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CHAPTER VI

Measure Theory for Euclidean Space

Abstract. This chapter mines some of the powerful consequences of the basic measure theory in
Chapter V.

Sections 1-3 establish properties of Lebesgue measure and other Borel measures on Euclidean
space and on open subsets of Euclidean space. The main general property is the regularity of all
such measures—that the measure of any Borel set can be approximated by the measure of compact
sets from within and open sets from without. Lebesgue measure in all of Euclidean space has an
additional property, translation invariance, which allows for the notion of the convolution of two
functions. Convolution gives a kind of moving average of the translates of one function weighted
by the other function. Convolution with the dilates of a fixed integrable function provides a handy
kind of approximate identity.

Section 4 gives the final form of the comparison of the Riemann and Lebesgue integrals, a
preliminary form having been given in Chapter Ill.

Section 5 gives the final form of the change-of-variables theorem for integration, starting from
the preliminary form of the theorem in Chapter Ill and taking advantage of the ease with which
limits can be handled by the Lebesgue integral. Sard’s Theorem allows one to disregard sets of
lower dimension in establishing such changes of variables, thereby giving results in their expected
form rather than in a form dictated by technicalities.

Section 6 concerns the Hardy-Littlewood Maximal Theorerlidimensions. In dimension 1,
this theorem implies that the derivative of a 1-dimensional Lebesgue integral with respectto Lebesgue
measure recovers the integrand almost everywhere. The theorem in the general case implies that
certain averages of a function over small sets about a pointtend to the function almost everywhere. But
the theorem can be regarded as saying also that a particular approximate identity formed by dilations
applies to problems of almost-everywhere convergence, as well as to problems of norm convergence
and uniform convergence. A corollary of the theorem is that many approximate identities formed
by dilations yield almost-everywhere convergence theorems.

Section 7 redevelops the beginnings of the subject of Fourier series using the Lebesgue integral,
the theory having been developed with the Riemann integral in Section 1.10. With the Lebesgue
integral and its accompanying tools, Fourier series are meaningful for more functions than before,
Dini’s test applies even to a wider class of Riemann integrable functions than before, and Fej”
Theorem and Parseval’'s Theorem become easier and more general than before. A completely new
resultwith the Lebesgue integral is the Riesz—Fischer Theorem, which characterizes the trigonometric
series that are Fourier series of square-integrable functions.

Sections 8-10 deal with Stieltjes measures, which are Borel measures on the line, and their
application to Fourier series. Such measures are characterized in terms of a class of monotone
functions on the line, and they lead to a handy generalization of the integration-by-parts formula.
This formula allows one to bound the size of the Fourier coefficients of functions of bounded variation,
which are differences of monotone functions. In combination with earlier results, this bound yields
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1. Lebesgue Measure and Other Borel Measures 297

the Dirichlet-Jordan Theorem, which says that the Fourier series of a function of bounded variation
converges pointwise everywhere, the convergence being uniform on any compact set on which the
function is continuous. Section 10 is a short section on computation of integrals.

1. Lebesgue Measure and Other Borel Measures

Lebesgue measure oR! was constructed in Section V.1 on the ring of
“elementary” sets—the finite disjoint unions of bounded intervals—and extended
from there to ther-algebra of Borel sets by the Extension Theorem (Theorem
5.5), which was proved in Section V.5. Fubini’s Theorem (Theorem 5.47) would
have allowed us to build Lebesgue measuréih as an iterated product of
1-dimensional Lebesgue measure, but we postponed the constructiM in
until the present chapter in order to show that it can be carried out in a fashion
independent of how we group 1-dimensional factors.

The Borel sets oiR? are, by definition, the sets in the smallestlgebra
containing the elementary sets, and we saw readily that every set that is open
or compact is a Borel set. We writ; for this o-algebra. In fact3; may
be described as the smallest@algebra containing the open setskf or as the
smallesto-algebra containing the compact sets. The reason that the open sets
generate3; is that every open interval is an open set, and every interval is a
countable intersection of open intervals. Similarly the compact sets geifigrate
because every closed bounded interval is a compact set, and every interval is the
countable union of closed bounded intervals.

Now let us turn our attention fRN. We have already used the word “rectangle”
in two different senses in connection with integration—in Chapter Il to mean an
N-fold product along coordinate directions of open or closed bounded intervals,
and in Chapter V to mean a product of measurable sets. For clarity let us refer to
any product of bounded intervals ag@ometric rectangleand to any product of
measurable sets as ahbstract rectangleor an abstract rectangle in the sense of
Fubini’s Theorem. IRN, every geometric rectangle under our definition is an
abstract rectangle, but not conversely.

Define theBorel setsof RN to be the members of the smallestlgebraBy
containing all compact sets iRN. It is equivalent to let3y be the smallest
o-algebra containing all open sets. In fact, every open geometric rectangle is the
countable union of compact geometric rectangles, and every open set in turn is
the countable union of open geometric rectangles; thus the open sets are in the
smallesto -algebra containing the compact sets. In the reverse direction every
closed set is the complement of an open set, and every compact set is closed; thus
the compact sets are in the smalkesilgebra containing the open sets.

Functions orRN measurable with respect Ry are calledBorel measurable
functions or Borel functions. Any continuous real-valued functioh on RN
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is Borel measurable because the inverse imag#((c, +oc]) of the open set
(¢, +00] has to be open and therefore has to be a Borel set.

Proposition 6.1. If m andn are integers> 1, thenBy, x B, = Bm.n Within
the product seR™ x R" = R™",

ProOF If U is open iSR™ andV is open inR", thenU x V is open inR™*",
and it follows that3, x Br € Bmin. For the reverse inclusion, 18Y be open
in R™™", ThenW is the countable union of open geometric rectangles, and each
of these is of the formd x V with U open inR™ andV open inR". Since
each sucld x V isin By x By, so isW. Thus we obtain the reverse inclusion
Brmin € Bm x By.

Lebesgue measure @& will, at least initially, be a measure defined on the
o-algebraBy. Proposition 6.1 tells us that thealgebra on which the measure is
to be defined is independent of the grouping of variables used in Fubini’'s Theorem.
It will be quite believable that different constructions of Lebesgue measure by
using different iterated product decompositionsRo¥, such agR! x R?) x R?
andR?® x (R! x RY), will lead to the same measure, but we shall give two abstract
characterizations of the result that will ensure uniqueness without any act of
faith. These characterizations will take some moments to establish, but we shall
obtain useful additional results along the way. The procedure will be to state the
constructions of the measure via Fubini’s Theorem, then to consider a wider class
of measures o8y known as the “Borel measures,” and finally to establish the
two characterizations of Lebesgue measure among all Borel measuRés on

Itis customary to writel x in place ofdm(x) for Lebesgue measure @1, and
we shall do so except when there is some special need for the symBdien the
notation for the measure normally becomes an expression lila dy instead
of m. To construct Lebesgue measure on RN, we can proceed inductively,
adding one variable atatime. Fubini’s Theorem allows us to construct the product
of Lebesgue measure @M1 and Lebesgue measure B, and Proposition
6.1 shows that the result is defined on the Borel setR"f Let us take this
particular construction as an inductive definitionLeesgue measuren RN,

It is apparent from the construction that the measure of a geometric rectangle is
the product of the lengths of the sides.

Alternatively, we could construct Lebesgue measureRéhinductively by
groupingRN as some otheR™ x RN-™ and using the product measure from
versions of the Lebesgue measuresRhandRN-™. Again the result has the
property that the measure of a geometric rectangle is the product of the lengths of
the sides. Itis believable that this condition determines completely the measure
onRN, and we shall give a proof of this uniqueness shortly.
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A Borel measureon RN is a measure on the-algebraBy of Borel sets of
RN that is finite on every compact set. A key property of Borel measurdson
is their regularity as expressed in Theorem 6.2 below. The theorem makes use of
two simple properties dRN:
(i) there exists a sequen¢€&, )y, of compact sets with union the whole
space such thd, C Fr?+1 for all n,
(i) for any compact seK, there exists a decreasing sequence of open sets
U, with compact closure such th@y,~, U, = K.

For (i), we can takd=, to be the closed ball of radius centered at the origin.
For (ii), we can takéJ, = {x | D(x, K) < 1/n} if K # @, and we can take all
U, =0ifK =2.

Theorem 6.2. Every Borel measurg onRRN is regular in the sense that the
value of . on any Borel seE is given by

w(E) = sup w(K)= inf w).
KCE, UDE,
K compact U open

REMARK. This conclusion is new for us even fi&*. Although regularity of
1-dimensional Lebesgue measure was introduced before Proposition 5.4, it was
established only for the elementary sets at that time.

PrOOF. We shall begin by showing for each Borel &#and for any > 0 that

there exist close€ and operlJ such that (%)
CCECUanduU —C) <e.

Let A be the set of Borel set& for which (x) holds for alle > 0.

If E is compact, then we can take= E andU = U, as in (ii) for a suitable
n in order to prove £); Corollary 5.3 gives us limu(U, — C) = 0, since the
compact closure dfi, forcesu (Uq) to be finite. Thereforel contains all compact
sets.

To see that4 is closed under complements, supp&sés in A. Lete > 0
be given and choose, by)(for E, a closed se€ and an open séf such that
C C E CUandu(U —C) < ¢. Taking complements, we hal C E€ C C°©
andu(C®—-U% =u(U —C) < €. ThusECisin A.

Let us see that is closed under finite unions. Suppose tRatand E;, are
in A. Lete > 0 be given and choose, by)(for E; and E, two closed set€;
andC, and two open setd; andU, such thatC; € E; C Up, u(Up — Cy) < €,
Co C Ey; C Uy, andu(Us; —Cy) < €. ThenCiUC, € E1UE, C Uy UU,
andu((UpUUp) — (CLUCY) < u(Uy — Cp) + u(Us — Cy) < 2¢. Sincee is
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arbitrary, E; U E is in A. HenceA is closed under finite unions, andlis an
algebra of sets.

The proof thatA is closed under countable unions takes two steps. For the
first step we let a sequence of sé&g in .4 be given with uniong, and first
assume that alE, lie in one of the set$ in (i) above. Lete > 0 be given
and choose, by« for eachE,, closed set€,, and open setd,, such thatC,, C
En € Un andu (U, — Cy) < €/2". Possibly by intersectingl, with Fg ., we
may assume that all, lie in the compact seFy1. SetU = (Jo-, Un and
C = U2, Cn. ThenC C E < U with U open butC not necessarily closed.
Nevertheless, we hawg¢ — C < |J;2, (U, — Cp), and Proposition 5.1g gives
uU —C) < 322 uUp—Cp) < €. The setsSy, = U — U, Cy form a
decreasing sequence withify ;1 with intersectiond — C. Sinceu(Fm41) is
finite, Corollary 5.3 shows that(S,) decreases ta(U — C), which is < e.
Thus there is somm = mg with ©(Sy,) < €. The selC’ = Unmgl C, is closed,
and we hav&€’ € E Cc U andu(U — C’) = u(Sy,) < €. ThereforeE is in A.

For the second step we let the sEtsbe general members gf. SinceA is an
algebraE, N (Fny1 — Fm) isin A for everyn andm. Applying the previous step,
we see thakE), = EN (Fnyi1 — Fm) isin A for everym. The setE/, have union
E, andE, is contained ifFm;1 — Fn. Changing notation, we may assume that the
given sets, all haveE, C Fny 1 — Fn. If € > Ois given, construdt, open and
C, closed as in the previous paragraph exceptithas not constrained to lie in a
particularFy. AgainletU = | J2, Uy andC = [ Jo2; Cn, sothatC C E C U
andu(U — C) < €. The seU is open, and this time we can prove that theGet
is closed. In fact, lefxx} be a sequence 18 convergent to some limit poind
of C. The pointxg is in someFy, since the set&y have union the whole space.
SinceFy € Fy,, andFy, , is open, the sequence is eventuallyFf), ;. The
inclusionC,, € E, € Fr1 — Fyshows thaC, N Fy =@ forn> M + 1.
Thus no term of the sequence after some point lieSyn 1, Cyvio2, ..., i.e., all
the terms of the sequence after some point |igjﬁ‘l=1 Ch. This is a closed set,
and the limitxo must lie init. Therefore lies inC, andC is closed. This proves
thatE is in A. HenceA is ao-algebra and must contain all Borel sets.

From (x) for all Borel sets, it follows that every Borel sEtsatisfies

pn(E) = sup u(C)= inf n). ()
CCE, UDE,
C closed U open
Proposition 5.2 shows that the sd¥s of (i) have the property that(C) =
supu(CNFy) forevery Borel se€. WhenC is closed, the se@@NF, are compact,

and thus £x) implies the equality asserted in the statement of the theorem. This
completes the proof.

Recall from Section 111.10 that theupport of a scalar-valued function on a
metric space is the closure of the set where it is nonzeroCL&gt(RN) be the
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space of continuous scalar-valued functiongbhof compact support. If there

is no special mention of the scalars, the scalars may be either real or complex.
If K is a compact set and the open défsare as in (ii) before Theorem 6.2,

Proposition 2.30e gives us continuous functidgs RN — [0, 1] such thatf,

is 1 onK and is 0 orlJ¢. The support of the functioff, is then contained ity ¢!,

which is compact. By replacing the functiotiig by g, = min{fy, ..., fa}, we

may assume that they are pointwise decreasing. Consequently

(iii) there exists a decreasing sequence of real-valued memb&g&fRN)
with pointwise limit the indicator function oK.

Corollary 6.3. If © andv are Borel measures dd\ such that/n fdu =
Jn T dv for all continuous functions oRN of compact support, them = v.

PROOF. LetK be a compact subsetBf¥, and use (jii) to choose a decreasing
sequencq f,} of real-valued members @@¢m(RN) with pointwise limit the
indicator functionlk. Since f; is integrable, dominated convergence allows us
to deducefpy Ik du = [fpn Ik dv from the equalityfpy fndu = [ fodv for
all n. Thusu(K) = v(K) for every compact sé. Applying Theorem 6.2, we
obtainu(E) = v(E) for every Borel seE.

Corollary 6.4. Let p =1 orp = 2. If u is a Borel measure RN, then
(@) Ceom(®N) is dense irL P(RN, p),
(b) the smallest closed subspace 3{RN, 1) containing all indicator func-
tions of compact sets RN is LP(RN, n) itself.

REMARK. The scalars are assumed to be the sameCfgr,(RN) as for
LY(RN, n) and L2(RN, u); the corollary is valid both for real scalars and for
complex scalars.

PrOOF If E is a Borel set of finitex measure and i is given, Theorem 6.2
allows us to choose a compact $etwith K € E andu(E — K) < €. Then
fRN lle— 1k |Pdu = w(E —K) < €, and consequently the closurelif(RN) of
the set of all indicator functions of compact sets contains all indicator functions
of Borel sets of finitgx measure. Proposition 5.56 shows consequently that the
smallest closed subspacel df(RN) containing all indicator functions of compact
sets isL P(RN) itself. This proves (b).

For (a), letK be compact, and use (iii) to choose a decreasing sequence
{fn} of real-valued members @om(RN) with pointwise limitly. Since flp is
integrable, dominated convergence yieldsnly@N | fn — Ik|Pdw = 0. Hence
the closure ofCcom(RN) in LP(RN) contains all indicator functions of compact
sets. By Proposition 5.55d this closure contains the smallest closed subspace of
LP(RN) containing all indicator functions of compact sets. Conclusion (b) shows
that the latter subspaceli®(RN) itself. This proves (a).
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Fixanintegen > 0, andlef(ay, ..., an) be am-tuple of integers. Thdiadic
cubeQn(ay, ..., an) in RN of side 2" is defined to be the geometric rectangle

Qn@,....an) = {(Xe, ....xn) | 27" <% <2 (@ + D forl<j < N}.

Let Q,, be the set of all diadic cubes of side™ The members of,, are disjoint
and have unioRN. Thus we can associate uniquely to eadh RN a sequence
{Qn} of diadic cubes such thatis in Q, and Q, is in Q,. Since for eachn,
the members 08,,,1 are obtained by subdividing each membeiQf into 2N
disjoint smaller diadic cubes, the diadic culigs associated ta must have the
property thatQ, 2 Qny1 foralln > 0.

Lemma 6.5. Any open set inRN is the countable disjoint union of diadic
cubes.

PROOF. Let an open sdt) be given. We may assume tHat# RN, so that
U°¢ #£ @. We describe which diadic cubes to include in a collectibso that4
has the required properties.Afis in U, thenD(x, U®) = d is positive sinceJ°®
is closed and nonempty. LéQ,} be the sequence of diadic cubes associated to
x. The distance between any two points@fis < 2-"+/N, and thisis< d if nis
sufficiently large. Henc&), is contained irlJ for n sufficiently large. The cube
in A that containx is to be theQ, with n as small as possible so th@t, € U.

The construction has been arranged so that the union of the diadic culies in
is exactlyU. Suppose tha® andQ’ are members aofl obtained from respective
pointsx andx’ in U. If QN Q' # &, let x” be in the intersection. The®
and Q' are two of the diadic cubes in the sequence associatet tmd one has
to contain the other. Without loss of generality, suppose @hat Q'. Thenx’
lies in Q as well asQ’, and we should have select€dfor x’ rather thanQ’ if
Q # Q. We conclude thaQ = Q’, and thus the members gf are disjoint.
Each collection@,, is countable, and therefore the collectidris countable.

Proposition 6.6. Any Borel measure oRRN is determined by its values on all
the diadic cubes.

ReMARK. We shall apply this result in the present section in connection with
Lebesgue measure dd\ and in Section 8 in connection with general Borel
measures ofR'.

PrROOF The values on the diadic cubes determine the values on all open sets
by Lemma 6.5, and the values on all open sets determine the values on all Borel
sets by Theorem 6.2.
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Corollary 6.7. There exists a unique Borel measure®i for which the
measure of each geometric rectangle is the product of the lengths of the sides.
The measure is thi-fold product of 1-dimensional Lebesgue measure.

REMARKS. The uniqueness is immediate from Proposition 6.6. The first
version of Lebesgue measure that we constructed has the property stated in the
corollary and therefore proves existence. All the other versionsebesgue
measurewe constructed have the same property, and so all such versions are
equal. The corollary therefore allows us to use Fubini’s Theorem for any decom-
positionRN = R™ x R" with m+ n = N. As in the 1-dimensional case, we
shall often writed x for Lebesgue measure.

Corollary 6.7 gives one characterization of Lebesgue measure. We shall use
Proposition 6.6 to give a second characterization, which will be in terms of
translation invariance.

Proposition 6.8. Under a Borel functiorF : RN — RN, F~1(E) is in By
wheneverk is in By. In particular, this conclusion is valid F is continuous.

PROOF. The set ofE’s for which F~1(E) is in By is ac-algebra, and the result
will follow if this set of E’s contains the open geometric rectangle®Rdf. If Fi
denotes thg™ component ofF, thenF; : RN — R is Borel measurable and
Proposition 5.6¢ shows th& ~1(U;) is a Borel set iRN if U; is open inR™.
ThenF~1(U; x - - x Un) = NI, Fj~(U)) is a Borel set irkN.

Corollary 6.9. Any homeomorphism aRN carriesBy to By.

Corollary 6.9 is a special case of Proposition 6.8. The particular homeomor-
phisms of interest at the moment dranslations anddilations. Translation by
Xo is the homeomorphism,(X) = X + Xo. Its operation on a sdf is given by
T (E) = {tx,(X) | X € E} = {X 4+ X0 | X € E} = E + Xo, and its operation on a
function f onRN is given byz,, (f)(x) = f(1,1(x)) = f(x—Xo). Its operation
on an indicator functiomg is 7y, (1g)(X) = le(X — X0) = lg4x,(X) = | (E) (X).
Because of Corollary 6.9, translations operate on measures, the formula being
T (W (E) = M(r)g)l(E)); since homeomorphisms carry compact sets to compact
sets, the right side is a Borel measurg iis a Borel measure. The actionsmgf
on functions and measures are related by integratioh.=f0 is a Borel function,
then so isry,(f), and fpu f d(zop) = [pu 7,5 (f) dpu; this formula is verified
by checking it for indicator functions and then passing to simple functioids
by linearity and to Borel function§ > 0 by monotone convergence.

Dilation 8. by a nonzero real is given on members @&N by §.(x) = cx, and
the operations on sets, functions, indicator functions, and measures are analogous
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to the corresponding operations for translations. Although dilations will play a
recurring role in this book, the notatiépwill be used only in the present section.

Theorem 6.10. Lebesgue measura on RN is translation invariant in the
sense thaty,(m) = m for everyxo in RN. In fact, Lebesgue measure is the
unique translation-invariant Borel measure®N that assigns measure 1 to the
diadic cubeQq(O, ..., 0). The effect of dilations on Lebesgue measure is that
8c(m) = [c|=Nm, i.e., [pn Fex)dx = [c|™N [y f(X) dxfor every nonnegative
Borel function f.

REMARKS. From one point of view, translation and dilation are examples
of bounded linear operators on eacR(RN, dx), with translation preserving
norms and with dilation multiplying norms by a constant dependingp@nd
the particular dilation. From another point of view, translation and dilation are
especially simple examples of changes of variables. Operationally the theorem
allows us to writedy = dx wheny = 1,,(x) anddz = |c|N dx whenz = cx.
These effects of translations and dilations on integration with respect to Lebesgue
measure are special cases of the general change-of-variables formula to be proved
in Section 5.

PROOF. For anyxo in RN, m andzy,(m) assign the product of the lengths of
the sides as measure to any diadic cube. From Proposition 6.6 we conclude that
m = 1y,(m). The assertion about the effect of dilations on Lebesgue measure is
proved similarly.

We still have to prove the uniqueness. Lebe a translation-invariant Borel
measure. The members @f, are translates of one another and hence have equal
u measure. The members ¢, ;1 are obtained by partitioning each member
of Q, into 2Y members ofQ, 1 that are translates of one another. Thusgthe
measure of any member @f,,1 is 2~N times theu measure of any member of
On. Consequently the measure of any diadic cube is completely determined
by the value ofu on Qu(0, ..., 0), which is a member 00y. The uniqueness
then follows by another application of Proposition 6.6.

For a continuous function on a closed bounded interval, it was shown at the
end of Section V.3 that the Riemann integral equals the Lebesgue integral. The
next proposition gives ail-dimensional analog. A general comparison of the
Riemann and Lebesgue integrals will be given in Section 4.

Proposition 6.11.For a continuous function on a compact geometric rectangle,
the Riemann integral equals the Lebesgue integral.

PrROOF. The two are equal in the 1-dimensional case, and\tidimensional
cases of each may be computed by iterated 1-dimensional integrals—as a result of
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Corollary 3.33 in the case of the Riemann integral and as a result of the definition
of Lebesgue measure as a product and the use of Fubini's Theorem (Theorem
5.47) in the case of the Lebesgue integral.

So far, we have worked in this section only with Lebesgue measure on the
Borel sets. Thd.ebesgue measurable setare those sets that occur when
Lebesgue measure is completed. The Lebesgue measurable sets of measure O
are of particular interest. In Section 111.8 we defined an ostensibly different
notion of measure 0 by saying that a seRil is of measure 0 if for any > 0,
it can be covered by a countable set of open geometric rectangles of total volume
less thare, and Theorem 3.29 characterized the Riemann integrable functions on
a compact geometric rectangle as those functions whose discontinuities form a
set of measure 0 in this sense. Later, Proposition 5.39 showé} fiirat a set
has measure 0 in this sense if and only if it is Lebesgue measurable of Lebesgue
measure 0. This equivalence extend®M as the next proposition shows.

Proposition 6.12. In RN, the Lebesgue measurable sets of measure 0 are
exactly the subset8 of RN with the following property: for any > 0, the set
E can be covered by countably many geometric rectangles of total volume less
thane.

PROOF. Letm be Lebesgue measure BY. If E has the stated property, let
En be the union of the given countable collection of geometric rectangles of total
volume < 1/n used to coveE. Proposition 5.1g shows that(E,) < 1/n, and
hence the Borel seE’ = (), Ex hasm(E’) < 1/n for everyn. Therefore
m(E") = 0. SinceE C E’, E is Lebesgue measurable and has Lebesgue
measure 0.

Conversely ifE is Lebesgue measurable of Lebesgue measure 0 and 0
is given, we are to find a union of open geometric rectangles contakhiangd
having total volumex< ¢. Find a setE’ in By with E € E’ andm(E’) = 0. ltis
enough to handI&’. Writing RN as the union of compact geometric culis
of side 2 centered at the origin and coveriegN C,, up toe/2", we see that we
may assume thdt’ is bounded, being contained in some cihe

Within R N [—n, n], we know that the set of finite unions of intervals is an
algebra A" of sets such thaB" = B; N [—n, n] is the smallest-algebra
containingA(ln). Applying Proposition 5.40 inductively, we see that the set of
finite disjoint unions ofN-fold products of members oA‘ln) is an aIgebraA(”),
and then Proposition 6.1 shows that the smallesiigebra containingél(,\'f) is
BY = By N Cy,. Proposition 5.38 shows that the measuren B(,\T) is given by

m*, wherem*(A) is the infimum of countable unions of members4{’ that
cover A. Consequently the subsEt of C,, can be covered by countably many
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geometric rectangles of total volumee. Doubling these rectangles about their
centers and discarding their edges, we obtain a coveriig lo§ open rectangles
of total volume< 2Ne, and we have the required covering.

Borel measurable sets have two distinct advantages over Lebesgue measurable
sets. One advantage is that Borel measurable sets are independent of the particular
Borel measure in question, whereas the sets in the completiorvedilgebra
relative to a Borel measure very much depend on the particular measure. The other
advantage is that Fubini’s Theorem applies in a tidy fashion to Borel measurable
functions as a consequence of the idenfityx B, = Bmn+n given in Proposition
6.1. By contrast, there are Lebesgue measurable sei8\fdhat are not in the
product of thes-algebras of Lebesgue measurable sets fRfhandRN—™. For
example, take a s&in R* thatis not Lebesgue measurable; such a setis produced
in Problem 1 at the end of the present chapter. Thex {0} in R? is a subset
of the Borel seR? x {0}, and hence it is Lebesgue measurable of measure 0.
However,E x {0} is not in the produc# -algebra, because a section of a function
measurable with respect to the product has to be measurable with respect to the
appropriate factor (Lemma 5.46).

Onthe other hand, Lebesgue measurable functions are sometimes unavoidable.
An example occurs with Riemann integrability: In view of Proposition 6.12,
Theorem 3.29 says that the Riemann integrable functions on a compact geometric
rectangle are exactly the functions whose discontinuities form a Lebesgue mea-
surable set of Lebesgue measure 0, and Problems 31-33 at the end of Chapter V
produced such a function in the 1-dimensional case that is not a Borel measurable
function.

The upshot is that a little care is needed when using Fubini’'s Theorem and
Lebesgue measurable sets at the same time, and there are times when one wants
to do so. The situation is a little messy but not intractable. Problem 12 at the
end of Chapter V showed that a Lebesgue measurable function can be adjusted
on a set of Lebesgue measure 0 so as to become Borel measurable. Using this
fact, one can write down a form of Fubini’s Theorem for Lebesgue measurable
functions that is usable even if inelegant.

2. Convolution

Convolution is an important operation available for function®&h On a formal
level, theconvolution f * g of two functionsf andg is

(fxXx = /RN f(x —y)g(y)dy.
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One place convolution arises is as a limit of a linear combination of translates:
We shall see in Proposition 6.13 that the convolutiox atay be written also
as [pn f(Y)9(x — y)dy. If fis fixed and if finite sets of translation operators
7y, and of weightsf (y;) are given, then the value atof the linear combination
> T(yi)ry, appliedtog and evaluated atis ) ; f(yi)g(x— ;). Corollary 6.17
will show a sense in which we can think ¢, f(y)g(x — y)dy as a limit of
such expressions.

To make mathematical sense outfofg, let us begin with the case thatandg
are nonnegative Borel functions &\. The assertion is thaft « g is meaningful
as a Borel function= 0. In fact, (x,y) — f(x —y) is the composition of
the continuous functior : RN — RN given by F(x, y) = x — y, followed
by the Borel functionf : RN — [0, +o0]. If U is open in [Q+oc], then
f~1(U)isin By, and Proposition 6.8 shows theto F)~1(U) = F~1(f ~1(U))
is in Bon. Then the productx, y) — f(X — y)g(y) is a Borel function, and
Fubini’'s Theorem (Theorem 5.47) and Proposition 6.1 combine to show that
X — (f % g)(x) is a Borel functiors 0.

Proposition 6.13.For nonnegative Borel functions @&,
(@ fxg=g=xf,
(b) fx(gxh)=(f=xg)xh.

PROOF We use Theorem 6.10 for both parts and also Fubini’'s Theorem for
(b). For (a), the changes of variablgs—~ y + x and theny — —y give

Jen FX =y dy = fen F(=Y)a(y +x)dx = fpn F(Y)9(Xx — y)dy. For
(b), the computation is

(fx(@xh)(X) = fen TX—y)(@xh)(y)dy
= Jun [ fan TX=y)0(y — D) d2] dy
= fan [ fan f(x = Y)9(y — Dh(2) dy]dz

= fan [ Jan FX—2Z—y)g(y)h(2)dy]dz
= [en (f x @) (X — 2h(2)dz = ((f * g) * h)(x),

the change of variables— y + z being used for the fourth equality.

In order to have a well-defined expression fios: g when f andg are not
necessarily> 0, we need conditions under which the nonnegative case leads to
something finite. The conditions we use ensure finitenegsfofx |g|)(x) for
almost every. For real-valuedf andg, we then defing * g(x) by subtraction
at the points wherg| f| = |g|)(x) is finite, and we define it to be 0 elsewhere.
For complex-valued andg, we defing( f x g)(x) as a linear combination of the
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appropriate parts whexgf |« |g|) (X) is finite, and we define it to be 0 elsewhere.
When we proceed this way, the commutativity and associativity properties in
Proposition 6.13 will be valid even thoughandg are not necessariby O.

Proposition 6.14. For nonnegative Borel functions andg on RN, convo-
lution is finite almost everywhere in the following cases, and then the indicated
inequalities of norms are satisfied:

(@) for f in LY®RN) andgin LY(RN), and then| f x gll; < || fIl,llgll;,

(b) for f in LY(®RN) andgin L2RN), and then| f x gll, < [| flI,ll9l,,

for f in L2®RN) andgin LY(RN), and then| f * g|l, < | fIl,llgll;,

(c) for f in LY(®RN) andgin L=(RN), and then| f * gl < Il fll1119]l.

for f in L°(RN) andgin LY(RN), and then| f x gll, < I flll9ll;,

(d) for f in L2(RN) andgin L2(RN), and then| f = gll, < I fl,l9ll,.
Consequentlyf x g is defined in the above situations even if the scalar-valued
functionsf andg are not necessarity 0, and the estimates on the normfof g
are still valid.

PrROOF. For (a) and the first conclusions in (b) and (c), pelve 1, 2, orco as
appropriate. By Minkowski’s inequality for integrals (Theorem 5.60),

15 gllp = | fan TNIX =) dY[ ) < fan I T NIX = Y dy

= fan [TDHIIX =W lpxdY = [en [T, dy = [1T111191p,
the next-to-last equality following from the translation invariancedaf The
second conclusions in (b) and (c) require only notational changes.
For (d), we have

s3p|<f % Q)(X)| = sup | fen FIX —y)dy|

<sug I flllgx =y, = Tl
the inequality following from the Schwarz inequality and the last step following
from translation invariance afy and invariance under — —vy.
Going over these arguments, we see that we may use them elvandfg are
not necessarily 0. Then the last statement of the proposition follows.

Next let us relate the translation operators of Section 1 to convolution. The
formulaforthe effect of atranslation operator on afunctiani$)(x) = f (x—t).

Proposition 6.15. Convolution commutes with translations in the sense that
w(fxg)=(rf)xg=f x1tQ.

PrROOF It is enough to treat functions 0. Then we have;(f % g)(X) =
(f*@)(x—1) = [pn T (X—t—y)g(y) dy, whichequalg (z F)(x—y)g(y) dy =
((r; ) % g)(x) on the one hand and, because of translation invariance of Lebesgue
measure, equalg,x f(x —y)g(y —t)dy = (f % ;g)(x) on the other hand.
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Proposition 6.16. If p = 1 or p = 2, then translation of a function is
continuous in the translation parameteti®&(RN, dx). In other words, iff is in
L P relative to Lebesgue measure, thenyitg || tynh f — 7 f ||p = O for allt.

REMARK. However, continuity fails or.*. In this case, there is a substitute
result, and we take that up in a moment.

PrOOF. Let f be in LP. By translation invariance of Lebesgue measure,
ltenf =z fll, = lznf — fll,. If gis in Ceom(®N), then|zag — gllf =
fRN |g(x —h) —g(x)|P dx, and dominated convergence shows that this tends to 0
ashtendsto 0. Let > 0 andf be given. By Corollary 6.4&om(RN) is dense
in LP(RN, dx), and thus we can choogén Ccom(RN) with || f —dll, <e€. Then

lenf = fll, < litn f — ngll, + lzng — gll, + g — fll,
=2|f —gl,+ Itg —gll, < 2¢ + lzng — gll,.
If his close enough to 0, the ter,g — allp is < €, and then|zh f — f||p < 3e.

Corollary 6.17. Let p = 1 or p = 2, and letgy, ..., g- be finitely many
functions inLP(RN). If a positive numbeg and a functionf in LYX(RN) are
given, then there exist finitely many membgy®f RN, 1 < j < n, and constants
¢ such thaf f * g« — >j_; cjry o[, <eforl<k<r.

REMARK. In the case = 1, the corollary says that any convolutiérnx g can
be approximated ih P by a linear combination of translatesaf The result will
be used in Chapter VIII with > 1.

PROOF. Let V be the set of functiond in LY(RN) for which this kind of
approximation is possible for every > 0. The main step is to show that
contains the indicator functions of the compact set®f Let K be compact,
and letlk be its indicator function. Proposition 6.16 shows that the functions
y — 1ty are continuous fronK into LP@®RN) for 1 < k < r, and therefore
these functions are uniformly continuous. Fix- 0, and lets > 0 be such that
llty9k — Ty Okl < € for all k whenevery — y'| < § andy andy’ are inK. For
eachy in K, form the open balB(s; y) in RN. These balls coveK, and finitely
many suffice; let their centers b, ..., y,. Define setss,, ..., S, inductively
as follows: § is the subset oK where|y — yj| < § but|y —yi| > § fori < j.
ThenK = U?:l § disjointly. By the choice o8, we have||tygk — 7y Gll, < €
for all y in § and allk. Using Minkowski's inequality for integrals (Theorem
5.60), and writingm for Lebesgue measure, we have

I1s * g = mS)zy o], = || J5 @x = y) = aux =y dy]
< J5 IOk = ¥) = Gk = ¥l dy
<em(§).
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Summing ovelj gives
I * g = 27 m(§)ry ok, < em(K).

Sincee is arbitrary,l¢ liesinV.

If f; andf, areinV and ifgs, ..., g are given, then we may assume, by
taking the union of the sets of membgysof RN and by setting any unnecessary
constantsc; equal to 0, that the translates used flarand f, with the same
¢ > 0 are the same. Thus we can wrjté, * g« — >_;_; Cj 7y O ”p < €/2 and
| f2 % gk — 2o{_s dj 7y Ok ||p < €/2 for suitabley;’s and¢;’s, and the triangle
inequality gives| (f1 + f2) * gk — Y15 (¢j + dj)zy, ngp < €. HenceV is
closed under addition. Similarly is closed under scalar multiplication. If
fi = finLYwith f, inV andife > 0 is given, choosk large enough so that
If = fill, < e/@maxiigklly). If | fi g — Dy Cj(l)ryjmgk ||p < €/2, then the
inequality || f « g« — fi x gll, = If — fill;llgll, and the triangle inequality
together give f x g — Y7, Cj(l)‘cyjmngp < €. Hencef isinV, andV is closed.
By Corollary 6.4bV = LY(RN), and the proof is complete.

In some cases with>(RN), results have more content when phrased in terms
of the supremum norm f ||5,, = SURcgr~ | f (X)| defined in Section V.9. For a
continuous functionf, the two norms agree because the set whé(g)| > M
is open and therefore has positive measure if it is nonempty. For a bounded
function f, the condition lim_o|lth f — f||sup = 0 is equivalent to uniform
continuity of f, basically by definition. The function$ in L° for which
limp_ollzn f — f| . = 0are not much more general than the bounded uniformly
continuous functions; we shall see shortly that they can be adjusted on a set of
measure 0 so as to be bounded and uniformly continuous.

Proposition 6.18.1n RN with Lebesgue measure, the convolutiorLdfwith
L°°, or of L> with L, or of L2 with L2 results in an everywhere-defined bounded
uniformly continuous function, not just &t function. Moreover,

I #Glsup < 1T H2llos 1 F#Gllsup = I Tl llDlly, OF Ifxgllsyp = I T2l

in the various cases.

PROOF. We give the proof wherf is in L andg is in L, the other cases
being handled similarly. The bound follows from the computatidn« g|ls,, =

sup | fen FOX = Y9y dy| < sup ll9lla fan [TX = WIdy = [fl1110]-
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For uniform continuity we use Proposition 6.15 and the bo{ifid« Illsyp =
[l fll,ll9ll to make the estimate

len(f %) = (f % llgup= @ ) % g —  * Gllgyp

=t f = ) xgllsyp=lltn f — Fll1119ll.

and then we apply Proposition 6.16 to see that the right side tends to @ads
to 0.

A corollary of Proposition 6.18 gives a first look at how differentiability
interacts with convolution.

Corollary 6.19. Suppose thaf is a compactly supported function of class
C" onRN and thatg is in LP(RN, dx) with p equal to 1, 2, opo. Thenf % gis
of classC", andD(f * g) = (Df) % g for any iterated partial derivative of order
<n.

PROOF. Firstsuppose that = 1. Fix j with1 < j < N, and putD; = 9/0x;.
The function(D; f) * g is continuous by Proposition 6.18. If we can prove that
D; (f +g)(x) exists and equalgD; f) x g)(x) for eachx, then it will follow that
Dj(f % g) is continuous. This fact for alj implies thatf * g is of classC?,
by Theorem 3.7, and the result for= 1 will have been proved. The result for
highern can then be obtained by iterating the resultrice 1.

Thus we are to prove thd@; (f x g)(x) exists and equalgD; f) x g)(x) for
eachx. In the respective casgs= 1, 2, oo, putp’ = o0, 2, 1. Lete be thej th
standard basis vector &\ and leth be real withjh| < 1. Proposition 6.15 gives

h™((f *@)(x + hg) — (F x @)(X)) = (W (rng f — D) xg)(X). (%)

Proposition 3.28a shows tHaTl(t_hq f — f) converges uniformly, as — 0, to
D; f onany compact set; since the supportis compnsr(’}mr_hq f — f)converges
uniformly to D; f onRN. Hence the convergence occurd.itt, and dominated
convergence shows that it occurdifiandL? also. Combining Proposition 6.18
and &), we see that

(%) (x+hg) —(fxg)(%)) —(D; )(X)| < N~ Xz_ng f=F)—=D; Il lIgll,-

The right side tends to 0 @8 — 0, and thus indee®; (f * g)(x) exists and
equals((D; ) % g)(X).
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Twice in Chapter | we made use of an “approximate identityRina system of
functions peaking at the origin such that convolution by these functions acts more
and more like the identity operator on some class of functions. The first occasion
of this kind was in Section 1.9 in connection with the Weierstrass Approximation
Theorem, where the functions in the system wegfe) = c,(1—x%)"on[-1, 1]
with the constants, chosen to make the total integral be 1. The polynonggls
had the properties

() ¢n(x) >0,

(W) fYen00dx =1,

(iii) forany § > 0, SUR_ 4 <1 ¥n(X) tends to O as tends to infinity,
and the convolutions were with continuous functidnsuch thatf (0) = f (1) =
0 and f vanishes outside [A]. The second occasion was in Section 1.10
in connection with Fejf's Theorem, where the functions in the system were
trigonometric polynomial& y (x) such that

(i) Kn(x) =0,

(i) = /7 Kneodx=1,

(iii) foranyé > 0, SUR<|xj<zx KN(X) tends to 0 as tends to infinity.

In this case the convolutions were with periodic functions of period2er an
interval of length Z, and the integrations involvegg dxinstead ofdx.

Now we shall use the dilations of a single function in order to produce a more
robust kind of approximate identity, this time &\. One sense in which con-
volution by this system acts more and more like the identity appears in Theorem
6.20 below, and a sample application appears in Corollary 6.21. The corollary
will illustrate how one can use an approximate identity to pass from conclusions
about nice functions in some class to conclusions about all functions in the class.

Theorem 6.20.Let ¢ be inLY(RN, dx), not necessarily 0. Define
0(x) = Np@e™Ix)  fore >0,

and putc = [y ¢(x) dx. Then the following hold:
(@) ifp=1lorp=_2andiffisin LP(RN, dx), then

lim f —cf||,=0,
i llpe * lp

(b) the conclusion in (a) is valid fop = oo if f is in L°(RN, dx) and
IImt—)O ||Tt f - f ||oo = 01

(c) if f is bounded oRN and is continuous at, then limeo(pe * F)(X) =
cf(x),

(d) the convergence in (c) is uniform for any getof x’s such thatf is
uniformly continuous at the points .



2. Convolution 313

PROOF. We prove conclusions (a) and (b) together. Siricee.(y)dy =
e N [ono(e7ty)dy = [z @(y) dy = c, we have

(@ % )X) = cF O] = | fan 0 (W) F(x — y) dy — cf(x)]
= | fan ee DT (X —y) — F(x)] dy|
< fan loeDI 1T (X —y) — F(x)|dy. (%)

Now we apply Minkowski’s inequality for integrals (Theorem 5.60), takptp
be 1, 2, oro, and we obtain

e+ £ —cflly < || fan leeDIFx—y) = fOOIdY]
< Jan eI T X =y) = £0O[ 1,4 dy
= [an Lo Ty f = f,dy
= [an loW] ey (£) — I, dy.

Lete decreaseto 0. Fgg=10rp =2, |ty (f) — f llp tends to O for eacly by
Proposition 6.16; folp = oo, it tends to O for eacly by assumption orf. The
integrande(y)| [|tey(f) — T p is dominated pointwise by the integrable function
2l T, independently of, and therefore we have dominated convergence
along any sequeneg tending to 0. Since convergence to a limit witfitroccurs
ase | 0 if and only if convergence to that limit occurs along every sequence
decreasing to 0, we conclude that Jim|lg: x f — cf||, = 0. This proves (a)
and (b).

For (c), inequality £) and a change of variables by a dilation gives

(e * F)(X) = cF(X)| = [pn loWI T (X —ey) — F()1dy.

Since f is bounded ang is integrable, dominated convergence shows that the
right side tends to O iff is continuous ak. This proves (c).

For (d), letn > O be given, and choos®l > 0 by the boundedness
of f and integrability ofy such that 2suggn |f(t)|)f|y|>|v| lp(y)|dy < n.
Then chooseS > 0 by uniform continuity such thatu| < § implies that
[f(x +u) — fX)| < n/llell;. Whenevers < §/M, the inequalityly| < M
implies that| f (x — ey) — f(X)| < n/ll¢ll,. Then

Jan IO (X = £y) = £001dy = ( [y + fiyj<m) (Samedy
<0+ [yom leWI@/liglly) dy = 2n,

and (d) follows.
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Corollary 6.21. If f in L®(RN, dx) satisfies lin_o ||z f — fllo =0, then
f can be adjusted on a set of measure 0 so as to be uniformly continuous.

PROOF. Let¢ be a member o€com(RN) such that/py ¢(x)dx = 1. Fix a
sequencéde,} decreasing to 0 iR, Proposition 6.18 shows that eagh * f
is bounded and uniformly continuous for everyand Theorem 6.20 shows that
{¢e, * T} is Cauchy inL*>°. Since theL* and supremum norms coincide for
continuous functions,, * f} is uniformly Cauchy and must therefore be uni-
formly convergent. Legy be the limit function, which is necessarily bounded and
uniformly continuous. Theitf — gl < I f — g, * flloo +ll@e, * T —0ll,, and
both terms onthe righttend to Omgends to infinity. Consequentlyf —gl,, = 0,
andg is a bounded uniformly continuous function that differs frénonly on a
set of measure 0.

3. Borel Measures on Open Sets

A number of results in Sections 1-2 about Borel measure®brextend to
suitably defined Borel measures on arbitrary nonempty open suéset® "N,

and we shall collect some of these results here in order to do two things: to prepare
for the proof in Section 5 of the change-of-variables formula for the Lebesgue
integral inRN and to provide motivation for the treatment in Chapter XI of Borel
measures on locally compact Hausdorff spaces.

Throughout this section, l&f be a nonempty open subset®F. We shall
make use of the following lemma that generalized/tdhree properties (i—iii)
listed forRN before Theorem 6.2 and Corollary 6.3. [@fom(V) be the vector
space of scalar-valued continuous functions\oof compact support ity. If
nothing is said to the contrary, the scalars may be either real or complex.

Lemma 6.22.

(a) There exists a sequenfig,}>, of compact subsets &f with unionV
such that, € F?,, for all n.

(b) For any compact subsktof V, there exists a decreasing sequence of open
setsU, with compact closure iV such thaﬂﬁilun = K.

(c) For any compact subsét of V, there exists a decreasing sequence of
functions inC.om(V) with values in [Q 1] and with pointwise limit the indicator

function of K.

PROOF. In (a), the cas® = RN was handled by (i) before Theorem 6.2. For
V # RN, we can takeF, = {x € V| D(x,V®) > 1/nand|x| < n} as long
asn is > some suitableng. We complete the definition of thE,’s by taking
Fl == Fﬂo—l = Fno'
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In (b), the cas&/ = RN was handled by (ii) before Theorem 6.2. Koet RN,
every x in K hasD(x, V® > 0 sinceV° is closed and is disjoint fronk.
The functionD( -, V) is continuous and therefore has a positive minimum on
K. Chooseng such thatD(x, V¢ > 1/ng for x in K, i.e., [x —y| > 1/ng
forall x ¢ K andy € VC. ThenD(y,K) > 1/ng if yis notinV. Let
Uy = {y € RN| D(y,K) < 1/n} for n > no. This is an open set containing
K, and its closure ilRN is contained in the set whef(y, K) < 1/n, which in
turn is contained iV. The set wher®(y, K) < 1/nis closed and bounded in
RN and hence is compact. Therefd§' is contained in a compact subset\of
We complete the definition of tHa,’s by lettingU+, . .., Up, all equalUp, 1.

For (c), we argue as with (iii) before Corollary 6.3. Choose openl$ets in
(b) that decrease and have intersectorand apply Proposition 2.30e to obtain
continuous functiond,, : RN — [0, 1] such thatf, is 1 onK and is 0 onJg.
The support of the functior, is then contained i<, which is compact. By
replacing the functiond, by g, = min{fy, ..., f,}, we may assume that they
are pointwise decreasing. Then (c) follows.

TheBorel setsin the open seY are the sets in the-algebra
BnV)=ByNV ={ENV | EeBy}

of subsets olV. We can regard/ as a metric space by restricting the distance
function onRN, and becaus¥ is open, the open sets ¥f are the open sets of
RN that are subsets &f. We shall prove the following proposition about these
Borel sets after first proving a lemma.

Proposition 6.23. The o-algebraBy (V) is the smallest-algebra forV
containing the open sets df, and it is the smallest-algebra forV/ containing
the compact sets of.

Lemma 6.24.Let X be a nonempty set, &t be a family of subsets oX, let
B be the smallesi-ring of subsets oK containingl/, and letE be a member of
B. ThenB N E is the smallest-ring containing/ N E.

PROOF OFLEMMA 6.24. LetA be the smallest-ring containing/N E, and let
A’ be the smallest-ring containing/NE®. SinceBNE is ac-ring of subsets oK
containing/N E, Ais contained ilsN E. Similarly A" € BNE°®. Thusthe set of
unionsAU A’ with A € AandA’ € A’ is contained irB, containg/, and is closed
under countable unions. To see thatitis closed under differences,lef; and
AU A be such unions. ThefAiU A)) — (AU AS) = (A1 — Ap) U(A] — A))
exhibits the difference of the given sets as such a union. Hence the set of such
unions is & -ring and must equds.
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PROOF OF PROPOSITION6.23. The statement about open sets follows from
Lemma 6.24 by taking to beRN, I/ to be the set of open setsRl, andE to
beV. The set/N E is the set of open subsets¥f and the lemma says that the
smallesio-ring containing/ N E is By (V). This is ac-algebra of subsets &f
sinceV itselfisinl/N V.

Let {F,} be the sequence of compact subsefg giroduced by Lemma 6.22a.
SinceV = (J2; Fn, V is a member of the smallestring of subsets containing
the compact subsets ¥f. If F is a relatively closed subset¥f then each- N F,
is compact, and the countable uniénis therefore in thisr-algebra. Taking
complements, we see that every open subs¥t isfin the smallest -algebra of
subsets oV containing the compact sets. Therefétig(V) is contained in this
o-algebra and must equal thisalgebra.

A Borel function onV is a scalar-valued function measurable with respect to
Bn (V). A Borel measureonV is a measure ofsy (V) that is finite on every
compact set irv/.

Theorem 6.25. Every Borel measurg on the nonempty open subsétof
RN isregular in the sense that the value @fon any Borel seE in V is given by

p(E)= sup )= inf uU).
KCE, UDE,
K compact inv U open inV

REMARK. If 1 is a Borel measure ovi and if we define(E) = u(ENV) for
Borel setsE of RN, thenv is a measure on the Borel setsR¥, butv need not
be finite on compact sets. Thus Theorem 6.25 is not a special case of Theorem
6.2.

PrROOF This is proved from parts (a) and (b) of Lemma 6.22 in exactly the
same way that Theorem 6.2 is proved from items (i) and (ii) before the statement
of that theorem.

Corollary 6.26. If 1 andv are Borel measures ovi such thatf,, f du =
Jy fdvforall finCeom(V), thenu = v.

PrROOF This is proved from Theorem 6.25 and Lemma 6.22c in the same way
that Corollary 6.3 is proved from Theorem 6.2 and item (iii) before the statement
of that corollary.

Corollary 6.27. Let p=1or p = 2. If u is a Borel measure oy, then

(@) Ceom(V) is dense irLP(V, w),
(b) the smallest closed subspace . df(V, 1) containing all indicator func-
tions of compact subsets ®fis LP(V, w) itself,
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(c) Ceom(V), as a normed linear space under the supremum norm, is separa-
ble,
(d) LP(V, ) is separable.

ProOF. Conclusions (a) and (b) are proved from Lemma 6.22c with the aid of
Propositions 5.56 and 5.55d in the same way that Corollary 6.4 is proved from
item (iii) before Corollary 6.3 with the aid of those propositions.

For (c), Lemma 6.22a produces a sequeff6g,> ; of compact subsets of
with unionV such that~, < Fr?+l for all n. Since the open sek coverV, they
cover any compact subsktof V, andK must be contained in soni€®. Let us
put that observation aside for a moment. For eaclve can identify the vector
subspace of.om(V) of functions supported i) with a vector subspace of
C(Fn). The latter is separable by Corollary 2.59, and hence the vector subspace
of Ceom(V) of functions supported ifr? is separable. If we form the union on
n of these countable dense sets of certain vector subspaces and if we take into
account that the functions supported in any compact subséthafve compact
support within soméd=?, we see thaC¢om(V) is separable.

For (d), we apply (a) and (c) with replaced byF? and take into account
thatu(Fn) < oco. Let f be arbitrary inLP(FP, u|,). If € > O is given, choose
g in Ceom(Fy) with || f — gllp < €. Then choosé in the countable dense set
Dn of Ceom(Fy) such that]|g — hllsyp < €. Sincel|f —hllp < [[f —glp +
lg = hilp andlig — hilf = fr 190 = h()IPdu(x) < €P(Fr), we obtain
| f —hllp < e+ en(Fn)YP. Hence the closure inP(V, n) of the countable set
D = U3, Dy containsf . In particular,D® is a vector subspace containing all
indicator functions of compact subsets\of By (b), DY = LP(V, w).

Proposition 6.28.With V still openinRN, letV’ be an open setiRN'. Under
a continuous function or even a Borel measurable fundfion/ — V', F~1(E)
is in By (V) whenevelE is in By (V).

PROOF. The set ofE’s for which F~1(E) is in By (V) is ac-algebra, and this
o-algebra contains the open geometric rectanglé&"bfby the same argument
as for Proposition 6.8. Thus it contaifig, (V’).

Corollary 6.29. If V' is a second nonempty open subseRit besidesV,
then any homeomorphism &f onto V' carriesBy (V) to By (V7).

If K is a nonempty compact subset®¥, it will be convenient to be able to
speak of the Borel sets il{, just as we can speak of the Borel sets in an open
subsetv of RN. The theory forK is easier than the theory f&f, partly because
Borel measures oK can all be obtained by restriction from Borel measures on
RN,
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TheBorel setsin K are the sets iy (K) = By N K. Using Lemma 6.24, we
readily see thaBy(K) is the smallest-algebra forK containing the compact
subsets oK ; the argument is simpler than the corresponding proof for Proposition
6.23 in that it is not necessary to produce some sequence of sets by means of
Lemma 6.22.

A Borel function on the compact s& is a scalar-valued function measurable
with respect to3N (K). A Borel measureon K is a measure offy (K) that is
finite on compact subsets #f. In this situation regularity is a consequence of
the regularity of Borel measures &\, and no separate argument is needed. In
fact, if u is a Borel measure oK, we can define(E) = u(E N K) for each
Borel subseE onRN, and then the finiteness pf(K ) implies thatv is a Borel
measure ofRN. Borel measures oRN are regular, and therefore we have

Vv(E) = sup v(K)= inf v).
K'CE, UDE,

K’ compact inRN U open inRN

ReplacingE by E N K and substituting from the definition of we obtain the
following proposition.

Proposition 6.30. Every Borel measurg on a compact nonempty skt in
RN isregular in the sense that the value pfon any Borel seE in K is given by

wE)=  sup wuKH= inf u).
KcE USE,
K’ compact ink U relatively
open inK

4. Comparison of Riemann and Lebesgue Integrals

This section contains the definitive theorem about the relationship between the
Riemann integral and the Lebesgue integraRith. The Riemann integral is
defined in Section IIl.7, the Lebesgue integral is defined in Section V.3, and
Lebesgue measure BN is defined in Section 1 of the present chapter. In order
to have a notational distinction between the Riemann and Lebesgue integrals,
we write in this sectiorR [, f dx for the Riemann integral of a bounded real-
valued function on a compact geometric rectangjlend we writef, f dx for

the Lebesgue integral.

Theorem 6.31.Suppose that is a bounded real-valued function on a compact
geometric rectangld in RN. Then f is Riemann integrable oA if and only if
f is continuous except on a Lebesgue measurable set of Lebesgue measure 0. In
this case,f is Lebesgue measurable, aRd/, f dx = [, f dx.
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PROOF. Proposition 6.12 shows that a sefRff has “measure 0” in the sense
of Chapter Il if and only if it is Lebesgue measurable of measure 0, and Theorem
3.29 shows thatf is Riemann integrable oA if and only if f is continuous
except on a set of measure 0. This proves the first conclusion of the theorem.

For the second conclusion, suppose faft, f dx exists. Lemma 3.23 shows
that there exists a sequence of partiti®§ of A, each refining the previous one,
such that the lower Riemann suin&P® | f)increaset® [ f dxand the upper
Riemann sum8&) (P®, f) decrease tR fA f dx. For eachk, we define Borel
functionsLy andUy on A as follows: Ifx is an interior point of some component
(closed) rectangl& of P®, we defineL(x) = ms(f), wheremsg(f) is the
infimum of f on S; otherwise we let.«(x) = 0. If we write|S| for the volume of
S, then the Lebesgue integral bf over Sis given byfS Lk(xX)dx = mg()|S].
Consequently

/ Le(X)dx = st(f)|S| =L(PY, f).
A S

We defineUy (x) similarly, using the supremuris(f) of f on Sinstead of the
infimum, and then

[ U0 = 3 Mschisi = uP®, o).
A S

Let E be the subset of poinisin A such thak is in the interior of a component
rectangle ofP® for all k. The setA — E is a Borel set of Lebesgue measure 0.
SinceP*+D is a refinement oP® for everyk, we havel(x) < Li;1(x) and
Uk(X) > Ugy1(x) for all x in E and allk. ThereforeL (x) = lim Lx(x) and
U (X) = lim Ux(X) exist forx in E. SinceL(x) < f(x) < Ux(X) for x in E, we
see that

Lx) < f(x) <UX) forall x in E.

DefineL(x) = U(x) = 0on A— E. ThenL andU are Borel functions with
L(x) < U(x) everywhere orA. On E, we have dominated convergence, and
thus

/L(x)dx:lim/ Lk(X) dx and /U(x)dx:lim/ Uk (X) dx.
E k JE E k JE

The setA — E has Lebesgue measure 0, and therefore these equations imply that

/L(x)dx:lim/ Lk(X) dx and /U(x)dx:lim/Uk(x)dx.
A kK Ja A k Ja
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Consequently
fL(x)dx:Iim/ Le(x)dx = lim L(P®, f):R/ f dx
A k Ja k A
= limuP®, f):lim/Uk(x)dx=/U(x)dx.
k k A A

SinceL (x) < U(x)onA, Corollary 5.23 shows thatthe etvhereL (x) = U (x)

is a Borel set such thak — F has Lebesgue measure 0. Since the inequalities
L(x) <= f(x) < U(x) are valid forx in E, f(x) equalsL(x) at least orE N F.

The setE N F is a Borel set, and is Borel measurable; hence the restrictiorf of

to ENF is Borel measurable. The sat- (ENF) is a Borel set of measure 0, and
the restriction off to this set is Lebesgue measurable no matter what velues
assumes on this set. Thifiss Lebesgue measurable. Then the Lebesgue integral
[ f dxis defined, and we have

/ f(x)dx:/ f(x)dx:/ L(x)dx:/L(x)dx:R[ f dx.
A ENF ENF A A

5. Change of Variables for the Lebesgue Integral

A general-looking change-of-variables formula for the Riemann integral was
proved in Section 111.10. On closer examination of the theorem, we found that
the result did not fully handle even as ostensibly simple a case as the change from
Cartesian coordinates IR? to polar coordinates. Lebesgue integration gives us
methods that deal with all the unpleasantness that was concealed by the earlier
formula.

Theorem 6.32(change-of-variables formula). Letbe a one-one function of
classC* from an open subsét of RN onto an open subsetU) of RN such that
dety’(x) is nowhere 0. Then

f f(y)dy = / f (p(x))] dety’ ()] dx
o) U

for every nonnegative Borel functioh defined onp(U).

REMARK. Theo-algebra onp(U) is understood to b&y N ¢(U), the set
of intersections of Borel sets iRN with the open sep(U). If f is extended
from ¢(U) to RN by defining it to be 0 offp(U), then measurability of with
respect to thisr-algebra is the same as measurability of the extended function
with respect td3y.
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PrOOF. Theorem 3.34 gives us the change-of-variables formula, as an equality
of Riemann integrals, for everf/ in Ccom(¢(U)). In this case the integrands on
both sides, when extended to be 0 outside the regions of integration, are continuous
onall of RN, and the integrations can be viewed as involving continuous functions
on compact geometric rectangles. Proposition 6.11 (or Theorem 6.31 if one
prefers) allows us to reinterpret the equality as an equality of Lebesgue integrals.

In the extension of this identity to all nonnegative Borel functions, measur-
ability will not be an issue. The functiofi is to be measurable with respect
to Bn(¢(U)), and Corollary 6.29 shows that sudhs correspond exactly to
functions f o ¢ measurable with respect &y (U).

Using Theorem 5.19, define a measuren By (U) by

M(E)=/Eldet<0/(X)IdX-

Corollary 5.28 implies that satisfies

/gdu=/ g(x) | dety’(x)| dx (%)
V] U

for every nonnegativg on U measurable with respect 8\ (U). Next define
another set function on By (U) by

v(E) = m(e(B)),

wherem is Lebesgue measure. It is immediate thé& a measure, and we have

Sy TE@ XY Ay = [ loe) dy = M(@(E)) = v(E) = [, e dv. Passing
to simple functions> 0 and then using monotone convergence, we obtain

/ gow-ldy=/gdv (+4)
[1(S))] U

for every nonnegativg onU measurable with respect B\ (U).
If in (xx) and ¢&) we takeg = f o ¢ with f in Ceom(¢(U)) and we substitute
into the change-of-variables formula as it is given fan Com(¢(U)), we obtain

the identity
f gdv = f gdu )
U U

for all g in Cecom(U). From Corollary 6.26 we conclude that = v. Hence
(1) holds for every nonnegativgon U measurable with respect 8y (U). We
unwind (1) using ) and ) with g = f o ¢ but now takingf to be any
nonnegative function op(U) measurable with respect 6y (¢(U)), and we
obtain the conclusion of the theorem.
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Let us return to the example of polar coordinate®Rf first considered in
Section I11.10. The data in the theorem are

U={(;)|O<I’<—|—oo and 0<9<2n},
X r s6
() =v()=(\2%)-

o) =R~ {(3) |x 20}
Since dety’ (;) =r, Theorem 6.32 gives

and we have

/ f(x,y)dxdy= f(r cosd, rsing)rdrde
o) 0<r <oo, 0<f<21

for every nonnegative Borel functiohon¢(U). The set of integratiop(U) on

the left side is not quite the whole plane; it omits the part ofxthexis where

x > 0. But this is a harmless defect: this subset oftlais is contained in the
entirex axis, which is an abstract rectangle in the sense of Fubini’s Theorem and
has measure 0. Thus the formula can be changed to read

/ f (X, y)dxdy:/ f(r coso,r sind)rdrdo
R2 0<r <oo, 0<f<2r

for every nonnegative Borel functioh on R2. Here is an application of this
formula that we shall use in proving the Fourier Inversion Formulain Chapter VIIl.

o0

Proposition 6.33./ e ™ dx = 1.

—00
REMARK. Since we now know from Theorem 6.31 that there is no discrepancy
between the Riemann integral and the Lebesgue integral with respect to Lebesgue
measure, there will be no harm in the future in writing limits of integration in the
usual way for integrals with respect to 1-dimensional Lebesgue measure.

PROOF. We use polar coordinates and Fubini’s Theorem to compute the square
of the integral in question:

(fR e—nx2 dx)z _ fRZ e—nxze_nyz dx dy= fRZ e—ﬂ(x2+y2) dx dy
= [ [Z e rdodr =27 [Cre™ dr

=2 limy foN re=™"*dr = limy [— e*”rz]oN =1.

Since the integral in question is certairdy0, the proposition follows.
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Proposition 6.33 is closely related to properties of the “gamma function,” a
certain function of a complex variable that reduces essentially to the factorial
function on the positive integers. The definition of the gamma function makes
use of the expressidfi defined for O< t < 400 andsin C by ts = 5'°9t,

Fix s € C with Res > 0. The functiont — tS~le~! is continuous on
(0, +00) and hence Borel measurable. Let us see that it is integrable with respect
to Lebesgue measure. Singete!| = tRe~le~t, we may assume thais real
(and positive) in showing the integrability. Integrability ¢& 1] is no problem,

since we know thayolts—ldt < oo for s > 0. To handle [1400), letn be

an integer> s — 1. Thents™1 < t" = 2'1(2 ()" < 21y L (L) =

2"nle'/2, Hencets~le !t < 2"'nle~'/2, and the integrability on [14oc0) follows.
With this integrability in place, we define tlgamma function by

o0
r'(s) = / t5le'dt  for Res > 0.
0

Proposition 6.34. The gamma function has the properties that
(@) I'(s+ 1) =sI'(s) for Res > 0,

(b) I'(1) = 1 andl'(n 4+ 1) = n! for integersn > 0O,

© r(3) =vr.

ProoF Part (a) follows from integration by parts, which needs to be done on
an interval g, M] and followed by passages to the limit>~ 0 andM — oco. In
(b), the formuld™ (1) = 1 just amounts to the elementary integ@ etdt=1,
and then the formul& (n 4+ 1) = n! for integersn > 0 follows by iterating (a).
For (c), the change of variablés= 7 x? gives

r(3) = [t Y2etdt= [*(rx®)~Y2e ™ 2rx dx = 2/7 [;° e dx.

Since [,° e ™ dx = I e ™ dx, Proposition 6.33 allows us to conclude
that 2/7° e dx = 1. Hencel'(}) = /7.

It is often true in applications of the change-of-variables formula that the set
¢(U) does not exhaust the set that one might hope to have as region of integration.
For polar coordinates the exceptional set was the part of #eds withx > 0,
and an easy argument showed that the exceptional set had measure 0. In a more
complicated example, that easy argument will not ordinarily apply, but still the
exceptional set has a certain “lower-dimensional” quality to it. A general result
saying that certain lower-dimensional sets have measure 0 will be given as a
corollary of Sard’s Theorem, which we prove now.

Lety : V — RN be a smooth map defined on an open subsef RN. A
critical point x of ¢ is a point whera)’(x) has rank< N. In this casey (x) is
called acritical value.
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Theorem 6.35(Sard’s Theorem). i : V — RN is a smooth map defined
on an open subsaft of RN, then the set of critical values gf is a Borel set of
Lebesgue measure ORI,

PrOOFE The set where/’(x) has rank<s N — 1 is relatively closed i/ and
hence is the union of countably many compact sets. The set of critical values is
then the union of the compact images of these sets and consequently is a Borel set.
Let us see that this Borel set has Lebesgue measure 0. Giiscthe countable
union of compact geometric rectangles and since the countable union of sets of
measure 0 is of measure 0, it is enough to prove the theorem for the restriction of
¥ to a compact geometric rectandke

For pointsx = (X1, ..., Xn) andx’ = (Xg, ..., Xy) in R, the Mean Value
Theorem gives

N
Vi
wm—mmziﬁé
J

=1

() (X — X)), (%)

wherez is a point on the line segment fromto x’. Since the?,%‘ are bounded
on R, we see as a consequence that

[y (X') =¥ ()| < alx’ — x| ()
with a independent ok andx’. Let Ly(X") = (Lx 1(X'), ..., Lxn(X)) be the
best first-order approximation i aboutx, namely

Lxi (X)) = 91 (X) + XN: O () Xj).
’ = 0 J
Subtracting this equation from), we obtain
¥i(X) — Lxi(X) = XN: (%(Zi) - %(X)> (X = X)).
’ =\ ox aX; !

Since% is smooth andz — x| < |X’ — x|, we deduce that

[ (X') — Ly(X)| < b|x' — x|? @)

with b independent ok andx’.

If x is a critical point, let us bound the image of the sex’afith |[x" — x| < c.
The determinant of the linear part &f; is 0, and hencd.4 has image in a
hyperplane, not necessarily a coordinate hyperplane. By/(X,) has distance
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< bc? from this hyperplane. In each of th¢ — 1 perpendicular directions,
(x*) shows thaty (x") andy (x) are at distance< ac from each other. Thus
¥ (x) is contained in a boxcentered aty (x) with volume 2 (ac)N-1(bc®) =
2NaN—1bCN+1_

We subdivideR into MN smaller compact geometric rectangles whose dimen-
sions are 1M times those ofR. If d is the diameter oR and if one of these
smaller geometric rectangl®¥ contains a critical point, then any poink’ in R’
has|x’ — x| < d/M. By the result of the previous paragraghof R’ is contained
in a box of volume YaN—1b(d/M)N+1. The union of these boxes, taken over all
of the smaller geometric rectangles containing critical points, contains the critical
values. Since there are at md4t' of the smaller geometric rectangles, the outer
measuren* of the set of critical values, whera refers to Lebesgue measure, is
< 2NaN—-1pdN+IM~1. This estimate is valid for alM, and hence the s& of
critical values ham*(S) = 0. Therefore the Borel s&has Lebesgue measure 0.

Corollary 6.36. If ¢ : V — RN is a smooth map defined on an open subset
V of RM with M < N, then the image o is a Borel set of Lebesgue measure 0
in RN,

PrROOF Sard’s Theorem (Theorem 6.35) applies to the composition of the
projectionRN — RM followed by y. Every point of the domain is a critical
point, and hence every point of the image is a critical value. The result follows.

We define alower-dimensional setin RN to be any set contained in the
countable union of smooth images of open sets in Euclidean spaces of dimension
< N. The following result is immediate from Corollary 6.36.

Corollary 6.37. Any lower-dimensional set iRN is Lebesgue measurable of
Lebesgue measure 0.

The N-dimensional generalization of polar coordinatesRifiis spherical
coordinatesin RN. In the notation of Theorem 6.32, we have

O0<r < +oo,
O<f <mforl<j<N-=-2
0<9N_1<27T

r cosby

X1 r sind; costy
01
and ( : ) = . = :
XN ’ I sinéy--- SiNfn_2 COSHN_1

9N—1 . . .
r sinf1--- SiNfy_2 SiNfn_1

1This box need not have its faces parallel to the coordinate hyperplanes.
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Problem 2 at the end of the chapter asks for three things to be checked:
(i) the determinant factor in the change-of-variables formula is given by

N-1

|dety’| = rN=1sinN=26,sinN =26, - - - sinfy_,

(i) ¢ is one-one otJ,
(iii) the complement ofp(U) in RN is a lower-dimensional set.

Then it follows that the change-of-variables formula applies and that the integra-
tion overp(U) can be extended ov&»™\. We can write the result as

[RE
RN r=0J60,=0 On—_2=0
N

x rN=1ginN—2 01---Sinfn_pdON_1---dB; dr.

2
/ f(rcosfy,...)
0

N-1=0

The expression sh26, .- -sindy_>dOn_1 - - - dO; we abbreviate adw. Geo-
metrically it is the contribution to Lebesgue measur&6nfrom the spher&N—1

of radius 1 centered at the origin. In Chapter XI we shall speak of Borel sets in
any compact metric space. The sph8te? is a compact metric space, and we
shall note thatlw refers to a rotation-invariant Borel measure®. We write

QNfl = / da)
gN-1

for the “area” of the spher8N—1. This constant is evaluated in Problem 12 at the
end of the present chapter with the aid of Proposition 6.33. In terrdspthe
change-of-variables formula for spherical coordinates is

/f(x)dx:/ / fro)rN"tdwdr.
RN r=0JweSN-1

This formula allows us quickly to check the integrability of powergxifnear
the origin and neaso. In fact, we have

1
/ IX|9dx = QN_lf rdtN=1qr
X|<1 0

o0
and / IX|9dx = QN1/ rd+N=1qr,
[X|>1 1

from which we see that
forg > —N,

|x|% is integrable nea
oo forg < —N.
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6. Hardy-Littlewood Maximal Theorem

This section takes a first look at the theory of almost-everywhere convergence.
The theory developed historically out of Lebesgue’s work on an extension of the
Fundamental Theorem of Calculus to general integrable functions on intervals of
the line, work that we address largely in the next chapter. We shall see gradually
that the theory applies to a broader range of problems than the ones immediately
generalizing Lebesgue’s work, and one can make a case that nowadays the theory
in this section is of considerably greater significance in real analysis than one
might expect from Lebesgue’s work on the Fundamental Theorem.

The theory brings together two threads. The first thread is the observation that
an effort to differentiate integrals of general integrable functions on an interval
of the line can be reinterpreted as a problem of almost-everywhere convergence
in connection with an approximate identity of the kind in Theorem 6.20. In
explaining this assertion, let us denote Lebesgue measure &y necessary.

To differentiate F (x) = f; f (t) dt, one forms the usual difference quotient
h~[F (x + h) — F(x)], which can be written foh > 0 as

1

-1

o) g T V8= [ FoymEnop g dy
orasf xpnh(x), wherep(y) = m([—1, O])*ll[_l‘o](y). Hereyp has integral 1, and
¢n is the normalized dilated function defined in Section 2pgy) = h~1p(h~ly)
in the 1-dimensional case. Theorem 6.20 sayspfee 1 andp = 2 that ash
decreases to (, x ¢ converges td in LPif f isinLP. Also, f % ¢, converges
uniformlyto f if f is bounded and uniformly continuous, ahegy(x) converges
to f(x) at the poin if f is bounded and is continuous»xatThe problem about
differentiation of integrals asks about convergence almost everywhere.

We shall want to have a theoremid, and for this purpose aN-dimensional
version ofl[_1 o; does not seem attractive for generalizing. Instead, let us general-
ize froml[_1 1), taking theN-dimensional problem to involve a bdl of radius 1
centered at the origin; there is some flexibility in choosing theBsetnd a cube
centered at the origin would work as well. We writB for the set of dilates of
the members oB by the scalar. Thus we investigate

m(rB)‘lf f(x —y)dy
rB
asr decreases to 0; equivalently we investigate

f x @ (x), whereg(y) =m(B) *g(y).
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The second thread comes from making a simple observation and then trying
to prove the converse in specific settings, as improbable as it sounds. The
observation is that if some sequence of nonnegative functions indexed by
is to converge almost everywhere, its supremumnomust be finite almost
everywhere. A converse would say that a finite supremum almost everywhere
implies convergence almost everywhere. Banach succeeded in proving an abstract
such converse in a 1926 paper, making use of the completeness of the space of
functions he was studying. In a celebrated 1930 paper, Hardy and Littlewood
proved a concrete such converse in connection with differentiation of integrals;
they obtained a quantitative estimate about the supremum, and then the almost
everywhere convergence followed from that estimate and from the fact that the
convergence certainly takes place for nice functions. Here N-a@iimensional
version of the basic theorem in that direction.

Theorem 6.38(Hardy—Littlewood Maximal Theorem). If is in L1(RN),

then y
_ 5Vl

&

m{x| f*(x) > &}

for everyé > 0, where

f*(x) = sup m(rB)‘lf | f(x —y)|dy.
O<r <oo rB
Before examining the statement of the theorem more closely and then proving
the theorem, let us see how to derive a correspondiatimensional convergence
result from it, and let us see how the first part of Lebesgue’s version of the
Fundamental Theorem of Calculus, the part about differentiation of integrals,
follows as well.

Corollary 6.39. If f is integrable on every bounded subseR6, then
lim m(rB)‘1/ f(x—y)dy=f(x) a.e.
T\LO rB

PrROOF Since the convergence for a particukadepends on the behavior of
the function only neax, we may assume thdtis identically O off some bounded
set. The effect of this assumption for our purposes is th#ten has to be in
LYRN). Define

T (f) = m(rB)lf f(x—y)dy,
rB
bearing in mind thatf *(x) = sug. T, (| f[)(X). If g is continuous of compact
support, then lio T, g(X) = g(x) everywhere by Theorem 6.20c. Let- 0 be
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given, and choose by Corollary 6.4 a functigm Ceom(RN) with || f —g|l1 < €.
Then

limsup|T, f (x) — f(X)]

r}o
< Iimf(;)uplTr(f - X))+ |im¢50Up|Trg(X) — g +1g(x) — f(X)|
< SU€|Tr(f - P+ [g(x) — F(X)]
< SUcl)JTr(H —gh(x) + [g(x) — F(X)I.

If the left side is> &, at least one of the terms on the right side-i§ /2. Hence

{x| limsup|T, f(x) — f(x)| > &}
x| (f —g)* ) > &/2 U {x]| [f(x) —gx)| > &/2}.

By Theorem 6.38 and the inequalitym{x | |F ()| > a} < ||F ||, the Lebesgue
measure of the right side is

Nj§ . N
52-5 [ f g||1+2||f ngSEZ(S +1).
& & &

Sincee is arbitrary,S(¢) = {x | limsup|T, f(x) — f(x)| > &} has measure 0.
Letting & tend to 0 through the valueg i, we see thag(0) has measure 0, i.e.,
that limy o T, f (x) = f(x) almost everywhere.

Corollary 6.40 (first part of Lebesgue’s form of the Fundamental Theorem of
Calculus). Iff is integrable on every bounded subseRdf thenfaX f(y)dyis
differentiable almost everywhere and

d X
&L f(yydy= f(x) a.e.

PrOOF. For f in LY(RY), let f* be as in Theorem 6.38, and define

1" 1 (0
f*(X) = sup - [f(x+t)|dt and f"™(x) =sup—- | f (X +t)|dt.
h>0 h 0 h>0 h —h

Then
h

1
f(X) < sup— [f(x +1)]dt =2f*(x),
h=0 hJ_n
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and similarly f**(x) < 2f*(x). From Theorem 6.38 it follows that

m{x| 0 > &} < 10| f|l1/¢
and m{x | f*(x) > &} < 10| f||,/&.

The same argument as for Corollary 6.39 allows us to conclude, forfany
integrable on every bounded subseRdf that limy,o % foh f(x+t)dt = f(x)
a.e. and limyo & /% f(x +t)dt = f(x) ae. Henced [ ft)dt = f(x)
almost everywhere for such.

Let us return to Theorem 6.38. The functidri(x) is called theHardy—
Littlewood maximal function of f. It is measurable because the supremum
over rational gives the same value df*(x) for eachx. If we let& tend tooo in
the inequalitym{x | f*(x) > £} < 5V| f||,/&, we see immediately th&t*(x)
is finite almost everywhere, i.e., that the supremum in question is actually finite
almost everywhere. The inequality is a quantitative version of that qualitative
conclusion.

For any situation in which it is desired to prove an almost-everywhere conver-
gence theorem, there is an associabeimal function in modern terminology,
which can be taken as the supremum of the absolute value of the quantity for
which one is trying to prove almost-everywhere convergence. In the above case
we used the supremum fpf | instead, which in principle could be larger.

There is no hope that the Hardy—Littlewood maximal functfdns actually in
LYif f is nota.e. the O function because the occurrence of large valués thfe
supremum already rules out behavior: in fact,f *(x) is necessarily a positive
multiple of |x|~N for large|x|, and thusf * cannot be integrable. On the other
hand, f * is close to integrable: We shall see in Section 10 that the integral of any
nonnegative functiog can be computed in terms of the functm{ux | gx) > g}
of &, the formula being/,y g(x) dx = [ m{x | g(x) > &} d&. Theorem 6.38
shows that the integrand in the casefdfis < a multiple of &, and V¢ is
close to being integrable af, +o00). This is a better qualitative conclusion than
merely finiteness almost everywhere, and Theorem 6.38 is a quantitative version
of just how closef * is to being integrable.

The particular property of * that is isolated in Theorem 6.38 arises fairly
often. If g > O is integrable ands is the set wheregy > &, theng > &lg
everywhere; hencgglls > &€ m(S) andm(S) < ||g||1/§. A functiong is said to
be inweak L? if

m{x | lgx)| > £} <C/&

for some constant and for allé > 0. Theorem 6.38 says that the nonlinear
operatorf — f* carriesL! to weakL?! with C bounded by a multiple of the?!
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norm of f, and an operator of this kind that satisfies also a certain sublinearity
property is said to be ofveak type (1, 1). We return to this matter, with the
definition in a clearer context, in Chapter IX.

Now let us prove Theorem 6.38. One modern proof uses the following covering
lemma, which takes into account the geometriR8fin a surprisingly subtle way.
Once the lemma is in hand, the rest is easy.

Lemma 6.41(Wiener’'s Covering Lemma). LeE € RN be a Borel set, and
suppose that to eachin E there is associated some bBIlir; x) with r perhaps
depending orx. If the radiir = r(x) are bounded, then there is a finite or
countabledisjoint collection of these balls, saB(r1; x1), B(ra; x2), ..., such
that either the collection is infinite and iaf; .o, r; # 0 or

o0

E <[ JBGr: ).

=1
In either case,

o0

m(E) <5 Y m(B(rj: x)).

i=1

REMARK. The shape of the sets &(r; x) is not very important. What is
important is that there be some neighborh@&odf the origin that is closed under
the operation of multiplying all its members byl and by any positive number
r < 1. The other sets are obtained fr@rby dilation and translation.

PROOF. Let
Az = {all setsB(r; x) in questior]
and Ry = sup{r | B(r; x) is in A; for somex}.
By hypothesisR; is finite. Pick someB(rq; x1) withry; > %Rl, and let
A = {members of4; disjoint fromB(ry; x1)}.

If Ay is empty, let all furtheiR;’s be 0 and let all furtheB(rj; x;)’s be empty. If
A2 is nonempty, let

R, = sup{r | B(r; x) is in A, for somex}.
Pick B(rz; Xo) in Ap with o > R,. Let

As = {members of4; disjoint fromB(r2; X2) },
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and proceed inductively to construgg, B(rs; X3), A4, etc.

The numberdR; are monotone decreasing. We may assume theR]iea 0,
since otherwise infr; # 0 and)_ m(B(rj; X)) = +oo. Let

Vi =unionof allsetsind; — Aj;1  forj>1

and Vo = union of all sets inA4;.
ThenVy = Uj’il\/j; in fact, if B(r; x) is in A4, then the equality linR, = 0
forces there to be a last indgxsuch thatB(r; x) is in 4;, and thisj has the
property thatB(r; x) is in .4; and notA; 1.

SinceE C Uy B(r; x) = Vo = U2, V;, the proof will be complete if we

show that
V, € B(5rj; X)). ()

Thus letB(r; x) be inA; — Aj1. Thenr < R,
B(r; x) N B(rj; X)) # @,
andr; > ZR;. Consequently < 2rj and
B(r; x—xj) N B(rj; 0) # @.

This condition means that there is somén B(rj; 0) with [Xx —x; — p| < r. If
g is any member oB(r; x), then

=X <1g—=X|+ X=X —pl+|pl <r+r+r=2r+r;.
Thusq isin B(2r +rj; Xj) € B(5rj; X;), and §) follows.

PROOF OF THEOREM 6.38. LetE = {x| f*(x) > &}. If x is in E, then
m(B(r; 0))~1 [B(r;x) [ f(y)|dy > & for somer > 0. Associate thig to x in
applying Lemma 6.41. Since

e<mBr0)t [ [fldy=rmE0) i,

we see thatN < £~Im(B(1; 0))~1|| f||;. Hence the numberns are bounded.
Thus the lemma applies, and we obtain

m(E) < 5" S m(B(;; ) < 5“5—12/8( 1Tl dy = Tl
] T /B

the last inequality holding because of the disjointness of theB@[sx;).
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Let us return to the theme of almost-everywhere convergence in connection
with approximate identities. Theorem 6.38 has the following consequence of just
that kind.

Corollary 6.42. Let ¢ > 0 be a continuous integrable function B of the
form ¢ (x) = go(|X|), Whereyy is a decreasing? function on [Q co), and define
@:(X) = e Ng(e71x) for ¢ > 0. Then there is a consta@, such that

supl(ge * £)()| < Cy £(x)

e>0

for all x in RN and for all f in LYX(RN). Consequently iff,y ¢(x) dx = 1, then
Iigg) (pe x HH(x) = F(x)

almost everywhere for eachin L1(RV).

PROOF. Puty/(r) = —gp(r) = 0, so thaipo(r) — ¢o(R) = erW(s)ds. The
integrability ofp and the fact thapg is decreasing force ligL, . 9o(R) = 0, and
we obtaingo(r) = [ ¥(s)dsande(x) = fliT Y (r)dr. Meanwhile, the inte-
grability of ¢, together with the formula for integrating in spherical coordinates,
shows that/y" ¢o(r)rN=tdr = C < +oc. Integrating by parts on the interval
[0, M] gives

C= [ pom)rN-tdr = Lo rNY + & My @)rNr,
and thus
v rNdr < C < 4oo.

The form ofg implies that

@00 =N [ w(r)dr.
If, as in the statement of Theorem 6.38, webBdbe the ball of radius 1 centered
at the origin, we obtain

[(@e * YOO < fen @D T (X = y)|dy
= Jyemn €N [y YOI (x =)l drdy
= [ Zo¥vM[e™ fyzer [T x =yl dy]dr
= [ZomB)y () rN[merB)t [, _,, If(x— y)|dy]dr

=mB)[ [ Zow @) rNdr]f(x).
The right side is< C, f*(x) with C, = CNm(B). Applying Theorem 6.38,
we see that the operatdri— sup.q |(¢: * f)(X)| is of weak type (1,1). Since
¢, * T converges pointwise (and in fact uniformly) fowhen f is in Ceom(RN),
the same argument as for Corollary 6.39 shows that i, * f)(x) = f(x)
almost everywhere for eachin L1(RV).
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ExampPLE. An example of a functiop as in Corollary 6.42 i$(x) = T2

in RY. We shall see in Chapter VIII that the functibix, y) = (Py x f)(x) for
this ¢ is the natural function on the half plage> 0 in R? that isharmonic, i.e.,
has82h + o*h

ax2 = 9y?
hasf (x) as boundary values almost everywheré it in L1(R?).

= 0, and has boundary value Corollary 6.42 says thai(x, y)

7. Fourier Series and the Riesz—Fischer Theorem

As mentioned at the beginning of Chapter V, the use of the Riemann integral
imposes some limitations on the subject of Fourier series that no longer apply
when one uses the Lebesgue integral. In this section we shall redo the elementary
theory of Fourier series of Section 1.10 with the Lebesgue integral in place, with
particular attention to the improved theorems that we obtain. It will be assumed
that the reader knows the theory of that section.

The underlying measure space with ber], 7] with the o-algebra of Borel
sets and with the measug% dx, wheredx is 1-dimensional Lebesgue measure.
The complex-valued functions under consideration will be periodic of period 2
thus assuming the same valuerats at—x. The spacek?, L2, andL > will refer
to this measure space when no other parameters are given. Since the measure
of the whole space is finite, these spaces satisfy the inclusighs L2 < L1,
The functions inL*>° being essentially bounded, they are certainly integrable and
square integrable. The inclusidrf < L? follows from the Schwarz inequality:
2 [T f1Ldx < (G [T 1 Pdx) (5 7, 1d%) 7™

There is another way of viewing this measure space that will be especially
helpful in relating convolution to the theory. Namely, a periodic function on the
line of period 2r may be viewed as a function on the unit circl€bfvith the angle
as parameter. In fact, convolution is a construction that combines group theory
with measure theory when the measure is invariant under the group, and that is
why convolution appears more natural on the circle than-en, fr]. The limits
of integration do not have to be written differently from the way they are written
on the line, but we must remember that functions are to be extended periodically
when we interpret integrands. The fac%»;in front of the measure means that
all convolutions of functions are to contain this factor. Thus the definition of
convolution for nonnegativef andg is

b4

1
(fxQ)(x) = E/ f(x — y)g(y) dy.

-
Convolution is commutative and associative on the circle just as in Proposition
6.13, and the various norm estimates of Section 2 are valid in the setting of the



