takes into account the interaction of the spin
of a particle with an external electromagnetic field. Sometimes the 2-by-2 identity
matrix is introduced as a fourth Pauli matrix oy.
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Check that the Pauli matrices o, 0», 03 have trace 0, have square the identity,
and are Hermitian and unitary. Check also that when oy in included, they form
a vector space basis of the real vector space isu(2) of all 2-by-2 Hermitian
matrices.

Show that the three-dimensional vector space of all quaternions g satisfying
g = —q is closed under the bracket multiplication operation [a, b] = ab — ba,
and check that the bracket operation is skew symmetric and satisfies the Jacobi
identity.

Problems 8—11 give another construction of a smooth homomorphism of SU(2) onto
SO(3). This one involves the algebra H of quaternions, which was discussed in detail
in the Problems for Chapter 1.

8.

10.

11.

Let V be the three-dimensional real vector space of all quaternions z such that
Z = —z. Show for each ¢ € H that the linear mapping of H into H given by
L4(z) = qzq carries V into itself and satisfies L, 4, = Ly, Lg, .

Identify V with R? by the formula
a
ai+bj+ck —|b]|,
c

and prove that each of the linear mappings L, of Problem 8 for |g| = 1 is an
orthogonal transformation of R? to itself.

Show that the mapping g — L, of Problem 8, when restricted to the multi-
plicative group of all ¢ € H satisyfing ¢ = —¢ and |g| = 1 is a continuous
homomorphism into SO(3).

Explain how to interpret Problem 10 as providing a smooth homomorphism of
the analytic group S3 onto SO(3) with a two-element kernel.

Problems 12-16 concern further isomorphisms of linear analytic groups and of linear
Lie algebras.

12.
13.

14.

15.

Prove that su(2) and sI(2,R) are not isomorphic.

Prove that su(1, 1) and sI(2, R) are isomorphic as Lie algebras by proving that
SU(1,1) and SL(2,R) are isomorphic as linear analytic groups.

Let g be the Heisenberg Lie algebra over R, consisting of all real matrices

0
(8 )é g ) Verify that g is isomorphic to the linear Lie algebra

0 0 O
h=4|lw 0 Of|zeC,teR
it w 0
This problem exhibits an isomorphism of the linear analytic group Ad(SL(2,R))
to the linear analytic group SO(2, 1). The conclusion is that s(2, R) and s0(2, 1)
are isomorphic as Lie algebras.
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(a) Putg =sl(2,R), and let mathf and p be the vector subspaces

_ 0 x _ y d
matht = {X € g of the form (—x 0)} , p= {X € g of the form (Z —y)} .
Check that g = matht @ p and that when X is in math¥, ad X maps matht
into itself and p into itself. Check also that when X is in p, ad X maps matht
into p and p into matht.

(b) Introduce a symmetric real-valued binear function 7(X,Y) on g X g by
T(X,Y) = Tr(XY). Check for nonzero X in mathf and nonzero Y in p that

<0 if X =Y and X is a nonzero member of mathf,
T(X,Y)q =0 if Xisinmathtand?Y isin p,
>0 if X =Y and X is a nonzero member of p.

(The expression T(X,Y) is called the trace form on g. Conclusion (b)
says that the trace form on g = sI(2,R) is a nondegenerate real symmetric
bilinear form with signature (2,1).)

(c) Check that T(Ad(g)X, Ad(g)Y) = T(X,Y) for all g in G and all X and Y
in g. (This conclusion says that the trace form on g = s[(2,R) is invariant
under the group Ad(SL(2,R)).)

(d) Explain how (c) yields a smooth homomorphism of SL(2,R) into O(2, 1).

(e) Show that the kernel of the homomorphism in (d) is {+1} and the image is
the identity component of SO(2, 1).

16. The closed linear group SU(2) obtains the structure of the smooth manifold §°
in at least two ways. One comes from the identification of S* with the unit sphere
in R* (as in Section B.1) because

we-(3 1

The other comes about from Theorem 1.10 because SU(2) is a closed subgroup
of GL(2,C). Prove that these two structures of smooth manifolds on SU(2) are
the same, i.e., that the identity map from SU(2) with one structure to SU(2) with
the other structure is a diffeomorphism.

aeC, BeC, |a|2+|,8|2=1}.

Problems 17-18 introduce real representations of Lie groups on finite-dimensional
vector spaces over R. If V is such a vector space and G is a compact Lie group, then a
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real representation of G on V is a smooth homomorphism @ of G into GL(V). For
brevity one can refer to the real representation as (®,V). If (®,V)) and (D5, V)
are finite dimensional real representations, then an intertwining operator 7 between
them is a linear T: V| — V, such that (T®(g))(v1) = (P2(g)T)(vy) forallg € G
and v; € Vi. An invariant subspace for (®, V) is a vector subspace U such that
®O(g)(U) C Uforall g € G. A real representation of G on V is said to be irreducible
if its only invariant subspaces are 0 and V itself. The notion of isomorphism of real
representations of G on real vector spaces is captured by the word equivalence: A
representation (®p,V}) is equivalent to a representation (®,, V») if there exists an
invertible linear map A: V| — V, such that (A®;(g) = ®,A(g) for all g in G. The
direct sum of finitely many real representations @, . . . , @ of G is the representation
on the direct sum of the vector spaces in which ®(g) for each g € G is the operator
that acts as @1 (g) @ - - - ® P (g) on the direct sum.
17. (Schur’s Lemma, named for I. Schur)
(a) Prove that if T: Vi — V, is an intertwining operator for two irreducible
finite dimensional real representations (®, V1) and (®,, V;) of a Lie group
G, then either T = 0 or T is one-one onto.
(b) Prove that if (@, V) is an irreducible finite-dimensional real representation
of a Lie group G, then the vector space of intertwining operators of (®, V)
with itself, with composition as multiplication law, is a division algebra over
R, necessarily isomorphic to R, C, or H.

18. This problem concerns real representations of the compact group G = O(2). Set
aside the requirement of finite dimensionality for the moment. The group action
of O(2) on column vectors in R? by multiplication of matrices times column

x\ . . .
vectors y yields a real representation of O(2) on real-valued functions F on

R? by (®(g)F) (i) = F(g! (i)) The polynomial functions on R? form an

invariant subspace, and the polynomial functions of degree < k form a real finite

dimensional representation of G in the sense above. The same is true of the

polynomial functions on R> homogeneous of degree k, i.e., those polynomial

functions in which every monomial term is of total degree k.

(a) Prove that the real representation of all polynomial functions of degree < k
is the direct sum for ¢ satisfying 0 < ¢ < k of all polynomial functions
homogeneous of degree ¢.

(b) What is the dimension of the space of all polynomial functions on R?
homogeneous of degree n?

(¢) According to (a), the space in (b) carries a representation of O(2). This
representation is actually a direct sum of irreducible representations. For
which values of n is the representation in (b) irreducible? Explain what
happens in the reducible cases.



CHAPTER III

Inversion of Constructions for Linear Groups

Abstract. Chapter III continues the development of Lie theory for linear groups.
Chapter II showed how to associate a linear Lie algebra and a linear analytic group to
each linear group and how to associate a Lie algebra homomorphism to each smooth
homomorphism from one linear analytic group to another. The present chapter
concerns running these constructions backwards. First it shows how to associate a
linear analytic subgroup to each Lie subalgebra of a linear Lie algebra. Second it
shows under an additional hypothesis, how to lift a given Lie algebra homomorphism
of linear Lie algebras to the corresponding linear analytic groups.

Section 1 addresses situations in which convergent power series with complex
coefficients are replaced by power series with matrix coefficients. For a matrix A,
the series definition of exp A appeared in Chapter I. The present section works with
a version of log A and pays particular attention to the identity log(exp X) = X.

Section 2 proves the Campbell-Baker—Hausdorff Theorem, which shows how to
obtain a series expansion for the small solution Z of the matrix equation expZ =
exp XexpY when X and Y are small. The solution is in the nature of a recursion
and involves matrix additions, scalar multiplications, and iterated Lie brackets of X
and Y.

Sections 3—4 derive Dynkin’s Formula. This formula again seeks the small
solution Z of the matrix equation exp Z = exp X expY when X and Y are small, but
this time the solution is given by a convergent infinite series involving only matrix
additions and scalar multiplications, iterated Lie brackets of X and Y, and a passage
to the limit. Thus it is available for any linear Lie algebra and gives a usable form
of the limit of the series. Section 3 gives F. Schur’s power series formula for the
derivative of a smooth curve of matrices exp X () in terms of dX/dt, and Section 4
derives Dynkin’s Formula from the result in Section 3.

Section 5 establishes the main result of the chapter that if M is a linear analytic
group with linear Lie algebra m and if g is a Lie subalgebra of m, then there exists a
linear analytic subgroup G of M with linear Lie algebra g.

61
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Section 6 shows that if G and G’ are linear analytic groups with G simply
connected, then every homomorphism of the linear Lie algebra of g into the linear
Lie algebra of G’ lifts uniquely to a smooth homomorphism of G into G’. This is the
first section in which any use is made of material in Appendix C on covering spaces.

Section 7 shows that nontrivial covering groups of the linear group SL(2, R) exist
but are never linear groups. It makes crucial use of the theorem of Section 5.

Section 8 produces a linear analytic group that covers a group that is not linear.
The linear analytic group in this example is the group of 3-by-3 upper triangular
matrices with real entries and with 1s on the diagonal. This group covers the quotient
by the subgroup consisting of the members of the one-dimensional center with integer
entries.

1. Use of power series with matrices

The previous chapter showed how to work with any abstract group of real or
complex matrices as if it were a Lie group and in particular how to associate
a linear Lie algebra to each such group. It showed also how to associate a Lie
algebra homomorphism to any suitably smooth homomorphism between two
such groups. This chapter concerns running these associations backwards.
We shall see that there is a stunningly close connection between the formula
for multiplication of elements in a Lie group and the formula for bracket
multiplication in the corresponding linear Lie algebra. Making this connection
will involve manipulations with infinite series of square matrices, and in this
section we make some preliminary remarks about such manipulations.

We take m to be the full vector space of n-by-n matrices over R or C, and
we make use of the operator norm, which is given in terms of the Euclidean
norm on R" or C" by

||A|l = sup |Ax]. 3.D
[x|<1

Already in defining the exponentiation for matrices in Section 1.5, we began

(>

with the traditional power series expansion e* = ), % z" familiar from the
k=0 "
theory of one complex variable. Then we replaced the complex number z

in the formula by a square matrix A and interpreted the sum of the series as
exp A.
We shall study solutions of the matrix equation

expZ = (exp X)(expY) (3.2)

in m with X, Y, and Z all small in norm. In doing so, we shall work with
power series of matrices beyond just the one for the exponential function.
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[se]

Suppose we have a power series expansion , apz
k=0

coefficients and with z complex. The series is absolutely convergent within

a region |z| < R in C for some radius of convergence R with 0 < R < oo,

k' with numerical

and then C = Y |ak|r* is finite whenever 0 < r < R; here C depends on
k=0
r. If we substitute a matrix X € m for z and use the operator norm, then

we find that Y |ax|||X||¥ < C whenever ||X|| < r. Consequently when
k=0

(o)
IX|| < r, each entry of the sequence of partial sums of Y a;X* forms a
k=0
Cauchy sequence and must be convergent. Since r is any positive number
less than R, entry-by-entry convergence and convergence in norm both take
place whenever || X|| < R, In short, Y a;X* is meaningful as a member of
k=0
m whenever || X|| < R. Sums and products of scalar power series go into the
corresponding power series of members of m, and there are no difficulties.
Arguments for dealing with compositions are more subtle. We need to
make repeated use of the fact that any absolutely convergent series of complex
numbers converges independently of the order of the terms. It is immediate
that a series of matrices converges independently of the order of the terms if
the series of norms of the terms is absolutely convergent.
The case that will be of interest to us begins with the two power series of
scalars

(o)

1
expz = T & for|z| < oo (3.3)
k=0 "
1 ~
m=kz;)w f0r|w|<l.

Term-by-term integration of the second formula yields

B!
log(1 —w) = —Z%wk for lw| < 1,
k=1

and this formula becomes

© -1 k-1
logs=z%(s—l)k for |s — 1] < 1 (3.4)
k=1
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upon replacing 1 — w by s. According to our convention, the definition of
log A for a matrix A is thus

® 1)kl
logA:Z( ) (A-D* for|A—1] < 1. (3.5)
k=1 k
Meanwhile if we apply (3.4) with s = e%, we see that
z N (_l)k_l z k z
1og(e)=Z—(e — % forle*—1| < 1. (3.6)
k=1 k

In particular (3.6) holds for |z| < log2. The left side of (3.6) is just z by
complex analysis, and thus the right side of (3.6) must expand out to equal z
when |z| < log?2.

Going over our steps, let us use the formula (3.4), with the complex
number s replaced by a matrix exp X, to define log(exp X) of the matrix, and
then let us calculate log(exp X) by substituting the series for exp X into (3.6)
without paying attention to convergence initially. We wonder whether the
result will be just X. We have

1 1 1
10g(eXpX)=(X+5X2+...)—§(X+—X2+...)2+...

2!
_ 1 2 1 2 1 3 1 3 1 3
—X+(§X _EX)-'-(;X —EX +§X)+
=X+0+0+.... (3.7)

It is not transparent how the algebraic manipulations will work out on the right
side of (3.7), but what we can see immediately is that they must be the same
algebraic manipulations that would be used in examining (3.6). We know
with (3.6) that all the terms in the expansion with z to a power greater than
1 have to have coeflicient 0, and therefore all the terms after the first on the
right side of (3.7) are 0. The conclusion is that

log(expX) =X for X € m with || X|| < log2. (3.8)

2. Campbell-Baker-Hausdorff Theorem in the linear case

It was part of the original theory of Sophus Lie that a Lie algebra captures
not only the infinitesimal behavior of a Lie group at the identity, but also the
actual multiplication law in the group in a full neighborhood of the identity. In
1897, J. E. Campbell undertook to find an actual formula for the multiplication
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law, at least in the setting of matrices. His efforts toward solving Campbell’s
Problem, as H. Poincaré called it, were soon followed by relevant work of
E. Pascal (1865-1940), Poincaré himself, H. F. Baker, and H. Hausdorff
that made progress but did not give a fully satisfactory answer to the question.
Their combined progress through 1906 fairly or unfairly has come to be known
as the Campbell-Baker—Hausdorff Theorem. The text isolates a preliminary
step in this work as Proposition 3.1 below and gives the general theorem as
Theorem 3.2.

In our notation we can phrase the question this way: We operate within the
space m of all n-by-n matrices, seeking to understand the solutions of exp Z =
exp X exp Y near where X =Y = Z = 0. Since the mapping exp is everywhere
smooth and since multiplication is smooth within m, we want to consider the
effect of applying exp~! to a product exp X expY that is near 1. In order to
get exp~! defined, we have merely to apply the Inverse Function Theorem,
invoking the conclusion of Lemma 1.6 or 1.7 that the appropriate Jacobian
determinant is nonzero. The resulting mapping (X,Y) +— exp~!(exp X expY)
will be written as Z = C(X,Y). It is defined in a neighborhood of (0, 0) in
m X m, and its image lies in a neighborhood of 0 in m. The answer is to be
expressed as a convergent series in terms of the Lie algebra operations in m,
i.e., addition, multiplication by real scalars, and the Lie bracket multiplication
[A, B] = AB - BA.

For the preliminary step toward solving Campbell’s Problem, we shall
allow matrix multiplication as well as the Lie algebra operations. Even then,
the resulting formula is messy. Fortunately we will never need its exact details.

Proposition 3.1 (preliminary step toward solving Campbell’s Problem).
If X and Y are members of m such that || X|| + ||Y|| < log2, then the series

> —Dk-1 xuryi ... xicyJk
z=cxy=y Y U X XA
= k il i !
with the inner sum taken over all finite sequences (i1, ji, ..., ik, jx) of integers

> 0 satisfying i, + j, > 1 for all r with 1 < r < k, converges in m absolutely
and independently of the order in which the terms are added, and the sum Z
is a solution of exp Z = exp X exp Y.

Proor. Because of the hypothesis || X|| + ||Y]|| < log?2, the calculation
x yJ

||eprepr—1||:H(Z._‘)(Z._‘)_IH
pr AL
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XiyJ
- 2 i H
i>0, j>0, i+j>0
XYY
< l |'| I'I ll
ilj!

i>0, j=0, i+j>0

(e8]

2

i=l

o0

(2

X1
i!

Y|l
J!

)—1

_ XY _

shows that || exp X expY — 1|| < 1. Consequently the power series expansion
for log of a matrix as given in (3.5) shows that it is meaningful to expand
log(exp X expY) in a power series, and we obtain

Z

0 -1 k-1

Z ( lz (expXexpY — 1)*
k=1

> )
k=1 k = j=0 J!
i (—1)k! X'yJ
k=1 k i,j20, 1<i+j<co iy!

1)k

k

Rearranging the terms within the large parentheses on the right side yields the
formula in the statement of the proposition.

O

Now let us see what really has been proved and how much it falls short
of the goal. To examine matters, it is instructive to group the terms of the
formula for Z by total degree iy + j| + - - - +ix + ji, there being only finitely
many terms of each total degree. We can write C,,(X,Y) for the sum of the
terms of total degree n for n > 1. This sum is homogeneous of degree n in
the sense that C;,(aX, aY) = a"C(X,Y) for all real a.

The terms of total degree 1 come from k& = 1 and correspond to (i, j;)
equal to (1,0) and (0, 1). They are

X and Y,



2. Campbell-Baker—-Hausdor{f Theorem in the linear case 67

and thus C{(X,Y) = X +Y. The terms of total degree 2 come partly from
k = 1 with coefficient 1 and partly from k = 2 with coefficient —%. Those
terms are
XY +1x*+1y?  with coefficient 1
and
XY +YX+X*+Y? with coefficient —1.

From this computation we can see the shortcoming of Proposition 3.1. The
quadratic terms involve matrix multiplication, not Lie brackets or iterated Lie
brackets of matrices. But if we regroup the terms, with their coefficients in
place, as
1 1
C(X,Y) = 53XY - 5YX,

then we see that the quadratic terms contribute a total of C(X,Y) = % [X,Y],
an expression written in terms of only vector space operations and Lie brackets.
We say that the homogeneous polynomial C»(X,Y) has been written as a Lie
polynomial in X and Y, i.e., a finite linear combination of X, Y, and iterated
brackets of X and Y. Observe that the term %[X , Y] contributing to C>(X,Y)
counts as having degree 2 even though it may be tempting to count [X,Y]
as having degree 1. More generally, the rewriting of a polynomial as a Lie
polynomial does not change the degree of any its terms. With the terms of
the series for C(X,Y) grouped by degree of homogeneity, we have a formal
equality
C(X,Y)=X+Y+ Z Co(X,Y),
n>2

where C,(X,Y) is the sum of all the terms of C(X,Y) homogeneous of
degree n. Taking into account the known absolute convergence of the series
in Proposition 3.1, we see that the above formal equality is actually an equality
of C(X,Y) with the sum of an absolutely convergent series.

In fact if one wanted, one could check by tedious calculation that re-
groupings similar to the one for C,(X,Y) are possible in degrees 3 and 4 and
that the homogeneous polynomials C3(X,Y) and C4(X,Y) are therefore Lie
polynomials. The miracle is that such a regrouping is possible in all higher
degrees.

Theorem 3.2 (Campbell-Baker—Hausdorff Theorem). For every n > 2,
the homogenous polynomial C,,(X,Y) of degree n is a Lie polynomial.

Remarks. This theorem has applications to many areas of mathematics
and physics, and correspondingly it has many different proofs, beginning
with the ones by Baker and Hausdorff in 1905 and 1906 that were meant
to complete Campbell’s argument. Each such proof has its own lines of
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motivation from mathematics or physics. The proof below, published in
1968, is due to M. Eichler, and it is one of the shortest. The key idea behind
it is that the group operation being defined by the sum of an infinite series has
to be associative.

Proor. The argument is by induction on n. The base cases are n = 1 and
n = 2, and we have seen that C;(X,Y) = X +Y and C,(X,Y) = %[X,Y].
The proof will make calculations not just with partial sums of the series
2n>1Cn(X,Y), which are noncommuting polynomials,! but also with the
limit of the convergent series of partial sums, which is in the full space
of matrices m. The passage to the limit may be taken as given by norm
convergence or entry-by-entry convergence; it makes no difference which
method is used.

The associative law for matrix multiplication implies that

(expRexpS)(expT) = (expR)(expSexpT).
Thus the matrix W with (exp R)(exp S)(expT) = exp W is given by the two
equal expressions for W:

Sa
=1

4

Ci(R.S).T|= Zci R,ZCJ-(S,T) . (3.9)
j=1 i=1 j=1
To apply this equality, we shall substitute various linear expressions in X and
Y foreachof R, S, and T.

Within the sum on i on either side, we regard each term as a polynomial
expression in three noncommuting variables, and the term with indices i and
J on each side has homogeneity i + j. Because the mode of convergence
of the limits is a standard one (either norm convergence or entry-by-entry
convergence), (3.9) is just a system of infinitely many equalities of finite linear
combinations of homogeneous expressions C( -,-) in the various possible
degrees > 1.

By inductive hypothesis, C; is a Lie polynomial for 1 < j < n. Again
this condition means that C;(X,Y) is a finite linear combination of X, Y, and
iterated brackets of X and Y. We are to prove that C, is a Lie polynomial.
The equation for the terms of (3.9) that are homogeneous of degree n has two
indices adding to n, and if both of those indices are < n, then the inductive
hypothesis shows that their respective contributions to (3.9) are known to be
Lie polynomials. For homogeneous polynomials P and Q of the same degree,

'For references to the formalism of noncommuting polynomials, see the Historical
Commentary at the end of book. This formalism is not really needed for understanding
the present argumenr.
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let us write P = Q if the difference P — Q is known to be a Lie polynomial.
Discarding from the two sides of (3.9) those polynomials that are known to
be Lie polynomials, we are left with the relation

Ci1(Cu(R,S), T)+ Cr(Ci(R,S),T) = C1(R,C,(S,T)) + C(R,C((S,T)).

Since C1(R,S) = R+ S and C(S,T) = S+ T and since T and R are Lie
polynomials, this congruence simplifies to

Co(R,S) + Cp(R+S,T) = Cy(S,T) + Co(R, S +T). (3.10)

Meanwhile we know that exp X exp Y = exp(X +7Y) if X and Y commute.
Thus C,,(X,Y) =0 for all n > 2 if X and Y commute, and consequently

Ch(aX,BX)=0 if n > 2 and if @ and B are real scalars. (3.11)

We shall see that the conclusion C,(X,Y) = 0 of the inductive step of the
proof is a formal consequence of (3.10) and (3.11) if n > 2, and then the proof
of the theorem will be complete.

First we replace (R, S,T) by (X,Y,-Y) in (3.10) and use (3.11) to obtain

C,(X,Y)=-Cp(X+7,-Y). (3.12)
Next we replace (R, S,T) by (—X, X,Y) in (3.10). The result is
Ch(X,Y)=-Cp(-X, X +7). (3.13)
Then we have
C,(X,Y)=-Ch(-X,X+7) by (3.13)
=—(-Ch(-X+X+Y,-X-Y)) by (3.12)
=Cp,(Y,-X-Y)
= —Cu(-Y,-X) by (3.13),

and it follows by the homogeneity of C,,(X,Y) of degree n that
C.(X,Y)=—-(-1)"C,(Y, X). (3.14)

If wereplace (R, S,T) by (X,Y,-Y/2)in(3.10) and use that C,, (Y, =Y /2) =
0, then we find that

Co(X,Y) = Co(X,Y/2) = Co(X +Y,~Y/2). (3.15)

Similarly if we replace (R,S,T) by (-X/2,X,Y) in (3.10) and use that
C,(-X/2,X) =0, then we find that

Co(X,Y) = Co(X/2,Y) = Co(=X/2, X +7). (3.16)
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Congruence (3.15) allows us to rewrite the two terms on the right side of
(3.16) as follows:

Co(X/2,Y) = Ca(X/2,Y]2) — Ca(X/2+Y,-Y/2) by (3.15)
= Co(X/2,Y)2) + Cu(X/2+Y/2,Y/2) by (3.12)
=27"Ch(X,Y)+27"Cr(X +7Y,Y) by homogeneity,

and

Co(=X/2, X +Y) = Co(=X/2,X/2+Y/2)

-Cu(X/2+Y,-X/2-Y/2) by (3.15)
=-Cn(X/2,Y/2)-C,(X/2+Y,-X/2-Y/2) by (3.13)
= —Co(X/2,Y/)2) + Ca(Y[2,X/2+Y/2) by (3.12)
=-2""C(X,Y)+27"C,(Y,X +7Y) as above.

Substituting into (3.16) from the two expressions just given yields
Ca(X,Y) =217"C (X, Y) + 27" Cp(X + Y, Y) +27"C (Y, X +Y).

Application of (3.14) to the last term on the right makes this congruence
become

(1-2""Cp(X,Y) = 27" (Co (X +Y,Y) + (-1)"Cr (X +Y,Y))
=27"(1+(=1)")Ca(X +7,Y). (3.17)

For odd n > 1, (3.17) gives C,,(X,Y) = 0 as required. For even n > 2, we
have

21nCL (X +Y,Y) = (1 -21")C, (X, Y)
Replacing X by X — Y gives
217 C (X, Y) = (1 -2 Cu(X -1, Y) = —(1 - 21" (X, -Y).
So
Co(X,-Y) = -2"""(1 =2""""1C,(X,Y).
Applying this formula twice gives
Co(X,Y) =2272"(1-2"""2C, (X, Y).

Since n > 2, we conclude that C,,(X,Y) = 0, as required. O
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3. Derivative of exp in the linear case

We already saw in Section 1.4 a hint that differentiation along smooth curves
of matrices is subtle because matrices do not necessarily commute under
multiplication. For example we saw in (1.8) that if ¢(¢) is a smooth curve

d
of matrices, then = c(t)~! equals —c(t)~'¢’(t)c ()", not —c(t)~2c’(t) or

—c’(t)c(1)~2. Differentiation along curves of matrices involving the expo-
nential function is even more complicated. In this section we shall establish
the following result.

Theorem 3.3 (F. Schur). Letr — exp X (¢) be a smooth curve of matrices.
Then

(=D*

dX(r)
(k+1)! '

dt

d o0
—(expX(1) = expX(1) (k; (ad X (1))*)

Remark. In this equality, ad X (¢#) means “left bracket by X(¢),” as in
Section I1.4. The expression in large parentheses can be written formally as

$ D gy - LmeRCadX(0)
k=0

(k+1)! ad X (1)

Rewriting the series in this way provides an indicator and a reminder where
the series comes from, but ad X (7) is not invertible, and thus the right side is
meaningful only when interpreted as being given by the left side. With this
note of caution, we shall retain the formal expression for use in calculations
in the next section.

Proor. Introduce a second real variable u, and define

Y(t,u) = (exp(—uX(t)))% exp(uX(1)). (3.18)

If we abbreviate X (¢) as X, then partial differentiation with respect to u gives
aY 0 0
—(t,u) = - X(exp(—uX))— exp(uX) + (exp(—uX)) — (X exp(uX))
ou ot ot
0 X
= —X(exp(—uX))E exp(uX) + exp(—uX)E exp(uX)

+ exp(—uX)X% exp(uX)
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ax
= exp(—uX)E exp(uX)
ax
= Ad(exp(—uX))—
(exp(-uX)) =

dX
= d(—uX))—.
exp(ad (-uX)) —
Evidently Y (¢, 0) = 0, and thus

1
Y(t,l):/O g—i(t,u)du
1
:/ exp(ad(—uX))d—Xdu
0
f o (—1)u k(adX)kdX
= Z du
- dt

_ N (DR @d x)k ax
‘Z (k+1)! dt’ (3.19)

Now (3.18) shows that Y (¢,1) = exp(—X(t))E exp X(t). When combined
with (3.19), this result yields the desired formula. m]

4. Dynkin’s Formula for linear analytic groups

We return to equation (3.2), seeking to understand the solutions near X =Y =
Z =0of

expZ =expXexpY
in the real vector space m of all n-by-n matrices over R or C. Proposition 3.1
gave a preliminary answer to this question by producing a formula

Z=X+Y+ ) Cu(X,Y)
n=1

in which the various terms C,, (X, Y) of the series are noncommuting polyno-
mials in X and Y homogeneous of degree n. Unfortunately such an answer is
not detailed enough to address fully the Lie-theoretic questions that one may
have about this series.

What was needed just before the beginning of the twentieth century
and continued to be needed 50 years later was a formula for Z as above
in which the individual terms C,(X,Y) of the series are Lie polynomials
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in X and Y and the question of convergence can be addressed. Theorem
3.2 addressed the first question recursively, but the use of a recursion made
it harder to address the second question. This need for the two questions
to be addressed simultaneously was not met sufficiently until 1947 when
E. Dynkin produced such a formula. He worked at first with formal series
involving noncommuting variables, without regard to convergence, and later
gave a second derivation that addressed convergence. We shall reproduce
Dynkin’s Formula as Theorem 3.4 below but shall do so following a method
of Duistermaat and Kolk that uses Theorem 3.3 and is capable of exhibiting
convergence of the series for a specific region without any use of formal series.

In this book we shall not need the precise formula of Theorem 3.4, only
the qualitative conclusion given in Corollary 3.5. Thus the complexity of the
formula in Theorem 3.4 will not be a concern for us.

Theorem 3.4 (Dynkin’s Formula). If X and Y are members of the matrix
space m sufficiently close to 0, then the series

C(X,Y):Y+X+ZZ(_1)n !

=~ n+l if+---+i,+1

((ad'}‘()il (ad.Y')J.l (ad_)f)in (ad‘Y')jn )(X),
! Ji! In! Jn!

with the inner sum indexed as below, converges in m independently of the
order in which the terms are added, and the full expression Z = C(X.,Y)
is a solution of expZ = exp X expY. Here the inner sum is taken over all
sequences (i, ji,-..,in, jn) Of integers > O satistying i, + j, > 1 for all
1<r<n.

ReMARKs. As we did with Proposition 3.1, we can group terms according
to their total degree, and we write

C(X,Y) = Z Co(X,Y)
n=1
to reflect that grouping. Let us look at the cases of total degree 1 or 2 to
get a sense of what happens. For total degree 1, the summation over n is not
involved, and we get only the contribution

Ci(X,Y)=X+Y

just as before.
For total degree 2, we get contributions only fromn = 1. Since 1 <r < n,
the only case to consideris r = 1. Terms of degree 2 come only fromi;+j; = 1,
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. 1
and the coefficient is = ——

T Thus the only possibilties are
I

iir=1 with (adX)X =0 and with coefficient —%,
i1=0 with (adY)(X)=-[X,Y] and with coefficient —%.
Thus 1
G (X.Y) = E[X’Y]’
in agreement with what we obtained before the statement of Theorem 3.2.

Proor or THEOREM 3.4. Fix X and Y, and for each ¢, let Z(¢) be the
unique small solution of

exp Z(t) =exptXexpY. (3.20)

The parameter ¢ will vary from O to 1, and we have Z(0) =Y and Z(1) = Z.
Applying exp~! to both sides of (3.20) and using Lemma 1.7, we see that
t — Z(t) is a smooth function of ¢. In fact, (¢, X,Y) — texp X expY is in the
open set where exp~! is smooth as long as X and Y are small enough and ¢ is in
a small enough open set containing [0, 1], and thus 7 > exp~! (exptX expY)
is smooth. This is the function ¢ +— Z(¢).

If we differentiate (3.20) with respect to ¢ and use Theorem 3.3, we get

1 —exp(—ad Z(z)) dZ(t)
ad Z(1) dt

The key step is to multiply (3.21) on the left by exp(Z(¢))~' and make use of
the identity

(expZ) ™' X(expZ) = Ad(exp Z) ' X = exp(—ad(Z))(X)
from Corollary 2.13. The result is

1 —exp(-ad Z(1)) dZ(t) _
ad Z(1) o = cxp(-ad Z(n)X. (3.22)

In (3.22) we see that we have eliminated all occurrences of the undiffer-
entiated Z(¢) from (3.21) except where it occurs as ad Z(¢). Consequently we
are going to succeed in obtaining some formula for C(X, Y) that involves only
X +Y plus the iterated effects of ad X and ad Y.

Thus we solve for dZ(¢)/dt and simplify to get first

dZ(t) adZ(t)exp(—adZ(t))

dt 1 —exp(—ad Z(1))

exp Z(t)

= Xexp Z(t). (3.21)

and then
dz(t) _ ad Z(t)

dt  exp(adZ(r))-1""

(3.23)
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Put (3.23) aside for a moment and return to (3.20), applying Ad to both
sides. If we use the formula Ad o exp = exp o ad from Corollary 2.13 on each
of the three members of the result, we get

expad Z(t) = (expadtX)(expadY). (3.24)

Now we can proceed somewhat as in the proof of Proposition 3.1, using
the series expansion

(-D*
k+1

A =log(exp A) = Z
k=0

with A = adZ(¢). We know from (3.8) that the series expansion is valid
for the matrix A whenever ||A|| < log2. The condition ||ad Z ()| < log2 is
certainly satisfied for all  with 0 < ¢ < 1 as long as ||ad X|| and ||ad Y|| are
sufficiently small. Assuming X and Y to be chosen that way, we see from
(3.23) and then (3.24) that

dz(t) _ ad Z (1)
dt  exp(adZ(r)) -1
o (—DF k
= (expadZ(r) - 1)" X
= k+1
o (—DF k
:Z 1 (expadtXexpadY — 1) X
k=0 +
. . . k
_i (=) Z fi(ad X)i (ad Y)/
k=0 k+1 i>0, j>0,i+j>0 i
2 (=1)k . .
:Z(k )1 (it (3.25)
im0 7 i1 20, jx >0, ix+jr>0
X)h Y)J X)ix Y)Jx
((a§ ) )((ad.) )_'_((ad. ) )((ad.) )(X).
ip! Ji! ir! Ji!

Meanwhile since Z(0) =Y and Z(1) = Z, we have
1
YA
zZ=Y +/ d—(t) dt.
o dt

If we substitute (3.25) into this expression, then the term with £ = 0 yields
X, the integration of the power of ¢ yields (i +--- +i; + 1)~!, and the rest
matches the formula for C(X,Y) in the statement of the theorem. O
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In this book we do not really need Dynkin’s exact formula as in Theorem
3.4, only the qualitative form of it given in Corollary 3.5 below. However, no
proof of Corollary 3.5 is known that does not involve proving something like
Dynkin’s Formula completely.?

Corollary 3.5. Let X, Y, and Z be matrices in m that are sufficiently
close to 0, and suppose that (exp X)(expY) = exp Z. If X and Y are both in a
Lie subalgebra g of m, then Z lies in that same Lie subalgebra g.

Proor. In a set sufficiently close to 0, Theorem 3.4 gives a formula for
Z = C(X,7) that involves a convergent infinite series whose terms are X + Y
and iterated brackets of X and Y. Thus the partial sums of the infinite series
are in g. Since g is a vector space, it is closed under the limits in question. O

5. Construction of linear analytic subgroups from Lie subalgebras

Now we come to the main result of this chapter.

Theorem 3.6. Let M be a general linear group, and let m be its linear
Lie algebra. If g is a Lie subalgebra of m, then there exists a linear analytic
subgroup G of M with linear Lie algebra g. Specifically the group of matrices
generated by all exp X with X € g becomes an analytic subgroup in its natural
topology, and its linear Lie algebra is g.

Proor. For definiteness let us take m to consist of all n-by-n complex
matrices. We can then write M = GL(n, C).

Let G be the subgroup of M generated by all elements exp X with X € g.
The subgroup G coincides with the set of all finite products exp X - - - exp Xi
with each X; in g. The reason G is the desired subgroup is that this set of
products is evidently closed under multiplication, the formula 1 = exp 0 shows
that this set of products contains the identity, and the formula (exp X)~! =
exp(—X) shows that this set of products is closed under inverses.

Being an abstract subgroup of M = GL(n,C), G has a linear Lie algebra
g’ as defined in (1.11). If X is in the given Lie subalgebra g, then so is ¢ X for
every real ¢, and hence G contains exp X for all real . Consequently (1.11)
shows that X is in the linear Lie algebra ¢’ of G. Thus g C g’. We are to
prove that equality holds.

2See the Historical Commentary for remarks on the problem of associating analytic
subgroups of Lie groups to Lie subalgebras of Lie algebras. The use by G. Frobenius of
“involutive distributions” in an analytic approach to this problem may be compared with the
requirement in Corollary 3.5 that g be closed under brackets.
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Choose a real vector subspace s of m such that m = g ® s. By Lemma
1.7 there exist open balls U; about 0 in g and U; about 0 in s, as well as an
open neighborhood V of 1 in M = GL(n, C) such that

(a,b) — expaexpb (3.26)

is a diffeomorphism of U; x U, onto V. Fix attention on a member Z of ¢’.
For small positive ¢, exp¢Z lies in V, and it therefore decomposes according
to (3.26) as

exptZ =expX(t)expY(¢r) with X(¢) e gand Y (¢) € s.

Since X(z) isin g, exp X (¢) isin G.

On the other hand, Z is in g’, which is the linear Lie algebra of G, and
thus Theorem 2.1 shows that exp ¢Z is in G for all t. Hence exp Y (¢) lies in G
for all small positive t. We shall prove that

The set of Y € U, such that

expY lies in G is countable. (3.27)

Assuming (3.27), let us complete the proof of Theorem 3.6. Being a
smooth curve, ¢ +— exp Y (¢) either is constant for 7 in an interval about 0, or
it takes on uncountably many values. Because of (3.27) it must be constant,
and thus exp Y () = expY(0) = 1 in an interval about 0. Then it follows that
exptZ =exp X(t) expY(¢) = exp X(¢) in an interval about 0. Thus exp ¢Z for
t near 0 is a smooth curve in G, and its derivative at ¢ = 0, which is Z, must
be in the linear Lie algebra g of G. |

To address Theorem 3.6 fully, we are thus left with proving (3.27). We
formulate that statement as a lemma.

Lemma 3.7. With notation as in the proof of Theorem 3.6, the set of
Y € U; such that exp Y lies in G is countable.

Proor. It is only in this lemma that we make use of the hypothesis that
g is a Lie subalgebra of m and not merely a vector subspace. If X and Y
are members of m with || X|| + ||Y]| < 2 and if there exists a matrix Z with
||Z|| < 1 suchthat (exp X)(expY) = exp Z, then we have seen that Z is unique
and we can write C(X,Y) for the matrix Z. By Lemma 1.6, exp: m — M
is invertible near the identity of M; we write exp™' for the inverse function.
Since this inverse function is continuous at 1, there exists an £ > 0 such that
[W—1|| < &implies || exp~! W|| < 1. By continuity of (X,Y) + exp Xexp Y
near (X,Y) = (0,0), choose and fix 6 > 0 such that

| X]|| < ¢ and ||Y]| < ¢ together imply ||exp XexpY — 1|| < &. (3.28)
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Then || exp~!(exp X expY)|| < 1.

If we assume as we may that & < 1 andif we take any X and Y with || X|| < §
and ||Y|| < 8, then Z = exp~! (exp X expY) is a matrix with || Z|| < 1 such that
(exp X)(expY) = exp Z. According to the previous paragraph, Z is unique in
the sense that no other matrix Z” with ||Z’|| < 1 has (exp X)(expY) = exp Z’.
We write Z = C(X,Y) accordingly. If Bs = {X € g | || X]|| < 6}, then

expC(X,Y) =expXexpY (3.29)

for a smooth function C on the subset Bs X Bs of g X g with C(0,0) = 0.
According to Corollary 3.5, if X and Y are in the subset B of g, then C(X,Y)
is in g. This fact is crucial in the proof.

To prove the lemma, we are going to count the set of ¥ € U, such that
expY lies in G. Thus we study an element a of G. The element a is a product
of exponentials of members of g. Using the identity exp X = (exp X/n)", we
can expand some of the factors to see that our given element @ € G can be
written as a product

a=expXiexpXy---expXpy (3.30)

of members X; of g with || X|| < 6. Fix a vector space basis of g, and call a
member of g rational if it is a rational linear combination of the members of
this vector space basis. Let us see recursively3 for m > 2 that

For every a € G as in (3.30) and every > 0, there exist rational
elements Ry, ..., R,,—1 of g such thata = exp R; - - - exp Ry—1 expf

for some element X € g with ||Y|| <n.
(3.31)
We begin with the case m = 2. Elements X; and X, of g are given with
[|X1]| < 6 and || X3|| < &8, where 6 is as in (3.28). Then (3.28) and (3.29) show
that || exp C (X1, X») — 1]| < &. Using a rational element R to be specified,
let us write

exp X1 exp X, = exp C (X1, X»)
= exp Rj exp(—R;) exp C(X1, X)
= exp R; exp X,

where EQ = C(—R1 , C(X] , Xz)) lies in g.

3The base case of the induction here will be m = 2. If it should happen that an expansion
(3.30) for a particular element a has m = 1, then we simply rewrite the expansion with m = 2
by inserting a factor exp O at the left end.
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The elements X; and X, are fixed, and we have R; at our disposal in order
to make || X>|| < 7. Continuity of C in the first variable implies that if the
rational element R; is chosen close enough to C(Xj, X>), then the element
X, = C(—R;1, C(X1, X»)) will have

||C(_Rl, C(Xl, XZ)) - C(_C(Xla XZ)a C(Xla X2))” < n.
However,
C(-C(X1,X2),C(X1, X2)) = -C(X1, X2) + C(X1,X2) =0
since the element C(X;, X,) commutes with itself. Thus
11l = [IC(~R1, C(X1, X2)) = Ol <,

and we have shown that exp X; exp Xo = exp R; exp X» with || Xz|| < 7 as
required.
Turning to the case of m > 3, we can use the case m = 2 twice to write

a =exp X1 exp Xz exp X3 - - - exp Xm
= exp R; exp )?2 exp X3 - --exp X,
= exp Rj exp R, exp X3 exp Xy - - -exp X

with R, and R, rational and || X3]|| < n. Continuing in this way, we arrive at
an expression
a=expRiexpR;---exp Ry, —1 exp fm

with Ry, ..., R,,—; rational, )?m in g, and ||5(;,,|| < 7. This proves (3.31).

In (3.31) we shall take = ¢ as defined in (3.28), and then we can complete
the proof of the lemma. Let us see for each m > 1 and for each set of m — 1
rational elements of g that there is at most one element X of g with || X|| < §
such that exp R; - - - exp R;,,—1 exp X lies in V. Indeed, suppose that

expY) =expRiexp Ry ---exp Ry—1 exp X1
and

expY> =expRiexp Ry ---exp R—1exp Xo
are in V with X| € g, Xp € g, || X1|| < 8, and || X3|| < 6. Then

(expY2)(exp0) = exp Y exp(—X1) exp Xp = (exp Y1) exp C(—X1, X2).
(3.32)

Here Y, and Y; are in U;, and 0 and C(—X1, X,) are in U;. In our construction
each element of exp U, exp U; has a unique decomposition as exp Y exp X

with X € U and Y € U,. Thus (3.32) implies that ¥, = ¥;. Consequently
exp X, = exp X;. Since exp is one-one on Uy, X> = X. m]
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6. Construction of homomorphisms of analytic groups from
homomorphisms of Lie algebras

Let us move beyond linear groups and linear Lie algebras for now and turn
to a consideration of smooth homomorphisms between linear groups. If
®: G — G’ is a smooth homomorphism between two linear groups, then
Theorem 2.11 showed how to associate to ® a homomorphism D®: g — ¢’
between their linear Lie algebras. The formula given in that theorem was that
if ¢(¢) is a smooth curve in G with ¢(0) = 1 and ¢’(0) = X, then D®(X) is

d
the member Y of g such that = @(x(t))!lzo =Y.

In the spirit of the present chapter, let us try to invert this construction,
passing from a homomorphism between the linear Lie algebras of two linear
groups to a smooth homomorphism between the groups themselves. Discus-
sion of this topic depends somewhat on the subject of covering spaces, and
we shall take the content of Appendix C as known for the present section.

It turns out that there is a topological obstruction to lifting the Lie algebra
homomorphism to a Lie group homomorphism. The following example
illustrates the problem.

ExampLE 1. Let G and G’ be the one-dimensional linear groups given
by G =S'"={('?) |0<0<2r}and G’ =R = {(e) | —0 < t < o0}.
We can take g = {if | 6 € R} and ¢’ = {r | + € R}. The homomorphisms
between g and g’ are parametrized by a real parameter ¢ and are given by
¢ (i6) = fc. But the only smooth homomorphism ® from G into G’ is the
one with ®((e'?)) = 1 for all 6 since the image of the compact group S' has
to be a compact subgroup of R. Thus for all choices of ¢ other than ¢ = 0,
e : ¢ — ¢’ does not lift to a smooth homomorphism ® : G — G’.

If we were to look at Example 1 more closely, first by taking G = G’ = S!
and then by taking G = R and G’ = S!, we might see that the problem appears
to be coming from a nontrivial loop in the domain group G, specifically from
the fundamental group of G.

Theorem 3.8. Let G and G’ be linear Lie groups with G connected and
simply connected, and let g and g’ be their linear Lie algebras. If ¢: g — ¢’
is a homomorphism between the linear Lie algebras, then there exists a
unique smooth homomorphism ® : G — G’ between the groups such that
DD = .
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Proor. Form the group G x G’. To view G X G’ as a linear group,
we can regard it as contained in the product of the two underlying general
linear groups. In G X G’, one multiplies coordinate by coordinate, and one
uses the product manifold structure. The corresponding linear Lie algebra is
g @ g’ with the vector space and bracket operations taking place coordinate
by coordinate.

The graph of ¢, given by Graph(¢) = {(X, ¢(X)) € g®g’ |X € g},isalie
subalgebra of g ® ¢’, and Theorem 3.6 produces a unique analytic subgroup F
of GXG’ with linear Lie algebra Graph(¢). Let p : F — G be the composition
of the inclusion F — G X G’ followed by the projection to the first coordinate
(x,y) — x. On the Lie algebra level, Dp carries Graph(y) into g & g’ and
then projects to the first coordinate. The formulais Dp (X, ¢(X)) = X. Since
the domain and image have equal dimension, namely dim g, the subgroup
p(F) contains an open neighborhood of the identity in G. But G is connected
by hypothesis, and thus p(F) = G. Since F is connected by construction,
Proposition C.19d shows that p: F' — G is a covering map. By hypothesis,
G is simply connected and hence has no nontrivial coverings. Consequently
p is a homeomorphism and has an inverse p~'. Let g: F — G’ be the
composition of the inclusion F — G X G’ followed by the projection to
the second coordinate (x,y) +— y. On the Lie algebra level, Dg carries
Graph(y) into g @ g’ and then projects to the second coordinate. The formula
is Dg(X, ¢(X)) = ¢(X), and the compositionis gop~! = ¢. We can therefore
take @ to be g o p~!. Uniqueness follows since a smooth homomorphism of
an analytic group is determined by its values on a set that generates the
group. O

ExampLE 2. Let G = SU(2) and G’ = SO(3) with linear Lie algebras
g = su(2) and g’ = s0(3). Problems 1-5 at the end of Chapter II construct
explicitly a smooth homomorphism Ad : SU(2) — SO(3). The homomor-
phism Ad is onto SO(3) and has a two-element kernel. The corresponding
homomorphism of linear Lie algebras is ad : su(2) — so(3), and it is one-
one onto. On the other hand, ad™': so(3) — su(2) is a homomorphism
between linear Lie algebras, and there is no corresponding homomorphism of
linear Lie groups.

The question of when it is possible to lift a homomorphism of linear Lie
algebras to a smooth homomorphism of the corresponding linear Lie groups
is complicated and will not be pursued further here.
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The remainder of this chapter concerns the interaction between the theory
of linear groups and the theory of covering spaces. We shall give examples to
show that

(a) acovering group of a connected linear group need not be linear. An
example appears in Section 7.

(b) a group covered by a linear group need not be linear. An example
appears in Section 8.

7. Coverings of linear analytic groups need not be linear

In this section we give an example of a linear analytic group that is not simply
connected yet is covered nontrivially by no linear analytic group.

The example is G = SL(2,R), realized as a subgroup of 2-by-2 real
matrices. We shall make use of the following subgroups and notation
concerning those subgroups. Let

a b cosf —sinf
G_{(c d)’ad_bc_l}’ K_{(sine cose)}’

O e B [ )

Proposition 3.9. In G = SL(2,R), the multiplication mapping is a
diffeomorphism of K X A X N onto G.

Proor. The product formula
cosf —sin@)\fef 0\ (l x| [e'cosf e'xcosf—e"sind
sind  cosf ) 0 e 7J\0 1) \e'sinf e'xsinf+e ' cosd

_[a b
“\le d
shows that each entry a, b, ¢, d is a smooth function of 8, ¢, x. Hence the map

K x A X N — G is smooth. The formulas

e =a*+c%, cosf=ael, sinf=ce’,

and x = (ab+cd)(a®+ 7!

show that 7, sin @, cos 8, and x are smooth functions of a, b, ¢, d. Therefore
the inverse function is well defined and smooth. O

Corollary 3.10. SL(2,R) is connected and has fundamental group Z.
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Proor. The groups A and N are isomorphic to R and are connected and
have fundamental group 1. Also K is isomorphic to S' and thus by Proposition
C.15is connected and has fundamental group Z. Consequently the topological
product, which is homeomorphic to SL(2, R) by Proposition 3.9, is connected
and has fundamental group equal to the product 1 X 1 X Z, which is Z. O

Consequently SL(2,R) has infinitely many nontrivial covering groups.
We shall show that none of them is linear. To do so, we make use of the
following analog of Proposition 3.9 for SL(2, C).

Proposition 3.11. In G = SL(2,C), the multiplication mapping is a
diffeomorphism of U x A X N* onto G, where

d

T B [

Proor. Following the line of argument of Proposition 3.9, we set ?

SL(2,C) = {(i b) , det = 1}, U = special unitary group SU(2),

b
d
equal to a product from UAN™*. The result shows that 2’ = |a|? + |c|* and
that the first column of the member of U has entries ae™" and ce™". Then we
can solve for the remaining parameter z and see that all the parameters in U,
A, and N depend smoothly on a, b, c, d. O

Corollary 3.12. SL(2,C) is connected and simply connected, and so
isU.

Proor. A member of U is determined by its first column, which is any
unit vector in C2. Thus U is topologically the sphere S3. By Proposition
C.16, U is simply connected, and also it is connected. Since A and N* are
homeomorphic to R and R?, the result follows from Proposition 3.11. O

Proposition 3.13. The linear analytic group SL(2,R) has no nontrivial
linear covering group.

Proor. Let G be a linear covering group of SL(2,R). Without loss
of generality we may assume that G is a subgroup of some GL(n,R). Let
g be its linear Lie algebra, which is a 3-dimensional Lie algebra of n-by-n
real matrices and is isomorphic to s[(2,R). Form g + ig as a 6-dimensional
real Lie algebra of n-by-n complex matrices. Applying Theorem 3.6, we can
produce a linear analytic subgroup G of GL(n,C) with linear Lie algebra
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g +ig. According to Corollary 3.12, SL(2,C) is a simply connected linear
analytic group whose linear Lie algebra is isomorphic to g + ig, and it follows
from Theorem 3.8 that G is a homomorphic image of SL(2, C). In case there
is any doubt, the homomorphism in question is onto SL(2,C) by Corollary
2.16a and the connectedness of SL(2,C). Its kernel has dimension O and is
thus discrete. Referring to Proposition C.19d, we see that the homomorphism
is a covering map. Since SL(2,C) is simply connected, the covering map is
an isomorphism. In other words, G is isomorphic to SL(2,C), and hence G
is isomorphic to SL(2, R). O

8. Groups covered by linear analytic groups need not be linear

In this section we give an example of a linear analytic group that covers another
analytic group G that has no realization as a linear group.
We start from the three dimensional group Heisenberg group Hj3 of real
matrices
1 x ¢
H3;=4[(0 1 yl|x,y,teR}. (3.33)
0 0 1
The center C of the group H3 is the 1-dimensional subgroup of all matrices
with x = y = 0. Every subgroup of the center C is normal, and we focus on
the subgroup D consisting of those members of C for which ¢ is an integer.
This is a discrete subgroup of H3, and the group of interest will be

H} =H3/D.
According to Proposition C.19d, the quotient map H3 — H} = H3/D is

a covering map. Therefore H} is an analytic group of dimension 3 that is
covered by a linear analytic group.

Proposition 3.14. The group H has no realization as a linear group in the
sense that there is no continuous one-one homomorphism @ : H; — GL(n, C)
for any integer n > 1.

Proor. For x, y, and ¢ in R, define

1 x 0 1 00 1 0 ¢
ax=|0 1 0|, by=[0 1 y|, and ¢, =[0 0 1J.
00 1 00 1 00 1

Direct computation gives
byaybjlay' =c_yy. (3.34)
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Let us put this computation aside for the moment. Arguing by contradic-
tion, let n > 1 be the smallest integer such that H7 has a continuous one-one
homomorphism into some GL(n,C). Let ®: H; — GL(n,C) be such a

homomorphism, and let @ be the lift of ® from H to H3. Since @ is trivial on

the discrete subgroup D of H3, &D(ct) depends only on the value of  modulo 1.
Moreover, ®(c,) is a continuous function of # mod 1 with values in GL(n, C),
and thus its image is compact. The norms of these matrices are bounded, and
therefore all the eigenvalues of all the matrices &)(ct) are uniformly bounded.

Temporarily let us introduce a new Hermitian inner product ¢ -, - ) on the
vector space C" where the members of ®(G3) act. The new Hermitian inner
product is given in terms of the standard Hermitian inner product (-, -) by
the formula

1
i) = [ (@Gom.eeovs) d.
0
and we readily check that

(D(ci)vi, @(cp)va) = (v, v2) (3.35)

for all # mod 1.

Fix a number #p mod 1. Let A be any eigenvalue of Cf(cto), and let V), be
the corresponding eigenspace in C". Putting t’ = #y and taking v = v, in
(3.35) to be in V,, we see that |1]| = 1.

From (3.35) it follows that the orthogonal complement relative to (-, -)
of an invariant subspace in C" under ®(c,,) is an invariant subspace, and
consequently C" is the direct sum of the eigenspaces under ®(cy,).

Since ¢y, is in the center of H3, every g in H3 has &)(cto)(&)(g)v) =
&)(g)cf)(c,o)v = A®(g)v for all v in V,. In other words, each ®(g) carries
each eigenspace V) into itself.

Recall, however, that we arranged that n is the smallest positive integer
for which H has a continuous one-one homomorphism into some GL(n, C)
and that @ is such a homomorphism. Consequently there is only one value of
A, say A = Ao, for which V,; # 0, and that value has V;, = C". In short, ‘5(%)
acts by the scalar 1p on C", and det E)(cto) =43

Now we can mjlke use of (3.34). Consider the action of EIS(H3) on C".
Application of det ® to both sides of (3.34) shows that

1 = det®(cyy)

for all x and y in R. Consequently det E)(ct) =1 on C" for all ¢. In particular,
At =1.
0
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Thus @ (1) is a scalar operator equal to an n™ root of unity, no matter what
to is. The operator varies continuously with 7y and is the identity when 7y = 0.
Thus 5(t) =1 for all ¢, and it follows that @ is not one-one. This conclusion
contradicts the choice of ® as a continuous one-one homomorphism and
concludes the proof. O

9. Summary

Chapter III continues the development of Lie theory for linear groups. Chap-
ters I and II showed how to associate a linear analytic group and a linear Lie
algebra to each linear group and how to associate a Lie algebra homomorphism
to each smooth homomorphism from one linear analytic group to another. This
chapter concerns running these constructions backwards.

The key tool for successfully getting these constructions to run backwards
is Dynkin’s Formula, which gives an explicit convergent infinite series expan-
sion for a square matrix Z near O in terms of square matrices X and Y near 0
when exp Z = exp X exp Y. The terms of the infinite series involve only vector
space operations and iterated Lie brackets of X and Y. This result shows that
the linear Lie algebra of a Lie group captures not just the infinitesimal behavior
of the group operation at the identity but in fact captures a convergent infinite
series expansion for the multiplication rule in a neighborhood of the identity.

Dynkin’s Formula improves on the earlier Baker—Campbell-Hausdorff
Theorem (Theorem 3.2), whose pre-Dynkin proofs made it difficult to address
the convergence of the series that arises. The main new ingredient in the proof
of Dynkin’s Formula as given here is an application of a nineteenth century
formula of F. Schur for differentiating along a curve of square matrices of the
form exp(Z(1)).

With Dynkin’s Formula in hand, one can see how to pass from the Lie
subalgebra determined by a linear analytic subgroup to the subgroup itself.
In fact the subgroup is the one generated by all elements exp X with X in the
given Lie subalgebra.

Dynkin’s Formula shows that the multiplication rule in a linear analytic
group is determined near the identity by the linear Lie algebra, and this fact
indicates that a homomorphism on the Lie algebra level can be lifted near the
identity to a smooth Lie group homomorphism between the corresponding
linear analytic groups. With further argument one can see that this smooth
local homomorphism extends to be defined globally if the domain is simply
connected.
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The remaining sections of the chapter give examples to show that the class
of linear groups is not closed under a couple of desirable operations. Section 7
shows that even though the linear analytic group SL(2, R) has infinitely many
proper covering groups, none of the proper covering groups can be realized
as a linear group. Section 8 gives an example of a linear analytic group that
covers an analytic group having no realization as a linear group.

In particular Chapters I through III have completely proved the results
announced in the Preface as Fundamental Theorems A and B of Lie Theory
under the hypothesis that the given Lie group is a general linear group.

10. Problems

1. Use Dynkin’s Formula directly as it is stated in Theorem 3.4 to calculate
C3(X,Y), showing that it is given by

1 1
G(X.Y) = SIX [X.¥]]+
Problems 2-7 lead to a different approach to the theorem of F. Schur (Theorem
3.3) and its application to Dynkin’s Formula (Theorem 3.4) from the one given in
the text. One objective is to differentiate a matrix-valued function exp C(z), and
another is to obtain the terms in Dynkin’s Formula in a relatively systematic manner.
Some of the argument will be carried out here only formally, leaving aside rigorous
attention to certain convergence questions. The work dates to the paper of Baker
[1905] and was elucidated by Sogo [2016]. If P and Q are two n-by-n matrices that
are not scalar multiples of one another, the interest is in writing exp Pexp Q as an
explicit exponential. Consider a linear operator D on the space S(P, Q) of all linear
combinations of monomials whose terms are of the form P'1QJ/1 P2QJ2 ... PikQlk,
If F isin S(P, Q), the value of the operator D on F is defined as

Y,[Y,X]].

D(F) = result of replacing Q by X at one occurrence of Q in F

and summing the result over all occurrences,
where X is an expression in P and Q to be specified presently. Thus for example,

D) =0, D(Q) =X, D(Q*=XQ+0X
D(P) =0, D(Q*PQ)=XQPQ +QXPQ +Q*PX.
Take as given that DF is well defined independently of the way a member of S(P, Q)

is expanded in terms of monomials. Observe from the definition that D(QF) =
XF + QD(F) forall FinS(P,Q).
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Prove that

D(FG) = (DF)G + F(DG)
for all F and G in S(P, Q). (Educational note: Because of this formula, which
has the same flavor as the rule in calculus for differentiation of a product, one
says that D is a derivation. This notion can be defined more generally, and
further instances of derivations will appear in the Problems for Chapter IV.)

For 0 < r < m — 1, establish the scalar identity
(I+x)™ (1+x)"

X X
for x positive, and use it to prove that
()02
+ +oe = .
r r r r+1

Define operators L, standing for left-by-Q, and Rg, standing for right-by-Q,
by LoF = QF and RoF = FQ, and putadQ = Lg — Rp. Note that Lo, Rp,
and ad Q commute with one another. Starting from the identity

+x)" +(A+x) T+ + (1+x)" ' =

D(Q™) = (L' + Ly *Ro+ LG R +- -+ RGHX
= (Rg+ad Q)" "+ (Rg +ad Q)" *Rg +---+ RG™HX

and using the result of the previous problem and the fact that Ly and Rp commute
with each other, apply the Binomial Theorem to prove for m > 1 that

D(Qm) — (’T)XQm—l + (n;)((adQ)X)Qm—Z Foeeet (Z)((ad Q)m_lX).

It will be necessary to make use of some power series.
(a) Verify that the Taylor series expansion of the analytic function z7!(e? — 1)
about z =0 is

2 Z3

z Z
I+ —+—+—+--
20 31 4
and that the expansion of the reciprocal z/(e* — 1) about z = 0 is

¢z rerl oz B, By
ez—1 2 2e-1~ 2 2 4)

< 2 n-1 Bn 2n
=24 (41 .
2 ;( TR
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(b) Explain why the latter series is convergent for |z| < 27. (Educational note:

The numbers B,, are called Bernoulli numbers. The first few are By = 1/6,

By = 1/30, B3 = 1/42; some authors index them differently. With this
2n-1

indexing, one of their remarkable properties is that Y, k2" = )] B, 7"
k=1 n:

In particular all the B,, are positive.)

Let us extend the domain of D from S(P, Q) to include any series like the one
for exp Q. Specifically let us take the domain of D to be all formal power series
in Q with coefficients in S(P, Q), i.e., all sequences of coefficients indexed by
n > 0, each coefficient being in S(P, Q). Calculate D(exp Q) formally (i.e.,
calculate the coefficients without regard to convergence of the resulting series
and without regard to questions of associativity of multiplication), arriving at
the result

Diexp0) = [[1+ %2 , (407 | (0)

2 T T a

+~--)X] exp Q.

Recall that the definition of 9 depends on an unspecified expression X to be
given in terms of P and Q. That expression X will now be specified. Take X to
be the product of a certain formal power series and P, namely

@D 2 w10 - P aa0) + 2t ) )P,

+ —_—
2 2!

where the numbers B,, for n > 1 are the Bernoulli numbers defined in Problem 5.

Explain why this choice of X makes

D(expQ) = Pexp Q.
as an equality of formal power series.

x=(1-

Problems 8-9 continue the development begun in Problems 2—7. The first step is
to enlarge the space S(P, Q) with which we work. The new space will be called
S (P, Q). In the new space a “monomial” will be any finite product whose factors
are P and any formal power series in Q, and a general term will be any finite linear
combination of such “monomials.” Take it as given that D extends consistently to
be defined on all of §(P, Q) in such a way that the derivation formula of Problem 2
remains valid. Take it as a further given that the same kinds of manipulations that
are valid with S(P, Q) remain valid with S (P,Q).

Apply D repeatedly to D(exp Q) = Pexp Q to obtain D" (expQ) = P"exp Q.
Sum on n and introduce a real parameter ¢ to obtain the formula

(exptD)(exp Q) = (exptP)(exp Q). (*)
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Define C(t) by exp C(f) = exptPexp Q, and set C = C(1). Interchange the two
sides of () with each other in order to rewrite () as

exp C(1) = (exptD)(exp Q).
Differentiate both sides with respect to ¢ term by term, and show that

d
E exp Cit)y=9D eXp(C(f))~

9. With C(¢) defined as in the previous problem, use the derivation formula of

Problem 2 to deduce that
dC(1)

= DC(1).

10. Bearing in mind that C(0) = Q and C(1) = C, show how it follows from the
result of the previous problem that

C = (expD)0Q.

This is the fundamental formula of the Baker—Sogo method. It gives an explicit
expression for C = (exp P)(exp Q).

Problems 11-12 show how to use the fundamental formula of the Baker—Sogo method
to give manageable expansions of the terms Ci(X,Y) in Dynkin’s Formula as long
as k is not too large.

11. Show from the fundamental formula of the Baker—-Sogo method that
1 1
C=Q+X+§Z)(X)+61)2(X)+~~~ ,
with X as in Problem 7:

o 1 L A
X—P+§[P,Q]+E(adQ) P—m(adQ) P+

12. Show from the result of the previous problem that

Ci=P+0Q,

C2=3 [P0,

Cy= 5 [P [P.011 + 75 (0. 10.P1]
Cy= 5 10, 1P, 10, PII1

Problems 13—15 indicate another approach to proving Theorem 3.8 besides the one
given above in Section 6. Let two linear analytic groups G and G’ be given with re-
spective linear Lie algebras g and ¢’, and let ¢ : ¢ — g’ be a homomorphism between
their linear Lie algebras. One first constructs in some way a “local homomorphism”
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of a neighborhood of 1 in G into a neighborhood of 1 in G’, and then, as Chevalley

[1946] does in his Theorem 3, p. 49, one makes use of the assumption that G is

simply connected to extend the local homomorphism to be globally defined. These

problems address the construction of the local homomorphism.

13. A local homomorphism ®: G — G’ is a smooth function defined on an open
neighborhood U = U~! of 1 in G and taking values in an open neighborhood
V of 1 in G’ such that whenever a, b, and ab are in U, then ®(a), ®(b), and
®(ab) are in V and satisfy ®(ab) = ®(a)®(b). Show that any such local
homomorphism @ gives rise to a homomorphism of the linear Lie algebra of g
into the linear Lie algebra g’.

14. Prove that if ¢: g — ¢’ is a homomorphism of linear Lie algebras and if X
and Y are in a sufficiently small neighborhood of 0 in g, then ¢(C(X,Y)) =
Cle(X), ¢(Y)).

15. Let G and G’ be local Lie groups, and let ¢: g — g’ be a homomorphism of
their linear Lie algebras. Let U be a neighborhood of 0 in g small enough so that
exp: g — G is a diffeomorphism of U onto an open subset of G and so that the
series for C(X,Y) in the statement of Theorem 3.4 converges for X and Y in U
and satisfies

expC(X,Y) =expXexpY.
Assume in addition that the series for C(¢(X), ¢(Y)) converges for X and Y in
U and satisfies
exp C(p(X), ¢(Y)) = exp ¢(X) exp ¢(Y).
Define
D(exp X) = exp p(X)
for X in U. Prove that @ is a local homomorphism of G into G’.

Problems 16-17 establish symmetry relations for the coefficients in the Campbell—
Baker—Hausdorff formula of Theorem 3.2.

16. Prove that the formal series expansion for C(X,Y) in the Campbell-Baker-
Hausdorff formula satisfies C(-Y,-X) = —C(X,Y).

17. Deduce from Problem 16 that C,,(Y, X) = (=1)""'C,(X,Y) for every n > 1.



CHAPTER 1V

Lie Algebras, Lie Groups, and Homomorphisms

Abstract. Chapter IV turns from the subject of linear groups to a consideration of
arbitrary Lie groups. For arbitrary Lie groups, even though no underlying matrix
space is present, there is still to be a correspondence between analytic subgroups
and Lie subalgebras. To get this correspondence, this chapter uses any Lie group
M and its Lie algebra m as a frame of reference. These replace the general linear
group and the corresponding full matrix space that were ubiquitous in Chapters IT and
III. The matrix exponential is lost in this generalization, and it needs to be replaced.
Introducing the replacement involves making fuller use of the material in Appendix B
concerning smooth manifolds and smooth mappings between smooth manifolds.

Section 1 begins the description of the structure that will be used. The section
introduces abstract Lie algebras defined over a field, normally taken to be R in
this book, and it gives a number of examples. The section concludes with a brief
discussion of Lie algebra homomorphisms.

Section 2 introduces the Lie algebra of an arbitrary Lie group, which can be
defined as either the Lie algebra of left invariant vector fields on the group or as the
tangent space at the identity, the two being isomorphic as real vector spaces. In the
latter case the bracket multiplication of tangent vectors is obtained by extending the
given vectors to left invariant vector fields, forming the commutator XY — Y X of
the vector fields, and passing back to a tangent vector at the identity. In the case of
GL(n,R), the Lie algebra of the Lie group reduces to the linear Lie algebra gl(n, R),
and this sort of identification extends to other Lie groups that can be realized as linear
groups.

Section 3 constructs the exponential mapping for an arbitrary Lie group out of
integral curves for the left invariant vector fields on the group. In the case of GL(n, R),
the exponential mapping coincides with exponentiation of matrices as defined by the
usual power series. This identification extends to other Lie groups that can be realized
as linear groups.

Section 4 works within the framework of a given Lie group M and its associated
Lie algebra m of left invariant vector fields. The goal is to associate a Lie subalgebra

93
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of m to each “analytic subgroup” of M, i.e., to each subgroup G of M that has the
structure of an analytic group for which the inclusion of G into M is smooth. The
difficulty is that examples of analytic subgroups of M other than 1 and M itself are
not readily apparent. The main theorem of the section relates the inclusion of the
analytic subgroup into M and the inclusion of the Lie subalgebra into m, and it relates
the exponential mappings for M and the analytic subgroup in various ways.

Section 5 generalizes to arbitrary Lie groups the construction of Section IL.4,
which shows how to associate a homomorphism of linear Lie algebras to a smooth
homomorphism of linear Lie groups. In the general setting, instead of investigating
how curves are mapped by a smooth homomorphism, one uses the derivative mapping
on the tangent space at the identity.

Section 6 establishes a formula for the derivative of the exponential map that
generalizes the formula in Section II1.3 for differentiating an expression exp X () in
a matrix group, and then it goes on to prove Dynkin’s Formula for general analytic
groups.

Section 7 resumes the investigation of an arbitrary subgroup G of a given Lie
group M by introducing the “natural topology” on the subgroup, finer than the relative
topology as a subgroup of the given Lie group M. The natural and relative topologies
are different unless G is a closed subgroup. The natural topology is generated by
“basic open neighborhoods” defined in terms of the exponential map. It is shown that
when G is given its natural topology, the combined structure of the group and topology
is a topological group in which the identity component is open and separable. Then
one makes the identity component of G into an analytic group, which is called the
“analytic subgroup” associated with G.

Section 8§ states the main result of the chapter, which gives a one-one corre-
spondence between the analytic subgroups of M and the Lie subalgebras of the Lie
algebra of M. Much of the proof has been given earlier. Section 8 briefly reviews
the part handled by earlier sections, and then it gives the final details.

Section 9 extends to arbitrary analytic groups the construction of Section III.6,
which shows for linear analytic groups how to lift any homomorphism of their linear
Lie algebras uniquely to a smooth homomorphism of the groups provided that the
domain is simply connected. A consequence is a uniqueness theorem for simply
connected covering groups.

Section 10 proves the existence of a simply connected covering group for any
analytic group. In effect the section supplements material in Appendix C by
examining the effect of smoothness on universal covering spaces and on topological
groups simultaneously.

Section 11 classifies abelian analytic groups up to isomorphism. The simply
connected ones are the additive Euclidean groups R” for each n > 0, and the general
ones are exactly the products of an additive Euclidean group and a torus.

Section 12 begins by establishing the Closed Subgroup Theorem, which exhibits
for each closed subgroup G of the analytic group M a diffeomorphism of the product
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of G and an open set in a Euclidean space onto an open neighborhood of G in M.
This result allows for the introduction of a smooth manifold structure on the quotient
of an analytic group by a closed subgroup. As a consequence, whenever a Lie group
G acts by a smooth transitive action on a smooth manifold M, then the natural map
of M /G onto M is a diffeomorphism.

Section 13 relates the center and the commutator subgroup of an analytic group to
the corresponding objects at the the Lie algebra level. In particular the commutator
subgroup is always an analytic subgroup, and its Lie algebra is the commutator
subalgebra of the Lie algebra.

1. Lie algebras

Regard R as a field. There are situations in this book where it might be handy
to work with Lie algebras over C rather than R, but we shall usually downplay
them. Some of the situations arise in the examples below and in the Problems
at the end of the chapter. An algebra g over R, not necessarily associative, is
a vector space over R with a product operation (x, y) — [x, y] carrying g X g
to g that is R bilinear (i.e., linear in each variable when the other variable is
held fixed). An algebra g is a Lie algebra if the product satisfies

(i) [x,x] =0 for all x in g, and
(i) [[x,y],z] + [[y,z],x] + [[z,x],y] = O for all x,y,z in g. This
condition is known as the Jacobi identity.
As a consequence of (i), we have [x, y] = —[y,x] for all x and y in g because
[x, y] + [y, x] =[x +y,x+y] = [x,x] = [y,y] =0-0-0=0.
For any algebra g, we get a linear transformation ad: ¢ — Endgr(g) from
the definition

(adx)(y) = [x, y].

In the presence of condition (i) above, condition (ii) is equivalent with the
condition

[z, [x, ¥]] = [x, [z, y]] + [[z, x], y]

for all x, y, z. In turn this condition is is equivalent with the condition

(ad2)[x, y] = [(ad z)x, y] + [x, (ad 2) ]

for all x, y, z. Any « € Endg g for which a[x, y] = [ax, y] + [x, ay] for all x
and y in g is called a derivation of g. What we have just seen is that in the
presence of (i), the validity of the Jacobi identity in g is equivalent with the
fact that every ad x for x in g is a derivation.
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Lie algebras often arise from first-order differentiations in some way, and
[x, y] represents the commutator of the product under composition. In this
case it is O if and only if the two differentiations commute. Example 4 of
Lie algebras below will illustrate. The list of examples of Lie algebras below
contains eight classes of examples.

ExampLE 1. Square matrices. For k equal to R or C, let g = gl(n,k)
be the k vector space of all n-by-n matrices with entries in k, and define
[X,Y] = XY — YX. Condition (i) is certainly satisfied, and condition (ii)
follows by expanding everything out and canceling terms in pairs:

[[X.Y].Z] + [[Y,Z], X] + [[Z, X], Y]
=[X,Y|Z-Z[X,Y]+[Y,Z]X - X[Y,Z] + [Z,X]Y - Y[Z, X]
=XYZ-YXZ-ZXY+ZYX+YZX -ZYX

- XYZ+XZY +ZXY - XZY -YZX +YXZ
=0.
In Chapters I and II we have referred to the product rule [X,Y] = XY —YX
for matrices as Lie bracket.

ExampLE 2. Associative algebras. Let g be any associative algebra,
and let [X,Y] = XY — YX. This is a generalization of Example 1, and the
verification of (i) and (ii) proceeds in the same way.

ExaMmpLE 3. Vector product algebra. Let ¢ = R® with [x,y] = x X y,
the vector product or cross product. The bracket operation on the standard
basis vectors i, j, k is determined by the formulas [i, j] = Kk, [j, k] = i, and
[k, i] =j.

ExampLE 4. Smooth vector fields.! Let U be a nonempty open subset
of R", and let g be the real vector space of all smooth vector fields on U. If

coordinates for R" are given as (xi,...,X,), then the most general element

of g is a linear combination of the operators d/dxy, ..., d/dx, with smooth
n 0

real-valued functions on U as coefficients. If X = 3] a;(x1,...,x,) o

j=1 Xj

n 0
and Y = 3 bj(x1,...,x,) o are two such vector fields, define [X,Y] =
j=1 X

XY —YX. Use of the product rule for first derivatives gives

! Appendix B discusses vector fields on smooth manifolds. A nonempty open subset of
R™, which is what is considered here, is an example of a smooth manifold.
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< 0
XYf(xg,...,xp) =X E bj(xi,...,xn) gf.(xl,...,xn)
j=1 J

oL f db\ O f
= ;jaibj—axiaxj + ; (ala__xj)a_x,

. . o . 9?
Thus the expression for XY f involves second derivatives. Since o
XiOXj
0> f .
T on we find that the second derivatives in XY — Y X cancel, and we get
XjOXi

0b j 6f 8a‘,- (9f

(X, Y]f = XYf-YXf = ; (a, Ox; )axj Z (bl Ox; )6xj'
The expression for [X,Y]f involves only first partial derivatives, and thus
the commutator [X, Y] is indeed a smooth vector field. Condition (i) above
is clearly satisfied, and the same computation as with Example 1 shows that
condition (ii) is satisfied. Thus the space of all linear combinations of first
partial derivatives with coefficients equal to smooth functions on U is a Lie
algebra over R.

ExampPLE 5. Skew-symmetric matrices. For k equal to R or C, let g be
the vector space of all skew-symmetric matrices over k, i.e.,

g={xe€gl(nk)|x+x" =0},

with the bracket operation inherited from gl(n, k). To see that g is closed under
the bracket operation, we simply compute [x, y]’ = (xy —yx)’ = y'x' —x'y’ =
yx —xy = —[x,y]. For k = R, this g is written as so(n) or o(n), and we
know it is the Lie algebra of the rotation group SO(n) or the orthogonal group
O(n).

ExaMPLE 6. Generalization of skew-symmetric matrices. For any matrix
j in gl(n,k), let

g={xegl(nk) | jx+x"j=0}.

This g generalizes Example 5. To check closure under bracket multiplication,
observe that

[x,yl'j = (V'x" =x't")j = jyx = jxy = —j[x,y].

For k = R and j written in block form as with p indices in the first

1
0 -1
block followed by ¢ indices in the second block, the resulting Lie algebra is
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written s0(p, g) or o(p, g) and equals the Lie algebra of the orthogonal group
relative to the bilinear form

<

q

(), () = D xiyi = Y %79,

i=1 j=1
For p =3 and g = 1, the corresponding Lie group is called the homogeneous

1 0
blocks of size n/2 by n/2, g is the Lie algebra of the real symplectic group.

Lorentz group. Fork =R and n even and j = _O 1) with each of the four

ExampLE 7. Matrices of trace 0. For k equal to R or C, let g = sl(n,k)
be the set of all matrices x in gl(n,k) with Tr(x) = 0, Tr(x) being the trace.
This g is closed under Lie brackets because for any two matrices x and y,
Tr(xy) = Tr(yx) and consequently Tr([x, y]) = 0. This g is the Lie algebra
of the group of n-by-n matrices of determinant 1 having entries in R or C.

ExampLE 8. One-dimensional examples of Lie algebras. If g is one-
dimensonal, then g consists of all scalar multiples of a nonzero element, and
all brackets are 0 by condition (i) above. Motivated by the examples with
[x,y] = xy — yx, we say that a Lie algebra is abelian if all brackets are 0.

An analysis of Lie algebras in dimensions 2 and 3 appears in the Problems
at the end of this chapter.

We introduce the following definitions. A homomorphism ¢: g — b of
Lie algebras (over R) is a linear map over R such that ¢([x, y]) = [¢(x), ¢(¥)]
for all x and y in g. An isomorphism is a one-one homomorphism onto. If
a and b are subsets of an algebra whose product is given by (x,y) — [x, y],
then [a, b] means the linear span of all [x, y] with x in a and y in b. A Lie
subalgebra of a Lie algebra g is a vector subspace f of g with [, h] € ). An
ideal in a Lie algebra g is a vector subspace b for which [h,g] C §. Again a
Lie algebra g is abelian if [g, g] = 0.

If a and b are ideals in a Lie algebra, then so are

a + b, the set of sums from the two ideals,
a N b, the intersection of the two ideals, and
[a, b], the set of linear combinations of brackets.

The proof that [a, b] is an ideal runs as follows:

[9.[a,b]] C [[g,a],b] + [a, [g,b]]  [a,b] +[a,b] = [a,b],

the first inclusion following since each ad x for x € g is a derivation.

Here are three standard examples of ideals in a Lie algebra g.
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ExampLE 1. The center Z(g) of g, the set of all x € g for which [x,y] =0
forall y € g.

ExampLE 2. The commutator ideal [g, g]. (This is an ideal since the
bracket of any two ideals is an ideal.)

ExampLE 3. The kernel of any homomorphism of Lie algebras, the
kernel being the subset of the domain that is mapped into 0. We write ker ¢
for the kernel of a homomorphism ¢. More generally if ¢: g — ais a
homomorphism of Lie algebras and if § is an ideal in a, then ¢~ (b) is an
ideal in g.

If g is a Lie algebra, let us define inductively ¢° = g, g' = [¢°, g°], and
g/*! = [/, ¢/] for j > 0. Then

g=¢"2g'2g’2¢°2---

is a decreasing sequence of ideals in g and is called the commutator series
of g. We say that g is solvable if the commutator series ends in 0.

2. Lie algebra of a Lie group

The Lie algebra of a Lie group will be the same as the Lie algebra of the
analytic group that is its identity component, and we define the Lie algebra of
an analytic group now. In doing so, we make use of material in Appendix B
on vector fields and integral curves, and we shall take that material as known.

Let G be an analytic group. For each g € G, let Ly: G — G be left
translation by g, namely L, (x) = gx. From the definition of analytic group,
L, is a diffeomorphism of G.

A vector field X on G is said to be left invariant if it has the property that

(DLg)x(Xx) = ng 4.1

for all g and x in G. Let us unpack this definition a little, starting from the
definitions as given in Section B.2. It will be helpful to avoid introducing
coordinates, since writing out the condition of left invariance in coordinates in
any nontrivial example is likely to be complicated and not very enlightening.
Germs are defined in Section B.3. According to the definition at the
beginning of Section B.3, the left side of (4.1) when applied to a germ # at

gx, is given by
((DLg)x(Xx))(h) = Xx(ho Lg). 4.2)
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Meanwhile the right side of (4.1) applied to / is just X (/). Thus the question
of left invariance for the vector field X is whether

Xe(hoLg) = Xgx(h) (4.3)

for all group elements g and x and all germs £ at gx.

In more detail the vector field X has two variables to specify, a germ
variable and a group variable. For the left side of (4.3), the germ variable is
hLg, and the group variable is x. For the right side of (4.3), the germ variable
is h, and the group variable is Lyx. The question asked by (4.3) is whether a
certain associativity formula holds, saying that (hLg, x) and (h, Lyx) lead to
the same result.

The role of L, in (4.3) is as a diffeomorphism of G. One can ask more
generally, what is the condition for a smooth vector field X on G to be invariant
under a given diffeomorphism F of G. The answer similarly is the condition
that X(f o F) = X(f) o F for all smooth functions f on G.

Proposition 4.1. If G is an analytic group, then the map X — X; is a
vector space isomorphism of the vector space of left invariant vector fields of
G onto the tangent space T7(G) at the identity, and the inverse map is given
by X1 = (DLg)1(X1). Every left invariant vector field on G is smooth, and
the bracket of two left invariant vector fields is left invariant.

Proor. The map X — Xj is certainly linear. If X is any left invariant
vector field, then (4.1) with x = 1 says that X, must equal (DLg);(X1). Thus
if X; is given, we use the formula X, = (DLg)1(X}) to define the vector field
at all points g. To check left invariance of this X, we check that (4.1) holds.
We have

(DLg)n(Xn) = (DLg)n(DLp)1(X1)

= (D(LgLn))(X1) by the Chain Rule
= (DLgn)1(X1) since Ly Ly = Lgp
= gh,

and indeed (4.1) holds.

For the smoothness of any given left invariant vector field X, let f be
in C*(G), and let ¢: (—&,&) — G be a smooth curve with ¢(0) = 1 and
¢’(0) = X. Then the value of X on f at an arbitrary point x of G is given by

Xx(f) = (DL )1(X1) = X1(f o Ly)
d

d
= il @) = | |l (),
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where ¢ : GXG — G is the multiplication map. Thus x +— X, (f) is exhibited
as the composition of smooth functions and is smooth. For closure under
brackets suppose that X and Y are leftinvariant. By (4.3), X (hoLg) = Xg(h)
and Y (h o Lg) =Y. (h). Hence [ X, Y] satisfies

[X,Y](hoLg)=X(hoLg)Y(hoLg)—Y(hoLg)X(holLyg)
= Xox(N)Ygx(h) = Ygx(h) Xgx(h)
= [Xgx, Yex](h)
= [X,Y]gx(h),

and [X, Y] is left invariant, again in view of (4.3). O

Consequently the space of left invariant vector fields on an analytic group
G is a Lie algebra. This Lie algebra is called the Lie algebra of the analytic
group.

For the case of a linear analytic group, we now have two ways of
associating a Lie algebra to the group—one from the theory in Section 1.4
concerning linear groups and the other from just now concerning all analytic
groups. The following result shows how those two descriptions for a linear
group come to the same thing. Matters come down to writing the isomorphism
explicitly for GL(n, R) or for its identity component.

Proposition 4.2. Let G = GL(n,R), let g be its Lie algebra of left
invariant vector fields, and let e;; be the (i, j ) entry function. Then the map
¢: g — gl(n,R) given by ¢(X);; = Xe;; is a Lie algebra isomorphism of the
Lie algebra of left invariant vector fields onto the linear Lie algebra.

Remark. Similarly the Lie algebra of left invariant vector fields for
GL(n, C) is isomorphic as a real Lie algebra to gl(n, C).

Proor. The map ¢ is linear. Itis one-one bcause {e;; } is alocal coordinate
system near the identity matrix. Since ¢ is one-one and dim g = dim gl(#n, R),
¢ is onto. We need to check that the brackets correspond. Let X be the left
invariant vector field with X 1 = X. Then we have

eij(x) = xij,

Lyeij(y) = eij(xy) = ) eix(x)er; (v),

k
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and

Xeij(x) = X(Lye;j) = Z eix(x)Xeyj = Z eik(X)o(X)k;-

k k

Hence
Yfeij(x) = Y(Lx(j(veij))
=Y( Z eic(X)eek(y)p(X)kj))

k,t

= Z eie(X)e(Y)erp(X)i;-
k,l

Interchanging X and Y, subtracting the results, and evaluating expressions at
x = 1, we obtain

D Sup(IX. YDy = [X, Y]ei; (1)
' = [X.Pley (1)

= Z Sie(e(X)eke(Y)ij — (¥ ek (X))

In other words, ¢([X,Y]) = ¢(X)@(Y) = ¢(Y)p(X) = [¢(X), ¢(Y)]. o

3. Exponential mapping for a Lie group

Our frame of reference for the remainder of this chapter will be a fixed analytic
group M and its Lie algebra m as defined in Section 2. Within that frame
of reference, we shall study subgroups of M and their Lie algebras. The
prototype is the situation in Chapters I to III, in which M was a general linear
group (or its identity component) of a particular size. Then m was the full
matrix space of that size. Our interest will be in analytic subgroups G of
M and their Lie algebras g, viewed as Lie subalgebras of m. Accordingly
we shall first develop the exponential map for an analytic group M with Lie
algebra m.

Let M be an analytic group, and let m be its Lie algebra. In accordance
with Proposition 4.1, we can regard the members of m either as tangent
vectors at the identity or as left invariant vector fields on M, whichever is
more convenient. Often we shall write X and Y for tangent vectors and X and
Y for the corresponding left invariant vector fields.
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Theorem 4.3. If M is an analytic group with Lie algebra m, then there
exists a unique mapping exp: m — M such that for each X in m, the function
t — exptX for —oco < t < oo is an integral curve for the left invariant vector
field X with exp 0 = 1. Moreover exp is smooth, exp satisfies

exp(s+1)X =expsXexptX for all real s and ¢,

and exp is a diffeomorphism from any sufficiently small open neighborhood
of 0 in m onto an open neighborhood of 1 in M. Consequently exp~' defines
a chart about the identity of M.

Remark. The last sentence of the statement, the one about the chart,
means the following: If X1, ..., X}, is a vector space basis of m, then

xj(exp(1 Xy +---+14,X,)) = 4;

is a system of local coordinates about 1 in M. These are called canonical
coordinates.

Proor. Fix a basis Xi,..., X, of g and a bounded open ball V about
n

0in R". For Ain V, put X; = X 4;X;, and apply the second variant of
j=1

Corollary B.16 of Appendix B to obtain the following conclusion: Let U be
the ball about 0 in m given by U = {X,; | A € V}. Then there exist an &€ > 0
and a system of curves c(¢, x) defined for —& < ¢t < £ and X in U such that
¢( -, X) is an integral curve for X with ¢(0, X) = 1. Each curve t — ¢(z, X)
is unique, and c¢: (—&,&) X U — M is smooth. If 0 < § < &, then ¢(4, -)
is a diffeomorphism from an open subneighborhood of 0 in m onto an open
subset of M. Let

to = sup {s|  ¢(1, X) is an integral curve for X for |¢| < ¢ for all X in U}.
>0

First we shall show that ¢y = +oc0 and that
c(t,X)c(s,X) =c(s+1,X) for sand ¢ in R and x in U. 4.4)

The defining condition on c is that

d\ -
DCt,X(E) = Xe(1,x)-



104 IV. Lie Algebras, Lie Groups, and Homomorphisms

Let |s| < tp and |¢| < tg. Then with ¢ fixed, the map of s — c(t, X)c(s, X) is
a curve with
D(c(t, X)e( - X)) (i) = D(Leqxrc( X))(i)
) s 5.X dS C([,X) ) ds
d

= (DLC(Z,X))C(S,X)DCS,X(%)

= (DLe(r,x))e(5,%) Xe (5,X)
= ~C(S, X) by left invariance

and with
c(t, X)c(s, X)}S:0 =c(t,X).

But s — c¢(s+1, X) is another such curve if |s + | < ¢, and so (4.4) holds for
such s and ¢. If we define c(s + %to, X) to be c(%to, X)c(s, X) for |s| < tg and
if we define ¢(s — %to, X) to be c(—%to)c(s, X), then we see that s — ¢(s, X)
is an integral curve for |s| < %to. Hence ty = +o0. In addition, the two sides
of (4.4), as functions of ¢, are integral curves for all ¢, and thus (4.4) holds for
all s and 1.

Now with (4.4) completely established, we shall show that if X is in U
andif 0 < 6 < 1, then

c(ot,X) = c(t,6X). 4.5)

Write 6( - ) for the operation of multiplication by the number §. Then cx o §
is a smooth curve with cx o §(0) = 1 and

d d d ~ —
D(exod): (o) = DesixD8,(3-) = 6Dcsrx( ) = 6%e (o130 =0 Ke(s1.x)-

In short, cx o d is an integral curve for 5X. Since ¢ sx 1s another such curve
and both curves have initial value 1, we conclude that cx o § = csx. In other
words, (4.5) follows.

Finally we can define exp. Let X be in m and choose a positive integer K
large enough so that %X is in U. Define exp X = c¢(K, %X). This definition
is unambiguous by (4.5), and exp0 = 1. Also exptX = Clx© K(?) is an
integral curve for X by the same computation as above, and

exp(s +1)X =expsXexprX
as a consequence of (4.4). In addition, exp is smooth on KU because it is a
composition involving the three maps X € KU +— %X, Y eUm c(1,Y),
and x € M — xX. Specifically
1 K
expX = C(K, —X) = c(l, X)

1
K K
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by (4.5). Hence exp is smooth on M. The map exp is a diffeomorphism onto
an open set for some ball about 0 in g since for small X,

e 2
expX = c(—, —X)
2 ¢
is a diffeomorphism. O

Proposition 4.4 (Taylor’s Theorem). Let M be an analytic group with
Lie algebra m. If X is in m, if X is the left invariant vector field corresponding
to X, and if f is in C*°(M), then

n

(X" f)(gexptX) = %(f(g exptX))  forallg € M.

Moreover for X in any bounded set,

n

FlexpX) = 3 (RED(D) + Ry(X),

k=0
where |R,(X)| < C,|X|"™.

Proor. For the first statement it is enough (by induction) to handle the
case n = 1. Since f — exptX is an integral curve for X,

(R1)(expx) = Kepref = Dlexp Xy ()1 = 5 (FlexpX).

For the statement about the remainder, we expand ¢ — f(exptX) in classical
Taylor series with integral remainder about # = 0 and evaluate at # = 1. Then

fewx) = 3 L4 (exprn|
k=0 """ N

[ (=9 ()" (fexps as

n 1
1 < 1 ~
— (X)) +— / (1= 5)" (X" f)(exp sX) ds.
k! n! Jo
k=0
In the second term on the third line, set X = 3} A4;X; and expand X™! Since

X lies in a bounded set, so does exp sX, and the integral is dominated by |1|"*!
times a harmless integral. This proves the statement about the remainder. O

Corollary 4.5. If X is in m and f is in C* (M), then the left invariant
vector field X corresponding to X has

(X)) = ()7 gexp)]
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Proor. Take n = 1 in Proposition 4.4 applied to x — f(gx), and then put
t=0. m|

For the case of a linear analytic group, we now have two ways of
associating an exponential mapping to the group—one from the theory in
Section 1.4 concerning linear groups and the other from just now concerning
all analytic groups. Proposition 4.6 below shows how the two ways come
to the same thing. The proposition describes the correspondence explicitly
for GL(n,R) (or its identity component). The correspondence then follows
for subgroups of GL(n,R) because the formula for the matrix exponential is
unchanged and the way that the group exponential is determined by integral
curves and left invariant vector fields is unchanged.

Proposition 4.6. In GL(n,R) if the Lie algebra of the group is identified
with the Lie algebra of matrices gl(n,R), then the effect of the exponential
mapping as defined by integral curves in Theorem 4.3 matches the effect of
the mapping X ~— eX on matrices.

REMARKS. A similar conclusion is valid for GL(n, C) with substantially
the same proof.

Proor. If X is in gl(n, R), then feij = X;; by definition, and

n
Xeij(x) = inkaj.
k=1

So by Proposition 4.4 with f taken to be e;;,

d —
E(GXP tX)l.j = Xe;j(exprX) = Z(exth)ikaj = ((exptX)X);;.
X

Consequently Y (#) = exp ¢ X satisfies

dy (1)
dt

This equation and initial condition are satisfied also by e’X, and hence e’
exp t X by the standard existence-uniqueness theorem for systems of first-order
linear differential equations (Theorem B.16). To complete the proof, one has
only toputs = 1. |

—Y(HX with Y(0)=1.

X:



4. Lie algebra of an analytic subgroup 107

4. Lie algebra of an analytic subgroup

Bear in mind that even in the linear case, an analytic subgroup typically does
not get its topology and analytic structure by restriction of the structure of the
whole analytic group. This circumstance argues for being able to work with
analytic subgroups before knowing how to create them. For linear groups we
were able to accomplish this miracle because of Theorem 2.1, which worked
with arbitrary linear groups. A suitable generalization of Theorem 2.1 has not
been proved without the assumption of linearity, and we shall have to develop
a theory for objects that we do not initially do not know how to identify.

How then shall we approach the notion of an analytic subgroup? A clue
lies in Fundamental Theorem A of Lie Theory as announced in the Preface.
According to that theorem, we expect that an analytic subgroup corresponds
to a unique Lie subalgebra and that the elements of the analytic subgroup are
generated by the exponentials of the members of the Lie subalgebra. With the
elements of an analytic subgroup known, it becomes a question of introducing
a topology and a manifold structure.

Thus in order to work with analytic subgroups, we want first to identify
their Lie algebras. In turn, before we introduce the Lie algebra of an analytic
subgroup, two further tools are needed. One is for working with smooth
vector fields, and the other is for working with one-parameter subgroups.

For the first tool the underlying question concerning smooth vector fields
is how they behave under smooth mappings. Although smooth mappings
carry tangent vectors to tangent vectors, they do not necessarily carry smooth
vector fields to smooth vector fields. There is no problem if the smooth
mapping is a diffeomorphism, but our interest will be in a different class of
smooth mappings. Let us capture a certain kind of behavior in a definition.

Let F : A — B be any smooth map of one smooth manifold to another.
If X and Y are smooth vector fields on A and B, respectively, one says that X
and Y are F related if

Fp(Xp) =Yr(p) forall p € A. (4.6)

This equation says that two particular vector fields are equal, one on A and
one on B; one way of checking it is to verify that the two sides yield the same
result on all smooth functions % of compact support on B. Acting on £, the left
side of this equation is X, (% o F), and the right side is Y (,,)h. The definition
of F related thus asks that they be equal:

X, (hoF)=Yp(ph. 4.7)
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The result we need, stated in the proposition below, is that this equality respects
brackets.

Proposition 4.7. Let F be a smooth map of a smooth manifold A into
a smooth manifold B, let X; and X, be smooth vector fields on A, and let Y;
and Y, be smooth vector fields on B. If X; and Y; are F related and X, and Y>
are F related, then [ X1, X;] and [Y7, ¥»] are F related.

Proor. For each p in A, equation (4.7) insists that
Xi(ho F)(p) =Yih(F(p)) =Yiho F(p)
for all h € C*(B) and for i equal to 1, 2. Hence
Y1Yoh(F(p)) = Xi(Y2h o F)(p) = Xi(X2(h o F))(p).
A similar computation works for Y,Y, and subtraction gives
(Y1, Y2]h) o F = [X1, Xo](h o F).

Taking into account the equivalence of (4.6) and (4.7), we obtain [Y1,Y>], =
(DF),[ Xy, X2]p, as required.

Our chief interest will be in the case that F' : A — B is the inclusion i of
a submanifold S in the manifold B. The smooth mapping to consider is thus
i : § — B. The tangent space to S at a point p is T, (5), and the condition for
smooth vector fields X on S and ¥ on B to be i related is that i ,,(X),) = Yi(p)
for all p € S. In this case the vector field Y on S is called the contraction
of X to S. The following result, which is what we need, is immediate from
Proposition 4.7.

Corollary 4.8. If S is a submanifold of a smooth manifold B, then the
contraction to S of the bracket of two smooth vector fields on B is the bracket
of their contractions.

Corollary 4.8 is the first tool that we need in order to introduce the Lie
algebra of an analytic subgroup. The second tool is a classification of smooth
homomorphisms of R into analytic groups. That classification is as follows.

Proposition 4.9. Any continuous homomorphism ¢ of R into an analytic
group H with Lie algebra ) is of the form ¢(z) = exptX for some X € b. In
particular, ¢ is smooth from R into H.

Proor. Let U be any convex open neighborhood of 0 in § small enough
so that exp is a diffeomorphism of U onto an open subset V of H. We show
that every element of V has one and only one square rootin V. If x isin V,
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then x = exp X for some unique X in U. Thus x has exp (%X ) as a square root,
and %X isin U since U is assumed convex. This square root of x lying in V' is
in fact unique. Indeed if r is any square root of x lying in the open set V, then
write 7 = expY with Y € U. Squaring gives exp X = x = r> = exp 2Y. Since
exp is one-one on U, X = 2Y. Therefore r = expY = exp (3X), and exp (3 X)
is the unique square root of x in V.

By continuity of ¢, fix rg > 0 small enough so that ¢(rg) is in V and
therefore is of the form expY for some Y in U. Let us see by induction on
n that for every positive integer n, ¢(27"rg) = exp2~"Y. The base case of
the induction is n = 0, and that case has been settled by construction. For the
inductive step with n > 1, ¢(27"r¢) has square ¢(27"*!r¢), and exp 27"Y has
square exp 2~ ("~1Y. By induction and the uniqueness of square roots proved
in the previous paragraph, ¢(27"ro) = exp2~"Y for all integers n > 0.

Since ¢ is a homomorphism, raising both sides of the equality ¢ (27"ro) =
exp 27"Y to any positive power shows that ¢(srg) = exp sY for every rational
s > 0 whose denominator is a power of 2. Taking inverses yields the same
conclusion ¢(srp) = exp sY for every rational s, positive or negative, whose
denominator is a power of 2. Using continuity of ¢ and passing to the limit,
we see that

w(srg) = expsY 4.8)

for every real s.
Finally if we set Y = ropX in (4.8), then we find that

w(srg) = expsY =expsroX.

Putting ¢ = sro shows that ¢(7) = exptX for all real r, as required. O

Now we shall use these two devices to make a definition and begin work
with the Lie algebra of an analytic subgroup.

We continue with the notation that M is an analytic group and m is its
Lie algebra, namely the tangent space at the identity of M. If X is in m, we
write X for the corresponding left invariant vector field on M.

An analytic subgroup G of M is a subgroup of M with the structure of
an analytic group such that the inclusion mapping i : G — M is smooth. Its
Lie algebra is the Lie algebra of all left invariant vector fields on G.

Theorem 4.10.
(@ If i : G — M is the inclusion of an analytic subgroup G into the
analytic group M and if G has Lie algebra g, then the induced mapping of
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tangent spaces
g=T1(G) > Ti(G) CTi(M) =m

is aone-one Lie algebra homomorphism. Consequently T1(G) canbe regarded
as the Lie algebra of G.

(b) If G is an analytic subgroup of M with Lie algebra g, ific : G > M
and iy : ¢ — m are the respective inclusions of groups and Lie algebras, and
if exp; and exp,, are the respective exponential maps for G and M, then
iG © eXpg = expyy © Iy as mappings of g onto M.

(c) If G is an analytic subgroup of M with Lie algebra g and if X is in m,
then X is in g if and only if expy, tX isin G forall r € R.

Proor oF (a). Leti : G — M be inclusion, let £, be left translation by g
in G, and let Lg be left translation by g in M. Since £, is a diffeomorphism
of G, T,(G) = (D¢,)1(T1(G)). Therefore

To(G) = (Di)g (DL Ti(G) = D(i 0 L Ti (G) = D(Lg 0 i) Ti(G)
= (DLg)1(Di)1Ti(G) = (DLg)iT1(G).

If X is in 71(G), then it follows that )?g is in Tg(G), and hence X has a
contraction to G. The contraction is left invariant, and brackets contract to
brackets by Corollary 4.8. Then (a) follows. O

ProoF OF (b). Let X be in g, let X be the corresponding vector field on
M, and let X be its contraction to G. Then

DliG o expg 1X),(d/d1) = (DiG)D(expg 1X)(d/dr)

— P \YG - Y
- (DlG)XexpG tX — XexpG tX

and thus i o expy, X is an integral curve for X with value at 0 equal to 1.
Also exp,, oiq is another such integral curve, and they must be equal by the
uniqueness of integral curves. This proves (b). O

Proor oF (c). Apply the formula of (b) to X with X in g. The left side,
namely iG o expg (2X), is in the subgroup G of M; hence so is the right side,
namely expy, 0iq(#X). Thus expy, tX is in G. Conversely suppose that an
element X of m has the property that exp,, #X is in G for all + € R. Then
the mapping t — exp,,(X) is a continuous homomorphism of R into G.
By Proposition 4.9 it is of the form r +— expg tZ for some Z € g. Thus
expg tZ = expy,(tX), and X =i (Z), as required. O
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5. Passage from homomorphisms of analytic subgroups to
homomorphisms of Lie subalgebras

The passage from smooth homomorphisms of linear analytic groups to homo-
morphisms of their Lie algebras was treated in Section I1.4. In that section we
proceeded by composing smooth curves through the identity in the domain
with the smooth homomorphism of groups.

In this section we consider the corresponding question for Lie groups that
are not necessarily linear. To handle the enlarged framework, we shall make
serious use of the material in Appendix B concerning smooth manifolds and
smooth mappings between smooth manifolds. The investigation of how curves
are mapped by a smooth homomorphism will be replaced by an investigation
of the derivative of the smooth homomorphism at the identity, which is a
linear map between the tangent spaces at the identity.

Thus let G and G’ be Lie groups, let g and g’ be their respective Lie
algebras, andlet7: G — G’ be asmooth homomorphism. Then the derivative
of 7 at the identity, which Appendix B might write as (Dx);, is a linear
mapping from g into g’, i.e., a linear map between the tangent spaces of G
and G’ at the identity. We write Homg (g, g") for the vector space of all such
linear maps. In this section we shall prove that (D) is in fact a Lie algebra
homomorphism.

The proof that (D) is a Lie algebra homomorphism comes after two
preliminary steps. The first step is to handle the linear case. Thus we suppose
that G and G’ are subgroups of respective general linear groups M and M’ with
Lie algebras m and m’. We are given a smooth homomorphism 7: G — G’.
According to the linear theory of Chapters I-I1I, whenever we have a smooth
curve c(t) in G with ¢(0) = 1, it gets mapped to the smooth curve 7 (c(t)),
and the version of 7 on the Lie algebra level in the linear theory, call it En,
has to carry ¢’(0) to (7 o ¢)’(0). Thus

(Em)(c"(0)) = (w2 ¢)'(0).
On the other hand, the Euclidean Chain Rule gives
(oc)(0) = (D7), )¢’ (0) = (D), (¢ (0)),

and thus (Em)(c’(0)) = (Dn),(c’(0)). Since ¢’ (0) is arbitrary, Ex = (D), .
In other words taking the derivative at the identity of a smooth homomorphism
between Lie groups leads to the same result in the linear case as the recipe in
Section 11.4.
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The second preliminary step is to handle the “adjoint representation.”
Each g in G gives rise to a group isomorphism Ad(g) of G into itself given
by Ad(g)(x) = gxg~'. This isomorphism is smooth, and it therefore has a
derivative mapping at the identity, which is a member of Endy (g). We write
D(Ad(g)) = Ad(g) for this derivative mapping. It is immediate from the
associative law in G that

Ad(gh) = Ad(g)Ad(h),
and it follows from the Chain Rule that
Ad(gh) = Ad(g)Ad(h),

i.e., Ad is a smooth homomorphism into the general linear group on g, which
we refer to as GL(g). The smooth homomorphism Ad : G — GL(qg) is called
the adjoint representation of G on g. After some preparation we shall prove
that (D Ad); = ad, where ad X means “left bracket by X,” as usual.

Proposition 4.11. If 7: G — G’ is a smooth homomorphism between
Lie groups, then 7 o exp = expo (Dn);.

Proor. If X is in g, then t — m(exptX) is a smooth curve in G’
whose tangent at 0 is (D7) (X). It is also a one-parameter subgroup of G’
since 7 is a homomophism. However, ¢ +— exp#(Dn)(X) is the unique
one-parameter subgroup of G’ whose tangent at 0 is (Dn);(X), by Theorem
4.3. Thus n(exptX) = expt(Dn)(X) for all z. The proposition follows by
taking r = 1. O

Corollary 4.12. If G is a Lie group with Lie algebra g, then
g(expX)g~' = exp Ad(g)X 4.9)
forall X e gand g € G.
Proor. Apply Proposition 4.11 with 7 = Ad. m|

We shall identify (D Ad); as the operation X +— ad X of left-bracket-by
in g. The argument is a little bit subtle. To get started, we make use of how
some curves in g behave near 0.

Lemma 4.13. If G is a Lie group with Lie algebra g and dimension d,
if exp: ¢ — G is the exponential mapping, and if X and Y are members of g,
then for |¢| small and for O(¢) representing a quantity that remains bounded
when divided by 7> and ¢ tends to 0, the following equations are valid:

t2
exprXexptY =exp(t(X +Y) + o) [X,Y]+0(), (4.10)
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exp(—1X) exp(—tY) exptX exptY = exp ([ X, Y] + O(*)), 4.11)

and

exptX exptY exp(—tX) = exp (t¥ + 2 [X, Y] + O(£%)). (4.12)

Proor. If f is a smooth function on G, then Taylor’s Theorem with
remainder (Proposition 4.4) gives

n

(X"f)(gexptX) = %(f(g exptX))  forallg € G. (4.13)

Taylor’s Theorem says further that for X in any bounded set of g,

N

1 -
FlexpX) = Y —(X"f)(1) + Rn(X),
n.
k=0
where |Ry (X)| < Cn|X|V*!. Use of the formula (4.13) twice gives

o dnr am
X7 £) (1) = (— 4 X exp sY ) ,
XYEHA) =5 S5 f(exprXexpsY))

and the Taylor expansion of f(exp X exp sY) with X and Y fixed is therefore

N M nom
flexpiXexpst) =y %%(X”Ym)(l) F Ryt s),  (414)

n=0m=0 °

where |Ry p (2, 5)| < CN’MlthlslM for small |7| and |s|.

To prove (4.10), (4.11), and (4.12), we are going to apply (4.14) with s = ¢
and with f equal to any of the coordinate functions exp(x X1 +. . . x4 Xg) > x;.
For small |¢|, the Inverse Function Theorem allows us to write exp tX exp tY =
exp Z(t) for a function ¢ +— Z(¢) defined and smooth near r = 0 and taking
values in g. Accordingly for small [¢|, let us write Z(¢) = tZ; + t*Z; + O(¢?)
with Z; and Z; in g. With f equal to one of the coordinate functions and with
s =t,(4.14) gives

f(expZ(1)) = f(exp(tZ1 +°Z> + O(1Y)))
= f(exp(tZ + 1°Z,) + O (%))

2
= %((tz +222)"f) (1) + O()
n=0

= () +1Zif() + AP Zf (1) + 42 ZE v 0. (4.19)
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Meanwhile putting s = ¢ in (4.14) gives us the expansion

N M pim o
FexpZ() =Y D" L (XTI + 0N @16)

n=0 m=0 "

The respective terms in (4.15) and (4.16) involving # must match, and so must
the terms involving ¢2. Therefore

Zi=X+Y and 1Z}+Z,=1X*+1¥V?+XY.

=

Consequently
Zi=X+Y and 1Z}+Z, =ix*+1y*+XY.

Eliminating Z; in the second equation shows that Z, = XY -YX = [X,Y],
and thus (4.10) is proved. Equation (4.11) follows by using (4.10) twice.
To prove (4.12), we argue similarly to write

(D

f(exptX exptY exp(—1)X) Z (XY™ (=X)P f) (1)

m!nlp!
m,n,p>0 p

and
exptX exptY exp(—tX) = exp W(t)

with W(t) = tW; + 2W, + O(#3) and with W, and W, in g. For any of the
above coordinate functions f, we then have

fexpW(1)) = f(exp(tWy +1*W2)) + O(£)
=) 1 _ _
=> — (W + W) £) (1) +0(1%),
n=0
and we find that Wi =Y and W, = [X,Y]. Then (4.12) follows. O

Proposition 4.14. If G is a Lie group with Lie algebra g, then the
derivative of the member Ad of GL(g) at the identity is the member ad of
Endg (g). In symbols, (D Ad); = ad.

Proor. Corollary 4.12, read from right to left with X taken as ¢Y and g
taken as exptX, gives

exp(Ad(exptX)1Y) = exp X exptY (exptX) !
=exptX exptY exp(—tX)
=exp(tY + 2[X, Y] + O(+?)),
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the last equality following from (4.12) for small ¢. In a neighborhood of 1 in
G small enough for exp~! to be well defined, we then have

Ad(exptX)rY =tY +2[X,Y] + O(£)
and thus also
Ad(exptX)Y =Y +t[X,Y] + O (%)

for those same values of . Consequently

d
T Ad(exptX)Y|_, = [X,Y]. (4.17)

On the other hand, Proposition 4.11 gives 7 o exp = expo (Dnx); for any
homomorphism 7 of G, and hence

Ad(exptX) = exp((D Ad) (X)) = exp(t(D Ad)(X)).
We apply both sides to Y and obtain
Ad(exptX)(Y) = (exp(1(D Ad)1(X)))(Y).

Finally Taylor’s Theorem (Proposition 4.4) allows us to take the derivative of
both sides with respect to ¢, put # = 0, and use (4.17) to arrive at

[X,Y] = (D Ad)1(X)(Y).
The left side is (ad X)(Y), and thus (D Ad); = ad. O

Corollary 4.15. If G is a Lie group with Lie algebra g, then
(Ad)(exp X) =exp ad X (4.18)
forall X € g.

Proor. Apply Proposition 4.11 with 7 = Ad and use the result of
Proposition 4.14 that (D Ad); = ad. O

Theorem 4.16. If 7: G — G’ is a smooth homomorphism of Lie groups
and if (Dr);: g — ¢ is the derivative of 7 at the identity of G, then the
mapping (Dr);: ¢ — ¢ is a Lie algebra homomorphism. Thus any smooth
homomorphism between Lie groups leads to a homomorphism between their
Lie algebras.

Proor. The question is how (D) interacts with brackets. Let c(¢) be
the smooth curve in G given by ¢(¢) = exptX. If g is in G, then gc(¢)g ™! has
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derivative Ad(g)X at t+ = 0. Hence our smooth homomorphism 7: G — G’
has

d
(D) (Ad(g)X) = = x(ge(g™)|

_ 4 -1
= S|

= n(g) S w(c()|_ ()"
= n(g)(Dm) (X)m(g) ™.
If also Y is in g, then we have similarly
(D)1 (Ad(c(1)Y) = m(c(1)) (D)1 (Y)m(c(1) ™. (4.19)
We want to differentiate both sides and set r = 0.
For the derivative of the left side of (4.19), we use Proposition 4.14. Then
d d
L (DAY, = (D)1 (5 A |
= (D)1 ((adX)(Y))
= (Dm)1([X,Y]).
For the derivative of the right side of (4.19), we use (1.8) to deduce from
% 7T(C(l)|z:0 = (Dn)1(X) that % Jr(c(t)‘1|tzo = —(Dn)1(X). Then
d
E(ﬂ(c(t))(Dﬂ')l M) ()™,
=(Dm)1(X)(Dm)1(Y) = (D)1 (Y) (D)1 (X).
Thus the differentiated form of (4.19) is
(D ([X,Y]) = (Dm)1(X) (D)1 (Y) = (D)1 (Y) (D7) (X),

and (D) indeed respects brackets. O

t=0

6. Dynkin’s Formula for general analytic groups

At this stage in the development for linear groups in Chapters I through III,
we introduced the natural topology on each arbitrary linear group, starting
from what were called basic open neighborhoods. The construction made use
of the operator norm || - || on the underlying matrix space. For a general
analytic group, the operator norm is no longer available to us, and we shall
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proceed a little differently. Here instead of immediately introducing basic open
neighborhoods, we shall first establish Dynkin’s Formula for general analytic
groups, generalizing the treatment of that formula given in Chapter III for
linear groups.

For this purpose we need two further tools. The first of these is a
generalization of Theorem 3.3, which tells how to differentiate the exponential
of a smooth curve in a linear group. The second of these is a generalization
of Theorem 3.4, which gives Dynkin’s Formula itself. This result expresses
small solutions Z of the equation exp Z = exp X exp Y near (X,Y) = (0,0) in
a group G in terms of vector space operations, Lie brackets, and passages to
the limit in the Lie algebra g of G.

The setting for both tools is as follows. Let M be an analytic group with
Lie algebra m, and consider the exponential map exp as a smooth mapping
of m into M. Let | - | be any norm on m. As at the very end of Section 4,
we chose open neighborhoods Ny of 0 in m and N; of 1 in M such that
exp: m — M is a diffeomorphism of Ny onto Nj.

For the generalization of Theorem 3.3, we are interested in the exponential
map only insofar as it carries Ng into Ni. The underlying spaces in question
are m for No and M for N;. The derivative? D (exp) of exp at the point X
of Ny, which is written as Dx(exp), is a linear mapping of the tangent space
Tx(m) of m at X to the tangent space Texp x (M) of M at exp X. The tangent
space Tx(m) of m at X we can identify with the tangent space Tp(m), as is
customary for a tangent space to a Euclidean space at a point. Here then is
the statement to be proved that generalizes Theorem 3.3.

Theorem 4.17 (F. Schur). For the analytic group M with Lie algebra m,
the derivative Dx(exp) of the exponential map at X € Ny, namely the map
given by

exp: NoCm —-> N CM,

is the linear map from Ty (m) to Texp x (M) given by

1
Dx(ep)() = (i) o [ ¥ as)on. @2

where Lexpx(#) = (exp X)u and where o indicates composition of linear
maps.

REMARKS.

2Called “differential” by some authors but not called “differential” in this book. See
Section B.3 and especially the first footnote within it.
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(1) We can make (4.20) easier to understand by evaluating the integral.
Formally the integral equals
s=1 1- e—adX
s=0 7 adX
and the result is to be applied to Y. The quotient on the right is indeterminate
because ad X is singular. However, if we expand the integrand in power series,
then we can integrate term by term and get a valid calculation. In more detail,

—sa —sk(adX)k (-1)k(ad X)*
/0 dxds—Z/ d—z e

. (=D (ad )*()
([ e = O

and (4.20) says that

(—ad X)—l [e—sadX]

Thus

o (=D¥(ad X)*(Y)
Dx(exp)(Y) = (D1Lexpx)
X 1HhexpX kZ:;) (k+1)!

The derivative D Lexp x maps the tangent space at 1 in M to the tangent space
at exp X, and it is just scalar multiplication by exp X. Thus

(ad X)*(¥)
(k+1)!

Dx(exp)(¥) = (exp X) Z bl

(2) Theorem 4.17 generalizes Theorem 3.3. Indeed Theorem 3.3 gives
the formula

“(exp X (1)) = exp X (1) (Z

) ax (t) 421

s 1),( ad X (1))

for differentiating along a curve of matrices, and this formula results by
applying the Chain Rule to the composition of ¢ — X (¢) followed by the map
X — exp X. Specifically the Chain Rule gives

D(t = expX(t)) = D(X — exp X)x=x()D(t — X(1)). (4.22)
The left side equals the left side of (4.21), D(t — X(t)) equals dX (t)/dt, and

D(X—expX )| X=X(1) equals the product of the remaining two factors on the
right side of (4.21), namely

exp X (1) (i 1)' (adX(t)) )
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(3) Formula (4.21) is valid in every analytic group, not just in matrix
groups, and invoking this formula is the way that we shall make use of
Theorem 4.17. The proof is the same as in the previous remark: we use the
Chain Rule for the composition (4.22).

Proor. It is enough to prove that (4.21) holds for every Y in the tangent
space Tp(m), and for this purpose it is enough to prove that (4.21) holds for
every smooth curve X (¢) in m with X (0) = 0 since we can always find such a
curve with X’(0) =Y. In other words, the proof of Theorem 4.17 reduces to
the proof of Theorem 3.3, which has already been given in Chapter III. O

We turn to the question of generalizing Dynkin’s Formula (Theorem 3.4)
in such a way that the Lie groups and Lie algebras in question need not
be linear. Looking at the statement of Theorem 3.4, we see that most of the
objects that are involved are located in Endy, (m), the finite-dimensional vector
space of all real linear maps of m into itself. This space is a matrix algebra,
and the idea is to formulate as much as possible of a generalization within
End (m).

Theorem 4.18 (Dynkin’s Formula). Let M be an analytic group with
Lie algebra m, let X and Y be members of m sufficiently close to 0, and let g
be the Lie subalgebra of m generated by X and Y. Then the series S(X,Y) in
Endg (m) equal to

Z (=1)k 1 ((adX)il (adY)/'  (ad X)% (adY)jk)

k+1i1+"-+ik+1 ir! j]! Ir! jk!

k>1
with the inner sum indexed as below, converges in the operator norm topology
in Endy (m) independently of the order in which the terms are added, and the
full expression

Z=CX,Y)=Y+X+S(X,YV)(X)

is a solution in M of exp Z = exp X expY. Here the inner sum is taken over
all sequences (i1, ji,...,ik, jx) of integers > O satisfying i, + j, > 1 for all
1<r<k.

Proor. The continuity of exp and the Inverse Function Theorem together
say that for some > 0, as long as X and Y have norm < 7 and ¢ is a real
number with 0 < ¢ < 1, the equation

expZ(t) =exptXexpY (4.23)

has a unique solution Z(#) in m with norm < 5. The function ¢ +— Z(#) is
smooth by the Inverse Function Theorem.
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The curve Z(¢) is a smooth curve in m, and exp Z(¢) is a smooth curve
in the analytic group M, which is not necessarily a matrix group. Referring
to Theorem 4.17 and its third remark, we see that dZ(t)/dt satisfies the same
equation as in (3.23) even though M may not be a matrix group, namely

dzZ(t) _ ad Z(t)
dt  exp(adZ(r))-1) "

We apply Ad to both sides of (4.23) and then use the formula Ad o exp =
exp o ad of Corollary 4.15 to obtain

(4.24)

expad Z(z) = exp (tadX) exp (ad¥). (4.25)

Then we expand the right side of (4.24) as a member of Endj, () operating on
X, and we work in that space with convergence relative to the operator norm.
The computation is the same as in (3.25) except that we drop X throughout,
and the series expansion is valid as long as the operator norm of exp ad Z(¢) — 1
satisfies || expad Z(¢) — 1] < 1:

ad Z (1)
exp(ad Z(r)) — 1

o (-DF k
= (expad Z(r) - 1)
kZ:(:) k+1

o (=D k
= Z 1 (expadtXexpadY — 1)
im0
. . . k
_ i (-1)k Z t'(ad X)(adY)/
k=0 k+1 i>0, j>0,i+j>0 i!j!
ad _ k . .
- Z (k 1)1 AN (4.26)
k=0 + i >0, jx =0, ix+jr >0
((adX)il )((adY)fl) ((adX)ik)((adY)fk)
ir! Ji! ir! Ji! '

On each line of the display (4.26), we interpret the & = 0 term on the right
side as 1. Since (4.24) gives
dz(t) _ ad Z (1)
dt  exp(adZ(r))-1""

we compute the integral from O to 1 of (4.26), considering the result as a
member of Endy (m). The result after interchange of sum and integral is
the following identity of members of Endy (m), the limit on the right being
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interpreted in the operator norm topology on Endg (m) and remaining valid
when both sides act on a member of m:

! ad Z (1) o (—1)k 1
/0 exp(ad Z(r)) — 1 :kzz(:) k+1 ikzo,jkzzo;ikﬂpoil+"'+ik+1
(ad X)"\((adY)) (ad X)i*\ [ (ad Y)7x
(S ) ) () )
(4.27)

Since Z(0) =Y and Z(1) = Z, we therefore have

hdz(1) L adZ()
Z:Y+/o dt dt:“(/o exp(adZ(t))—l)(X)'

We can substitute into this equality from (4.27). The term with & = 0 yields the
identity operator acting on X, the integration of the power of ¢ is responsbile
for the factor (i +- - - +ix +1)~!, and the terms with & > 1 match the formula
for S(X,Y)(X) in the statement of the theorem.

Going back over the proof, we can check on the meaning of the hypothesis
that X and Y are sufficiently close to 0. One condition is that X and Y
have norm < 7, in order for (4.23) to be valid. The other condition is that
||expad Z(¢) — 1|| < 1 for O < ¢ < 1, in order to make the computation (4.26)
be valid, and for this it is sufficient that ||ad X|| + ||ad Y|| < log2, by the same
kind of calculation as in the proof of Proposition 3.1. m|

7. Natural topology on an arbitrary untopologized subgroup

Let M be an analytic group, let m be its Lie algebra, and let | - | be any norm
in m. We worked with analytic subgroups of M in Section 4, and now we
generalize those considerations to arbitrary untopologized subgroups G of
M. Just before Theorem 4.10 we defined the Lie algebra g of each analytic
subgroup G of M. We now extend the definition of the Lie algebra g of a
group to all subgroups G of M without reference to any topology. Then we
use the exponential map of M to introduce the “natural topology” on each
such G. This topology will make G into a topological group. When we ignore
all but the identity component of G, we shall see that the result Gy becomes
an analytic group that is an analytic subgroup of M. We shall see also that
this process leads us to our original analytic subgroup of M if G had started
out as an analytic subgroup.
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Proposition 4.19. For any subgroup G of M, the linear span of all
X € m such that exp X is in G for all real 7 is a Lie subalgebra of m.

ProoF. Let X andY being. If gisin G, thenexptAd(g)Y = g(exptY)g~!
lies in G for all ¢, and the definition above shows that Ad(g)Y is in g for each
g € G. Taking g = exptX shows that Ad(exptX)Y is in g for every real 7.

Since g is topologically closed as a vector subspace of m, EAd(exp tX)Y | =0

lies in g. But this expression is just [X,Y] by (4.17), and thus g is closed
under brackets. O

Remarks. No analog of Theorem 2.1 is available for nonlinear groups.
Proposition 4.19 serves as a substitute.

The Lie algebra described in Proposition 4.19. is called the Lie algebra of
the untopologized subgroup G of M. If G happens to be analytic subgroup,
then Theorem 4.10c shows that this notion of Lie algebra coincides with the
one defined just before the statement of Theorem 4.10.

We shall define a “natural topology” on G in terms of “basic open
neighborhoods.” By the next-to-last conclusion of Theorem 4.3, we can find
open neighborhoods Ny of 0 in m and N; of 1 in M such thatexp: m — M
is a diffeomorphism of Ny onto Nj. These open neighborhoods will be fixed
throughout.

Fix a number gy > 0 small enough so that every X in m with | X| < &g lies
in Ny and therefore has exp X in N;. This number ¢ will occur repeatedly in
the arguments below.

If aisin G and X is in g, then aexp X is in G, G being a group. For
a € G and € < g, the basic open neighborhood N, . in G of the element a
of G is defined as the subset of G given by

Na.e = {aepr|X € gand | X| < €}.

We shall show that the basic open neighborhoods in G form a topology3 on
G, and this topology will be what we call the natural topology on G. We
require a lemma.

Lemma 4.20. For a subgroup G of M, if a and b are elements of G
such that b lies in some basic open neighborhood N, . with € < &g, then
there exists a basic open neighborhood Nj o in G with &’ < & such that
Nb,g’ - Na,s-

3In this topology the sets N, ¢ with & < gy will indeed be open, but no assertion is made
about Ny, ¢ when & > g.
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Prookr. Since the element b liesin N, ., we have b = aexp X with X € g
and |X| < &. Thus a~'b = expX. Suppose that some &’ < & has been

specified. If ¢ is in Np, ¢/, then ¢ = b exp X’ with | X’| < &’, and hence
ale=(a""b)(b7'¢) = (exp X)(exp X”)

with X and X’ in g and with | X| < € and |X’| < &’. Application of Theorem
4.18 shows that the small solution Z of the equation exp Z = (exp X) (exp X’)
satisfies

Z=X+X+S(X, X)X,

where S(X, X’) = %(ad X)(X’) + “error terms”, with “error terms” referring
to a higher order combination of brackets applied to X’. With ||ad X|| standing
for the operator norm of ad X relative to | - |, it follows that

1Z] < IX]+1X'| + Sllad X ||| X7] + ...
<|X|+(1+Ke)|X'|
<|X|+ (1 +Ke)e',

where K is a bound for the operator in Endg (m) appearing in the display in
Theorem 4.18. The right side is < ¢ if &’ is sufficiently small, and the lemma
follows. O

Proposition4.21. For the abstract subgroup G of the given analytic group
M with Lie algebra m, the collection of all unions of basic open neighborhoods
is a topology on G. This topology is locally compact Hausdorff and locally
connected. Moreover this topology is at least as fine as the relative topology
from the underlying vector space m of matrices.

RemMaRrks. Once again the topology in the statement of the proposition is
defined to be the natural topology on G. The topology need not be separable,
as we have already seen in the linear case. The connected component
containing the group identity will, however, be separable, as we shall see in
Theorem 4.22, and it is the space that we shall make into a smooth manifold.

Proor. The proof is similar to the proof of Proposition 2.5. The collection
of all unions of basic open neighborhoods N, . in G such that & < g is closed
under finite intersections by virtue of Lemma 4.20, and it covers G. Therefore
it is a topology on G. We are to show that this topology is Hausdorff and to
compare it with the topology on m.

On any basic open neighborhood N; . with & < gy, where &g is defined
earlier in this section just before “basic open neighborhood,” the Inverse
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Function Theorem shows that N; . has the same topology as the subset
{X eg|IX| <},

where g C m is the Lie algebra of the untopologized group G. It follows for
any point a of G and any neighborhood U,y of a in m that there exists a
neighborhood U, 4 in G with a € U, g and Uy g € Uy m. In other words the
natural topology on N, . is at least as fine as the relative topology from m.
The latter topology is Hausdorff, and therefore the natural topology on G is
Hausdorff.

We see that N, . is behaving like the Euclidean space g topologically.
In particular it is locally compact and connected. Since N, . is open in the
natural topology on G, the natural topology on G is locally compact and
locally connected. o

Theorem 4.22. If the untopologized subgroup G of the given analytic
group M with Lie algebra m is given its natural topology and if g is its
Lie algebra, then G becomes a locally connected topological group, and the
connected component G of the identity becomes a separable locally compact
(Hausdorff) topological group. Each basic open neighborhood N, . with
a € G and € < g defines a chart (¢4, ¢, Ng. ) on G of dimension dim g, and
the collection of all such charts makes G into a smooth manifold of dimension
dim g in such a way that multiplication as a map of G X G into G and inversion
as a map of G into itself are smooth.

Proor. The proof is the same as for Theorem 2.6. O

Thus G( becomes an analytic group. We call it the analytic subgroup of
M associated with G.

Theorem 4.22 has the same kinds of consequences at its level of generality
that Theorem 2.6 had in the linear case. Here are some.

Corollary 4.23. If an untoplogized subgroup G of a given analytic group
M has Lie algebra g, and if G is the analytic subgroup of M associated with
G, then exp g generates Gg.

Proor. Since Gy is connected, any N o with € < %80 generates Go.
Hence the subset exp g generates Gy. O

Corollary 4.24. Let M be an analytic group, let m be its Lie algebra,
and let G be an untopologized subgroup of M. If G is the analytic subgroup
of M associated with G, then the inclusion of G into M is smooth. In the
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reverse direction if f is any smooth function from a smooth manifold into M
whose image lies in G, then f is smooth as a function into Gy.

Proor. The inclusion of G into M is given near a by i, (exp X) = exp X,
which for |[X| < € < %30 is the composition of the smooth map ¢, ., which
carries exp X into X, followed by X — exp. Thus it is smooth.

For the reverse direction let D be the domain of f. Without loss of
generality we may assume that D is an open subset of a Euclidean space. To
check smoothness of f into M or G, we refer the image space to charts.

Define balls Eg in m and B, in g by
B,={Xem|X|<e} and B.,=B.ng={Xegl|lX|<e}

To handle the image f(x) of f near a point f(a) of M, we follow f with the

translation L Flay-! to center matters at 1 and then use exp~' to pass to B, or

B. Thus we are to compare the smoothness of x — exp~! oLf(a)_, o f(x)
into ES with the smoothness of the same expression into B .. The second one
is just the same expression viewed as in a Euclidean subspace, and the second
one is smooth if the first one is smooth. The result follows. m|

REMARKS.

(1) The first conclusion of Corollary 4.24 is an extension of Theorem
1.10a from closed linear groups to arbitrary analytic groups. Similarly the
conclusion about the “reverse direction” is an extension of Theorem 1.10b.

(2) The critical fact for the above proof is that the values f(x) for x near a
all lie in G, so that left translation of all of them by f(a)~! moves them into
the image of exp on B, not merely the image of exp on B,.

(3) The group Gy is an analytic group by Theorem 4.22, and it is also
a subgroup of the Lie group M. The first conclusion of the corollary says
that the inclusion of Gg into M is smooth. Therefore G is an analytic
subgroup of M. This conclusion establishes part of Fundamental Theorem A
of the Preface: we have succeeded in passing from an arbitrary subgroup G
of M to its Lie algebra g in m, and then to an analytic subgroup G of M.

Proposition 4.25. Let M be an analytic group, let m be its Lie algebra,
and let G be a subgroup of M considered in its natural topology. If the
identity component G of G is not closed as a subgroup of M, then the natural
topology on G is different from the relative topology.

Proor. The natural topology on G and on its identity component G have
to be locally compact Hausdorff. A footnote in Section 1.2 contains a proof
that a locally compact dense subspace of a Hausdorft space is necessarily
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open, i.e., open in its closure. If the natural topology on G coincides with the
relative topology, then G must be open in its closure in the relative topology.
The closure being a subgroup, the union of the remaining cosets must be open,
and it follows that G must itself be closed. O

8. Construction of general analytic subgroups from Lie subalgebras

We continue with our underlying analytic group M and its Lie algebra m. The
main theorem of this chapter, Theorem 4.26, which will be stated momentarily,
will associate an analytic subgroup G of M to each Lie subalgebra g of m.
The construction will proceed in such a way that Theorem 4.26, together with
the association of Lie subalgebras to analytic subgroups given in Theorem
4.10a, gives a one-one correspondence of the Lie subalgebras of m to the
analytic subgroups of M.

Theorem 4.26. If M is an analytic group with Lie algebra m and if g
is a Lie subalgebra of m, then there exists an analytic subgroup G of M with
Lie algebra g. Specifically the subgroup of M generated by all exp X with
X € g is the analytic subgroup G, and its Lie algebra is g. In particular if X
is in m, then the subset {exp¢X | ¢ € R} is an analytic subgroup of M and its
Lie algebra is RX.

Remark. The subgroups of M of the form {exptX | r € R} are called
the one-parameter subgroups of M.

Proor. The proof of Theorem 3.6 works in the present setting as soon as
its internal references are updated from Chapters I through III and the operator
norm for m is replaced by a general norm | - |. Let us go over some of the
details.

Define G as a set be the subgroup of M generated by all exp X with X in
g. Proposition 4.19 says that the linear span of all such X is a Lie algebra g’.
We have g C ¢’ and we are to prove that equality holds.

Choose a real vector subspace s of m such that m = g @ s. By the Inverse
Function Theorem, there exist open balls U; about 0 in g and U; about O in s,
as well as an open neighborhood V of 1 in M such that

(a,b) — expaexpb

is a diffeomorphism of U; X U, onto V. Fix attention on a member Z of ¢’.
For small positive ¢, exp tZ lies in V, and it therefore decomposes as

exptZ =expX(t)expY(r) with X(¢) e gand Y (¢) € s.
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Since X(¢) isin g, exp X (¢) isin G.

Meanwhile since Z is in the Lie algebra g’ of the subgroup G of M, exptZ
is in G for all . Hence exp Y (¢) lies in G for all small positive ¢. Arguing as
in Lemma 3.7, we can show that the set of Y € U, such that exp Y lies in G is
countable. This is the most difficult step.

With this countability in hand, we can complete the proof of Theorem
4.26. Being a smooth curve, t — exp Y (¢) either is constant for ¢ in an interval
about 0, or it takes on uncountably many values. Because of the countability
it must be constant, and thus expY(z) = expY(0) = 1 in an interval about
0. Then it follows that exptZ = exp X(t) exp Y (z) = exp X(¢) in an interval
about 0. Thus exptZ for ¢ near 0 is a smooth curve in G, and its derivative at
t = 0, which is Z, must be in the Lie algebra g of the subgroup G of M. O

This completes the construction of an analytic subgroup of the group M
corresponding to each Lie subalgebra of the Lie algebra m of M.

9. Passage from homomorphisms of Lie subalgebras to
homomorphisms of analytic subgroups

We continue the investigation of homomorphisms begun in Section 5. The
main result of that section was Theorem 4.16, which associates to any
smooth homomorphism of Lie groups a homomorphism of their Lie algebras.
Specifically if 7: G — G’ is a smooth homomorphism of Lie groups, then
the derivative of & at the identity is a homomorphism of the corresponding
Lie algebras.

In this section we attempt to invert this construction, passing from a
homomorphism between the Lie algebras of two analytic groups to a smooth
homomorphism between the groups themselves. The discussion makes use
of material on covering spaces, and we shall take the content of Appendix C
as known for the present section.

As we found in Section III.6 in the linear case, there is a topological
obstruction to lifting the Lie algebra homomorphism to a Lie group homo-
morphism. We can get around this obstruction by assuming that the domain
group is connected and simply connected.

Theorem 4.27. Let G and G’ be analytic groups with G simply
connected, and let g and g’ be their Lie algebras. If ¢: g — ¢’ is a homomor-
phism of the Lie algebras, then there exists a unique smooth homomorphism
®: G — G’ of the groups such that (D®); = ¢.
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REMARKsS. The proof is almost word-for-word the same as the proof
of Theorem 3.9. It builds on the main theorem of the chapter, which was
Theorem 3.6 in the earlier case and is Theorem 4.26 now.

Proor. Form the group G X G’. In G X G’, one multiplies coordinate
by coordinate, and one uses the product manifold structure defined in Section
B.5. The corresponding Lie algebra is g g’ with the vector space and bracket
operations taking place coordinate by coordinate.

The graph of ¢, given by Graph(¢) = {(X,¢(X)) € g ® g}, is a Lie
subalgebra of g @ g’, and Theorem 4.26 produces a unique analytic subgroup
F of G x G’ with Lie algebra Graph(¢). Let p : F — G be the composition
of the inclusion F — G X G’ followed by the projection to the first coordinate
(x,y) — x. On the Lie algebra level, (Dp); carries Graph(y) into g & ¢’
and then projects to the first coordinate. The formula is (Dp);(X, ¢(X)) =
X. Since the domain and image have equal dimension, namely dim g, the
subgroup p(F) contains an open neighborhood of the identity in G. But
G is connected by hypothesis, and thus p(F) = G. Since F is connected
by construction, Proposition C.19d shows that p: F — G is a covering
map. By hypothesis, G is simply connected; thus Corollary C.9 shows that
G has no nontrivial coverings. Consequently p is a homeomorphism and
has an inverse p~!. Let g : F — G’ be the composition of the inclusion
F — G x G’ followed by the projection to the second coordinate (x,y) > y.
On the Lie algebra level, (Dg); carries Graph(y) into g ® g’ and then projects
to the second coordinate. The formula is (Dg)1(X, ¢(X)) = ¢(X), and the
compositionis gop~! = ¢. We can therefore take @ to be go p~!. Uniqueness
follows since a smooth homomorphism of an analytic group is determined by
its values on a set that generates the group. |

Corollary 4.28. Any two simply connected analytic groups with
isomorphic Lie algebras are isomorphic as Lie groups.

Proor. Let G and G’ be simply connected analytic groups with respective
Lie algebras g and ¢’, and let ¢: ¢ — ¢’ be an isomorphism between
their Lie algebras. Application of Theorem 4.27 produces a homomorphism
®: G — G’ such that (D®); = ¢. Reversing the roles of G and G’ produces
a homomorphism ®": G’ — G such that (D®’); = ¢~!. From the equality
(D®'); (D®); = ¢! 0 ¢ = 14 and the uniqueness in Theorem 4.27, we see
that ® o ® = 1. Similarly ® o @’ = 15-. O
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10. Simply connected analytic groups

Corollary 4.28 goes in the direction of a classification theorem for simply
connected analytic groups, but it does not address the extent to which analytic
groups actually have simply connected covering groups that are analytic
groups. Appendix C provides only a simply connected covering space (via
Theorems C.8 and C.12) that can be made into a simply connected topological
group (via Proposition C.22). To address this deficiency, we include here two
results stating how the theory of covering spaces makes allowance for smooth
manifolds and analytic groups.

Proposition 4.29. Let Y be a smooth manifold of dimension n, and let X
be a covering space with a covering map e: X — Y. Then X uniquely admits
the structure of a smooth manifold of dimension # in such a way such that e is
smooth and everywhere regular. Moreover if P is another smooth manifold,
if g: P — Y is a smooth mapping, and if f: P — X is a continuous function
such that e f = g, then f is smooth.

Remarks. The second statement will be what we will use in this section.
It says that in any set-up for the Map-lifting Theorem in which the base
mapping is smooth and the necessary condition on fundamental groups is
satisfied, the lifted map is smooth.

Proor. Begin with a maximal atlas of smoothly compatible charts (V, ¢)
of Y, and retain only those such that V is a connected open subset of Y that is
evenly covered by e. To each connected component U of e~!(V), associate a
chart (U, ¢ o e) of X. The system of all such charts covers X and forms an
atlas of smoothly compatible charts. The result is that X becomes a smooth
manifold, and e is smooth and regular. All such charts have to be in the
maximal atlas for X, and hence the smooth structure on X is unique.

The final statement of the proposition concerns the situation of the
Map-lifting Theorem, Theorem C.7, except that the map f is assumed to
exist and we are to prove that it is smooth. It is enough to prove smoothness
in a neighborhood of any given point p of P. Fix an open neighborhood U of
f(p) in X. Without loss of generality, we may assume that U is a connected
component of e~!(V) for some connected open subset V of Y that is evenly
covered by e. By continuity of f, we can find an open neighborhood W of p
in P such that f(W) C U. On W, we have f = e o (¢”! o g), and therefore f
is smooth on W. O
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Theorem 4.30. If G is any analytic group, then G has a simply connected
covering group that is unique up to equivalence, it is an analytic group, and
the covering map is smooth.

Proor. Theorems C.8 and C.12 show that G has a simply connected
covering space G, and Proposition 4.29 shows that G canonically becomes a
smooth manifold in such a way that the covering map e is smooth.

If we choose any member of the inverse image e¢~!(1) and call it 1, then
Proposition C.22 shows that there is a unique operation of multiplication on
G such that G becomes a separable topological group, e is a homomorphism,
and 1 acts as the identity.

Examining the proof, we see that the argument for Proposition C.22 starts
from the multiplication mapping m: G X G — G, forms the continuous
function ¢: G x G — G defined by ¢ = m o (e,e), lifts it by the Map-
lifting Theorem to a continuous function @: G X G — G, and takes @ as
the multiplication mapping in G. Applying Proposition 4.29, we see that
multiplication is smooth in G.

Similarly let j: G — G be group inversion in G, and form the function
@: G—>G given by ¢ = j o e. The Map-lifting Theorem shows that ¢ lifts
to a continuous function ¢ G—G carrying Ttol. Proposition C.22 takes
this to be group inversion in G, and Proposition 4.29 shows that it is smooth.
Therefore G is a Lie group. It was given as connected and is therefore an
analytic group. O

Corollary 4.28 and Theorem 4.30 together say that the real Lie algebras
that arise as Lie algebras of Lie groups are classified up to isomorphism by the
simply connected analytic groups. Fundamental Theorem C of Lie Theory
in the Preface, whose proof is deferred to the sequel Lie Groups Beyond
an Introduction, says that every real Lie algebra is isomorphic to the Lie
algebra of some analytic group. Thus real Lie algebras are classified up to
isomorphism by simply connected analytic groups.

11. The abelian case

Theorem 4.30 is a powerful tool for classifying analytic groups. Let us
illustrate this fact now by classifying those analytic groups that are abelian.
Recall from Section 2 that a Lie algebra g is abelian if [X,Y] = 0 for all X
and Y in g.



11. The abelian case 131

Proposition 4.31. An analytic group G is abelian if and only if its Lie
algebra g is abelian.

Proor. Corollary 4.12 gives
g(expY)g™" = exp(Ad(g)Y)
forall g € G and Y € g. Taking g = exp X and applying Corollary 4.15 gives
(exp X)(expY)(exp X) ™! = exp(Ad(exp X)Y)
= exp ((expad X)(Y)) (4.28)

forall X and Y in g.

If g is abelian, then ad X = 0 and exp(ad X) = 1 for all X. Thus the
right side of (4.28) reduces to exp Y, and (4.28) says that exp X commutes
with exp Y for all X and Y. Since G is connected, exp g generates G, and we
conclude that G is abelian.

In the reverse direction if G is abelian, then (4.28) shows that expY =
exp ((expad X)(Y)) for all X and Y. Near 0, exp is one-one, and therefore
Y = (exp ad X)(Y) for all small X and Y. Then it follows that exp ad X = 1
for all small X. Since exp is one-one near 0, ad X = O for all small X and
therefore for all X. Consequently g is abelian. m|

We know what all the abelian Lie algebras are, up to isomorphism: being
just real vector spaces with all brackets 0, they are classified by their dimen-
sion. In dimension 7, the additive group R” is a simply connected analytic
group with Lie algebra R", and Corollary 4.28 leads us to the following
conclusion.

Corollary 4.32. Up to isomorphism the only simply connected abelian
analytic groups are the additive groups R” for each n > 0.

Because every analytic group has a simply connected covering group,
every abelian analytic group is the quotient of some additive group R” by a
discrete subgroup (the group of deck transformations as in Theorem C.18).
Those discrete subgroups are classified in Proposition 1.3, whose statement
we recall now.

ProposiTion 1.3. If D is a discrete subgroup of R", then there exists a
basis x1, . . . , x, of R” such that D consists exactly of those vectors of the form
kixy +---+kpx, with all k; in Z. Here p is some integer with 0 < p < n.

This result allows us to classify the connected abelian Lie groups as
follows.
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Corollary 4.33. Any connected abelian Lie group is isomorphic to the
product of a Euclidean group and a torus, thus to R¥ x 7¢ for some integers
k>0and ¢ > 0.

Proor. Corollary 4.32 shows that the given group has to be isomorphic to
the quotient of the additive group of some Euclidean space R by a discrete
subgroup. Proposition 1.3 classifies the discrete subgroups of R™ up to
isomorphism as of the form ZP, the set of points in R” with all coordinates in
Z, with 0 < p < m. The quotient of the two is R"77. O

12. Quotients of Lie groups

For quotients of Lie groups, the general theory of Lie groups shows a versatility
that the theory of linear Lie groups does not have. Toward the end of Chapter
III, we saw an example of a linear analytic group with a nonlinear quotient
group, and we saw an example in which the simply connected covering group
of a linear group had no realization as a linear group. These kinds of bad
behavior do not occur when we allow nonlinear groups into the discussion.

The starting point of our investigation is the fact that the quotient of an
analytic group M by a subgroup G is Hausdorff if and only if the subgroup G
is a closed subgroup. Proposition A.2 establishes that M /G is Hausdorff if G
is closed, and the converse is addressed in a remark. Thus it makes sense to
concentrate in this section on the case that G is closed.

Theorem 4.34. (Closed Subgroup Theorem). Let M be an analytic
group with Lie algebra m, and let G be a closed subgroup with Lie algebra
g € m. Choose a vector subspace s of m such that m = s & g. Then there
is an open neighborhood U of 0 in s such that the mapping F': U X G —- M
given by

F(X,g) = (expX)g
is a diffeomorphism of U x G onto an open neighborhood of G in M.

Proor. We write | - | for a norm on m. Form the derivative (DF) o).
In each variable X € s and g € G, when the other variable is held fixed, F'
is the identity map, and thus (D F)(q,1) is invertible. By the Inverse Function
Theorem, F is a diffeomorphism of some open neighborhood of (0, 1) in UXG
onto an open neighborhood of 1 in M. Right translation by an element go of G
allows us to translate this conclusion to be valid instead about the point (0, gg)
of U x G. Thus about the point (0, go), there is an open neighborhood on
which F is one-one. Taking the union of the open neighborhoods of the points
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(0, go) produces an open set in U X G such that F is locally one-one from that
open setinto M. The claimis that there isanopenball U, = {X € s | |X| < &}
such that F is globally one-one on U, X G.

Assume the contrary. Then for any &£ > 0, there exist distinct pairs (X1, g1)
and (X», g>) with X; and X in s, g1 and g, in G, |X{| < &, | X3| < €, and

(exp X1)g1 = (exp X2)g2.
Then
exp(~X2) (exp X1) = g2g7 '
For sufficiently small &, as a consequence of the Inverse Function Theorem,
the left side is a member of an open neighborhood of 1 in G where each

member decomposes uniquely as a product (exp Xs) (exp Xq) with X € s and
X, € g, and thus we have

exp(—Xz)(exp X1) = (exp X;) (exp Xg).

Since the left side and also exp Xg are in G, so is exp Xs. In this equation
we cannot have X = 0 because otherwise exp X; = (exp X2) (exp X4) would
give two distinct decompositions of a member of G close to 1 as a product of
an exponential of a small member of s and an exponential of a member of g.
Thus X is a nonzero member of s for which exp X isin G.

Let € run through a sequence {&;} tending to 0, and repeat the above
argument for g4, obtaining in place of X a sequence { Xy } of nonzero members
of s tending to 0, all of whose exponentials are in G. Passing to a subsequence
if necessary, we may assume that the sequence {|X;|~! X} converges (in the
unit sphere of s) to a member X of s with | X| = 1.

We shall show that X is in g. Let a positive real ¢ be given, remember that
{|Xk|} is tending to 0, and choose integers n; such that {ny|Xy|} converges
to z. Then
)
| Xkl
and the right side tends to exp¢X as ¢ tends to infinity. The left side is in G
for each k. Since G is closed, we conclude that exp X is in G for all positive
t. Since G is a group, the elements exp(—¢X) and 1 are in G also, and we
conclude from Theorem 4.10c that X is in the Lie algebra of G, which is g.

This conclusion contradicts the facts that X is a unit vector of s and that
sNg = 0. We thus find that the assumption that F fails to be globally one-one
on some U, X G has led to a contradiction. Theorem 4.33 follows. m]

(exp Xi)™ = exp(nx Xi) = exp (| Xil

As mentioned above, Proposition A.2 of Appendix A shows that when
G is closed in M, M /G is a Hausdorff space in the quotient topology. Also
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the quotient map M — M /G is continuous and open, and the group action
MxM|/G — M/G given by (m,myG) — (mmy)G is continuous. We
form charts on the Hausdorff space M /G as follows: Write m = s & g for
some vector subspace s, and fix an open set U of s as in Theorem 4.34. We
define one chart for each point mg of M. The chart indexed by mg € M is
(U, am,), where @, is equal to the inverse of

XeU +— mylexpX)GeM/G.

This construction leads to a manifold structure on M /G, according to the
following result.

Corollary 4.35. Let M be an analytic group with Lie algebra m, and let
G be a closed subgroup with Lie algebra g € m. With the vector subspace s
chosen so that m = s @ g and with an open neighborhood U of 0 in s chosen to
make the mapping F(x, g) = (exp X)g of U X G into M be a diffeomorphism,
the system of charts defined on M/G is an atlas for M /G, and the group
action M X M/G — M /G defined by m(myG) = (m;m)G is smooth. If
the subgroup G is normal in M, then the smooth manifold structure on M /G
makes M /G into an analytic group.

Proor. The charts for M /G are restrictions of charts for M, and the
latter are compatible. Then it follows that the former are compatible. The
group action of M on M/G comes from the composition of
multiplication in M followed by passage to the quotient in M /G:

MxM—->M— M/G givenby (my,mp) > mmy — (mmy)G.

Passage to the quotient M X M/G — M/G is then well defined and
continuous. The individual ingredients here are all smooth, and hence the
group action on M /G is smooth.

If the subgroup G is normal, then the action (a, bG) — abG descends to
a multiplication on M /G by

(ag, bG) — (ag)bG = ab(b~'gb)G = abG.

The result is smooth. Similarly inversion descends to an operation on M /G,
and thus M /G becomes an analytic group. O

Corollary 4.36. Let M be an analytic group with Lie algebra m, let G be
a closed subgroup with Lie algebra g, and let p: M — M /G be the quotient
mapping. Then a numerical-valued function f on M /G is smooth if and only
if the numerical-valued function f o p on M is smooth.
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Proor. If f: M/G — R is smooth, then f o p: M — R is smooth as the
composition of smooth maps. Conversely let f o p be smooth, fix my € M,
and form the chart (U, @,,,) on M /G about mg in which «,,, is the inverse of

XeU — mo(exp X)G € M/G.

Then for mg(exp X)G near moG in M/G, (f o p)(mgexp X) is the same
function of X as f(mgexp X). Since (f o p)(mgexp X) is smooth, so is
f(mgexp X). O

ExampLE. Spheres in dimension > 2. Let us see that the unit sphere S
in R™! can be viewed as a quotient SO(n + 1) /SO(n). This identification will
be valid both algebraically and topologically.

To make everything concrete, regard the rotation group SO(n+1) as acting
on the space R™*! of n + 1 dimensional column vectors by left multiplication.

X1
To see that the action is transitive,* let vi = [ : | be any member of the

Xn+1
unit sphere S”, i.e., any column vector of Euclidean norm 1. Then we can

extend this vector to a basis of R”, apply the Gram-Schmidt orthogonalization
process, and obtain an orthonormal basis vi,..., v, of R™! whose first
member is v;. We form the square matrix whose first column is v, whose
second column is v,, and so on, and the result will be a matrix in O(n + 1)
because the columns are orthonormal. If this matrix is not in SO(n + 1), i.e.,
if its determinant is —1 rather than +1, we can adjust it by replacing v,, by —v,,
in the construction,’ and then the matrix will have determinant +1 and will
therefore be in SO(n + 1).

In any event what we see is that there exists a member of SO(n + 1)

1

carrying e; =| : |into v{. Thus SO(n+ 1) acts transitively on the unit sphere

0
S of R™*!. The subset of SO(n+1) that fixes e is the subset of SO (n+1) with
entry 1 on the upper left, and this subset is a subgroup isomorphic to SO(n).
Thus we have an identification of S” set theoretically as SO(n + 1)/SO(n).
To bring the topology into the discussion, we refer to Proposition A.2 of
Appendix A. The map ¢ of SO(n + 1) into S” € R™! given by r > re; is

4A group action on a set is transitive if for any two points p and g of the set, there exists
a member g of the group such that gp = ¢. It is enough to show for some point p( that each
point of the set is the image of py under some member of the group.

5This adjustment is possible under the assumption that n > 2.
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continuous and descends to a continuous map ¢’ of SO(n + 1)/SO(n) into
S". This descended map ¢’ is one-one and onto. Since SO(n + 1)/SO(n) is
compact and S” is Hausdorff, ¢’ ~! is continuous.

SO(n+1)

"l \
SO(n+1)/S0(n) — 8"

The manifold structure on SO(n + 1)/SO(n) in the example is specified
in Corollary 4.35, and the manifold structure on S” is specified in Section
B.1 of Appendix B. Comparing these structures, we find that the map of
SO(n +1)/SO(n) onto S" is a diffeomorphism.

Parenthetically let us observe that SO(n) is connected as a consequence
of the above argument. This connectedness follows by induction from the
above example and Proposition A.3.

The ease of handling the above example resulted from the compactness
of SO(n + 1). However the compactness turns out not to be essential to the
conclusion that the map ¢’ is a diffeomorphism, as we shall see in Theorem
4.38 below. First let us observe in Theorem 4.37 that any closed subgroup of
a Lie group is a Lie group whose natural topology on its identity component
is its relative topology; this result generalizes Theorem 1.10 from the linear
case to the general case.

Theorem 4.37. If M is an analytic group with Lie algebra m of dimension
m and if G is a closed subgroup, then G with its relative topology becomes a
Lie group in a unique way such that

(a) the restrictions from M to G of any smooth numerical-valued func-
tion are smooth and

(b) whenever ® : A — M is a smooth function on a smooth manifold
A such that ®(A) € G, then ® : A — G is smooth.

Moreover there exist open neighborhoods U of 0 in the Lie algebra g of G and
V of 1 in G such that exp: U — V is a homeomorphism onto and such that
(V,exp~!) is a compatible chart.

Remark. This theorem asserts that the natural topology on G coincides
with the relative topology as a subset of M. It says by implication that G has
only countably many components and that they are open.

Proor. The argument is the same as for Theorem 1.10 or Corollary
2.8. O
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Theorem 4.38. Let G be a Lie group, and let M be a smooth manifold
on which there is a smooth transitive group action G X M — M. Fix my
in M, let H be the subgroup of all 2 € G such that hmy = mg, and define
q: G — M by g(g) = gmo. Then the function ¢’ that carries M /G onto M,
given by ¢’ (gH) = gmy, is well defined and is a diffeomorphism.

RemAaRrks. For example, M can be ", G can be SO(n+ 1), and H can be
SO(n), embedded in SO (n + 1) as in the discussion above.

Proor. Let p: G — G/H be the quotient map. The function g = ¢’p
is one-one onto as a consequence of abstract set theory. We shall prove that
q’ is smooth and that Dg’ is nonsingular at each point of G/H, and then the
theorem will follow.

Since g is the restriction to the G variable of the smooth group action
G X M — M when the M variable equals mg, ¢ is smooth. Corollary 4.36
shows that ¢’ is smooth on M /G if and only if ¢ is smooth on M, and thus ¢’
is smooth.

We are left with proving that Dg’ is everywhere nonsingular. For this
purpose let us examine Dg = (Dgq’)(Dp) at each point g of G. At g, we shall
examine the equation

(Dq)g = (Dq')gr(Dp)g (4.29)

in order to prove that (Dg’), g is nonsingular.

First we consider a special case. Write g for the Lie algebra of G, and let
b be the Lie algebra of H. The special case in question is that g = 1. In this
case the equation under study is

(Dg)1 = (Dq")u(Dp):. (4.30)

The dimension dim g of the domain g = T (G) of the linear mapping (Dg)
equals the sum of the dimension of the kernel and the dimension of the image.
As to the kernel and the image, the kernel of (Dg); includes the kernel of
(Dp)1. The image of (Dp); is g/b, and g/b is also the domain of (Dg},).
Showing that (Dg’) g is nonsingular thus comes to the same thing as showing
that the kernel of (Dg); is no larger than b.

Arguing by contradiction, suppose that the inclusion

kernel(Dg); 2 b (4.31)

is strict. Let X be a member of (Dg); that is not in §. This means that
X(mg) = 0but X is not in . Then g(exp¢X) is given by

X n

t
g(exp1X) = (exptX)mo = Y, —X"(mo) = mo

n=0
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for every real ¢, and we deduce for every ¢ that expzX is a member of the
subgroup of G that fixes mg, namely H. Thus X is in b, in contradiction to
the hypothesis about X. We conclude therefore that the inclusion (4.31) is
not strict and hence that (Dq’)¢p is nonsingular at the point 1H of G /H with
g=1

This completes the argument in the special case. We return to a proof of
the nonsingularity of (Dgq’)en for general g, suitably adapting the argument
for g = 1. The starting point is (4.29). The image of (Dp), is a/Ad(g~ 1),
and g/Ad(g~1)b is also the domain of (Dq’)gr. Showing that (Dq’)ep is
nonsingular comes to the same thing as showing that the kernel of (Dg), is no
larger than Ad(g)~'h. Arguing by contradiction, suppose that the inclusion
kernel(Dq), 2 Ad(g)~'D is strict. Let X be an element in kernel(Dq),
but not in Ad(g)~'H. Then X has X(gmo) = 0, and (Ad(g)~'X)(mg) = 0.
Summing the series for the exponential gives exp(Ad(g)~'tX)(mq) = mq for
all real . Hence g~!(exptX)g) is in the subgroup fixing m(, namely H, and
X must have been in the corresponding Lie algebra, namely Ad(g)~'h. This
conclusion contradicts our assumption about X. Thus the kernel of (Dg),
must equal Ad(g)~'h, and (Dq’)¢n must be nonsingular. O

13. Centralizers and commutators

Two examples of closed subgroups of a Lie group G are the center Zg of G
and the centralizer® Zs(S) in G of any subset S of G. These are defined by
the formulas

Zg={xeG |xy=yxforalye G},
Zg(S)={xe G |xy=yxforall y € S}.
The center Zg and the centralizer Zs (S) are indeed closed subgroups, as we
see by examining what happens to convergent sequences in each case. The
center is of course a special case of the centralizer, since Zg = Zg(G).

Let G be a Lie group, and let S be a nonempty subset of G. Within the
Lie algebra g of G, the Lie subalgebras of Zg and Zs (S) are given by

Zy(G)={X€eg|Ad(y)X =X forall y € G},
Zy(S)={X €g|Ad(y)X =X forall y € S},
6 Authors who are writing about finite groups often write Cg (S) instead of Zg(S) for
the centralizer of S in G. In the subject of Lie groups, the symbol Z is often used as an

acknowledgment of contributions to the subject that were written in German, such as those by
F. G. Frobenius.
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as we readily check by considering curves exp ¢X that lie in G. The center Z,
of g is

Zg={Xe€g|[X,Y] =0forallY € g}.
This equals Z4(G) if G is connected.

Proposition 4.39. Let G be an analytic group, and let H be an analytic
subgroup. Let g be the Lie algebra of G, and let ) be the Lie subalgebra
corresponding to H. Then H C Zg if and only if h C Z,.

Proor. Suppose that H is contained in the center of G. If X isin}, then the
map g € G — (exptX)g(exprX)~! is the identity, and so Ad(exptX) = 1.
Hence ad X = % Ad(exp tX)|t:0 = 0, and X is in the center of g. In the
reverse direction if f is contained in the center of g, then ad ) = 0 and therefore
Ad(exph) = €*® = 1. Since Ad is a homomorphism, Ad(%) = 1 for all % in
b. Finally if X isin g and & is in b, then h(exp X)h~! = exp Ad(h)X = exp X,
and so 7 commutes with exp g. Hence 2 commutes with G, and H lies in the
center of G. O

In a group G, a commutator is any element xyx~'y~! with x and y in
G. The commutator subgroup of G is the subgroup [G, G] generated by all
commutators. The inverse of a commutator is a commutator because
1, —1y-1 -1, -1
(xyx™"y™ )" =yxy xT,
and any conjugate of a commutator is a commutator because
atxyx 'y Ha™' = (axa Y (aya ) (ax"'a Y (aya).

It follows that [G, G] is always normal and that the quotient of G by [G, G|
is always abelian as an abstract group.

Theorem 4.40. If G is an analytic group with Lie algebra g, then
the commutator subgroup [G,G] of G is an analytic subgroup and the
corresponding Lie subalgebra of g is [g, g].

Proor. Applying Proposition 4.21 to the subgroup [G,G] of G, we
form the natural topology on [G, G]. Let us see that this natural topology is
pathwise connected. In fact let x and y be in G. Since G is assumed to be a
connected Lie group, x and y can be connected to the identity by paths x(¢)
and y(7) with x(0) = y(0) = 1, x(1) = x, and y(1) = y. Then xyx~ 'y~ is
connected to the identity by the path x(¢)y()x(f) 'y(t)~' with 0 < ¢ < 1.
Consequently [G, G] is pathwise connected in its natural topology, and the
corresponding group [G, G]o is all of [G,G]. Theorem 4.21 allows us to
conclude that [G, G] is an analytic subgroup of G.
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If X and Y are in g, then exp sX and exptY are in G, and each element
exp(—sX) exp(—tY) exp sX exptYisin [G, G]. Taking s = + > 0and applying
(4.11) allows us to see that the image for > 0 of t > exp (t[X, Y] + O(¢*/?))
lies in the commutator subgroup [G,G]. Replacing ¢ by —t shows that
the image for t < 0 of ¢ exp (f[X,Y] +O(¢*?)) lies in [G,G] also.
From Theorem 4.10c we conclude that [X,Y] lies in the Lie subalgebra
corresponding to [G, G]. Thus [g, g] lies in the Lie subalgebra corresponding
to [G, G].

For the reverse inclusion it is enough to show that [G, G] lies in the
analytic subgroup corresponding to [g, g]. Thus it is enough to show for X
and Y small that each commutator ¢ () = exp(X) exp(tY) exp(—X) exp(—tY)
with ¢ small lies in the analytic subgroup corresponding to [g,g]. As long
as t, X, and Y are sufficiently small, we can use Dynkin’s Formula (Theorem
4.18) to write

c(r) = (exp(X) exp(tY))(exp(—X) exp(—1Y)) = exp(Z;) exp(Z,)

with Z; equal to X +¢Y + tWy, with Z; equal to = —X — tY + tW,, and with
W1 and W, each equal to the sum of a convergent series whose terms have a
polynomial in ¢ as one factor and a monomial in X and Y involving a factor
of [X,Y]. Applying Theorem 4.18 similarly to the product exp(Z;) exp(Z,),
we see that ¢(7) equals the sum of a convergent series whose terms each have
a polynomial in ¢ as one factor and a monomial in X and Y with a factor of
[X,Y]. Since [g, g] is closed as a vector subspace of g, the sum of the series
is in [g, g]. In other words, as long as ¢, X, and Y are sufficiently small, c(t)
is the exponential of a member of [g,g]. Thus [G, G] lies in the analytic
subgroup corresponding to [g, g]. O

14. Summary

Chapter IV extends the development of Lie theory to groups that are not
necessarily linear. Chapters I through III showed how in a linear group one can
pass back and forth between analytic subgroups of a given general linear group
and Lie subalgebras of the corresponding full matrix algebra. They showed
also how to associate a Lie algebra homomorphism to each smooth homomor-
phism from one linear analytic group to another. The reverse association—of
a homomorphism between analytic groups to a homomorphism of their Lie
algebras—was proved only under the assumption that the domain is simply
connected. Chapter IV concerns extending these same conclusions to all
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analytic groups, whether or not they are linear. It makes extensive use of
Appendix B.

Two tools are needed to make any progress at all in generalizing the
theory to groups that are not linear: a broader definition of Lie algebra and a
generalization of the exponential map. In its early sections Chapter IV gives
an abstract definition of real Lie algebra and shows that the set of left invariant
vector fields on the group meets the conditions of the definition. Accordingly
the Lie algebra of left invariant vector fields is taken to be the Lie algebra of
the given Lie group. The exponential mapping from the Lie algebra to the Lie
group can then be formed by piecing together integral curves for all the left
invariant vector fields.

With these tools in hand, the chapter shows how to modify the arguments
in the linear case so that the theory applies to all Lie groups, whether linear
or not. These modifications may be subtle, but they are not complicated.
For example one applies the linear version of Dynkin’s Formula to the adjoint
representation of the Lie algebra in order to make the convergent series occur in
a matrix space, and then the arguments with Dynkin’s Formula in Chapter 111
go through. In constructing the analytic subgroup corresponding to a Lie
subalgebra, one again forms the union of the one-parameter groups that the
analytic subgroup must contain, introduces the natural topology, and passes
to the identity component.

Just as in Chapter I1I, if a smooth homomorphism is given between analytic
subgroups, the corresponding map of Lie algebras is given by the derivative
at the identity. Dynkin’s Formula ensures that the smooth homomorphism
is determined in a full neighborhood of the identity by the derivative at the
identity. A supplementary argument shows that the derivative at the identity
lifts to a smooth homomorphism on the group level if the domain is simply
connected.

Sections 11 to 13 handle loose ends. The loose end in Section 11 is
the classification of abelian analytic groups. The one in Section 12 is the
identification as quotient spaces of analytic groups those smooth manifolds on
which an analytic group acts smoothly and transitively. The one in Section 13
is the correspondence between Lie groups and Lie algebras in centralizers and
commutator subgroups.

Chapter IV has completed for all analytic groups the proofs of Fun-
damental Theorems A and B of Lie Theory that were announced in the
Preface. Fundamental Theorem D is an immediate consequence of results
here and in Appendix C of the present volume, as follows: For existence of the
simply connected covering group, Theorem C.12 establishes the existence of a
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universal covering space, Proposition C.22 shows how to make it into a group,
and Proposition 4.28 shows how to give it the structure of a smooth manifold.
For uniqueness Corollary 4.27 asserts that any two simply connected analytic
groups with isomorphic Lie algebras are isomorphic as Lie groups.

Fundamental Theorem C is not addressed in this book but instead is
addressed in an appendix of the author’s volume entitled Lie Groups Beyond
an Introduction that was published earlier. A key step in the proof is to show
that any finite dimensional real Lie algebra is the semidirect product of its
radical and a semisimple Lie algebra.

15. Problems

Why is there only one Lie algebra of dimension 1 over R up to isomorphism?

2. For a nonabelian Lie algebra of dimension 2 over R, show that there exists an
ordered basis (X,Y) such that [X,Y] = Y. Conclude that up to isomorphism
there are exactly two Lie algebras of dimension 2 over R, that one is abelian, and
that the nonabelian one is solvable with a basis (X, Y) such that [X,Y] =Y.

3. Find the cardinality of the centers of the groups SU(n), SO(n), SL(n,C),
SO(n,C), and Sp(n, C).

4. LetG={geSL(?2n,C) | g'Ihng = Isn}, with I,,,, defined the same way as in
Problems 24-25 at the end of Chapter I. Prove that G is isomorphic to SO(2n, C).

5. The Lie algebra u(n) is isomorphic to the direct sum su(n) ® R, where R is
the center. Let Z be the analytic subgroup of U(n) with Lie algebra the center

R. Identify Z as an explicit group of matrices, and explain whether U(n) is
isomorphic with the direct product of SU(n) and Z.

Problems 6-8 introduce quotients of Lie algebras by ideals.

6. Let a be an ideal in a Lie algebra g. Define a product operation on the quotient
vector space g/a by [X +a,Y +a] = [X,Y] +a.
(a) Show that this product makes g/a into a Lie algebra.
(b) Show that the quotient mapping X +— X + a of g into g/a is a Lie algebra

homomorphism onto and that its kernel is a.

7. Prove the First Isomorphism Theorem for Lie algebras: If g is a Lie algebra
and a is an ideal in g, then the correspondence i) — f/a is a one-one inclusion-
preserving correspondence of the set of Lie subalgebras that contain a onto the

set of subalgebras of g/a. Furthermore any Lie subalgebra ) of g containing a
is an ideal of g if and only if h/a is an ideal of g/a.

8. Prove the Second Isomorphism Theorem for Lie algebras: If g is a Lie algebra
and a and b are ideals in g such that a+b = g, then g/a = (a+b)/a = b/(anb).
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Problems 9—-11 concern solvable Lie algebras. In each problem, all the Lie algebras
that appear are assumed to be finite dimensional.

0.

10.
11.

Prove that any Lie subalgebra or homomorphic image of a solvable Lie algebra
is solvable.

Prove that if « is a solvable ideal in g with g/a solvable, then g is solvable.

Let g be a finite-dimensional Lie algebra. Define rad g, the radical of g, to be
the sum of all solvable ideals in g. Show that rad g is a solvable ideal and that it
contains all solvable ideals of g.

Problems 12—-19 concern nilpotent Lie algebras. In each case, g is a finite-dimensional
Lie algebra. For such a g, let us define inductively go = g and g;41 = [g;, g] for
j = 0. Then

g=060=201=20622032"""

is a decreasing sequence of ideals in g and is called the lower central series of g.
One says that g is nilpotent if the lower central series ends in 0.

12.
13.

14.

15.

16.

17.

18.

Prove that every nilpotent finite-dimensional Lie algebra is solvable.

Prove that any Lie subalgebra or homomorphic image of a nilpotent Lie algebra
is nilpotent.

Let g be a finite-dimensional Lie algebra. Define nil g, the nilradical of g, to be
the sum of all nilpotent ideals in g. Show that nil g is a nilpotent ideal and that
it contains all nilpotent ideals of g.

Prove that the member [ g, g],, of the lower central series of [g, g] and the member
g>"*! of the commutator series of g are related by [g, g], € g”**' forn > 0.

(a) Deduce that if g is a solvable Lie algebra, then [g, g] is nilpotent.

(b) Deduce that if g is a solvable Lie algebra, then g/nil g is abelian.

In the full matrix space m,,(R), let g be the vector subspace of all matrices X
having X;; = 0 whenever i > j. Prove that g is a Lie subalgebra and is nilpotent.

The special case of Problem 16 when n = 3 is known as the three dimensional

Heisenberg algebra. Show that the three dimensional Heisenberg algebra is
the linear Lie algebra of the Heisenberg group defined in Problem 7 for Chapter I.

The real Lie algebra
i 0 0
g=3]lz -2 0]||zeC,0eR, teR
it z 0

is the oscillator Lie algebra, namely the linear Lie algebra of the “oscillator

group.”

(a) The oscillator group is known to be connected. What matrices are in the
oscillator group?
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(b) Show that [g, g], the Lie algebra of all linear combinations of brackets of two
members of the oscillator Lie algebra, is isomorphic to the three dimensional
Heisenberg algebra.

19. The Heisenberg algebra §,, of dimension 2r+ 1 is a Lie algebra with an ordered
basis {p1,...,Pnq1,---»qn,c} such that

(pi-pjl =14i-9;1=0, [pi.q;]1=0ijc, [c,pi]l=1[c,q;]=0
foralliand j with 1 <i <mand1 < j < n. Take for granted that f, is a Lie
algebra, and prove that it is nilpotent.

Problems 20-22 concern simple and semisimple Lie algebras. In these problems let
g be a finite dimensional Lie algebra. The Lie algebra g is simple if it is nonabelian
and it has no proper nonzero ideals. It is semisimple if rad g = 0.

20. Prove that
(a) every simple Lie algebra g has [g,g] = g,
(b) every simple Lie algebra is semisimple, and
(c) every semisimple Lie algebra has O center.

21. If g is a finite dimensional Lie algebra, prove that g/rad(g) is semisimple.

22. Prove that if g has dimension 3, then either g is solvable or g is simple.

Problems 23-25 identify, possibly with repetitions, all solvable Lie algebras g of
dimension 3 over R, up to isomorphism. Let g be such a Lie algebra. The argument
proceeds by examining each of the possibilities for dim[g, g], which is an integer
from O to 3. If this number is 0, g is abelian. If it is 3, then the commutator series
has all terms equal to g; thus g is not solvable, and Problem 22 shows that it must be
simple.

23. Prove that if dim[g, g] = 1, then g is isomorphic to either the three dimensional
Heisenberg Lie algebra of Problem 17 or to the direct sum of an abelian Lie
algebra of dimension 1 and a nonabelian Lie algebra of dimension 2.

24. Suppose that dim[g, g] = 2.

(a) Prove that [g, g] is abelian.
(b) Extend the basis {X,Y} of [g, g] to a basis {X,Y, Z} of g. Define a, 3, v,
o by
[X,Z] =aX +pBY
[Y,Z] =yX +6Y.

Show that ( g g ) is nonsingular.

(c) Show that « is characterized as follows: Let {X,Y} be any basis of [g, g],
let Z be any vector not in [g, g], and define «, 8, v, § as in (b). Then « is the

ratio of the larger absolute value of an eigenvalue of gg) to the smaller

one.
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(d) Conclude that there are uncountably many solvable Lie algebras in dimen-
sion 3 that are mutually nonisomorphic.

25. Conclude that the only nilpotent Lie algebras of dimension 3 over R, up to
isomorphism, are the abelian one and the three dimensional Heisenberg algebra.
Conclude that the only other solvable Lie algebras of dimension 3 up to iso-
morphism are those given by Problem 24 and the one that is a direct sum of an
abelian Lie algebra of dimension 1 and a nonabelian Lie algebra of dimension 2.

Problems 26-30 show that the only simple Lie algebras g of dimension 3 over R, up
to isomorphism, are s[(2,R) and so(3). Let g be a such a Lie algebra. In view of
the result in Problem 22, Problems 23-30 together classify all the Lie algebras of
dimension 3 over R. (Note that su(2) and so(3), are isomorphic as a consequence
of the analysis done in Chapter II, Problems 1-2.)

26. Prove that s[(2,R) and so(3) are not isomorphic.
27. Show that Tr(ad X) = O for all X in g because [g, g] = g.

28. Take for granted that because g is not nilpotent, there exists some Xy € g such
that ad Xo is not nilpotent. Show that the one dimensional space RXy has a
complementary subspace stable under ad X. (Educational note: The existence
of Xy is a consequence of a result known as Engel’s Theorem that is not proved
until the sequel Lie Groups Beyond an Introduction.)

29. Show by linear algebra that some real multiple X of Xp is a member of a basis
{X,Y,Z} of g in which ad X has matrix realization either

X Y Z X Y Z

0 0 0\ X 0 0 0\ X
adX = 0 2 oly or adX = 00 -1ly-

0 0 -2/Z 0 1 0/ Z

30. Writing [Y, Z] in terms of the basis and applying the Jacobi identity, show that
Y can be multiplied by a constant so that the first case of Problem 29 leads to
an isomorphism with sI(2,R) and the second case of Problem 29 leads to an
isomorphism with so(3).

Problems 31-32 introduce automorphisms and derivations of Lie algebras. In these
problems, let g be a finite dimensional Lie algebra. An automorphism of g is a
member @ of GL(g) such that [®(X),D(Y)] = ®([X,Y]) for all X and Y in g; the
group of all such automorphisms is written as Autg g. A derivation of g is a member
¢ of Endg (@) such that ¢([X,Y]) = [¢(X),Y] + [X, ¢(Y)] for all x and Y in g. The
vector space of all such derivations is written as Derg g.
31. Let g be a finite dimensional Lie algebra.

(a) Why is Autg g a closed linear group?

(b) Show that Derg g is a Lie subalgebra of Endg (g) under Lie bracket and that

it is in fact the linear Lie algebra of Autg g.
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(c) Show that if G is an analytic group with Lie algebra g, then each Ad(g) for
gin G isin Autg g.

32. Let g be a finite dimensional Lie algebra.
(a) Show that each ad X for X € g is in Derg g.
(b) For some g, exhibit an example of a member of Dery g that is not in ad g.

Problems 33-35 concern Sections 12—13.

33. Prove the following result about local coordinates in quotients by closed sub-
groups: if M is an analytic group with Lie algebra m of dimension m and if G is
a closed subgroup with Lie algebra g of dimension k, then about any point gy of
G within M, there exists a compatible chart (U, ¢) with ¢ = (x1,...,X;,) such
that the elements of G lying in U are precisely those members p of U for which
xj(p)=0form—-k+1<j<m.

34. Let G = GL(n,R), let D be the diagonal subgroup, and let S be the subgroup of
scalar multiples of the identity. Find
(@) Zg(S) and Zg (D), and
(®) ZG(Zg(S)) and ZG(Zg(D)).

35. Let G be a simply connected analytic group. Apply Theorem 4.27 to lift the
Lie algebra homomorphism from g — g¢/[g,g] to a group homomorphism
G — G/[G,G], and conclude that the commutator subgroup of any simply
connected analytic group is a closed subgroup.

Problem 36 and Proposition 4.9 address smoothness of certain homomorphisms
that are assumed only to be continuous. An important branch of the subject of
representation theory works with continuous group homomorphisms of topological
groups into some GL(n,C). When the topological group G is an analytic group,
one gets a handle on the situation if the homomorphism is smooth. Problem 36 and
Proposition 4.9 lead to the conclusion that smoothness is automatic in this situation.
Thus in studying a continuous homomorphism of an analytic group into GL(n, C),
one may make use of the corresponding Lie algebra homomorphisms of the Lie
algebra of G into gl(n, C).

36. Using the result of Proposition 4.9 in combination with canonical coordinates as
in Section 3, prove that any continuous homomorphism ¢ of one analytic group
into another is smooth.

Problems 37-39 below construct a smooth homomorphism of SU(2) x SU(2) onto
SO(4) with two-element kernel and thereby exhibit SU(2) x SU(2) as a universal
covering group of SO(4). These problems make use of material in Appendix C on
universal covering groups and also Problems 1-5 of Chapter II, which construct a
smooth homomorphism of SU(2) onto SO(3), and Problems 8-11 of Chapter II,
which relate SU(2) and SO(3) to the algebra H of quaternions.
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37. Exhibit the Lie algebra so0(4) as the direct sum of two ideals, both of which are
isomorphic as Lie algebras to so0(3). To do so, let Aj, Ay, A3 be the standard
basis of the upper left copy of s0(3) in so(4). With suitable choices of signs,
introduce Bj, B, B3 as the result of operating on Aj, Aj, A3, respectively, by
interchange of indices 2 and 3 with 1 and 4, by interchange of indices 1 and
3 with 2 and 4, and by interchange of indices 1 and 2 with 3 and 4. Using
suitable signs, let X; = %(iA,— ++B;)andY; = %(iAi — +B;) in such a way that
[X;,Y;] = O for all i and j. Show that the consequence is that X, X», X3 span
one copy of s0(3) and Y, ¥, Y3 span the other copy of so(3).

38. Deduce that the universal covering group 55(4) of SO(4) is isomorphic with
the product SU(2) x SU(2) and that the center of 3‘5(4) 1S 2/272 X Z|2Z.

39. Explain how the diagonal matrix of SO(4) with diagonal entries —1 fits into this
picture.

The remaining problems work with the linear Lie groups SL(n,C), SO(n,C), and
Sp(n,C), which were defined in Problem 24 of Chapter I, and their linear Lie algebras
sl(n,C), so(n,C), and sp(n,C), which were defined in Problem 25 of Chapter 1.
Each of these groups and Lie algebras plays a role in classical geometries of one kind
or another. These linear Lie algebras are each complex Lie algebras in the sense
that the bracket product is bilinear over C, not merely over R. The present interest,
which is part of what this block of problems addresses, is in isomorphisms of low-
dimensional cases of the Lie algebras. We shall be interested as well in isomorphisms
and covering groups for the corresponding analytic groups. A blinear form on a
finite-dimensional complex vector space V is defined to be a function (-, - ) carrying
V x V into C that is linear in each variable when the other variable is held fixed. It is
symmetric if (uy,uz) = (up,uy) for all u; and up in V. It is or skew symmetric if
(ui,up) = —{up,uy) for all u; and up in V. In either case it is nondegenerate if no
u # 0 has (u, V) = 0. The orthogonal space U~ to a vector subspace U of V is the
space of all vectors w € V with (u, w) = 0. If a bilinear form is symmetric or skew
symmetric and if it is nondegnerate, then dim U + dim U+ = dim V for any vector
subspace U.

Problems 40-43 prepare for computations with the linear Lie groups SL(n,C),
SO(n,C), and Sp(n,C) by addressing the question of when their Lie algebras are
simple.

40. Prove that the complex Lie algebra g = sl(n,C) is simple for n > 2 in the
sense of having no ideals other than 0 and g. Let h be the (commutative)
diagonal subalgebra, and let g = ) @ 3.;,; CE;; be the decomposition of g into
simultaneous eigenspaces under ad(b). Here E;; is the matrix thatis 1 in position
(i, ) and is O elsewhere. The corresponding eigenvalue for ad(f)) comes from
the equation

(adH)E;; = (Hi; — Hj;)E;j = (e; — ej)(H)
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41.

42.

43.
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and is thus the linear functional e; — e; on h. Such linear functionals are called
roots. The corresponding eigenspace g.,-.; = C(E;;) is called a root space,
and g = h @ 2, 8¢, ¢, is called the root space decomposition of g. Observe
that all the root spaces are one dimensional over C.

To prove that g is simple, argue by contradiction, assuming that g is not simple.
First dispose of the easy case that a is a nonzero ideal in g that is contained in
h. The remaining case is that a nonzero ideal a is not contained in . Let
X = H+ ) X, be in a with each X, in g, and with some X, # 0. Order the
roots so that ey > --- > ¢, > 0 > —e, > --- > —e; and the sum of positive
elements is positive. For the moment assume that there is some root @ < 0 with
Xo # 0, and let B be the smallest such a. Say Xg = cE;; withi > jand ¢ # 0.
Form the iterated bracket product u = [Ey;, [[X, E;,]]. Show that u is a nonzero
multiple of E1,,. Complete the argument by using the presence of Ey, in a to
prove that a = g.

Prove that the Lie algebra sp(2, C) is simple by forming a root space decompo-
sition like that in the previous problem and then arguing with root vectors as in
that problem. There are eight roots; they are of the form e + e, +2e1, +2e5.

Prove that the Lie algebra sp(n, C) is simple for n > 2. The roots are of the form
e, xejwithl <i<j<nand+2e;forl <i<n.

Prove that the Lie algebra so(#n, C) is simple for n > 5. The roots are of the form
xe;xejwithl <i<j<nandze;forl <i<n.

Problems 44-48 construct a one-one complex-linear Lie algebra homomophism
of sp(2,C) onto s0(5,C), and then they interpret the result in terms of analytic
groups.

44.

45.

A 4-by-4 complex matrix g = (Z is symplectic, i.e., is in the complex

d
symplectic group Sp(2,C), if g'Jg = J, where J = J, is the 4-by-4 matrix

1 0
g'J'g =J". Write g* = Jg'J~!. Check that
(a) g is symplectic if and only if g¥g = 1.

0 1 . . . . e .
J = (_ . Since J? is minus the identity, it is the same to require that

b) x= (i Z) satisfies x* = x if and only if b and ¢ are skew symmetric and

alsoa =d".
(c) the group Sp(2,C) acts on my 4(C) by the formula g - x = gxg*. In other
words, x is in my 4(C) and g € Sp(2,C) implies (g1g2) - x = g1 - (g2 - X).

Define a symmetric bilinear form (-, -) on my 4(C) by (x,y) = Tr(xy). Show
that the action in Problem 44c of Sp(2, C) on my 4(C) preserves (-, -) and that
each member of Sp(2, C) fixes the 4-by-4 identity matrix 14.
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47.

48.
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As a consequence of Problem 45, the action of Sp(2, C) maps the subspace V of
my 4(C) given by
V ={x e my4(C) | x* = x and (x, 14) = 0}
into itself. Prove that dimV = 5.

Show that the five members of my4 4(C) given by

I 0 0 1
0 -1 1 0 -1
1 of 0 1y 0 -1/f
0 -1 1 0 1
0
-1 -1
0 1 ’ 0 -1
-1 0 I 0

are members of V that are mutually orthogonal relative to (-, -), and explain how
it follows that Sp(2, C) has been mapped homomorphically into a subgroup of
SO(5,C). (The omitted entries in the five matrices are understood to be 0.)

How does it follow that the smooth homomorphism of Sp(2,C) into SO(S5,C)
constructed above is actually onto SO(5,C). What is the kernel of this homo-
morphism?

Problems 49-53 construct a one-one complex-linear Lie algebra homomorphism
of sl(4,C) onto s0(6,C). and then they interpret the result in terms of analytic
groups. They assume some knowledge of how to use the exterior algebra of a finite-
dimensional complex vector space. See Chapter VI of Knapp [2016a] for background
on exterior algebras.

49.

50.

Take for granted the validity of the universal mapping property of exterior

algebras, a special case of which says the following: If ¢ is a function that

embeds a complex vector space E in its exterior algebraas A\ (E) € A(E), then

whenever ¢ is any linear map of E into an associative algebra A with identity

such that £(v)> = 0 for all v € E, there exists a unique associative algebra

homomorphism L : A(E) — A with L(1) = 1 such that L o ¢ = ¢.

(a) Apply this universal mapping property to prove that the operation of SL(4, C)
on C* extends to an operation of SL(4,C) on A (C*) such that g - (x A y) =
gx A gy forall g € SL(4,C) and all x and y in C*.

(b) Check that the resultis s group action in the sense that (g;g2)-w = g1-(g2-w)
for every w € A2C*.

Define a bilinear form (u, v) on A>C* by

uAv=~_u,vy(eg ANex Ney Neyq) foru,ve AZCH,
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51.

52.
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(a) Why is this form symmetric?
(b) Use the facts that

(e1 Ney,esNesy=1, (eyANes,epNeqy=—1, (el Aeg,epNhes)y=1,

(ei Nej,ex Neg)y =0  whenever {i, j} N {k,{} # @,
to check that
(e1Nex) £(e3Neq), (e1Ahe3)x(exAes), (erAes)+(exne3)

form an orthogonal basis of A>C*.
(c) Conclude that (-, -) is a nondegenerate symmetric bilinear form on A>C*.
Using that gx A gy A gz A gw = (detg)(x Ay Az Aw), prove that the symmetric
bilinear form (-, -) is invariant under the action of SL(4, C).
Explain how the previous problems show that the group action of SL(4, C) factors
through to a group action of SO(6, C) on A>C*.

How does it follow that the smooth homomorphism of SL(4,C) into SO(6,C)
constructed above is actually onto SO(6,C). What is the kernel of this homo-
morphism?



APPENDIX A

Topological Groups

Abstract. This appendix is a brief introduction to the subject of topological groups.
Section 1 defines topological groups, gives some examples, and establishes some
standard properties.
Section 2 considers the quotient space of a topological group by a closed subgroup
and relates properties of the quotient to properties of the original group. When the
closed subgroup is normal, the quotient is again a topological group.

1. Topological groups

A topological group G is a Hausdorff space that is a group in such a way that
multiplication is a continuous function from G X G into G and inversion is a
continuous function from G into G.

EXAMPLES.

(1) Euclidean space under addition. If R" = {x = (x1,...,x,)} is given
the topology associated with the Euclidean norm |x|* = x? + - - +x3 and if
vector addition is taken as the group operation, then R” becomes a topological
group. The continuity of the group operation amounts to the fact that the limit
of a sum equals the sum of the limits. The continuity of inversion amounts to
the continuity of multiplication by —1 on members of R".

(2) GL(n,R). Write G = GL(n, R) for the set of all real n-by-n nonsingular
matrices. Under the operation of matrix multiplication, G is a group. With
the usual topology on n? dimensional space, G is the open subset where the
determinant function is nonzero. The operation of group multiplication is
given entry-by-entry by polynomial functions of the entries. These functions
are all continuous, and thus multiplication is continuous. The continuity of
inversion is a consequence of Cramer’s Rule for computing determinants.
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Proposition A.1. Every topological group G has the following proper-
ties:
(a) All left and right translations are homeomorphisms.
(b) To each neighborhood V of the identity 1 corresponds a neighbor-
hood U of 1 such that UU~! C V.
(c) G isregular as a topological space.

Proor. For (a) the continuity of multiplication (x,y) + xy implies the
continuity of each translation, namely x — ax or x — xa, because a trans-
lation is just the restriction of multiplication to one of the variables with the
other variable held fixed. Translation by an element has a continuous inverse
because the inverse function is another translation, specifically translation by
the inverse element.

Statement (b) is a restatement of the continuity of the map (x, y) — xy~
at (x,y) = (1,1).

In (c) if a point x and a closed set F are given with x ¢ F, we may assume
that the point is 1, by (a). Find U by (b) for V = G — F. The claim is that
U C V. In fact, if x is in U — U, then xU is a neighborhood of x and so
meets U. If y is in xU N U, then y = xu, and we see that x = yu~! is in
uu-'cv. O

1

2. Quotients

In the situation of a topological group G and a closed subgroup H, we shall
work with the quotient space G/H, whose elements are all cosets gH for
g € G. We give G/H the quotient topology, as follows. A subset V of G/H
is defined to be open if its inverse image in G under the quotient map is open,
ie.,if {x € G | x € gH for some g € V} is open in G.

Proposition A.2. Let H be a closed subgroup of a topological group
G, and let G/H have the quotient topology. Then the quotient mapping
p: G — G/H is open, and G/H is a Hausdorff regular space such that the
action of G on G/H is jointly continuous. If G is separable, i.e., has a
countable base for its topology,! then so does G/H.

Remark. Conversely if the subgroup H is not closed, then G/H is not
Hausdorff. Indeed, if H is not closed, then the one-point set 1H in G/H is
not closed.

IThroughout this book, the word separable means “having a countable base.”
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Proor. The set E C G/H is open if and only if p~!' (E) is open. Let U be
open in G. Then p~!'(p(U)) = Upey Uh, which is open. So p(U) is open,
and p is an open map. The action of G on G/H is the composition

multiplication quotient

GxG G G/H

which is continuous.

If x isin G/H and F is a disjoint closed subset to be separated from x, we
may assume x = 1 by this continuity. Choose a neighborhood U of 1 in G and
aneighborhood N of 1in G/H suchthat UN C G/H — F. Let us observe that
N C UN. Infact, if y is in N — N, then U~y is a neighborhood of y since we
have established that p is an open map. Hence U~y N N is not empty. Let
z be a member. Then z = u~'y, and y = uz lies outside UN. Consequently
G /H is regular as a topological space. Next, p~'({x}) = xH is closed, and so
{x} is closed. Thus G/H is a regular T space and must be Hausdorff. If U
is a base for the topology on G, then pU is a base for the topology on G/H,
since p is open. Hence if G has a countable base, so does G/H. O

Proposition A.3. Let H be a closed subgroup of a topological group G.
If H and G/H are connected, then G is connected.

Proor. Suppose G = U UV with U and V nonempty, open, and disjoint.
For each x in G, xH is connected by Proposition A.la and the connectedness
of H. SincexH CUUV,wemusthave xH C UorxH CV. Let

A={xeG|xHCU} and B={xeG|xHCV}.

We have seen that G = A U B. Since U and V are complements of each other,
A={xe G |xHNV = @}. It follows that

A={xeG|xHnp 'pV =0}

Consequently Proposition A.2 shows that A is open in G. Similarly B is open
in G. Since p~!'pA = A and p~!'pB = B, we see that G/H = pA U pB is
a disjoint decomposition of G /H into open sets. By connectedness of G/H,
one of pA and pB is empty, say pB. Then B is empty, A = G, and U = G.
We conclude that G is connected. m|

Proposition A.4. Let H be a closed subgroup of a topological group G.
If H and G/H are compact, then G is compact.

Proor. Let U be an open cover of G. We seek a finite subcover. For
each x in G, U is an open cover of xH, which is compact. Let V, € U be a
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finite subcover and let
Vi ={y € G | yH is covered by V,}.

We prove V, is open. Fix y in V,- For each h € H, we can find U, € V,
with yh € Uy,. By continuity of multiplication, we can then find open
neighborhoods My, of y and Ny, of h such that M, N, € Uh. The open sets
N}, together form a cover of H, and we let {Np, } f‘:l be a finite subcover. Then

M = ﬂ’;zl M, 1s an open neighborhood of y. If z is in M, we show that z is
in V. Let h be given and suppose 4 is in Np;. Then zh is in Mp;Np; € Up;,
and this is a member of V. Hence z is in V,, and we conclude that V is open.
The open sets pV, cover G/H. Since G /H is compact, we can extract a finite
subcover {pVy,,...,pVy,}. Since X,, = p‘lpij for all j, {Vy,, ...V, }
covers G. Then U;‘Zl “Vy, is the required finite subcover of U. O

Proposition A.5. If a closed subgroup H of a topological group G is
normal as a subgroup, then G/H is a topological group.

Proor. Let V be a neighborhood of 1 in G/H. Choose by Proposition
A.2 aneighborhood U of 1 in G and a neighborhood N of 1 in G/H such that
UN C V. Then pU and N are neighborhoods of 1 in G/H such that (pU)N C
V. Hence multiplication is continuous at (1, 1), therefore everywhere. If V is
a neighborhood of 1 in G/H and U is an open neighborhood of 1 in G with
U~! ¢ p~1(V), then pU~! C V, and so inversion is continuous at 1, hence
everywhere. Finally G/H is Hausdorff by Proposition A.2. O

Proposition A.6. Any open subgroup of a topological group is closed.

Proor. If G is the group and H is the open subgroup, then the set-theoretic
equality H = G — ¢y xH shows that H is closed. m|

Proposition A.7. In atopological group G, the identity component, i.e.,
the connected component G of the identity I, is a closed normal subgroup.
If G is locally connected, then its identity component G is open, and G /Gy
has the discrete topology.

Proor. The image of Gy X G under multiplication is a connected set
containing 1. Hence GoGo C Gyg. Similarly G, 'Cc G. Thus Gyisa group. It
is closed because connected components are closed in any topological space.
It is normal because the same argument shows xGox~' € Gy foreach x in G.

If G is locally connected, then its connected components are open, and G
in particular is open. Hence so are the cosets of Go. From Proposition A.2,
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p: G — G/Gq is an open mapping, and thus G/Go has every subset
open. O

Proposition A.8. In aconnected topological group G, any neighborhood
of | generates G.

Proor. Let V be a neighborhood of 1, and choose an open neighborhood
U of 1, by continuity of inversion, such that U = U™' C V. Set H =
U,y UU - - - U, with n factors in the n™ term. Then H is nonempty, is open,
is closed under products, and is closed under inversion since U = U~!. Thus H
is an open subgroup. By Proposition A.6, H is closed. Since G is connected,
H = G. Then V must generate G since U C V. |

A subgroup H of a topological group G is said to be discrete if every
subset of H is relatively open.

Proposition A.9. If G is a topological group and if a subgroup H is
discrete, then H is a closed subgroup.

Proor. Choose a neighborhood V of 1 in G so that H NV = {1}, and
choose an open neighborhood U of 1 with UU <€ V, by Proposition A.1b.
Arguing by contradiction, suppose that H is not closed. If x is in H — H, then
U~'x is a neighborhood of x and so must contain a member 4 of H. Write
u~'x =h. Thenu = xh~"isin H— H and is in U. Since x is a limit point of H,
we can find 4’ # 1suchthat 4’ isin Uxh~!. Then 7’ isinU(xh~') C UU C V.
Since H NV = {1}, we conclude that &’ = 1, contradiction. O

Proposition A.10. If G is a connected topological group, then any
discrete normal subgroup H of G lies in the center of G.

Proor. Fix h in H. The map g — ghg~' carries G onto the subset

{ghg™' | g € G} of G. Since the continuous image of the connected set G
has to be connected, the subset C(h) = {ghg~' | g € G} of G is connected.
On the other hand, C (/) C H since H is normal. By assumption, H is discrete.
Thus the connected set C (/) must lie in a single connected component of H,
and C(h) = {h}. In other words, & lies in the center of G. O



APPENDIX B

Smooth Manifolds, Vector Fields, and Integral Curves

Abstract. This appendix introduces the differential topology that is needed as
background for an introduction to Lie groups. The subject matter is the elementary
structure of smooth manifolds, which is a topic in real analysis that makes use of
metric spaces and point-set topology. It will sometimes be handy to have specific
references, and this appendix will point to the relevant sections of the author’s own
books, Basic Real Analysis and Advanced Real Analysis for that purpose.

Section 1 presents the beginning definitions and results about smooth manifolds,
smooth functions, and smooth maps. Only this one section from Appendix B is
needed as background for Chapters I and II.

Section 2 continues the introduction of smooth manifolds by discussing tangent
vectors and vector fields on smooth manifolds.

Section 3 introduces derivatives of smooth mappings. Some authors refer to
derivatives of smooth mappings as differentials, but the use of the term “differential”
in this connection runs the risk of confusing two objects that are isomorphic but not
canonically isomorphic. A footnote in Section 3 provides more detail. Thus the term
“differential” will not otherwise be used in this book.

Section 4 examines changes of coordinates on smooth manifolds in some detail.
One result tells when a system of numerical-valued functions can define a compatible
chart, two results examine consequences for coordinate systems in the domain or
range when the derivative of a smooth mapping is either one-one or onto, and a
fourth result says that when the derivative of a smooth mapping is one-one onto at a
point, then the smooth mapping locally has a smooth inverse. The section goes on to
examine two situations under which a smooth mapping has a useful effect on smooth
vector fields.

Section 5 defines the product of two smooth manifolds, and it observes that
the operation of a smooth vector field in one variable on a smooth function of two
variables results in a smooth function of one variable.

Section 6 defines submanifolds for smooth manifolds to be subsets for which the
inclusion mapping is smooth and everywhere regular. An infinite line of irrational
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slope on a torus in R? supplies an important example. In some fields of mathematics,
such lines are not considered to be submanifolds, but the subject of Lie groups
requires that one be able to deal with them, whatever they are called.

Section 7 defines integral curves for smooth vector fields, states an existence-
uniqueness theorem for systems of ordinary differential equations, and examines the
consequences of this theorem for the subject of integral curves.

1. Smooth manifolds, smooth functions, and smooth maps

This section introduces smooth manifolds, and it briefly develops the notions
of smooth function and smooth map.

“Manifolds” in our treatment are built from “charts,” each manifold has
a uniform dimension, and each manifold will be the disjoint union of open
sets with each one separable in the sense of having a countable base for its
topology. The term “smooth” is used interchangeably with the term C*. The
prototype for a manifold is the surface of a sphere in three dimensions. Let
us discuss this case informally first and then return to develop the formal
mathematics.

In the real world one describes the surface of the earth by means of
“charts,” with each chart containing a likeness of part of the earth’s surface
and with all the charts together describing the whole surface. The collection
of charts is an “atlas.” The sense in which a chart contains a likeness of part
of the surface is that there is an understood one-one function (“map”) from
the one onto the other. In mathematics this function goes from a part of the
surface into a likeness; in the real world it tends to go in the opposite direction,
namely from the likeness into the surface.

Let M be a Hausdorff topological space that is the disjoint union of
separable subspaces,! and fix an integer m > 0. A chart (M,, @) on M of
dimension m is a homeomorphism a : M, — a(M,) of a nonempty open
subset M, of M onto an open subset a(M,) of R™; the chart is said to be
about a point p in M if p is in the domain M, of a. We say that M is a
manifold if there is an integer m > 0 such that each point of M has a chart of
dimension m about it.

A smooth structure of dimension m on a manifold M is a family ¥ of
m dimensional charts with the following three properties:

IThe treatment in Sections VIII.1-4 of Advanced Real Analysis does not assume
separability of manifolds, but in anybody’s definition, a Lie group has to be the disjoint
union of separable manifolds.
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(i) any two charts (M, @) and (Mg, B) in ¥ are smoothly compatible
in the sense that foa ™!, as a mapping of the open subset a/(M,NMp)
of R™ to the open subset S(M, N Mg) of R™, is smooth and has a
smooth inverse,
(ii) the system of compatible charts (M, @) is an atlas in the sense that
the domains M, together cover M,
(iii) ¥ is maximal among families of compatible charts on M.

A smooth manifold of dimension m is a manifold together with a smooth
structure of dimension m. In the presence of an understood atlas, a chart will
be said to be compatible if it is smoothly compatible with all the members of
the atlas.

Once we have an atlas of compatible m dimensional charts for a manifold
M, i.e., once (i) and (ii) are satisfied, then the family of a/l compatible charts
satisfies (i) and (iii), as well as (ii), and therefore is a smooth structure. In
other words, an atlas of compatible charts determines one and only one smooth
structure. As a practical matter we can thus construct a smooth structure for
a manifold by finding an atlas satisfying (i) and (ii), and the extension of the
atlas for (iii) to hold is automatic.

ExampLE. The unit sphere M = S" in R"*!, the set of vectors of Euclidean
norm 1, can be made into a smooth manifold of dimension n by using two
charts defined as follows. One of these charts is (M, ¢) with

X1 Xn
t,o(xl,...,xn+1)=(1 s )
— Xn+l 1 —Xxp41
and with domain M, = S — {(0,...,0, 1)}, and the other is (M, y) with
_ X1 Xn )
(X1, Xpe1) = (1+xn+1"“’ T+

and with domain My, = §" — {(0,...,0,—1)}. We need to check that the two
charts are smoothly compatible. The set M,N M, is S"—{(0,...,0,+1)}, and
the image of this under ¢ and  is R" = {(0,...,0)}. Puty; = x;/(1 = xu41),
sothat @ ' (y1,...,yn) = (x1,...,Xns1). Then o @ L (y1, ..., y,) is

= (x1/ (14 Xp41)s 2 X0/ (1 + Xp11))

= (yl(l =X 1) /(L4 Xp41)5 o5 Yu (1 = xpe1) /(1 +xn+1))'

n+l
To compute (1 — x,4+1)/(1 + x,41), we take ) x? = 1 into account and write
j=1
wlo, L 2 2 2 2
1= lej =X+ Zlyj(l —Xn41)~. Then Zlyj =(1=x,)/(1 =xp41)" =
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(1 +xn41)/(1 _xn+l), and

n n
wow (v = v/ D vh vl 2093,
=1 =1

The entries on the right are smooth functions of y since y # 0. Similarly if
we put z; = x; /(1 +x,41), we calculate that

n n
oy (21, zn) = (m/Zz?zn/Zz?)
=1 =1

Again the entries on the right are smooth functions of z since z # 0. Thus the
two charts are smoothly compatible, and S” is a smooth manifold.

Euclidean space R™ itself is of course a smooth manifold of dimension
m, with an atlas consisting of the single chart (R, 1), where 1 is the identity
function on R". Real projective spaces, which can be defined in much the
same way as spheres, give further straightforward examples. A number of
interesting manifolds arise as a part of the space of simultaneous solutions
of some equations, often polynomial equations in several variables. The
technical device that shows the solution space to be part of a smooth manifold
is normally the Implicit Function Theorem (Theorem 3.16 of Basic Real
Analysis).

Another simple example of a smooth manifold M of dimension m is any
nonempty open subset U of M. The subset U becomes a smooth manifold
of dimension m if we define an atlas for it to consist of all restrictions
UnM,, a/fUme) of members of the atlas {(M,, @)} for M; then we must
discard occurrences of the empty set. We shall often use this observation
without special notice, in effect making definitions and deducing conclusions
for nonempty open subsets of a manifold M from the corresponding definitions
and conclusions about all manifolds.

Most manifolds, however, are constructed globally out of other manifolds
or are pieced together from local data. The Hausdorff condition often has to
be checked, is often subtle, and is always important. The first place that the
Hausdorff condition plays a role is in Lemma B.2 below.

Any manifold M is a locally compact Hausdorft space. If M is separable,
then there exists an exhausting sequence in M, i.e., an increasing sequence
of compact sets with union all of M and with each set contained in the interior
of the next member of the sequence. This is Proposition 10.25 of Basic Real
Analysis.
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Let us mention that because of the separability and Theorem 10.45 of
Basic Real Analysis, the topology of a separable manifold can always be
realized by a metric; this fact turns out to be comforting but not particularly
useful.

Although manifolds have a global definition, it is often convenient to
work with them by referring matters to local coordinates. If p is a point of the
smooth manifold M of dimension m, then a compatible chart (M, @) about p
can be viewed as giving a local coordinate system near p. Specifically if the
Euclidean coordinates in (M) are (uy, ..., u,), then g = o= (uy, ..., uy)
is a general point of M, and we define m real-valued functions ¢ — x;(q) on
My,byx;(q) =u;,1 < j<m. Thena = (x1,...,x,). Torefer the functions
x; to Euclidean space R, we use x; o @', which carries (u1, . . ., uy) to u;.

The way that the functions x; are referred to Euclidean space mirrors how
a more general real-valued function on an open subset of M may be referred
to Euclidean space, and then we can define a real-valued function on M to
be smooth if it is smooth in the sense of Euclidean differential calculus when
referred to Euclidean space.

Therefore a smooth function f : M — R on the smooth manifold M is
by definition a function such that for each p € M and each compatible chart
(M, @) about p, the function f o @~! is smooth as a function from the open
subset @ (M) of R™ into R. A smooth function is necessarily continuous.

In verifying that a real-valued function f on M is smooth, it is sufficient,
for each point in M, to check smoothness within only one compatible chart
about that point. The reason is the compatibility of the charts: if (M, @) and
(Mg, B) are two compatible charts about p, then f o B! is the composition
of the smooth function @ o 87! followed by f o a~!.

We write C*°(U) for the space of smooth real-valued functions on the
nonempty open set U of M. The space C*(U) is an associative algebra over
R under the pointwise operations, and it contains the constants. The support
of areal-valued function is the closure of the set where the function is nonzero.
We write Cgy,, (U) for the subset of C*(U) of functions whose support is a
compact subset of U.

The space Cg,,(U) is not 0. As we shall see in Lemma B.2 below, this
fact is a consequence of the following result for Euclidean space that appears
as Proposition 8.12 in Basic Real Analysis. We omit the proof of Lemma B.1
here.

Lemma B.1. If K and U are subsets of R” with K compact, U open, and
K C U, then there exists ¢ € Cgop,(U) with values in [0, 1] such that ¢ is
identically 1 on K.
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Lemma B.2. If U is a nonempty open subset of a smooth manifold M
and if f is in CZ,(U), then the function F defined on M so as to equal f on
U and to equal O off U is in Cgy,, (M) and has support contained in U,

o)

Proor. The set S = support(f) is a compact subset of U and is compact
as a subset of M since the fact that U gets the relative topology means that the
inclusion of U into M is continuous. Since M is by assumption Hausdorff,
S is closed in M. The function F is smooth at all points of U and in particular
at all points of S, and we need to prove that it is smooth at all points of the open
complement V of Sin M. If p isin V, we can find a compatible chart (M, @)
about p with M, C V. The function FisOon M, NU CVNU=S°NU
because itequals f on U and f is 0 on the complement of §'in U. The function
Fis0on M,NU€ sinceitis 0 everywhere on U¢. Therefore F is identically O
on M, and is exhibited as smooth in a neighborhood of p. Thus F is
smooth. O

Lemma B.3. Suppose that p is a point in a smooth manifold M, that
(Mg, @) is a compatible chart about p, and that K is a compact subset of M,
containing p. Then there is a smooth function f : M — R with compact
support contained in M, such that f has values in [0, 1] and f is identically 1
on K.

Proor. The set a(K) is a compact subset of the open subset @ (M) of Eu-
clidean space, and Lemma B.1 produces a smooth function g in Coy,, (@(M))
with values in [0, 1] that is identically 1 on @(K). If f is defined to be g o @
on M,, then f is in Co,,(M4). Extending f to be 0 on the complement of

M, in M and applying Lemma B.2, we see that the extended f satisfies the
required conditions. m|

Proposition B.4. Let p be a point of a smooth manifold M, let U be an
open neighborhood of p, and let f be in C*(U). Then there is a function g
in C®(M) such that g = f in a neighborhood of p.

Proor. Possibly by shrinking U, we may assume that U is the domain of
some compatible chart (M, @) about p. Let K be a compact neighborhood
of p contained in U, and use Lemma B.3 to find 4 in C*(M) with compact
support in U such that 4 is identically 1 on K. Define g to be the pointwise
product 2f on U and to be O off U. Then g equals f on the neighborhood K
of p, and Lemma B.2 shows that g is everywhere smooth. O

In the same way that we defined smoothness of real-valued functions on
smooth manifolds by means of local coordinates, we define smoothness for a
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continuous function from an m dimensional manifold M into an n dimensional
manifold N. Namely let p be in M, so that F(p) is in N. Assuming that F'
is continuous at p, let a local coordinate system be given at F(p) by means
of a chart (Ng, 8), and choose a local coordinate system at p given by a chart
(Mg, @) such that F(M,) € Ng. The local version of F is the function
B o Foa™!, which carries @(M,) into B(Ng). If we write @ = (x1, ..., Xm)
and 8 = (y1,...,Yn), then we obtain an expression of the form

(V1y---5Yn) :,BOFoa/_l(xl,...,xm),

and we see that 8 o F o a™! is the local function in the Euclidean setting
that corresponds to F in the manifold setting. The function F : M — N
is said to be smooth if it is continuous and all the functions 8 o F o a~!
are smooth, more precisely if it is continuous and for each p in E and each
compatible chart 8 about F'(p), there is some compatible chart & about p such
that 8o F o @~ ! is defined and smooth. In this case we often call F a smooth
map. A smooth map between smooth manifolds with a smooth inverse is
called a diffeomorphism.

In this way all questions about smoothness in the manifold setting can be
translated into questions about smoothness in the Euclidean setting. One con-
sequence, by means of the Inverse Function Theorem,? is that the dimension
of a smooth manifold is well defined. More specifically the same underlying
topological space cannot have two compatible atlases of distinct dimensions.

2. Tangent spaces and vector fields

We turn to a discussion of tangent spaces and vector fields. For a more
thorough presentation of this material, the reader may wish to consult the
author’s Advanced Real Analysis, particularly Sections VIII.1-4.

Let M be a smooth manifold of dimension m. The idea is that the tangent
space to M at p is the space of all first-order derivatives at p. To make this
notion precise, one introduces the space of germs C,, (M) of smooth functions
at p. These are equivalence classes formed from pairs (f,U), each pair
consisting of an open set U containing p and a smooth real-valued function
f defined on that open set, two such being equivalent if their restrictions
are equal on some subneighborhood of p. The set C,(M) of equivalence
classes inherits arithmetic operations that make it into an associative algebra
over R. Evaluation at p is a well defined linear functional e on C,(M). A

2Theorem 3.17 of Basic Real Analysis.
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derivation of C, (M) is a linear function L : C,,(M) — R such that L(fg) =
L(f)e(g) +e(f)L(g). Each such L annihilates constant functions because

L()=L(1-1)=L(1e(1) +e(1)L(1) = 2L(1)

forces L(1) = 0. The set of derivations of C,, (M) forms a real vector space
T, (M) that is called the tangent space of M at p. If alocal coordinate system
at p is given by means of a chart (M, @) with @ = (x1,...,X;), then m
examples of members of 7), (M) are given by the derivations [%] » defined
by

for j=1,...,m.
(155U ) =(X1 (D) 55 Xm (P))

[G_f] _ (foa™l)
Oxjlp Ouj

These derivations satisfy

Oijs

[ ox; ] _ Ou; B
Oxjlp  Oujl(un,..n)=(x1(p)ssXm(p))

where ¢;; is the Kronecker delta. It follows that the m derivations [a%,—] p are
linearly independent. Actually these m derivations form a vector-space basis
of T),(M), as is shown in the following proposition. Spanning follows from an
expansion formula established by the proposition for all members of 7, (M).

Proposition B.5. If M is a smooth manifold and if a compatible chart
(Mg, @) about a point p in M is given by @ = (xy, . . ., Xs;), then each member
L of T,(M) is given on C,, (M) by

L= ]Z:;L(xj) [%}_]P.

Consequently the m derivations [a%,—]p form a vector-space basis of 7}, (M).

Proor. Let L be a derivation of C,(M), and let (f,U) represent a
member of C, (M), U being an open neighborhood of p in M. Without loss
of generality, we may assume that U C M, and that @(U) is an open ball in
R™. Putup = (uo,1,-..,40,m) = a(p), let g be a variable point in U, and
define u = (uy,...,u,) = a(q). Taylor’s Theorem3 applied to f o a~! on

3In the form of Theorem 3.11 of Basic Real Analysis.
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a(U) gives
foa ()= foa " (up) +Z (uj —uo.;) O(f o ™) /du, (up)
+ Z (i — u ;) (1t — uo ) Ry (u)
with each R;; in C°°(oz(U)). Referring this formula to M, we obtain
/(@)= F(p) +szl (i@ -2 [32],
+ Z (xi(q) = xi(p))(x;(q) = x;(p))rij(q)
i

on U, where r;; = R;j o @ on U. Because L annihilates constant functions
and has the derivation property and satisfies e(x;) = x;(p) for 1 < j < m,
application of L yields

L(f)—ZL(x])[ - ] (LG ex) =2 (p)eriy)
+ (e(xt)—xi(P))L(xj)e(rij) + (e(xi)—x;(p))(e(x;)—x;(p))L(rij))
= > L(xj) |+
]Z:; 4 [6x
as asserted. m]

Still with M as a smooth manifold, form the set 7(M) of all pairs (p, L)
such that p isin M and L is in T, (M). The set T(M) can be topologized and
given a smooth manifold structure in a natural way, and then the pair consisting
of T(M) together with the projection-to-the-first-component function is called
the tangent bundle of M. For current purposes we do not need to know what
the topology and manifold structure on 7 (M) are, and we shall ignore them.*
A vector field X on M is a function from M into 7' (M) that selects a member
of T,(M) for each p in M; in other words, a vector field is any right inverse
to the projection-to-the-first-component function under composition.> An

4The detailed construction of the tangent bundle is a chore to carry out. Not needing it, we
skip the details. The reader who would like to see a careful construction of the tangent bundle
may wish to look at Proposition 8.14 and the remarks after it in Section VIIL.4 of Advanced
Real Analysis.

5In the terminology of tangent bundles, a vector field is any section of the tangent bundle.
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immediate consequence of Proposition B.5 is the following expansion of any
vector field.

Corollary B.6. Let M be a smooth manifold of dimension m. If (M, @)
is any compatible chart for M, say with @ = (x1,...,x;), and if X is a vector

field on M, then
Xf(p) =
; (’)xi

for all p in M, and f in C*(M).

For vector fields we content ourselves with the following definition of
smoothness: the vector field X on M is defined to be smooth on M if Xx;
is smooth for each coordinate function x; of each compatible chart® on M.
From Corollary B.6 it is apparent that the set of smooth vector fields on M
is closed under addition and scalar multiplication and is also closed under
multiplication by members of C*(M). It is therefore a C*° (M) module.

The set of smooth vector fields is not closed under composition because
composition introduces second-order derivatives. However, it is closed under
the bracket multiplication [X,Y] = XY — Y X, according to the following
proposition.

Proposition B.7. If X and Y are smooth vector fields on a smooth
manifold M, then [X,Y] = XY — Y X is also a smooth vector field.

Proor. For any smooth function g on M, Corollary B.6 gives

Xg(p) = Z —(p)(Xxl)(p)

This equation applied with g =Y f gives

a(Yf)
ox;

XYf(p) = (X)) (p) = Z (p)(Xxi)(p)

i=1

m m 2
5 ‘; f(p) 2 () )
£ X

1
m
J=1
¢Section VIII.4 of Advanced Real Analysis shows that the smooth vector fields are exactly
the sections of the tangent bundle that are smooth. We never need to use this fact in this book.

i=1 j=

DY

i=1

N )<x ) (p)(Fx,) ().
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In this identity we reverse the roles of X and Y and then subtract to get

r—vx)fp = 30 S (22T ) () v ).
i=1 j=1 J !

The terms with second-order derivatives have canceled, and what is left is the
local form of a smooth vector field. O

3. Derivatives of smooth maps

Next we discuss derivatives. Let F : M — N be a smooth map from a
smooth manifold M of dimension m into a smooth manifold N of dimension
n. For any p in M, the function F carries any tangent vector L in T, (M)
into a tangent vector (DF), (L) in Tg(,)(N) by the formula (DF),(L)(g) =
L(g o F) for g in the space Cr(p,)(N) on which a tangent vector in Tx () (N)
operates. The result is a linear function (DF), : T,,(M) — Tg(p)(N) called
the derivative of F at p.

WARNING. The name “derivative” and the notation (DF),, are a change
from Advanced Real Analysis.”

Proposition B.8. Let M and N be smooth manifolds of respective
dimensions m and n, and let F : M — N be a smooth map. Fix p in M, let
a = (xy,...,Xny) beacompatible chart in M about p, andlet 8 = (y1,...,Vn)
be a compatible chart in N about F(p). Define F; = y;o Ffor 1 < i < n.

0 0
Relative to the bases [—] of T,(M) and [—] of T, N), the
Oxjlp p (M) 0yilF(p) F(p) (N)

matrix of the linear function (DF), : T,(M) — Tr(p)(N) has size n by m,

OF;
and its (i, j)™ entry is [—’
ou;

Tt seestn)=(x1 (D) seesXim (P))

"In Advanced Real Analysis the name was “differential,” and the notation was (dF),. The
need for a change may be seen in the case that F is a real-valued function, i.e., N = R. In this
case, (DF)p is a member of Homg (T (M), Tr () (R)), and in this book it is being called the
“derivative.” With many authors the word “differential” acquires a different standard meaning
in such a way that (dF)p, is a member of Homg (7 (M), R). The two range spaces, Tr () (R)
and R, are isomorphic, but confusion easily arises when the isomorphism is not made explicit.
Some authors use the term “push-forward” in referring to what is being called the the derivative
here, but we shall use the term “push-forward” to refer to the effect of a diffeomorphism on a
smooth vector field.
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ReEMARKS. In other words the matrix in question is the usual derivative
matrix or Jacobian matrix of the set of coordinate functions of the function
obtained by referring F' to Euclidean space. Hence the derivative at a point is
the object for smooth manifolds that generalizes the multivariable derivative
at a point for Euclidean space. Accordingly, let us make the definition

), = G

(ugseeesttn)=(x1(P)sesxn (P))

Proor. Application of the definitions gives

@my([50] Yoo = [5] 0ve D

d(yjoFoa™)
= la— (x1(p), ..., xa(p))
uj
_OF;
Ouj (..ot =(x1(P)eerXm (P))

The formula in Proposition B.5 allows us to express any member of Tr(,,) (N)
in terms of its values on the local coordinate functions y;, and therefore

n

©mn[7],)= 25

i=1

|
ay;
(Ut} =51 (P)rxm(p)) 2T

for 1 < j < m. Thus the matrix is as asserted. O

Proposition B.9 (Chain Rule for smooth maps). Let M, N, and R be
smooth manifolds, and let ¥ : M — N and G : N — R be smooth maps. If
p isin M, then

(D(G o F))p = (DG)F(p) o (DF)p

Proor. If L is in T,,(M) and £ is in Cg(F(p))(R), then the definitions
give
(D(GoF)),(L)(h)=L(hoGoF)
= (DF),(L)(hoG)
= (DG)F(p)(DF)p(L)(h),

as asserted. O
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4. Changes of coordinates

In the subject of Lie groups, it is important to be able freely to change local
coordinates in use on manifolds. The main tool for making such a change is
the following.

Proposition B.10. Let (U, «) be a compatible chart of dimension n on
a smooth manifold, and let p be in U. In order for there to exist an open
neighborhood V of p such that (V, (fi,..., fix)) is a compatible chart, it is
necessary and sufficient that

(@) m =n and
o(f:
(b) det {—(f’ > “)}
ou j
Proor of NEcessiTY. Let f = (f1,..., fi). If (V,f) is a chart, then
foa ! and @ o f~! are smooth and inverse to each other. By the Chain
Rule for Euclidean space, the products of their derivatives in the two orders
are the identity of size m and the identity of size m. Therefore m = n,
and the determinant in (b) of the derivative is not O at the Euclidean point
corresponding to p. |

#0foru=(x1(p),....,xn(p)).

PrOOF OF sUFFICIENCY. Let m = n. By the Inverse Function Theorem we
can find a cubical open neighborhood V’ of f(p) and an open neighborhood
U’ C a(U) of a(p) such that f o @~! has a smooth inverse g mapping V"’
one-one onto U’. Let V = &' (U’), and define F = a~! o g. Then F maps V’
one-one onto V, and

Ff=Ffa'la=a'(g(fa HYa)=ala = 1.

So F = f~!,and (V, f) is a chart. If (W, ) is another chart and V N\ W # @,
then

fB7 = (fa D (@p™)
is smooth, and Bf~! = BF = (Ba~')g is smooth. Thus the chart (V, F) is
compatible. O

A smoothmap F: M — N is regular at the point p of M if the derivative
(DF)p: Tp(M) — Tg(p)(N) is one-one.

Proposition B.11. Suppose that F: M — N is a smooth map regular at a
point p of M. Let (Ng, §) be acompatible chartat F'(p) with 8 = (y1,...,yn).
Then it is possible to select from the set of functions y; o F,...,y, 0o F a
subset containing m functions that form a system of coordinates at p on M.
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Moreover if (Mg, @) is a chart at p on M, say a = (x1,...,Xx), then there
exists a system of coordinates (21, . .., z,) at F(p) on N such that x; coincides
in a neighborhood of p with z; o F for 1 < j < m.

OF;
Proor. Since (DF), is one-one, the matrix [(’)_l] has rank m.
"

ur=xr(p)
Choose m independent rows of this matrix, say the ones for rows numbered

i1y...,im. Since F; = (y; o F)oa™l, Proposition B.10 shows that the
corresponding functions y; o F form a coordinate system at p.

With these functions y;, o F,...,y;, o F, which we write in vector form
as y o F, we can write

Xj=yjoyoF
in a neighborhood of p, with each ¢; smooth near y(F(p)). Since the x;’s
form a coordinate system, Proposition B.10 shows that

5%] _ det d(yioyoF)o(yoF)!
(9\/]‘ x=y(F(p)) 6\/]’ v=y(F(p))

det [

Set x; = ; oy and take for Z,,41, .. ., 2, those functions y; whose indices do
not occur among iy, ...,i,. Then {z1,...,z,} is a system of coordinates at
F(p) on N by Proposition B.10,and zj o F = x; for 1 < j < m. |

In the situation of Proposition B.11, sufficiently small open neighborhoods
of p are mapped by F homeomorphically onto their images.

Proposition B.12. Suppose that F': M — N is a smooth map, and let p
be a point in M such that (DF), maps T,(M) onto Tr(,)(N). Let (V, ) be
chart at F'(p), say with 8 = (y1,...,ys). Then the functions y; o F can be
taken as the first n functions in a coordinate system at p.

N
ou j dur=xr(p)
columns. Without loss of generality we may take them to be the first n. Then
the Jacobian matrix formed from the functions yj o F, ..., ¥, 0 F, Xpt1, . . . » Xm
has determinant of the form

Proor. The matrix { [ has rank n. Choose n independent

OF;
det| du; #0
* 1

and therefore the functions form a system of coordinates at p, by Proposition
B.10. O
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In the situation of Proposition B.12, the image under F of an neighborhood
of p contains a neighborhood of F(p).

Proposition B.13.  Suppose that F: M — N is a smooth map such
that (DF), is an isomorphism of T,(M) onto Tr(,)(N). Then there is
a neighborhood V of p that is mapped homeomorphically by F onto a
neighborhood W of F(p) in N, and the inverse mapping F~': W — V is
smooth in a neighborhood of F(p).

Proor. This follows by combining Propositions B.11 and B.12. |

Proposition B.14. If F': M — N is a smooth map such that (DF), =0
for all p in M, then F is a locally constant map.

Proor. Proposition B.8 shows that the entries of the matrix of (DF),
when computed in local coordinates are equal to the first partial derivatives
of each of the components of F. By hypothesis these are O everywhere. Then
it follows that F is constant in a neighborhood of p. O

When F: M — N is a smooth map, its derivative D F' at p carries tangent
vectors at p to tangent vectors at F'(p) by means of the formulas

(DF)p: Tp(M) = Tr(p)(N) and  ((DF),(L))(g) = L(g o F)

whenever L isin Tr () (N). However, the derivative D F does not carry vector
fields defined in a neighborhood of p to vector fields defined in a neighborhood
of F(p) because there may be points near F'(p) are not image points of F.
Instead an extra hypothesis is needed.

We mention two ways of proceeding. The first way assumes that the
smooth map is a diffeomorphism. An important example of this situation
arises with left translation L in a Lie group. Anyway, in case F': M — N is
a diffeomorphism, F maps smooth vector fields on M to smooth maps on N
by a function F; called the push-forward of F. The defining formula? is

F.(X)(h)(y) = X(hoF)o F~'(y)

for any smooth vector field X on M, smooth function 4 on N, and element y
of N.

The second way allows F' to be any smooth map, not necessarily a diff-
eomorphism, but imposes a condition on the vector fields in question. This
condition will not play a role in the text of this book but appears in the

8Terminology varies from one author to another. The definition here is that the push-
forward is a version of F in another setting. Other authors would say that the thing being
pushed forward is a vector field X, and thus the push-forward is F, (X).
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Problems for Chapter III. It has various names, all of which involve the word
“related.” An example of this situation arises with the inclusion mapping
t: S — M of a submanifold into a manifold.

5. Products of smooth manifolds

Let M, and M, be smooth manifolds, with respective atlases ‘A; and A».
Their product M| x M, has the product of the topological spaces as underlying
topological space and has atlas

A={(U xU) | (Uy,a1) € A and (U, a2) € Az}

The projections 71 (my,my) = my and mp(my, my) = my are smooth, and the
injections fy,, (m;) = (my,my) and fy,, (mz) = (my, my) are smooth. If N is
another smooth manifold, then a map F: N — M| X M; is smooth if 7| o F'
and 7, o F are smooth.

Proposition B.15.  Let M and N be smooth manifolds of respective
dimensions m and n, let p be in M, and let X, be in T),(M). Let X(,, ,) be
the member (X,,,0) of T, ) (M x N). If F is a smooth function on M X N,

then f(p, .yF is a smooth function on N.

Proor. Let us work in local coordinates. Suppose that (M, ) and
(Ng, B) are compatible charts on M and N, respectively, with (M, ) a chart
about p € M. Say that @« = (x1,...,x,) and 8 = (y1,...,yn). Using
Corollary B.6, write the smooth vector field X locally as

Xf@ = 2 @)X
i=l !

for all g in M, and f in C*(M,). Define functions zx on M, X Ng by

Xk ifl<k<m
Z =
T yiem ifm+l<k<m+n.

The corresponding product chart in the product space M X N is (M, X Ng,y)
Withy=(zl,...,5m+n). B

We compute Xzi for 1 < k < m+n. For1 < k < m, we have Xz = Xxi.
Form+1 <k <m+n,wehave Xz =0. Thusfor1 < k < m,

_ K on _
Xn(p.y) = ), 5= (p. ) Kx) (p.y),
i=1
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and this is smooth as a function of y. O

6. Submanifolds

Let M be a smooth manifold. A smooth manifold S is a submanifold of M if

(i) S € M as aset, and
(i1) the inclusion mapping of S into M is smooth and everywhere regular.

A nonempty open subset of a manifold gives an easy example of a
submanifold. In any case since the inclusion of a submanifold in a manifold is
smooth, the inclusion has to be continuous. However, the inclusion does not
have to yield a homeomorphism of the submanifold with its image (except in
the case of an open submanifold).

ExAMPLE. A line through the identity on the torus 72 and having irrational
slope is a perfectly good example of a submanifold. In more detail one way
of seeing the circle T! = {z € C | |z| = 1} as a smooth manifold is to use two
charts, say U; = T! — {1} with al‘l = eix|(_n’”) and Uy = T' — {1} with

0/2‘1 =¥ ©0.27)" In the smooth manifold C2, let

S = {(eit, eit\/i) C T2.

We make S into a manifold by identifying it with R through the parameter 7.
Then the inclusion is smooth since when followed by each of the projections it
is smooth. To see regularity, we are to show that the derivative of the inclusion
mapping at ¢ is not 0. It is enough that the composition of the inclusion and the
one of the projections has nonzero derivative. In fact, with the first projection
the composition is just  — e'’ + ¢t — 2nm, where t — 2nn is in (—n, 7). This
has derivative 1, not 0. The argument with the second projection is similar.
Thus the inclusion is everywhere regular.

WaRNING. This definition of “submanifold” is not uniform among all
authors in the subject of Lie groups, but the definition given above is the
easiest to use because the correspondence between Lie subgroups and Lie
subalgebras is tidiest in this case. Its use dates to the book Chevalley [1946].
In books on differential topology, authors tend to limit the use of the term
“submanifold” to subsets that are locally closed, referring to the general case
by using a word like “immersed.”

ExampLE. Let M be R?, and let S be the subset of points (x,y) with
y? = x>. The subset S is a manifold in its own right with a single chart for
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which a of (x, y) equals y. The cusp at (0, 0) prevents the inclusion mapping
from being regular at (0, 0).

Let us apply the results of the previous section to submanifolds and see
what is being said. Let S € M be a submanifold with dimS = s and
dim M = mm

(a) Let (U, @) be an M chart at p € S, say @ = (y1,...,Vm). Then the
restrictions to S of some subset of s of the functions y; define an S chart near
p. This is an instance of Proposition B.11.

(b) Let (U, @) be an S chart at p € S, say @ = (xy,...,x5). Then there
exists an M chart (zy,...,Zy) at p such that x; near p is the restriction to S
of z; for 1 < j < s. Again this follows from Proposition B.11.

(c) If U € M is a nonempty open subset and f: U — N is smooth, then
the restriction of f to U N § is smooth. In fact, the restriction is just the
composition of the inclusion followed by f.

(dIfV c Sisopenand pisinV and f: V — N is smooth, then there
is a (suitably small) S neighborhood of p such that f is the restriction of a
smooth function on M. In fact, we can apply (1), setting ' = f(yi,...,Vs)

and taking F(y1,.--,Ym) = fV1,- -5 Ys)-

7. Integral curves

The classical role for vector fields is as a mathematical model for time-
independent fluid flows in mechanics and for various force fields in electro-
magnetic theory. The underlying space is an open set in R? or R?, and a vector
is attached to each point, telling in the case of mechanics the instantaneous
velocity of an element of fluid at that point. What one wants to deduce from this
model is an answer to the question: How does the fluid flow? Mathematically
this answer is obtained through “integral curves,” the curves along which the
instantaneous elements of fluid are predicted to move. The integral curves are
obtained in principle from solving a certain system of ordinary differential
equations in which the sole independent variable is time.

The mathematical problem in the case of mechanics is to find the trajec-
tories along which the fluid is flowing. In R? with the vector field given by

0 0
X =a(x, y)a +as(x, y)a—, the condition on a such a curve c¢(¢) for it to

(ll(x, y)

ar(%,y )) (x.3)=c(1)
satisfying this condition for each 7 is called an integral curve for the fluid flow.

be part of the solution is that ¢’ (¢) = ( for each ¢. A curve
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In this section let M be smooth manifold of dimension m. A curve in
this context is a smooth function ¢ — c(¢) from an open interval of R! into
M. Let X be a smooth vector field on M. A curve t — ¢(¢) is an integral

d
curve for X if ¢(¢) is a smooth function and if X.(;) = (Dc), (E) for all ¢

in the domain of c¢. Let us see what this condition means in terms of local

coordinates. Let (U ®) be a chart with ¢ = (xy,...,x;), and use Corollary

1.6 to write X = a; (x) w1th1n the chart, with each a;(x) defined on U.
i=1

Define

bi(y)=ai(@'(y))  foryea(),
(&) = (1(0), -, ym (1)) = @(c(2)).
We have

Ms T

(aig™ (g(e(t <>>[(9 .

i=1

Ms

bi(y(t )>[ax o

1l
—_

i

If ¢(r) is to be an integral curve, then for all smooth functions f defined on
U, this expression must equal

(Do) (5) ()= S (F o0
= —(fo ¢~ o y)(1)

ol i
_Z [a(f . )]u y(t)[dyd:t) t

B Z [d%(f) [ax,]c(t)

The equality of the two expressions for f = x; allows us to conclude that y(t)
is a solution of the system of ordinary differential equations
i

o =bi(y), 1<i<m.
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d
Conversely if y(¢) solves this system, then X.(;) = (DC)t(E)(f) for all f,

and so c(7) = ¢! (y(¢)) is an integral curve for X.

To address existence and uniqueness of solutions of this system, we
appeal to the standard existence-uniqueness theorem for first-order systems
of ordinary differential equations that are not necessarily linear. We state this
theorem below as Theorem B.16; a proof may be found in Section IV.2 of
Basic Real Analysis. The statement makes use of the notion that a function
F: R! — R”" satisfies a Lipschitz condition in its y variable. For our purposes
this condition means that there exists a real number k such that any two pairs
of points (¢, y;) and (¢, y») in the domain of F can be connected by a line in
the domain and that

|[F(t,y1) = F(t,y2)| < kly1 — y2|

for all such pairs of points. Continuous differentiability on a compact subset
is sufficient.

Theorem B.16. Let D be a nonempty open set in R! x C", let (¢, yo) be
in D, and suppose that F': D — C" is a continuous function such that F (¢, y)
satisfies a Lipschitz condition in the y variable and has |F(z,y)| < M on D.
Let R be a compact set in R! x C" of the form

R={(t,y) |1t =10l <aand|y - yo| < b},

and suppose that R is contained in D. If ¢’ is the smaller of ¢ and b/ M, then
there exists a solution y(7) of the system

y' =F(t.y)
on the open interval | — fg| < a’ satisfying the initial condition

y(to) = yo.
If for a number a”” with a” < a”, there exists a solution of the equation on the

open interval |y — fp| < a” with the same initial condition satisfied, then it is
unique.

Remarks. The last sentence in the statement of the theorem concerns
uniqueness. Existence is asserted on the interval centered at o and having
width 2a’. Uniqueness works on that interval, but it works as well on any
larger interval centered at ¢y for which existence is known.

In view of our calculations immediately before the statement of Theorem
B.16, the following corollary is an immediate consequence.
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Corollary B.17. Let X: U — R be a smooth vector field within a chart
(U, ¢) of a smooth manifold M, and let p be in U. Then there exist an € > 0
and an integral curve ¢ : (—g,—&) — U C M such that ¢(0) = p. Any two
integral curves ¢ and d having ¢(0) = d(0) = p coincide on the intersection
of their domains.

Theorem B.16 has two variants that have bearing on our use of vector
fields. They relate to the general construction of the exponential map for a
Lie group:

ey

(@)

The first variant allows for the initial data (zo, yo) to vary continu-
ously, and it asserts that the unique solution depends continuously
on the triple (¢, g, yg) consisting of the domain variable ¢ and the
initial data (zg, yo). If F is smooth, the dependence of the unique
solution on the triple is smooth. Handling this variant involves going
over the proof of Theorem B.16 carefully to check what happens to
the constructed solution.

The second variant allows for the function F to depend also on
finitely many parameters Ay, . .., d,, as well as (¢, y). Handling this
variant involves the trick of introducing new dependent variables
Z1,...,Zn Whose corresponding equations are z; = 0,...,z;, =0
and whose initial values are z;(tg) = A1, ..., 2, (fo) = A,.



APPENDIX C

Covering Spaces

Abstract. This appendix introduces the subject of covering spaces in the context
of a connected, locally pathwise connected separable regular Hausdorff space. In
applications the space will be a connected smooth manifold, always assumed to be
separable.

Section 1 defines the fundamental group of such a space, first introducing the
necessary concepts of base point, paths, loops, and equivalence of paths. Mappings
between such spaces are generally assumed to carry base point to base point. A space
in which any two loops based at a point are equivalent is called simply connected.

Section 2 defines notions of evenly covered and covering map for two such spaces,
and then it establishes the Path-lifting Theorem, the Covering Homotopy Theorem,
and the Map-lifting Theorem. A consequence of these results is the uniqueness
theorem for covering spaces, which characterizes “equivalent coverings” in terms of
how the fundamental group of each covering space maps under the corresponding
covering map.

Section 3 gives the existence theorem for covering spaces under the assumption
that the base space for a covering is locally simply connected. With base points
aligned, the covering spaces of a base space, up to equivalence, stand in one-one
correspondence with the subgroups of the fundamental group of the base space.

Section 4 gives techniques for computing fundamental groups. It handles the
product of two spaces, as well as Euclidean n dimensional space, the unit circle in
R, and the unit sphere S™ in R"*! when n > 2. The case of the unit sphere makes use
of a lemma saying that the union of two simply connected open subsets of a space is
simply connected if the intersection of the two open sets is nonempty and connected.
The section concludes with a discussion of deck transformations.

Section 5 reviews elementary facts about topological groups beyond those given
in Appendix A. It then examines what can be said about covering spaces when the
spaces in question are topological groups. Of particular interest for this book is
the construction of a universal covering group for a topological group with certain
properties.

177
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1. Fundamental group

Let X be a separable regular Hausdorff space. The Urysohn Metrization
Theorem shows that X can be given a metric so as to become a separable
metric space. An explicit metric will play no role in the results of this
appendix, and we shall usually ignore its existence.

A path in X is a continuous function a : [0,s] — X for some number
s > 0 that depends on a. We write s, for s whenever the presence of more
than one path might lead to ambiguity. For such a path a, s will be called the
stopping time, a(0) will be called the initial point, and a(s) will be called
the final point.

A loop in X is a path with a(0) = a(s); in this case, a(0) is called the
base point for the loop. An identity path is a path with s = 0, a constant
path is a path a with a(¢) = a(0) for all ¢, and the inverse path a~' to a path
a is defined by a=!(¢) = a(s — 1) for 0 < t < s. In other words, a~! is just a
traversed in the reverse order. Observe that s,-1 = 5.

The product of two paths a and b, written ¢ = a - b, is defined whenever
a(sy) = b(0) ,has s,.p = 54 + Sp, and is given by

(1) = a(r) forO <t <sq,
B b(t—s,) fors, <t <s,+sp.
In other words, a - b is just a followed by b whenever this makes sense.
The above notion of product has the following properties:

(a) The product c is a path with stopping time s, + Sp.

(b) If a- b and b - ¢ are defined, then (a - b) -c and a - (b - ¢) are defined
and (a-b)-c=a-(b-c).

(c) If i is an identity path, then i - a = a whenever i - a is defined, and
b -i = b whenever b - i is defined.

(d) a-a~" and a~'a are always defined.

A path a is said to be equivalent to a path b, written a ~ b, if a(0) = b(0),
a(sy) = b(sp), and there are continuous functions
5:[0,1] = [0, 00)
and
h: {(u,t) |ue[0,1]andt € [O,s(u))} — X

such that, for all # in [0, 1],

h(0,1) = a(1), h(u,0) = a(0) = b(0),

h(1,1) = b(1), h(u,s(u)) = a(sa) = b(sp).
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Informally the condition is that a is equivalent to b if the path t — a(¢)
can be deformed continuously into the path ¢t +— b(¢). The parameter u
is the deformation parameter. Such a continuous deformation is called a
homotopy.

The notion of equivalence of paths has the following properties:

(a) “Equivalent” is an equivalence relation. We shall write [a] for the
class of a.

(b) Ifa ~a’and b ~ b’ and if a - b is defined, then a’ - b’ is defined and
a-b~a -b'. Alsoa~! ~a'"!,

(c) The constant path with a(z) = a(0) for all ¢ is equivalent to the
identity path ¢ with ¢(0) = a(0).

(d) a-a~'and a! - a are equivalent to constant paths.

Multiplication and inversion of classes of paths are defined as follows:
Whenever two paths a and b are such that a - b is defined, then their product
and inverses of their classes are defined by

[a][b] = [ab], [a]”'=[a""], and [b]7'=[b""].
As is easily checked, the notion of multiplication of classes of paths has the
following properties:
(a) If [a][b] and [b]][c] are defined, then ([a][b])[c] and [a]([P]][c])
are defined and are equal.
(b) [1][a] = [a], where 1 is the identity path a(0), and

[a][1] = [a], where 1 is the identity path a(s,).
(¢) [a][a]~! = [1], where 1 is the identity path a(0), and
[a]~'[a] = [1], where 1 is the identity path a(s,).

Proposition C.1. Fix p in X. The set of classes of loops with base point
p is a group under class multiplication, written (X, p). If also ¢ is in X,
then any path & from p to ¢ canonically defines an isomorphism of 7(X, p)
onto (X, q).

Proor. In the properties above, all the products are now defined. Then
the properties exhibit (X, p) as a group. If a is a loop based at p, then
&7 1. a - ¢&is aloop based at ¢, and this correspondence defines the required
isomorphism. O

The group 7(X, p) of classes of loops in X based at p is called the
fundamental group of X based at p.

A pathwise connected regular Hausdorff space X is said to be simply
connected if 7(X, p) = 1 for some p in X. In view of Proposition C.1, this
condition is independent of p.
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A loop in X based at x is said to be contractible if it is equivalent to a
constant path at x.

If f: X — Y is a continuous function between two separable regular
Hausdorft spaces and if a is a loop in X based at xg in X, then the composition
t — f(a(r)) is a loop in Y based at f(xp). Moreover, it is easy to see
that equivalent loops map to equivalent loops in this way and that this
mapping respects multiplication of paths. Consequently f induces a group
homomorphism of 7(X, p) into 7 (Y, f(p)). This group homomorphism will
be called f.. It will be of considerable interest to us.

We conclude this opening section with two remarks about alternative
definitions.

Remark 1. Readers who find the auxiliary function u +— s(u) in the
definition of equivalence of paths to be inelegant may wish to change the
definition of path to insist that the domain of a path a is always [0, 1] rather
than an interval [0, s, | that depends on the path. Such a definition would
occasionally simplify some later calculations, but already it would force a
change in the definition of a - b. Then the “associativity” formula stated
above as (ii) in the list of properties of product would be problematic, and
associativity would emerge only after passage to equivalence classes.

RemARk 2. In the next section we shall encounter a situation where it
is inconvenient to have different stopping times for different paths, and we
shall want to make an adjustment to have all the stopping times be 1. For
this purpose observe that any path with stopping time > 0 is equivalent to
a path whose stopping time is 1, simply by making a linear change in the
t scale. Moreover any path with stopping time O is an identity path and is
equivalent to a constant path that has stopping time > 0, by property (iii)
of equivalence. Thus in working with equivalence classes of paths, we can
whenever necessary choose a member of the class whose stopping time is
1. Moreover in working with homotopies, we may assume that the function
u +— s(u) has s(u) = 1 for all u. We shall make use of these observations in
the proof of Proposition C.6 in the next section.

2. Properties of covering spaces

Throughout this section, let X and Y be separable regular Hausdorff spaces that
are pathwise connected and locally pathwise connected. Locally pathwise
connected by definition means that each point has arbitrarily small pathwise
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connected open connected neighborhoods. In this case every open set has all
of its connected components open.

Let e: X — Y be continuous, and let V be open in Y. We say that V is
evenly covered by e if each connected component of ¢! (V) is mapped by
e homeomorphically onto V. For this condition to be satisfied, V must be
connected.

Let e: X — Y be continuous. We say that e is a covering map if each
y in Y has an open neighborhood V| that is evenly covered by e. For this
condition to be satisfied, e must map X onto Y. If e: X — Y is a covering
map, then Y is called the base space and X is called the covering space.

ExampLE 1. Let X be the open subset of C = {x +iy | x,y € R} for
whichO <x <2and —c0 <y < oo, andlete: X — Y be the map z — expz.
ThenY = {u+iv|ueR, veR, | <u>+v?<e*} IfV is the connected
open set about (e,0) given by {(x,y) | 0 <x <2and — 7 < y < «}, then
e~1(V) has infinitely many components, parametrized by the integers, the n'"
component being {x +iy | 0 <x <2and —7(2n—-1) <y < 7(2n+ 1)}.
Each component is homeomorphic to V via the mapping e, and thus the point
(e, 0) has an open neighborhood that is evenly covered by e. This condition
persists for every point of Y, and e is a covering map.

ExampLE 2. Let X be the open subset of C = {x +iy | x,y € R} for
whichO <x <2and0 <y < 3m,andlete: X — Y be the map z — expz.
AgainY = {u+iv | ue R, veR 1< u? +1? < 64}. However, the
inverse image under e of any small disk about the point (e, 0) of Y has two
components, one for small positive y and one for y near 2z. The first of these
is not homeomorphic via e to the small disk in ¥ because the part of the disk
with y small and < 0 is missing. Thus the small disk about (e, 0) is not evenly
covered, and e is not a covering map.

Proposition C.2 (Path-lifting Theorem). Suppose thate : X — Y is a
covering map. If t — y(¢), 0 <t < 1,isapathin ¥ and if xg is in e~ (y(0)),
then there exists a unique path 7 +— x(7), 0 < ¢ < 1, in X with x(0) = xo and

e(x(1)) = y(1).

Proor. Let T be the set of points ¢ in [0, 1] such that y|[0’ . lifts to a
path from xg. The set 7" is nonempty since O is in 7. Let us see that T is
open. In fact, let #o be in 7. Form the connected component Uy of ! (Vy (1))
containing x(fg), so that e~! : Vy(s) — Up is continuous. Extend x(t) by
the definition x(¢) = e~'(y(¢)). The existence of this extension shows that T
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is open.! Next let us see that 7" is closed. Form Vy () and choose 6 > 0 so
that y(#) is in Vy ) for 1o — 6 < t < t. Find the component of e~ (Vy (1))
containing x(#y — ¢) and lift y to this component. As above y is in 7. Thus
T is closed. Since [0, 1] is connected and T is nonempty, open, and closed,
we conclude that T = [0, 1].

For uniqueness let 77 be the set of all ¢ in [0, 1] such that all lifts of y| (0.1]
starting at xo agree. Then T’ is nonempty, and it is closed by continuity. It
is open by the same argument as for 7 above. By connectedness of [0, 1],
T =1[0,1]. O

Lemma C.3. Lete: X — Y be a covering map and let V be an open
subset of Y that is evenly covered. Then the connected components of e~! (V)
are open.

Proor. Let Uy be a component of e~ (V), and let x( be in Uy. Since X
is assumed locally connected, there exists a connected open neighborhood U
of x( contained in the open set el (V). Then U C Uy since Uy is a connected
component, and thus Uy is open. O

Theorem C.4 (Covering Homotopy Theorem). Lete : X — Y be a
covering map, let K be a compact topological space, and let fy: K — X be
continuous. If g: K X [0,1] — Y is continuous and satisfies g( -,0) = e fj,
then there is a unique continuous f: K X [0, 1] — X such that f(-,0) = e fp.

Proor. For each & in K, Proposition C.2 shows that there is a unique path
f|kx[o’1] starting at fy(k) and covering the path g|k><[o’1]. This collection of
paths defines f and proves uniqueness. We shall prove that f is continuous
as a function of two variables. Let T be the set of all 7 in [0, 1] such that
(k,t) — f(k,t) is continuous at (k,?) for all k in K and all ¢ < #.

We show tpisin 7. In fact, fix k¢ in K. Form the connected component Uy
of e‘l(Vg(ko,o)) containing fy (ko). Then e~ ': Vi (ky,0) — Up is continuous,
and Lemma C.3 shows that Uy is open. Choose an open neighborhood Ny, of
ko so that fo(Ni,) € Up and g(Ng, X [0,€)) € Vg (k,,0) for some £ > 0. Then
F(Niox[o.e)) € Up. Hence f = e~1g on N, X [0, ), and f is exhibited as
continuous.

Next we show that 7 is open. In fact, let 7o be in T. Fix kg in
K. Form the component Uy of e‘l(Vg(kO,,O)) containing f(kg,%p). Then
e ! Ve (ko,to) — U is continuous. Choose an open neighborhood Ny, of kg
and an &g, > 0 so that f (N, X (fo — &x,, to + €x,)) S Up. Then f equals e lg

1'This definition is forced since x(¢) for  near 7y must be a connected subset of e~ ! Vy (1))
containing x(fg) and so must be in the component U.
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on Ny, X (to — &k, to + €k,) and so is continuous on this set. As kg varies,
these sets N cover K. By compactness of K, we can extract a finite subcover.
Use of the minimum of the &’s shows that 7" is open.

Finally we show that T is closed. In fact, let 7o be a limit point of T
not in 7. Fix ko in K. Form V = Vg, 4, and choose a neighborhood
N’ of kg and a number &€ > 0 so that g(N’ X [tp — &,t0 +&]) € V. If
Uy is the connected component of e~!(V) containing f(ko,to — &), then
e~!: V — Uy is continuous. Choose an open neighborhood N C N’ such that
f(N,tg—¢€) C Up. Then f(N X [tg — &,t9 +&]) C Uy, f = e~ 'g on this set,
and f is continuous at (kq, fp). Thus T is closed. Since T is nonempty, open,
and closed in [0, 1], T = [0, 1]. ]

Proposition C.5. If ¢ : X — Y is a covering map, then a path in X is a
contractible loop if and only if the projected path ex(t) is a contractible loop.
Consequently e, is one-one.

Proor. If a path in X is a contractible loop, then its projection to Y
by e is certainly contractible. We are to prove the converse direction. Put
Jfo(t) = x(¢), and suppose ¢ — ex(t) is contractible. Using u as deformation
parameter, we can find a continuous g (¢, u) for u € [0, 1] such that g(-,0) =
ex(-), g(0,u) = ex(0), g(1,u) = ex(1) = ex(0), and g(-, 1) = ex(0). Find
f as in Theorem C.4. Then f(-,0) =x(-). Alsou — f(0,u) is continuous
into the discrete space e~!(ex(0)) and so is constant, hence constantly equal
to x(0). Similarly f(-, 1) = x(0), and then f(1,s) = x(0). So x(0) = x(1),
and x is equivalent to the constant path at x(0). ]

In terms of the notation introduced at the end of the previous section, a
covering map e : X — Y induces a group homomorphism e, : 7(X,xy) —
(Y, yo) provided that base points xo and yq are chosen so that e(xg) = yo.
We shall examine this homomorphism more closely.

Proposition C.6. If e : X — Y is continuous, if yg is in Y, and if x¢ is in
e~ !(y0), then the lift of a loop ¢ — y(¢) based at y, to a path in X based at x
is a loop if and only if [y(-)] is in e. (7 (X, x¢)). Consequently e, is one-one.

Proor. If the loop ¢ +— y(¢) in Y based at yo € Y lifts to a loop ¢ +— x(t)
based at xo in X, then y(7) = ex(¢) and the class [ — y(¢)] = [t — ex(?)] =
e.([t > x(1)]) isin e (X, xq).

Conversely suppose that ¢ + y(¢) is given with y(0) = y¢ and that there
exists a loop ¢ +— z(t) with z(0) = x¢ and [t — ez(¢)] = [t — y(r)]. We
are to prove that [t + y(¢)] is a loop. By Remark 2 at the end of Section 1,
we may assume without loss of generality that y and ez have stopping time 1



184 C. Covering Spaces

and that a given homotopy between them has s(u) identically equal to 1. Let
the homotopy g : [0, 1] X [0, 1] — Y exhibit ez and y as equivalent, the first
variable being the deformation parameter. Then g (u, ¢) has g(0,¢) = ez(z) for
0<r<1,g(1,1) =y(t) for0 <r < 1,and g(u,0) = yg forall u € [0, 1]. By
the Covering Homotopy Theorem (Theorem C.4), there exists a continuous
function f : [0,1] X [0,1] —» X withef =g, f(0,1) = z(¢) and f(u,0) = xo
for all u € [0, 1]. Since ef = g, we see that yo = g(u, 1) = ef(u, 1). Thus
u +— f(u,1) is a continuous function into the discrete space e~ '(yg) and
must be constant. From the known value f(0,0) = z(0) = xq, we deduce that
f(u,1) =x¢ for 0 < u < 1. In particular, f(1,1) =x9. Thent — f(1,f)isa
loop in X based at x¢, and e carries it to ¢ — y(7). O

Theorem C.7 (Map-lifting Theorem) Suppose that ¢ : X — Y is a
covering map and x and y¢ are members of X and Y with e(xg) = yo. If Pisa
pathwise connected, locally pathwise connected separable regular Hausdorff
space, if g: P — Y is a continuous function, and if pg is a point in g~ (yo),
then there exists a continuous function f : P — X with f(pg) = xo and
g = ef if and only if g.(7(P, po)) C e.(n(X,x0)). When f exists, it is
unique.

ReEMARK. More informally the theorem gives a necessary and sufficient
condition for a map into a space to factor through to a map into a covering
space. It is assumed that base points line up appropriately, and the condition
is that the fundamental groups map in the expected way.

Proor. If f exists, then

g« (P, po) = (ef)sm(P, po) = e. furt(P, po) € n(X,x0).

Conversely suppose that this inclusion holds. If p is given in P, then the
pathwise connectedness of P says that there is a path w in P from pg to p.
Then gw is a path in Y from yp to y = g(p). By the Path-lifting Theorem
(Proposition C.2), there exists a path u in X starting from x such that ex = gw.
If x is the final point of u, we define f(p) to be x. We need to see that f is
well defined. If we make another choice of path w from yg to y = g(p), then
the two paths together make a loop in P that is mapped under g to a loop in
Y. Since the class of the loop in Y is in g.7(P, pg), which is C e.n(X, xg)
by hypothesis, Proposition C.6 shows that the loop lifts to a loop in X. As a
result, x is uniquely determined by this definition.

To see that f is continuous at p, choose an open neighborhood V()
of g(p) in Y that is evenly covered by e, and let Uy be the component
of e‘l(Vg(p)) in X to which f(p) belongs. Then e !: Veip)y — Up is
continuous. Choose a pathwise connected neighborhood N of p in P so that
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g(N) € Vg(p). Then a path from p within N is mapped by g and lifts to a
path from f(p) within Uy. Hence f(N) C Uy. Then f = e~'gon N, and f
is continuous on N.

If f exists, then the conditions in the definition above must be satisfied,
and it follows that f is unique. This completes the proof. O

The theory of covering spaces has associated existence and uniqueness
theorems. We give first the theorem that asserts uniqueness of covering
spaces. Lete: X — Y and ¢’: X’ — Y be coverings. We say that ¢ and ¢’
are equivalent coverings if there is a homeomorphism ¢ of X onto X’ such

that e’t = e.
L X,
Y

Theorem C.8 (Uniqueness theorem). Lete: X — Yande’: X’ — Y be
coverings, and let ygbein Y. Then e and e’ are equivalent coverings if and only
if base points xo in X and x;, in X" can be chosen so that e(xp) = €’ (xo) = yo
and

X

ex(n(X,x0)) = e (n(X', xp)).

Proor. If e and e’ are equivalent coverings via the homeomorphism
t: X — X', choose x arbitrarily in e~!(y) and define x{, = t(xp). Then
e.m(X, Xo) = (e'0).m(X, x0) = eltam(X, x0) = elm(X’, x{)).

Conversely suppose that e.n(X,xo) = ein(X’,xy). By the Map-lifting
Theorem (Theorem C.7), we canlifte: X — Ytotr: X — X’. and we can lift
e:C" > Ybyj: X' - X. Now jileaves xq fixed and e(jt) = (ej)t=e€'t =
e. So ju covers the identity map of Y into itself . By uniqueness in Theorem
C.7, ju is the identity map of Y into itself. Similarly ¢j is the identity, and
therefore ¢ is a homeomorphism. By construction, ¢’t = ¢, and therefore ¢
defines an equivalence. m|

Corollary C.9. Lete: X — Y be a covering, and suppose that Y is
simply connected. Then e is one-one and X is simply connected.

Proor. Fix a base point xg in X and let yo = e(xg). Apply Theorem
C8with X" =Y, ¢’ =1, and x{; = yo. Then e.(7(X,xo)) and e/ (7 (X", x())
are both {1}, and the theorem produces a homeomorphism ¢ : X — Y with
e = ¢’1. Since e’ and ¢ are one-one, so is e, and the result follows. O
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3. Existence of covering spaces

In this section, X and Y continue to be separable regular Hausdorff spaces,
pathwise connected, and locally pathwise connected. The objective is to prove
the existence of covering spaces for a space Y corresponding to each subgroup
of its fundamental group.

In proving this existence, we need a supply of open sets in Y that will
be evenly covered. In particular, we need an assumption that guarantees that
such open sets in Y exist. Lemma C.10 points to such an assumption.

Lemma C.10. If e: X — Y is a covering map, then any pathwise
connected open subset Q of Y such that any loop in Q is contractible in Y is
evenly covered.

ExampLE. An example of such a set Q may be helpful even if it relies on
the calculation of a fundamental group to be carried out in the next section.
If Y = S? is the two-dimensional unit sphere in R, take Q to be an open band
about the equator. Then Q is not simply connected, but any loop in Q is a
loopinY = S2. which will be seen to be contractible in Proposition C.16 in
the next section. Lemma C.10 thus says that the open subset Q of S? is always
evenly covered in any covering of S2.

Proor. Fix ygin Q and xq in e~!(yg). Using the Path-lifting Theorem
(Proposition C.2), lift all possible paths in Q from y( to paths in e~ '(Q)
from x¢. Let Py, be the union of the images of these paths, and let ¢’ be the
restriction of e to P,,. We show that ¢’: P,, — Q is a homeomorphism.

Certainly e’ is continuous from P, onto Q. Let us see that e’ in one-one.
Thus let p; and p; be in ¢’~1(Q), and suppose that ¢’(p;) = ¢’(p2), i.e.,
e(p1) = e(pz). Connect xg to p; and to p, by paths a; and a, in e~ (Q).
The image under e of al‘laz is a path in Q from e(p;) to e(p2), hence a
loop in Q based at e(p;). Its image in Q is contractible in ¥ by hypothesis,
and Proposition C.5 allows us to conclude that al‘laz is a contractible loop
(based at p;) in e~!(Q). Its initial point and endpoint are p; and p, and thus
P1 = p2, as required.

Let us see that e’ carries Py, onto Q. If g is given in Q, join yg to g by a
path, and lift that path to a path from x( to some x in P,,. Then e’(x) = ¢,
and hence e’ carries Py, onto Q.

Next let us see that ¢’~! is continuous from Q into Py,. If y € Q is given,
let V C Q be a pathwise connected evenly covered neighborhood of y. This
exists since e is assumed to be a covering map. Let x be in Py, Ne~!(y), and
let U be the component of e~! (V) containing x. By constructione™!: V — U
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is continuous. Then ¢’~! = ¢! on V, and e¢’~! is thus continuous at y. We
conclude that ¢’ is a homeomorphism of Py, onto Q.

Certainly P,, is connected, being pathwise connected. If x; is another
point in el (y0), then Py, and Py, coincide or are disjoint, since a point of
intersection yields a path from x¢ to x;.

Also P, is open. In fact, if x is in Py, and U C e~!(Q) is a pathwise
connected open neighborhood of x, then U is path connected to Py, and so
U C Py,. Thus P, is open.

Finally the union of all Py for x in e~'(Q) is e~!(Q), and thus P, is a
connected component of e~ (Q). We conclude that Q is evenly covered. O

Following Chevalley [1946], we say that the space Y is locally simply
connected if each y in Y has an open pathwise connected, simply connected
neighborhood.

RemMaRrKk. Inalocally simply connected space Y, each y in Y has arbitrarily
small open pathwise connected neighborhoods with the following property:
Any loop in the neighborhood is contractible in Y. For our purposes this is
the property of a locally simply connected space that we shall use.

At this point two negative examples may be helpful.

ExampLE 1. Let Y be countable product of circles 77, 7} being the unit
circle of C. The circle 77 is a compact metric space, and the countable product
of such spaces is again a compact metric space. Itis easy to see that the product
is pathwise connected and locally pathwise connected. However, one checks
that it is not locally simply connected.

ExampLE 2. Let Y be the subset of R? given as the countable union on
integers n > 1 of all circles centered at points (0, %) This is a compact metric
space and is pathwise connected and locally pathwise connected. However, it
is not locally simply connected because each neighborhood of (0, 0) contains
a circle that prevents the set from being simply connected.

Lemma C.11. If the space Y is locally simply connected and yq isin Y,
then 7(Y, yo) is countable.

Proor. In view of the remark above, the space Y has a countable base
V of open sets that are pathwise connected and contain only loops that are
contractible in Y. If V; and Vj. are in V, then V; N Vi has a countable number
of connected components, since Y is separable and the components are open.
Let V" be the collection of all components of all V; N V. By the separability
we can cover each V; by countably many open set V; such that V] C V;. Let
t— f(t),with0 < < 1, be aloop based at yg in Y. Cover [0, 1] with open
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intervals such that f of each interval is in V/, and by compactness of [0, 1]
extract a finite subcover. If V/ C V; and if f maps some open interval in
[0,1] to V], then f maps the closure of the interval into V;, by continuity. As
a result, we can choose points #; and sets V; with 0 < i < n such that 7y = 0,
th=1, f(t;) eVinV;_yfori > 1,and f(r) e V; fort; <t < t;;. Let Vl* be
the component of V; N'V;_; to which f(#;) belongs. To f we can associate the
finite sequence

VLVE VLV Ve Vi,

s "'n—1°
and the claim is that this sequence determines the class [ f] of the loop f.

To verify this claim, suppose that g is given with the same sequence. We
may assume without loss of generality that g(#;) = f(¢;) for all i since V" is
pathwise connected. Then fis homotopic to g for each interval #; < ¢ < 141,
because taken in succession the components of f and of g give a loop in V.

The set of finite sequences as above is countable, and so 7 (Y, yq) is
countable. O

Theorem C.12 (Existence Theorem). If Y is locally simply connected, if
yoisinY, andif H is a subgroup of 7 (Y, yo), then there exists a covering space
X with covering map e¢: X — Y and with point xg in X such that e(xg) = yo
and e.(n(X, xp)) = H.

Proor. Let X be the set of equivalence classes of paths in ¥ from yq
under the equivalence relation that f ~ f” if

(1) f and f’ have the same final point and

(i) [f-f']isinH.
This is an equivalence relation because H is a group. Typical equivalence
classes will be called x or {f}. Let xq be the class of the constant path at yj.
For x in X, let e(x) be the endpoint of a path in the class x; then e(xg) = yo.

Let “V be a base of open sets in Y that are pathwise connected and contain

only loops that are contractible in Y. A base of simply connected open sets
will do fine. For V in ‘V and x in e~!(V), define U(x,V) C X by

class of some f - h, where
U(x,V) ={x" € e (V) |x" = {{f} = x and h is a path starting
at e(x) and remaining within V

Let us verify that the sets U(x, V) have the following three properties:

(a) A class x” in U(x, V) is not affected by using a different representative
f, nor is it affected by using a different £ as long as the endpoint of % is not
changed. In fact, {f - h} = {f’ - h} because f - h and f’ - h have the same
endpointand [f-h-h™'- /=1 = [f- f/~!]isin H. Also, if 4 and &’ both have
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the same endpoint, then so do f - 4 and f - h’. Since h - h’~! is contractible
in Y, we see that

[f-h-B= == (1]
isin H, and hence {f - h} = {f - h’}. This proves (a).
() If x" is in U(x,V), then U(x’,V) = U(x,V). In fact, let x” be in

U(x,V), and write x" = {fo - ho} and x” = {f - h}. Applying property (a), we
obtain

X =Af Ry =Af ho-hg' By ={(f - ho) - (g - B} (*)

On the right side, {f - ho} = x” because f - hy has endpoint the same as for
Jo - ho and because x = {f} = { fo} implies that

{fo-ho-hy' - 1 ={fo- f}

isin H. Also hal - h is a path within V starting at e(x”). Thus () shows that
x""isin U(x’, V). Hence U(x,V) C U(x’,V). In particular, x is in U(x", V).
Then we can repeat the above argument with x and x” interchanged to conclude
that U(x’,V) C U(x, V). This proves (b).

() If xis in U(xy, V1) N U(xp, V) and V in a member of V so that e(x)
isinVand V C V; N V,, then

xisinU(x,V) and U(x,V) C U(xy, Vi) NU(x2,V2).

In fact, U(x,V) C U(x,V;) = U(x1,V7), with the equality holding by (b).
Similarly U(x,V) C U(x;, V), and (c) follows.

Now let U = {U(x,V)} be the collection of all sets U(x,V) as defined
above. The set U is a base for a topology on X, according to (c), and e is
continuous since e~ !(V) is the union of all U(x, V) for x in e~ !(V). Let us
see that e is one-one on U(x, V). In fact, suppose that x and x” are in U(x, V),
e(x) = e(x”), and {f} = x. The path h that exhibits x” as in U(x, V) is then a
loop in V, hence is contractible. Thus x = {f} = {f - h} = x’, and e is indeed
one-one.

Let us see that ¢ maps U(x, V) onto V. In fact, let v be given in V, and
join e(x) to v by a path g in V. Then g defines a point x” of X with e(x”) = v
and exhibits x” as in U(x, V). Hence e maps U(x, V) onto V.

Moreover, ¢! : V. — U(x, V) is continuous because (e ")~ (U (x’", V)) =
V’isopen. Thuse: U(x,V) — Visahomeomorphism. Since V is connected,
U(x,V) is connected. The set U(x, V) is open by definition, and e~!(V) is
the union of the U(x, V) for x in e~ (V), with the U(x, V) disjoint or equal,
by (b) above. Consequently the sets U(x, V) are the connected components
of e~!(V), and V is evenly covered by e.
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Now we prove the appropriate topological properties of X. Since U(x, V)
is open in X and is homeomorphic with V, X is locally pathwise connected.
To see that X is pathwise connected, let x in X be given. Then x is a class of
paths in Y starting at yo. Pick such a path f. For r between 0 and the stopping
time of f, the formula f(¢) = f |[0’ . defines a path in X from xg to x. Thus X
is pathwise connected. The space X is Hausdorff and regular because these
properties are local properties and they hold in Y. To complete the argument
that X is a separable regular Hausdorff space, it is enough to prove that X has
a countable base.

To prove that X has a countable base, we may assume that ‘V is countable.
For each V in V, select one y in V. Then the number of sets U(x, V) with
e(x) = y is the same as the number of elements of ¢~ '(y), which is the
number of classes of paths from yg to y, modulo H. Since Lemma C.11
shows 7(Y, Yp) to be countable, U is countable.

Finally we are to show that e.(7(X,x9)) = H. Let fbe a loop in X
based at xg, and let e = ef be the image of fin Y. If x is the point in X
corresponding to f, then f'(¢) = f |[0, " is a path from xg to x covering f,

and so f' = f Thus x is the endpoint of f, which is xo. Consequently f and
the constant path at xy represent the same point in X, and [ f] must be in H.
In other words, e, (7 (X, x0)) € H. For the reverse inclusion let [ /] be in H,
and lift f to a path fin X. Again f represents x¢ since [ f] is in H, and it
represents the endpoint of f Thus fis a loop, and Proposition C.6 shows that
[f]isine.(m(X,x0)). Hence e.(n(X,xp)) = H, and the proof is complete.00

By Theorems C.8 and C.12, if the pathwise connected, locally pathwise
connected, regular Hausdorff space is locally simply connected, then it has a
simply connected covering space and that space is unique up to equivalence.
Such a space is called a universal covering space of Y.

4. Computation of fundamental groups

In this section we shall establish formulas for the fundamental group 7(X)
for some basic spaces X, and we shall show that 71(Y) can often be computed
when a covering e: X — Y is given and 7(X) is known. These simple results
will allow us to compute 7 (X) in all cases of interest to us in the theory of
Lie groups.

Proposition C.13. R" is simply connected.
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Proor. Without loss of generality, let the base point by 0. If # — f(¢) is
a loop based at 0, then i (u,t) = (1 —u) f(¢), for 0 < u < 1, exhibits f(¢) as
equivalent to a constant path. O

Proposition C.14. If X and Y are pathwise connected separable
regular Hausdorff spaces and x¢ and yq are points with xg € X and yp € Y,
then m(X X Y, (x0,y0)) is canonically isomorphic with the direct product
n(X,x0) X (Y, yo).

Proor. We map n(X X Y, (xg, yo)) to (X, x9) X n(¥Y,Yy) by mapping
a loop (f(¢),g(t)) based at (xg,yo) to the pair of classes (f,g). If px
and py denote the projection maps of X X Y onto X and Y, respectively,
then this map can be written as ((px)., (py).). Hence it is a well defined
map of the fundamental group and is a group homomorphism. To see that
it is onto, let [ f] be in 7 (X, xo) and [g] be in n(¥y, yg). Without loss of
generality, we may assume that f and g both have domain O < ¢ < 1. Then
[t — (f(2),g(r))] maps to ([t — f(¢)],[t — g(¢)]). Thus the map is
onto. To see that the map is one-one, suppose that [t — f(#)] = 1 and
[t = g(¢)] = 1. Again suppose that 0 < ¢t < 1 in both cases. Find hs(u,t)
with A(u,0) = h(u, 1) = xo, h(0,¢) = f(t), and h(1,t) = xo. Find hg(u,t)
similarly. Then h(f gy(u,t) = (hy(u,t), hg(u,t)) exhibits [ — f(t g(1))] as
equal to 1. O

Proposition C.15. Let X = R! be the line, let Y = {z € C | |z| = 1}
be the circle, and let e: X — Y be the map e(x) = e’*. Then e is a covering
map, 7(Y) =Z, and t — y(t) = ¢’ for 0 < t < 2 is a generator of ().

Proor. Let e? be given with 0 < 6 < 27, and define
Vo = {e'*|lp - 6] < n/2}.
Then

+00
e\ (V) = U {¢ € X|lp—6=2mn| <n/2}
n=—oo
disjointly, with each set homeomorphic to Vy. This equality shows that Vy is
evenly covered. Since 6 is arbitrary, e is a covering map.

We use xo = 0 as base point in X. By Proposition C.13, n(X,0) = {1}.
For each integer n, let y, be the path in ¥ given by ¢ for 0 < 6 < 2n.
The lift x,, of y,, to X has x,(t) = ¢t for 0 < ¢t < 2nn, and this is not a
loop. By Proposition C.6, {t — y,(¢)} is not in e.n(X,0) = {1}. From
its definition, [y,] = [y1]". Hence y; generates an infinite cyclic group
contained in (Y, 1).
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Now suppose that ¢ — y*(¢) for 0 < ¢ < 1 is any loop based at 1 in Y.
Lift r — y*(¢) to a path based at 0 given by ¢ + x*(¢) for 0 < ¢ < 1. Then
e(x*(1)) = 1 implies that x*(1) = 27n for some integer n. Form y* - (y,)~'.
This path lifts to a loop in X (necessarily contractible) and so is contractible
in Y, by Proposition C.5. Thus [y*] = [y.] = [y1]". Hence y; generates all
of n(Y,1). |

Proposition C.16. The n sphere S" in R™*!, given by

n+l

D 5=1
=1

J

S = {(xl,. ..y Xn+l € Rnﬂ

is simply connected if n > 1.
Proor. This follows from Lemma C.17 below if we take

X, =8"-{1,0,...,0} and X,=S"-{-1,0,...,0}. O

Lemma C.17. Let X be a pathwise connected, locally pathwise
connected separable regular Hausdorff space. If there exist connected, simply
connected open subsets X; and X, of X with X = X; U X3 and with X; N X,
connected, then X is simply connected.

Proor. If X| N X is empty, then the connectedness of X = X; U X, forces
X, or X, to be empty, and the lemma follows. Thus we may assume that the
intersection is nonempty. Fix xo in X; N X,. Let f — a(¢) be a loop based at
xo. Without loss of generality, we may assume that a has domain [0, 1]. To
each point ¢ in (0, 1), we can associate an open interval centered at ¢ such that
a maps the closure of this interval completely into X; or completely into X5.
For ¢ = 0 similarly, @ maps the closure of some relatively open interval [0, €)
into one of X; and X, and for ¢+ = 1, we similarly obtain a relatively open
interval (€', 1] that maps into one of X; and X,. By compactness of [0, 1], we
can extract a finite subcover and obtain a partition 0 =y <t} <--- <t, =1
so that a([t;—1,t;]) € X, for 1 < i < n. Construct a path b;, 0 < i < n,
from xo to a(t;) such that b; remains in whatever X;’s the point a(z;) is
in. This construction is possible since X; N X3 is pathwise connected. Let
ai(t)y=a(t+t;_))for0 <t <t;and 1 <i < n. Then

[a] = [boa1by'|[brazbs'] -+ [bu_1anb}']. (%)

With i fixed, we see that a; (f) C Xy, , and this conclusion holds in particular for
t =0and for t =t; — t;_1. By construction of b;, bl.‘1 C Xi,. Thus bi_la,-bi‘l
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lies in Xj,. Since X, is simply connected by hypothesis, [b,-_laibi’l] = 1.
Therefore [a] = 1. O

Let X be a universal covering space of a pathwise connected, locally
pathwise connected, separable regular Hausdorff space Y, and lete: X — Y
be the covering map. A deck transformation of X is a homeomorphism f
of X that satisfies e f = e.

Theorem C.18. Lete: X — Y be a universal covering map, and let
e(xo) = yo. Then

(@) m(Y,yp) is in one-one correspondence with e ! (yj), the correspon-
dence being that x| € e~ !(yg) corresponds to

[e(any path from xg to x;)].

(b) the group of deck transformations H of X acts simply transitively on
e~ (o).

(c) the correspondence that associates to a deck transformation f in H
the member of 7(Y, yo) corresponding to f(xg) is a group isomor-
phism of H onto 7 (Y, yg).

Proor oF (a). Let [t — y(#)], y(0) = yg be in 7(Y, yg). Let x(z) be its
lift to X with x(0) = xo, and let x, be its endpoint. We define a function from
Y into X by y + x,. This map is independent of the representative because
a contractible loop based at y lifts to a loop in X, by Proposition C.5. For
the inverse correspondence let x; be given. Then [e(any path from xg to x1)]
is well defined because any loop based at xq is contractible, X being simply
connected. The result is in 7 (Y, yg) and defines the inverse map. |

ProoF oF (b). If x; is in e ! (y¢), we apply Theorem C.7 to the diagram

X
7
C’ le
7/
X——Y
e=(g)

with f(xg) = x1.

Since g.(m(X,x0)) = {1} when g = e, the theorem shows that f exists with
ef =eand f(xg) = x;. Arguing similarly with the diagram

X
# A
f/, le
s
X—€>Y

with f*(x1) = xo,



194 C. Covering Spaces

we see that f* exists with e f* = e and f#(x;) = xo. Combining these results,
we obtain e f*f = e and f*f(xo) = xo. By uniqueness in Theorem C.7, f*f
is the identity. Similarly f ¥ is the identity, and f is a homeomorphism. This
proves transitivity of the group of deck transformations. That the transitive
action is simply transitive follows by the uniqueness in Theorem C.7. O

Proor oF (c). The map in question is one-one onto by (a) and (b). We
show that is is a group homomorphism. Let f and g be in H. Then f - g
corresponds to [ex(¢)], where x is any path from x¢ to f(g(xp)). If we choose
x(t) to pass through f(xo) on the way, we see that the problem is to show that

leu()] = [ev(r)] if
u(t) is a path from xg to g(xo)
v(t) is a path from f(xg) to f(g(x0)).

Now [ef(u(t))] = [eu(t)] since f is a deck transformation, and f(u(¢)) is
a path from f(xg) to f(g(xp)). Since X is simply connected, [ef(u(t))] =
[ev(?)]. Therefore [eu(t)] = [ev(?)]. |

5. Topological groups

A topological group G is a Hausdorff space that is a group in such a way that
multiplication is a continuous function from G X G into G and inversion is
a continuous function from G into G. Elementary properties of topological
groups were established in Appendix A. The new material about topological
groups in Appendix C will concern how topological groups relate to the
topics of pathwise connectedness, local pathwise connectedness, and covering
spaces.

Proposition C.19. Let G be a connected, locally pathwise connected
separable topological group, and let H be a closed subgroup of G that is
locally pathwise connected.

(a) The quotient G/H is pathwise connected and locally pathwise con-
nected.

(b) If Hy is the identity component of H, then the natural map of G/H)
onto G/H is a covering map.

(¢) If G/H is simply connected, then H is connected.

(d) If H is discrete, then the quotient map of G onto G/H is a covering
map.

Proor.
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(a) Let p : G — G/H be the quotient map. If x and y are given in G/H,
take members of p~!(x) and p~'(y) in G, connect them by a path, and map
them back down to G/H by p to see that G/H is pathwise connected. If x
is in an open subset V of G/H, take X in p~!(x), and choose a connected
open neighborhood U of X that lies in p~'(V). Since G is locally pathwise
connected, U is pathwise connected. Thus any x” in U can be connected to X by
a path in U. It follows that p(U) is a pathwise connected open neighborhhod
of x that lies in V. So G/H is locally pathwise connected.

®)Letpyg: G > G/Hy,p: G — G/H,and q : G/Hy — G/H be the
quotient maps. For any open set V in G/H, ¢~ (V) = po(p~'(V)) is open,
and thus ¢ is continuous. If U is open in G/Hy, then ¢(U) = p(pgl(U))
shows that ¢ (U) is open. Thus ¢ is an open map. Since H is locally connected,
Proposition A.7 shows that there is an open neighborhood U of 1 in G with
UNH = Hy. By local connectivity of G and continuity of the group operations,
find an open connected neighborhood V of 1 in G with V='V C U. Then
V-V n H C Hy. Form the sets VhiH, in G/H, for h € H. These sets are
open connected, and their union is q‘l (VH). If VhiHy NV hy Hy is not empty,
then the same thing is true first of VHoh; N VHgh, because Hy is normal
in H, then of V™'VHy N Hohyhi', and finally of V='V N Hohyh{!. Since
V-V N H C H,, hzhl‘1 is in Hy, and so VhiHy = VhyHy. In short, distinct
sets VhHj are disjoint. Finally let us see that g is one-one from each VhH)
onto VH. If g(vihHy) = q(vohHp), then vih = vohh' for some i’ € H.
The equation v;lvl = hih’h~! exhibits vz‘lvl asin V-'V N H C Hy. Hence
vy = vohg for some hg € Hy, and the fact that Hy is normal in H implies that
vihHy = vophohHy = vohHp. Thus g is one-one continuous open from each
VhH,y onto VH, and VH is evenly covered. By translation we see that each
gV H is evenly covered. Hence ¢ is a covering map.

(c) We apply (b) to see that G/Hy — G/H is a covering map. Since
G /H is simply connected, Corollary C.9 says that G/Hy — G/H is one-one.
Therefore H = Hy, and H is connected.

(d) This is the special case of (b) in which Hy = {1}. O

Proposition C.20. Let G be a connected, locally pathwise connected, sim-
ply connected separable topological group, and let H be a discrete subgroup
of G, so that the quotient map p : G — G/H is a covering map. Then the
group of deck transformations of G is exactly the group of right translations in
G by members of H. Consequently 71 (G/H, 1 - H) is canonically isomorphic
with H.
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Proor. Let f,(g) = gh for g in G and h in H. Then pfy(g) =
ghH = gH = p(g), so that pf, = p and fj is a deck transformation.
Since p~!'(1-H) = H, the group of translations f;, is simply transitive on
p~'(1- H). By Theorem C.18b the group of translations fj, is the full group
of deck transformations. By Theorem C.18¢, n;(G/H,1 - H) = H. O

Corollary C.21. Let G be a connected, locally pathwise connected,
simply connected separable topological group, and let H be a discrete normal
subgroup of G, so that the quotient homomorphism p: G — G/H is a
covering map. Then

(a) H is contained in the center of G,

(b) mi(G/H,1) = H is abelian, and

(c) the end-to-end multiplication of loop classes in n;(G/H,1)
coincides with pointwise multiplication of loop classes in G/H.

Proor. Part (a) is immediate from Proposition A.10, and (b) follows from
this conclusion and Proposition C.20. For (c) we observe that elements /4,
hy, and hyhy of H correspond under the isomorphism of Proposition C.20 to
the classes of loops [e(path in G from 1 to &;)], [e(path in G from 1 to hy)],
and [e(path in G from 1 to k1 hy)]. But one particular path from 1 to i h; is
the group product of the path from 1 to 4 by the path from 1 to hy. This
proves (c). m]

Proposition C.22. Let G be a pathwise connected, locally connected,
locally simply connected separable topologlcal group, let G be a universal
covering space with covering map ¢ : G — G, and let 1beine “1(1).
Then there exists a unique multlphcatlon on G that makes G into a separable
topological group in such a way that e is a group homomorphism.

Remark. The group G is called a universal covering group of G. The
proposition asserts that it is unique up to isomorphism.

Proor. Let m: G X G — G be multiplication, and let ¢: GxG — G be
the composition m o (e, ). Since

{1} = p.(m(Gx G, 1x1)) Ce.(m1(G, 1)),

the Map-lifting Theorem (Theorem C.7) provides a unique continuous
Q: G xG — G such that ¢ = ep and t,o(l l) =1. This @ @ is the multiplication
for G.
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It is associative by uniqueness of map lifting because

e@(@(x,y),2) = ¢(@(x, ), 2) = ¢(x, y)(ez)
= ((ex)(ey))ez = ex((ey)(ez)) = ep(x, ¢(y,2))
and g(3(1,1),1) = 1= ¢(1. ¢(1,1)). _
_Ithas 1 asidentity because ¢(1, -) and ¢( -, 1) cover the identity and send
1 to 1. To obtain existence of inverses, we lift the composition of e followed

by inversion, as a map of G—G,toa map of GtoG sending Ttol. Finally
e is a group homomorphism because

e(p(x,y)) = @(x,y) = (ex)(ey).



HINTS FOR SOLUTIONS OF PROBLEMS

Chapter I

1. For seeing that exp is onto GL(n,C), use of Jordan form shows that it is
enough to handle a single Jordan block B and that the diagonal entries of the block
may be taken to be 1. Set up an upper-triangular matrix X with O on the diagonal, a;
inall (i,i+1)% entries, a; inall (i,i+ 2)‘ml entries, and so on. The equation exp X = B
leads to equations a; = 1, ay = fa(ay), a3 = f3(ay,az), ..., and all these equations
can be solved in turn.

-1
it follows that X is diagonal. In this case the diagonal entries of X must each be in
expR = (0, o), and they cannot match the negative numbers —2 and —1. In (c), we

2. In(b), ifexp X = ( _(2) _(1) ), then (a) says that X commutes with ( _(2) 0) and
h -2 0\ _(-10 2.0 . .

ave ( 0 _1) = ( 0 -1 ) ( 01 ) and both factors are exponentials of real matrices.
In (d), we can take c(¢) = exptXexptY for 0 <t < 1, where exp X = (_(1) _(1)) and
expY = ( (2) (1)) are as in (c¢).

3.{(§.%)| aeRr, zeC}.

—a

4. Aside from the norm properties of || - ||, one uses the facts that ||1]|| = 1 and
IABI| < [|A[llIBI|.
5.0.

6. For the first part of the problem, what needs to be shown is that every
sufficiently small open neighborhood N of 1 in G is mapped to an open set by 7.
Since G is locally compact and has a countable base, there exist open neighborhoods
Uy, of 1 such that Uy is compact and G| = [J; Ux. The Baire Category Theorem
shows that 7(U,) has nonempty interior V for some n. Let y be in V, and put
U = n~'(y~'V). Then U is an open neighborhood of 1 in G, 7(U) is open in G,
and U is compact. Let N be any open neighborhood of 1 in G that is contained in

198



Hints for Solutions of Problems — Chapter 1 199

U. Since U is compact, 7 is a homeomorphism from U with the relative topology
to 7(U) with the relative topology. Thus 7(N) is relatively open in 7(U). Hence
n(N) = 7(U) N W for some open set W in G». Since 7(N) C 7(U), we can intersect
both sides with 7(U) and get 7(N) = 7(U)NWNr(U) = Wnx(U). Since WNr(U)
is open in G, 7(N) is open in G5.

For the example that is sought, one can take G| to be R! with the discrete
topology, G to be R! with the usual topology, and 7 to be the inclusion.

7. The group is homeomorphic to R?, which is connected. The linear Lie algebra

. . 0XxXZ . . .
consists of all real matrices (8 8 )6 ), and the dimension is 3.

8. The group is homeomorphic to R?, which is connected. The linear Lie algebra
consists of all real matrices (§ § ), and the dimension is 2.

9. The group is homeomorphic to R”("*1)/2 which is connected. The linear Lie
algebra consists of all real matrices whose entries below the main diagonal are 0, and
the dimension is %n(n +1).

10. Routine.

11. The operation is R linear, and we can multiply out the product
(a+bi+cj+dk)(a+bi+cj+dk)
= (a+b(-i) +c(—=j) +d(=k))(a+ bi +cj + dk)
=a® +b> + * + d* + terms like abi + ab(—i) that cancel in pairs
=a®+b*+c*+d%
The two-sided multiplicative inverse of ¢ € H is thus |¢|~24. Finally if x and y are
given, then we have

beyl? = (xy) (X3) = xyxy = (x8) (v3) = [x[*|y|*.

Taking the (real) square root gives |xy| = |x||y].

12.

(@) If x = xo +x1i +x2j +x3k and y = yo + yii + y2j + y3k, then Rexy =
X0Yo — X1Y1 — X2Y2 — X33 by inspection, and this equals Re yx.

(b) Apply the operations in the two orders to x = xo + x1i + x2j + x3k. Then
Rex =X = xo, and Re(X) = Rexy = xo. The two are equal.

(c) The formula for extracting the real part gives Re xy = %xy+%x_j) = %(x V+yX).
which is a symmetric expression in x and y.

13. The identity |xy| = |x||y| shows closure under multiplication, and we know
that |x| = 1 implies |x~!| = I because |x~!'| = |x|~'. Hence S°, which Appendix C
shows to be compact and connected, is a group under the multiplication within H.

14.-15. If g is in GL(n,C), then ¢ = gg* is positive definite Hermitian since
(gg*u,u) = (g*u,g*u) > 0 for each u # 0. By the finite-dimensional Spectral
Theorem, g = ada™" with a unitary and d diagonal, the latter with positive diagonal
entries. Under the circumstances the notation d'/> has a natural meaning. Put
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p =ad?a™" and k = p~'g. Then p? = ada™" = ¢ is positive definite Hermitian
and k = p~'ghas k* = g*p~". So kk* = p~lgg'p = p~lqp~t = p~Ip?p7t = 1,
and k is unitary.

16. From Problems 14 and 15 we know that the map (k, X) — k exp X carries
K x p onto G. To see that it is one-one, suppose that an element g of G can be
written as g = kexp X = k" exp X’. Write P = exp X and P’ = exp X’. Then we have
g'g = exp2X = P? and also g*g exp2X’ = P’>. We conclude that P and P’ are both
positive semidefinite square roots of the positive definite matrix g*g. We know such
an element to be unique, and thus P = P’.

17. Define u1, ..., u, inductively by
-1
up = |vi| vy
uy = vy — (v - upu

uy = 5|~

j-1
uy=v; —Z(vj Ui
i=1

uj = |u;-|_lu;-
and stop after the formula for u,,.
18. If one applies the Gram—Schmidt orthogonalization process to the or-

dered basis (gey,...,gen), then the resulting orthonormal basis (u1,...,u,) has
span(gey,...,ge;) = span(ui,...,u;) foreach j and u; is in

R¥ge; +span(ui, ..., uj1).
Define a matrix k by k‘luj =e; forall j. Since (uy,...,u,) and (ey,...,e,) are

orthonormal bases, k is in O (n).
To see that k=g is upper triangular with positive diagonal entries, we compute

(k‘lgej)-e,- =gej-ke; = ge;-u; foralli. Since ge;isinR*gej+span(ui,...,uj_1),
j-1

we can write ge; = cu; + ), a;u; with ¢ > 0. Then ge; -u; = 0if i > j, and
i=1

ge;-u; =c > 0. Hence ge; has its i entry equal to 0 for i > j, and its j™ entry is

positive. So k~!g is upper triangular with positive diagonal entries.

19. In the notation of Problem 18, k~'g is in S. Consequently the factorization
g = k(k~'g) exhibits g as in O(n)S. Thus G C O(n)S. The reverse containment is
clear.

20. Problem 19 shows that multiplication carries O (n)S onto G and is continu-
ous. The map of O(n) X S to G is invertible because O(n) NS = 1. For continuity
of the inverse, suppose that g, = k,s, and {g,} converges to some g. We know
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that we can write g = ks uniquely. We are to show that {k,} converges to k and
{s,} converges to k~'g. Because O(n) is compact, it is enough to prove that every
convergent subsequence of {k,} has limit k. Arguing by contradiction, suppose
along some subsequence that {k,} converges to some kg € O(n) different from k.
On that subsequence, {s, } converges to k; !¢, and then we have two decompositions
for g, namely g = ko(k l¢) and g = k(k~'g). By uniqueness of the decomposition
0(n)S, we obtain ko = k, and we have arrived at a contradiction. We conclude that
every convergent subsequence of {k, } has limit k.

21. The product in G is given by

X ’ x, ’ 7 -1 X x,
t, 0, =1t+t,(expt'M +|,11,
( (y))( (y)) ( (exprt) (y) (y))
and the product of the values of ® at the two points on the left is
exptM (exptM) (i) expt’M (expt’'M) ()yc/)
(0 0) 1 (0 0)
_[exp((t+1")M)  (exptM) (i) +exp(t+t')M ()yc/)
(0 0) 1
This is to be compared with @ of the product, which is
exp(z+t )M (exptM) (i) +exp(t+1)M (;)
(0 0) 1

The two expressions match, and therefore @ is a homomorphism of groups.
22. The linear Lie algebra consists of all real 3-by-3 matrices of the form

X
Moy
00 0

d

23. Each entry of ®(z, (ﬁ)) is smooth, and therefore ® is smooth. The fact that
@ is one-one and onto follows by direct calculation.

where M is the given 2-by-2 real matrix M = (i b).

24-25. These examples are handled in much the same way that the examples in
Section 4 are handled.

Chapter I1

1. Take each of the three basis vectors u of su(2) and compute the 2-by-2 matrix
Ad(g)u = gug™' for g = (_aﬁ— g ) The results are



202 Hints for Solutions of Problems — Chapter 11
i(la® =18 —2iep )
Ad(g)u; = = . )
(&) ( 2iaf —illal? - |8P)
_(-ap+aB o’ +p?

Ad(g)uz—(_c—lz+/§2 ap—af)
@ -ap)i (a®-p)i
@*+p»i —(aB+ap)il’
Use these results to obtain an expansion of each Ad(g)u in terms of uy, up, u3. Those
expansions are

Ad(g)uy = (la|* - |B*)u;s +Re(-2aBi)us + Im(-2api)us,
Ad(g)uy = —i(-af + aB)u; + Re(a2 +,82)u2 + Im(oz2 +ﬁ2)u3,
Ad(g)us = (@B — af)ur +Re((” = 2)i)uz +Im((” — B2)i)us.

The coeflicients of u; on the right sides are lined up as the first column of the desired
matrix, etc. The resulting 3-by-3 matrix for Ad(g) is

lal* =B  —i(-aB+ap) (@B —ap)
Ad(g) = [Re(—2aBi) Re(a®+p%) Re((a?-p%i)].
Im(—2eBi) Im(a®+p%) Im((a®-B2)i)

Ad(g)us = (

2. The basis vectors uy, uo, uz are given by
(i 0 [0 1 _ [0 i
ul_o _l-9 u2_ _] 0’ u3_l- O’
and thus

exD 1 — et 0 exoru, = | GOS8t sint) o _[cost isint
PHIL=1 g mir] P2 _ging cost)” P37 \isint  cost )"

For (a) we get

1 0 0
Ad(expru;) =|0 cos2t sin2t |,
0 —sin2t cos2t

cos2t 0 sin2t
Ad(exptuy) = 0 1 0 |1,
—sin2t 0 cos2t

cos2t —sin2t 0
Ad(exptuz) =| sin 2t cos2t Of.
0 0 1

In each case the matrix is a rotation in a plane about a fixed axis. Thus each matrix is
in SO(3). For (b) we simply apply Corollary 2.7. In (c) the smoothness is known for
the functions in question, and Ad is a homomorphism. Nothing else needs proof.
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3. From Problem 2, Ad(G) contains all rotations about the coordinate axes.
Such rotations are known from geometry to generate the full rotation group SO(3),
and thus Ad maps SU(2) onto SO(3).

To compute the kernel, suppose that Ad(g) = 1. Using the computation of
Ad(g) in Problem 1, we see that any g in the kernel must have —i(&g + 3) = 0 and
ap — aff = 0. The second of these of these says that @ is real, and the first of these
says that @ is imaginary. Therefore @8 = 0 and one of @ or 8 is 0. If 8 = 0, then
a = e' for some ¢, and we see that @ has to be +1. If @ = 0, then the upper left entry
|a|? = |B|> = 1 forces |B] = —1, which is impossible. So the only possibilities are
g==1.

4. The basis vectors uy, u, u3 are given by

(i 0 (01 (0 i
I’tl_o _l-v uz_ _l 07 M3_l- 0’

and direct computation yields
(adur)(u2) = [ur, uz] =2u3
(ad uz) (u3) = [u, us] = 2u;
(aduz)(u1) = [uz, u1] = 2us.

The other expressions (ad u;) (u) follow from these and from the skew symmetry of
the bracket. Thus the matrix for ad in the basis uy, u;, u3 of su(2) is

0 0 2
2 0 0f.

020

5. For 7 = Ad, Theorem 2.11 and (2.17) together say that D(Ad) is the
homomorphism of g into itself given by ad. Problem 1 says that

i(la? =18 —2iep )
Ad(g)u; = = . )
(8 ( 2iaf (| - BP)

_(-aB+af o’ +p
Ad(g)u2—(_c—lz+[§2 ap—af)’

_(@B-apyi (a®-p)i
Ad(g)us = ( @2+ —(aB+ap)i]
These results can be used to obtain an expansion of each Ad(g)u in terms of u, up, u3.
Those expansions are

Ad(g)uy = (la|* = |B1*)v1 +Re(—2aBi)vs + Im(—2aBi)vs,
Ad(g)ur = —i(—aB + af)vi + Re(a2 +,82)vz + Irn(a/2 + BZ)V3,
Ad(g)us = (@B — af)vi +Re((a” — 2)i)vy +Im((a? = BH)i)vs.
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The coeflicients of #; on the right sides are lined up as the first column of the desired
matrix, etc. The resulting 3-by-3 matrix for Ad(g) is
el = B> -i(-ap+af) (af-ap)
Ad(g) =|Re(=2eBi) Re(a®>+p%) Re((a?®-p%)i)].
Im(—2eBi) Im(a®+4%) Im((a®-B2)i)

6. Routine.

7. For the identity let ¢ and r satisfy ¢ = —g and ¥ = —r. Then [g,r] =
gr=rq=qr—rq=rq—qr = (-r)(-q) = (=q)(-r) =rq — qr = =[r,q]. For the
skew symmetry and the Jacobi identity, the computation is the same as with matrices
under matrix multiplication.

8. Let z satisfy Z = —z. For g € H, we are first to see that L, (z) = —L4(z). The
computation is L, (z) = q24 = 474 = —qZq = -L,(2).

Then we are to see that Ly, 4, = Ly, Ly, on any z with 7 = —z. The computation is
Lg14:(2) = 419229192 = q1922q2 1 and Ly, (Lg,(2)) = Lg,(42292) = 9192292 G1-

9. The given identification of V with R? carries the orthonormal basis (i, j, k)
of V to the standard basis of R?, which is orthonormal in R3. We are to show that the
matrix of each L, relative to these bases is in O(3).

For g = i, the formulais L;(z) = izi. Thus L; carriesitoi, j toiji = k(i) = -,
and k to iki = (—j)(—i) = —k. Thus the matrix of L; relative to the ordered basis
(i,], k) is

1 0 O
0 -1 0
0 0 -1

For ¢ = j and L;(z) = jzj, L; carries i to (=k)(—j) = —i, j to j, and k to
i(=k) = i(-j) = —k. Thus the matrix of L; relative to the ordered basis (i, j, k) is

-1 0 0
0 1 O
0 0 -1

For ¢ = k and Ly (z) = kzk, Ly carries i to —i, j to —j, and k to k. Thus the matrix
of Ly relative to the ordered basis (i, j, k) is

-1 0 0
0 -1 0].
0 0 1

Thus each of the three matrices in O(3), as required.

10. The homomorphism property was shown in Problem 8. The images of
generators were actually in SO(3), according to the computation in Problem 9.

11. We have just seen that the map in question is a homomorphism, evidently
smooth, of the group of quaternions of norm 1, which is a version of the analytic
group S, into a subgroup of SO(3). Moreover Problem 9 shows that the image
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includes three matrices that generate SO(3). Hence the homomorphism is onto. For
the kernel we are to find those elements ¢ in S° with L, equal to the identity. If
L, =1 for some g with |g| = 1, then L,(z) = z for all z and gzg = z for all z. Right
multiplying by g gives gz = zq for all z € H with |z| = 1 and shows ¢ has to be a real
multiple of 1. To have norm 1, ¢ must be +1. So the kernel is at most +1.

12. From Problem 1, a certain basis of su(2) has [u;, us] = usz, [uz, u3] = u;, and
[u3,u1] = up. In sI(2,R), the elements 2 = (} _9) and x = (§ }) have [h,x] = 2x.
Let us see that no two elements of s1(2) have [/, x] = 2x, and then it will follow that
su(2) cannot be isomorphic to sI(2,R). Thus suppose that

[au| + buy + cus, duy + euy + fus] = 2du; + 2eur + 2 fus. (*)

Equating coefficients of uy, us, u3 separately gives

2d=bf —ce
2e=cd—-af
2f =ae —bd.
Multiplying these equations by b, e, f respectively gives
2d* = bdf — cde
2¢% = cde — aef
212 =aef - bdf.

If we add these three equations, we obtain
2d% +2e* +2f2 = 0.

Since d, e, f are all real, they are all 0, and we conclude that equation (*) above has
only trivial solutions. Therefore s11(2) is not isomorphic to sI(2, R).

13. Write SU(1, 1) as the set of all matrices (g /; ) with @ and B complex and
la|* = |BI* = 1, and take SL(2,R) = {(“ %), real entries, det = 1}. Note that

6 )6

Direct computation shows that

2l )

has real entries, and of course its determinant is 1. Therefore this group of matrices
is contained in SL(2, R). It has to be 3-dimensional, and we conclude that it is all of
SL(2,R).
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14. An isomorphism ¢: g — b of Lie algebras is

0 x z 0 0 0
el0 0 y|=|x+iy 0 0f.
0 0 O 2iz x-iy O

15. For (a), let 8: g — g be the linear map 6(x) = —x’. Then we see directly that
6 has order 2 as a linear map and satisfies [6(x),8(y)] = [x,y]. Everything in (a)
then follows from the fact that the eigenspaces for 6 in g for eigenvalues +1 and —1
are matht and p. Conclusion (b) is elementary, and (c) follows from the computation

T(Ad(g)X, Ad(g)Y) = Tr((Ad(g)X)(Ad(g)Y))

=Tr((gXg "(g¥e™")
=Tr(gXYg™") = Te(XY) = T(X,Y).

For (d), Ad is a smooth homomorphism defined on SL(2, R) and having image
in the group GL(g) with dimg = 3. Conclusions (b) and (c) already said that the
trace form 7 on g has signature (2,1), and (c) says that every member of Ad(SL(2,R)
acts as an isometry relative to the trace form. Hence Ad is a smooth homomorphism
of SL(2,R) into the group O(2,1) of isometries of R? with a symmetric invariant
bilinear form of signature (2,1).

In (e), the question about the kernel asks when Ad(g) = 1, i.e, when gXg~' = X
for all X, and the answer is that g has to be scalar, thus +1. The image under Ad has
to be connected, since SL(2,R) is connected, and thus it is contained in SO(2, 1).
Corollary 2.16a shows that the image is exactly the identity component of SO(2, 1).
Parenthetically SO(2, 1) can be shown to be connected, and thus the image is all of
SO(2,1).

16. Form the map F: S* — SU(2) given by F(x1,x2,x3,x4) = (a,8) =
(x1 +ix2,x3+ix4). To see that F is smooth into GL(2, C), we form F o o[ or Fo ;!
as appropriate, say the former.

In this case we have

X1 X2 X3 .
@1(x1,x2,x3) = ( , , ) with  xy = /1 -x} —x3 —x3.
1—x4 1—x4 1—x4

For clarity! we can introduce
X1 X2 X3

1 = §2 = s §3 =
1 —x4’ 1—x4 1-x4

and we can put

2, .2, .2 2
2 oo o Xitxptxy  l-xp 14y
[s|” = s7+s5+55 = > = 5 = .
(1 —x4) (I-x4)* 1-x4

!The local form of F'is Foy| ! which is genuinely a function of three variables. Although
it is not logically necessary to do so, it may be helpful psychologically to write F o gol_l out
explicitly as a function of three variables, and that is what the next few steps accomplish.
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Solving for 1 — x4 gives 1 —x4 =2/(1 + |s]*). Sox; = 2s;/(1 +s|?) for j < 3, and
one finds that

(F o 97N (51,52, 83) = (x1,%2,%3).

The composition of this expression followed by the inclusion into C? via the functions
a = x1 +ixp and B = x3 + ix4 is smooth, and thus F is smooth into GL(2,C). By
Theorem 1.10b, F is smooth into SU(2). Theorem 1.10b says that the real and
imaginary parts of @ and B are smooth functions on SU(2), and this is just the
statement that F~! is smooth.

17. For (a) since T is an intertwining operator, one readily checks that ker 7" has
to be an invariant subspace of V| and that image T has to be an invariant subspace
of V,. The assumption of irreducibility on V; forces kerT to be 0 or Vi, and the
assumption of irreducibility on V, forces image T to be 0 or V,. The result follows.

For (b) the set of intertwining operators is closed under addition, scalar multi-
plication, and composition. Hence it forms a ring. To see that it is a division ring,
one needs to show that each of its members has a two-sided inverse. For each of
its members T, the kernel and image of T are invariant subspaces. If T is not O,
then T has to be one-one onto and therefore has a two-sided inverse in the algebra of
intertwining operators.

18.

(a) This is elementary.

(b)yn—-1.

(c) Irreducibility holds for n = 0 and n = 1. For larger n, the homogeneous
polynomials of degree n that are harmonic in the sense of being annihilated by the

. 2 2 . .
Laplacian 25 + ;—yz form an invariant subspace.

ox2

Chapter III

1. In the statement of Dynkin’s Formula (Theorem 3.4), the interest is in terms
of total degree 3, and nonzero contributions come only from k = 1 and k = 2.

For k = 1, the only possible nonzero terms come from (i1, j;) = (1,1) and
(i1, j1) = (0,2). The outside coefficient is —% in both cases, the coefficient 1/(i; + 1)
is % in the first case and 1 in the second case. The reciprocals of factorials contribute
1 in the first case and 1/2! in the second case. Thus the terms for £ = 1 yield
—}T [X, [Y, X]] in the first case and —% [Y, [Y, X]] in the second case.

For k = 2, the only possible nonzero terms come from (i1, ji,i2, j2) = (1,0,0, 1)
and (i1, ji,i2,j2) = (0,1,0,1). The outside coeflicient is % in both cases, the
coefficient 1/(iy + iy + 1) is % in the first case and 1 in the second case, and the
reciprocals of factorials contribute 1 in both cases. Thus these terms contribute
%[X, [Y, X]] in the first case and %[Y, [Y, X]] in the second case.

The total contribution from k = 1 and k = 2 is thus (-3 + £)[X, [V, X]] plus

(-3 + LY, [Y, X]], for a total of 5[X, [X,Y]] + 5 [Y, Y, X]].
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2. Both sides are linear, and it is therefore enough to prove the result for
monomials in P and Q. We proceed by induction on the total degree of a monomial.
Degree 1 is handled by inspection. Then under the assumption that we have handled
F and G, we may assume that a new factor appears on the left, and then it is enough
to handle the four products: PF times G, QF times G, F times PG, and F times QG.
Since P behaves like a constant in the operation of D, the derivation formula holds for
PF times G and F times PG. Let us carry out the steps for QF times G and F times
0G. We are given that D(FG) = (DF)G + F(DG). We are to check that the two
equalities D(QFG) = D(QF)G+QF(DG) and D(FQOG) = (DF)QG+FD(QG).

Using the observation just before the statement of Problem 2, we find that

D(QFG) = X(FG) + Q(D(FG))
=XFG +Q((DF)G) + Q(F(DG))
=D(QF)G + QF(DG),
and the first equality has been checked. The second equality is similar.

3. The identity concerns a finite geometric series, and the sum is the quotient of
the first term minus the next term after the last, all divided by 1 minus the common
ratio. Thus itis ((14+x)” —(14x)™)/(1—(1+x), whichequals x ! (14+x)" —x~ 1 (1+x)".
If we expand out the terms of the identity, then the coefficient of x” on the left side is

() )

and the coeflicient of x” on the right side is ( :’_1 1). The equality follows.
r

4. Form > 1,

D(Q™) = (Rg+ad Q)" ' X + (Rg +ad Q)" *RoX + (Rg +ad Q)" Ry, X
+---+(Rg +ad Q)°RE X + (Rop +ad Q) 'R X + R ™' X

-1 "L —2

:Z( . )R31X+Z( L )R”Q12+1(adQ)1X
k=0 k=0
m-3 m—3

+ ( . )Rg—3+2(adQ)2X
k=0

0
+ot Z (m - (m - 1))R8—1—m+m(ad Q)m—IX

k=0 k
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m—1m-1 m—k
= Z ( )Rgl(adg)kx
r
k=0 r=k
m—1 m
= R} (ad Q) X,
24 (k+1) 0 (ad Q)

the last equality holding by Problem 3.

5. The series Y z*/k! converges with sum e — 1 and is written in powers
k=1
of z. Thus it is the Taylor expansion of e* — 1 about z = 0. Then it follows that

zK=1/k! is the Taylor expansion of (e? — 1)/z about z — 0. A change in indexing
k=1

yields ¥ zK/(k +1)! as the same series. The reciprocal z/(e? — 1) has singularities
k=0

only when e* = 1, hence only when z = 2zin for some integer n # 0. The closest

such points to the origin are +2xi, and therefore the power series representing the

reciprocal has radius of convergence 2x. Since the function z/(e* — 1) + z/2 is an
even function, being equal to

(2/2)(e* + D/(e* = 1) = (2/2) (¢ + &7/ /(72 = 7712,
its Taylor series about z = 0 involves only even powers of z.
6. Because of Problem 4, the formal calculation is

1
D(expQ) = D(1 +Q+ZQ2+...)
=X+%(2XQ+(adQ)X)

+ %(3)@2 +3((ad0)X)0 + (ad 0)*X) + ...

2

X(1+Q+%+...)+
adQ (ad Q)

(1+2_z+ 3!

(ad Q)X 0’
o (1+Q+2—!+...)+...

+)X] expQ.

7. From Problem 5
2 4

z 2 2 B, By ; B3 _
(]+5+§+Z+.“)(1_5+§Z—Zz +az +...)—1.
Substituting z = ad Q gives

2
(1+_a(;Q+(ad3‘Q) +...)(1—(adQ)+B1

B

) 4 _

=+ 51(ad0)? - 2(ad Q) +...)_1.
Right multiplying by P and using associativity on the right side of the equality yields

2
(1 + ad_Q + _(adQ)

5 5 +...)X=P.
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Multiplying through on the right by exp Q leads to

[(1 + %+ (ad3!Q)2 +)X] expQ = PexpQ.

Problem 6 shows that the left side equals D (exp Q), and the desired result follows.

8. Multiplying D" (exp Q) = P" exp Q by #"*/n! and summing on 7, we obtain
(exp1D)(exp Q) = (exp1P)(exp Q).
Then
exp C(t) = (exptD)(exp Q).
Hence

%exp C(r) = %(exp tD)(exp Q) = D(exptD)(exp Q) = D exp(C(t)).

9. Iteration of the derivation formula of Problem 2 shows that
n-1
D(C()") = ), COHNDCENCH)" ™ = nC(1)" ' DC).
k=0
for n > 1, the second equality holding since the factors on the right side commute
with one another. Summing on n and substituting gives

1

T C()" 'DC(t) = (exp C(1))DC (1)

1 (o9

Dexp(C(1) = — D(C(N)") = )
n! P

In combination with the result of Problem 8, this equality yields

% exp C(1) = (exp C(2)) DC(1).

d
The left side is (exp C(7)) ZC(I)’ and hence

d
p C(t) = DC(1),

as required.
10. Form Z(t) = exp(—tD)C(¢t). Then
Z'(t) = —D exp(—tD)C(t) + exp(—tD)DC(¢) =0

for all . Thus exp(—tD)C(t) is constant. At ¢ = 0, the constant is C(0) = Q. Thus
exp(—tD)C(t) = Q, and C(¢) = (exp(tD))Q as required.
11-12. The formula of Problem 10 gives C = (exp D)Q, and thus

1 1
C=Q+Z)Q+5D2Q+§D3Q+...

1 | N
=Q+X+2—!Z)X+§Z) X+....
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With terms involving more than four factors of P or Q replaced by dots, X is defined
in Problem 7 by

(adQ) B » B 4
- 5+ 51(d0) - 2 (ad Q) 4. )P

1 1
:P_E[Q’P]"'E[Q’[Q’P]]_

Substitution of X into DX and evaluation of D on each term gives

X=(1

1
DX =D(P-310.Pl+5[0.10.P]] - ...
1

1 1
:_E[X’P] +E[X’ [0, P]] +E[Q’ [X,P]]—....

Again we substitute for X from above. When done by hand, this computation is
hazardous, and we give some details. Number the three nonzero terms of X as 1, 2, 3,
and label the three occurrences of X in DX as A, B, C. In making the substitution,
we find that nonzero terms with three factors come from 1B and 2A, while nonzero
terms with four factors come from 1A and 3B. The sum for DX is

= ;1 [[Q. P1. Pl + {5 [P, [Q, P]] - %[0, [Q. P11], P] = 5[0, [[Q, P P]] +...
[P, [P, + (5[0, [P, [Q, PII] +... .
Next we compute DX by applying D to this expression. The result is
DX = g[P.[P.X]] + {5 [X. [P.[Q. P]] + 15 [Q. [P, [X, P]]] +...
§[P.[P.P =3[0, P11 + 55[P, [P, [Q, P11 + 5[Q, [P, [P, PI]] + ...

~L[P,[P,[Q,P]]] + 5P, [P,[Q, P]]] + 0 +...
=0+0+...!

Finally we substitute for C above to get
C=0+X+3DX+0+...
=0 +P—3[0.Pl+ (0. [Q. Pl +§[P.[P.QI] + : [Q. [P, [Q. P] +.....

From this formula we read off the values of C;, C,, C3, and C4 as stated in
Problem 12.

13. The definition and steps are the same as in Section II.4. One uses the linear
Lie algebra just as one does in Chapter II for homomorphisms of groups, using (2.14)
as the definition of D, showing that D is well defined and linear. Then one introduces
Ad, obtains a formula for Dz (Ad), and differentiates it to see that D is a a Lie algebra
homomorphism.

14. The Lie algebra homomorphism ¢ respects addition, scalar multiplication,

and bracket product, and thus it respects partial sums in the series for C(X,Y).
Since ¢ is linear and the space ¢ is finite-dimensional, ¢ extends continuously to
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the smallest Lie subalgebra containing X, Y, and all partial sums in the series for
C(X,Y). The result follows.

15. We calculate
D(exp X)D(expY) = exp(e(X)) exp(¢(Y)) by how ®, ¢, and exp are related

=exp C(p(X), o(Y)) by definition of C
=expp(C(X,Y)) by Problem 14
=d(expC(X,Y)) by how ®, ¢, and exp are related
= O(exp X expY) by definition of C,

and the result follows readily.
16. For small X and Y in the Lie algebra of a linear Lie group, we know that

exp(~C (=Y, -X)) = exp(C(-Y,-X))~" = (exp(~Y) exp(-X))

= (exp(-X)) ™' (exp(-Y)) !
=expXexpY =expC(X,Y).

Hence
-C(-Y,-X)=C(X,Y).
17. Write the Campbell-Baker—Hausdorft series as C(X,Y) = 3,51 Cu(X,Y).
To extract the homogeneous terms, we simply expand the function t — C(zX,1Y) in
power series about ¢ = 0 and read off the coefficients of the various powers of 7. In
view of Problem 16, we are led from

—C(-tY,-tX) = C(tX,tY)

to
—Cp(—tY,—tX) = C,(tX,1tY)
for every n, and we conclude that C, (Y, X) = (=1)"~'C,(X,Y) as required.

Chapter IV

1. Up to isomorphism, everything is determined by a multiplication table for the
vectors in a basis. Here if {X} is a basis, the multiplication table must have just one
entry, and that entry has [X, X] = 0.

2. Start with any ordered basis (X’,Y’). If [X’,Y’] = 0, then the given Lie
algebra is abelian. Otherwise we may assume that [X’,Y’] = uX’ +vY’ # 0. We
shall introduce a new ordered basis (X,Y) suchthat [X,Y] =Y. Write X = aX’+bY’
and Y = cX’ +dY’ with a, b, c, d to be specified. The condition [X,Y] =Y says that
[aX’+bY’',cX’'+dY’] = cX'+dY’, hence that (ad —bc)[X’,Y’] = ¢cX'+dY’. Since
u or v must be nonzero, we can find real numbers ¢ and d such that uc + vd = 1. Set
b =—-uanda = v,sothatad—bc = 1. Witha, b, ¢, d defined, X and Y are defined, and
their bracketis [X,Y] = [aX'+bY’,c X’ +dY’] = (ad—bc)[X',Y'] = cX'+dY’ =Y,
as required.
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3. n for SU(n), 1 for SO(n) with n odd and 2 for SO(n) with n even, n for
SL(n,C), 1 for SO(n, C) with n odd and 2 for SO(n, C) with n even, 2 for Sp(n, C).

4. Let M be the diagonal matrix with n diagonal entries of i and then n diagonal
entries of 1. An isomorphism G — SO (2n,C) is x — y, where y = MxM~1.

5. Z is the group of scalar matrices whose entries are equal to some ¢’?. Then
Z N SU(n) is the group of scalar matrices whose diagonal entries are all equal to
some n™ root of 1, 27/ So Z N SU(n) is a finite group of order n and does not
reduce to the identity unless n = 1.

6. For (a), it is to be shown that the bracket on g/a is has [ X, X] = 0 and satisfies
the Jacobi identity. For the first, [X + a, X + a] = [X, X] + a = a as required. For the
second, [X+a,[Y+a,Z+a]]+[Y+a,[Z+a],X+a]]+[Z+a,[X+a,Y+a]] =
[X,[Y,Z]]+[Y,[Z,X]] +[Z,[X,Y]] + a =0+ a as required.

For (b), under the quotient mapping if X and Y are given, X goes to X + a, and
Y goesto Y +a. Then [X,Y] +a = [X + a,Y + a] shows that the quotient map is a
Lie algebra homomorphism. If X + a is in g/a, then X is a member of g that maps
to X + a. So the map is onto. The elements in the kernel are those members X of g
such that X + a = a, and these elements are exactly the members of a.

7. The proof of this result is the same as the proof of the corresponding result
for vector spaces.

8. As with the previous problem, the proof of this result is the same as the proof
of the corresponding result for vector spaces. Here is a little more detail. To form
the map from (a + b)/a to b/(a N b), one takes any member Z of g, decomposes it
in any fashion into X +Y in a + b with X € a and Y € b, and then maps it to the
member Y + (a N'b) of b/(a Nb). To see that this map is well defined, one has to
check two things. The first is that a different decomposition Z = X’ + Y’ leads to the
same image. The second is that if Z is changed by adding an element X"’ of a to it,
then the image is the same in b/(a N b).

9. Each member of the commutator series for a Lie subalgebra is a Lie subalgebra
of the corresponding member of the commutator series for the original Lie algebra.
Thus any Lie subalgebra of a solvable Lie algebra is solvable.

For the question about homomorphic images, let ¢ be a Lie algebra homomor-
phism of g onto b, and suppose that g is solvable. Then ¢([g,g]) = [¢(a), ¢v(8)],
and more generally ¢(g~) = ¢(g)* for all k > 1. Thus g* = 0 implies ¢(g)* = 0.

10. From the previous problem, (g/a)* is the image of g* under passage to the
quotient modulo a. Since g/a is solvable, (g/a)* = 0 for some k, and therefore
ok C a. If af = 0, then it follows that g**¢ = 0, and g is solvable.

11. It is enough to show that the sum of two solvable ideals, which is known
to be an ideal, is solvable. If a and b are ideals, then the ideal a + b has (a + b)1 =
[a+b,a+b] C [a,a] +[b,b]. Thus (a +6)! C a' +b'. In similar fashion,
(a+b)% C aX +b¥. Thus if a¥ = 0 and b* = 0, then (a + b)* = 0, and it follows that
if a and b are both solvable ideals, then a + b is solvable.
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12. If g is nilpotent, then g is solvable because gx 2 g* for every k > 0.
13. This proved in the same way as in Problem 9.

14. In the same way as in Problem 11, one proves that the sum of two nilpotent
ideals is nilpotent.

15. For n = 0, we have [g,g]o = [a,a] = g', i.e., equality holds. Assume
inductively that [g, g], € ¢*"*!. Then [g, 8]n1 = [[8, 8], [, 8].]. The right side
by the Jacobi identity is C [g, [g, [g,6].]1] + [8, [g, [8, 6].]], and this by inductive
hypothesisis C [g, [g, [6>"*']] +[g, [a, [7**']] = ¢*"*3. The induction is complete,
and the result follows.

16. The members X of [g, g] have X;; = 0 whenever i > j — 1. The members
of [g, [g,g]] have X;; = 0 whenever i > j — 2, and so on. The members of g; have
Xij =0 wheneveri > j — k. For k = n, all pairs (i, j) satisfy the conditioni > j —n.
Thus gx = 0, and g is nilpotent.

17. The linear Lie algebra is the set of derivatives at O of curves that equal the
identity at # = 0. Using a curve that is 1 + 7 in one entry and is O in all other entries
proves the desired result.

18. For (a), one answer is all matrices

et 0 0 1 00
0 e 0 z 1 0].
0 0 9 \YzP+ir z 1
For (b), we have
i 0 0\ /0 0 O 0 0 0
0 -2i8 O,z O Of| =|-3i0z 0 0].
0 0 8/ \0 z O 0 -3i6z 0
The special cases z = 1 and z = i show that
0 0 o0 0 0 0
=36 0 0 and 3¢ 0 O
0 =38 0 0 =306 0
are both in [g, g]. Another element in [g, g] is
0 0 0\/0 0 O 0 0 O
1 0 Of,J]¢ 0 Ol]f=] 0 O o0f.
0 -1 0/ \0 ¢ O -2i 0 O

The elements of [g, g] have to be strictly lower triangular, and we have exhibited
three linearly independent strictly lower triangular matrices in [g, g]. The dimension
of [g, g] is at most 3, and thus we have identified [g, g] completely as the set of all
the strictly lower triangular matrices in g. To prove the desired isomorphism, let
{X,Y, Z} be the basis of the three-dimensional Heisenberg algebra given by

010 000 001

X = (000), Y = (001), Z = (ooo),
000 000 000
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and let {A, B, C} be the basis of [g, g] given by
a=(188). 5= (280). c=(849).
0-10 0i0 -2i00
These bases have [X,Y] = Z and [A, B] = C. Then it follows that the linear map ¢
with ¢(A) = X, ¢(Y) = B, and ¢(Z) = C can be used as the required isomorphism.

19. Direct computation shows that [b,,, g] equals Rc and that [§,,, [h,, g]] = 0.
Hence b, is nilpotent. (Observe that the vector c is not 0 because it is a member of a
basis.)

20. For (a), [g,g] is an ideal. By the hypothesis “simple,” it must be O or g.
Since “simple” by definition excludes g abelian, the possibility [g,g] = O is ruled
out, and only the possibility [g, ] = g remains.

For (b), dimg > O since g is nonabelian. Also rad ¢ must be O or g since ¢
is simple. If rad g is O, then g is semisimple by definition. If radg is g, then g is
solvable, and [g, g] must be properly contained in g for the commutator series to end
in 0.

For (c), let g be semisimple, and let 3 be the center. Then 3 is a solvable ideal
and must be contained in rad g. Since g is semisimple, the latter is 0, and thus 3 = 0.

21. The ideals in g/rad g by the First Isomorphism Theorem (Problem 7) stand in
one-one correspondence with the ideals in g that contain rad g, and moreover solvable
ideals correspond to solvable ideals. The radical of g/rad g is a solvable ideal and
must correspond to a solvable ideal of g containing radg. The only such ideal is
rad . Thus rad(g/rad g) = 0, and g/rad g is semisimple.

22. Let g have dimension 3, and suppose g is not simple. One possibility is that
g is abelian, in which case it is solvable. The only other possibilty is that it contains
a proper nonzero ideal, say . The classification in dimensions 1 and 2 shows that
there are no simple Lie algebras in these dimensions, and thus § must be solvable.
Similarly g/} is solvable. By Problem 10, g is solvable.

23. Let Z be nonzero in [g,g]. Extend to a basis {X,Y,Z}. If [g,Z] = 0,
then [g,8] = R[X,Y] and hence [X,Y] = ¢Z with ¢ # 0; in this case we can
easily set up an isomorphism with the Heisenberg algebra. Otherwise [g, Z] = RZ.
Since [X,Z] and [Y, Z] are multiples of Z, some nonzero linear combination of
X and Y brackets Z to 0. Thus we can find a basis {X’,Y’, Z} with [X’,Z] = 0,
[Y',Z] = Z,[X",Y'] = cZ. Then {X’+cZ,Y’,Z} has [ X' +¢Z,Z] =0, [Y', Z] = Z,
[X"+c¢Z,Y’] =0. Consequently g = R(X’ + cZ) & span{Y’, Z} as required.

24. (a) Problem 15 implies that a 2-dimensional nilpotent Lie algebra is abelian.
Consequently [g, g] is abelian.

(b) The matrix ( ; g) is nonsingular since otherwise dim[g, g] < 2.

(c) The span of X and Y is characterized as [g,g]. The given Z can be any
element not in [g, g], and ad Z has eigenvalues 0 (from Z), @ (from X), and 1 (from
Y). If Z isreplaced by Z+sX +tY, then the eigenvalues are unchanged. If we multiply

by ¢ € R, the eigenvalues are multiplied by c. Hence « is characterized as follows:
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Let Z be any vector not in [g, g]. Then « is the ratio of the larger nonzero absolute
value of an eigenvalue of Z to the smaller one.

(d) The description of « in the solution of (¢) is invariant under isomorphisms
of the group, and thus no two numbers & > 1 lead to isomorphic Lie algebras. Since
there are uncountably many such numbers «, the description applies to uncountably
many Lie algebras that are mutually nonisomorphic.

25. The nilpotent Lie algebras come from the cases [g,g] =0 and [g,g] = 1 in
Problems 23-24. If [g, g] = 2, then Problem 24 handles matters. The remaining Lie
algebras g have [g, g] = g, and g is not solvable. Problem 22 shows that such a Lie
algebra g is simple.

26. Problem 12 in Chapter II shows that su(2) is not isomorphic to s[(2,R).
On the other hand, su(2) is isomorphic to so(3) as a consequence of Problem 3 in
Chapter II. The transitivity of “is isomorphic to” therefore implies that s0(3) cannot
be isomorphic to sI(2,R).

27. If X is a commutator [Y, Z], thenad X = adY ad Z—ad Z ad, Y, and the trace
is 0. Similarly the trace of ad X is 0 if X is any linear combination of commutators.
This condition applies to all X in g since g = [g, g].

28. One of the roots of the characteristic polynomial of ad Xy is 0, and the sum
of the roots is 0 by Problem 27. Hence the roots are 0, A4, —1 with 4 € C. The number
A cannot be 0 since ad Xy is by assumption not nilpotent. Since the characteristic
polynomial of ad Xy has real coeflicients, A is real or purely imaginary. If A is real,
then the sum of the eigenspaces in g for A and —A is the required complement. If A is
purely imaginary, then the intersection of g with the sum of the A and —2 eigenspaces
in g + ig is the required complement.

29. Let A be as in Problem 28. If A is real, then scale X to X to make A = 2
and show that ad X has the first form. If A is purely imaginary, scale X, to X to make
A =i and see that ad X has the second form.

30. The Jacobi identity gives (ad X)[Y,Z] = 0. So [Y, Z] = aX, and a cannot
be 0 since [g,g] = g. Scale one of Y and Z to make a = 1, and then compare the
bracket relations in s[(2,R) and s0(3) in the two cases.

31. For (a) the members of GL(g) that are in Autg(g) are the ones satisfying
certain polynomial equations in the entries.

For (b) letz + ¢(t) be a curve in Autg (g) with ¢(0) = 1 and ¢’(0) = D, D being
a member of Endg (g). If Y and Z are in g, then

cY,Z] = [c()Y,c()Z] = (c()Y)(c()Z) — (c() Z(c(1)Y)

for all . Differentiating with respect to ¢ and putting t = 0 gives ¢’(0)[Y, Z] =
[(c"(0)Y), (c(0)Z)]+[(c(0)Y), c’(0)Z]. Since c(0) = 1 and ¢’ (0) = D, this equation
gives

D[Y,Z] = [DY,Z] + Y, DZ]
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and shows that D is a derivation. Thus every member of the Lie algebra of Autg(g)
is a derivation of g. In the reverse direction if D is a derivation of g, then e’ D gatisfies

i[t"DkY thf ] i ( )DkY’DN—kZ]

=0 N=0 :0

[ I‘DY etDZ

N

ﬁMg EMS

F My, z1 =Py, 2].
Thus e’? is an automorphism for every real ¢, and it follows that the linear analytic
group corresponding to the Lie algebra of derivations includes the set of automor-
phisms.

For (c), the equality that needs proof is that Ad(g)[X,Y] = [Ad(g)X, Ad(g)Y],
where Ad(g) is conjugation by g, and this equality follows since g[X,Y]g™' =
g(XY -YX)g™ = (gXg7)(g¥e™") — (s¥g )(gXg™") = [gXg ' g¥g'].

32. For (a) the Jacobi identity gives (ad X)([Y, Z]) = [Y, @d X)Z]+[Y, @dX)Z],
and this is just the derivation property for ad X.

For (b) let g be the 3-by-3 Heisenberg algebra, and define D (§ § %) = (§ E)l :(;)

0ac 0x z 00 ay-bx ) )
Put A = (ow) and X = (OOy). Then [A, X] = ( o )and DIA,X] =
000 00 0

00 ay-bx . 000 00a 00 -bx
(00 0 ) Since [DA,X] = (888) and [A,DX] = (88 8 ), we have

00 0
D[A,X] = [DA,X] + [A,DX], and D is a derivation. For any Y and Z, (adY)(Z)
has only the upper right entry nonzero. But DY can have nonzero entry in the first
row and second column. Thus this D is not given by ad of something.

33. As with Theorem 4.33, write m = s@g. For g in a suitable open neighborhood
of go, we can write g = (exp X)(expY)go uniquely with X € s and Y € g. Forming

¢ by using x, ..., X;,—k to parametrize U and Xx,;,_g+1, . . . , X;, tO parametrize g, we
obtain the desired chart.
34,

(@) Zg(S) =G and Zg(D) =D
(®) Z6(Zg(S)) = S and Zg(Zg (D)) = D

35. Theorem 4.26 is to be applied with G equal to the given group and ¢ equal
to the Lie algebra homomorphism ¢: g — g/[g,g]. Since g/[g,g] is abelian, it
has all Lie brackets equal to O and is uniquely determined up to isomorphism by
its dimension d = dimg/[g,g] > 0. The group G’ is taken as the corresponding
simply connected analytic group R?. What Theorem 4.26 supplies is a smooth group
homomorphism ®: G — G’ whose derivative at the identity of G is the quotient
mapping g — ¢/[g, g].

The Lie algebra of the kernel of ® is the kernel of ¢, which is [g, g]. Thus ker ®
contains the analytic subgroup of G with Lie algebra [g, g], which is called [G, G]
in the text. Since ® is continuous, its kernel is closed and must contain the closure
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[G, G]. This fact gives us an inequality concerning dimensions:

dim[G, G] = dim[g, g] = dimker ¢ = dimker ® > dim [G, G].

Since [G, G] and [G, G] are analytic subgroups with the second containing the first,
this inequality forces them to be equal. Consequently [G, G] is closed.

36. Proposition 4.9 establishes the result if the domain of the given homomor-
phism is R. Now let the domain of ¢ be an analytic group G with Lie algebra g, and
let X1, ..., X, be a vector space basis of g. PutY; = ¢(X;)for1 < j <n. Ina
neighborhood of g¢ in G, every element g is of the form

g =golexpu; Xy)(expurXy) - - - (expu, Xn)-
Then the homomorphism property gives

¢(g) = p(go)p(exp(u1X1)) - - - p(exp(u, X))
= @(go)(expuiYy) - - - (expu,¥y).

Smoothness of a function of g near g is tested by smoothness of u1, ..., u,, and this
formula therefore exhibits ¢ as smooth near g.

37. The following three matrices generate so(3):

00 0 O 0O 01 0 0 -1 0 O

00 -1 0 0O 0 0 O 1 0 0 O
A=lo 1 0 of 271 00 0o 7|0 0o 0 of

00 0 O 0O 0 0 O 0O 0 0 O

The following three matrices, together with the three above, generate so(4).

0 0 0 -1 0 0 0 O 0 0 0 O

0 0 0 O 0 0 0 -1 0 0 0 O
Bi=lo o0 o 2=o0o0 of Bloo o 1]

1 0 0 O 01 0 O 0 01 O

Direct computation shows that bracketing these in pairs gives us the formulas
[Ai, Aj] = €k Ak, [Bi, B;] = €ijx By, [A;, Bj] = €ijxBx,

where €; ;i is the Levi-Civita symbol, equal to 1 if 7, j, k is an even permutation of
1,2,3 or equal to —1 if 7, j, k is an odd permutation of 1,2, 3.
Now we define

1 1
XiZE(Ai"'Bi) and Y,‘:E(A[—Bi) for i=1,2,3.
Then we compute that
[Xi,Xj] = Eiijk, [Yl,Y]] = Eijkka [Xi,Yj] =0.

These relations show that the X’s and the Y’s bracket among themselves, defining
ideals, and exhibiting s0(4) as a sum of two ideals. Each of the these ideals satisfies
the relations for a copy of s0(3), and the computation is complete.
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38. We know that SO(4) has a universal covering group whose Lie algebra is
isomorphic to s0(4). That group is the product of a group whose Lie algebra is one
factor of s0(3) and a group whose Lie algebra is the other factor of so(3). Each Lie
algebra corresponds to a tower of covering groups that are homomorphic images of
a simply connected one. From Chapter II we know that the tower for a single so(3)
consists of a simply connected group with Lie algebra so(3) isomorphic with the
group of unit quaternions and the quotient by a group with 7 = Z/27Z, which must
be SO(3). The rest follows.

39. The tower of covering groups containing SO(4) consists of the simply
connected cover, SO(4) itself, and the quotient of SO(4) by its two-element center.

40. In the Lie algebra g, let f) be the subalgebra of diagonal matrices, and put
8e;—e; = CE;j fori # j. The linear functions e; — e; on [ for i # j are called the
roots. The direct-sum decomposition g = ) & GB# i Gei—e; is called the root-space
decomposition of g. Among all members A of )’ that vanish on scalar matrices, we
say that the positive ones are those A for which the first nonzero (4, e;) is positive.

Assuming that g is not simple, let a be a nonzero ideal in g. First suppose that
a Ch Let H+# 0bein a. Since the roots span §’, some root is nonvanishing on
H; say a(H) # 0. If X is a nonzero member of the root space g, = CE;;, then
a(H)X = [H,X] € [a,g] € a C D gives an immediate contradiction since the sum
CX @} is direct.

Now suppose that a is not contained in §. Let X = H + } X, be in a with each
X, in g, and with some X, # 0. For the moment assume that there is some root
« < 0 with X, # 0, and let 8 be the smallest such a. Say Xg = cE;; withi > j and
¢ # 0. Form the iterated bracket product u = [Ey;, [[X, E;,]]. The claim is that u is
a nonzero multiple of Ey,. In fact we cannot have i = 1 since j < i. If i < n, then
[Eij, Ejn] = aE;p, witha # 0, and also [Ey;, Ej,] = bE1, with b # 0. Thus u has
a nonzero component in the term g., ¢, of the root-space decomposition. The other
components of # must correspond to larger roots than e; — e,, if they are nonzero, but
e1 — ey is the largest root. Hence the claim follows if i < n. If i = n, then u is

= [E]n, [CE,U' +... ,Ej”]] = C[Eln,E,m — Ejj] +---= CE]n.

Thus the claim follows if i = n.
In any case we conclude that Ey,, is in a. Fori # j, the formula

Ei = c'[Exs [Etn, Ent] with ¢’ # 0
(with obvious changes if k = 1 or / = n) shows that Ey; is in a, and the formula
[Exi> Eik] = Exk — En
shows that a spanning set of ) lies in a. Hence a = g.
Thus an ideal a that is not contained in f has to be all of g if there is some @ < 0
with X, # 0 as above. Similarly if there is some @ > 0 with X, # 0, let 8 be the

largest such @, say @ = e; —e; withi < j. Form [E,;, [X, E;1]] and argue with E,,_;
in the same way to get a = g. Thus g is simple over C.
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hi
41. Let b be the diagonal subalgebra with entries H = h A ,
—h

—hy
and define e (H) = h; and e;(H) = hy. The eight roots are as in the statement of
the problem, and the root vectors, which are unique up to multiplication by nonzero

scalars, are

E¢ e, =E1p— Ey3, Ere, = Ex k2
Ee e, = E14+ En3, E 3¢ = Exgok.
E_¢j-e;, =En+Eyg

with £k = 1,2 above. Order the roots with ¢y > e» > 0 > —e; > —e5. Then
the argument proceeds as in Problem 47 (40), pushing root vectors upward (by
bracketing with the root vector for a positive root) until they get to the largest root
and then pushing them downward until they get into f). The argument is completed
as in Problem 40.

42. This is completely analogous to Problem 41.
43. Here the cases n odd and n even are slightly different. Let us write n = 2m+1
0 il
ihy O
down the diagonal and a final diagonal entry of 0. For n = 2m, }) consists of the m
2-by-2 blocks only. The root vectors are similar to those in sp(n, C) and are omitted
here. The argument with an ideal a is similar to that in Problem 47.
44. (a) g"g = Jg'J 'g = J'g'Jg, and this is J~'J = 1 if and only if g is
symplectic.
0 1\{a" c'\({0 -1 bt d"\ (0 -1 d  -b
# _ _ _
(®) x" = (—1 0) (b‘ d’) (1 0) - (—a’ —c’) (1 0) - (—c’ al )
Comparing the right side with x proves the result.
(c) Since (g'g2)* = Jghg! It =Jght 1Ugl ™! = ghe®, we see that

or n = 2m. For n = 2m + 1, } consists of m 2-by-2 blocks of the form (_

(8182) - x = g182x(8182)* = q192x8h8t = g1(g2 - )g¥ = g1 - (g2 - 0).

45. Making use of Problem 44a and the fact that g is assumed symplectic allows
us to make the computation

(g-x.8-y)=Tr(gxg"gyg") = Tr(gxyg") = Tr(g*gxy) = Tr(xy) = (x,y).
Also if g is symplectic, then 14 = gg" = g- 14, and thus every symplectic matrix fixes
14.

46. The space my 4(C) has dimension 16, and V is the subspace where x* = x
and (x,1) = 0. The latter subspace is defined by linear conditions. Problem 44b

says that the conditions for x* = x are that b and ¢ are skew symmetric and d = a’
is arbitrary. The conditions on b and c¢ are independent linear conditions with each
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cutting down the dimension by 3, and the condition on d cuts it down by 4 more.
Finally the condition {x, 1) = 0 means that Tr a = 0, and this cuts down the dimension
1 more. Thus the dimension is cut down from 16 by 10 + 1 = 11, and the result is
thatdimV = 5.

47. The trace of the product of any two distinct members of the five is 0, by
direct computation. Hence the five are mutually orthogonal under (-, -).
The homomorphism in question is

g (x eV gxgh).

The linear map on the right side carries C to itself, with C> spanned by the matrices
in the statement of this problem, and (g - x, g - y) = (x,y). Thus the displayed map
above is a homomorphism carrying Sp (2, C) into O(5, C). The image matrices must
have determinant 1 because Problem 41 shows sp(2, C) to be simple.

48. Problem 41 shows that Sp(2, C) is simple. The map in Problem 47 not being
the O map, the kernel of the derivative of the Lie group homomorphism in Problem
47 must be 0. Since Sp(2,C) and Sp(5, C) both have dimension 10, the Lie algebra
homomorphism must be onto. Thus the homomorphism is a covering map. Since
Sp(2,C) has center +1 and SO(5, C) has trivial center, the kernel is +1.

49. (a) With g € SL(4, C) fixed, take ¢ to be the map of E into A E with£(x) = gx
for x € E. Then €(x) A £(x) = 0 for all x, and the universal mapping property is
applicable. The result is a definition of g on all of A E, and g(x A y) = gx A gy for
all x and y in C*.

(b) The identity (g1g2) - w = g1 - (g2 - w) for every w € A2C* is an immediate
consequence of the uniqueness in the statement of the universal mapping property.

50. (a) The bilinearity of A on AP C immediately reduces the question of
symmetry to the case that u and v are of the form e; A e, and we get 0 unless we are
considering (e; A e, ex A eg) with {i, j} N {k, {} = @. Matters come down to three
cases for u: ey A ez, e1 A e3, and e A eq. The corresponding v’s to consider may be
taken tobe e3 A ey, ex Aey, and ex Aes. Foru = e; Aey and v = e3 A ey, the two sides
areu Av = (e; Aex) A(e3 Aey) and (u,v)(e; A ex A ez A ey), from which we obtain
(u,v) = +1. When u and v are reversed, we have v A u = (e3 A eq) A (e1 A e3) and
(v,u)y = (v,u)(ey A ey A es A eq), from which we obtain (v, u) = +1 since passing
fromez Aes Aep Aeytoer Aex Aes A ey involves an even number of transpositions
of indices. The other two cases are similar.

(b) This is routine.

(c) From (a) the bilinear form is symmetric, and from (b) it is nondegenerate.

51. We are to show that (gu, gv) = (u,v) for u and v in A% C*and gin SL(4,C).
Itis enough to treatu = e; A e; and v = ex A e,. We have
(gu,gvy(e1 Nea AesNeg) =guAgv
=g(uAv) =g(u,v)(e1 Aex Aes Aes))
= (detg){u,v)(e1 A ey Aes A ey),
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and invariance is proved.
52. Problem 49 establishes the group homomorphism

g €SL(4,C) — g € GL(6,C),

and Problem 51 shows that the image is in O (6, C) relative to the symmetric invariant
bilinear form (- -). The members of the image have to have determinant one because
the Lie algebra of SL(4, C) is simple (according to Problem 40) and therefore has no
one dimensional quotients. In other words the image has to be in SO(6, C).

53. Passing to Lie algebras, we have a nonzero homomorphism of sl(4, C) into
s0(6,C). Since sl(4,C) is simple, the Lie algebra homomorphism is one-one. Both
s1(4,C) and s0(6, C) have dimension 15 over C and therefore dimension 30 over R.
Thus the homomorphism of SL(4,C) to SO(6,C) has to be onto, and the map is a
covering map. The kernel is contained in the group of scalar 4" roots of unity in
SL(4,C). Thus it has order 4, 2, or 1. The kernel cannot be {1} since SO(4, C) and
SO(6, C) have nonisomorphic centers. To complete the argument, we show that the
kernel cannot have order 4.

The map of SO(6, C) to the quotient modulo its center (of order 2) is a covering
map, with two sheets in the sense that the inverse image of any evenly covered
open neighborhood has two components. Since a covering by SL(4, C) has at most
four sheets (because SL(4,C) has center of order 4), the case that the kernel of
SL(4,C) — SO(6,C) has one element is ruled out, and the kernel must be +1.



HISTORICAL COMMENTARY

Mathematicians are often poor historians and do not always at-
tribute accurately results they use to their original sources.
S1GURDUR HELGASON

Despite the caution recommended by the Helgason quotation above, this
Historical Commentary will include a brief description of how Sophus Lie
was led to study local versions of the groups that bear his name. They give
also some idea of the initial results that Lie obtained and some information
about how the basic theory evolved in the twentieth century and for a time
thereafter.

This evolution, like that of so many branches of mathematics, has not been
in a straight line. New interpretations and new proofs of old results have led
to branches and switch-backs that do not lead to a tidy complete exposition.

Lie’s early work

A short summary of Lie’s early scientific life appears in the article Helgason
[1994] in connection with a memorial conference for Lie. Helgason says
that Lie finished his university studies in the natural sciences in 1865 but did
not find a calling to research in mathematics until 1868 at age 26. Helgason
writes:

“During the three years after his university degree he gave private lessons
in mathematics and once gave a series of popular lectures on astronomy. At
the same time he speculated a good deal about geometry and in 1868 he came
across the works of J. Poncelet and J. Pliicker [from decades earlier]. These
seem to have inspired Lie in a very decisive fashion.”

Lie worked with equations that define sets in projective geometry, and
following Poncelet, he allowed complex solutions of his equations, not just
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real ones. From this investigation he wrote his first paper, eight pages in
a later German translation. That paper and his prior reputation were good
enough so that a request for a fellowship was granted, and he was able to
visit the capitals of Europe and meet other mathematicians. He started with
Berlin in 1869. There he met Felix Klein, and, according to Helgason,
“they became good friends.” They traveled together to Paris in the spring
of 1870 and took adjoining rooms in a hotel. In July 1870, according to
Helgason, “Lie made his most famous geometric discovery, what is now
called Lie’s line-sphere transformation.” Briefly the group SL(4,C) acts via
projective transformations on the space of lines in C>, and SO(6, C) acts on
the projective bundle associated with the tangent bundle of C>. The Lie line-
sphere transformation is a realization of the local isomorphism of these two
groups.

The line-sphere transformation of Lie is an example of a “contact trans-
formation,” and Lie’s mathematical interest turned to those transformations.
Back in Christiania (Oslo, Norway), he submitted his doctoral thesis in July
1871 on a general theory concerning contact transformations, and he became
a professor at the University of Christiania in 1872. He continued to work
on contact transformations for one year and in 1873 began a systematic study
of transformation groups. As Helgason explains matters, the motivation was
a question Lie stated explicitly in [1874a]: “How can the knowledge of a
stability group for a differential equation be utilized for its integration?” In
that 1874 paper, according to Helgason, Lie proved the following “now famous
theorem.” The example that follows its statement here appears in Helgason
[1994].

THEOREM. Let ¢; be a one-parameter group of diffeomorphisms of an
open subset of R?, let ¥ be the induced vector field on R? whose value at p is

N N
¥p = { o }t:O =&(p) - +n(p)ay,
and let
dy _Y(x,y)
dx  X(x,y)

be a given first-order differential equation. Then the transformations ¢, leave
the differential equation stable if and only if the vector field

Z=X i +Y i
ox 0y
satisfies

¥,Z] =AZ
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for some scalar-valued function A. In this case, (Xn — Y¢)~! is an integrating
factor for the equation

Xdy—-Ydx=0.

ExampLE. These considerations apply to the differential equation

dy y+x(x? +y?)
dx  x—y(x2+y?)

with X (x,y) = x—y(x2+y?) and Y (x, y) = y+x(x2+y?). The given equation
can be written as X dy — Y dx = 0 and rewritten as

dy ¥y

dx X

ydy
1+xdx

=x* +y”.

The rewritten left side equals tan @, where « is the angle at (x, y) between
the integral curve through (x, y) and the radius from (0,0) to (x,y). The
right side depends only on the distance from the origin; thus the angle « is
constant on the circle with center (0, 0) passing through (x, y). Consequently
the rotation group

dr(x,y): (x,¥) = (xcost —ysint,xsint + ycost),

for which
VY=-y—+x—,
Y 0x * ay
leaves the equation stable. The vector field Z in the theorem is given by
Z=X 9 +Y i
0x ay
and

[¥,Z] = —2xy2£ - 2)c2yi =-2xyZ.
Ox ay
The theorem applies because the condition [V, Z] = AZ is satisfied with A
equal to the function —2xy. Since & = —y and n = x, the theorem says that
(Xn -Yé)~! = (Xx +Yy)~! is an integrating factor for the given equation
Xdy-Ydx=0.

Helgason [1994] goes on to say, “Generalizations of the theorem above
to systems led Lie to develop a theory for r-parameter local groups of
transformations in R":

Yiix;= fi(xi,....xn3t1, .0 t),  (8) =(t1,...,1).
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[See Lie [1874b]]. Here it is assumed that the f; are analytic functions,
depending essentially on all the #;, and that

Toy=1  Tu)oT(s) =T,

where (u) = (uy,...,u,;) depends analytically on (¢) and (s). The group ¢,
above is a special case. Lie’s big project (expressed in print in 1874) was
to determine all such transformation groups 7{;) and apply the results to the
solving of differential equations.”

Helgason [1994] includes a brief description of “Lie’s fundamental results
toward solving this problem,” and the role of “infinitesimal groups”, which
were later to be called Lie algebras, comes more into view. The single vector
field ¥ of the example gets replaced by a collection Xi,..., X, of vector
fields, r being the number of parameters. Lie proved that the bracket of any
two these vector fields is a scalar linear combination of the other vector fields
and that the resulting system of scalars satisfies the properties that we now
recognize as defining a Lie algebra. He proved conversely that every system
of scalars satisfying those properties arises in this way.

Helgason [1994] summarizes, “This was a major accomplishment and the
original proofs were very complicated. Part of the problem is to establish one-
parameter subgroups inside the original group [namely T(;)]. These results
reduce the internal study of local transformation groups to the study of Lie
algebras.”

“... [Although] Lie intended this as a tool in the study of differential
equations, the influence in other fields has been much greater after the general
theory of Lie groups had grown into a field of its own, independent of
transformation group theory.”

Lie took special notice of cases that he could reduce completely to the one-
parameter case by induction. He defined a Lie algebra over C to be integrable
if this kind of reduction was possible, and he showed that the condition on the
Lie algebra is what today is called solvability. In more modern language he
proved that any solvable Lie algebra g over C has a descending sequence of
ideals, going from g down to 0, with successive quotients each of dimension 1.
This is the result that is now known as Lie’s Theorem.

Work with Engel

Lie continued to work on these and related questions through 1883 but in an
1884 letter to Adolf Mayer expressed despair that he could not interest other
mathematicians in transformation groups and their applications to differential
equations. Helgason [1994] writes:
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“Being aware of Lie’s isolation in Christiania, F. Klein and A. Mayer
arrange for Klein’s student in Leipzig, Friedrich Engel (then 22), to go there
to work with Lie. ... Lie decided time was ripe for a full exposition of his
theory of transformation groups and Engel was the perfect collaborator. Lie
and Engel met every day, in the morning in Engel’s apartment, at Lie’s in
the afternoon. Lie produced a skeleton of each section, discussed contents in
detail and left it to Engel to provide this with flesh and blood.”

Engel returned to Leipzig after one year, but the project did not end at that
time. Lie was appointed Professor of Geometry in Leipzig in 1886, and the
joint work continued. Helgason says that it was finally “completed after nine
years of labor and appeared in three large volumes between 1888 and 1893.”
These volumes are listed here as Lie—Engel [1888-90-93].

A detailed summary of this early theory, with extensive references, appears
in Bourbaki [1972], pp. 286—308. Further historical information may be found
in Section 1.16 of Duistermaat-Kolk [2000]. Lie’s Theorem about solvable
Lie algebras appeared originally in Lie—Engel [1888-90-93], Vol. IlI, Satz 2,
p. 678, and it is reproduced in the present volume’s sequel, Lie Groups Beyond
an Introduction, as Theorem 1.25. A dictionary relating Lie’s terminology (in
German) with modern terminology appears on page 87 of Duistermaat—Kolk
[2000].

The main results of Lie—Engel for current purposes are three theorems
of Lie for passing back and forth between “finite continuous” transforma-
tion groups (locally defined Lie groups) and their families of “infinitesimal
transformations” (their Lie algebras). Each theorem consisted of a statement
and its converse. For precise statements, see Bourbaki [1972], pp. 294-296.
For precise statements with proofs, see Cohn [1957], Chapter V. Since the
emphasis in the present book is on how the subject evolved up to a certain point,
the Preface skips a precise formulation of the local theory and recasts those
three theorems of Lie’s in a global form in which they are now understood.
The Preface adds to the three a fourth result related to covering groups! and
calls the four the Fundamental Theorems of Lie Theory.

Transition to a global theory

A number of people carried on Sophus Lie’s work after Lie’s move to Leipzig
in 1888. First of all, there was Engel, who had received his doctoral degree
from Universitit Leipzig in 1883, with F. Klein and W. Scheibner as advisers.
As to students of Lie himself, the Mathematics Genealogy Project? as of this

IThe theory of covering groups is a development from the 1920s, long after Lie’s death.
2https://genealogy.math.ndsu.nodak.edu
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writing lists 19 successful doctoral students for Lie, of whom 18 finished in
1887 or later. Of the 18, all but two were from Leipzig. Those two were from
Université de Paris, Arthur Tresse in 1893 and Elie Cartan in 1894. Evidently
the move to Leipzig stimulated great interest in the area in which Lie was
working. We return to Lie’s doctoral students after mentioning contributions
of three young German mathematicians who worked in related areas: F. G.
Frobenius (1870), W. Killing (1872), and F. Schur (1879). All three had
K. Weierstrass and E. Kummer as advisors.

F. G. Frobenius: Frobenius was only a few years younger than Lie,
and his mathematics research began in partial differential equations and
eventually moved into developing character theory for finite groups, exploiting
field automorphisms in number theory, and advancing the theory of elliptic
functions. His work in partial differential equations amounted to work on
what are now called foliations, and his paper Frobenius [1877] contained a
proof of the local result that Lie needed to pass from a Lie subalgebra to a local
version of the left cosets of an analytic subgroup. Frobenius acknowledged
in his paper that this result of his had appeared earlier in two papers, partly
in Deahna [1840] and partly in Clebsch [1866]. More detail about this aspect
of the history can be found in Samelson [2001]. In recent times the theorem
often has only the name Frobenius attached to it, but some people prefer to
call it the Deahna—Clebsch—Frobenius Theorem. The present book uses the
shorter name.

A previously known special case of the setup for foliations concerned
existence of integral curves locally for a nonvanishing smooth vector field.
Such integral curves exist locally by the standard existence-uniqueness results
for ordinary differential equations. These results are attributed to Picard,
Lindelof, and Lipschitz.

The Frobenius theorem addresses a d dimensional analog, asking when
a system of d dimensional subspaces of R" can match the system of tangent
spaces in R" to some d dimensional submanifold of R", one for each point
of the submanifold, at least at all points near a base point in R". Such a
system of d dimensional subspaces is nowadays called a d distribution. It
is assumed that the distribution is smooth in the sense that for each point p
near the base point, there is a finite set of smooth vector fields X such that
the tangent vectors X, span the d dimensional subspace of R" associated to
p. Frobenius [1877] contains a necessary and sufficient condition—that the
given d distribution is involutive in the sense that the defining set of vector
fields is closed under bracket. This was exactly the kind of result that Lie
needed in order to construct local Lie groups out of Lie subalgebras. For more
information about d distributions and foliations, see Lawson [1974].
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W. Killing: For many years interest in the area in which Lie worked
tended not to be in transformation groups but in the subject of Lie algebras,
which were called “infinitesimal groups” until the mid 1930s. Killing, from
Universitdt Berlin, came at “infinitesimal groups” from a completely different
point of view from Lie. Killing was interested in classification questions, and
he thought it was more reasonable to classify “infinitesimal groups” first and
afterward to classify finite-dimensional continuous transformation groups,
i.e., local versions of connected Lie groups. Accordingly he wanted to find all
possible ways of imposing a multiplication on n dimensional space to make
it behave like a Lie algebra. In modern terminology Killing introduced the
radical of a Lie algebra, and he sought to discover and classify the simple Lie
algebras over C. In his work toward this classification, he introduced an object
that amounted to a Cartan subalgebra, but he did not give a complete proof
of existence. He used Cartan subalgebras to define roots, and he attempted
to use bases of roots to carry out the classification. Ultimately he found the
four countably infinite families of simple Lie algebras over C, and he found
indications of six other such algebras and no more; two of the six were later
observed to be isomorphic to each other. He presented his work to Lie and
Engel, but his work contained mistakes and other weaknesses, and much of the
work needed to be redone. Lie dismissed Killing’s efforts, but Engel worked
with Killing to correct the mathematics, enlisting his own first doctoral student,
K. Umlauf, to help. Despite his mistakes Killing must be acknowledged as
the first person to point to the existence of simple Lie algebras over C other
than the well known ones.

F. Schur: F. Schur, not the same person as the later and better known
I. Schur, did two important pieces of work related to Lie theory. In F. Schur
[1891] he in essence found the derivative of the exponential mapping from a
Lie algebra to the corresponding Lie group. Poincaré [1899] elaborated on
this formula later. An equivalent way of summarizing Schur’s result is that
Schur’s found a differentiation formula for the function ¢ — exp X(¢) when
t — X(t) is a smooth curve in a Lie algebra. This result appears in Sections
II1.3 and IV.6 of the present volume.

F. Schur [1893] raised the question of the extent to which real analyticity
of the various defining functions was really needed in Lie’s theory. He proved
that if the group operations were of class C2, that would be enough, and the real
analyticity could be inferred. The proof appears in Duistermaat—Kolk [2000]
on page 29. The present volume works with groups having smooth (i.e., C*)
multiplication and inversion. An assumption that the group operations are
real analytic would produce the same groups and theorems as when they are
assumed to be smooth, but there are pedagogical advantages in using smooth
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operations. Accordingly the present book works with group operations that
are assumed to be smooth.

A. Tresse: Lie’s student Arthur Tresse apparently sought and received
permission from Lie to use the term “Lie group” in his 1893 Paris thesis,
but the term did not fully catch on until his fellow student E. Cartan used it
in print many years later (see Cartan [1930b]). Tresse’s thesis dealt with an
aspect of Lie’s theory applied to second order ordinary differential equations,
and Tresse’s subsequent publications appear to have been on more elementary
matters.

E. Cartan: The thesis of Cartan [1894] was far reaching and opened the
subject of “infinitesimal groups” to extensive investigations. Cartan showed
existence of the subalgebras that now bear his name, and he used also a
certain bilinear form on Lie algebras related to but different from what came
to be known as the Killing form. With the thesis work Umlauf [1891] in hand,
Cartan succeeded in classifying the simple Lie algebras over C, characterizing
the structure of the five exceptional simple Lie algebras. For the final details
of this mathematics as eventually carried out by Elie Cartan, see Chapter 11
of Lie Groups Beyond an Introduction.

In a remarkable advance Cartan [1914] classified the simple Lie algebras
over R. in particular Cartan must be given credit for the discovery of any of
the simple Lie algebras over R that were not previously known from geometry.

Further commentary of the early development of the theory of Lie groups
may be found in Cartan [1971], Hawkins [2000], Borel [2001], and Cogliati
[2014].

Campbell’s Problem

Except for the work of F. Schur and E. Cartan, research on Lie groups came
largely to a halt from 1890 until the late 1890s. Toward the end of this period,
J. E. Campbell (in Campbell [1897] and Campbell [1898]) found a formula
for passing from a pair of square matrices X and Y near O to a square matrix
Z near 0 such that
expZ =exp Xexp/t,

and he made progress on showing that if X and Y are in a linear Lie algebra,
then Z will be in the same linear Lie algebra. Such a formula is given in this
book by Proposition 3.1. Writing matters out to see the effect on Lie brackets
involves complicated calculations. Both Poincaré [1899] and E. Pascal [1901]
made progress on these calculations, which were akin to working in a universal
enveloping algebra and using a symmetrization operator. Poincaré called this
effort “Campbell’s Problem.”
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Beginning of the treatment of Lie groups as global objects

The idea of treating global groups systematically did not arise until H. Weyl,
inspired by work of I. Schur [1924] that extended representation theory from
finite groups to the orthogonal and unitary groups, began his study of compact
connected groups (Weyl [1924] and [1925-26]). Schreier [1926] and [1927]
defined topological groups and proved the existence of universal covering
groups of connected global Lie groups, and von Neumann [1927] and [1929]
investigated smoothness properties of matrix groups and of homomorphisms
between them. Cartan [1930a] underlined the importance of global groups by
giving a direct proof of a global version of Lie’s third theorem—that every
finite-dimensional real Lie algebra is the Lie algebra of a Lie group.

Cartan [1930b] wrote the first book on global Lie theory, in effect proving
theorems about locally Euclidean groups, Lie groups, compact Lie groups, and
various homogeneous spaces of Lie groups. This 60-page book is remarkable
for transforming the emphasis in the subject. The first chapter axiomatizes
locally Euclidean groups and makes them an object of study. The second
chapter sketches proofs that a local Lie group can always be extended to a
global Lie group and that a closed subgroup of a Lie group is a Lie group.
The third chapter expounds in Cartan’s own way the structure theory of Weyl
[1925-26] for compact connected Lie groups.

Weyl [1934] gave a course on these matters, elaborating on Cartan [1930b]
and including a segment on “foundations of a general theory of Lie algebras.”
Pontrjagin [1939] provided a systematic exposition of topological groups,
carefully distinguishing local and global results for Lie groups and proving
global results where he could. Finally Chevalley [1946] established acomplete
global theory, introducing analytic subgroups and establishing a one-one
correspondence between Lie subalgebras and analytic subgroups.

As noted earlier the term “Lie group” was introduced by Arthur Tresse
in his 1893 thesis, but it was not adopted widely until Cartan [1930b] used
it systematically. The term “Lie algebra” appeared in the lecture notes Weyl
[1934], which were written by N. Jacobson.

Global theory in the hands of Chevalley

The book Chevalley [1946] marked a turning point. The 1996 edition of the
sequel Lie Groups Beyond an Introduction to the present book says in its
preface:

Fifty years ago Claude Chevalley revolutionized Lie theory
by publishing his classic Theory of Lie Groups 1. Before his
book Lie theory was a mixture of local and global results. As
Chevalley put it, “This limitation was probably necessary
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as long as general topology was not yet sufficiently well
elaborated to provide a solid base for a theory in the large.
These days are now passed.”

Indeed, they are passed because Chevalley’s book
changed matters. Chevalley made global Lie groups into
the primary objects of study. In his third and fourth chapters
he introduced the global notion of analytic subgroup, so that
Lie subalgebras corresponded exactly to analytic subgroups.
This correspondence is now taken as absolutely standard,
and any introduction to general Lie groups has to have it at
its core. Nowadays “local Lie groups” are a thing of the past;
they arise only at one point in the development, and only until
Chevalley’s results have been stated and have eliminated the
need for the local theory.

In the present book “Lie groups” are defined already in Section I.1. For
historical continuity the book retains use of the term “analytic group” for
connected Lie group despite working with smooth manifolds and smooth
functions, as opposed to real analytic manifolds and real analytic functions.
This fact explains the definition of “analytic group” given in Section I.1. A
number of authors have attempted in vain to define “Lie subgroup” in some
useful way. In response to those unsuccessful efforts, the present book leaves
“Lie subgroup” as an undefined term. An analytic subgroup is a subgroup of
a Lie group that has the structure of an analytic group for which the inclusion
mapping is smooth.

The big advance in Chevalley [1946] was a global version of the Frobenius
theorem on involutive distributions. With this theorem Chevalley was able
to start with a connected Lie group G with Lie algebra g and to construct an
analytic subgroup H of G for each Lie subalgebra . In this approach one
uses b to construct a global foliation of G, each leaf being a left coset gH.
Once the foliation is in place, there is still a tricky point in the argument—
proving continuity of group multiplication within the subgroup H. Since the
topology on H is finer than the relative topology that H gets from G, one sees
that multiplication is continuous from H X H into G. But it does not follow
automatically that multiplication is continuous from H X H into H. Notably
Chevalley carries along the whole foliation in his argument and is able to
address continuity successfully.

In retrospect the development of the foundations of Lie theory paused
for a time after Chevalley [1946] and then resumed in two directions—(1) by
means of differential topology or geometry and (2) by means of the Campbell—
Baker—Hausdorff Theorem.
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Global theory using differential topology or geometry

Building on Chevalley [1946], Séminaire “Sophus Lie” [1955] sought to
publicize some mathematical steps beyond the fundamental theorems that had
been taken for the subject of Lie theory; those steps tended to relate to the early
work of E. Cartan. Cohn [1957] sought to organize what was known about
Lie’s original three fundamental theorems, providing proofs with differential
geometry.

A number of books on Lie theory from the 1960s either dealt with topics
in algebra or else concentrated on closed linear groups, whose theory is
addressed in the present book in Chapter I. The fundamental theorems of Lie
theory do not play an important role with books of either kind, and details
about such books are often omitted from the detailed discussion here. Among
these books are Hausner—Schwartz [1968], Freudenthal—de Vries [1969], and
Adams [1969].

The mathematical subject area containing the theory developed and ex-
ploited by Chevalley has come to be known as differential topology. In the
early 1970s Spivak [1970] and Warner [1971] published well written books
on differential topology at the beginning graduate level (in the United States)
that were so successful that a certain amount of differential topology came
to be part of the standard mathematics curriculum. Both books developed
differential topology from the beginning, they were tightly reasoned, and the
subject of Lie groups in effect could be regarded as an example.

Locked into place by this approach was the use of the Frobenius theorem
on involutive distributions to pass from a Lie subalgebra of a Lie group to the
corresponding analytic subgroup. Such a use runs into a pedagogical problem:
the Frobenius theorem is completely out of character with everything else that
is needed for a global theory of Lie groups and their Lie algebras. For someone
who knows differential topology already or wants to learn it anyway, there is
no loss in following the Spivak—Warner approach to learning the subject of Lie
groups along with the subject of differential topology. For others, following
the Spivak—Warner approach makes the subject harder than it needs to be.

An alternative to using differential topology and the Frobenius theorem
to develop Lie theory is to use differential geometry. The groundbreak-
ing book Helgason [1962], Differential Geometry and Symmetric Spaces,
successfully handled the foundational questions about Lie theory by fully
bringing differential geometry to bear, rather than the differential topology
that Chevalley [1946] had developed and used. A subsequent edition of
Helgason’s book, Helgason [1978], showed further success at handling Lie
groups with a differential geometry approach. But the educational effect of the
change from differential topology to differential geometry is merely to trade
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the need of background in differential topology for a need of background in
differential geometry.

Global theory using the Campbell-Baker—Hausdorff Theorem

Campbell’s Problem was mentioned earlier in this Historical Commentary.
For a linear Lie algebra the objective was to take the unique solution Z near 0
in a linear Lie algebra to the equation exp Z = exp X exp Y with X and Y near
0 in the Lie algebra and to establish the expansion

Z:X+Y+ZC,L(X,Y),

n>2

where C,(X,Y) is a recursively defined polynomial in X and Y that is
homogeneous of total degree n and is expressible in terms of iterated brackets.
Baker [1905] and Hausdorff [1906] gave the first solutions of Campbell’s
Problem in this form, and there were others later. The result is stated in the
text as Theorem 3.2, the Campbell-Baker—Hausdorff Theorem.

Work related to the Campbell-Baker—Hausdorff Theorem continued in-
ternationally after Hausdorff’s efforts, taking advantage of the many known
points of view that one could bring to the subject. Some work sought improved
insight into the formula and the recursion, and other work pursued a surprising
number of generalizations. The book Bonfiglioli—Fulci [2012] is an account
of many of the lines of investigation in mathematics and physics related to the
Campbell-Baker—Hausdorff Theorem as of its date of publication in 2012.

Eventually one was going to be interested in unwinding the recursion and
dealing with convergence. The problem in this form remained unsolved until
the appearance of Dynkin [1947], but partial progress was made by a number
of people. The proof given in the text for Theorem 3.2 is one of many that
have appeared over the years. It originally appeared in Eichler [1968]. It was
published after Dynkin’s results were widely known but did not make use of
those results. It has the advantage of being short and using only high school
algebra.

Since an answer to all these questions would give a formula for group
multiplication near the identity in terms of the Lie algebra, vector space
operations, and passages to the limit, it was reasonable to hope that giving a full
solution of Campbell’s Problem would lead to a direct proof of Fundamental
Theorem A as stated in the Preface. In particular, there would be no need for
the Frobenius theorem or any similar advanced result in differential topology
or geometry.
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Dynkin’s Approach to the Campbell-Baker—Hausdorff Theorem

Dynkin [1947] gave an explicit formula that implied the Campbell-Baker—
Hausdorftf Theorem, in essence giving the first fully satisfactory proof of that
theorem. But Dynkin’s first paper was in Russian, and it had a gap. The paper
Dynkin [1949] was acknowledged as having repaired the error. Yet because
the papers were in Russian, years passed before Dynkin’s two papers came to
be widely known.

Dynkin [1950] published a long paper with complete proofs that appeared
in translation in 1953. A reprint of the translation that was more widely
circulated appeared in 1962. This article described how the Campbell-Baker—
Hausdorftf Theorem, now an established theorem, could be used to generate a
local Lie group from a Lie algebra. It worked even over fields more general
than R and C and no doubt stimulated interest in this direction. It pointed
toward a proof of Fundamental Theorem A of the Preface by suggesting that
the local Lie group associated to a Lie subalgebra might generate the analytic
subgroup corresponding to the Lie subalgebra.

In 1960 or a little before, a group of mathematicians who used the
pseudonym Nicolas Bourbaki, most but not all of them from France, was
working on a series of textbooks entitled Eléments de mathématique. Tt
decided to start a “volume” Groupes et algébres de Lie, and Dynkin’s approach
would play a great role in the development.

It could take years for the group to generate a single “chapter” of one
volume. Chapter 1 on Lie algebras was published in 1960, and it was followed
in 1968 by Chapters 4—6 on topics in discrete algebra. Chapters 2 and 3 did
not appear until 1972, and their respective topics were free Lie algebras and
Lie groups.

It is likely that certain other books published in the 1960s, 1970s , and
1980s by various authors were related to early efforts at writing Chapters 2
and 3 of Bourbaki. These books include Serre [1964], Hochschild [1965],
Godement [1982], and Tits [1983]. Each of these approached the mathematics
in Dynkin [1950] in its author’s own particular way, but the books of Godement
and Tits were delayed by some years before publication. Anyway, for Bourbaki
the final result was Bourbaki [1972].

Because of Bourbaki’s continual efforts “to go from the general to the
particular,” this author sometimes finds other people’s writing more illumi-
nating than Bourbaki’s. In the present case this author prefers the exposition
in Godement [1982] to that in Bourbaki [1972].

An important point in the treatment of Fundamental Theorem A in the
Preface is to identify explicitly the analytic subgroup associated with a given
Lie subalgebra. An analytic subgroup has three structures—one as an explicit
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set, one as a Hausdorff topological space, and one as a collection of smoothly
compatible charts. The explicit set is easy enough. It consists of the smallest
subgroup containing all exponentials of members of the given Lie subalgebra;
the exponentials are accessible because of the Campbell-Baker—Hausdorff
Theorem. The charts are straightforward; they are all the left® translates of
exponentials by elements of the subgroup of a fixed small open set about the
identity.

The key notion relates to the topological structure. That notion is what
Godement [1982] called the “natural topology” for each subgroup, connected
or not, of a given Lie group. The natural topology of a subgroup is finer than
the usual relative topology, and the identity component in the natural topology
yields the analytic subgroup associated to the given subgroup, complete
with its correct manifold structure. Theorems 3.6 and 4.26 affirm that the
natural topology is the correct topology to complete the proof of Fundamental
Theorem A.

In a carefully written book Sagle—Walde [1973] gave their own proof (in
their Theorem 6.6) of the existence of an analytic subgroup corresponding
to any given Lie subalgebra. They too made use of the Campbell-Baker—
Hausdorff Theorem. The analytic subgroup is defined to be the subgroup
generated by exp of the given Lie subalgebra. But their argument comes across
as incomplete in the same way that Chevalley’s argument is incomplete; one
really has no global sense of the topology of the constructed group without
the natural topology available.

Varadarajan [1974] published an authoritative introduction to Lie theory
shortly after this, but he reverted to using the Frobenius theorem on involutive
distributions at the crucial point.

Since Godement’s use of the natural topology had eliminated the need for
differential topology or differential geometry in the construction of analytic
subgroups from Lie subalgebras, the foundations of Lie theory could now
be developed with mathematical tools that were more elementary than ever
before. The notion was that Lie theory could be taught at the undergraduate
level—or close to it. The books Curtis [1979], Howe [1983], Baker [2002],
Tapp [2005], Sepanski [2007], Abbaspour-Moskowitz [2007], and Stillwell
[2008] claim to be at this level. Except as discussed starting in the next
paragraph, Lie theory books published after 1974 have been inclined to
concentrate on more advanced topics and to skip lightly over Lie theory
foundations. Such books include Ise-Takeuchi [1984], Brocker—tom Dieck

30r right, if one prefers. The text uses left translates.
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[1985], Sattinger—Weaver [1986], Faraut [2008], Kirillov [2008], and Hilgert—
Neeb [2012].

Let us return to Dynkin and the impact of his Lie theory papers of 1947 and
1949, as well as his survey of 1950. Dynkin’s work showed that the Campbell—-
Baker—Hausdorft Theorem for matrices could be rewritten in terms of brackets
and still be manageable. Bourbaki [1972] and Godement [1982] then showed
how the Dynkin formula could be used in place of the Frobenius theorem to
pass back from Lie subalgebras to their corresponding analytic subgroups.

Hilgert—Neeb [1991] and Duistermaat—Kolk [2000] completed this line of
argument by showing how a nineteenth century formula of F. Schur [1891] was
just the tool needed for giving a really tidy proof of the passage from Dynkin’s
formula to the construction of an analytic subgroup for each Lie subalgebra.
The formula of Schur is tantamount to a formula for the derivative of the
exponential mapping carrying a Lie algebra to the corresponding Lie group.

Unfortunately the book Hilgert—Neeb [1991], which was written in Ger-
man, was regarded as a German textbook at the time of publication. As such,
itreceived no listing in MathSciNet, and its review in Zentralblatt simply listed
its chapter titles. Its impact on contemporary research was therefore zero.

The book Duistermaat—Kolk [2000] led to the publication of two further
books, Rossmann [2002] and Hall [2003], that elaborate on this new approach
via the Campbell-Baker—Hausdorff and Dynkin Formulas and introduce their
own ideas about details. Each addresses only linear groups, though Rossmann
[2002] makes a two-page digression midway through the book to give a few
indications how one might extend the treatment from linear Lie groups to
all Lie groups. Each book derives Schur’s 1891 formula, uses it to obtain
the Campbell-Baker—Hausdorff and Dynkin Formulas, and then goes to work
on the three of the four Fundamental Theorems of Lie Theory that were
mentioned in the Preface.4 Each of Rossmann [2002] and Hall [2003] has
its own really good idea about how to apply the formulas to obtain proofs of
those fundamental theorems. These really good ideas are noted in the section
“Chapter III” below of this Historical Commentary.

The two books have some differences. Rossmann gets to the Campbell—
Baker-Hausdorff Formula after only 22 pages, whereas Hall gets to it after
75. Rossmann seeks a series expansion, whereas Hall finds it easier to work
with an integral. Although both books include many examples, Rossmann’s
choices seem influenced by geometry, whereas Hall’s choices seem influenced
by mathematical physics. Both books take up aspects of representation theory
to fill out the exposition to book length, Hall even more so than Rossmann.

4As it happens, Duistermaat—Kolk [2000] proves all four fundamental theorems.



238 Historical Commentary

The remainder of this Historical Commentary relates specific sources to
descriptions of developments in the individual chapters.

Chapter I

Sections 1-7 of Chapter I introduce Lie groups and linear groups. The idea of
singling out linear groups for special study is that they quickly provide a large
class of examples of Lie groups, interesting examples otherwise being hard to
come by. The theory of closed linear groups may be said to have begun with
von Neumann [1927] and [1929], who proved the result listed here as Theorem
1.10 and showed that continuous homomorphisms from closed linear groups
into matrix groups are smooth. This fact about continuous homomorphisms
appears here in Chapter IV as Problem 36 and Proposition 4.9. The proof of
Proposition 1.3 was lifted from Rossmann [2002].

Section 2, which introduces analytic subgroups, contains the warning that
the additive group R? has a connected subgroup H with no inherited manifold
structure. By way of background, any pathwise connected subgroup of R?
must be an analytic subgroup. This positive statement is a special case of a
theorem of Yamabe [1950]; Goto [1969] gave a somewhat longer proof of
Yamabe’s result that is easier to understand. The question arises what can
be said if the given subgroup of R? is merely connected. Ahdout-Rothman
[1997] pointed out that Theorem 5 of Jones [1942] gives an example of a
connected dense subgroup of R? that is not a manifold and is therefore not
an analytic subgroup of R?. More generally Thomas [1987] proved under
the assumption that the continuum hypothesis is valid, that any connected Lie
group G of dimension greater than one has a connected subgroup that is dense
in G but is not an analytic subgroup.

A person whose interest is in Lie groups will likely not want to pursue
these matters. The point to remember is that topological connectedness is a
subtle property in the theory; pathwise connectedness is a property that better
reflects one’s intuition.

Chapter II

Chapter II develops the theory of linear groups that are not necessarily closed.
In fact the linear groups need have so special topological structure at all. The
Lie algebra of such a group is defined as the set of all derivatives at O of curves
into the group that are equal to the identity at 0. The result given in Theorem
2.1 that X in the Lie algebra implies exp ¢ X is in the group for all real ¢ appears
as Theorem 3 on page 46 of Rossmann [2002] and seems in this generality
to be new with Rossmann. It is a powerful result. Further development in
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the chapter follows Rossmann [2002]. Once Theorem 2.1 is available, one
can introduce the natural topology on the subgroup, in the sense of Godement
[1982], and then single out the linear analytic group associated to the original
linear group. Rossmann gives no name to the natural topology; the name is
from Godement [1982]. In preparation for Chapter III one considers smooth
homomorphisms between analytic groups at this time.

Chapter II does one other thing. It prepares the notation for the generality
in which the Fundamental Theorems of Lie Theory as stated in the Preface
will be approached in the remainder of the book. There is to be an underlying
analytic group M with Lie algebra m, and the theory works with subgroups
G of M and Lie subalgebras g of m. In Chapters II and III, M is a general
linear group or its identity component, and m is the corresponding full matrix
space. To remove the restriction to linear groups for Chapter IV, one allows
M and m to be arbitrary.

Chapter 111

Sections 1-5 of Chapter III address the inverse construction that goes from
any Lie subalgebra of the Lie algebra of M back to the associated analytic
subgroup of M. Sections 1-3 in essence follow Rossmann [2002], but other
material is included to give further background on the history that is involved.
In particular the proof of Theorem 3.2 is taken from Eichler [1968]; the text
takes advantage of some clarifying remarks about Eichler’s proof that appear
in Stillwell [2008]. To see Eichler’s proof in a broader algebraic context, see
Hofstitter [2021]. Section 4 follows Duistermaat—Kolk [2000]. It may look
at first as if Sections 1-4 have addressed the inverse construction, but as both
Rossmann [2002] and Hall [2003] observe: there is still a serious gap. The
present book follows the approach of Hall [2003] in completing the argument;
this step occupies Section 5. Hall uses a really clever counting argument;
the author of the present book has no intuition why such an argument should
succeed other than: “if not this, then what?”’. But it does succeed.

Section 6 of Chapter III deals with homomorphisms. Sections 7-8
produce two examples to show that a covering of a linear group need not
be linear and a quotient of a linear group need not be linear. The example
in Section 7 essentially carries out manually an instance of what is called
“Weyl’s unitary trick.” The example in Section 8 is taken from Chapter 7 of
Baker [2002].

Problems 2—-12 at the end of Chapter III report on Sogo [2016], which
gives an interpretation to a certain previously unidentified derivation operator
in Baker [1905], uses the interpretation to follow through on Baker’s method,
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and in principle obtains Dynkin’s Formula. A certain amount of detail in the
argument is only sketched.

Chapter IV

The exponential mapping as defined in Section IV.3 was already part of
the work in Lie-Engel [1888-90-93], and Lie understood the exponential’s
behavior through quadratic terms.

Sections 4-9 extend many of the results of Chapters I, II, and III from
linear groups to arbitrary Lie groups. This material has been influenced by
Rossmann [2002], pp. 158-159; by Duistermatt—Kolk [2000], pp. 16-19; by
Hall [2003], pp. 43—44; and by Woit [2003]. Lemma 4.13 and surrounding
material are taken from Helgason [1962]. Theorem 4.34, the Closed Subgroup
Theorem, is due to Cartan [1930b]. Cartan went on to define and discuss Lie
groups generally, regarding von Neumann’s earlier work on closed linear
groups as a special case.

Problem 38 and its solution at the end of Chapter IV owe something to the
lecture notes Conrad [2018], which were taken by A. Landsman. Problems
39-41 owe something to the course notes Haber [2013]. Some later problems
make use of material on the exterior algebra of a finite dimensional vector
space, as may be found in Chapter VI of Knapp [2016a]. The statements and
solutions of problems for Chapter IV owe something to the sets of notes Haber
[2013], Yung [2014], Devalapurkar [2023], and Garrett [2025].

The decomposition theorem mentioned at the end of the Summary of
Chapter IV has an interpretation in terms of Lie algebra cohomology. More
detail may be found in Duistermaat—Kolk [2000], Section 1.14.

Appendices A, B, and C

The exposition in Appendices A and C is based on notes from the lecture
series Fox [1962]. For Appendix A and part of Appendix C, it was Schreier
[1926] who introduced topological groups, and it was Poincaré [1895] who
introduced fundamental groups and covering spaces. Schreier [1927] proved
the existence of universal covering groups of connected (global) Lie groups.

The exposition in Appendix B is in part lifted from Knapp [2017] and
refers back to material on differential equations in Knapp [2016b].
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INDEX OF NOTATION

This list indexes many of the recurring symbols introduced in Chapters I
through IV and Appendices A, B, and C. For other recurring symbols see the
Standard Notation on pages xv—xvi. For a list of some classical groups and
their Lie algebras that occur only once, see page 34.

In the list below, each piece of notation is regarded as having a key symbol.
The first group consists of those items for which the key symbol is a fixed
Latin letter, and the items are arranged roughly alphabetically by that key
symbol. The next group consists of those items for which the key symbol is a
Greek letter. The final group consists of those items for which the key symbol
is a variable or a nonletter, and these are arranged by type.

Ad, 112 GL(n,C), 4
Ad, 52,112 GL(n,R), 3
ad, 54, 114 [G,G], 139
Autg(g), 145 G/H, 152
B,, 90 g, 17,36, 95
C(X,Y), 68,74 g, 143
C,(X,Y), 67 g/, 99
Cc®(U), 160 gl(n,k), 96
Coom(U), 160 H, 31

C, 162 Hs, 85
Cp(M), 162 HY, 85

D, 88 bn, 144
D, 51 Homg, xvi
DF, 166 i, j, k, 31
(DF)p, 166 Ly, 99
Derg(g), 145 M, 36, 102
Endg, xvi m, 36, 102
€ij, 3 m4,4(C), 148
e, 19 Mun (C), 4
exp, 19, 103 m,,(R), 3
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Na e, 43, 122
nil g, 143
O(f(1)), xvi
o(n), 11
rad g, 143
s 3

Sa, 178
SL(n,C), 13
SL(n,R), 13
SO(n), 13
Sp(2,C), 148
SU(n), 13
sl(n,C), 17
sl(n,R), 17
so(n), 17
sp(2,C), 148
su(n), 17
u(n), 17
T(X,Y), 60
T1(G), 100
T3
T,(M), 163
Tr, xv

U(n), 13

X, X, 102
X, 99

Zg, 138
Zs(S), 138
Z4, 139
Z(9),99
Z4(G), 138
Z4(S), 138

Greek
n(X,p), 173

Index of Notation

Operations on sets given by
subscripts and superscripts
()t 147

Gy, 154

S+, 180

€x, 180

G, 196

Specific functions
I.'J7 6

[-]. 16,165

[l -1, 19, 63

x Ay, 149
c=a-b,178

Isolated symbols

i] , 163
an

~, 178

Operations on sets and classes

Xz, 10

(')t’ Xv
(')*’ Xv
[a,b], 98
a+b, 98
(-)*, 148
A(E), 149
M x M, 171
[a], 179
[a][b], 179

Miscellaneous
(U.9), 25
(Mg, a), 157
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abelian Lie algebra, 98, 130
about a point, 157
adjoint representation, 52, 112
affine group, 11, 31
algebra, 95
Heisenberg Lie, 60
Lie, 16, 95
linear Lie 17, 36
analytic group, 2, 26
Lie algebra of, 101
linear, 45
simply connected, 128, 130
analytic subgroup, 7, 109, 124
Lie algebra of, 109
atlas, 158
automorphism of Lie algebra, 145

Baker—-Sogo method, 88

base point, 178, 181

basic open neighborhood, 43, 122
Bernoulli number, 90

bilinear form, 147

bracket, Lie, 16, 96

Campbell-Baker—Hausdorft
Theorem, 68

Campbell’s Problem, 66

canonical coordinates, 103

center, 99, 138

centralizer, 138

Chain Rule, 167

chart, 25, 157

251

compatible, 158
circle group, 3
closed linear group, 13, 21
closed subgroup of Lie group, 136
Closed Subgroup Theorem, 132
commutator ideal, 99
commutator series, 99
commutator subgroup, 139
compatible, 25

chart, 157
complex Lie algebra, 147
connected, 49
constant path, 178
contractible loop, 180
contraction, 107
coordinate system, 160
countable, xv
covering group, universal, 196
Covering Homotopy Theorem, 181
covering map, 181
covering space, 181

universal, 190
curve, 173

integral, 103

smooth, 14

deck transformation, 193
decomposition

Iwasawa, 33

polar, 32
deformation parameter, 179
derivation, 89, 95, 163
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of Lie algebra, 145
derivative of smooth map, 166
diffeomorphism, 162
dimension, 2, 25, 157, 158
direct product, 3
direct sum, 3, 61
discrete subgroup, 9, 155
Dynkin’s Formula, 74, 119

equivalence of representations, 61
equivalent coverings, 185
equivalent paths, 178

Euclidean norm, 63

evenly covered, 181

exhausting sequence, 159
existence of coverings, 187
exponential map, 103
exponential of matrix, 18

F related vector fields, 107

F. Schur Theorem, 72, 117

final point, 178

First Isomorphism Theorem, 142
floor function, 6

formal power series, 90

function, smooth, 25
fundamental group, 179

general linear group, 3, 4
underlying, 4, 12
germ, 162
Gram-Schmidt process, 32
group
affine, 11, 31
analytic, 2, 26
closed linear, 13, 21
fundamental, 179
general linear, 3, 4
Heisenberg, 31
Lie, 2, 26
linear, 12
linear analytic, 45

Index

Lorentz, 12, 98

rotation, 13

special linear, 13

special unitary, 13

symplectic, 98, 148
topological, 151, 194
underlying general linear, 4, 12
unitary, 13

upper triangular, 31

Heisenberg

group, 31

Lie algebra, 60, 143, 144
homogeneous Lorentz group, 12
homogenous of degree n, 67
homomorphism

local, 92

of Lie algebras, 53, 98

smooth, 50
homotopy, 179

ideal, 98

commutator, 99
identity path, 178
inhomogeneous Lorentz group, 12
initial point, 178
integral curve, 103, 174
intertwining operator, 61
invariant subspace, 61
inverse path, 178
irrational slope, 14
irreducible representation, 61
isomorphism

of Lie algebras, 53, 98

of Lie groups, 2
Iwasawa decomposition, 33

Jacobi identity, 16, 95

kernel of homomorphism, 99
Knonecker delta, xv



left invariant vector field, 99
Lie algebra, 16, 95, 98
abelian, 98, 130
complex, 147
Heisenberg, 60, 143, 144
homomorphism of, 53, 98
isomorphism of, 53, 98
linear, 16, 17, 36
nilpotent, 143
of analytic group, 101
of analytic subgroup, 109

of untopologized subgroup,

121, 122

oscillator, 143

semisimple, 144

simple, 144

solvable, 99
Lie bracket, 16, 96
Lie group, 2, 26

isomorphism, 2
Lie polynomial, 68
Lie subalgebra, 16

linear, 16
line on torus, 7, 14, 37
line with irrational slope, 14
linear analytic group, 45
linear group, 12

closed, 13, 21

special, 13
linear Lie algebra, 16, 17, 36
linear Lie subalgebra, 16
Lipschitz condition, 175
local coordinate system, 160
local homomorphism, 92
locally connected, 26

locally pathwise connected, 180

locally simply connected, 187
loop, 178

contractible, 180
Lorentz group, 12, 98

Index

lower central series, 143

manifold, 157

smooth, 2, 25, 158
Map-lifting Theorem, 184
matrix, skew-symmetric, 97
matrix space, underlying, 14
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natural topology, 42, 44, 122, 123

negative, Xv
Neumann, 26
nilpotent Lie algebra, 143

nondegenerate bilinear form, 147

norm
Euclidean, 63
operator, 19, 63

one-parameter subgroup, 126
operator norm, 19, 63
orthogonal space, 147
orthogonalization, 32
oscillator Lie algebra, 143

path, 178

Path-lifting Theorem, 181
Pauli matrices, 58

polar decomposition, 32
positive, xv

product of paths, 178

product of smooth manifolds, 171

product vector, 96
push-forward, 170

quaternion, 31
quotient space, 134
quotient topology, 152

radical of Lie algebra, 143
rational, 79

real representation, 61
regular smooth map, 168
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related vector fields, 107
representation
adjoint, 52, 112
irreducible, 61
real, 61
root space, 148
rotation group, 13

Schur’s Lemma, 61
Second Isomorphism Theorem, 142
semidirect product, 10
semisimple Lie algebra, 144
simple Lie algebra, 144
simply connected, 179

locally, 187
simply connected analytic group,

128, 130

skew symmetric bilinear form, 147
skew-symmetric matrix, 97
smooth curve, 14
smooth function, 25, 160
smooth homomorphism, 50
smooth manifold, 2, 25, 158
smooth map, 162

derivative of, 166

regular, 168
smooth structure, 157
smooth vector field, 96, 164
smoothly compatible, 25
solvable Lie algebra, 99
special linear group, 13
special unitary group, 13
stopping time, 178
subalgebra, Lie, 16

subgroup
analytic, 7, 109, 124
discrete, 9, 155
one-parameter, 126
submanifold, 172
support, 160
symmetric bilinear form, 147
symplectic group, 98, 148
symplectic matrix, 148

tangent bundle, 164
tangent space, 163

Taylor’s Theorem, 105
topological group, 151, 194
torus, 3

trace form, 60

transitive, 135

underlying general linear group,
4,12
underlying matrix space, 14
uniqueness of coverings, 185
unitary group, 13
universal covering group, 196
universal covering space, 190
untopologized subgroup, 121
Lie algebra of, 121, 122
upper triangular group, 31
vector field, 96, 164
left invariant, 99
smooth, 164
F related, 107
vector product, 96
von Neumann, 26



