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CHAPTER IX

Fields and Galois Theory

Abstract. This chapter develops some general theory for field extensions and then goes on to
study Galois groups and their uses. More than half the chapter illustrates by example the power
and usefulness of the theory of Galois groups. Prerequisite material from Chapter VIII consists
of Sections 1–6 for Sections 1–13 of the present chapter, and it consists of all of Chapter VIII for
Sections 14–17 of the present chapter.

Sections 1–2 introduce field extensions. These are inclusions of a base field in a larger field.
The fundamental construction is of a simple extension, algebraic or transcendental, and the next
construction is of a splitting field. An algebraic simple extension is made by adjoining a root of an
irreducible polynomial over the base field, and a splitting field is made by adjoining all the roots of
such a polynomial. For both constructions, there are existence and uniqueness theorems.

Section 3 classifies finite fields. For each integerq that is a power of some prime number, there
exists one and only one finite field of orderq, up to isomorphism. One finite field is an extension of
another, apart from isomorphisms, if and only if the order of the first field is a power of the order of
the second field.

Section 4 concerns algebraic closure. Any field has an algebraic extension in which each
nonconstant polynomial over the extension field has a root. Such a field exists and is unique up
to isomorphism.

Section 5 applies the theory of Sections 1–2 to the problem of constructibility with straightedge
and compass. First the problem is translated into the language of field theory. Then it is shown that
three desired constructions from antiquity are impossible: “doubling a cube,” trisecting an arbitrary
constructible angle, and “squaring a circle.” The full proof of the impossibility of squaring a circle
uses the fact thatπ is transcendental over the rationals, and the proof of this property ofπ is deferred
to Section 14. Section 5 concludes with a statement of the theorem of Gauss identifying integersn
such that a regularn-gon is constructible and with some preliminary steps toward its proof.

Sections 6–8 introduce Galois groups and develop their theory. The theory applies to a field
extension with three properties—that it is finite-dimensional, separable, and normal. Such an
extension is called a “finite Galois extension.” The Fundamental Theorem of Galois Theory says in
this case that the intermediate extensions are in one-one correspondence with subgroups of the Galois
group, and it gives formulas relating the corresponding intermediate fields and Galois subgroups.

Sections 9–11 give three standard initial applications of Galois groups. The first is to proving the
theorem of Gauss about constructibility of regularn-gons, the second is to deriving the Fundamental
Theorem of Algebra from the Intermediate Value Theorem, and the third is to proving the necessity
of the condition of Abel and Galois for solvability of polynomial equations by radicals—that the
Galois group of the splitting field of the polynomial have a composition series with abelian quotients.

Sections 12–13 begin to derive quantitative information, rather than qualitative information, from
Galois groups. Section 12 shows how an appropriate Galois group points to the specific steps in
the construction of a regularn-gon when the construction is possible. Section 13 introduces a tool
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1. Algebraic Elements 449

known as Lagrange resolvents, a precursor of modern harmonic analysis. Lagrange resolvents are
used first to show that Galois extensions in characteristic 0 with cyclic Galois group of prime orderp
are simple extensions obtained by adjoining apth root, provided all thepth roots of 1 lie in the base
field. Lagrange resolvents and this theorem about cyclic Galois groups combine to yield a derivation
of Cardan’s formula for solving general cubic equations.

Section 14 begins the part of the chapter that depends on results in the later sections of Chap-
ter VIII. Section 14 itself contains a proof thatπ is transcendental; the proof is a nice illustration of
the interplay of algebra and elementary real analysis.

Section 15 introduces the field polynomial of an element in a finite-dimensional extension field.
The determinant and trace of this polynomial are called the norm and trace of the element. The
section gives various formulas for the norm and trace, including formulas involving Galois groups.
With these formulas in hand, the section concludes by completing the proof of Theorem 8.54 about
extending Dedekind domains, part of the proof having been deferred from Section VIII.11.

Section 16 discusses how prime ideals split when one passes, for example, from the integers to
the algebraic integers in a number field. The topic here was broached in the motivating examples
for algebraic number theory and algebraic geometry as introduced in Section VIII.7, and it was the
main topic of concern in that section. The present results put matters into a wider context.

Section 17 gives two tools that sometimes help in identifying Galois groups, particularly of
splitting fields of monic polynomials with integer coefficients. One tool uses the discriminant of the
polynomial. The other uses reduction of the coefficients modulo various primes.

1. Algebraic Elements

If K and k are fields such thatk is a subfield ofK, we say thatK is a field
extensionof k. When it is necessary to refer to this situation in some piece of
notation, we often writeK/k to indicate the field extension. In this section we
shall study field extensions in a general way, and in the next section we shall
discuss constructions and uniqueness results involving them.

If K andK′ are two fields and ifϕ is a ring homomorphism ofK into K′ with
ϕ(1) = 1, thenϕ is automatically one-one sinceK has no nontrivial ideals. We
refer toϕ as afield map or field mapping.1 If K andK′ are both field extensions
of a fieldk and if the restriction of a field mapϕ to k is the identity, thenϕ is
called ak field map or afield map fixing k. The terminology “k field map” is
consistent with the view thatK andK′ are twoR algebras forR = k in the sense
of Examples 6 and 15 in Section VIII.1, and that the isomorphism in question is
just anR algebra isomorphism.

If a field mapϕ : K → K′ is ontoK′, thenϕ is afield isomorphism; it is a
k field isomorphism if K andK′ are extensions ofk andϕ is the identity onk.
WhenK = K′ andϕ is ontoK′, ϕ is called anautomorphism of K; if alsoϕ is
the identity on a subfieldk, thenϕ is called ak automorphism of K.

1This is the notion of morphism in the category of fields.
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Throughout this section we letK/k be a field extension. Ifx1, . . . , xn are
members ofK, we let

k[x1, . . . , xn] = subring ofK generated by 1 andx1, . . . , xn,

k(x1, . . . , xn) = subfield ofK generated by 1 andx1, . . . , xn.

The latter, in more detail, means the set of all quotientsab−1 with a andb in
k[x1, . . . , xn] and withb �= 0. It is referred to as thefield obtained by adjoining
x1, . . . , xn to k. Because of this description of the elements ofk(x1, . . . , xn), the
field k(x1, . . . , xn) can be regarded as the field of fractionsF of k[x1, . . . , xn]. In
fact, we argue as follows: letη : k[x1, . . . , xn] → F be the natural ring homo-
morphisma �→ class of(a, 1) of k[x1, . . . , xn] into its field of fractions; then the
universal mapping property ofF stated in Proposition 8.6 gives a factorization of
the inclusionι : k[x1, . . . , xn] → k(x1, . . . , xn) asι = ι̃η, and the field mapping
ι̃ has to be ontok(x1, . . . , xn) since the class of(a, b) maps to the memberab−1

of k(x1, . . . , xn).
As in Chapter IV and elsewhere, we letk[X] be the ring of polynomials in

the indeterminateX with coefficients ink. For eachx in K, we have a unique
substitution homomorphismϕx : k[X] → k[x] carryingk to itself and carrying
X to x. We say thatx is algebraic overk if ϕx is not one-one, i.e., ifx is a root
of some nonzero polynomial ink[X], and thatx is transcendentaloverk if ϕx

is one-one.

EXAMPLES.

(1) If k = R, if K = C, and if x is the usual elementi = √−1, then
ϕi (X2 + 1) = 0, andi is algebraic overR.

(2) If k = Q, if K = C, and if θ is a complex number with the property that
θn + cn−1θ

n−1 + · · · + c1θ + c0 = 0 for somen and for some coefficients inQ,
thenθ is algebraic overQ. This situation was the subject of Proposition 4.1, of
Example 2 in Section IV.4, and of Example 10 in Section VIII.1.

(3) Let k = Q andK = C. Forπ equal to the usual trigonometric constant,
given as the least positive real such thatei π = −1 whenez = ∑∞

n=0 zn/n!, it will
be proved in Section 14 that there is no polynomialF(X) in Q[X] with F(π) = 0,
andπ is consequently transcendental overQ.

(4) If k = Z/2Z andK is the 4-element field constructed in Example 3 of
fields in Section IV.4, then any element ofK is algebraic overk.

(5) If k = C(X) and if K = C(X)[
√

(X − 1)X(X + 1) ] as with the ringR′
in Section VIII.7 and as in Example 3 of integral closures in Section VIII.9, then√

(X − 1)X(X + 1) is algebraic overC(X).
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Suppose thatx in K is algebraic overk. Then

kerϕx = {F(X) ∈ k[X] | F(x) = 0}

is an ideal ink[X] that is necessarily nonzero and principal. A generator is
determined up to a constant factor as any nonzero polynomial in the ideal that has
lowest possible degree, and we might as well take this polynomial to be monic.
Thus kerϕx is of the form(F0(X)) for some unique monic polynomialF0(X), and
this polynomialF0(X) is called theminimal polynomial of x overk. Review of
the example at the end of Section VIII.3 may help motivate the first five results
below.

Proposition 9.1If x ∈ K is algebraic overk, then the minimal polynomial of
x overk is prime as a polynomial inK[X].

PROOF. Suppose thatF(X) factors nontrivially asF(X) = G(X)H(X). Since
F(x) = 0, eitherG(x) = 0 or H(x) = 0, and then we have a contradiction to
the fact thatF has minimal degree among all polynomials vanishing atx. �

Theorem 9.2.If x ∈ K is algebraic overk, then the fieldk(x) coincides with
the ringk[x]. Moreover, if the minimal polynomial ofx over k has degreen,
then each element ofk(x) has a unique expansion as

cn−1xn−1 + cn−2xn−2 + · · · + c1x + c0 with all ci ∈ k.

PROOF. Since the substitution ring homomorphismϕx carriesk[X] ontok[x],
we have an isomorphism of ringsk[x] ∼= k[X]/ kerϕx = k[X]/(F0(X)), where
F0(X) is the minimal polynomial ofx overk. SinceF0 is prime,(F0(X)) is a
nonzero prime ideal and hence is maximal. Thusk[x] is a field. Consequently
k(x) = k[x].

Any element ink[x], hence ink(x), is a polynomial inx. SinceF0(x) = 0,
we can solveF0(x) = 0 for its leading term, sayxn, obtainingxn = G(x), where
G(X) = 0 or degG(X) ≤ n − 1. Thus the expansions in the statement of the
theorem yield all the members ofk[x]. If an element has two such expansions,
we subtract them and obtain a nonzero polynomialH(X) of degree at mostn−1
with H(x) = 0, in contradiction to the minimality of the degree ofF0(X). �

Corollary 9.3. If x ∈ K is algebraic overk, then the fieldk(x), regarded as
a vector space overk, is of dimensionn, wheren is the degree of the minimal
polynomial ofx over k. The elements 1, x, x2, . . . , xn−1 form a basis ofk(x)

overk.

PROOF. This is just a restatement of the second conclusion of Theorem 9.2.�
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We say that the field extensionK/k is analgebraic extensionif every element
of K is algebraic overk.

Proposition 9.4. If the vector-space dimension ofK overk is some finiten,
thenK is an algebraic extension ofk, and each elementx of K has some nonzero
polynomialF(X) in k[X] of degree at mostn for which F(x) = 0.

PROOF. This is immediate since the elements 1, x, x2, . . . , xn of K have to be
linearly dependent overk. �

WhenK/k is a field extension, we write [K : k] for the vector-space dimension
dimk K, and we call this thedegreeof K overk. If [K : k] is finite, we say that
K is a finite extensionof k, or finite algebraic extensionof k, the condition
“algebraic” being automatic by Proposition 9.4.

Corollary 9.5. If x is in K, thenx is algebraic overk if and only if k(x) is a
finite algebraic extension ofk. In this case the minimal polynomial ofx overk
has degree [k(x) : k].

PROOF. If x is algebraic overk, then [k(x) : k] is finite and is the degree of the
minimal polynomial ofx overk, by Corollary 9.3. Proposition 9.4 shows in this
case thatk(x) is a finite algebraic extension. Ifx is transcendental overk, then the
substitution homomorphismϕx is one-one, and dimk k(x) ≥ dimk k[X] = +∞.

�

Theorem 9.6. Let k, K, andL be fields withk ⊆ K ⊆ L, and suppose that
[K : k] = n and [L : K] = m, finite or infinite. Let{ω1, ω2, . . . } be a vector-
space basis ofK overk, and let{ξ1, ξ2, . . . } be a vector-space basis ofL/K. Then
themnproductsωi ξj form a basis ofL overk.

PROOF OF SPANNING. If ξ is in L, write ξ = ∑
j aj ξj with eachaj in K and

with only finitely manyaj ’s not 0. Then expand eachaj in terms of theωi ’s, and
substitute. �

PROOF OF LINEAR INDEPENDENCE. Let
∑

i, j ci j ωi ξj = 0 with theci j ’s in k.
Since the membersξj of L are linearly independent overK,

∑
i ci j ωi = 0 for

each j . Since the membersωi of K are linearly independent overk, ci j = 0 for
all i and j . �

Corollary 9.7. If k, K, andL are fields withk ⊆ K ⊆ L, then

[L : k] = [L : K] [K : k] .

PROOF. This is immediate by counting basis elements in Theorem 9.6.�



2. Construction of Field Extensions 453

Theorem 9.8.If K/k is a field extension and ifx1, . . . , xn are members ofK
that are algebraic overk, thenk(x1, . . . , xn) is a finite algebraic extension ofk.

REMARK. If a finite algebraic extension ofk turns out to be of the formk(x)

for somex, we say that the extension is asimple algebraic extension.

PROOF. Sincexi is algebraic overk, it is algebraic overk(x1, . . . , xi −1). Hence
[k(x1, . . . , xi ) : k(x1, . . . , xi −1)] is finite. Applying Corollary 9.7 repeatedly, we
see thatk(x1, . . . , xn) is a finite extension ofk. Proposition 9.4 shows that it is a
finite algebraic extension. �

EXAMPLE. The sum
√

2+ 3
√

2 is algebraic overQ, as a consequence of Theorem
9.8. This fact suggests Corollary 9.9 below.

Corollary 9.9 If K/k is a field extension, then the elements ofK that are
algebraic overk form a field.

PROOF. If x andy in K are algebraic overk, thenk(x, y) is a finite algebraic
extension ofk, according to Theorem 9.8. This extension containsx ± y andxy,
and it containsx−1 if x �= 0. The corollary therefore follows from Proposition
9.4. �

For the special case of Corollary 9.9 in whichK = C andk = Q, this subfield
of C is called the field ofalgebraic numbers, and any finite algebraic extension of
Q within C is called anumber field, or analgebraic number field. The seeming
discrepancy between this definition and the definition given in remarks with
Proposition 4.1 (that in essence a “number field” is any simple algebraic extension
of Q) will be resolved by the Theorem of the Primitive Element (Theorem 9.34
below).

2. Construction of Field Extensions

In this section,k denotes any field. Our interest will be in constructing extension
fields for k and in addressing the question of uniqueness under additional hy-
potheses. We begin with a kind of converse to Proposition 9.1 that generalizes the
method described in Section A4 of the appendix for constructingC = R(

√−1)

from R and the polynomialX2 + 1 .

Theorem 9.10(existence theorem for simple algebraic extensions). IfF(X) is
a monic prime polynomial ink[X], then there exists a simple algebraic extension
K = k(x) of k such thatx is a root ofF(X). Moreover,F(X) is the minimal
polynomial ofx overk.



454 IX. Fields and Galois Theory

PROOF. DefineK = k[X]/(F(X)) as a ring. SinceF(X) is prime,(F(X)) is
a nonzero prime ideal, hence maximal. ThereforeK is a field, an extension field
of k. Definex to be the cosetX + (F(X)). ThenF(x) = F(X) + (F(X)) =
0 + (F(X)), andx is therefore algebraic overk. It is immediate thatK = k[x],
and Theorem 9.2 shows thatK = k(x). If G(x) = 0 for someG(X) in k[X],
thenG(X) is in (F(X)). We conclude thatF(X) has minimal degree among all
polynomials withx as a root, andF(X) is therefore the minimal polynomial.�

Theorem 9.11(uniqueness theorem for simple algebraic extensions). IfF(X)

is a monic prime polynomial ink[X] and if K = k(x) andK′ = k(y) are two
simple algebraic extensions such thatx andy are roots ofF(X), then there exists
a field isomorphismϕ of K ontoK′ fixing k and carryingx to y.

EXAMPLE. The monic polynomialF(X) = X3 − 2 is prime inQ[X], and
x = 3

√
2 andy = e2π i /3 3

√
2 are roots of it withinC. The fieldsQ(x) andQ(y)

are subfields ofC and are distinct becauseQ(x) is contained inR andQ(y) is
not. Nevertheless, these fields areQ isomorphic, according to the theorem.

PROOF. In view of the proof of Theorem 9.10, there is no loss of generality
in assuming thatK = k[X]/(F(X)). Since y is algebraic overk, we can
form the substitution homomorphismϕy : k[X] → k(y). This is ak alge-
bra homomorphism. Its kernel is the ideal(F(X)) sinceF(X) is the minimal
polynomial ofy, andϕy therefore descends to a one-onek algebra homomorphism
ϕy : k(x) → k(y). Since dimk(x) and dimk(y) both match the degree ofF(X),
ϕy is ontok(y) and is therefore the requiredk isomorphism. �

We say that a nonconstant polynomialF(X) in k[X] splits in a given extension
field if F(X) factors completely into degree-one factors over that extension field.
A splitting field overk for a nonconstant polynomialF(X) in k[X] is an extension
field L of k such thatF(X) splits inL and such thatL is generated byk and the
roots ofF(X) in L.

EXAMPLES. Letk = Q. ThenQ(
√−1) is a splitting field forX2 +1, because

±√−1 are both inQ(
√−1) and they generateQ(

√−1) overQ. But Q(
3
√

2) is
not a splitting field forX3 − 2 becauseQ(

3
√

2) does not contain the two nonreal
roots ofX3 − 2.

Theorem 9.12(existence of splitting field). IfF(X) is a nonconstant polyno-
mial in k[X], then there exists a splitting field ofF(X) overk.

PROOF. We begin by constructing a certain extension fieldK of k in which
F(X) factors completely into degree-one factors inK[X]. We do so by induction
on n = degF(X). Forn = 1, there is nothing to prove. For generaln, let G(X)
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be a prime factor ofF(X), and apply Theorem 9.10 to obtain a simple algebraic
extensionk1 = k(x1) over k such thatG(x1) = 0. ThenF(x1) = 0, and the
Factor Theorem (Corollary 1.13) givesF(X) = (X − x1)H(X) for someH(X)

in k1(X) of degreen − 1. Since degH(X) = n − 1 < degF(X), the inductive
hypothesis produces an extensionK of k1 such thatH(X) is a constant multiple
of (X − x2) · · · (X − Xn) with all xi in K. ThenF(X) factors into degree-one
factors inK[X], and the induction is complete.

Within the constructed fieldK, let L be the subfieldL = k(x1, . . . , xn). Then
F(X) still factors completely into degree-one factors inL(X), andL is generated
by k and thexi . HenceL is a splitting field. �

EXAMPLES OF SPLITTING FIELDS.

(1)k = Q andF(X) = X3−2. The proof of Theorem 9.12 takesk1 = Q(
3
√

2)

and writesX3 − 2 = (X − 3
√

2)
(
X2 + 3

√
2 X + (

3
√

2)2
)
. Then the proof adjoins

one rootθ (hence both roots) ofX2 + 3
√

2 X + (
3
√

2)2, settingK = Q(
3
√

2, θ).
With this choice ofK, the splitting field turns out to beL = K. In fact, to see that
L is not a proper subfield ofK, we observe that 6= [K : k] = [K : L] [L : Q] by
Corollary 9.7 and that the proper containmentL 	 Q(

3
√

2) implies [L : Q] > 3.
Since [L : Q] is a divisor of 6 greater than 3, [L : Q] = 6. Thus [K : L] = 1,
andK = L.

(2) k = Q and F(X) = X3 − X − 1
3. Application of Corollary 8.20c to

the polynomialG(X) = −3X2F(1/X) = X3 + 3X2 − 3 shows thatG(X)

has no degree-one factor and hence is irreducible overQ. Then it follows that
F(X) is irreducible overQ. The proof of Theorem 9.12 takesk1 = Q(r ), where
r 3 − r − 1

3 = 0. Then division gives

X3 − X − 1
3 = (X − r )(X2 + r X + (r 2 − 1)).

The discriminantb2 − 4ac of the quadratic factor is

r 2 − 4(r 2 − 1) = 4 − 3r 2 = r 2

(1 + 2r )2
,

the right-hand equality following from direct computation. This discriminant is
a square ink1 = Q(r ), and henceX2 + r X + (r 2 − 1) factors into degree-one
factors inQ(r ) without passing to an extension field. ThereforeL = Q(r ) with
[L : Q] = 3.

Theorem 9.13(uniqueness of splitting field). IfF(X) is a nonconstant poly-
nomial ink[X], then any two splitting fields ofF(X) overk arek isomorphic.
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The idea of the proof is simple enough, but carrying out the idea runs into a
technical complication. The idea is to proceed by induction, using the uniqueness
result for simple algebraic extensions (Theorem 9.11) repeatedly until all the roots
have been addressed. The difficulty is that after one step the coefficients of the
two quotient polynomials end up in two distinct butk isomorphic fields. Thus
at the second step Theorem 9.11 does not apply directly. What is needed is the
reformulated version given below as Theorem 9.11′, which lends itself to this kind
of induction. In addition, as soon as the induction involves at least three steps, the
above statement of Theorem 9.13 does not lend itself to a direct inductive proof.
For this reason we shall instead prove a reformulated version Theorem 9.13′ of
Theorem 9.13 that is ostensibly more general than Theorem 9.13.

Recall from Proposition 4.24 that a general substitution homomorphism that
starts from a polynomial ring can have two ingredients. One is the substitution
of some element, such asx, for the indeterminateX, and the other is a homo-
morphism that is made to act on the coefficients. If the homomorphism isσ ,
let us writeFσ (X) to indicate the polynomial obtained by applyingσ to each
coefficient ofF(X).

Theorem 9.11′. Let k and k′ be fields, and letσ : k → k′ be a field
isomorphism. Suppose thatF(X) is a monic prime polynomial ink[X] and that
K = k(x) andK′ = k′(x′) are simple algebraic extensions such thatF(x) = 0
andFσ (x′) = 0. Then there exists a field isomorphismϕ : k(x) → k′(x′) such
thatϕ

∣∣
k

= σ andϕ(x) = x′.

PROOF. The argument is essentially unchanged from the proof of Theorem
9.11. We start from the substitution homomorphismG(X) �→ Gσ (x′) that
replacesX by x′ and that operates byσ on the coefficients. This descends to
a field map ofk[x] into k′[x′], and the homomorphism must be ontok′[x′] by a
count of dimensions. �

Theorem 9.13′. Let k and k′ be fields, and letσ : k → k′ be a field
isomorphism. IfF(X) is a nonconstant polynomial ink[X] and if L and L′
are respective splitting fields forF(X) overk and forFσ (X) overk′, then there
exists a field isomorphismϕ : L → L′ such thatϕ

∣∣
k

= σ and such thatϕ sends
the set of roots ofF(X) to the set of roots ofFσ (X).

PROOF. We proceed by induction onn = degF(X), the casen = 1 being
evident. Assume the result for degreen−1. LetG(X) be a prime factor ofF(X)

overk. ThenGσ (X) is a prime factor ofFσ (X) overk′. The polynomialsG(X)

andGσ (X) have roots inL andL′, respectively. Fix one such root for each, sayx1

andx′
1. By Theorem 9.11′, there exists a field isomorphismσ1 : k(x1) → k′(x′

1)

extendingσ and satisfyingσ1(x1) = x′
1. Write F(X) = (X − x1)H(X) with

coefficients ink(x1), by the Factor Theorem (Corollary 1.13). Applyingσ1 to
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the coefficients, we obtainFσ (X) = (X − x′
1)Hσ1(X) with coefficients ink′(x′

1).
ThenL andL′ are splitting fields forH(X) andHσ1(X) overk(x1) andk′(x′

1),
respectively. By induction we can extendσ1 to an isomorphismϕ : L → L′, and
the theorem readily follows. �

3. Finite Fields

In this section we shall use the results on splitting fields in Section 2 to classify
finite fields up to isomorphism. So far, the examples of finite fields that we have
encountered are the prime fieldsFp = Z/pZ with p elements,p being any prime
number, and the field of 4 elements in Example 3 of fields in Section IV.4. Every
finite field has to contain a subfield isomorphic to one of the prime fieldsFp, and
Proposition 4.33 observed as a consequence that any finite field necessarily has
pn elements for some prime numberp and some integern > 0.

Theorem 9.14. For eachpn with p a prime number and withn a positive
integer, there exists up to isomorphism one and only one field withpn elements.
Such a field is a splitting field forX pn − X over the prime fieldFp.

If q = pn, it is customary to denote byFq a field of orderq. The theorem
says thatFq exists and is unique up to isomorphism. Some authors refer to finite
fields asGalois fields.

Some preparation is needed before we can come to the proof of the theorem.
We need to carry over the simplest aspects of differential calculus to polynomials
with coefficients in an arbitrary fieldk. First we give an informal definition of
thederivative of a polynomial; then we give a more precise definition. For any
polynomialF(X) = ∑n

j =0 cj X j in k[X], we informally define the derivative to
be the polynomial

F ′(X) =
n∑

j =1
jcj X j −1 =

n−1∑
j =0

( j + 1)cj +1X j .

The more precise definition uses the definition of members ofk[X] as infinite
sequences of members ofk whose terms are 0 from some point on. In this notation
if F = (c0, c1, . . . , cn, 0, . . . ) with cj in the j th position for j ≤ n and with 0 in
the j th position for j > n, thenF ′ = (c1, 2c2, . . . , ncn, 0, . . . ) with ( j + 1)cj +1

in the j th position for j ≤ n − 1 and with 0 in thej th position for j > n − 1. In
any event, the mappingF �→ F ′ is k linear fromk[X] to itself. The operation is
calleddifferentiation .
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that L′
1 ⊆ L′

2, and thatψ1 as a set of ordered pairs is a subset ofψ2 as a set
of ordered pairs, we partially orderS by inclusion upward. If{(Lα, L′

α, ψα)} is
a nonempty chain inS, form the triple

( ⋃
α Lα,

⋃
α L′

α,
⋃

α ψα

)
, and putψ =⋃

α ψα. Thenψ
( ⋃

α Lα

) = ⋃
α L′

α, and consequently
( ⋃

α Lα,
⋃

α L′
α,

⋃
α ψα

)

is an upper bound inSfor the chain. By Zorn’s Lemma,Shas a maximal element
(L0, L′

0, ψ0). We shall prove thatL0 = K, and the proof will be complete.
Fix x in K, and let F(X) be the minimal polynomial ofx over L0. The

minimal polynomial ofψ0(x) overL′
0 is thenFψ0(X). SinceK′ is algebraically

closed,Fψ0(X) has a rootx′ in K′. By Theorem 9.11′, ψ0 : L0 → L′ can be
extended to an isomorphism�0 : L0(x) → L′

0(x
′) such thatψ0(x) = x′. Then

(L0(x), L′
0(x

′), �0) is in Sand contains(L0, L′
0, ψ0). This containment, if strict,

would contradict the fact that(L0, L′
0, ψ0) is a maximal element ofS. Thus

equality must hold:L0(x) = L0. Thereforex is in L0, and we conclude that
L0 = K. �

5. Geometric Constructions by Straightedge and Compass

Classical Euclidean geometry attached a certain emphasis to constructions in the
Euclidean plane that could be made by straightedge and compass. These are
often referred to casually as constructions by “ruler and compass,” but one is not
allowed to use the markings on a ruler. Thus “straightedge and compass” is a
more accurate description.

In these constructions the starting configuration may be regarded as a line with
two points marked on the line. Allowable constructions are the following: to form
the line through a given point different from finitely many other lines through that
point, to form the line through two distinct points, to form a circle with a given
center and a radius different from that of finitely many other circles through the
point, and to form a circle with a given center and radius. Intersections of a line
or a circle with previous lines and circles establish new points for continuing the
construction.

For example a line perpendicular to a given line at a given point can be
constructed by drawing any circle centered at the point, using the two intersection
points as centers of new circles, drawing those circles so as to have radius larger
than the first circle, and forming the line between their two points of intersection.
An angle at the pointP of intersection between two intersecting linesA and B
may be bisected by drawing any circle centered atP, selecting one of the points
of intersection on each line so thatP and the two new pointsQ andR describe
the angle, drawing circles with that same radius centered atQ andR, and forming
the line between the points of intersection of the two circles. And so on.
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Three notable problems remained unsolved in antiquity:

(i) how to double a cube, i.e., how to construct the side of a cube of double
the volume of a given cube,

(ii) how to trisect any constructible angle, i.e., how to divide the angle into
three equal parts by means of constructed lines,

(iii) how to square a circle, i.e., how to construct the side of a square whose
area equals that of a given disk.

In this section we shall use the elementary field theory of Sections 1–2 to show that
doubling a cube and trisecting a 60-degree angle are impossible with straightedge
and compass. As to (iii), we shall reduce a proof of the impossibility of squaring
the circle to a proof thatπ is transcendental overQ. This latter proof we give in
Section 14.

The first step is to translate the problem of geometric constructibility into a
statement in algebra. Since we are given two points on a line, we can introduce
Cartesian coordinates for the Euclidean plane, taking one of the points to be(0, 0)

and the other point to be(1, 0). Points in the Euclidean plane are now determined
by their Cartesian coordinates, which determine all distances. Distances in turn
can be laid off on thex-axis from(0, 0). Thus the question becomes, what points
on thex-axis can be constructed?

c

a

b d

FIGURE 9.1. Closure of positive constructiblex coordinates
under multiplication and division.

Let C be the set of constructiblex coordinates. We are given that 0 and 1 are
in C. Closure ofC under addition and subtraction is evident; the straightedge is
not even necessary for this step. Figure 9.1 indicates why the positive elements
of C are closed under multiplication and division. In more detail we take two
intersecting lines and mark three known positive members ofC as the distances
a, b, c in the figure. Then we form the line through the two points markinga
andb, and we form a line parallel to that line through the point marked off by
the distancec. The intersection of this parallel line with the other original line
defines a distanced. Thena/b = c/d, and sod = bc/a. By takinga = 1, we
see that we can multiply any two membersb andc in C, obtaining a result inC.
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By instead takingc = 1, we see that we can divide. The conclusion is thatC is a
field.

c

b

a

FIGURE 9.2. Closure of positive constructiblex coordinates
under square roots.

Figure 9.2 indicates why the positive elements ofC are closed under taking
square roots. In more detail leta andb be positive members ofC with a < b. By
forming a circle whose diameter is a segment of lengthb and by forming a line
perpendicular to that line at the point marked bya, we determine the pictured
right triangle with a sidec satisfyinga/c = c/b. Thenc = √

ab. By taking one
of a andb to be 1, we see that the square root of the other ofa andb is in C. This
completes the proof of the direct part of the following theorem.

Theorem 9.24.The setC of x coordinates that can be constructed fromx = 1
andx = 0 by straightedge and compass forms a subfield ofR such that the square
root of any positive element of the field lies in the field. Conversely the members
of C are those real numbers lying in some subfieldFn of R of the form

F1 = Q(
√

a0 ), F2 = F1(
√

a1 ), . . . , Fn = Fn−1(
√

an−1 )

with eachaj in Fj and witha0, . . . , an−1 all ≥ 0.

PROOF OF CONVERSE. Suppose we have a subfieldF = Fn of R of the
kind described in the statement of the theorem. The possibilities for obtaining
a new constructible point fromF by an additional construction arise from three
situations: the intersection of two lines, each passing through two points ofF ;
the intersection of a line and a circle, each determined by data fromF ; and the
intersection of two circles, each determined by data fromF .

In the case of two intersecting lines, each line is of the formax + by = c for
suitable coefficientsa, b, c in F , and the intersection is a point(x, y) in F × F .
So intersections of lines do not force us to enlargeF .

For a line and a circle, we assume that the line is given byax + by = c with
a, b, c in F , that the circle has radius inF and center inF × F , and that the lines
and the circle actually intersect. The circle is then given by(x−h)2+(y−k)2 = r 2

with h, k, r in F . Substitution of the equation of the line into the equation of the
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circle gives us a quadratic equation either forx, andx then determinesy, or for
y, andy then determinesx. The quadratic equation has real roots, and thus its
discriminant is≥ 0. The result is thatx and y are in a fieldF(

√
l ) for some

l ≥ 0 in F .
For two circles, without loss of generality, we may take their equations to be

x2 + y2 = r 2 and (x − h)2 + (y − h)2 = s2

with r, h, k, s in F . Subtracting gives 2xh+ 2yk = h2 + k2 − s2 + r 2. With this
equation and withx2 + y2 = r 2, we again have a line and circle that are being
intersected. Thus the same remarks apply as in the previous paragraph.

The conclusion is that any new single construction of points of intersection by
straightedge and compass leads fromF to F(

√
l ) for somel ≥ 0 in F . Thus

every member of the setC is as described in the theorem. �

To apply the theorem to prove the impossibility of the three never-accomplished
constructions that were described earlier in the section, we observe that [Fi : Fi −1]
in the theorem equals 1 or 2 for eachi . Consequently every member of the
constructible setC lies in a finite algebraic extension ofQ of degree 2k for somek.

For the problem of doubling a cube, the question amounts to constructing3
√

2.
We argue by contradiction. If3

√
2 lies inFn as in the theorem, thenQ(

3
√

2) ⊆ Fn.
With k as the integer≤ n such that [Fn : Q] = 2k, Corollary 9.7 gives

2k = [Fn : Q] = [Fn : Q(
3
√

2)] [Q(
3
√

2) : Q] = 3[Fn : Q(
3
√

2)].

Thus 3 must divide a power of 2, and we have arrived at a contradiction. We
conclude that it is not possible to double a cube with straightedge and compass.

For the problem of trisecting any constructible angle, let us show that a 60◦
angle cannot be trisected. A 60◦ angle is itself constructible, being the angle
between two sides in an equilateral triangle. Trisecting a 60◦ angle amounts to
constructing cos 20◦; sin 20◦ is then(1 − cos2 20◦)1/2. To proceed, we derive an
equation satisfied by cos 20◦, starting from

(cos 20◦ + i sin 20◦)3 = cos 60◦ + i sin 60◦ = 1
2 + i

√
3

2 .

We expand the left side and extract the real part of both sides to obtain

cos3 20◦ − 3 cos 20◦ sin2 20◦ = 1
2.

Substituting sin2 20◦ = 1 − cos2 20◦ and simplifying, we see thatr = cos 20◦
satisfies

4r 3 − 3r − 1
2 = 0.
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Arguing with Corollary 8.20 as in Example 2 of splitting fields in Section 2, we
readily check that 4X3 − 3X − 1

2 is irreducible overQ. Hence [Q(cos 20◦) : Q]
= 3, and we are led to the same contradiction as for the problem of doubling
the cube. Therefore it is not possible to trisect a 60◦ angle with straightedge and
compass.

For the problem of squaring a circle, letA be the area of the circle, and let
r be the radius. If the square has sidex, thenx2 = A = πr 2, with r given.
Thusx = r

√
π , and the essence of the matter is to construct

√
π . However,π

is known to be transcendental by a theorem of F. Lindemann (1882); we give a
proof in Section 14. Sinceπ is transcendental,

√
π is transcendental.

A fourth notable problem, which leads to further insights, concerns the con-
struction of a regular polygon of outer radius 1 withn sides. This construction
is easy with straightedge and compass whenn is a power of 2 or is 3 times a
power of 2, and Euclid showed that a construction is possible forn = 5. But a
construction cannot be managed with straightedge and compass forn = 9, for
example, because a central angle in this case is 40◦ and the constructibility of
cos 40◦ would imply the constructibility of cos 20◦. Thus the question is, for what
values ofn can a regularn-gon be constructed with straightedge and compass?

The remarkable answer was given by Gauss. By aFermat number is meant
any integer of the form 22

N + 1. A Fermat prime is a Fermat number that is
prime. The Fermat numbers forN = 0, 1, 2, 3, 4 are 3, 5, 17, 257, 65537, and
each is a Fermat prime. No larger Fermat primes are known.2 The answer given
by Gauss, which we shall prove in stages in Sections 6–9, is as follows.

Theorem 9.25(Gauss).3 A regularn-gon is constructible with straightedge
and compass if and only ifn is the product of distinct Fermat primes and a power
of 2.

We can show the relevance of Fermat primes right now, and we can give an
indication that ifn is a prime number, then a regularn-gon can be constructed if
and only ifn is a Fermat prime. But a full proof even of this statement will make
use of Galois groups, which we take up in the next three sections.

For the necessity letn be prime, and suppose that a regularn-gon is con-
structible. Returning from degrees to radians, we observe that each central angle
is 2π/n. Thus the constructibility implies the constructibility of cos 2π/n, and it

2Many Fermat numbers forN ≥ 5 are known not to be prime, sometimes by the discovery of

an explicit factor and sometimes by a verification that 3 to the power 22N−1 is not congruent to−1

modulo 22
N + 1. (Cf. Lemma 9.46.) For example Euler discovered that 641 divides 225 + 1.

3Gauss announced both the necessity and the sufficiency in this theorem in hisDisquisitiones
Arithmeticaein 1801, but he included a proof of only the sufficiency (partly in his articles 336 and
365). A proof of the necessity appeared in a paper of Pierre-Laurent Wantzel in 1837.
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follows thate2π i /n = cos 2π/n+ i sin 2π/n is in the fieldC+ iC of constructible
points in the complex plane. We have the factorization

Xn − 1 = (X − 1)(Xn−1 + Xn−2 + · · · + X + 1).

ande2π i /n is a root of the second factor. The first example of Eisenstein’s criterion
(Corollary 8.22) in Section VIII.5 shows that the second factor is irreducible.
According to the results of Section 1,Q(e2π i /n) is a simple algebraic extension
of Q of degreen − 1.

Applying Theorem 9.24, we see thatn − 1 must be a power of two. Let us
write n − 1 = 2m. Supposem = a2N with a odd. If a > 1, then the equality
n = 2a2N + 1 = (22N

)a + 1a exhibitsn as the sum of twoath powers, necessarily
divisible by 22N +1. Sincen is assumed prime, we conclude thata = 1. Therefore
n = 22N + 1, andn is a Fermat prime.

We do not quite succeed in proving the converse at this point. Ifn is the Fermat
prime 22N + 1, then the above argument shows that the degree ofQ(e2π i /n) over
Q is 22N

. However, we cannot yet conclude thatQ(e2π i /n) can be built fromQ

by successively adjoining 2N square roots, and thus the converse part of Theorem
9.24 is not immediately applicable. Once we have the theory of Galois groups in
hand, we shall see that the existence of these intermediate extensions involving
square roots is ensured, and then the constructibility follows.

6. Separable Extensions

TheGalois groupGal(K/k) of a field extensionK/k is defined to be the set

Gal(K/k) = {k automorphisms ofK}
with composition as group operation. An instance of this group was introduced in
the context of Example 9 of Section IV.1; in this example the fieldk was the field
Q of rationals and the fieldK was a number fieldQ[θ ], whereθ is algebraic over
Q. In studying Gal(K/k) in this chapter, we ordinarily assume that dimk K < ∞,
but there will be instances where we do not want to make such an assumption.

Beginning in this section, we take up a study of Galois groups in general.
We shall be interested in relationships between fieldsL with k ⊆ L ⊆ K and
subgroups of Gal(K/k). If H is a subgroup of Gal(K/k), then

K H = {
x ∈ K | ϕ(x) = x for all ϕ ∈ H

}

is a field called thefixed field of H ; it provides an example of an intermediate
field L and gives a hint of the relationships we shall investigate. We begin with
some examples; in each case the base fieldk is the fieldQ of rationals.
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By unique factorization inK[X], M(X) must split inK. ThusK/KH will be a
normal extension if it is shown that [K : KH ] < ∞.

The elementx has [KH (x) : KH ] = degM(X) ≤ degF(X) = |H |, and
the claim is that [K : KH ] ≤ |H |. Assuming the contrary, we would at
some point have an inequality [KH (x1, . . . , xn) : KH ] > |H | because every
element ofK is algebraic overk. By the Theorem of the Primitive Element
(Theorem 9.34),KH (x1, . . . , xn) = KH (z) for some elementz, and therefore
[KH (x1, . . . , xn) : KH ] = [KH (z) : KH ] ≤ |H |, contradiction. We conclude
that [K : KH ] ≤ |H |. From the previous paragraph,K/KH is a finite separable
normal extension.

The definition ofKH shows thatH ⊆ Gal(K/KH ), and Proposition 9.35c
gives| Gal(K/KH )| = [K : KH ]. Putting these facts together with the inequality
[K : KH ] ≤ |H | from the previous paragraph, we have

|H | ≤ | Gal(K/KH )| = [K : KH ] ≤ |H |
with equality on the left only ifH = Gal(K/KH ). Equality must hold throughout
the displayed line since the ends are equal, and thereforeH = Gal(K/KH ). �

8. Fundamental Theorem of Galois Theory

We are now in a position to obtain the main result in Galois theory.

Theorem 9.38(Fundamental Theorem of Galois Theory). IfK is a finite
normal separable extension ofk, then there is a one-one inclusion-reversing
correspondence between the subgroupsH of Gal(K/k) and the subfieldsL of K
that containk, corresponding elementsH andL being given by

L = KH and H = Gal(K/L).

The effect of the theorem is to take an extremely difficult problem, namely
finding intermediate fields, and reduce it to a problem that is merely difficult,
namely finding the Galois group. For example the finiteness of Gal(K/k) implies
that there are only finitely many subgroups of Gal(K/k), and the theorem therefore
implies that there are only finitely many intermediate fields; this finiteness of the
number of intermediate fields is not so obvious without the theorem.

As a reminder of the availability of Theorem 9.38, Proposition 9.35, and
Corollary 9.36, it is customary to refer to a finite normal separable extension
as afinite Galois extension.

Before coming to the proof of the theorem, let us examine what the theorem
says for the examples in Section 6. In each case the fieldk is the fieldQ of
rationals. The extensions are separable because the characteristic is 0.
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EXAMPLES.

(1a)K = Q(
√−1). This is a splitting field forX2 +1. Proposition 9.33 gives

| Gal(K/Q)| = [K : Q] = 2. Thus Gal(K/Q) ∼= C2. There are no nontrivial
subgroups, and there are consequently no intermediate fields. We knew this
already since there cannot be any intermediateQ vector spaces betweenQ and
K. Thus the theorem tells us nothing new.

(1b)K = Q(
√

2). Similar remarks apply.

(2) K = Q(
3
√

2). This extension is not normal, and the theorem does not
apply toK. If we adjoinr to K with r 2 + (

3
√

2)r + (
3
√

2)2 = 0, we obtain a
splitting fieldK′ for X3 − 2 overQ. ThenK′ is a normal extension ofQ, and the
theorem applies. Since each element of Gal(K′/Q) permutes the three roots of
X3 −2 and is determined by its effect on these roots, Gal(K′/Q) is isomorphic to
a subgroup of the symmetric groupS3. The Galois group Gal(K′/Q) has order
[K′ : Q] = 6 and hence is isomorphic to the whole symmetric groupS3. The
groupS3 has three subgroups of order 2 and one subgroup of order 3. Therefore
K has three intermediate fields of degree 3 and one of degree 2. The intermediate
fields of degree 3 are the three fields generated byQ and one of the three roots
of X3 − 2. The intermediate field of degree 2 corresponds to the alternating
subgroup of order 3 and is the subfield generated byQ and the cube roots of 1. It
is a splitting field forX2 + X + 1 overQ.

(3) K = Q(r ), wherer is a root ofX3 − X − 1
3. We know from Section 2

that X3 − X − 1
3 is irreducible overQ and splits inK, andK by definition is

therefore normal. Proposition 9.33 tells us that Gal(K/Q) has order 3 and hence
is isomorphic toC3. There are no nontrivial subgroups, and Theorem 9.38 tells
us that there are no intermediate fields. We could have seen in more elementary
fashion that there are no intermediate fields by using Corollary 9.7, since the
corollary tells us that the degree of an intermediate field would have to divide 3.

(4) K = Q(e2π1/17). We have seen that [K : Q] = 16 and that Gal(K/Q) ∼=
F×

17
∼= C16. Let c be a generator of the cyclic Galois group. LetH2 = {1, c8},

H4 = {1, c4, c8, c12}, andH8 = {1, c2, c4, c6, c8, c10, c12, c14}. Then put

L2 = KH2, L4 = KH4, L8 = KH8.

The inclusions among our subgroups are

{1} ⊆ H2 ⊆ H4 ⊆ H8 ⊆ Gal(K/Q),

and the theorem says that the correspondence with intermediate fields reverses
inclusions. Then we have

K ⊇ L2 ⊇ L4 ⊇ L8 ⊇ Q.
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Applying Corollary 9.36, we see that each of these subfields is a quadratic ex-
tension of the next-smaller one. Theorem 9.24 says that the members ofK are
therefore constructible with straightedge and compass. Consequently a regular
17-gon is constructible with straightedge and compass. The constructibility or
nonconstructibility of regularn-gons for generalnwill be settled in similar fashion
in the next section. In Section 12 we return to the question of using Galois theory
to guide us through the actual steps of the construction when it is possible.

PROOF OF THEOREM 9.38. The functionL �→ Gal(K/L) has domain the
set of all intermediate fields and range the set of all subgroups of Gal(K/k),
since an element in Gal(K/L) is necessarily in Gal(K/k). Each such exten-
sionK/L is separable by Proposition 9.32 and is normal by Proposition 9.35a.
Thus Proposition 9.35d applies to eachK/L and shows thatL = KGal(K/L).
Consequently the functionL �→ Gal(K/L) is one-one. IfH is a subgroup of
Gal(K/k), then Corollary 9.37 shows thatL = KH is an intermediate field for
which H = Gal(K/L), and therefore the functionL �→ Gal(K/L) is onto.

It is immediate from the definition of Galois group thatL1 ⊆ L2 implies
Gal(K/L1) ⊇ Gal(K/L2), and it is immediate from the formulaL = KGal(K/L)

that Gal(K/L1) ⊇ Gal(K/L2) impliesL1 ⊆ L2. This completes the proof. �

Corollary 9.39. If K is a finite Galois extension ofk and ifL is a subfield of
K that containsk, thenL is a normal extension ofk if and only if Gal(K/L) is
a normal subgroup of Gal(K/k). In this case, the map Gal(K/k) → Gal(L/k)

given by restriction fromK to L is a group homomorphism that descends to a
group isomorphism

Gal(K/k)
/

Gal(K/L) ∼= Gal(L/k).

PROOF. LetL correspond toH = Gal(K/L) in Theorem 9.38, so thatL = KH .
If ϕ is in Gal(K/k), then

KϕHϕ−1 = {k ∈ K | ϕhϕ−1(k) = k for all h ∈ H}
= {ϕ(k′) ∈ K | ϕh(k′) = ϕ(k′) for all h ∈ H}
= {ϕ(k′) ∈ K | h(k′) = k′ for all h ∈ H}
= ϕ(KH ) = ϕ(L).

Since the correspondence of Theorem 9.38 is one-one onto,ϕHϕ−1 = H if and
only if ϕ(L) = L. ThereforeH is a normal subgroup of Gal(K/k) if and only if
ϕ(L) = L for all ϕ ∈ Gal(K/k).

Now suppose thatH is a normal subgroup of Gal(K/k). We have just seen that
ϕ(L) = L for all ϕ ∈ Gal(K/k). Then eachϕ defines by restriction a member
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ϕ = ϕ
∣∣
L

of Gal(L/k), andϕ �→ ϕ is certainly a group homomorphism. The
kernel ofϕ �→ ϕ is the subgroup of Gal(K/k) given by{

ϕ ∈ Gal(K/k)
∣∣ ϕ

∣∣
L

= 1
}
,

and this is just Gal(K/L). Thusϕ �→ ϕ descends to a one-one homomorphism
of Gal(K/k)

/
Gal(K/L) into Gal(L/k), and we have

| Gal(K/k)|/| Gal(K/L)| ≤ | Gal(L/k)|.
We make use of Corollary 9.7 relating degrees of extensions. Applying Proposi-
tion 9.35c toK/k andK/L, as well as Proposition 9.33 toL/k, we obtain

[L : k] = [K : k]
/

[K : L]

= | Gal(K/k)|/| Gal(K/L)|
≤ | Gal(L/k)| ≤ [L : k],

with equality at the first≤ sign only ifϕ �→ ϕ is onto Gal(L/k) and with equality
at the second≤ sign only ifL is the splitting field overk of the minimal polynomial
of a certain elementγ of L. Equality must hold in both cases because the end
members of the display are equal, and we conclude thatϕ �→ ϕ is onto and that
L/k is a normal extension.

We are left with proving that ifL/k is a normal extension, thenH is a normal
subgroup of Gal(K/k). Thus letL/k be normal. In view of the conclusion
of the first paragraph of the proof, it is enough to prove thatϕ(L) = L for all
ϕ ∈ Gal(K/k). By definition of normal extension,L is the splitting field of some
polynomialF(X) in k[X]. We may assume thatF(X) is monic. Let us write

F(X) = (X − x1) · · · (X − xn) with all xj in L.

Applying a given memberϕ of Gal(K/k) to the coefficients, we obtain

F(X) = (X − ϕ(x1)) · · · (X − ϕ(xn)),

and here theϕ(xj )’s are known only to be inK. By unique factorization inK[X],
ϕ(xi ) = xj (i ) for some j = j (i ). Thereforeϕ(xi ) is in L for all i . SinceL is the
splitting field of F(X) overk, L = k(x1, . . . , xn). Thusϕ mapsL into L. �

The examples of Galois groups given in Section 6 all involved fields that are
finite extensions of the rationalsQ. As we shall see in Section 17, it is important for
the understanding of Galois groups of finite extensions ofQ to be able to identify
Galois groups of finite extensions offinitefields. This matter is addressed in the
following proposition.
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Proposition 9.40. Let K be a finite extension of the finite fieldFq, where
q = pa and p is prime, and suppose that [K : Fq] = n. ThenK is a Galois
extension ofFq, the Galois group Gal(K/Fq) is cyclic of ordern, and a generator
is theath-power Frobenius automorphismx �→ xq = xpa

.

PROOF. Theorem 9.14 shows thatK is a splitting field forXqn − X overFp.
Hence it is a splitting field forXqn − X overFq, andK/Fq is a normal extension.
The polynomialXqn − X has no multiple roots, and it follows thatK/Fq is a
separable extension.

Defineϕ by ϕ(x) = xq. Lemma 9.18 shows thatϕ is an automorphism ofK.
Since every member ofF×

q has order dividingq−1, every nonzero element ofFq

is fixed byϕ. The mapϕ certainly carries 0 to 0, and thusϕ is in Gal(K/Fq). By
a similar argument,ϕn fixes every element ofK, and henceϕn = 1. Corollary
4.27 shows thatK× is cyclic, hence that there exists an elementy in K× such
that yl �= 1 for 1 ≤ l < qn − 1. This y hasyl �= y for 2 ≤ l ≤ qn − 1. Then
ϕk(y) = yqk

cannot be 1 for 1≤ k ≤ n − 1, andϕ must have order exactlyn.
This shows thatϕ generates a cyclic subgroup of ordern in Gal(K/Fq). Since
n is an upper bound for the order of Gal(K/Fq) by Proposition 9.33, this cyclic
subgroup exhausts the Galois group. �

EXAMPLE. Suppose that we are given a polynomial with coefficients inFp

and we want to find the Galois group of a splitting field. Since there are efficient
computer programs for factoring the polynomial into irreducible polynomials,
let us take that factorization as done. The Galois group will be cyclic of some
order with generator the Frobenius automorphismx �→ xp. For an irreducible
polynomial of degreen, the splitting field has degreen, and the smallest power of
x �→ xp that gives the identity is thenth power. The conclusion is that the Galois
group is cyclic of order equal to the least common multiple of the degrees of the
irreducible constituents, a generator being the Frobenius automorphism.

9. Application to Constructibility of Regular Polygons

In this section we use Galois theory to give a proof of Theorem 9.25 concerning
the constructiblity of regularn-gons. Let us recall the statement.

THEOREM 9.25 (Gauss). A regularn-gon is constructible with straightedge
and compass if and only ifn is the product of distinct Fermat primes and a power
of 2.

PROOF OF SUFFICIENCY. First suppose thatn is a Fermat primen = 22N + 1.
Let K = Q(e2π i /n). We saw in Section 5 that the degree [K : Q] is 22N

, hence is
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a power of 2. Furthermore we know thatK is a separable extension ofQ, being
of characteristic 0, and it is normal, being the splitting field forXn − 1 overQ.
In Section 6 we saw that the Galois group Gal(K/Q) is cyclic of order 22

N
. Let

c be a generator of this group. For each integerk with 0 ≤ k ≤ 2N , let H2k be

the unique cyclic subgroup of Gal(K/Q) of order 2k. For this subgroup,c22N−k

is a generator. PutL2k = KH2k . Then we have inclusions

{1} ⊆ H2 ⊆ H22 ⊆ · · · H2k ⊆ · · · ⊆ H22N−1 ⊆ H22N = Gal(K/Q),

the index being 2 at each stage. Theorem 9.38 says that the correspondence
with intermediate fields reverses inclusions and that the degree of each consec-
utive extension of subfields matches the index of the corresponding consecutive
subgroups. The intermediate fields are therefore of the form

K ⊇ L2 ⊇ L22 ⊇ · · · L2k ⊇ · · · ⊇ L22N−1 ⊇ L22N = Q,

and the degree in each case is 2. In view of the formula for the roots of a
quadratic polynomial, each extension is obtained by adjoining some square root.
By Theorem 9.24 the members ofK are constructible with straightedge and
compass. In particular,e2π i /n is constructible, and a regularn-gon is constructible.

Next suppose thate2π i /r ande2π i /s are both constructible and that GCD(r, s) =
1. Choose integersa andb with ar + bs = 1, so thatas + b

r = 1
rs . Then the

equality(e2π i /s)a(e2π i /r )b = e2π i /(rs) shows thate2π i /(rs) is constructible. This
proves the sufficiency for any product of distinct Fermat primes. Bisection of an
angle is always possible with straightedge and compass, as was observed in the
third paragraph of Section 5, and the proof of the sufficiency in Theorem 9.25 is
therefore complete. �

REMARKS. The above proof shows that the construction is possible, but it gives
little clue how to carry out the construction. We shall address this matter further
in Section 12.

We turn our attention to the necessity—thatn has to be the product of distinct
Fermat primes and a power of 2 if a regularn-gon is constructible. For the moment
let n ≥ 1 be any integer. Let us consider the distinctnth roots of 1 inC, which
areek2π i /n for 0 ≤ k < n. The order of each of these elements dividesn, and the
order is exactlyn if and only if GCD(k, n) = 1. In this case we say thatek2π i /n

is aprimitive nth root of 1. Define thecyclotomic polynomial�n(X) by

�n(X) =
∏

GCD(k,n)=1,
0≤k<n

(X − ek2π i /n).
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Each such polynomial is monic by inspection. The splitting fieldQ(e2π i /n) in C
is called acyclotomic field. Since the complex roots ofXn − 1 are exactly the
numbersek2π i /n, we have

Xn − 1 =
∏
d|n

�d(X),

the product being taken over the positive divisorsd of n.

Lemma 9.41.Each cyclotomic polynomial�n(X) lies inZ[X], and the degree
of �n(X) is ϕ(n), whereϕ is the Eulerϕ function defined just before Corollary
1.10.

PROOF. We know that�n(X) is inC[X], and we begin by showing by induction
on n that �n(X) is in Q[X]. For n = 1, we have�1[X] = X − 1, and the
assertion is true. If it is true for alld with 1 ≤ d < n, then the formula
Xn − 1 = ∏

d|n �d(X) and induction show thatXn − 1 = �n(X)F(X) for some
F(X) in Q[X]. By the division algorithm,Xn − 1 = F(X)Q(X) + R(X) for
polynomialsQ(X) andR(X) in Q[X] with R(X) = 0 or degR(X) < degF(X).
Subtraction givesF(X)

(
�n(X) − Q(X)

) = −R(X) in C[X]. If R(X) is not
0, then degR(X) < degF(X) gives a contradiction. ThereforeR(X) = 0 and
F(X)

(
�n(X)− Q(X)

) = 0. SinceC[X] is an integral domain,�n(X) = Q(X).
Thus�n(X) is in Q[X], and the induction is complete.

To see that�n(X) is inZ[X], we again induct, the casen = 1 being clear. The
formula Xn − 1 = ∏

d|n �d(X) and induction show thatXn − 1 = �n(X)F(X)

for someF(X) in Z[X]. Since�n(X) is known to be inQ[X], Corollary 8.20c
shows that�n(X) is in Z[X], and the induction is complete. �

Lemma 9.42.Each cyclotomic polynomial�n(X) is irreducible as a member
of Q[X].

PROOF. Letζ be a primitiventh root of 1, letp be a prime number not dividing
n, let F(X) be the minimal polynomial ofζ overQ, and letG(X) be the minimal
polynomial ofζ p. The main step is to show thatF(X) = G(X).

To carry out this step, we observe thatF(ζ ) = G(ζ p) = 0 and thatF(X)

andG(X) must divide�n(X). Arguing by contradiction, suppose thatF(X) �=
G(X). Then GCD(F, G) = 1 sinceF(X) andG(X) are irreducible overQ, and
thereforeF(X)G(X) divides�n(X). Hence we can write

Xn − 1 = F(X)G(X)H(X),

and H(X) is a monic member ofZ[X] by Lemma 9.41 and Corollary 8.20c.
Sinceζ is a root ofG(X p), we must haveG(X p) = F(X)M(X) for some
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monic polynomialM(X) in Z[X]. We apply the substitution homomorphism to
Z[X] → Fp[X] that carriesX to X and reduces the coefficients modulop; the
mapping on the coefficients will be denoted by a bar. Then we have

Xn − 1̄ = F(X)G(X)H(X) and G(X)p = G(X p) = F(X)M(X),

the equalityG(X)p = G(X p) following from Lemma 9.18. IfQ(X) is a prime
factor of F(X), thenQ(X) dividesG(X)p and therefore must divideG(X). So
Q(X)2 dividesXn − 1̄. ThereforeXn − 1̄ has multiple roots in its splitting field,
in contradiction to Corollary 9.17 and the fact that the derivative ofXn − 1̄ is
nonzero at each nonzero member ofFp (since GCD(p, n) = 1 by assumption).
We conclude thatF(X) = G(X).

Now suppose thatr is a positive integer with GCD(r, n) = 1. Then we can
write r = p1 · · · pl with eachpj not dividingn, and we see inductively thatζ r has
F(X) as minimal polynomial. ThusF(X) has at leastϕ(n) roots. SinceF(X)

divides�n(X), we must haveF(X) = �n(X). Therefore�n(X) is irreducible
overQ. �

PROOF OF NECESSITY INTHEOREM9.25. Theorem 9.24 shows that the degree
[Q(e2π i /n) : Q] must be a power of 2 if a regularn-gon is constructible. Since
e2π i /n is a root of�n(X) and since Lemma 9.42 shows�n(X) to be irreducible
overQ, �n(X) is the minimal polynomial ofe2π i /n overQ. By Lemma 9.41 the
degree in question is given by [Q(e2π i /n) : Q] = ϕ(n), whereϕ is the Eulerϕ
function. Corollary 1.10 shows that ifn = pk1

1 · · · pkr
r is a prime factorization of

n into distinct prime powers with eachkj > 0, then

ϕ(n) =
r∏

j =1
p

kj −1
j (pj − 1).

For constructibility this must be a power of 2. Then eachpj dividing n must be 1
more than a power of 2, i.e., must be 2 or a Fermat prime, and the onlypj allowed
to havep2

j dividing n is pj = 2. �

10. Application to Proving the Fundamental Theorem of Algebra

In this section we use Galois theory to give a proof of the Fundamental Theorem
of Algebra. Let us recall the statement.

THEOREM1.18 (Fundamental Theorem of Algebra). Any polynomial inC[X]
with degree≥ 1 has at least one root.
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We begin with a lemma that handles three easy special cases.

Lemma 9.43.There are no finite extensions ofR of odd degree greater than 1,
the only extension ofR of degree 2 up toR isomorphism isC, and there are no
finite extensions ofC of degree 2.

PROOF. If K is a finite extension ofR of odd degree and ifx is in K, then
[R(x) : R] is odd, and consequently the minimal polynomialF(X) of x over
R is irreducible of odd degree. By Proposition 1.20, which is derived from the
Intermediate Value Theorem of Section A3 of the appendix,F(X) has at least
one root inR. ThereforeF(X) has degree 1, andx is in R.

If F(X) is an irreducible polynomial inR[X] of degree 2, thenF(X) splits in
C by the quadratic formula, and hence the only extension ofR of degree 2 isC,
up toR isomorphism, by the uniqueness of splitting fields (Theorem 9.13).

Let G(X) = X2 + bX + c be a polynomial inC[X] of degree 2. ThenG(X)

has a rootx in C given by the quadratic formula since every member ofC has
a square root6 in C, andG(X) cannot be irreducible. Since any finite extension
of C of degree 2 would have to be of the formC(x), with x equal to a root of an
irreducible quadratic polynomial overC, there can be no such extension. �

PROOF OFTHEOREM 1.18. First let us show that every irreducible member
F(X) of R[X] splits overC. Let K be a splitting field forF(X). Say that
[K : R] = 2mN with N odd. ThenK is a Galois extension ofR, and| Gal(K/R)|
= 2mN. By the Sylow Theorems (particularly Theorem 4.59a), letH be a Sylow
2-subgroup of Gal(K/R). This H has |H | = 2m. The fieldL = KH that
corresponds toH under Theorem 9.38 has [L : R] = N with N odd, and the
first conclusion of Lemma 9.43 shows thatN = 1. Thus| Gal(K/R)| = 2m.
Corollary 4.40 shows that Gal(K/R) has nested subgroups of all orders 2m−k

with 0 ≤ k ≤ m, and Theorem 9.38 says that the corresponding fixed fields are
nested and have respective degrees 2k with 0 ≤ k ≤ m. The extension field of
R for k = 1 is necessarilyC by Lemma 9.43, and Lemma 9.43 shows that there
are no quadratic extensions ofC. Thereforem = 0 or m = 1, and the possible
splitting fields forF(X) areR andC in the two cases.

To complete the proof, suppose thatK is a finite algebraic extension ofC of
degreen. ThenK is a finite algebraic extension ofR of degree 2n. The Theorem
of the Primitive Element allows us to writeK = R(x) for somex ∈ K, and
the minimal polynomial ofx over R necessarily has degree 2n. The previous
paragraph shows that this polynomial splits inC. Thusx is in C, andK = C.
This completes the proof. �

6To see that every member ofC has a square root inC, let c + di be given withc andd real and
with d �= 0. Leta andb be real numbers witha2 = 1

2(c + √
c2 + d2 ), b2 = 1

2(−c + √
c2 + d2 ),

and sgn(ab) = sgnd. Then(a + bi)2 = c + di .
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11. Application to Unsolvability of Polynomial
Equations with Nonsolvable Galois Group

The quadratic formula for finding the roots of a quadratic polynomial has in
principle been known since the time of the Babylonians about 400 B.C.7 The
corresponding problem of finding roots of cubics was unsolved until the sixteenth
century, andCardan’s formula was discovered at that time. The original formula
assumes real coefficients and was in two parts, a first case corresponding to
what we now view as one real root and two complex roots, the second case
corresponding to what we view as three real roots.8 There is a similar formula, but
more complicated, for solving quartics. Further centuries passed with no progress
on finding a corresponding formula for the roots of a polynomial of degree 5 or
higher. The introduction of Galois theory in the early nineteenth century made it
possible to prove a surprising negative statement about all degrees beyond 4.

Suppose that we are given a polynomial equation with coefficients in the field
Q or a more general fieldk of characteristic 0. In this section we use Galois
theory to address the question whether the roots of the equation in a splitting field
can be expressed in terms ofk and the adjunction of finitely manynth roots to the
field, for various values ofn. For the moment let us say in this case that the roots
are “expressible in terms of the members ofk and radicals.” We shall make this
notion more precise shortly.

Recall from Section IV.8 that with a finite groupG, we can find a strictly
decreasing sequence of subgroups starting withG and ending with{1} such
that each subgroup is normal in the next larger one and each quotient group is
simple. Such a series was defined to be a composition series forG. The Jordan–
Hölder Theorem (Corollary 4.50) says that the respective consecutive quotients
are isomorphic for any two composition series, apart from the order in which they
appear. We define the finite groupG to besolvable if each of the consecutive
quotients is cyclic of prime order, rather than nonabelian. It is enough that the
group have a normal series for which each of the consecutive quotients is abelian.

Examples of solvable and nonsolvable groups are obtainable from the calcula-
tions in Section IV.8: abelian groups and groups of prime-power order are always
solvable, the symmetric groupS4 and each of its subgroups are solvable, and the

7The Babylonians did not actually have equations but had an algorithmic method that amounted
to completing the square.

8Cardan’s name was Girolamo Cardano. The solution in the first case of the cubic seems to
have been discovered by Scipione dal Ferro and later by Nicolo Tartaglia. Dal Ferro died in 1526
and passed the secret method to his student Antonio Fior. In 1535 Fior engaged in a public contest
with Tartaglia at solving cubics, and he lost. Cardano wheedled the solution method in the first case
from Tartaglia, published it in 1539, and discovered and published the solution in the second case.
Cardano’s student Lodovico Ferrari discovered how to solve quartics, and Cardano published that
solution as well. See “St. Andrews” in the Selected References for more information.
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symmetric groupS5 is not solvable since a composition series isS5 ⊇ A5 ⊇ {1}
and the groupA5 is simple (Theorem 4.47).

Modulo a precise definition for a fieldk of the words “expressible in terms of
the members ofk and radicals,” the answer to our main question is as follows.

Theorem 9.44(Abel, Galois).9 Let k be a field of characteristic 0, letF(X)

be ink[X], and letK be a splitting field ofF(X) overk. Then the roots ofF(X)

are expressible in terms of the members ofk and radicals if and only if the group
Gal(K/k) is solvable.

EXAMPLE. With k = Q, let F(X) be the polynomialF(X) = X5 − 5X + 1 in
Q[X]. We shall show that

(i) F(X) is irreducible overQ,
(ii) F(X) has three roots inR and one pair of conjugate complex roots inC,

(iii) the splitting fieldK overQ of any polynomial of degree 5 for which (i)
and (ii) hold has Galois group with Gal(K/Q) ∼= S5.

We know that from Theorem 4.47 thatS5 is not solvable, and Theorem 9.44
therefore allows us to conclude that the roots ofX5 − 5X + 1 are not expressible
in terms of the members ofQ and radicals.

To prove (i), we apply Eisenstein’s criterion (Corollary 8.22) to the polynomial
F(X − 1) = X5 − 5X4 + 10X3 − 10X2 + 5 and to the primep = 5, and the
irreducibility is immediate.

To prove (ii), we observe thatF(−2) < 0, F(0) > 0, F(1) < 0, F(2) > 0.
Applying the Intermediate Value Theorem (Section A3 of the appendix), we see
that there are at least three roots inR. SinceF ′(X) = 5(X4 − 1) has exactly the
two roots±1 in R, F(X) has at most three roots inR by an application of the
Mean Value Theorem.

To prove (iii), label the roots 1, 2, 3, 4, 5 with 1 and 2 denoting the nonreal
roots. Each member of the Galois group permutes the roots and is determined
by its effect on the roots. Thus Gal(K/Q) may be regarded as a subgroup ofS5.
SinceF(X) is irreducible overQ, 5 divides [K : Q] and 5 divides| Gal(K/Q)|.
By the Sylow Theorems, Gal(K/Q) contains an element of order 5, hence a 5-
cycle. Some power of this 5-cycle carries root 1 to root 2. So we may assume
that the 5-cycle is(1 2 3 4 5). Also, Gal(K/Q) contains complex conjugation,
which acts as(1 2). Then Gal(K/Q) contains

(1 2 3 4 5)(1 2)(1 2 3 4 5)−1 = (2 3),

(1 2 3 4 5)(2 3)(1 2 3 4 5)−1 = (3 4),

(1 2 3 4 5)(3 4)(1 2 3 4 5)−1 = (4 5).

9Abel proved that there is no general solution via radicals that gives the roots of polynomials
of degree 5. Galois found the present theorem, which shows how to decide the question for each
individual polynomial of degree 5.
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Since the set{(1 2), (2 3), (3 4), (4 5)} of transpositions is easily shown from
Corollary 1.22 to generateS5, Gal(K/Q) = S5.

Let K′ be a finite extension of the given fieldk. A root tower for K′ overk is
a finite sequence of extensions

k = K′
0 ⊆ K′

1 ⊆ · · · ⊆ K′
l−1 ⊆ K′

l = K′

such that for eachi with 0 ≤ i ≤ l − 1, there is a prime numberni > 1 and there
is an elementri in K′

i +1 with ai = r ni
i in K′

i andri not inK′
i . Then it follows that

r k
i is not inK′

i for anyk with 0 < k < ni .
(If we write ai = r ni

i , then we might think of writingK′
i +1 = K′

i (
ni√ai ), but

this formulation is less precise at the moment since it does not specify precisely
which choice of

ni√ai is to be used.)
With “root tower” now well defined, we can make a precise definition and

thereby complete the precise formulation of Theorem 9.44. Letk be the given
field of characteristic 0, letF(X) be ink[X], and letK be a splitting field ofF(X)

overk. We say that the roots ofF(X) areexpressible in terms of members of
k and radicals if there exists some finite extensionK′ of K having a root tower
overk.

The statement of Theorem 9.44 is now completely precise, and the remainder
of the section will be devoted to the proof of one direction of the theorem: if the
roots are expressible in terms of members ofk and radicals, then the Galois group
is solvable. The proof of the converse direction of the theorem is postponed to
Section 13. We begin with a lemma.

Lemma 9.45. Let k be a field of any characteristic, and letp be a prime
number. Ifa is a member ofk such thatX p − a has no root ink, thenX p − a is
irreducible ink.

PROOF. First suppose thatp is different from the characteristic. LetL be a
splitting field for X p − a. The derivative ofX p − a, evaluated at any root of
X p − a in L, is nonzero, and Corollary 9.17 shows thatX p − a splits as the
product ofp distinct linear factors inL. The quotient of any two roots ofX p − a
is a pth root of 1. Fixing one of these two roots ofX p − a and letting the other
vary, we obtainp distinct pth roots of 1. ThusL contains allp of the pth roots
of 1. Proposition 4.26 shows that the group ofpth roots of 1 is cyclic. Letζ be a
generator. Ifa1/p denotes one of the roots ofX p − a in L, then the set of all the
roots is given by{a1/pζ k | 0 ≤ k ≤ p − 1}.

Now suppose thatX p −a has a nontrivial factorizationX p −a = F(X)G(X)

in k[X]. Possibly by adjusting the leading coefficients ofF(X) andG(X), we
may assume thatF(X) andG(X) are both monic. Unique factorization inL[X]
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then implies that there is a nonempty subsetS of {k | 0 ≤ k ≤ p − 1} with a
nonempty complementSc such that

F(X) = ∏
k∈S

(X − ζ ka1/p) and G(X) = ∏
k∈Sc

(X − ζ ka1/p).

If S hasm elements, then the constant term ofF(X) is (−a1/p)mω, whereω

is somepth root of 1. Thusx = (a1/p)mω is in k. Since GCD(m, p) = 1,
we can choose integersc and d with cm + dp = 1. Sincex is in k, so is
xcad = (a1/p)mc+dpωc = a1/pωc. Buta1/pωc is a root ofX p−a, in contradiction
to the hypothesis that no root ofX p − a lies ink. HenceX p − a is irreducible.

If p equals the characteristic ofk, then Lemma 9.18 gives the factorization
X p−a = (X−a1/p)p, wherea1/p is one root ofX p−a in K. Then we can argue
as above except thatζ andω are to be replaced by 1 throughout. This completes
the proof of the lemma. �

PROOF OF NECESSITY INTHEOREM 9.44 THAT Gal(K/k) BE SOLVABLE. We
are to prove that if some finite extensionK′ of K has a root tower overk, then
Gal(K/k) is solvable.

Step 1. We enlarge each field in the given root tower to obtain a root tower

k ⊆ K′′
0 ⊆ K′′

1 ⊆ · · · ⊆ K′′
l−1 ⊆ K′′

l = K′′

of a finite extensionK′′ of K′ in such a way thatK′′
0 is the normal extension ofk

obtained by adjoining allnth roots of 1 for a suitably largen and such that each
K′′

i +1 is the normal extension ofK′′
i for 0 ≤ i ≤ l −1 obtained by adjoining allnth

i
roots of the memberai of K′

i . Using Theorem 9.22, choose an algebraic closure
K′ of K′. Let n be the product of the integersn0, n1, . . . , nl−1. Let ζ1, . . . , ζn−1

be thenth roots of 1 inK′ other than 1 itself, define subfields ofK′ by

K′′
i = K′

i (ζ1, . . . , ζn−1) for 0 ≤ i ≤ l ,

and putK′′ = K′
l . The fieldK′′

0 is a splitting field forXn−1 overk and is therefore
a normal extension. The fieldK′′

i +1 is given byK′′
i +1 = K′′

i (ri ), whereri is a root
in K′′

i +1 of the polynomialXni − ai in K′′
i [X]. Hereni is prime. Lemma 9.45

shows that eitherri is in K′′
i [X] or Xni − ai is irreducible inK′′

i [X]. In the first
case,K′′

i +1 = K′′
i , and we have a normal extension. In the second case,K′′

i +1 is
a splitting field forXni − ai overK′′

i because it is generated byK′′
i and one root

of Xni − ai and because allnth
i roots of 1 already lie inK′′

0; thus again we have a
normal extension.
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Step 2. The Galois group ofK′′
0 overk is abelian. In fact, Proposition 4.26

shows that the group ofnth roots of 1 inK′′
0 is cyclic. Letζ be a generator, and

let U = {ζ k}n−1
k=0. The map of Gal(K′′

0/k) into AutU given byϕ �→ ϕ
∣∣
U is a

one-one homomorphism, and AutU is isomorphic to(Z/nZ)×. Since(Z/nZ)×
is abelian, it follows that Gal(K′′

0/k) is abelian.

Step 3. The Galois group ofK′′
i +1 over K′′

i is trivial or is cyclic of order
ni . In fact, the Galois group is trivial ifK′′

i +1 = K′′
i . The contrary case is that

[K′′
i +1 : K′′

i ] = ni , and then Gal(K′′
i +1/K′′

i ) has orderni , which is prime. Every
group of orderni is cyclic, and hence Gal(K′′

i +1/K′′
i ) is cyclic.

Step 4. We extend the root tower to a larger fieldL ⊇ K′′ that is a normal
extension ofk. The resulting root tower ofL will be written as

k ⊆ L0 = K′′
0 ⊆ L1 = K′′

1 ⊆ · · ·
⊆ Lk−1 = K′′

l−1 ⊆ Ll = K′′ ⊆ Ll+1 ⊆ · · · ⊆ Lt = L.

As it is, we cannot say thatK′′ is the splitting field overk for the product of the
minimal polynomials used in Step 1, because the elementsai are not assumed to
lie in k. To adjust the tower to correct this problem, writeK′′ as

K′′ = k(r0, r1, . . . , rl−1, ζ ) = k(x0, . . . , xl ),

with ζ as in Step 2. Herer0, . . . , rl−1 are the given elements that define the
original root tower, and we definexl = ζ andxj = r j for 0 ≤ j < l . SinceK′′ is
a finite extension ofk, eachxj has a minimal polynomialGj (X) overk. Define
G(X) = ∏l

j =0 Gj (X), and letL be the splitting field ofG(X) in the algebraic

closureK′. The fieldL is a normal extension ofk. The roots ofG(X) are the
members ofL that are roots of someGj (X). Eachxj is a root of its ownGj (X).
If x′

j is another root ofGj (X), then there is ak isomorphism ofk(xj ) ontok(x′
j ),

and we know by the uniqueness of splitting fields (Theorem 9.13′)10 that this
extends to ak isomorphism ofL onto L. Hence to each rootθ of G(X) in L
corresponds somexj and someϕ ∈ Gal(K/k) with ϕ(xj ) = θ . Thus

L = k
({ϕ(xj ) | 0 ≤ j ≤ l andϕ ∈ Gal(L/k}).

For anyϕ in Gal(L/k) and anyj ≤ l − 1, the elementϕ(xj ) of L satisfies

(ϕ(xj ))
nj = ϕ(x

nj

j ) = ϕ(aj ),

10The theorem is to be applied toσ : k(xj ) → k(x′
j ) with F(X) = Fσ (X) = G(X) and with

L
′ = L.
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and the element on the right is inϕ(K ′′
j ). Any elementϕ(ζ ) is annth root of 1

and hence is already inK′′
0; such elements are redundant forϕ �= 1. Enumerate

Gal(L/k) asϕ1, . . . , ϕs with ϕ1 = 1. The tower forK′′ is to be continued with
the fields obtained by adjoining one at a time the elements

ϕ2(r0), . . . , ϕ2(rl−1), ϕ3(r0), . . . , ϕ3(rl−1), . . . , ϕs(r0), . . . , ϕs(rl−1).

The final field isL, and then we have an enlarged tower as asserted.

Step 5. Gal(L/k) is a solvable group. In fact, first we prove by induction
downward oni that Gal(L/Li ) is solvable, the casei = t being the case of
the trivial group. Leti < t be given. We have arranged thatLi +1 is a normal
extension ofLi . SinceL is normal over all the smaller fields by Step 4, Corollary
9.39 therefore gives Gal(Li +1/Li ) ∼= Gal(L/Li )

/
Gal(L/Li +1). The group on

the left side is cyclic by Step 3 or the analogous proof with somer j replaced by
a suitableϕ(r j ), and thus a normal series with abelian quotients for Gal(L/Li +1)

may be extended by including the term Gal(L/Li ), and the result is still a normal
series with abelian quotients. Thus Gal(L/Li ) is solvable. This completes the
induction and shows that Gal(L/L0) is solvable. To complete the proof we use the
isomorphism Gal(L0/k) ∼= Gal(L/k)

/
Gal(L/L0) given by Corollary 9.39. The

group on the left side is abelian by Step 2, and thus a normal series with abelian
quotients for Gal(L/L0) may be extended by including the term Gal(L/k), and the
result is still a normal series with abelian quotients. Thus Gal(L/k) is solvable.

Step 6. Gal(K/k) is a solvable group. We haveL ⊇ K ⊇ k with L/k normal by
Step 4 and withK/k normal sinceK is a splitting field ofF(X) overk. Applying
Corollary 9.39, we obtain an isomorphism Gal(K/k) ∼= Gal(L/k)

/
Gal(L/K).

Then Step 6 will follow from Step 5 if it is shown that any homomorphic im-
age of a solvable group is solvable. Thus letG be a solvable group, and let
ϕ : G → H be an onto homomorphism. WriteG = G1 ⊇ · · · ⊇ Gm = {1}
with abelian quotients, and defineHi = ϕ(Gi ). Passage to the quotient gives
us a homomorphismϕi carrying Gi onto Hi /Hi +1. Sinceϕ(Gi +1) ⊆ Hi +1,
ϕ induces a homomorphismϕi of Gi /Gi +1 onto Hi /Hi +1. As the image of
an abelian group under a homomorphism,Hi /Hi +1 is abelian. ThereforeH is
solvable. This completes the proof. �

12. Construction of Regular Polygons

Theorem 9.25 proved the constructibility of regularn-gons whenn is the product
of a power of 2 and distinct Fermat primes, but it gave little clue how to carry
out the construction. In this section we supply enough further detail so that one
can actually carry out the construction. It is enough to handle the case thatn is a
Fermat prime,n = 22N + 1, and we shall suppose thatn is a prime of this form.
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Let ζ = e2π i /n. The field of interest isQ(ζ ), with [Q(ζ ) : Q] = n − 1. The
usual basis ofQ(ζ ) overQ is {1, ζ, ζ 2, . . . , ζ n−2}, but we shall use the basis

{ζ, ζ 2, ζ 3, . . . , ζ n−1}

instead, in order to identify the Galois group Gal(Q(ζ )/Q) more readily withF×
n ,

whereFn = Z/nZ is the field ofn elements. In more detail we associate the addi-
tive group ofFn with the additive group of exponents of the members of the cyclic
group{1, ζ, ζ 2, ζ 3, . . . , ζ n−1}, and members of the Galois group correspond to the
various multiplications of these exponents byF×

n = {1, 2, . . . , n−1}. The group
F×

n is known to be cyclic of ordern − 1, and thus the isomorphic Galois group
is cyclic. If a generatorσ of the Galois group is to correspond to multiplication
by a generatorg of F×

n , thenσ(ζ s) = ζ gs for all s. With the primen of the form
22N + 1, let us note for the sake of completeness why we can always takeg = 3.

Lemma 9.46.The number 3 is a generator ofF×
n whenn is prime of the form

22N + 1 with N > 0.

REMARKS. We verified this assertion forn = 17 in Section 6, and in principle
one could verify the lemma in any particular case in the same way. Here is a
general argument using the law of quadratic reciprocity, whose full statement and
proof will be given inAdvanced Algebra. For a prime numbern that is congruent
to 1 modulo 4, quadratic reciprocity implies that 3 is a square modulon if and
only if n is a square modulo 3. Since

22N − 1 = (22N−1 + 1)(22N−2 + 1) · · · (221 + 1)(221 − 1)

and 22
1 − 1 = 3, 3 divides 22

N − 1. Thusn is congruent to 2 modulo 3,n is
not a square modulo 3, and 3 is not a square modulon. The nonsquares modulo
n = 22N + 1 are exactly the generators ofF×

n , and therefore 3 is a generator.

Taking Lemma 9.46 into account, we suppose for the remainder of this section
that the generatorσ of the Galois group corresponds to multiplication of exponents
of ζ by 3. Thenσ(ζ ) = ζ 3 andσ(ζ s) = ζ 3s. These formulas andQ linearity tell
us explicitly howσ operates on all ofQ(ζ ).

The fixed fields that arise withinQ(ζ ) correspond to subgroups of the group
Gal(Q(ζ )/Q) ∼= {σ j | 0 ≤ j < 22N }, and there is one for each power of 2 from
20 to 22N

. Fix attention on the subgroupHl of orderl , and write 22
N = kl, with

k andl being powers of 2. A generator of this subgroup isσ k, and the subgroup
is Hl = {1, σ k, σ 2k, . . . , σ (l−1)k}. Let Kl be the fixed field of this subgroup, or
equivalently of its generatorσ k; this has dimensionk overQ.
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We shall determine a basis ofKl overQ. Sinceσ(ζ s) = ζ 3s, we haveσ k(ζ s) =
ζ 3ks. For 0≤ r ≤ k − 1, thek elements

ηr = ζ 3r + ζ 3r +k + ζ 3r +2k + · · · + ζ 3r +k(l−1)

are linearly independent overQ because they involve disjoint sets of basis vectors
of Q(ζ ) asr varies. The computation

σ k(ηr ) = σ k(ζ 3r + ζ 3r +k + ζ 3r +2k + · · · + ζ 3r +k(l−1))
= ζ 3r +k + ζ 3r +2k + ζ 3r +3k + · · · + ζ 3r +kl

= ζ 3r + ζ 3r +k + ζ 3r +2k + · · · + ζ 3r +k(l−1)

= ηr

shows that each of these vectors is inKl . Hence{η0, . . . , ηk−1} is a basis of
Kl over Q. The elements of this basis are called theperiods of l terms of the
cyclotomic field.

The extreme cases for the periods are(k, l ) = (22N
, 1), for which 0 ≤ r ≤

22N − 1 with ηr = ζ 3r
, and(k, l ) = (1, 22N

), for whichr = 0 with

η0 = ζ 30 + ζ 31 + ζ 32 + · · · + ζ 322N −1 = ζ + ζ 2 + ζ 3 + · · · + ζ n−1 = −1.

Two facts enter into determining how to writeζ in terms of rationals and square
roots. The first is that at stagek for k ≥ 2, the sum of certain pairs ofηr ’s is
anη for stagek − 1. The second is that the product of twoηr ’s at stagek is an
integer combination ofη’s from the same stage and that the sum formulas express
this combination in terms ofη’s from earlier stages. The result is that at thekth

stage we obtain expressions for the sum and product of twoηr ’s in terms ofη’s
from earlier stages. Therefore the twoηr ’s at stagek are the roots of a quadratic
equation whose coefficients involveη’s from earlier stages. Consequently we
can compute theηr ’s explicitly by induction onk. To proceed further, we need
to know the formula for the product of twoηr ’s, which is due to Gauss.

To multiply twoηr ’s, we need to multiply various powers ofζ , and the expo-
nents get added in the process. This addition is not readily compatible with terms
like ζ 3r

andζ 3s
, and for that reason Gauss introduced new notation. Define

η(t) = ζ t + ζ t3k + ζ t32k + · · · + ζ t3k(l−1) = ∑
v modl

ζ t3kv

for 0 ≤ t ≤ n − 1. Thenη(0) = l , and for 0< t ≤ n − 1, η(t) is theηr in which
ζ t occurs. Gauss’s product formula is given by
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η(s)η(t) = ∑
u modl

( ∑
v modl

ζ s3ku+t3kv)
= ∑

u modl

( ∑
w modl

ζ s3ku+t3k(u+w))
with v �→ u + w

= ∑
w modl

( ∑
u modl

ζ (s+t3kw)3ku)
= ∑

w modl
η(s+t3kw).

In words, this says that to multiply twoη’s, we add theη’s for the exponents
obtained by multiplying the first term ofη(s) by all the terms ofη(t).

At this point it is more illuminating to work some examples than to try for a
general result.

EXAMPLE 1. n = 5, N = 1, 22N = 4. The relevant pairs(k, l ) to study in
sequence are(k, l ) = (1, 4), (2, 2), (4, 1), and the case(k, l ) = (1, 4) is trivial
since the only subscriptedη is

∑3
s=0 ζ 3s = −1.

FIGURE 9.3. Construction of a regular pentagon. The circle with center
(

1
2, 1

4

)
and radius1

4 meets the line from
(

1
2, 1

4

)
to the origin at a point at distance

cos(2π/5) from the origin.

For k = 2, i.e., for the case that there are 2 periods of 2 terms each, we go
back to the definition of theη’s and find that

η0 = ζ 30+2·0 + ζ 30+2·1 = ζ 1 + ζ 4,

η1 = ζ 31+2·0 + ζ 31+2·1 = ζ 3 + ζ 2.
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We form those sums of pairs ofη’s that yield anη from the previous step. Here
there is only one pair, and the sum is given by

η0 + η1 = −1.

Next we form the elementsη(t), remembering that fort > 0, η(t) is theηr in
which ζ t occurs. Then

η(0) = 2, η(1) = η0, η(2) = η1, η(3) = η1, η(4) = η0.

We apply Gauss’s product formula to compute the product of the twoη’s whose
sum we have identified. The formula gives

η0η1 = η(1)η(2) = η(4) + η(3) = η0 + η1 = −1,

the second equality following since the rule for the indices is to extract a power
of ζ appearing inη(1) and add that index to all the powers ofζ appearing inη(2).
Sinceη0 andη1 have sum−1 and product−1, they are the roots of the quadratic
equation

x2 + x − 1 = 0, namely1
2(−1 ±

√
5).

Deciding which root isη0 and which isη1 involves looking at signs. The two
roots of the quadratic equation are of opposite sign because the constant term of
the quadratic equation is negative. Sinceη0 = ζ + ζ−1 = e2π i /5 + e−2π i /5 =
2 cos(2π/5) is positive, we obtain

η0 = 1
2(−1 +

√
5) and η1 = 1

2(−1 −
√

5).

The computation can in principle stop here, since knowing cos(2π/5) gives
us sin(2π/5) and thereforee2π i /5. See Figure 9.3. But it is instructive to carry
out the algorithm anyway. We are thus to treatk = 4. The periods of 1 term are

ξ0 = ζ, ξ1 = ζ 3, ξ2 = ζ 4, ξ3 = ζ 2.

The corresponding objects with superscripts are

ξ (0) = 1, ξ (1) = ξ0, ξ (2) = ξ3, ξ (3) = ξ1, ξ (4) = ξ2.

The relevant sums of pairs are

ξ0 + ξ2 = η0,

ξ1 + ξ3 = ξ1.

We again use Gauss’s product formula, and this time we obtain

ξ0ξ2 = ξ (1)ξ (4) = ξ (5) = ξ (0) = 1.

Henceξ0 andξ2 are the roots of the quadratic equation

y2 − η0y + 1 = 0, namely
−1+√

5
2 ± i

√
4 − (−1+√

5
2 )2

2
.

The rooty involving the plus sign ise2π i /5.
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EXAMPLE 2.11 n = 17, N = 2, 22N = 16. The relevant pairs(k, l ) have
kl = 16, and the case(k, l ) = (1, 16) is trivial since the only subscriptedη is∑15

s=0 ζ 3s = −1.
For k = 2, the 2 periods have 8 terms each, and

η0 = ζ 30+2·0 + ζ 30+2·1 + ζ 30+2·2 + ζ 30+2·3 + ζ 30+2·4 + ζ 30+2·5 + ζ 30+2·6 + ζ 30+2·7

= ζ 1 + ζ 9 + ζ 13 + ζ 15 + ζ 16 + ζ 8 + ζ 4 + ζ 2,

η1 = ζ 31+2·0 + ζ 31+2·1 + ζ 31+2·2 + ζ 31+2·3 + ζ 31+2·4 + ζ 31+2·5 + ζ 31+2·6 + ζ 31+2·7

= ζ 3 + ζ 10 + ζ 5 + ζ 11 + ζ 14 + ζ 7 + ζ 12 + ζ 6.

We form those sums of pairs ofη’s that yield anη from the previous step. Here
there is only one pair, and the sum is given by

η0 + η1 = −1.

Next we form the elementsη(t), remembering that fort > 0, η(t) is theηr in
which ζ t occurs. Thenη(0) = 2,

η(1) = η(9) = η(13) = η(15) = η(16) = η(8) = η(4) = η(2) = η0,

η(3) = η(10) = η(5) = η(11) = η(14) = η(7) = η(12) = η(6) = η1.

To computeη0η1 by means of Gauss’s product formula, we useη0 = η(1) and
η1 = η(3). Then

η0η1 = η(1)η(3) = η(4) + η(11) + η(6) + η(12) + η(15) + η(8) + η(13) + η(7),

the indices on the right side being the indices forη1 plus one. Resubstituting in
terms ofη0 andη1, we obtain

η0η1 = 4η0 + 4η1 = −4.

Thereforeη0 andη1 are the roots of the quadratic equation

x2 + x − 4 = 0, namely1
2(−1 ±

√
17).

Deciding which root isη0 and which isη1 involves looking at signs. The two
roots of the quadratic equation are of opposite sign. Since

η0 = (ζ 1 + ζ−1) + (ζ 2 + ζ−2) + (ζ 4 + ζ−4) + (ζ 8 + ζ−8)

= 2
(

cos(2π/17) + cos(4π/17) + cos(8π/17) + cos(16π/17)
)

> 2
(

1
2 + 1

2 + 0 + (−1)
) = 0,

11The discussion of this example closely follows that in Van der Waerden, Vol. I, Section 54.
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η0 is the positive root, and we have

η0 = 1
2(−1 +

√
17) and η1 = 1

2(−1 −
√

17).

For k = 4, the 4 periods have 4 terms each, and

ξ0 = ζ 30+4·0 + ζ 30+4·1 + ζ 30+4·2 + ζ 30+4·3 = ζ 1 + ζ 13 + ζ 16 + ζ 4,

ξ1 = ζ 31+4·0 + ζ 31+4·1 + ζ 31+4·2 + ζ 31+4·3 = ζ 3 + ζ 5 + ζ 14 + ζ 12,

ξ2 = ζ 32+4·0 + ζ 32+4·1 + ζ 32+4·2 + ζ 32+4·3 = ζ 9 + ζ 15 + ζ 8 + ζ 2,

ξ3 = ζ 33+4·0 + ζ 33+4·1 + ζ 33+4·2 + ζ 33+4·3 = ζ 10 + ζ 11 + ζ 7 + ζ 6.

The sums of pairs of these that yieldη’s are

ξ0 + ξ2 = η0

ξ1 + ξ3 = η1.

We can read off superscriptedξ ’s from the exponents on the right sides of the
formulas forξ0, . . . , ξ3, and the results are

ξ (1) = ξ (13) = ξ (16) = ξ (4) = ξ0,

ξ (3) = ξ (5) = ξ (14) = ξ (12) = ξ1,

ξ (9) = ξ (15) = ξ (8) = ξ (2) = ξ2,

ξ (10) = ξ (11) = ξ (7) = ξ (6) = ξ3.

Then the relevant products are

ξ0ξ2 = ξ (1)ξ (9) = ξ (10) + ξ (16) + ξ (9) + ξ (3) = ξ3 + ξ0 + ξ2 + ξ1 = −1,

ξ1ξ3 = ξ (3)ξ (6) = ξ (13) + ξ (14) + ξ (10) + ξ (9) = ξ0 + ξ1 + ξ3 + ξ2 = −1.

Thusξ0 andξ2 are the roots of the quadratic equation

y2 − η0y − 1 = 0,

while ξ1 andξ3 are the roots of the quadratic equation

y2 − η1y − 1 = 0.

Sinceξ0ξ2 and ξ1ξ3 are negative, these equations each have roots of opposite
sign. We observe thatξ0 = 2

(
cos(2π/17) + cos(8π/17)

)
> 0 and thatξ3 =

2
(

cos(14π/17) + cos(12π/17)
)

< 0, and we conclude that the signs are

ξ0 > 0 and ξ2 < 0,

ξ1 > 0 and ξ3 < 0.
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FIGURE 9.4. Construction of a regular 17-gon. The small circle has center
(

1
2, 1

8)

and radius1
8. Two circles are drawn tangent to it with center(0, 0); their radii

areη0/4 and|η1|/4. Theirx intercepts and height12 determine the dashed box.
The diameter of the large solid semicircle isξ0/2, and its heavy part isλ0/2.
The separate semicircle at the left constructs

√
ξ1/4 from ξ1/2, and the chord

in the large semicircle is at distance
√

ξ1/4 from the diameter.

For k = 8, the 8 periods have 2 terms each, and the two with sumξ0 are

λ0 = ζ 30+8·0 + ζ 30+8·1 = ζ 1 + ζ 16,

λ4 = ζ 34+8·0 + ζ 34+8·1 = ζ 13 + ζ 4.

Their sum and their product are given by

λ0 + λ4 = ξ0,

λ0λ4 = ζ 14 + ζ 5 + ζ 12 + ζ 3 = ξ1.

Thusλ0 andλ4 are the roots of the quadratic equation

z2 − ξ0z + ξ1 = 0.

Sinceλ0 = 2 cos(2π/17) > 2 cos(8π/17) = λ4, λ0 is the larger of the two roots
of the equation.

In summary, we have successively defined

η0 = 1
2

( − 1 +
√

17
)

and η1 = 1
2

( − 1 −
√

17
)
,

ξ0 = 1
2

(
η0 +

√
η2

0 + 4
)

and ξ2 = 1
2

(
η0 −

√
η2

0 + 4
)
,

ξ1 = 1
2

(
η1 +

√
η2

1 + 4
)

and ξ3 = 1
2

(
η1 −

√
η2

1 + 4
)
,

λ0 = 1
2

(
ξ0 +

√
ξ2

0 − 4ξ1
)
.
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Sinceλ0 = 2 cos(2π/17), these formulas explicitly point to how to construct a
regular 17-gon. See Figure 9.4.

13. Solution of Certain Polynomial
Equations with Solvable Galois Group

In this section we investigate what specific information can be deduced about a
finite Galois extension in characteristic 0 when the Galois group is solvable.
The tool is a precursor of modern harmonic analysis12 known as “Lagrange
resolvents.” The argument of the previous section could be regarded as an instance
of applying the theory of Lagrange resolvents, but Lagrange resolvents give only
the simpler formulas of the previous section, not the Gauss product formula.

Proposition 9.47. Let K be a finite normal extension of a fieldk of charac-
teristic 0, suppose that Gal(K/k) is cyclic of ordern with σ as a generator, and
suppose thatXn − 1 splits ink. Fix a generatorσ of Gal(K/k) and a primitive
nth rootω of 1 in k. For 0≤ r < n, definek linear mapsEr : K → K by

Er x = n−1
∑

k modn

ω−krσ kx for x ∈ K.

Then

(a) Er Es equalsEs if r = s and equals 0 ifr �≡ s modn, so that theEr ’s are
commuting projection operators whose images are linearly independent,

(b)
∑

r modn Er = I , so that the direct sum of the images of theEr ’s is
all of K,

(c) σ(x) = ωr x for all r and for allx in imageEr ,
(d) imageE0 = k.

REMARKS. The integersk andr depend only on their values modulon, and the
summation indices “k modn” and “r modn” are to be interpreted accordingly.
The operatorsEr are known classically asLagrange resolvents, apart from
the constantn−1. The proposition says that thek linear mapσ has a basis of
eigenvectors, that the eigenvalues are a subset of the powersωr , and that eachEr

is the projection operator on the eigenspace for the eigenvalueωr along the sum
of the remaining eigenspaces.

12Lagrange resolvents give a certain specific Fourier decomposition relative to a cyclic group.
Similar formulas apply whenever a cyclic group acts linearly on a vector space overk and the relevant
roots of 1 lie ink. For the corresponding decomposition of a vector space overC when a finite group
G acts linearly, see Problems 47–52 at the end of Chapter VII. The decomposition in those problems
can be seen to work for any fieldk of characteristic 0 for which the values of all irreducible characters
of G lie in k. The values of the characters are sums of certain roots of 1, and thus it is enough that
k contain a certain finite set of roots of 1.
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PROOF. Forx in K, we compute

Er Esx = n−2 ∑
k modn

ω−krσ k
( ∑

l modn
ω−lsσ l x

)
= n−2 ∑

k modn

∑
m modn

ω−krσ kω−ms+ksσm−kx

= n−2 ∑
m modn

( ∑
k modn

ωk(s−r )
)
ω−msσmx.

The expression in parentheses on the right side is the sum of a finite geometric
series. Ifs ≡ r modn, then every term in the sum is 1, and the sum isn. If
s �≡ r modn, then the sum is1−ωn(s−r )

1−ωs−r = 0. Thus (a) follows.
Next we calculate∑

r modn
Er x = ∑

r modn
n−1 ∑

k modn
ω−krσ kx = ∑

k modn
n−1

( ∑
r modn

ω−kr
)
σ kx.

As in the previous paragraph, the sum in parentheses isn if k = 0 and it is 0 if
k �≡ 0 modn. Therefore only thek = 0 term on the right side contributes, and
the right side simplifies tox. This proves (b).

The computation

σ(Er x) = n−1 ∑
k modn

ω−krσ k+1x

= n−1 ∑
l modn

ω(−l+1)r σ l x

= ωr n−1 ∑
l modn

ω−lr σ l x = ωr Er x

shows thatσ(y) = ωr y for everyy of the formEr x, and thesey’s are the members
of the image ofEr . This proves (c).

Combining (b) and (c), we see thatσ(x) = x if and only if x is in imageE0.
Since Gal(K/k) is cyclic, the members ofK fixed byσ are the members fixed
by the Galois group, and these are the members ofk by Proposition 9.35d. This
proves (d). �

Corollary 9.48. Let K be a finite normal extension of a fieldk of characteris-
tic 0, suppose that Gal(K/k) is cyclic of prime orderp, and suppose thatX p − 1
splits ink. Then there exista in k andx in K such thatxp = a andK = k(x).

REMARKS. In other words, a finite normal extension field in characteristic 0
with Galois group cyclic of prime orderp is necessarily obtained by adjoining a
pth root of some element of the base field, provided that the base field contains
all the pth roots of 1. Once the extension field contains onepth root of an element
of the base field, it has to contain allpth roots, since the base field by assumption
contains a full complement ofpth roots of 1.
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PROOF. We apply Proposition 9.47 withn = p. Since [K : k] = p > 1, (d)
shows thatE0 is not the identity. By (b), someEr with r �= 0 is not the 0 operator.
Let x be a nonzero element in imageEr . Since the generatorσ of the Galois group
is a field automorphism,σ(xp) = σ(x)p = (ωr x)p = ωrpxp = xp. Sincexp is
fixed by the Galois group,xp lies ink. Then the elementa = xp has the property
thatxp = a andK ⊇ k(x) 	 k. Since [K : k] is prime, Corollary 9.7 shows that
there are no intermediate fields betweenK andK. ThereforeK = k(x). �

We shall apply Corollary 9.48 to prove the converse statement in Theorem
9.44—that solvability of the Galois group for a polynomial equation in charac-
teristic 0 implies that the solutions of the equation are expressible in terms of
radicals and the base field. We begin with a lemma that handles a special case.

Lemma 9.49. Let k be a field of characteristic 0, letn > 0 be an integer,
and letK be a splitting field for

∏n
r =1 (Xr − 1) overk. ThenK/k is a Galois

extension, the Galois group of Gal(K/k) is abelian, andK has a root tower overk.

PROOF. Being a splitting field in characteristic 0,K is a finite Galois extension
of k. For 1 ≤ r ≤ n, let ωr be a primitiver th root of 1 in K. The primitive
r th roots of 1 are parametrized by the group(Z/r Z)× once someωr is specified,
the parametrization beingk �→ ωk

r . If σ is in Gal(K/k), thenσ(ωr ) = ωk
r for

some suchk. This correspondence respects multiplication in(Z/r Z)× since if
σ(ωr ) = ωk

r andσ ′(ωr ) = ωl
r , thenσ ′(σ (ωr )) = σ ′(ωk

r ) = σ ′(ωr )
k = ωkl

r .
Thus for eachr , we have a homomorphism of Gal(K/k) into the abelian group
(Z/r Z)×. Putting these homomorphisms together asr varies and using the fact
that theωr ’s generateK overk, we obtain a one-one homomorphism of Gal(K/k)

into the abelian group
∏n

r =1 (Z/r Z)×. Consequently Gal(K/k) is isomorphic to
a subgroup of an abelian group and is abelian.

It follows from Corollary 9.39 that every extension of intermediate fields is
Galois and has abelian Galois group. For 1≤ r ≤ n, we introduce the interme-
diate fieldKr = k(ω1, ω2, . . . , ωr ). HereK1 = k(1) = k. For 1< r < n, Kr is
generated as a vector space overKr −1 by ωr , ω

2
r , . . . , ω

r −1
r since

∑r −1
k=0 ωk

r = 0
for r > 1, and thus [Kr : Kr −1] ≤ r − 1. Since Gal(Kr /Kr −1) is abelian, it has
a composition series whose consecutive quotients are cyclic of prime order, the
prime order necessarily being≤ [Kr : Kr −1] ≤ r − 1. Applying Galois theory,
form the chain of intermediate extensions betweenKr −1 andKr . The degree of
each extension is some primep with p ≤ r − 1, the prime depending on the two
fields in the chain. Thepth roots of unity are in the smaller of any two consecutive
fields because they are inKr −1. By Corollary 9.48, such a degree-p extension
betweenKr −1 andKr is generated by the smaller field and thepth root of an
element in the smaller field. SinceK1 = k, we see inductively thatKr has a root
tower overKr −1 for eachr . SinceK = Kn, K has a root tower overk. �
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PROOF OF SUFFICIENCY INTHEOREM 9.44THAT Gal(K/k) BE SOLVABLE. Let
F(X) be ink[X], and suppose thatK is a splitting field ofF(X) overk. Under
the assumption that Gal(K/k) is solvable, we are to prove that there exists a finite
extensionK′ of K having a root tower.

SinceG = Gal(K/k) is solvable, we can find a finite sequence of subgroups
of G, each normal in the next larger one, such that the quotient of any consecutive
pair is cyclic of prime order. We write

G = H0 ⊇ H1 ⊇ · · · ⊇ Hk−1 ⊇ Hk = {1}
with Hj /Hj +1 cyclic of prime orderpj for 0 ≤ j < k. Let

k = K0 ⊆ K1 ⊆ · · · ⊆ Kk−1 ⊆ Kk = K

be the corresponding sequence of intermediate fields given by the Fundamen-
tal Theorem of Galois Theory (Theorem 9.38). HereKj = KHj , and Hj =
Gal(K/Kj ).

According to Corollary 9.39,Kj +1 is a normal extension ofKj if and only if
Gal(K/Kj +1) is a normal subgroup of Gal(K/Kj ), and in this case we have a
group isomorphism Gal(K/Kj )

/
Gal(K/Kj +1) ∼= Gal(Kj +1/Kj ). SinceHj +1 is

a normal subgroup ofHj with quotient cyclic of orderpj , it follows thatKj +1/Kj

is indeed normal and the Galois group is cyclic of orderpj .

Let us use Theorem 9.22 to regardK as lying in a fixed algebraic closureK
′
.

Let n be the product of all the primespj , and letK′
0 be the splitting field over

k for
∏n

r =1 (Xr − 1) within K
′
. For 1 ≤ j ≤ k, let K′

j be the subfield ofK
′

generated byKj andK′
0. We defineK′ = K′

k. Then we have

k ⊆ K′
0 ⊆ K′

1 ⊆ · · · ⊆ K′
k−1 ⊆ K′

k = K′.
Lemma 9.49 shows thatK′

0 has a root tower overK′. To complete the proof, it is
enough to show for eachj ≥ 0 that eitherK′

j +1 = K′
j or else [K′

j +1 : K′
j ] = pj

andK′
j +1 is generated byK′

j and thepth
j root of some member ofK′

j .
For eachj ≥ 0, suppose thatKj +1 = Kj (xj ). Let Fj (X) be the minimal poly-

nomial ofxj overKj . SinceKj +1/Kj is normal,Kj +1 is the splitting field ofFj (X)

overKj . ThenK′
j +1 = K′

j (xj ) is the splitting field ofFj (X)
∏n

r =1 (Xr − 1) over
K′

j , and consequentlyK′
j +1/K′

j is a normal extension. Ifg is in Gal(K′
j +1/K′

j ),
theng sendsxj into a root ofFj (X) and is determined by this root. The restriction
g
∣∣
Kj +1

therefore carriesKj +1 into itself and is in Gal(Kj +1/Kj ). Sinceg is

determined byg(xj ), the group homomorphismg �→ g
∣∣
Kj +1

is one-one. The
image of this homomorphism must be a subgroup of Gal(Kj +1/Kj ) and therefore
must be trivial or havepj elements. In the first case,K′

j +1 = K′
j , and in the

second case, [K′
j +1 : K′

j ] = pj . In the latter case,K′
j contains allpj of the pth

j

roots of 1 since these roots of 1 are inK′
0; by Corollary 9.48,K′

j +1 is generated
by K′

j and apth
j root of some member ofK′

j . This completes the proof. �
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We turn now to apply our methods to irreducible cubics over a fieldk of char-
acteristic 0. In effect we shall derive Cardan’s formula,13 which was mentioned
at the beginning of Section 11.

The Galois group of a splitting field of a cubic polynomial has to be a subgroup
of the symmetric groupS3, and irreducibility of the cubic implies that the Galois
group has to contain a 3-cycle. Therefore the Galois group has to be eitherS3 or
the alternating groupA3

∼= C3.
Let the cubic beX3+a2X2+a1X+a0, the coefficients being ink. Substituting

X = Z − 1
3a2 converts the polynomial into

(Z − 1
3a2)

3 + a2(Z − 1
3a2)

2 + a1(Z − 1
3a2) + a0

= Z3 + (a1 − 1
3a2

2)Z + (a0 − 1
3a1a2 + 2

27a3
2),

and therefore we can assume whenever convenient that the given polynomial has
a2 = 0.

Suppose for the moment that the Galois group isG = S3. A composition
series is

G = S3 ⊇ A3 ⊇ {1},
and we can write the corresponding sequence of fixed fields as

k ⊆ L ⊆ K,

whereK is the splitting field andL is KA3. The dimensions satisfy [L : k] = 2
and [K : L] = 3.

Let the roots inK of the given cubic ber1, r2, r3. SinceG is solvable, Theorem
9.44 tells us that the roots are expressible in terms of radicals and members of
k. To derive explicit formulas for the roots, the idea is to use a two-step process
with Lagrange resolvents, arguing as in the proof of Corollary 9.48 at each step.

The first step involves passing fromk to L. The square roots of 1 are already
in k, andL is to be obtained fromk by adjoining one of the square roots of
some element ofk. In Proposition 9.47 the Galois group Gal(L/k) is a 2-element
quotient group, the sum is over members of the quotient group, and the elementx
is inL. It is a little more convenient to pull the sum back to one over the 6-element
symmetric group, takingω to be the sign function onS3 and takingx to be any
element ofK. The formulas for the projection operatorsE0 andE1 are then

E0x = 1
6

∑
σ∈S3

σ(x),

E1x = 1
6

∑
σ∈S3

(sgnσ)σ(x),

13We discuss only Cardan’s cubic formula, omitting any discussion of the corresponding quartic
formula, which often bears Cardan’s name and which can be handled with the same techniques. See
Van der Waerden, Vol. I, Section 58, for details.
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with x in K, and the proof of Corollary 9.48 tells us to adjoin tok the square root
of any element of imageE1, i.e., any element withσ(x) = (sgnx)x for all σ in
S3.

The only elements ofK for which we have good control of the action of the
Galois group, apart from the elements ofk, are the elements that are expressed
directly in terms of the rootsr1, r2, r3 of the polynomial. By renumbering the
roots if necessary, we may assume that the roots are permuted byS3 according to
their subscripts. An example of a polynomial function ofr1, r2, r3 that transforms
according to the sign of the permutation played a role in Section I.4 in defining
the sign of a permutation. It is thedifference product of the polynomial, namely∏

1≤i < j ≤3

(r j − ri ).

This is a square root of thediscriminant D of the polynomial, which is given by

D =
∏

1≤i < j ≤3

(r j − ri )
2.

We shall computeD in terms of the coefficients of the cubic shortly. In the
meantime, the proof of Corollary 9.48 thus tells us thatL = k(

√
D ). Here

√
D

is given by
√

D = (r3 − r2)(r3 − r1)(r2 − r1)

= (r1r
2
2 + r2r

2
3 + r3r

2
1) − (r 2

1r2 + r 2
2r3 + r 2

3r1).

The second step is to pass fromL to K. Corollary 9.48 says to expectK
to be obtained by adjoining the cube root of something if the cube roots of 1
are already present inL. The proof of the second half of Theorem 9.44, which
follows Corollary 9.48, indicates how we can incorporate the cube roots of 1 into
the fields in order to have a root tower. What we can do is to replacek at the start
by a splitting field for

∏
1≤r ≤3 (Xr − 1). Since±1 are already ink, we are to

adjoin the nontrivial cube roots of 1, i.e., the roots ofX2 + X + 1, if they are not
already present. In other words, what we do is replacek at the start byk(

√−3).
Changing notation, we assume that

√−3 lies ink from the outset.
We can now use Lagrange resolvents. Letσ be the generator(1 2 3) of A3,

sendingr1 to r2, r2 to r3, andr3 to r1. Let ω = 1
2(−1 + √−3) be a primitive

cube root of 1. Then we have

E0x = 1
3(x + σ x + σ 2x),

E1x = 1
3(x + ω−1σ x + ω−2σ 2x),

E2x = 1
3(x + ω−2σ x + ω−1σ 2x).
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Again we can use anyx, but the roots of the cubic are the simplest nontrivial
elements for which we know the action ofσ . Corollary 9.48 shows thatK =
L(E1x) if E1x �= 0. Proposition 9.47 says that(E1x)3 is fixed byσ , and it
therefore lies inL. HenceK is identified as obtained fromL by adjoining a cube
root of the element(E1x)3 of L.

Takingx = r1, we haveσ x = r2 andσ 2x = r3. Also,ω±1 = 1
2(−1± √−3).

Using the formula forE1x and substituting for
√

D andω±1 then gives

(3E1r1)
3 = r 3

1 + r 3
2 + r 2

3 + 6r1r2r3

+ 3ω−1(r 2
1r2 + r 2

2r3 + r 2
3r1) + 3ω(r1r

2
2 + r2r

2
3 + r3r

2
1)

= ∑
i

r 3
i + 6r1r2r3 − 3

2

∑
i �= j

r 2
i r j + 3

2

√−3
√

D.

To proceed further, we shall want to substitute expressions involving the co-
efficients of the cubic for the above symmetric expressions in the roots.14 These
expressions will be considerably simplified if we assume that the coefficient of
X2 in the cubic is 0. We know that this assumption involves no loss of generality.
Thus we assume for the remainder of this section that the cubic isX3 + pX + q.
The relevant formulas relating the roots and the coefficients are

r1 + r2 + r3 = 0,

r1r2 + r1r3 + r2r3 = p,

r1r2r3 = −q.

Aiming for the right side of the displayed formula for(3E1r1)
3, we have

0 = (r1 + r2 + r3)
3 = ∑

i
r 3

i + 3
∑
i �= j

r 2
i r j + 6r1r2r3,

0 = (r1 + r2 + r3)(r1r2 + r1r3 + r2r3) = −9
2

∑
i �= j

r 2
i r j − 27

2 r1r2r3,

−27
2 q = 27

2 r1r2r3.

Addition of these three lines and comparison with the expression for 3(E1r1)
3

yields

−27
2 q = ∑

i
r 3

i − 3
2

∑
i �= j

r 2
i r j + 6r1r2r3 = (3E1r1)

3 − 3
2

√−3
√

D.

Consequently
(3E1r1)

3 = −27
2 q + 3

2

√−3
√

D.

14Problems 36–39 at the end of Chapter VIII assure us that this rewriting is possible. For our
derivation this assurance is not logically necessary, since we will be producing explicit formulas.
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Similarly
(3E2r1)

3 = −27
2 q − 3

2

√−3
√

D.

Since 3E0r1 = r1 + r2 + r3 = 0, we have expressions forE0r1, E1r1, andE2r1,
apart from the choices of the cube roots. Proposition 9.47b says that we recover
r1 by addition:r1 = E0r1 + E1r1 + E2r1. Thus we have found a root explicitly
as soon as we sort out the ambiguity in the choices of cube roots and determine
the value ofD in terms of the coefficientsp andq.

Theorem 9.50(Cardan’s formula). Letk be a field of characteristic 0 con-
taining

√−3, and letX3 + pX + q be an irreducible cubic ink[X]. For this
polynomial the discriminantD is given by

D = −4p3 − 27q2.

The Galois group of a splitting field of the cubic isS3 if D is a nonsquare ink
and isA3 if D is a square ink. In either case, fix a square root ofD, denote it by√

D, and letω±1 = 1
2(−1 ± √−3) be the primitive cube roots of 1. Then it is

possible to determine cube roots of the form

3E1r1 = 3

√
−27

2 q + 3
2

√−3
√

D and 3E2r1 = 3

√
−27

2 q − 3
2

√−3
√

D

in such a way that their product is(3E1r1)(3E1r2) = −3p, and in this case the
three roots ofX3 + pX + q are given by

r1 = E1r1 + E2r1,

r2 = ωE1r1 + ω2E2r1,

r3 = ω2E1r1 + ωE2r1.

PROOF. Defineσk = r k
1 + r k

2 + r k
3 for 1 ≤ k ≤ 4. By inspection we have

( 1 1 1
r1 r2 r3

r 2
1 r 2

2 r 2
3

) 
 1 r1 r 2

1
1 r2 r 2

2
1 r3 r 2

3


 =

( 3 σ1 σ2

σ1 σ2 σ3

σ2 σ3 σ4

)
.

Taking the determinant of both sides and applying Corollary 5.3, we obtain

D = det

( 3 σ1 σ2

σ1 σ2 σ3

σ2 σ3 σ4

)
= 3σ2σ4 − σ 3

2 − 3σ 2
3 .

The given cubic shows thatσ1 = r1 + r2 + r3 = 0. For the otherσi ’s, we have
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σ2 = r 2
1 + r 2

2 + r 2
3 = (r1 + r2 + r3)

2 − 2(r1r2 + r1r3 + r2r3) = −2p,

σ3 = r 3
1 + r 3

2 + r 3
3 = (r1 + r2 + r3)(r

2
1 + r 2

2 + r 2
3)

− (r 2
1r2 + r 2

1r3 + r 2
2r1 + r 2

2r3 + r 2
3r1r

2
3r2)

= −(r1 + r2 + r3)(r1r2 + r1r3 + r2r3) + 3r1r2r3 = −3q,

σ4 = r 4
1 + r 4

2 + r 4
3 = (r 2

1 + r 2
2 + r 2

3)2 − 2(r 2
1r 2

2 + r 2
1r 2

3 + r 2
2r 2

3)

= (−2p)2 − 2(r1r2 + r1r3 + r2r3)
2

+ 4r1r2r3(r1 + r2 + r3) = (−2p)2 − 2(p)2 = 2p2.

Substituting, we obtainD = −12p3 +8p3 −27q2 = −4p3 −27q2. This proves
the formula forD. In particular, it confirms thatD lies ink.

The Galois group of the splitting field of the polynomial must beS3 or A3. If
it is S3, then we saw above thatL = k(

√
D) and that [L : k] = 2. HenceD is a

nonsquare ink. If the Galois group isA3, then(r3 − r2)(r3 − r1)(r2 − r1) is fixed
by the Galois group and lies ink. The square of this element isD, and henceD
is a square ink.

With either Galois group the calculations with the cubic extension that precede
the statement of the theorem are valid. Ifr1 is one of the roots, then we know that

r1 = E0r1 + E1r1 + E2r1 = E1r1 + E2r1,

(3E1r1)
3 = −27

2 q + 3
2

√−3
√

D,

(3E2r1)
3 = −27

2 q − 3
2

√−3
√

D.

The uniqueness of simple extensions (Theorem 9.11) says that we can make any
choice of cube root to determine 3E1r1. Then

(3E1r1)(3E2r1) = (r1 + ω−1σ r1 + ω−2σ 2r1)(r1 + ω−2σ r1 + ω−1σ 2r1)

= (r1 + ω−1r2 + ωr3)(r1 + ωr2 + ω−1r3)

= (r 2
1 + r 2

2 + r 2
3) + (ω + ω−1)(r1r2 + r1r3 + r2r3)

= (r 2
1 + r 2

2 + r 2
3) − (r1r2 + r1r3 + r2r3).

The first term on the right side we calculated in the first paragraph of the proof
asσ2 = −2p, and the second term gives−p. Thus(3E1r1)(3E2r1) = −3p as
asserted. Sinceσ operates on imageE1 as multiplication byω and on imageE2

as multiplication byω2, the fact thatr1 = E1r1 + E2r1 implies that
r2 = σ(r1) = ωE1r1 + ω2E2r1

r3 = σ 2(r1) = ω2E1r1 + ωE2r1.and

This completes the proof. �


