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CHAPTER IX

Fields and Galois Theory

Abstract. This chapter develops some general theory for field extensions and then goes on to
study Galois groups and their uses. More than half the chapter illustrates by example the power
and usefulness of the theory of Galois groups. Prerequisite material from Chapter VIII consists
of Sections 1-6 for Sections 1-13 of the present chapter, and it consists of all of Chapter VIII for
Sections 14-17 of the present chapter.

Sections 1-2 introduce field extensions. These are inclusions of a base field in a larger field.
The fundamental construction is of a simple extension, algebraic or transcendental, and the next
construction is of a splitting field. An algebraic simple extension is made by adjoining a root of an
irreducible polynomial over the base field, and a splitting field is made by adjoining all the roots of
such a polynomial. For both constructions, there are existence and uniqueness theorems.

Section 3 classifies finite fields. For each integéhat is a power of some prime number, there
exists one and only one finite field of ordgrup to isomorphism. One finite field is an extension of
another, apart from isomorphisms, if and only if the order of the first field is a power of the order of
the second field.

Section 4 concerns algebraic closure. Any field has an algebraic extension in which each
nonconstant polynomial over the extension field has a root. Such a field exists and is unique up
to isomorphism.

Section 5 applies the theory of Sections 1-2 to the problem of constructibility with straightedge
and compass. First the problem is translated into the language of field theory. Then it is shown that
three desired constructions from antiquity are impossible: “doubling a cube,” trisecting an arbitrary
constructible angle, and “squaring a circle.” The full proof of the impossibility of squaring a circle
uses the fact that is transcendental over the rationals, and the proof of this propertysofieferred
to Section 14. Section 5 concludes with a statement of the theorem of Gauss identifying integers
such that a regular-gon is constructible and with some preliminary steps toward its proof.

Sections 6-8 introduce Galois groups and develop their theory. The theory applies to a field
extension with three properties—that it is finite-dimensional, separable, and normal. Such an
extension is called a “finite Galois extension.” The Fundamental Theorem of Galois Theory says in
this case that the intermediate extensions are in one-one correspondence with subgroups of the Galois
group, and it gives formulas relating the corresponding intermediate fields and Galois subgroups.

Sections 9-11 give three standard initial applications of Galois groups. The firstis to proving the
theorem of Gauss about constructibility of reguiegons, the second is to deriving the Fundamental
Theorem of Algebra from the Intermediate Value Theorem, and the third is to proving the necessity
of the condition of Abel and Galois for solvability of polynomial equations by radicals—that the
Galois group of the splitting field of the polynomial have a composition series with abelian quotients.

Sections 12—-13 begin to derive quantitative information, rather than qualitative information, from
Galois groups. Section 12 shows how an appropriate Galois group points to the specific steps in
the construction of a regular-gon when the construction is possible. Section 13 introduces a tool
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1. Algebraic Elements 449

known as Lagrange resolvents, a precursor of modern harmonic analysis. Lagrange resolvents are
used first to show that Galois extensions in characteristic 0 with cyclic Galois group of primeorder

are simple extensions obtained by adjoiningaroot, provided all thep!" roots of 1 lie in the base

field. Lagrange resolvents and this theorem about cyclic Galois groups combine to yield a derivation
of Cardan’s formula for solving general cubic equations.

Section 14 begins the part of the chapter that depends on results in the later sections of Chap-
ter VIII. Section 14 itself contains a proof thatis transcendental; the proof is a nice illustration of
the interplay of algebra and elementary real analysis.

Section 15 introduces the field polynomial of an element in a finite-dimensional extension field.
The determinant and trace of this polynomial are called the norm and trace of the element. The
section gives various formulas for the norm and trace, including formulas involving Galois groups.
With these formulas in hand, the section concludes by completing the proof of Theorem 8.54 about
extending Dedekind domains, part of the proof having been deferred from Section VIII1.11.

Section 16 discusses how prime ideals split when one passes, for example, from the integers to
the algebraic integers in a number field. The topic here was broached in the motivating examples
for algebraic number theory and algebraic geometry as introduced in Section VIII.7, and it was the
main topic of concern in that section. The present results put matters into a wider context.

Section 17 gives two tools that sometimes help in identifying Galois groups, particularly of
splitting fields of monic polynomials with integer coefficients. One tool uses the discriminant of the
polynomial. The other uses reduction of the coefficients modulo various primes.

1. Algebraic Elements

If K andk are fields such thdt is a subfield ofK, we say thatk is afield
extensionof k. When it is necessary to refer to this situation in some piece of
notation, we often writék /k to indicate the field extension. In this section we
shall study field extensions in a general way, and in the next section we shall
discuss constructions and uniqueness results involving them.

If KandK’ are two fields and i§ is a ring homomorphism df into K’ with
¢(1) = 1, theng is automatically one-one sind& has no nontrivial ideals. We
refer top as afield map or field mapping. If K andK’ are both field extensions
of a fieldk and if the restriction of a field map to k is the identity, therp is
called ak field map or afield map fixing k. The terminology k field map” is
consistent with the view th& andK’ are twoR algebras foR = k in the sense
of Examples 6 and 15 in Section VIII.1, and that the isomorphism in question is
just anR algebra isomorphism.

If a field mapy : K — K’ is ontoK’, theng is afield isomorphism; it is a
k field isomorphismif K andK’ are extensions df andg is the identity ork.
WhenK = K’ andg is ontoK’, ¢ is called arautomorphism of K; if also ¢ is
the identity on a subfiell, theng is called ak automorphism of K.

1This is the notion of morphism in the category of fields.
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Throughout this section we Ié&/k be a field extension. Iky, ..., x, are
members oK, we let

k[X1, ..., Xn] = subring ofK generated by 1 anxi, ..., X,
k(X1, ..., Xn) = subfield ofK generated by 1 anxi, .. ., X,.

The latter, in more detail, means the set of all quotieris® with a andb in
k[x1, ..., Xn] and withb #£ 0. Itis referred to as thield obtained by adjoining

X1, ..., Xn tok. Because of this description of the elementk©f, . . ., Xn), the
fieldk(xs, ..., Xn) can be regarded as the field of fractidhsf k[Xy, ..., X,]. In
fact, we argue as follows: lef : k[x3, ..., Xn] — F be the natural ring homo-
morphisma — class of(a, 1) of k[xq, ..., Xp] into its field of fractions; then the
universal mapping property @fstated in Proposition 8.6 gives a factorization of
the inclusion : K[Xy, ..., Xn] = k(X1, ..., Xn) ast =n, and the field mapping
Thas to be ontéx(xy, ..., Xn) since the class af, b) maps to the membeab—?

of k(Xq, ..., Xn).

As in Chapter IV and elsewhere, we lgtX] be the ring of polynomials in
the indeterminateX with coefficients ink. For eachx in K, we have a unique
substitution homomorphismy : k[ X] — k[x] carryingk to itself and carrying
X to x. We say thak is algebraic overk if ¢y is not one-one, i.e., i is a root
of some nonzero polynomial ik[ X], and thatx is transcendentaloverk if ¢y
is one-one.

EXAMPLES.

D) Ifk = R, if K = C, and if x is the usual elemert = /-1, then
¢ (X? + 1) = 0, andi is algebraic oveR.

) Ifk =Q, if K=C, and ifg is a complex number with the property that
0" + 16" 1+ - - + 10 + co = 0 for somen and for some coefficients i@,
thend is algebraic ovef). This situation was the subject of Proposition 4.1, of
Example 2 in Section IV.4, and of Example 10 in Section VIII.1.

(3) Letk = Q andK = C. Form equal to the usual trigonometric constant,
given as the least positive real such tat= —1 whene? = >_°  2"/n, it will
be proved in Section 14 that there is no polynorxiéX) in Q[ X]with F () = 0,
andr is consequently transcendental o@r

(4) If k = Z/2Z andK is the 4-element field constructed in Example 3 of
fields in Section V.4, then any elementIsfis algebraic ovek.

(5) If k = C(X) and if K = C(X)[/(X = DX (X + 1)] as with the ringR’
in Section VIII.7 and as in Example 3 of integral closures in Section VIII.9, then
(X =D X(X + 1) is algebraic ove€(X).
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Suppose that in K is algebraic ovek. Then
kergpx = {F(X) e k[X] | F(x) = 0}

is an ideal ink[X] that is necessarily nonzero and principal. A generator is
determined up to a constant factor as any nonzero polynomial in the ideal that has
lowest possible degree, and we might as well take this polynomial to be monic.
Thus kerpy is of the form(F (X)) for some unique monic polynomi&h(X), and

this polynomialFy(X) is called theminimal polynomial of x overk. Review of

the example at the end of Section VIII.3 may help motivate the first five results
below.

Proposition 9.11f x € K is algebraic ovek, then the minimal polynomial of
x overk is prime as a polynomial iiX[ X].

PROOF. Suppose the (X) factors nontrivially ag-(X) = G(X)H (X). Since
F(x) = 0, eitherG(x) = 0 or H(x) = 0, and then we have a contradiction to
the fact that- has minimal degree among all polynomials vanishing.at [

Theorem 9.2.If x € K is algebraic ovek, then the fieldk(x) coincides with
the ringk[x]. Moreover, if the minimal polynomial ok overk has degree,
then each element &f(x) has a unique expansion as

CrotX" 4t CroX" 2+ -+ X+ Co withallg € k.

PrROOF. Since the substitution ring homomorphigmcarriesk[ X] ontok[x],
we have an isomorphism of ring$x] = k[ X]/ kerex = k[ X]/(Fo(X)), where
Fo(X) is the minimal polynomial ok overk. SinceFy is prime, (Fo(X)) is a
nonzero prime ideal and hence is maximal. Tk is a field. Consequently
k(x) = K[x].

Any element ink[x], hence ink(x), is a polynomial inx. SinceFy(x) = 0,
we can solvey(x) = 0 for its leading term, sax", obtainingx" = G(x), where
G(X) = 0 or degG(X) < n— 1. Thus the expansions in the statement of the
theorem yield all the members kfx]. If an element has two such expansions,
we subtract them and obtain a nonzero polynorHiéK) of degree at most— 1
with H(x) = 0, in contradiction to the minimality of the degreefgf(X). O

Corollary 9.3. If x € K is algebraic ovek, then the fieldk(x), regarded as
a vector space ovdy, is of dimensiom, wheren is the degree of the minimal
polynomial ofx overk. The elements I, x2, ..., x"~! form a basis ofk(x)
overk.

PROOF. This is just a restatement of the second conclusion of Theoreril9.2.
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We say that the field extensid@fyk is analgebraic extensiorif every element
of K is algebraic ovek.

Proposition 9.4. If the vector-space dimension & overk is some finiten,
thenK is an algebraic extension kf and each elememntof K has some nonzero
polynomial F (X) in k[ X] of degree at most for which F(x) = 0.

PrROOF This is immediate since the elementx1x?, ..., x" of K have to be
linearly dependent ovék. O

WhenK /k is a field extension, we writéq : K] for the vector-space dimension
dimi K, and we call this thelegreeof K overk. If [K : k] is finite, we say that
K is afinite extensionof k, or finite algebraic extensionof k, the condition
“algebraic” being automatic by Proposition 9.4.

Corollary 9.5. If x is in K, thenx is algebraic ovek if and only if k(x) is a
finite algebraic extension d. In this case the minimal polynomial efoverk
has degreel(x) : k].

PrOOF If x is algebraic ovek, then k(x) : k] is finite and is the degree of the
minimal polynomial ofx overk, by Corollary 9.3. Proposition 9.4 shows in this
case thak(x) is afinite algebraic extension. Afis transcendental ovér then the
substitution homomorphisigy is one-one, and digk(x) > dimy k[ X] = +o0.

O

Theorem 9.6. Letk, K, andLL be fields withk € K C L, and suppose that
[K:k] =nand[L : K] = m, finite or infinite. Let{w1, w>, ...} be a vector-
space basis & overk, and let{&1, &, . . . } be avector-space basislofK. Then
themn productsw; §; form a basis of.. overk.

PROOF OF SPANNING If & isinL, write§ =  ; & with eacha; in K and
with only finitely manya;’s not 0. Then expand eaeh in terms of thew;’s, and
substitute. O

PROOF OF LINEAR INDEPENDENCE Let }; ; Gijwi§j = O with thecij’s in k.
Since the memberg of L are linearly independent ové, »; ¢jw; = 0 for
eachj. Since the membets; of K are linearly independent ov&r ¢;; = O for
alli andj. 0

Corollary 9.7. If k, K, andL are fields withk C K C L, then

[L:k]=[L:K][K:K].

PrROOF This is immediate by counting basis elements in Theorem 9.60]
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Theorem 9.8.1f K/k is a field extension and K, . . ., X, are members dK
that are algebraic ovéy, thenk(xa, ..., Xn) is a finite algebraic extension &f

REMARK. If a finite algebraic extension & turns out to be of the forr(x)
for somex, we say that the extension isample algebraic extension

PROOF. Sincex; is algebraic ovek, itis algebraic ovek(xy, ..., xi_1). Hence
[k(X1,...,%) : k(xs, ..., X% _1)]is finite. Applying Corollary 9.7 repeatedly, we
see thak(xy, ..., Xn) is a finite extension dk. Proposition 9.4 shows that it is a
finite algebraic extension. O

ExAMPLE. The sumy/2+¥/2is algebraic ove®, as a consequence of Theorem
9.8. This fact suggests Corollary 9.9 below.

Corollary 9.9 If K/k is a field extension, then the elementskofthat are
algebraic ovek form a field.

PrOOF If x andy in K are algebraic ovék, thenk(x, y) is a finite algebraic
extension ok, according to Theorem 9.8. This extension contaidsy andxy,
and it containx~! if x # 0. The corollary therefore follows from Proposition
9.4. O

For the special case of Corollary 9.9 in whigh= C andk = Q, this subfield
of Cis called the field oélgebraic numbers and any finite algebraic extension of
Qwithin C is called anumber field, or analgebraic number field. The seeming
discrepancy between this definition and the definition given in remarks with
Proposition 4.1 (thatin essence a “number field” is any simple algebraic extension
of Q) will be resolved by the Theorem of the Primitive Element (Theorem 9.34
below).

2. Construction of Field Extensions

In this sectionk denotes any field. Our interest will be in constructing extension
fields fork and in addressing the question of uniqueness under additional hy-
potheses. We begin with a kind of converse to Proposition 9.1 that generalizes the
method described in Section A4 of the appendix for construdiirg R(+/—1)

from R and the polynomiakK? 4 1.

Theorem 9.10(existence theorem for simple algebraic extensiondy.(X) is
a monic prime polynomial ii[ X], then there exists a simple algebraic extension
K = k(x) of k such thatx is a root of F(X). Moreover,F (X) is the minimal
polynomial ofx overk.



454 IX. Fields and Galois Theory

ProoOF. DefineK = k[ X]/(F (X)) as a ring. Sincé (X) is prime,(F (X)) is
a nonzero prime ideal, hence maximal. Therefdris a field, an extension field
of k. Definex to be the coseK + (F(X)). ThenF(x) = F(X) + (F(X)) =
0+ (F (X)), andx is therefore algebraic ovér. It is immediate thaK = k[x],
and Theorem 9.2 shows tht = k(x). If G(x) = 0 for someG(X) in k[ X],
thenG(X) is in (F (X)). We conclude thaF (X) has minimal degree among all
polynomials withx as a root, andF (X) is therefore the minimal polynomiall

Theorem 9.11(uniqueness theorem for simple algebraic extension$) (X)
is @ monic prime polynomial ifk[ X] and if K = k(x) andK’' = k(y) are two
simple algebraic extensions such thandy are roots of- (X), then there exists
a field isomorphisnp of K ontoKK’ fixing k and carryingk to y.

EXAMPLE. The monic polynomiaF (X) = X3 — 2 is prime inQ[X], and
X = v/2 andy = €*1/33/2 are roots of it withinC. The fieldsQ(x) andQ(y)
are subfields ofC and are distinct becaugg(x) is contained iR andQ(y) is
not. Nevertheless, these fields &ésomorphic, according to the theorem.

PROOF. In view of the proof of Theorem 9.10, there is no loss of generality
in assuming thalkK = k[X]/(F(X)). Sincey is algebraic oveik, we can
form the substitution homomorphisgy, : k[X] — k(y). This is ak alge-
bra homomorphism. Its kernel is the idg& (X)) since F (X) is the minimal
polynomial ofy, andy, therefore descends to a one-@&ragebra homomorphism
oy - k(x) — k(y). Since dink(x) and dimk(y) both match the degree &f(X),

@y is ontok(y) and is therefore the requirédsomorphism. O

We say that a nonconstant polynomi&lX) in k[ X] splitsin a given extension
field if F(X) factors completely into degree-one factors over that extension field.
A splitting field overk for a nonconstant polynomi&l(X) in k[ X]is an extension
field IL of k such that~(X) splits inIL and such thalL is generated bk and the
roots of F(X) in LL.

EXAMPLES. Letk = Q. ThenQ(+/—1) is a splitting field forX? 4+ 1, because
+./—1 are both inQ(+/—1) and they generat®(+/—1) overQ. ButQ(v/2) is
not a splitting field forX® — 2 becausé)(+¥/2) does not contain the two nonreal
roots of X3 — 2.

Theorem 9.12(existence of splitting field). I+ (X) is a nonconstant polyno-
mial in k[ X], then there exists a splitting field &f(X) overk.

PROOF We begin by constructing a certain extension fi&af k in which
F (X) factors completely into degree-one factor&inx]. We do so by induction
onn = degF (X). Forn = 1, there is nothing to prove. For genenalet G(X)
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be a prime factor of (X), and apply Theorem 9.10 to obtain a simple algebraic
extensionk; = k(x;1) overk such thatG(x;) = 0. ThenF(x;) = 0, and the
Factor Theorem (Corollary 1.13) givég X) = (X — x3)H (X) for someH (X)
in kq(X) of degreen — 1. Since dedd (X) = n — 1 < degF (X), the inductive
hypothesis produces an extensi@rof k; such thatH (X) is a constant multiple
of (X — Xp)--- (X — Xp) with all x; in K. ThenF (X) factors into degree-one
factors inK[ X], and the induction is complete.

Within the constructed fiel&, letL be the subfield. = k(Xy, ..., X,). Then
F (X) still factors completely into degree-one factorg.ifX), andL is generated
by k and thex;. Hencel. is a splitting field. O

EXAMPLES OF SPLITTING FIELDS

(1)k = QandF (X) = X3—2. The proof of Theorem 9.12 takies = Q(¥/2)
and writesX® — 2 = (X — ¥/2)(X2 + ¥/2 X + (3/2)?). Then the proof adjoins
one rooty (hence both roots) 0kK? 4+ ¥/2 X + (¥/2)?, settingK = Q(+/2, 6).
With this choice ofK, the splitting field turns out to e = K. In fact, to see that
L is not a proper subfield &, we observe that & [K : k] = [K : L][L : Q] by
Corollary 9.7 and that the proper containméng Q(¥/2) implies L : Q] > 3.
Since L : Q] is a divisor of 6 greater than 3L[: Q] = 6. Thus K : L] = 1,
andK = L.

2k = QandF(X) = X3 - X — % Application of Corollary 8.20c to
the polynomialG(X) = —3X2?F(1/X) = X3 4+ 3X? — 3 shows thaiG(X)
has no degree-one factor and hence is irreducible @verhen it follows that
F(X) is irreducible ovefQ. The proof of Theorem 9.12 tak&s = Q(r), where

r3—r — % = 0. Then division gives
X3—X—3=X=n)(X®+rX+(?-1).

The discriminanb? — 4ac of the quadratic factor is

2
2 2 2 r
r2_4r2-1)=4-32=_

the right-hand equality following from direct computation. This discriminant is
a square irk; = Q(r), and henceX? +r X + (r? — 1) factors into degree-one
factors inQ(r) without passing to an extension field. Thereftwe- Q(r) with

[L:Q]=3.

Theorem 9.13(uniqueness of splitting field). I (X) is a nonconstant poly-
nomial ink[ X], then any two splitting fields of (X) overk arek isomorphic.
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The idea of the proof is simple enough, but carrying out the idea runs into a
technical complication. The idea is to proceed by induction, using the uniqueness
result for simple algebraic extensions (Theorem 9.11) repeatedly until all the roots
have been addressed. The difficulty is that after one step the coefficients of the
two quotient polynomials end up in two distinct duisomorphic fields. Thus
at the second step Theorem 9.11 does not apply directly. What is needed is the
reformulated version given below as Theorem 9.which lends itself to this kind
of induction. In addition, as soon as the induction involves at least three steps, the
above statement of Theorem 9.13 does not lend itself to a direct inductive proof.
For this reason we shall instead prove a reformulated version Theorefrn9.13
Theorem 9.13 that is ostensibly more general than Theorem 9.13.

Recall from Proposition 4.24 that a general substitution homomorphism that
starts from a polynomial ring can have two ingredients. One is the substitution
of some element, such &s for the indeterminateX, and the other is a homo-
morphism that is made to act on the coefficients. If the homomorphism is
let us write F? (X) to indicate the polynomial obtained by applyiagto each
coefficient of F (X).

Theorem 9.11. Let k andk’ be fields, and let : k — Kk’ be a field
isomorphism. Suppose thgi(X) is a monic prime polynomial ift[ X] and that
K = k(x) andK’' = k’(x’) are simple algebraic extensions such théx) = 0
andF?(x") = 0. Then there exists a field isomorphigm k(x) — k'(x") such
thatp|, = o ande(x) = x'.

PrROOF The argument is essentially unchanged from the proof of Theorem
9.11. We start from the substitution homomorphi€uX) — G?(x’) that
replacesX by x’ and that operates by on the coefficients. This descends to
a field map ofk[x] into k’[x'], and the homomorphism must be orfdx’] by a
count of dimensions. O

Theorem 9.13. Let k andk’ be fields, and let : k — k' be a field
isomorphism. IfF(X) is a nonconstant polynomial ik[ X] and if L. and L’
are respective splitting fields fér (X) overk and forF¢ (X) overk’, then there
exists a field isomorphism : . — " such thatp|]k = o and such thap sends
the set of roots of (X) to the set of roots oF“ (X).

PrOOF. We proceed by induction om = degF (X), the casen = 1 being
evident. Assume the result for degree 1. LetG(X) be a prime factor oF (X)
overk. ThenG? (X) is a prime factor of? (X) overk’. The polynomialss(X)
andG? (X) have roots i andlL’, respectively. Fix one such root for each, say
andx;. By Theorem 9.1 there exists a field isomorphiss : k(x1) — k'(x})
extendingo and satisfyingr1(x1) = x;. Write F(X) = (X — x9)H (X) with
coefficients ink(xy), by the Factor Theorem (Corollary 1.13). Applyiag to
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the coefficients, we obtaiR? (X) = (X —x;) H?*(X) with coefficients irk’(x;).
ThenL andL’ are splitting fields forH (X) and H?*(X) overk(xy) andk’(x),
respectively. By induction we can extesgto an isomorphisnp : . — I/, and
the theorem readily follows. O

3. Finite Fields

In this section we shall use the results on splitting fields in Section 2 to classify
finite fields up to isomorphism. So far, the examples of finite fields that we have
encountered are the prime fielfls = Z/ pZ with p elementsp being any prime
number, and the field of 4 elements in Example 3 of fields in Section IV.4. Every
finite field has to contain a subfield isomorphic to one of the prime figjdand
Proposition 4.33 observed as a consequence that any finite field necessarily has
p" elements for some prime numbgand some integer > 0.

Theorem 9.14. For eachp" with p a prime number and with a positive
integer, there exists up to isomorphism one and only one field plittlements.
Such a field is a splitting field foXP" — X over the prime field .

If g = p", it is customary to denote b, a field of orderg. The theorem
says thaify exists and is unique up to isomorphism. Some authors refer to finite
fields asGalois fields

Some preparation is needed before we can come to the proof of the theorem.
We need to carry over the simplest aspects of differential calculus to polynomials
with coefficients in an arbitrary fielld. First we give an informal definition of
thederivative of a polynomial; then we give a more precise definition. For any
polynomial F (X) = Z?:o Cj X1 in k[ X], we informally define the derivative to
be the polynomial

n . n-1 .
F'OX) =Y jg X7t =3 (j + Deja X,
j=1 j=0

The more precise definition uses the definition of membeid ¥ as infinite
sequences of membersiofvhose terms are 0 from some point on. In this notation
if F =(Co,C1,...,Cn,0,...)withgin the j™ position forj < nand with 0 in
the j™ position forj > n, thenF’ = (¢, 2¢y, ..., NGy, 0, ...) with (j + 1Cj11

in the j position forj < n — 1 and with 0 in thej ™ position forj > n—1. In
any event, the mapping — F’ isk linear fromk[ X] to itself. The operation is
calleddifferentiation .
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thatl} € L5, and thaty; as a set of ordered pairs is a subsei/gfas a set
of ordered pairs, we partially ord& by inclusion upward. If(Ly, L, , ¥4)} is

a nonempty chain it§, form the triple(|J, Lo, U, L, U, ¥«), and puty =
Uq V- Theny (U, L) = U, L,,, and consequentfl J, Lo, U, L., Uy V)

is an upper bound i&for the chain. By Zorn’s Lemmég has a maximal element
(Lo, L§, ¥o). We shall prove thako = K, and the proof will be complete.

Fix x in K, and letF(X) be the minimal polynomial ok over L, The
minimal polynomial ofyro(x) overLL; is thenF¥°(X). SinceK' is algebraically
closed,F¥o(X) has a rootx’ in K'. By Theorem 9.11 v : Lo — L’ can be
extended to an isomorphiswy : Lo(x) — Lg(x) such thatyo(x) = x’. Then
(Lo(x), Lg(X), Wo) is in Sand containglLo, Lg, ¥o). This containment, if strict,
would contradict the fact thaflo, Lg, ¥o) is a maximal element 0o86. Thus
equality must hold:Lo(X) = Lg. Thereforex is in Lo, and we conclude that
Lo =K. O

5. Geometric Constructions by Straightedge and Compass

Classical Euclidean geometry attached a certain emphasis to constructions in the
Euclidean plane that could be made by straightedge and compass. These are
often referred to casually as constructions by “ruler and compass,” but one is not
allowed to use the markings on a ruler. Thus “straightedge and compass” is a
more accurate description.

In these constructions the starting configuration may be regarded as a line with
two points marked on the line. Allowable constructions are the following: to form
the line through a given point different from finitely many other lines through that
point, to form the line through two distinct points, to form a circle with a given
center and a radius different from that of finitely many other circles through the
point, and to form a circle with a given center and radius. Intersections of a line
or a circle with previous lines and circles establish new points for continuing the
construction.

For example a line perpendicular to a given line at a given point can be
constructed by drawing any circle centered at the point, using the two intersection
points as centers of new circles, drawing those circles so as to have radius larger
than the first circle, and forming the line between their two points of intersection.
An angle at the poinP of intersection between two intersecting lindsand B
may be bisected by drawing any circle centere® aselecting one of the points
of intersection on each line so thBtand the two new point® and R describe
the angle, drawing circles with that same radius center€dzatdR, and forming
the line between the points of intersection of the two circles. And so on.
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Three notable problems remained unsolved in antiquity:

(i) how to double a cube, i.e., how to construct the side of a cube of double
the volume of a given cube,
(i) how to trisect any constructible angle, i.e., how to divide the angle into
three equal parts by means of constructed lines,
(iii) how to square a circle, i.e., how to construct the side of a square whose
area equals that of a given disk.

In this section we shall use the elementary field theory of Sections 1-2 to show that
doubling a cube and trisecting a 60-degree angle are impossible with straightedge
and compass. As to (iii), we shall reduce a proof of the impossibility of squaring
the circle to a proof that is transcendental ovép. This latter proof we give in
Section 14.

The first step is to translate the problem of geometric constructibility into a
statement in algebra. Since we are given two points on a line, we can introduce
Cartesian coordinates for the Euclidean plane, taking one of the points@pde
and the other point to b@, 0). Points in the Euclidean plane are now determined
by their Cartesian coordinates, which determine all distances. Distances in turn
can be laid off on the&-axis from(0, 0). Thus the question becomes, what points
on thex-axis can be constructed?

b d

FIGURE 9.1. Closure of positive constructibkecoordinates
under multiplication and division.

Let C be the set of constructibbe coordinates. We are given that 0 and 1 are
in C. Closure ofC under addition and subtraction is evident; the straightedge is
not even necessary for this step. Figure 9.1 indicates why the positive elements
of C are closed under multiplication and division. In more detail we take two
intersecting lines and mark three known positive membetsas the distances
a, b, cin the figure. Then we form the line through the two points marking
andb, and we form a line parallel to that line through the point marked off by
the distance. The intersection of this parallel line with the other original line
defines a distancé. Thena/b = c¢/d, and sod = bc/a. By takinga = 1, we
see that we can multiply any two membérandc in C, obtaining a result ird.
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By instead taking = 1, we see that we can divide. The conclusion is ¢hiata
field.

b

FIGURE 9.2. Closure of positive constructibkecoordinates
under square roots.

Figure 9.2 indicates why the positive elementLddre closed under taking
square roots. In more detail l@tandb be positive members dfwith a < b. By
forming a circle whose diameter is a segment of lerigémd by forming a line
perpendicular to that line at the point markeddywe determine the pictured
right triangle with a side satisfyinga/c = ¢/b. Thenc = +/ab. By taking one
of aandbto be 1, we see that the square root of the otheraridb is in C. This
completes the proof of the direct part of the following theorem.

Theorem 9.24.The set of x coordinates that can be constructed from 1
andx = 0 by straightedge and compass forms a subfieRl sifich that the square
root of any positive element of the field lies in the field. Conversely the members
of C are those real numbers lying in some subfigldf R of the form

Fi=QWa), F=F(/a), ..., Fn=F-1(J/an"1)

with eachg; in Fj and withag, ..., a,— all > 0.

PROOF OF CONVERSE Suppose we have a subfield = F, of R of the
kind described in the statement of the theorem. The possibilities for obtaining
a new constructible point fror by an additional construction arise from three
situations: the intersection of two lines, each passing through two poirks of
the intersection of a line and a circle, each determined by data frpand the
intersection of two circles, each determined by data fflom

In the case of two intersecting lines, each line is of the fasmt by = ¢ for
suitable coefficienta, b, cin F, and the intersection is a poitt, y) in F x F.

So intersections of lines do not force us to enlaFge

For a line and a circle, we assume that the line is giveaXdy by = ¢ with
a, b, cin F, that the circle has radius i and center i x F, and that the lines
and the circle actually intersect. The circle is then givetdayh)?+(y—k)? =r?
with h, k, r in F. Substitution of the equation of the line into the equation of the
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circle gives us a quadratic equation eitherXoandx then determiney, or for
y, andy then determine&. The quadratic equation has real roots, and thus its
discriminant is> 0. The result is thax andy are in a fieldF (v/1 ) for some
I >0inF.
For two circles, without loss of generality, we may take their equations to be

x24+y?>=r?> and (x—-h?+(@y—-h?=¢

withr, h, k, sin F. Subtracting gives®@h + 2yk = h? + k? — s? +r2. With this
equation and withx? + y? = r2, we again have a line and circle that are being
intersected. Thus the same remarks apply as in the previous paragraph.

The conclusion is that any new single construction of points of intersection by
straightedge and compass leads frBrto F(+/1 ) for somel > 0in F. Thus
every member of the sétis as described in the theorem. g

To apply the theorem to prove the impossibility of the three never-accomplished
constructions that were described earlier in the section, we observEithag[ 1]
in the theorem equals 1 or 2 for each Consequently every member of the
constructible set lies in a finite algebraic extension @fof degree ® for somek.

For the problem of doubling a cube, the question amounts to constru¢ng
We argue by contradiction. §/2 lies inF, as in the theorem, the@(¥/2)  F,.
With k as the integex n such that F,, : Q] = 2, Corollary 9.7 gives

2 =[Fn: Q] =[Fn: Q(V2)][Q(¥/2) : Q] = 3[Fy : Q(V2)].

Thus 3 must divide a power of 2, and we have arrived at a contradiction. We
conclude that it is not possible to double a cube with straightedge and compass.
For the problem of trisecting any constructible angle, let us show that a 60
angle cannot be trisected. A B@ngle is itself constructible, being the angle

between two sides in an equilateral triangle. Trisecting ‘agdf@le amounts to
constructing cos 20 sin 20 is then(1 — cos 20°)%2. To proceed, we derive an
equation satisfied by cos 2Gstarting from

(oS 20 + i sin 20)® = cos 60 +i sin60' = 1 + %
We expand the left side and extract the real part of both sides to obtain
cos 20° — 3cos 20sir? 20° = 1.
Substituting sif20° = 1 — cog 20° and simplifying, we see that = cos 20

satisfies
43 -3 -1=0
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Arguing with Corollary 8.20 as in Example 2 of splitting fields in Section 2, we
readily check that X3 — 3X — % is irreducible overQ. Hence Q(cos 20) : Q]
= 3, and we are led to the same contradiction as for the problem of doubling
the cube. Therefore it is not possible to trisect a &3gle with straightedge and
compass.

For the problem of squaring a circle, I8tbe the area of the circle, and let
r be the radius. If the square has siklethenx? = A = mr?, with r given.
Thusx = r/m, and the essence of the matter is to constytet However,
is known to be transcendental by a theorem of F. Lindemann (1882); we give a
proof in Section 14. Since is transcendental/n is transcendental.

A fourth notable problem, which leads to further insights, concerns the con-
struction of a regular polygon of outer radius 1 witlsides. This construction
is easy with straightedge and compass wheaa a power of 2 or is 3 times a
power of 2, and Euclid showed that a construction is possible fer5. But a
construction cannot be managed with straightedge and compass=d®, for
example, because a central angle in this case isad@ the constructibility of
cos 40 would imply the constructibility of cos 20 Thus the question is, for what
values ofn can a regulan-gon be constructed with straightedge and compass?

The remarkable answer was given by Gauss. Bgranat number is meant
any integer of the form2 + 1. A Fermat prime is a Fermat number that is
prime. The Fermat numbers fof = 0, 1, 2, 3,4 are 35, 17, 257, 65537, and
each is a Fermat prime. No larger Fermat primes are krfolime answer given
by Gauss, which we shall prove in stages in Sections 6-9, is as follows.

Theorem 9.25(Gauss) A regularn-gon is constructible with straightedge
and compass if and onlyiifis the product of distinct Fermat primes and a power
of 2.

We can show the relevance of Fermat primes right now, and we can give an
indication that ifn is a prime number, then a regulagon can be constructed if
and only ifn is a Fermat prime. But a full proof even of this statement will make
use of Galois groups, which we take up in the next three sections.

For the necessity lat be prime, and suppose that a regulagon is con-
structible. Returning from degrees to radians, we observe that each central angle
is 2 /n. Thus the constructibility implies the constructibility of cos/h, and it

2Many Fermat numbers fdd > 5 are known not to be prime, sometimes by the discovery of
an explicit factor and sometimes by a verification that 3 to the poﬁ/h('a‘rIZis not congruent te-1
modulo 2" + 1. (Cf. Lemma 9.46.) For example Euler discovered that 641 diviasesrz.

3Gauss announced both the necessity and the sufficiency in this theorenDisdpisitiones
Arithmeticaein 1801, but he included a proof of only the sufficiency (partly in his articles 336 and
365). A proof of the necessity appeared in a paper of Pierre-Laurent Wantzel in 1837.
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follows thate?”'/" = cos 2r/n+i sin 27/nis in the fieldC +iC of constructible
points in the complex plane. We have the factorization

X"—1=X-DX" P+ X"24+... 4 X+1).

ande?™'/" is aroot of the second factor. The first example of Eisenstein’s criterion
(Corollary 8.22) in Section VIII.5 shows that the second factor is irreducible.
According to the results of Section @(e*"'/") is a simple algebraic extension
of Q of degreen — 1.

Applying Theorem 9.24, we see that- 1 must be a power of two. Let us
write n — 1 = 2™, Supposen = a2N with a odd. Ifa > 1, then the equality
n= 222" 1 1= (22")2 4+ 12 exhibitsn as the sum of twa" powers, necessarily
divisible by 2" +1. Sincenis assumed prime, we conclude that 1. Therefore
n=22" 4+ 1, andnis a Fermat prime.

We do not quite succeed in proving the converse at this pointisithe Fermat
prime 2" + 1, then the above argument shows that the degr&€e¥'/") over
Qis 22". However, we cannot yet conclude ti@ate?"/") can be built fromQ
by successively adjoining2square roots, and thus the converse part of Theorem
9.24 is not immediately applicable. Once we have the theory of Galois groups in
hand, we shall see that the existence of these intermediate extensions involving
square roots is ensured, and then the constructibility follows.

6. Separable Extensions

The Galois group Gal(K/k) of a field extensiorK /k is defined to be the set
Gal(K/k) = {k automorphisms oK}

with composition as group operation. An instance of this group was introduced in

the context of Example 9 of Section IV.1; in this example the fieldas the field

Q of rationals and the fiel&X was a number fiel@[6], whered is algebraic over

Q. In studying GalK/k) in this chapter, we ordinarily assume that did < oo,

but there will be instances where we do not want to make such an assumption.
Beginning in this section, we take up a study of Galois groups in general.

We shall be interested in relationships between fiéldsith k € . € K and

subgroups of G&K/k). If H is a subgroup of G&K/k), then

KM ={xeK|px =xforallg e H}

is a field called thdixed field of H; it provides an example of an intermediate
field . and gives a hint of the relationships we shall investigate. We begin with
some examples; in each case the base kieddthe fieldQ of rationals.
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By unique factorization ifK[X], M (X) must split inK. ThusK/KH" will be a
normal extension if it is shown thak[: K"] < co.

The elemeni has K" (x) : KH] = degM(X) < degF(X) = |H|, and
the claim is that K : K"] < |H|. Assuming the contrary, we would at
some point have an inequalitiK[! (x, ..., X)) : K"] > |H| because every
element ofK is algebraic ovek. By the Theorem of the Primitive Element
(Theorem 9.34)KH (x4, ..., %,) = K" (2) for some element, and therefore
[KF(x1, ..., %) : K] = [K" (2 : KM] < |H|, contradiction. We conclude
that [K : K"] < |H|. From the previous paragrapgh/ K" is a finite separable
normal extension.

The definition of K" shows thatH < Gal(K/K"), and Proposition 9.35¢
gives| Gal(K/K")| = [K : KH]. Putting these facts together with the inequality
[K : KH] < |H| from the previous paragraph, we have

IH| < |Gal(K/K")| = [K: K"] < |H|

with equality on the left only iH = Gal(K/K"). Equality must hold throughout
the displayed line since the ends are equal, and thereforeGal(K/KH). O

8. Fundamental Theorem of Galois Theory
We are now in a position to obtain the main result in Galois theory.

Theorem 9.38(Fundamental Theorem of Galois Theory). Kfis a finite
normal separable extension kf then there is a one-one inclusion-reversing
correspondence between the subgrodpsf Gal(K/k) and the subfield& of K
that contairk, corresponding element$ andLL being given by

L=K" and H = GalK/L).

The effect of the theorem is to take an extremely difficult problem, namely
finding intermediate fields, and reduce it to a problem that is merely difficult,
namely finding the Galois group. For example the finiteness afi<Gal) implies
thatthere are only finitely many subgroups of Gglk), and the theorem therefore
implies that there are only finitely many intermediate fields; this finiteness of the
number of intermediate fields is not so obvious without the theorem.

As a reminder of the availability of Theorem 9.38, Proposition 9.35, and
Corollary 9.36, it is customary to refer to a finite normal separable extension
as afinite Galois extension

Before coming to the proof of the theorem, let us examine what the theorem
says for the examples in Section 6. In each case the [fieddthe fieldQ of
rationals. The extensions are separable because the characteristic is 0.
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EXAMPLES.

(la)K = Q(+/—1). This is a splitting field foiX? + 1. Proposition 9.33 gives
| GalK/Q)| = [K : Q] = 2. Thus GalK/Q) = C,. There are no nontrivial
subgroups, and there are consequently no intermediate fields. We knew this
already since there cannot be any intermedi@teector spaces betweéh and
K. Thus the theorem tells us nothing new.

(1b)K = Q(+/2). Similar remarks apply.

(2) K = Q(¥/2). This extension is not normal, and the theorem does not
apply toK. If we adjoinr to K with r? + (/2)r 4 (¥/2)? = 0, we obtain a
splitting field K’ for X3 — 2 overQ. ThenK’ is a normal extension @, and the
theorem applies. Since each element of(8lQ) permutes the three roots of
X3 — 2 and is determined by its effect on these roots (&&IQ) is isomorphic to
a subgroup of the symmetric gro@xs. The Galois group G&K'/Q) has order
[K”: Q] = 6 and hence is isomorphic to the whole symmetric grGp The
group&3 has three subgroups of order 2 and one subgroup of order 3. Therefore
K has three intermediate fields of degree 3 and one of degree 2. The intermediate
fields of degree 3 are the three fields generate@@nd one of the three roots
of X3 — 2. The intermediate field of degree 2 corresponds to the alternating
subgroup of order 3 and is the subfield generate@layd the cube roots of 1. It
is a splitting field forX? + X + 1 overQ.

(3) K = Q(r), wherer is a root of X3 — X — % We know from Section 2
that X3 — X — % is irreducible overQ and splits inK, andK by definition is
therefore normal. Proposition 9.33 tells us that(@&IQ) has order 3 and hence
is isomorphic taCz. There are no nontrivial subgroups, and Theorem 9.38 tells
us that there are no intermediate fields. We could have seen in more elementary
fashion that there are no intermediate fields by using Corollary 9.7, since the
corollary tells us that the degree of an intermediate field would have to divide 3.

(4) K = Q&Y. We have seen thaK[: Q] = 16 and that GaK/Q) =
] = Ci6. Letc be a generator of the cyclic Galois group. Ikt = {1, c8,
Hs = {1, ¢* c8 c'?), andHg = {1, ¢?, ¢*, ¢8, ¢8, ¢19, ¢'?, ¢!}). Then put

Ly=K", Ly=K"%,  Lg=K".
The inclusions among our subgroups are
{1} € H2 € Hy € Hg € Gal(K/Q),

and the theorem says that the correspondence with intermediate fields reverses
inclusions. Then we have

K2OL,2Ls2Lg2 Q.
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Applying Corollary 9.36, we see that each of these subfields is a quadratic ex-
tension of the next-smaller one. Theorem 9.24 says that the membEraref
therefore constructible with straightedge and compass. Consequently a regular
17-gon is constructible with straightedge and compass. The constructibility or
nonconstructibility of regulam-gons for generai will be settled in similar fashion

in the next section. In Section 12 we return to the question of using Galois theory
to guide us through the actual steps of the construction when it is possible.

PROOF OF THEOREM 9.38. The functiorL. — Gal(K/LL) has domain the
set of all intermediate fields and range the set of all subgroups «ik(Zaj,
since an element in G& /L) is necessarily in G&K/k). Each such exten-
sionK/L is separable by Proposition 9.32 and is normal by Proposition 9.35a.
Thus Proposition 9.35d applies to eakHL and shows thaL. = KSa&/L),
Consequently the functioh — Gal(K/L) is one-one. IfH is a subgroup of
Gal(K/k), then Corollary 9.37 shows that = K" is an intermediate field for
which H = Gal(K/LL), and therefore the functidh — Gal(K/L) is onto.

It is immediate from the definition of Galois group thaf C L, implies
Gal(K/L;) 2 Gal(K/Ly), and it is immediate from the formula = KS&/L)
that GalK/LL;) 2 Gal(K/L,) implieslL; C LL,. This completes the proof. (I

Corollary 9.39. If K is a finite Galois extension & and if L is a subfield of
K that containg, thenlL is a normal extension df if and only if GakK/L) is
a normal subgroup of G&/k). In this case, the map G&/k) — Gal(L/k)
given by restriction fronK to IL is a group homomorphism that descends to a
group isomorphism

Gal(K/k)/ Gal(K/L) = Gal(L/k).

PROOF. LetLL correspondtdd = Gal(K/LL) in Theorem 9.38, so that= K",
If ¢ isin GakK/k), then

KeHe ™" — (k e K | ghg~1(k) = k forallh € H}
= {pK) e K| ph(k)) = ¢(k) forallh € H}
={pK) e K| hk)=K forallh e H}
= o(K") = p(L).
Since the correspondence of Theorem 9.38 is one-one phitp; * = H if and
only if ¢(IL) = LL. ThereforeH is a normal subgroup of G& /k) if and only if
p(L) = L for all ¢ € Gal(K/k).

Now suppose thatl is a normal subgroup of G@ /k). We have just seen that
p(L) = L for all ¢ € Gal(K/k). Then eacly defines by restriction a member
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0 = go’L of Gal(L/k), andg +— @ is certainly a group homomorphism. The
kernel ofp — @ is the subgroup of G&K/k) given by

{o € GallK/k) | ¢|, =1},

and this is just GaK/IL). Thusy — @ descends to a one-one homomorphism
of Gal(K/k) / Gal(K/L) into Ga(LL/k), and we have

| Gal(K/k)|/| Gal(K/L)| < | Gal(L/k)|.

We make use of Corollary 9.7 relating degrees of extensions. Applying Proposi-
tion 9.35c¢ toK /k andKK/LL, as well as Proposition 9.33 Ig/k, we obtain

[L:k]=[K:Kk]/[K:L]
= | Gal(K/k)|/| Gal(K/L)|
<|GallL/k)| < [L: k],

with equality at the firsk sign only ifp — @ is onto Gall.,/k) and with equality
atthe secong sign onlyifLL is the splitting field ovek of the minimal polynomial

of a certain element of .. Equality must hold in both cases because the end
members of the display are equal, and we concludegthat ¢ is onto and that
L/k is a normal extension.

We are left with proving that if./k is a normal extension, thet is a normal
subgroup of GalK/k). Thus letL./k be normal. In view of the conclusion
of the first paragraph of the proof, it is enough to prove thdt) = L for all
¢ € Gal(K/k). By definition of normal extensioti, is the splitting field of some
polynomial F (X) in k[ X]. We may assume thd&t(X) is monic. Let us write

F(X) = (X —=X1) - (X —Xp) with all x; in L.
Applying a given membep of Gal(K/k) to the coefficients, we obtain

F(X) = (X = @) - (X = @(Xn)),

and here the(x;)’s are known only to be ifK. By unique factorization ifk[ X],
@(Xi) = X i) for somej = j(i). Thereforep(x;) isinLL for alli. Sincel is the
splitting field of F (X) overk, L. = k(Xg, ..., Xn). Thusg mapsL into L. O

The examples of Galois groups given in Section 6 all involved fields that are
finite extensions of the rationals Aswe shallseein Section 17, itisimportant for
the understanding of Galois groups of finite extensior( td be able to identify
Galois groups of finite extensions firite fields. This matter is addressed in the
following proposition.
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Proposition 9.40. Let K be a finite extension of the finite fielfy, where
q = p* and p is prime, and suppose tha[: Fq] = n. ThenK is a Galois
extension offy, the Galois group GéK/Fy) is cyclic of ordem, and a generator
is thea™-power Frobenius automorphism— x4 = xP*.

PROOF. Theorem 9.14 shows thit is a splitting field forxd" — X overlFp.
Hence itis a splitting field foX9" — X overFy, andK/Fq is a normal extension.
The polynomialX?" — X has no multiple roots, and it follows thit/IFq is a
separable extension.

Defineg by ¢(x) = x9. Lemma 9.18 shows thatis an automorphism dk.
Since every member @f; has order dividing| — 1, every nonzero element Bf
is fixed byg. The mapp certainly carries 0 to 0, and thgsis in GakK/Fq). By
a similar argumenty" fixes every element dX, and hence" = 1. Corollary
4.27 shows thak* is cyclic, hence that there exists an elemegiih K* such
thaty! #1forl1<1 <q" —1. Thisyhasy # yfor2 <1 <q"—1. Then
oK(y) = qu cannot be 1 for 1= k < n — 1, andg must have order exactly.
This shows thap generates a cyclic subgroup of ordein Gal(K/Fg). Since
n is an upper bound for the order of G&l/IFq) by Proposition 9.33, this cyclic
subgroup exhausts the Galois group. O

EXAMPLE. Suppose that we are given a polynomial with coefficient8gn

and we want to find the Galois group of a splitting field. Since there are efficient

computer programs for factoring the polynomial into irreducible polynomials,

let us take that factorization as done. The Galois group will be cyclic of some

order with generator the Frobenius automorphism> xP. For an irreducible
polynomial of degrea, the splitting field has degree and the smallest power of
x — xP that gives the identity is the" power. The conclusion is that the Galois

group is cyclic of order equal to the least common multiple of the degrees of the

irreducible constituents, a generator being the Frobenius automorphism.

9. Application to Constructibility of Regular Polygons

In this section we use Galois theory to give a proof of Theorem 9.25 concerning

the constructiblity of regulan-gons. Let us recall the statement.

THEOREM 9.25 (Gauss). A regular-gon is constructible with straightedge
and compass if and onlyiifis the product of distinct Fermat primes and a power
of 2.

PROOF OF SUFFICIENCY First suppose that is a Fermat prime = 22" 41
Let K = Q(e2"/M). We saw in Section 5 that the degrée {Q] is 22", hence is
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a power of 2. Furthermore we know tHétis a separable extension @f being
of characteristic 0, and it is normal, being the splitting field X6r— 1 overQ.
In Section 6 we saw that the Galois group G3lQ) is cyclic of order 2" Let
c be a generator of this group. For each intelgarith 0 < k < 2N, let Hx be

the unique cyclic subgroup of G&/Q) of order X. For this subgroupczzN_k
is a generator. Pt = K™%, Then we have inclusions

{1) S Hy C Hp C - Hy © -+ C Hyn s € Hyn = GalK/Q),

the index being 2 at each stage. Theorem 9.38 says that the correspondence
with intermediate fields reverses inclusions and that the degree of each consec-
utive extension of subfields matches the index of the corresponding consecutive

subgroups. The intermediate fields are therefore of the form

KDLyDLp D Ly D DLy DLon =Q

and the degree in each case is 2. In view of the formula for the roots of a
guadratic polynomial, each extension is obtained by adjoining some square root.
By Theorem 9.24 the members & are constructible with straightedge and
compass. In particulae?”'/"is constructible, and a regullasgon is constructible.

Next suppose tha™ /" ande?”!/s are both constructible and that G@Ds) =
1. Choose integera andb with ar + bs = 1, so that% + ? = % Then the
equality (€%71/5)3(e?71/"\b = g271/(S) shows thae?'/('S) is constructible. This
proves the sufficiency for any product of distinct Fermat primes. Bisection of an
angle is always possible with straightedge and compass, as was observed in the
third paragraph of Section 5, and the proof of the sufficiency in Theorem 9.25 is
therefore complete. O

REMARKS. The above proof shows that the construction is possible, but it gives
little clue how to carry out the construction. We shall address this matter further
in Section 12.

We turn our attention to the necessity—thdatas to be the product of distinct
Fermat primes and a power of 2 ifaregutagon is constructible. Forthe moment
letn > 1 be any integer. Let us consider the distinétroots of 1 inC, which
areek?"i/" for 0 < k < n. The order of each of these elements divideand the
order is exacthy if and only if GCD(k, n) = 1. In this case we say thalf?*!/"
is aprimitive n™ root of 1. Define theyclotomic polynomial ®,(X) by

on(X) =[] (X—€&¥m),
GCD(k,n)=1,
O<k<n
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Each such polynomial is monic by inspection. The splitting fi@l@”'/") in C
is called acyclotomic field. Since the complex roots of" — 1 are exactly the
numberse*®™'/" we have

X"—1= HCDd(X),

din
the product being taken over the positive divisdrsf n.

Lemma 9.41.Each cyclotomic polynomiab,, (X) lies inZ[ X], and the degree
of ®,(X) is ¢(n), wheregy is the Eulery function defined just before Corollary
1.10.

PrOOF We know thatb, (X) isin C[ X], and we begin by showing by induction
onn that ®,(X) is in Q[X]. Forn = 1, we haved;[X] = X — 1, and the
assertion is true. If it is true for alll with 1 < d < n, then the formula
XN—1= nd\n ®4(X) and induction show thax" — 1 = &, (X)F (X) for some
F(X) in Q[X]. By the division algorithmX" — 1 = F(X)Q(X) + R(X) for
polynomialsQ(X) andR(X) in Q[ X] with R(X) = 0 or degR(X) < degF (X).
Subtraction gives= (X)(®n(X) — Q(X)) = —R(X) in C[X]. If R(X) is not
0, then dedRk(X) < degF (X) gives a contradiction. TherefoR(X) = 0 and
F(X)(@n(X) — Q(X)) = 0. SinceC[X] is an integral domain®n(X) = Q(X).
Thus®,(X) is in Q[ X], and the induction is complete.

To see thatb,(X) is in Z[ X], we again induct, the case= 1 being clear. The
formulaX™ — 1 = ]"[(”n ®4(X) and induction show thaX" — 1 = &, (X)F(X)
for someF (X) in Z[ X]. Since®,(X) is known to be inQ[ X], Corollary 8.20c
shows thatb,(X) is in Z[ X], and the induction is complete. O

Lemma 9.42.Each cyclotomic polynomiab, (X) is irreducible as a member
of Q[X].

PROOF. Let¢ be a primitiven' root of 1, letp be a prime number not dividing
n, let F (X) be the minimal polynomial of overQ, and letG(X) be the minimal
polynomial of¢ P. The main step is to show th&t(X) = G(X).

To carry out this step, we observe tHat) = G(¢P) = 0 and thatF (X)
andG(X) must divide®,(X). Arguing by contradiction, suppose thatX) #
G(X). Then GCOF, G) = 1 sinceF (X) andG(X) are irreducible ove), and
thereforeF (X)G(X) divides®,(X). Hence we can write

X" —1=FX)GX)H(X),

and H (X) is a monic member oZ[X] by Lemma 9.41 and Corollary 8.20c.
Since¢ is a root of G(XP), we must haveG(XP) = F(X)M(X) for some
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monic polynomialM (X) in Z[ X]. We apply the substitution homomorphism to
Z[X] — Fp[X] that carriesX to X and reduces the coefficients modydpthe
mapping on the coefficients will be denoted by a bar. Then we have

X"—1=FX)GX)H(X) and G(X)?=G(XP)=F(X)M(X),

the equalityG(X)P = G(XP) following from Lemma 9.18. {Q(X) is a prime
factor of F(X), thenQ(X) dividesG(X)P and therefore must dividé(X). So
Q(X)? dividesX" — 1. ThereforeX" — 1 has multiple roots in its splitting field,
in contradiction to Corollary 9.17 and the fact that the derivativeXBf— 1 is
nonzero at each nonzero membeifgf(since GCQp, n) = 1 by assumption).
We conclude thaF (X) = G(X).

Now suppose that is a positive integer with GCD, n) = 1. Then we can
writer = pz - - - py with eachp; not dividingn, and we see inductively that has
F (X) as minimal polynomial. Thu& (X) has at leasp(n) roots. SinceF (X)
divides®,(X), we must haved- (X) = ®,(X). Therefored,(X) is irreducible
overQ. O

PROOF OF NECESSITY INTHEOREM9.25. Theorem 9.24 shows that the degree
[Q(e*'/™) : Q] must be a power of 2 if a regular-gon is constructible. Since
e?"1/M is a root of®,(X) and since Lemma 9.42 shows, (X) to be irreducible
overQ, ®,(X) is the minimal polynomial 0&'/" overQ. By Lemma 9.41 the
degree in question is given b@R[e*™ /") : Q] = ¢(n), wherey is the Euleryp
function. Corollary 1.10 shows thatiif = p'{l ... pi is a prime factorization of
n into distinct prime powers with eadt > 0, then

om =11 p’ l(p — D).
J:

For constructibility this must be a power of 2. Then eggldividing n must be 1
more than a power of 2, i.e., must be 2 or a Fermat prime, and theppaliowed
to havep? dividing nis p; = 2. O

10. Application to Proving the Fundamental Theorem of Algebra

In this section we use Galois theory to give a proof of the Fundamental Theorem
of Algebra. Let us recall the statement.

THEOREM1.18 (Fundamental Theorem of Algebra). Any polynomialiiX]
with degree> 1 has at least one root.
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We begin with a lemma that handles three easy special cases.

Lemma 9.43.There are no finite extensionsRfof odd degree greater than 1,
the only extension oR of degree 2 up t@® isomorphism i<C, and there are no
finite extensions of of degree 2.

ProOF If K is a finite extension oR of odd degree and ik is in K, then
[R(x) : R] is odd, and consequently the minimal polynomiaiX) of x over
R is irreducible of odd degree. By Proposition 1.20, which is derived from the
Intermediate Value Theorem of Section A3 of the appenBigX) has at least
one root inR. ThereforeF (X) has degree 1, andis in R.
If F(X) is an irreducible polynomial iiR[ X] of degree 2, thefir (X) splitsin
C by the quadratic formula, and hence the only extensidR of degree 2 i<,
up toR isomorphism, by the uniqueness of splitting fields (Theorem 9.13).
Let G(X) = X2 + bX + ¢ be a polynomial irC[ X] of degree 2. Thei®(X)
has a roo in C given by the quadratic formula since every membe€Cdias
a square ro6tin C, andG(X) cannot be irreducible. Since any finite extension
of C of degree 2 would have to be of the fofiix), with x equal to a root of an
irreducible quadratic polynomial ovét, there can be no such extension. [

PROOF OF THEOREM 1.18. First let us show that every irreducible member
F(X) of R[X] splits overC. Let K be a splitting field forF (X). Say that
[K: R] = 2™N with N odd. TherK is a Galois extension @&, and| Gal(K/R)|
= 2™N. By the Sylow Theorems (particularly Theorem 4.59a)Hdte a Sylow
2-subgroup of G&K/R). This H has|H| = 2M. The fieldL = K" that
corresponds td1 under Theorem 9.38 hak.[: R] = N with N odd, and the
first conclusion of Lemma 9.43 shows thdt= 1. Thus|Gal(K/R)| = 2™.
Corollary 4.40 shows that G&@/R) has nested subgroups of all ordef&™®
with 0 < k < m, and Theorem 9.38 says that the corresponding fixed fields are
nested and have respective degreewith 0 < k < m. The extension field of
R for k = 1 is necessaril{C by Lemma 9.43, and Lemma 9.43 shows that there
are no quadratic extensions @f Thereforem = 0 orm = 1, and the possible
splitting fields forF (X) areR andC in the two cases.

To complete the proof, suppose tfi&ts a finite algebraic extension @f of
degreen. ThenK is a finite algebraic extension & of degree 8. The Theorem
of the Primitive Element allows us to wrifd = R(x) for somex € K, and
the minimal polynomial ofk over R necessarily has degre@.2 The previous
paragraph shows that this polynomial splitsdn Thusx is in C, andK = C.
This completes the proof. O

6To see that every member Gfhas a square root ify, letc + di be given withc andd real and
with d # 0. Leta andb be real numbers with? = 3(c + v/c2 + d?), b? = J(—c+ V2 + d?),
and sgtiab) = sgnd. Then(a + bi)? = ¢ + di.
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11. Application to Unsolvability of Polynomial
Equations with Nonsolvable Galois Group

The quadratic formula for finding the roots of a quadratic polynomial has in
principle been known since the time of the Babylonians about 400’ B-fe
corresponding problem of finding roots of cubics was unsolved until the sixteenth
century, anc€Cardan’s formula was discovered at thattime. The original formula
assumes real coefficients and was in two parts, a first case corresponding to
what we now view as one real root and two complex roots, the second case
corresponding to what we view as three real réothere is a similar formula, but
more complicated, for solving quartics. Further centuries passed with no progress
on finding a corresponding formula for the roots of a polynomial of degree 5 or
higher. The introduction of Galois theory in the early nineteenth century made it
possible to prove a surprising negative statement about all degrees beyond 4.

Suppose that we are given a polynomial equation with coefficients in the field
Q or a more general fielit of characteristic 0. In this section we use Galois
theory to address the question whether the roots of the equation in a splitting field
can be expressed in termslo&nd the adjunction of finitely many" roots to the
field, for various values afi. For the moment let us say in this case that the roots
are “expressible in terms of the memberskand radicals.” We shall make this
notion more precise shortly.

Recall from Section 1V.8 that with a finite group, we can find a strictly
decreasing sequence of subgroups starting @ithnd ending with{1} such
that each subgroup is normal in the next larger one and each quotient group is
simple. Such a series was defined to be a composition seri€s fohe Jordan—
Holder Theorem (Corollary 4.50) says that the respective consecutive quotients
are isomorphic for any two composition series, apart from the order in which they
appear. We define the finite gro@to besolvableif each of the consecutive
quotients is cyclic of prime order, rather than nonabelian. It is enough that the
group have a normal series for which each of the consecutive quotients is abelian.

Examples of solvable and nonsolvable groups are obtainable from the calcula-
tions in Section I1V.8: abelian groups and groups of prime-power order are always
solvable, the symmetric group, and each of its subgroups are solvable, and the

"The Babylonians did not actually have equations but had an algorithmic method that amounted
to completing the square.

8Cardan's name was Girolamo Cardano. The solution in the first case of the cubic seems to
have been discovered by Scipione dal Ferro and later by Nicolo Tartaglia. Dal Ferro died in 1526
and passed the secret method to his student Antonio Fior. In 1535 Fior engaged in a public contest
with Tartaglia at solving cubics, and he lost. Cardano wheedled the solution method in the first case
from Tartaglia, published it in 1539, and discovered and published the solution in the second case.
Cardano’s student Lodovico Ferrari discovered how to solve quartics, and Cardano published that
solution as well. See “St. Andrews” in the Selected References for more information.
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symmetric grouf®s is not solvable since a composition serieSis2 s 2 {1}
and the grougls is simple (Theorem 4.47).

Modulo a precise definition for a field of the words “expressible in terms of
the members dk and radicals,” the answer to our main question is as follows.

Theorem 9.44(Abel, Galois)? Letk be a field of characteristic 0, I&(X)
be ink[ X], and letK be a splitting field ofF (X) overk. Then the roots oF (X)
are expressible in terms of the memberg aihd radicals if and only if the group
Gal(K/k) is solvable.

EXAMPLE. Withk = Q, let F(X) be the polynomiaF (X) = X®—-5X +1in

Q[ X]. We shall show that
(i) F(X) isirreducible over),
(i) F(X) has three roots iR and one pair of conjugate complex rootgIn

(iii) the splitting field K overQ of any polynomial of degree 5 for which (i)

and (ii) hold has Galois group with G&/Q) = Gs.
We know that from Theorem 4.47 th@&is is not solvable, and Theorem 9.44
therefore allows us to conclude that the rootéf— 5X + 1 are not expressible
in terms of the members @ and radicals.

To prove (i), we apply Eisenstein’s criterion (Corollary 8.22) to the polynomial
F(X —1) = X% —5X* 4+ 10X® — 10X? + 5 and to the primg = 5, and the
irreducibility is immediate.

To prove (ii), we observe thd&(—2) < 0, F(0) > 0,F(1) < 0,F(2) > 0.
Applying the Intermediate Value Theorem (Section A3 of the appendix), we see
that there are at least three root®RinSinceF’(X) = 5(X* — 1) has exactly the
two roots%1 in R, F(X) has at most three roots It by an application of the
Mean Value Theorem.

To prove (iii), label the roots,2, 3,4, 5 with 1 and 2 denoting the nonreal
roots. Each member of the Galois group permutes the roots and is determined
by its effect on the roots. Thus G&/Q) may be regarded as a subgrouptaf
SinceF (X) is irreducible overQ, 5 divides K : Q] and 5 divided Gal(K/Q)|.

By the Sylow Theorems, G&/Q) contains an element of order 5, hence a 5-
cycle. Some power of this 5-cycle carries root 1 to root 2. So we may assume
that the 5-cycle igl 2 3 4 5. Also, GalK/Q) contains complex conjugation,
which acts agl 2). Then GalK/Q) contains

(123451212345 t=(223,
(12345231 2345t=@3 29,
(1234583412345 t=@45).

9Abel proved that there is no general solution via radicals that gives the roots of polynomials
of degree 5. Galois found the present theorem, which shows how to decide the question for each
individual polynomial of degree 5.
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Since the sef(1 2), (2 3), (3 4), (4 5} of transpositions is easily shown from
Corollary 1.22 to generai®s, GalK/Q) = Gs.

Let K’ be a finite extension of the given fidkd A root tower for K’ overk is
a finite sequence of extensions

k=KycK|C---CK_;CK =K

such that for eachwith 0 < i <1 — 1, there is a prime number > 1 and there
is an element; in K/, with g =r{" in K{ andr; notink;. Then it follows that
rkis notinK/ for anyk with 0 < k < nj.

(If we write 3 = r{", then we might think of writingk;, ; = K ( "Vai), but
this formulation is less precise at the moment since it does not specify precisely
which choice of \/a; is to be used.)

With “root tower” now well defined, we can make a precise definition and
thereby complete the precise formulation of Theorem 9.44 .kl the given
field of characteristic O, It (X) be ink[ X], and letK be a splitting field of (X)
overk. We say that the roots dF (X) areexpressible in terms of members of
k and radicals if there exists some finite extensi@i of K having a root tower
overk.

The statement of Theorem 9.44 is now completely precise, and the remainder
of the section will be devoted to the proof of one direction of the theorem: if the
roots are expressible in terms of memberk ahd radicals, then the Galois group
is solvable. The proof of the converse direction of the theorem is postponed to
Section 13. We begin with a lemma.

Lemma 9.45. Let k be a field of any characteristic, and Iptbe a prime
number. Ifais a member ok such thatXP — a has no root irk, thenXP — a is
irreducible ink.

PrROOF. First suppose thap is different from the characteristic. L&t be a
splitting field for XP — a. The derivative ofXP — a, evaluated at any root of
XP —ain L, is nonzero, and Corollary 9.17 shows thé? — a splits as the
product ofp distinct linear factors ifi.. The quotient of any two roots ofP —a
is a p" root of 1. Fixing one of these two roots & — a and letting the other
vary, we obtainp distinct p" roots of 1. ThudL contains allp of the p™ roots
of 1. Proposition 4.26 shows that the groupadfroots of 1 is cyclic. Let be a
generator. 18P denotes one of the roots & — a in L, then the set of all the
roots is given byja/Pck |0 <k < p—1}.

Now suppose thaXP — a has a nontrivial factorizatioX? —a = F(X)G(X)
in k[ X]. Possibly by adjusting the leading coefficientsfafX) and G(X), we
may assume thdt (X) andG(X) are both monic. Unique factorization litf X]
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then implies that there is a nonempty subSetf {k | 0 < k < p — 1} with a
nonempty complemer&® such that

FOX) =]l (X—=¢¥a¥P)  and  G(X) = [] (X —ckal/P).
keS ket

If S hasm elements, then the constant termffX) is (—al/P)"w, wherew
is somep™ root of 1. Thusx = (aP)™w is in k. Since GCOm, p) = 1,
we can choose integersandd with cm+ dp = 1. Sincex is in k, so is
xtad = (al/Pymetdpy,¢ — g1/Py. Butal/PwCis aroot ofXP—a, in contradiction
to the hypothesis that no root 8’ — a lies ink. HenceXP — a is irreducible.

If p equals the characteristic &f then Lemma 9.18 gives the factorization
XP_—a = (X—alP)P, whereal/P is one root ofX? —ain K. Then we can argue
as above except thatandw are to be replaced by 1 throughout. This completes
the proof of the lemma. O

PROOF OF NECESSITY INTHEOREM 9.44 THAT Gal(K/k) BE SOLVABLE. We
are to prove that if some finite extensi@t of K has a root tower ovek, then
Gal(K/k) is solvable.

Step 1 We enlarge each field in the given root tower to obtain a root tower
kCK§CK{C - CKf 4 CK =K’

of a finite extensiorK” of K’ in such a way thakg is the normal extension d&f
obtained by adjoining ath™ roots of 1 for a suitably larga and such that each
K/’ , is the normal extension & for 0 < i <|— 1 obtained by adjoining ati{"
roots of the membes of K. Using Theorem 9.22, choose an algebraic closure
K’ of K'. Letn be the product of the integens, n, ..., N_1. Letzy, ..., ¢not

be then' roots of 1 inK’ other than 1 itself, define subfieldsf by

K’ =K1, .-, tn-1) forO<i <,

and puk” = Kj. The fieldKj is a splitting field forX" — 1 overk and is therefore
a normal extension. The field’ , is given byK{", ; = K{'(r;), wherer; is a root
in K{", ; of the polynomialX" — & in K{'[X]. Heren; is prime. Lemma 9.45
shows that either; is in K{'[ X] or X" — g is irreducible inK{'[ X]. In the first
caseK/ , = K/, and we have a normal extension. In the second d@&%g,is

a splitting field forX™ — & overK{ because it is generated B and one root
of X" — & and because afi" roots of 1 already lie ifKy; thus again we have a
normal extension.
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Step 2 The Galois group oKj overk is abelian. In fact, Proposition 4.26
shows that the group oft” roots of 1 inK3 is cyclic. Let¢ be a generator, and
letU = {¢}p=5. The map of GalK{/k) into AutU given byy — ¢, is a
one-one homomorphism, and Auitis isomorphic taZ/nZ)*. Since(Z/nZ)*
is abelian, it follows that G&aK{/k) is abelian.

Step 3 The Galois group oK , over K is trivial or is cyclic of order

ni. In fact, the Galois group is trivial K" ; = K{". The contrary case is that
[K{,; : Kl = ni, and then G&K{, ,/K{") has orden;, which is prime. Every
group of ordem; is cyclic, and hence G&K!", , /K{") is cyclic.

Step 4 We extend the root tower to a larger fidld> K” that is a normal
extension ofk. The resulting root tower df will be written as

Clk1=K',;cLi=K'CLijpC---Ccly =L

As it is, we cannot say thd” is the splitting field ovek for the product of the
minimal polynomials used in Step 1, because the elensgraie not assumed to
lie in k. To adjust the tower to correct this problem, wilké as

K” = k(rOa rl’ AR | rl*l’ é’) = k(X()? et Xl)?

with ¢ as in Step 2. Herey, ..., r_1 are the given elements that define the
original root tower, and we defing = ¢ andx; =r; for0 < j <. SinceK" is

a finite extension ok, eachx; has a minimal polynomiab; (X) overk. Define
G(X) = H}:o G; (X), and letL be the splitting field ofG(X) in the algebraic
closureK’. The fieldL is a normal extension df. The roots ofG(X) are the
members oL that are roots of som&; (X). Eachx; is a root of its owrnG; (X).

If xj/ is another root 0G; (X), then there is & isomorphism ofk(x;) ontok(xj/),
and we know by the uniqueness of splitting fields (Theorem’$d that this
extends to & isomorphism ofL. ontolL.. Hence to each rodt of G(X) in L
corresponds somg and somep € Gal(K/k) with ¢(x;) = 6. Thus

L =k({e(x) | 0<j <Iandy € GallL/k}).
For anyg in Gal(L/k) and anyj < | — 1, the elemenp(X;) of L satisfies
@O = (") = p(&),

10The theorem is to be applied to: k(xj) — k(x{) with F(X) = F?(X) = G(X) and with
L' =L.
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and the element on the right is ¢(K;"). Any elementy(¢) is an n root of 1
and hence is already ij; such elements are redundant og 1. Enumerate
Gal(L/k) as¢z, ..., ¢s With ¢; = 1. The tower forfK” is to be continued with
the fields obtained by adjoining one at a time the elements

(pZ(rO)’ LR (pZ(n—l)v ¢3(r0)7 LR (p3(r|—l)’ R QDS(rO)7 R §0s(rl—1)-

The final field isL., and then we have an enlarged tower as asserted.

Step 5 GallL/k) is a solvable group. In fact, first we prove by induction
downward oni that Ga(lL/L;) is solvable, the case = t being the case of
the trivial group. Let < t be given. We have arranged tHat,; is a normal
extension of.;. SincelL is normal over all the smaller fields by Step 4, Corollary
9.39 therefore gives Gdl;1/Li) = Gal(]L/JLi)/ Gal(L/Li+1). The group on
the left side is cyclic by Step 3 or the analogous proof with sopreplaced by
a suitablep(rj), and thus a normal series with abelian quotients foxIGAl; ;1)
may be extended by including the term dallL; ), and the result is still a normal
series with abelian quotients. Thus @all;) is solvable. This completes the
induction and shows that Gél/LLo) is solvable. To complete the proof we use the
isomorphism GalLo/k) = GaI(IL,/]k)/ Gal(IL/ILg) given by Corollary 9.39. The
group on the left side is abelian by Step 2, and thus a normal series with abelian
guotients for G4lL./Lg) may be extended by including the term @alk), and the
result is still a normal series with abelian quotients. ThugiG&) is solvable.

Step 6 Gal(K/k) isasolvable group. We hateD K D kwithIL/k normal by
Step 4 and withK /k normal since&K is a splitting field ofF (X) overk. Applying
Corollary 9.39, we obtain an isomorphism G&Jk) = Gal(]L/k)/ GallL/K).
Then Step 6 will follow from Step 5 if it is shown that any homomorphic im-
age of a solvable group is solvable. Thus @&tbe a solvable group, and let
¢ . G — H be an onto homomorphism. Write = G; 2 --- 2 G, = {1}
with abelian quotients, and defitd = ¢(G;). Passage to the quotient gives
us a homomorphisnp; carrying G; onto H;i /Hi,1. Since¢(Gj;11) € Hiya,
¢ induces a homomorphisi@; of Gi/Gj 1 onto Hi/Hi 1. As the image of
an abelian group under a homomorphidty/H; 1 is abelian. Thereforél is
solvable. This completes the proof. O

12. Construction of Regular Polygons

Theorem 9.25 proved the constructibility of regulagons whem is the product

of a power of 2 and distinct Fermat primes, but it gave little clue how to carry
out the construction. In this section we supply enough further detail so that one
can actually carry out the construction. Itis enough to handle the caseithat
Fermat primen = 22" 1 1, and we shall suppose thats a prime of this form.
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Let¢ = €¥/". The field of interest i€(¢), with [Q(¢) : Q] = n — 1. The
usual basis o(¢) overQis {1, ¢, ¢, ..., "2}, but we shall use the basis

{{7 §27 43’ M é’n_l}

instead, in order to identify the Galois group Ga{¢)/Q) more readily withF X,
wherelF, = Z/nZis the field ofn elements. In more detail we associate the addi-
tive group offF,, with the additive group of exponents of the members of the cyclic
group{l, ¢, ¢% ¢3, ..., ¢"1}, and members of the Galois group correspond to the
various multiplications of these exponentsitjy = {1, 2, ..., n—1}. The group

F is known to be cyclic of orden — 1, and thus the isomorphic Galois group
is cyclic. If a generatos of the Galois group is to correspond to multiplication
by a generatog of )<, theno (¢%) = ¢ 95 for all s. With the primen of the form

22" 1 1, let us note for the sake of completeness why we can alwaygtaka.

Lemma 9.46.The number 3 is a generatorBf whenn is prime of the form
oN .
2 + 1 with N > 0.

REMARKS. We verified this assertion for = 17 in Section 6, and in principle
one could verify the lemma in any particular case in the same way. Here is a
general argument using the law of quadratic reciprocity, whose full statement and
proof will be given inAdvanced AlgebraFor a prime numban that is congruent
to 1 modulo 4, quadratic reciprocity implies that 3 is a square modul@nd
only if nis a square modulo 3. Since

22 1=+ )@@ 7+ (2 + D2 -

and 2° — 1 = 3, 3 divides 8" — 1. Thusn is congruent to 2 modulo 3y is
not a square modulo 3, and 3 is not a square modulbhe nonsquares modulo
n=22"+1are exactly the generatorsIgf, and therefore 3 is a generator.

Taking Lemma 9.46 into account, we suppose for the remainder of this section
thatthe generater of the Galois group corresponds to multiplication of exponents
of £ by 3. Thers (¢) = ¢2ando (¢%) = ¢%. These formulas an@ linearity tell
us explicitly howo operates on all o (¢).

The fixed fields that arise withi@(¢) correspond to subgroups of the group
Gal(Q(¢)/Q) = {0} | 0 < j < 22"}, and there is one for each power of 2 from
20 to 22", Fix attention on the subgroug of orderl, and write 2" = kI, with
k andl being powers of 2. A generator of this subgroup fs and the subgroup
is H = {1, 0K, 0%, ..., 00Dk}, LetK be the fixed field of this subgroup, or
equivalently of its generatar; this has dimensiok overQ.
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We shall determine a basislsf overQ. Sinces (¢5) = ¢35, we haverk(¢S) =
¢¥s. For0<r <k — 1, thek elements

3r+k 3r+2k 3r+k(|—l)

=0T+ T 4
are linearly independent ov@rbecause they involve disjoint sets of basis vectors

of Q(¢) asr varies. The computation

o) = o (¥ + 7+ T )
_ C3r+k + é_3r+2k + é_3r+3k + o + é_3r+k|
=5 4 T e Y
=1
shows that each of these vectors iskin Hence{ny, ..., nk_1} is a basis of

K, overQ. The elements of this basis are called gegiods of | terms of the
cyclotomic field.

The extreme cases for the periods ékgl) = (22N, 1), forwhich0<r <
22 _1withn, = ¢%, and(k, 1) = (1, 22"), for whichr = 0 with

oN

no=¢ +eF + ¥ 4+ =240 =

Two facts enter into determining how to writén terms of rationals and square
roots. The first is that at stadefor k > 2, the sum of certain pairs af's is
ann for stagek — 1. The second is that the product of twds at stagek is an
integer combination af’s from the same stage and that the sum formulas express
this combination in terms of’s from earlier stages. The result is that at Kie
stage we obtain expressions for the sum and product oft¥8dn terms ofp’s
from earlier stages. Therefore the twids at stagek are the roots of a quadratic
equation whose coefficients involves from earlier stages. Consequently we
can compute the,’s explicitly by induction onk. To proceed further, we need
to know the formula for the product of twg's, which is due to Gauss.

To multiply two n;’s, we need to multiply various powers of and the expo-
nents get added in the process. This addition is not readily compatible with terms
like ¥ and¢®, and for that reason Gauss introduced new notation. Define

k 2k k(l—1) kv
n(t)=§.t+§.t3+§.t3 +___+§.t3 =¥ {tg

v modl

for0<t <n—1. Theny©@ =1, and for 0< t < n — 1,y is then, in which
¢t occurs. Gauss’s product formula is given by
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n®n® = v ( ) é.ss"“+t3kv)

umodl v modl

= T (T ) it ut
w

=y ( » ;-(s+t3k“’)3k“)

wmodl  umodl

= ¥ n(s+t3kw) )

w modl

In words, this says that to multiply twg's, we add they’s for the exponents
obtained by multiplying the first term of® by all the terms of;®.

At this point it is more illuminating to work some examples than to try for a
general result.

EXAMPLE 1. n=5, N =1, 2" = 4. The relevant pairg, ) to study in
sequence arg, 1) = (1, 4), (2, 2), (4, 1), and the casék, ) = (1, 4) is trivial
since the only subscripteglis Zgzo ¥ =1

FIGURE 9.3. Construction of a regular pentagon. The circle with ce(rgeﬁ)

and radius; meets the line fronf3, ) to the origin at a point at distance
cog 2 /5) from the origin.

Fork = 2, i.e., for the case that there are 2 periods of 2 terms each, we go
back to the definition of the's and find that

30+2~0 30+2~l

n=:¢> " +¢3 =+ 8,

1+2:0
3 =342

m==y< +<

31+2~1
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We form those sums of pairs gfs that yield any from the previous step. Here
there is only one pair, and the sum is given by

no+m=-1
Next we form the elements®, remembering that for > 0, ® is then, in
which ¢t occurs. Then
n® =2 nP=n. n@=n. 1¥=n 2 =no

We apply Gauss’s product formula to compute the product of thejtsvarhose
sum we have identified. The formula gives

nom =nn® =@ +n® =no+n=-1,
the second equality following since the rule for the indices is to extract a power
of ¢ appearing im® and add that index to all the powersoappearing im® .
Sinceng andn, have sum-1 and product-1, they are the roots of the quadratic
equation
X2 +x—1=0, namely(—1+ +/5).
Deciding which root isjo and which isp; involves looking at signs. The two
roots of the quadratic equation are of opposite sign because the constant term of
the quadratic equation is negative. Singe= ¢ + ¢ 1 = /5 e 2/5 =
2 cog2r/5) is positive, we obtain
no=3(-1+~5) and = 3(-1-5).

The computation can in principle stop here, since knowingzob) gives
us sin2z/5) and therefore?™'/5, See Figure 9.3. But it is instructive to carry
out the algorithm anyway. We are thus to trkat 4. The periods of 1 term are

fo=¢ &=¢% &H=0Y &H=(2
The corresponding objects with superscripts are
§0=1 V=t 9=6 9=8 V=6
The relevant sums of pairs are

&0 + &2 = no,
&1+ & =&

We again use Gauss’s product formula, and this time we obtain

bofy = VW =60 =60 =1
Hencegy andé; are the roots of the quadratic equation

#:I:i 4_(i2\/§)2
2

y>—noy+1=0,  namely

The rooty involving the plus sign ig?"'/5.
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ExamMPLE 211 n =17, N = 2, 2" = 16. The relevant pair&, |) have
kl = 16, and the casé, ) = (1, 16) is trivial since the only subscriptegis

15 .3

S=O§ = _1.

Fork = 2, the 2 periods have 8 terms each, and

0+2-0 0+2-1 0+2-2 0+2-3 0+2-4 0-+2-5 0-+2-6 0-+2.7
no=2¢" +5 45T+ T+ T+ T8
=§1+§9+C13+§15+C16+§8+§4+§2:
1+2.0 1+2-1 1+2-2 1-+42-3 1-4+2-4 1+2.5 1+2-6 1+2.7
m=cd 4T T AT T A T T8

:§3+§10+4.5_‘_{11_‘_{14_‘_{7_‘_(12_‘_(6'

We form those sums of pairs gfs that yield any from the previous step. Here
there is only one pair, and the sum is given by

no+n=-1L

Next we form the elements®, remembering that for > 0, »© is then, in
which ¢t occurs. Them© = 2,

D = O = 13 — A9 — 16 _ @ — @ _

=7 =7 @ = 1o,
@ — 10 _ 6y _ A _ ;D _ 12 _ ) ®) _

n
n

To computenon: by means of Gauss’s product formula, we yge= n® and
n1=n®. Then

non1 = n(l)n(3) — n(4) 4 ’7(11) + n(ﬁ) 4 '7(12) + n(15) + 71(8) + 77(13) 4 ’7(7)7

the indices on the right side being the indices/fpiplus one. Resubstituting in
terms ofng andn1, we obtain

nony = 4no + 4n1 = —4.
Thereforeng andn, are the roots of the quadratic equation
x?+XxX—4=0, namely3(—1 =+ v/17).

Deciding which root isy)o and which isp; involves looking at signs. The two
roots of the quadratic equation are of opposite sign. Since

no=C "+ D+ P+ D+ + T+ B+
= 2(co27/17) + cog4r/17) 4 cog8r/17) + cog16m/17))
>2(3+1+0+ (1) =0

11The discussion of this example closely follows that in Van der Waerden, Vol. |, Section 54.
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no is the positive root, and we have

no=3(-1++17) and g =i(-1-V17).

Fork = 4, the 4 periods have 4 terms each, and

0+4-0 0+4-1 0+4-2 0+4-3
o= ¢ T L L 18 16 4
1+4.0 1+4.1 1+4.2 1+4.3
P I ) A L LIS T S
52 _ é_32+4~0 + §32+4~1 + {32+4~2 + é_32+4~3 _ é_9 + g‘lS + ;8 + ;2,
53 _ é_33+4.0 + é_33+4.1 + é_33+4.2 n é_33+43 _ {'10 n {'11 n g_7 + CG.
The sums of pairs of these that yie]i are
§o+ & =no
&1+ &3 =m1.
We can read off superscriptécs from the exponents on the right sides of the
formulas for&, . . ., &3, and the results are

S(l) — %-(13) — 5(16) — %-(4) = &,
5(3) — 5(5) — %-(14) — %-(12) =&,
5(9) — 5(15) — 5(8) — %—(2) =&,
5(10) — 5(11) — 5(7) — S(G) =&

Then the relevant products are

Eobp =EDED =£10 1 £09 1 £O 160 g1+ 5+8 =1,
E183 =EPEO =W L M 1 10 L O — g 81 1 &5+ B = -1
Thusé&g andé; are the roots of the quadratic equation
y? —noy —1=0,
while & andé&s are the roots of the quadratic equation
y?—my—1=0.
Since&pé, and &:&3 are negative, these equations each have roots of opposite
sign. We observe thdy = 2(cog2r/17) + cog87/17)) > 0 and thattz =
2(cog14r/17) + cog127/17)) < 0, and we conclude that the signs are
& >0 and & <0,
& >0 and & <0.
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FIGURE 9.4. Construction of a regular 17-gon. The small circle has cefét%)
and radiu%. Two circles are drawn tangent to it with centr 0); their radii
areno/4 and|n1|/4. Theirx intercepts and heig@ determine the dashed box.

The diameter of the large solid semicirclegg 2, and its heavy part isy/2.
The separate semicircle at the left construgts /4 fromé&,/2, and the chord
in the large semicircle is at distangé&,/4 from the diameter.

Fork = 8, the 8 periods have 2 terms each, and the two with &uane

)\0 _ §30+8-0 + ;_30+8-1 _ é‘l + {16’
)\14 _ é_344r8-0 + é_344r8-1 _ é_13 + é_4‘
Their sum and their product are given by
Ao+ Ag = o,

hora =M+ 5+ ¢+ 3 =5
Thusig andA4 are the roots of the quadratic equation
72— &z+& =0,
Sincerg = 2c0927/17) > 2cog98r/17) = A4, Ao iS the larger of the two roots

of the equation.
In summary, we have successively defined

7]0=%(—1+\/l—7) and }’}12%(—1—\/1_7),
Eo=3(no+/n3+4) and &=3(no—/n3+4),
%(771— nf+4),

)
f1=3(m+nf+4) and &=
(
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Sinceig = 2 cog27/17), these formulas explicitly point to how to construct a
regular 17-gon. See Figure 9.4.

13. Solution of Certain Polynomial
Equations with Solvable Galois Group

In this section we investigate what specific information can be deduced about a
finite Galois extension in characteristic 0 when the Galois group is solvable.
The tool is a precursor of modern harmonic analfskown as “Lagrange
resolvents.” The argument of the previous section could be regarded as an instance
of applying the theory of Lagrange resolvents, but Lagrange resolvents give only
the simpler formulas of the previous section, not the Gauss product formula.

Proposition 9.47. Let K be a finite normal extension of a fielkdof charac-
teristic 0, suppose that G&/k) is cyclic of ordem with o as a generator, and
suppose thak" — 1 splits ink. Fix a generatos of Gal(K/k) and a primitive
n"rootw of 1ink. For 0<r < n, definek linear mapsE; : K — K by

E;x=n"1 Z o ¥o*x  forx e K.

k modn

Then

() E;EsequalsEsif r = sand equals O if # s modn, so that theE, 's are
commuting projection operators whose images are linearly independent,
(0) > moan Er = |, so that the direct sum of the images of tBes is
all of K,
(c) o(x) = o' x for allr and for allx in imageE;,
(d) imageEp = k.

REMARKS. The integer& andr depend only on their values modulpand the
summation indicesk' modn” and “r modn” are to be interpreted accordingly.
The operatorsE; are known classically asagrange resolvents apart from
the constanh~. The proposition says that thelinear mapo has a basis of
eigenvectors, that the eigenvalues are a subset of the peersd that eack,
is the projection operator on the eigenspace for the eigenvélaéong the sum
of the remaining eigenspaces.

12| agrange resolvents give a certain specific Fourier decomposition relative to a cyclic group.
Similar formulas apply whenever a cyclic group acts linearly on a vector spack amdrthe relevant
roots of 1 lie ink. For the corresponding decomposition of a vector space®wdren a finite group
G acts linearly, see Problems 47-52 at the end of Chapter VII. The decomposition in those problems
can be seen to work for any fiekdbf characteristic 0 for which the values of all irreducible characters
of G lie in k. The values of the characters are sums of certain roots of 1, and thus it is enough that
k contain a certain finite set of roots of 1.
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PrROOE Forx in K, we compute

EEsx=n"2 Y o o ¥ o)
k modn | modn
— n—2 Z Z a)—krUkw—ms-Q—ksam—kX
kmodn mmodn
— n—2 Z ( Z 6l)k(s—r))w—msamx.
mmodn kmodn
The expression in parentheses on the right side is the sum of a finite geometric
series. Ifs = r modn, then every term in the sum is 1, and the sum.isIf
s Zr modn, then the sum ié%f;” = 0. Thus (a) follows.
Next we calculate

> Ex= Y nt Y oMokx= ¥ n( ¥ o M)okx
r modn r modn k modn k modn r modn
As in the previous paragraph, the sum in parenthesesfik = 0 and it is O if
k #£ 0 modn. Therefore only thd = O term on the right side contributes, and
the right side simplifies ta. This proves (b).
The computation

o(Erx)=n"1 Y o Wektlx

k modn
— n—l Z C()(—I+1)ra| X
| modn
=o'n? Y o o'x = Ex
I modn

shows thatr (y) = oy for everyy of the formE; x, and thesg’s are the members
of the image ofE;. This proves (c).

Combining (b) and (c), we see thatx) = x if and only if x is in imageE,.
Since GalK/k) is cyclic, the members dK fixed by o are the members fixed
by the Galois group, and these are the membekstf Proposition 9.35d. This
proves (d). O

Corollary 9.48. Let K be a finite normal extension of a fidkdof characteris-
tic 0, suppose that GA /k) is cyclic of prime ordem, and suppose thaP — 1
splits ink. Then there exist in k andx in K such thaxP = a andK = k(x).

REMARKS. In other words, a finite normal extension field in characteristic O
with Galois group cyclic of prime ordep is necessarily obtained by adjoining a
p" root of some element of the base field, provided that the base field contains
all the p™" roots of 1. Once the extension field contains pHeroot of an element
of the base field, it has to contain @' roots, since the base field by assumption
contains a full complement git" roots of 1.
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PrOOF. We apply Proposition 9.47 with = p. Since K: k] = p > 1, (d)
shows thaE is not the identity. By (b), somE; withr # 0 is not the O operator.
Letx be anonzero elementinimage. Since the generaterof the Galois group
is a field automorphisnyg (xP) = o (X)P = (0" X)P = @'PXxP = xP. SincexP is
fixed by the Galois groupP lies ink. Then the elemerat = xP has the property
thatxP = aandK 2 k(x) 2 k. Since K : k] is prime, Corollary 9.7 shows that
there are no intermediate fields betwdé€andK. ThereforeK = k(x). O

We shall apply Corollary 9.48 to prove the converse statement in Theorem
9.44—that solvability of the Galois group for a polynomial equation in charac-
teristic 0 implies that the solutions of the equation are expressible in terms of
radicals and the base field. We begin with a lemma that handles a special case.

Lemma 9.49. Let k be a field of characteristic O, let > 0 be an integer,
and letK be a splitting field fo [[_, (X" — 1) overk. ThenK/k is a Galois
extension, the Galois group of G&l/k) is abelian, and& has a root tower ove.

PROOF. Being a splitting field in characteristic K is a finite Galois extension
ofk. For1<r < n, letw, be a primitiver™ root of 1 inK. The primitive
r'" roots of 1 are parametrized by the groi#y'r Z)* once somey; is specified,
the parametrization beirig > oX. If o is in GakK/k), theno (w;) = wk for
some suclk. This correspondence respects multiplicatioriZiir Z)* since if
o(wy) = wf ando’ () = a)',, theno' (o (wr)) = J’(a)f) = o'(w) = a)'r".
Thus for eachr, we have a homomorphism of G&l/k) into the abelian group
(Z/rZ)*. Putting these homomorphisms together aaries and using the fact
that thew, 's generat& overk, we obtain a one-one homomorphism of Galk)
into the abelian group];_, (Z/r Z)*. Consequently G&K/k) is isomorphic to
a subgroup of an abelian group and is abelian.

It follows from Corollary 9.39 that every extension of intermediate fields is
Galois and has abelian Galois group. For X < n, we introduce the interme-
diate fieldK; = k(w1, wa, ..., o). HereK; = k(1) =k. Forl<r <n, K, is
generated as a vector space difer ; by wy, ?, ..., w1 sinced |k = 0
forr > 1, and thuslK; : K;_1] <r — 1. Since GalK, /K, _;) is abelian, it has
a composition series whose consecutive quotients are cyclic of prime order, the
prime order necessarily being [K; : K;_1] <r — 1. Applying Galois theory,
form the chain of intermediate extensions betwEgn; andK,. The degree of
each extension is some prinpawith p < r — 1, the prime depending on the two
fields in the chain. The™ roots of unity are in the smaller of any two consecutive
fields because they are K _;. By Corollary 9.48, such a degrgeextension
betweenK,_; andK, is generated by the smaller field and th® root of an
element in the smaller field. Siné&, = k, we see inductively that; has a root
tower overkK, _; for eachr. SinceK = K,, K has a root tower ovék. O
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PROOF OF SUFFICIENCY INTHEOREM 9.44THAT Gal(K/k) BE SOLVABLE. Let
F(X) be ink[ X], and suppose th& is a splitting field ofF (X) overk. Under
the assumption that G&{/k) is solvable, we are to prove that there exists a finite
extensionK’ of K having a root tower.

SinceG = Gal(K/k) is solvable, we can find a finite sequence of subgroups
of G, each normal in the next larger one, such that the quotient of any consecutive
pair is cyclic of prime order. We write

G=Ho2H1 22 H¢ 12 He={1}
with H;j/Hj1 cyclic of prime orderp; for 0 < j < k. Let

k=Ko CK;C - CKy1 CK =K
be the corresponding sequence of intermediate fields given by the Fundamen-
tal Theorem of Galois Theory (Theorem 9.38). Hé&p = K"i, andH; =
Gal(K/K;).

According to Corollary 9.39K; 4 is a normal extension df; if and only if
Gal(K/K;+1) is a normal subgroup of G&/Kj), and in this case we have a
group isomorphism GéK/K;) / Gal(K/K;11) = Gal(Kj1/K;). SinceH;,1 is
anormal subgroup dfl; with quotient cyclic of ordep;, it follows thatKK ;1 /K
is indeed normal and the Galois group is cyclic of orger

Let us use Theorem 9.22 to regdfdas lying in a fixed algebraic closufe.

Let n be the product of all the primeg;, and letK[, be the splitting field over

k for [T'_y (X" — 1) within K. For 1< j <k, letK] be the subfield oK’

generated b¥; andKj. We defineK’ = K, . Then we have
kcKycK;c - K, €K =K.

Lemma 9.49 shows th&l;, has a root tower ovel’. To complete the proof, it is

enough to show for each> 0 that eitheik; ., = K] or else [, : Kj] = p

andKj]_, is generated bi; and thep}h root of some member &f;.

For eachj > 0, suppose thd{; 1 = K| (xj). Let F;(X) be the minimal poly-
nomial ofx; overkK;. SinceK;1/K; is normalK|_1 is the splitting field ofF; (X)
overk;. Then]KJfJrl = K] (xj) is the splitting field off; (X) ]_[?:1 (X" — 1) over
K}, and consequenth}H/Kj is a normal extension. K is in GaI(KJfH/KJf),
theng sends; into a root off; (X) and is determined by this root. The restriction
g|]KHl therefore carrie«;,, into itself and is in GalKj,1/Kj). Sinceg is
determined byg(xj), the group homomorphisg g|KJ+1 is one-one. The
image of this homomorphism must be a subgroup of&al; /K;) and therefore
must be trivial or havep; elements. In the first casKJfJrl = K!, and in the
second case]KIJf 41 Kj 1 = pj. Inthe latter cadeJf contains allp; of the p}h
roots of 1 since these roots of 1 areldyy; by Corollary 9.48JK]+1 is generated
by K| and apjth root of some member df;. This completes the proof. O
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We turn now to apply our methods to irreducible cubics over a kedfichar-
acteristic 0. In effect we shall derive Cardan’s formtAayhich was mentioned
at the beginning of Section 11.

The Galois group of a splitting field of a cubic polynomial has to be a subgroup
of the symmetric grou®s, and irreducibility of the cubic implies that the Galois
group has to contain a 3-cycle. Therefore the Galois group has to be @gluer
the alternating groupls = Cs.

Let the cubic be&X3+a, X2+a; X +ay, the coefficients being k. Substituting
X=Z- %az converts the polynomial into

(Z - 23)* +a(Z — 2ap)® + a1(Z — 3a) + @
=273+ (aq — 38D Z + (a0 — 1aud; + £a3),

and therefore we can assume whenever convenient that the given polynomial has
a, =0.
Suppose for the moment that the Galois grouis= G3. A composition
series is
G=63232> (1},

and we can write the corresponding sequence of fixed fields as
k CL CK,

whereK is the splitting field and. is K®2. The dimensions satisfyi.[: k] = 2
and [K: L] =3.

Letthe roots irK of the given cubic bey, r,, r3. SinceG is solvable, Theorem
9.44 tells us that the roots are expressible in terms of radicals and members of
k. To derive explicit formulas for the roots, the idea is to use a two-step process
with Lagrange resolvents, arguing as in the proof of Corollary 9.48 at each step.

The first step involves passing frakto .. The square roots of 1 are already
in k, andLL is to be obtained fronk by adjoining one of the square roots of
some element df. In Proposition 9.47 the Galois group @afk) is a 2-element
guotient group, the sum is over members of the quotient group, and the ebement
isinlL. Itis alittle more convenient to pull the sum back to one over the 6-element
symmetric group, taking to be the sign function o3 and takingx to be any
element ofK. The formulas for the projection operatdfgs andE; are then

Eox=% Y o(X),

0663

Eix=% Y (sgno)o(X),

0‘663

B3we discuss only Cardan’s cubic formula, omitting any discussion of the corresponding quartic
formula, which often bears Cardan’s name and which can be handled with the same techniques. See
Van der Waerden, Vol. |, Section 58, for details.
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with x in K, and the proof of Corollary 9.48 tells us to adjoirktthe square root
of any element of imagE,, i.e., any element with (x) = (sgnx)x for all o in
Gs.

The only elements dK for which we have good control of the action of the
Galois group, apart from the elementskofare the elements that are expressed
directly in terms of the rootsy, rp, r3 of the polynomial. By renumbering the
roots if necessary, we may assume that the roots are permu@sgldmcording to
their subscripts. An example of a polynomial functiomgfr,, r3 that transforms
according to the sign of the permutation played a role in Section 1.4 in defining
the sign of a permutation. Itis thifference product of the polynomial, namely

l_[ (r,— —Tr).

1<i<j<3

This is a square root of thaiscriminant D of the polynomial, which is given by

D= 1_[ (I’j —I’i)z.

1<i<j<3

We shall computeD in terms of the coefficients of the cubic shortly. In the
meantime, the proof of Corollary 9.48 thus tells us that k(~/D ). Here/D
is given by

VD = (13— 12)(rs —ry)(rz — ry)
= (r1r5 +rar§ +rarf) — (rfra+rira+riry).

The second step is to pass frdmto K. Corollary 9.48 says to expe&
to be obtained by adjoining the cube root of something if the cube roots of 1
are already present ih. The proof of the second half of Theorem 9.44, which
follows Corollary 9.48, indicates how we can incorporate the cube roots of 1 into
the fields in order to have a root tower. What we can do is to refidat¢he start
by a splitting field for[ [,_, .5 (X" — 1). Since+1 are already irk, we are to
adjoin the nontrivial cube roots of 1, i.e., the rootsX@f+ X + 1, if they are not
already present. In other words, what we do is replaaethe start bk (v/—3).
Changing notation, we assume that-3 lies ink from the outset.

We can now use Lagrange resolvents. &die the generatarl 2 3) of s,
sendingry torp, rotorg, andrz tory. Letw = 3(—1+ /=3) be a primitive
cube root of 1. Then we have

EoX = $(X + o X + 0°X),
Eix = %(X + o lox + w_zozx),

Eox = %(X + w0 %oX + aflcrzx).
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Again we can use any, but the roots of the cubic are the simplest nontrivial
elements for which we know the action @f Corollary 9.48 shows thd& =
L(E1x) if E1x # 0. Proposition 9.47 says thaE;x)? is fixed by o, and it
therefore lies irl.. HenceK is identified as obtained froii by adjoining a cube
root of the elementE1x)° of L.

Takingx = ry, we haverx = rp ando?x = rz. Also,w*! = 2(—1+/=3).
Using the formula folE;x and substituting fok/D andw™®! then gives

BEwr)d =rd 413417+ 6rirors
4+ 3w 0 2ry 4 r3rs 4 r2ry) 4+ 3w(rar 413 +rard)

= ri46raror — %; r2ry + 3+/=3vD.
i i#]

To proceed further, we shall want to substitute expressions involving the co-
efficients of the cubic for the above symmetric expressions in the tbdtkese
expressions will be considerably simplified if we assume that the coefficient of
X2 in the cubic is 0. We know that this assumption involves no loss of generality.
Thus we assume for the remainder of this section that the cubi is p X + q.

The relevant formulas relating the roots and the coefficients are

ri+ro+rz3=0,
riro +rars+rorz3 = p,
rirors = —q.

Aiming for the right side of the displayed formula fBEr)2, we have
0= (r1+r2+r3)°=r3+33 r?rj 4 6rirars,
i i#]

9 27
0= (r +r2+ra)(rar2+rars+rarg) = —3 Y r2rj — Zrarors,
i#]

27 27
—7q == 7I’1r2r3.

Addition of these three lines and comparison with the expression(iByrg)®
yields

N

7q = Z ri3 — % Z rizrj 4+ Brirorz = (3E1r1)3 — %\/ —3\/5
i i#]
Consequently
(3E1I’1)3 = —%7q + %\/ —3\/5

14problems 36-39 at the end of Chapter VIII assure us that this rewriting is possible. For our
derivation this assurance is not logically necessary, since we will be producing explicit formulas.
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Similarly

(3E2ry)® = —Zq - $v/-3VD.

Since Eor1 =r1 +r2 +rz = 0, we have expressions f&épr1, Eirq, andEary,

apart from the choices of the cube roots. Proposition 9.47b says that we recover
r1 by addition:r; = Egry + Eir1 + Eori. Thus we have found a root explicitly

as soon as we sort out the ambiguity in the choices of cube roots and determine
the value ofD in terms of the coefficientp andq.

Theorem 9.50(Cardan’s formula). Lek be a field of characteristic O con-
taining v/—3, and letX® + pX + g be an irreducible cubic iik[X]. For this
polynomial the discriminanD is given by

D = —4p®— 279°

The Galois group of a splitting field of the cubic@ if D is a nonsquare iix
and is2(3 if D is a square ifk. In either case, fix a square rootBf denote it by
VD, and leto*! = 2(—1+ /=3) be the primitive cube roots of 1. Then it is
possible to determine cube roots of the form

3Eir =y-Zq+3/=3/D and FEri=-2q-3/=3/D

in such a way that their product {8E1r1)(3E1r2) = —3p, and in this case the
three roots ofX3 4+ pX + q are given by

ri = Eqirg + Eory,
ro = wE1r1+a)2E2rl,

r3 = a)zElrl + wEor;.
PrROOF. Definesy = rk+r% +rf for 1 < k < 4. By inspection we have

1 1 1 1 r r2 3 o1 02
(rl I r3) 1 r§ =(O‘1 02 0‘3).

2 2 2
rr ry; rs3 1 r3 I’g 02 03 04

=

Taking the determinant of both sides and applying Corollary 5.3, we obtain

3 01 oo
D=det<o‘1 02 03)=30204—023—30§.

02 03 04

The given cubic shows that =r1 + r, + r3 = 0. For the otheb;’s, we have
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02 =T2 412412 =(r1+r2+4r3)%—2(rrp+rarsg+rorz) = —2p,
o3 =13 +15+15 =1 +1241)07+15+13)
— (C2rpr2rg4rorg +r2rz 4 rirariry)
= —(ra+r2+r3)(rar2 +rarz +rors) + 3rirorz = —3q,
oa=r{ 413 +15 =05 +ri+rH* =205 +rri+rird)
= (=2p)2 — 2(r1rp +rars +rars)?
+4rarara(rs 412 4 13) = (—2p)* — 2(p)* = 2p*,

Substituting, we obtaid = —12p3 +8p3 — 2792 = —4p3 — 2792. This proves
the formula forD. In particular, it confirms thab lies ink.
The Galois group of the splitting field of the polynomial must®gor 2. If
it is &3, then we saw above that= k(+v/D) and that L : k] = 2. HenceD is a
nonsquare ifk. If the Galois group i€l3, then(rs —r)(rz3 —ry)(ro —rq) is fixed
by the Galois group and lies in The square of this element¥, and hencéd
is a square irk.
With either Galois group the calculations with the cubic extension that precede
the statement of the theorem are validr4Ifs one of the roots, then we know that

ri = Eory + Eirs + Eorg = Egrg + Eory,
(3E1ry)® = —277q + %\/—3\/5,
(3Ezry)®=—-%q - 3v/-3/D.

The uniqueness of simple extensions (Theorem 9.11) says that we can make any
choice of cube root to determind=3gr,. Then

(3E1r1)(3Eary) = (4w tors + 0 26%r1)(r1 + 0 %011 + 0 1o?ry)
=1+ o 4 wra) 1+ ors + o ra)
= (@Z+13+12) + (@+o Y1l +1arg+r2ra)
= (r24r2412) — (rara +rarz+rars).

The first term on the right side we calculated in the first paragraph of the proof
aso, = —2p, and the second term givesp. Thus(3Esr1)(3Esr) = —3p as
asserted. Since operates on imageé; as multiplication byw and on imagé;

as multiplication byw?, the fact that, = Eiri + Eorq implies that

rp=0(r) = wEir + »?Earq
and r3=02(r) = w’Eiry + wEars.
This completes the proof. O



