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CHAPTER IV

Groups and Group Actions

Abstract. This chapter develops the basics of group theory, with particular attention to the role of
group actions of various kinds. The emphasis is on groups in Sections 1–3 and on group actions
starting in Section 6. In between is a two-section digression that introduces rings, fields, vector
spaces over general fields, and polynomial rings over commutative rings with identity.

Section 1 introduces groups and a number of examples, and it establishes some easy results.
Most of the examples arise either from number-theoretic settings or from geometric situations in
which some auxiliary space plays a role. The direct product of two groups is discussed briefly so
that it can be used in a table of some groups of low order.

Section 2 defines coset spaces, normal subgroups, homomorphisms, quotient groups, and quotient
mappings. Lagrange’s Theorem is a simple but key result. Another simple but key result is the
construction of a homomorphism with domain a quotient groupG/H when a given homomorphism
is trivial on H . The section concludes with two standard isomorphism theorems.

Section 3 introduces general direct products of groups and direct sums of abelian groups, together
with their concrete “external” versions and their universal mapping properties.

Sections 4–5 are a digression to define rings, fields, and ring homomorphisms, and to extend the
theories concerning polynomials and vector spaces as presented in Chapters I–II. The immediate
purpose of the digression is to make prime fields and the notion of characteristic available for the
remainder of the chapter. The definitions of polynomials are extended to allow coefficients from any
commutative ring with identity and to allow more than one indeterminate, and universal mapping
properties for polynomial rings are proved.

Sections 6–7 introduce group actions. Section 6 gives some geometric examples beyond those
in Section 1, it establishes a counting formula concerning orbits and isotropy subgroups, and it
develops some structure theory of groups by examining specific group actions on the group and its
coset spaces. Section 7 uses a group action by automorphisms to define the semidirect product of
two groups. This construction, in combination with results from Sections 5–6, allows one to form
several new finite groups of interest.

Section 8 defines simple groups, proves that alternating groups on five or more letters are simple,
and then establishes the Jordan–H¨older Theorem concerning the consecutive quotients that arise
from composition series.

Section 9 deals with finitely generated abelian groups. It is proved that “rank” is well defined
for any finitely generated free abelian group, that a subgroup of a free abelian group of finite rank is
always free abelian, and that any finitely generated abelian group is the direct sum of cyclic groups.

Section 10 returns to structure theory for finite groups. It begins with the Sylow Theorems,
which produce subgroups of prime-power order, and it gives two sample applications. One of these
classifies the groups of orderpq, where p andq are distinct primes, and the other provides the
information necessary to classify the groups of order 12.

Section 11 introduces the language of “categories” and “functors.” The notion of category is a
precise version of what is sometimes called a “context” at points in the book before this section,
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1. Groups and Subgroups 117

and some of the “constructions” in the book are examples of “functors.” The section treats in this
language the notions of “product” and “coproduct,” which are abstractions of “direct product” and
“direct sum.”

1. Groups and Subgroups

Linear algebra and group theory are two foundational subjects for all of algebra,
indeed for much of mathematics. Chapters II and III have introduced the basics
of linear algebra, and the present chapter introduces the basics of group theory. In
this section we give the definition and notation for groups and provide examples
that fit with the historical development of the notion of group. Many readers will
already be familiar with some group theory, and therefore we can be brief at the
start.

A group is a nonempty setG with an operationG × G → G satisfying the
three properties (i), (ii), and (iii) below. In the absence of any other information
the operation is usually calledmultiplication and is written(a, b) �→ abwith no
symbol to indicate the multiplication. The defining properties of a group are

(i) (ab)c = a(bc) for all a, b, c in G (associativelaw),
(ii) there exists an element 1 inG such thata1 = 1a = a for all a in G

(existence ofidentity ),
(iii) for eacha in G, there exists an elementa−1 in G with aa−1 = a−1a = 1

(existence ofinverses).

It is immediate from these properties that

• 1 is unique (since 1′ = 1′1 = 1),
• a−1 is unique (since(a−1)′ =(a−1)′1=(a−1)′(a(a−1))=((a−1)′a)(a−1)

= 1(a−1) = (a−1)),
• the existence of a left inverse for each element implies the existence of a

right inverse for each element (sinceba = 1 andcb = 1 together imply
c = c(ba) = (cb)a = a and hence alsoab = cb = 1),

• 1 is its own inverse (since 11= 1),
• ax = ay impliesx = y, andxa = ya impliesx = y (cancellationlaws)

(sincex = 1x = (a−1a)x = a−1(ax) = a−1(ay) = (a−1a)y = 1y = y
and since a similar argument proves the second implication).

Problem 2 at the end of Chapter II shows that the associative law extends to
products of any finite number of elements ofG as follows: parentheses can
be inserted in any fashion in such a product, and the value of the product is
unchanged; hence any expressiona1a2 · · · an in G is well defined without the use
of parentheses.

The group whose only element is the identity 1 will be denoted by{1}. It is
called thetrivial group .
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We come to other examples in a moment. First we make three more definitions
and offer some comments. Asubgroup H of a groupG is a subset containing
the identity that is closed under multiplication and inverses. ThenH itself is a
group because the associativity inG implies associativity inH . The intersection
of any nonempty collection of subgroups ofG is again a subgroup.

An isomorphism of a groupG1 with a groupG2 is a functionϕ : G1 → G2

that is one-one onto and satisfiesϕ(ab) = ϕ(a)ϕ(b) for all a andb in G1. It is
immediate that

• ϕ(1) = 1 (by takinga = b = 1),
• ϕ(a−1) = ϕ(a)−1 (by takingb = a−1),
• ϕ−1 : G2 → G1 satisfiesϕ−1(cd) = ϕ−1(c)ϕ−1(d) (by takingc = ϕ(a)

andd = ϕ(b) on the right side and then observing thatϕ
(
ϕ−1(c)ϕ−1(d)

)
= ϕ(ab) = ϕ(a)ϕ(b) = cd = ϕ(ϕ−1(cd))).

The first and second of these properties show that an isomorphism respects all the
structure of a group, not just products. The third property shows that the inverse
of an isomorphism is an isomorphism, hence that the relation “is isomorphic to” is
symmetric. Since the identity isomorphism exhibits this relation as reflexive and
since the use of compositions shows that it is transitive, we see that “is isomorphic
to” is an equivalence relation. Common notation for an isomorphism between
G1 andG2 is G1

∼= G2; because of the symmetry, one can say thatG1 andG2

areisomorphic.
An abelian group is a groupG with the additional property

(iv) ab = ba for all a andb in G (commutative law).

In an abelian group the operation is sometimes, but by no means always, called
addition instead of “multiplication.” Addition is typically written(a, b) �→ a+b,
and then the identity is usually denoted by 0 and the inverse ofa is denoted by−a,
the negativeof a. Depending on circumstances, the trivial abelian group may
be denoted by{0} or 0. Problem 3 at the end of Chapter II shows for an abelian
groupG with its operation written additively thatn-fold sums of elements ofG
can be written in any order:a1 + a2 + · · · + an = aσ(1) + aσ(2) + · · · + aσ(n) for
each permutationσ of {1, . . . , n}.

Historically the original examples of groups arose from two distinct sources,
and it took a while for the above definition of group to be distilled out as the
essence of the matter.

One of the two sources involved number systems and vectors. Here are
examples.

EXAMPLES.

(1) Additive groups of familiar number systems. The systems in question are
the integersZ, the rational numbersQ, the real numbersR, and the complex



1. Groups and Subgroups 119

numbersC. In each case the set with its usual operation of addition forms an
abelian group. The group properties ofZ under addition are taken as known in
advance in this book, as mentioned in Section A3 of the appendix, and the group
properties ofQ, R, andC under addition are sketched in Sections A3 and A4 of
the appendix as part of the development of these number systems.

(2) Multiplicative groups connected with familiar number systems. In the
cases ofQ, R, andC, the nonzero elements form a group under multiplication.
These groups are denoted byQ×, R×, andC×. Again the properties of a group
for each of them are properties that are sketched during the development of each
of these number systems in Sections A3 and A4 of the appendix. WithZ, the
nonzero integers do not form a group under multiplication, because only the two
units, i.e., the divisors+1 and−1 of 1, have inverses. The units do form a group,
however, under multiplication, and the group of units is denoted byZ×.

(3) Vector spaces under addition. Spaces such asQn andRn andCn provide
us with further examples of abelian groups. In fact, the defining properties of
addition in a vector space are exactly the defining properties of an abelian group.
Thus every vector space provides us with an example of an abelian group if we
simply ignore the scalar multiplication.

(4) Integers modulom, under addition. Another example related to number
systems is the additive group of integers modulo a positive integerm. Let us say
that an integern1 is congruent modulom to an integern2 if m dividesn1 − n2.
One writesn1 ≡ n2 or n1 ≡ n2 modm or n1 = n2 modm for this relation.1 It
is an equivalence relation, and we can write [n] for the equivalence class ofn
when it is helpful to do so. The division algorithm (Proposition 1.1) tells us that
each equivalence class has one and only one member between 0 andm−1. Thus
there are exactlym equivalence classes, and we know a representative of each.
The set of classes will be denoted by2 Z/mZ. The point is thatZ/mZ inherits
an abelian-group structure from the abelian-group structure ofZ. Namely, we
attempt to define

[a] + [b] = [a + b].

To see that this formula actually defines an operation onZ/mZ, we need to
check that the result is meaningful if the representatives of the classes [a] and
[b] are changed. Thus let [a] = [a′] and [b] = [b′]. Thenm dividesa − a′ and
b − b′, andm must divide the sum(a − a′) + (b − b′) = (a + b) − (a′ + b′);
consequently [a + b] = [a′ + b′], and addition is well defined. The same kind of

1This notation was anticipated in a remark explaining the classical form of the Chinese Remainder
Theorem (Corollary 1.9).

2The notationZ/(m) is an allowable alternative. Some authors, particularly in topology, write
Zm for this set, but the notationZm can cause confusion sinceZp is the standard notation for the
“ p-adic integers” whenp is prime. These are defined inAdvanced Algebra.
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argument shows that the associativity and commutativity of addition inZ imply
associativity and commutativity inZ/mZ. The identity element is [0], and group
inverses (negatives) are given by−[a] = [−a]. ThereforeZ/mZ is an abelian
group under addition, and it hasm elements. Ifx andy are members ofZ/mZ,
their sum is often denoted byx + y modm.

The other source of early examples of groups historically has the members of
the group operating as transformations of some auxiliary space. Before abstract-
ing matters, let us consider some concrete examples, ignoring some of the details
of verifying the defining properties of a group.

EXAMPLES, CONTINUED.

(5) Permutations. Apermutation of a nonempty finite setE of n elements is a
one-one function fromE onto itself. Permutations were introduced in Section I.4.
The product of two permutations is just the composition, defined by(στ)(x) =
σ(τ(x)) for x in E, with the symbol◦ for composition dropped. The resulting
operation makes the set of permutations ofE into a group: we already observed
in Section I.4 that composition is associative, and it is plain that the identity
permutation may be taken as the group identity and that the inverse function to
a permutation is the group inverse. The group is called thesymmetric group
on then letters of E. It hasn! members forn ≥ 1. The notationSn is often
used for this group, especially whenE = {1, . . . , n}. Signs±1 were defined
for permutations in Section I.4, and we say that a permutation isevenor odd
according as its sign is+1 or −1. The sign of a product is the product of the
signs, according to Proposition 1.24, and it follows that the even permutations
form a subgroup ofSn. This subgroup is called thealternating group on n
letters and is denoted byAn. It has1

2(n!) members ifn ≥ 2.

(6) Symmetries of a regular polygon. Imagine a regular polygon inR2 centered
at the origin. The plane-geometry rotations and reflections about the origin that
carry the polygon to itself form a group. If the number of sides of the polygon
is n, then the group always contains the rotations through all multiples of the
angle 2π/n. The rotations themselves form ann-element subgroup of the group
of all symmetries. To consider what reflections give symmetries, we distinguish
the casesn odd andn even. Whenn is odd, the reflection in the line that passes
through any vertex and bisects the opposite side carries the polygon to itself, and
no other reflections have this property. Thus the group of symmetries containsn
reflections. Whenn is even, the reflection in the line passing through any vertex
and the opposite vertex carries the polygon to itself, and so does the reflection in
the line that bisects a side and also the opposite side. There aren/2 reflections of
each kind, and hence the group of symmetries again containsn reflections. The
group of symmetries thus has 2n elements in all cases. It is called thedihedral
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group Dn. The groupDn is isomorphic to a certain subgroup of the permutation
groupSn. Namely, we number the vertices of the polygon, and we associate to
each member ofDn the permutation that moves the vertices the way the member
of Dn does.

(7) General linear group. WithF equal toQ or R or C, consider anyn-
dimensional vector spaceV overF. One possibility isV = Fn, but we do not
insist on this choice. Among all one-one functions carryingV onto itself, let
G consist of the linear ones. The composition of two linear maps is linear, and
the inverse of an invertible function is linear if the given function is linear. The
result is a group known as thegeneral linear group GL(V). WhenV = Fn,
we know from Chapter II that we can identify linear maps fromFn to itself with
matrices inMnn(F) and that composition corresponds to matrix multiplication.
It follows that the set of all invertible matrices inMnn(F) is a group, which is
denoted by GL(n, F), and that this group is isomorphic to GL(Fn). The set SL(V)

or SL(n, F) of all members of GL(V) or GL(n, F) of determinant 1 is a group
since the determinant of a product is the product of the determinants; it is called
thespecial linear group. The dihedral groupDn is isomorphic to a subgroup of
GL(2, R) since each rotation and reflection ofR2 that fixes the origin is given by
the operation of a 2-by-2 matrix.

(8) Orthogonal and unitary groups. IfV is a finite-dimensional inner-product
space overR or C, Chapter III referred to the linear maps carrying the space
to itself and preserving lengths of vectors asorthogonal in the real case and
unitary in the complex case. Such linear maps are invertible. The condition of
preserving lengths of vectors is maintained under composition and inverses, and
it follows that the orthogonal or unitary linear maps form a subgroup O(V) or
U(V) of the general linear group GL(V). One writes O(n) for O(Rn) and U(n)

for U(Cn). The subgroup of members of O(V) or O(n) of determinant 1 is called
therotation group SO(V) or SO(n). The subgroup of members of U(V) or U(n)

of determinant 1 is called thespecial unitary group SU(V) or SU(n).

Before coming to Example 9, let us establish a closure property under the
arithmetic operations for certain subsets ofC. We are going to use the theories of
polynomials as in Chapter I and of vector spaces as in Chapter II with the rationals
Q as the scalars. Fix a complex numberθ , and form the result of evaluating atθ

every polynomial in one indeterminate with coefficients inQ. The resulting set
of complex numbers comes by substitutingθ for X in the members ofQ[X], and
we denote this subset ofC by Q[θ ].

Suppose thatθ has the property that the set{1, θ, θ2, . . . , θn} is linearly de-
pendent overQ for some integern ≥ 1, i.e., has the property thatF0(θ) = 0 for
some nonzero memberF0 of Q[X] of degree≤ n. For example, ifθ = √

2, then
the set{1,

√
2, (

√
2)2} is linearly dependent since 2− (

√
2)2 = 0; if θ = e2π i /5,
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then{1, θ, θ2, θ3, θ4, θ5} is linearly dependent since 1− θ5 = 0, or alternatively
since 1+ θ + θ2 + θ3 + θ4 = 0.

Returning to the generalθ , we lose no generality if we assume that the polyno-
mial F0 has degree exactlyn. If we divide the equationF0(θ) = 0 by the leading
coefficient, we obtain an equalityθn = G0(θ), whereG0 is the zero polynomial
or is a nonzero polynomial of degree at mostn − 1. Thenθn+m = θmG0(θ), and
we see inductively that every powerθ r with r ≥ n is a linear combination of the
members of the set{1, θ, θ2, . . . , θn−1}. This set is therefore a spanning set for
the vector spaceQ[θ ], and we find thatQ[θ ] is finite-dimensional, with dimension
at mostn. Since every positive integer power ofθ lies in Q[θ ] and since these
powers are closed under multiplication, the vector spaceQ[θ ] is closed under
multiplication. More striking is thatQ[θ ] is closed under division, as is asserted
in the following proposition.

Proposition 4.1.Letθ be inC, and suppose for some integern ≥ 1 that the set
{1, θ, θ2, . . . , θn} is linearly dependent overQ. Then the finite-dimensional ra-
tional vector spaceQ[θ ] is closed under taking reciprocals (of nonzero elements),
as well as multiplication, and hence is closed under division.

REMARKS. Under the hypotheses of Proposition 4.1,Q[θ ] is called an
algebraic number field,3 or simply anumber field, andθ is called analgebraic
number. The relevant properties ofC that are used in proving the proposition
are thatC is closed under the usual arithmetic operations, that these satisfy the
usual properties, and thatQ is a subset ofC. The deeper closure properties ofC

that are developed in Sections A3 and A4 of the appendix play no role.

PROOF. We have seen thatQ[θ ] is closed under multiplication. Ifx is a nonzero
member ofQ[θ ], then all positive powers ofx must be inQ[θ ], and the fact that
dimQ[θ ] ≤ n forces{1, x, x2, . . . , xn} to be linearly dependent. Therefore there
are integersj andk with 0 ≤ j < k ≤ nsuch thatcj x j +cj +1x j +1+· · ·+ckxk = 0
for some rational numberscj , . . . , ck with ck �= 0. Sincex is assumed nonzero,
we can discard unnecessary terms and arrange thatcj �= 0. Then

1 = x(−c−1
j cj +1 − c−1

j cj +2x − c−1
j ckxk− j −1),

and the reciprocal ofx has been exhibited as inQ[θ ]. �

EXAMPLES, CONTINUED.

(9) Galois’s notion of automorphisms of number fields. Letθ be a complex
number as in Proposition 4.1. The subject of Galois theory, whose details will

3The definition of “algebraic number field” that is given later in the book is ostensibly more
general, but the Theorem of the Primitive Element in Chapter IX will show that it amounts to the
same thing as this.
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be discussed in Chapter IX and whose full utility will be glimpsed only later,
works in an important special case with the “automorphisms” ofQ[θ ] that fix Q.
The automorphisms are the one-one functions fromQ[θ ] onto itself that respect
addition and multiplication and carry every element ofQ to itself. The identity
is such a function, the composition of two such functions is again one, and the
inverse of such a function is again one. Therefore the automorphisms ofQ[θ ]
form a group under composition. We call this group Gal(Q[θ ]/Q). Let us see
that it is finite. In fact, ifσ is in Gal(Q[θ ]/Q), thenσ is determined by its effect
on θ , since we must haveσ(F(θ)) = F(σ (θ)) for everyF in Q[X]. We know
that there is some nonzero polynomialF0(X) such thatF0(θ) = 0. Applyingσ

to this equality, we see thatF0(σ (θ)) = 0. Thereforeσ(θ) has to be a root of
F0. Viewing F0 as inC[X], we can apply Corollary 1.14 and see thatF0 has only
finitely many complex roots. Therefore there are only finitely many possibilities
for σ , and the group Gal(Q[θ ]/Q) has to be finite. Galois theory shows that
this group gives considerable insight into the structure ofQ[θ ]. For example it
allows one to derive the Fundamental Theorem of Algebra (Theorem 1.18) just
from algebra and the Intermediate Value Theorem (Section A3 of the appendix);
it allows one to show the impossibility of certain constructions in plane geometry
by straightedge and compass; and it allows one to show that a quintic polynomial
with rational coefficients need not have a root that is expressible in terms of
rational numbers, arithmetic operations, and the extraction of square roots, cube
roots, and so on. We return to these matters in Chapter IX.

Examples 5–9, which all involve auxiliary spaces, fit the pattern that the
members of the group are invertible transformations of the auxiliary space and the
group operation is composition. This notion will be abstracted in Section 6 and
will lead to the notion of a “group action.” For now, let us see why we obtained
groups in each case. IfX is any nonempty set, then the set of invertible functions
f : X → X forms a group under composition, composition being defined by
( f g)(x) = f (g(x)) with the usual symbol◦ dropped. The associative law is just
a matter of unwinding this definition:

(( f g)h)(x) = ( f g)(h(x)) = f (g(h(x))) = f ((gh)(x)) = ( f (gh))(x).

The identity function is the identity of the group, and inverse functions provide
the inverse elements in the group.

For our examples, the setX wasE in Example 5,R2 in Example 6,V or Fn

in Example 7,V or Qn or Rn or Cn in Example 8, andQ[θ ] in Example 9. All
that was needed in each case was to know that our setG of invertible functions
from X to itself formed a subgroup of the set of all invertible functions fromX
to itself. In other words, we had only to check thatG contained the identity and
was closed under composition and inversion. Associativity was automatic forG
because it was valid for the group of all invertible functions fromX to itself.
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Actually, any group can be realized in the fashion of Examples 5–9. This is
the content of the next proposition.

Proposition 4.2 (Cayley’s Theorem). Any groupG is isomorphic to a sub-
group of invertible functions on a setX. The setX can be taken to beG itself.
In particular any finite group withn elements is isomorphic to a subgroup of the
symmetric groupSn.

PROOF. DefineX = G, put fa(x) = ax for a in G, and letG′ = { fa | a ∈ G}.
To see thatG′ is a group, we needG′ to contain the identity and to be closed
under composition and inverses. Sincef1 is the identity, the identity is indeed
in G′. Since fab(x) = (ab)x = a(bx) = fa(bx) = fa( fb(x)) = ( fa fb)(x),
G′ is closed under composition. The formulafa fa−1 = f1 = fa−1 fa then shows
that fa−1 = ( fa)−1 and thatG′ is closed under inverses. ThusG′ is a group.

Defineϕ : G → G′ by ϕ(a) = fa. Certainlyϕ is ontoG′, and it is one-
one becauseϕ(a) = ϕ(b) implies fa = fb, fa(1) = fb(1), anda = b. Also,
ϕ(ab) = fab = fa fb = ϕ(a)ϕ(b), and henceϕ is an isomorphism.

In the case thatG is finite with n elements,G is exhibited as isomorphic
to a subgroup of the group of permutations of the members ofG. Hence it is
isomorphic to a subgroup ofSn. �

It took the better part of a century for mathematicians to sort out that two
distinct notions are involved here—that of a group, as defined above, and that
of a group action, as will be defined in Section 6. In sorting out these matters,
mathematicians realized that it is wise to study the abstract group first and then
to study the group in the context of its possible group actions. This does not at all
mean ignoring group actions until after the study of groups is complete; indeed,
we shall see in Sections 6, 7, and 10 that group actions provide useful tools for
the study of abstract groups.

We turn to a discussion of two general group-theoretic notions—cyclic group
and the direct product of two or more groups. The second of these notions will
be discussed only briefly now; more detail will come in Section 3.

If a is an element of a group, we definean for integersn > 0 inductively
by a1 = a and an = an−1a. Then we can puta0 = 1 anda−n = (a−1)n

for n > 0. A little checking, which we omit, shows that the ordinary rules of
exponents apply:am+n = aman andamn = (am)n for all integersm andn. If the
underlying group is abelian and additive notation is being used, these formulas
read(m + n)a = ma+ na and(mn)a = n(ma).

A cyclic group is a group with an elementa such that every element is a power
of a. The elementa is called agenerator of the group, and the group is said to
begeneratedby a.
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Proposition 4.3. Each cyclic groupG is isomorphic either to the additive
groupZ of integers or to the additive groupZ/mZ of integers modulom for some
positive integerm.

PROOF. If all an are distinct, then the ruleam+n = aman implies that the
functionn �→ an is an isomorphism ofZ with G. On the other hand, ifak = al

with k > l , thenak−l = 1 and there exists a positive integern such thatan = 1.
Let m be the least positive integer witham = 1. For any integersq andr , we
haveaqm+r = (am)qar = ar . Thus the functionϕ : Z/mZ → G given by
ϕ([n]) = an is well defined, is ontoG, and carries sums inZ/mZ to products in
G. If 0 ≤ l < k < m, thenak �= al since otherwiseak−l would be 1. Henceϕ is
one-one, and we conclude thatϕ : Z/mZ → G is an isomorphism. �

Let us denote abstract cyclic groups byC∞ andCm, the subscript indicating
the number of elements. Finite cyclic groups arise in guises other than asZ/mZ.
For example the set of all elementse2π ik/m in C, with multiplication as opera-
tion, forms a group isomorphic toCm. So does the set of all rotation matrices(

cos 2πk/m − sin 2πk/m
sin 2πk/m cos 2πk/m

)
with matrix multiplication as operation.

Proposition 4.4.Any subgroup of a cyclic group is cyclic.

PROOF. Let G be a cyclic group with generatora, and letH be a subgroup.
We may assume thatH �= {1}. Then there exists a positive integern such that
an is in H , and we letk be the smallest such positive integer. Ifn is any integer
such thatan is in H , then Proposition 1.2 produces integersx and y such that
xk + yn = d, whered = GCD(k, n). The equationad = (ak)x(an)y exhibits
ad as in H , and the minimality ofk forcesd ≥ k. Since GCD(k, n) ≤ k, we
conclude thatd = k. Hencek dividesn. ConsequentlyH consists of the powers
of ak and is cyclic. �

A notion of the direct product of two groups is definable in the same way as
was done with vector spaces in Section II.6, except that a little care is needed in
saying how this construction interacts with mappings. As with the corresponding
construction for vector spaces, one can define an explicit “external” direct product,
and one can recognize a given group as an “internal” direct product, i.e., as
isomorphic to an external direct product. We postpone a fuller discussion of direct
product, as well as all comments about direct sums and mappings associated with
direct sums and direct products, to Section 3.

Theexternal direct product G1 × G2 of two groupsG1 andG2 is a group
whose underlying set is the set-theoretic product ofG1 andG2 and whose group
law is (g1, g2)(g′

1, g′
2) = (g1g′

1, g2g′
2). The identity is(1, 1), and the formula for

inverses is(g1, g2)
−1 = (g−1

1 , g−1
2 ). The two subgroupsG1 × {1} and{1} × G2

of G1 × G2 commute with each other.
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A groupG is theinternal direct product of two subgroupsG1 andG2 if the
function from the external direct productG1×G2 to G given by(g1, g2) �→ g1g2

is an isomorphism of groups. The literal analog of Proposition 2.30, which gave
three equivalent definitions of internal direct product4 of vector spaces, fails here.
It is not sufficient thatG1 andG2 be two subgroups such thatG1 ∩ G2 = {1} and
every element inG decomposes as a productg1g2 with g1 ∈ G1 andg2 ∈ G2.
For example, withG = S3, the two subgroups

G1 = {1, (1 2)} and G2 = {1, (1 2 3), (1 3 2)}

have these properties, butG is not isomorphic toG1 × G2 because the elements
of G1 do not commute with the elements ofG2.

Proposition 4.5. If G is a group andG1 and G2 are subgroups, then the
following conditions are equivalent:

(a) G is the internal direct product ofG1 andG2,
(b) every element inG decomposes uniquely as a productg1g2 with g1 ∈ G1

andg2 ∈ G2, and every member ofG1 commutes with every member of
G2,

(c) G1 ∩ G2 = {1}, every element inG decomposes as a productg1g2 with
g1 ∈ G1 andg2 ∈ G2, and every member ofG1 commutes with every
member ofG2.

PROOF. We have seen that (a) implies (b). If (b) holds andg is in G1 ∩ G2,
then the formula 1= gg−1 and the uniqueness of the decomposition of 1 as a
product together imply thatg = 1. Hence (c) holds.

If (c) holds, defineϕ : G1 × G2 → G by ϕ(g1, g2) = g1g2. This map is
certainly ontoG. To see that it is one-one, suppose thatϕ(g1, g2) = ϕ(g′

1, g′
2).

Theng1g2 = g′
1g′

2 and henceg′
1
−1g1 = g′

2g−1
2 . SinceG1 ∩ G2 = {1}, g′

1
−1g1 =

g′
2g−1

2 = 1. Thus(g1, g2) = (g′
1, g′

2), andϕ is one-one. Finally the fact that
elements ofG1 commute with elements ofG2 implies thatϕ((g1, g2)(g′

1, g′
2)) =

ϕ(g1g′
1, g2g′

2) = g1g′
1g2g′

2 = g1g2g′
1g2 = ϕ(g1, g2)ϕ(g′

1, g′
2). Thereforeϕ is an

isomorphism, and (a) holds. �

Here are two examples of internal direct products of groups. In each let
R+ be the multiplicative group of positive real numbers. The first example is
R× ∼= C2×R+ with C2 providing the sign. The second example isC× ∼= S1×R+,
whereS1 is the multiplicative group of complex numbers of absolute value 1; the
isomorphism here is given by the polar-coordinate mapping(ei θ , r ) �→ ei θr .

4The direct sum and direct product of two vector spaces were defined to be the same thing in
Chapter II.
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We conclude this section by giving an example of a group that falls outside
the pattern of the examples above and by summarizing what groups we have
identified with≤ 15 elements.

EXAMPLES, CONTINUED.

(10) Groups associated with the quaternions. The setH of quaternions is an
object likeR or C in that it has both an addition/subtraction and a multiplica-
tion/division, butH is unlikeR andC in that multiplication is not commutative.
We give two constructions. In one we start fromR4 with the standard basis
vectors written as 1, i, j , k. The multiplication table for these basis vectors is

11 = 1, 1i = i, 1j = j , 1k = k,

i1 = i, ii = −1, ij = k, ik = −j ,

j1 = j , ji = −k, jj = −1, jk = i,

k1 = k, ki = j , kj = −i, kk = −1,

and the multiplication is extended to general elements by the usual distributive
laws. The multiplicative identity is 1, and multiplicative inverses of nonzero
elements are given by

(a1 + bi + cj + k)−1 = s−1a1 − s−1bi − s−1cj − s−1dk

with s = √
a2 + b2 + c2 + d2. Sinceij = k while ji = −k, multiplication is not

commutative. What takes work to see is that multiplication is associative. To see
this, we give another construction, usingM22(C). Within M22(C), take

1 =
(

1 0
0 1

)
, i =

(
i 0
0 −i

)
, j =

(
0 −1
1 0

)
, k =

(
0 −i

−i 0

)
,

and defineH to be the linear span, with real coefficients, of these matrices. The
operations are the usual matrix addition and multiplication. Then multiplication
is associative, and we readily verify the multiplication table for 1, i, j , k. A little
computation verifies also the formula for multiplicative inverses. The setH×
of nonzero elements forms a group under multiplication, and it is isomorphic to
R+ × SU(2), where

SU(2) =
{(

α β

−β̄ ᾱ

) ∣∣∣ |α|2 + |β|2 = 1
}

is the 2-by-2 special unitary group defined in Example 8. Of interest for our
current purposes is the 8-element subgroup±1, ±i, ±j , ±k, which is called the
quaternion group and will be denoted byH8.
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Theorder of a finite group is the number of elements in the group. Let us list
some of the groups we have discussed that have order at most 15:

1 C1 9 C9, C3 × C3

2 C2 10 C10, D5

3 C3 11 C11

4 C4, C2 × C2 12 C12, C6 × C2, D6, A4

5 C5 13 C13

6 C6, D3 14 C14, D7

7 C7 15 C15

8 C8, C4 × C2, C2 × C2 × C2, D4, H8

No two groups in the above table are isomorphic, as one readily checks by counting
elements of each “order” in the sense of the next section. We shall see in Section 10
and in the problems at the end of the chapter that the above table is complete
through order 15 except for one group of order 12. Some groups that we have
discussed have been omitted from the above table because of isomorphisms with
the groups above. For example,S2

∼= C2, A3
∼= C3, C3 × C2

∼= C6, S3
∼= D3,

C5 × C2
∼= C10, C4 × C3

∼= C12, D3 × C2
∼= D6, C7 × C2

∼= C14, and
C5 × C3

∼= C15.

2. Quotient Spaces and Homomorphisms

Let G be a group, and letH be a subgroup. For purposes of this paragraph, say
thatg1 in G is equivalent tog2 in G if g1 = g2h for someh in H . The relation
“equivalent” is an equivalence relation: it is reflexive because 1 is inH , it is
symmetric sinceH is closed under inverses, and it is transitive sinceH is closed
under products. The equivalence classes are calledleft cosetsof H in G. The
left coset containing an elementg of G is the setgH = {gh | h ∈ H}.

EXAMPLES.

(1) WhenG = Z andH = mZ, the left cosets are the setsr + mZ, i.e., the
sets{x ∈ Z | x ≡ r modm} for the various values ofr .

(2) WhenG = S3 and H = {(1), (1 3)}, there are three left cosets:H ,
(1 2)H = {(1 2), (1 3 2)}, and(2 3)H = {(2 3), (1 2 3)}.

Similarly one can define theright cosetsHgof H in G. WhenG is nonabelian,
these need not coincide with the left cosets; in Example 2 above withG = S3

andH = {(1), (1 3)}, the right cosetH(1 2) = {(1 2), (1 2 3)} is not a left
coset.
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Lemma 4.6. If H is a subgroup of the groupG, then any two left cosets ofH
in G have the same cardinality, namely cardH .

REMARKS. We shall be especially interested in the case that cardH is finite,
and then we write|H | = cardH for the number of elements inH .

PROOF. If g1H andg2H are given, then the mapg �→ g2g−1
1 g is one-one on

G and carriesg1H onto g2H . Henceg1H andg2H have the same cardinality.
Takingg1 = 1, we see that this common cardinality is cardH . �

We write G/H for the set{gH} of all left cosets ofH in G, calling it the
quotient spaceor left-coset spaceof G by H . The set{Hg} of right cosets is
denoted byH\G.

Theorem 4.7 (Lagrange’s Theorem). IfG is a finite group, then|G| =
|G/H | |H |. Consequently the order of any subgroup ofG divides the order
of G.

PROOF. Lemma 4.6 shows that each left coset has|H | elements. The left
cosets are disjoint and exhaustG, and there are|G/H | left cosets. ThusG has
|G/H | |H | elements. �

If a is an element of a groupG, then we have seen that the powersan of a form
a cyclic subgroup ofG that is isomorphic either toZ or to some groupZ/mZ

for a positive integerm. We say thata hasfinite order m when the cyclic group
is isomorphic toZ/mZ. Otherwisea hasinfinite order . In the finite-order case
the order ofa is thus the least positive integern such thatan = 1.

Corollary 4.8. If G is a finite group, then each elementa of G has finite order,
and the order ofa divides the order ofG.

PROOF. The order ofa equals|H | if H = {an | n ∈ Z}, and Corollary 4.8 is
thus a special case of Theorem 4.7. �

Corollary 4.9. If p is a prime, then the only group of orderp, up to isomor-
phism, is the cyclic groupCp, and it has no subgroups other than{1} andCp

itself.

PROOF. Suppose thatG is a finite group of orderp and thatH �= {1} is a
subgroup ofG. Let a �= 1 be in H , and letP = {an | n ∈ Z}. Sincea �= 1,
Corollary 4.8 shows that the order ofa is an integer> 1 that dividesp. Sincep
is prime, the order ofa must equalp. Then|P| = p. SinceP ⊆ H ⊆ G and
|G| = p, we must haveP = G. �
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Let G1 andG2 be groups. We say thatϕ : G1 → G2 is ahomomorphism
if ϕ(ab) = ϕ(a)ϕ(b) for all a and b in G. In other words,ϕ is to respect
products, but it is not assumed thatϕ is one-one or onto. Any homomorphismϕ
automatically respects the identity and inverses, in the sense that

• ϕ(1) = 1 (sinceϕ(1) = ϕ(11) = ϕ(1)ϕ(1)),
• ϕ(a−1) = ϕ(a)−1 (since 1= ϕ(1) = ϕ(aa−1) = ϕ(a)ϕ(a−1) and

similarly 1 = ϕ(a−1)ϕ(a)).

EXAMPLES. The following functions are homomorphisms: any isomorphism,
the functionϕ : Z → Z/mZ given byϕ(k) = k modm, the functionϕ : Sn →
{±1} given byϕ(σ) = sgnσ , the functionϕ : Z → G given for fixeda in G by
ϕ(n) = an, and the functionϕ : GL(n, F) → F× given byϕ(A) = detA.

Theimageof a homomorphismϕ : G1 → G2 is just the image ofϕ considered
as a function. It is denoted by imageϕ = ϕ(G1) and is necessarily a subgroup of
G2 since ifϕ(g1) = g2 andϕ(g′

1) = g′
2, thenϕ(g1g′

1) = g2g′
2 andϕ(g−1

1 ) = g−1
2 .

Thekernel of a homomorphismϕ : G1 → G2 is the set kerϕ = ϕ−1({1}) =
{x ∈ G1 | ϕ(x) = 1}. This is a subgroup since ifϕ(x) = 1 andϕ(y) = 1, then
ϕ(xy) = ϕ(x)ϕ(y) = 1 andϕ(x−1) = ϕ(x)−1 = 1.

The homomorphismϕ : G1 → G2 is one-one if and only ifkerϕ is the trivial
group{1}. The necessity follows since 1 is already in kerϕ, and the sufficiency
follows sinceϕ(x) = ϕ(y) implies thatϕ(xy−1) = 1 and therefore thatxy−1 is
in kerϕ.

The kernelH of a homomorphismϕ : G1 → G2 has the additional property
of being anormal subgroup of G1 in the sense thatghg−1 is in H wheneverg
is in G1 andh is in H , i.e.,gHg−1 = H . In fact, if h is in kerϕ andg is in G1,
thenϕ(ghg−1) = ϕ(g)ϕ(h)ϕ(g)−1 = ϕ(g)ϕ(g)−1 = 1 shows thatghg−1 is in
kerϕ.

EXAMPLES.

(1) Any subgroupH of an abelian groupG is normal sinceghg−1 = gg−1h =
h. The alternating subgroupAn of the symmetric groupSn is normal sinceAn

is the kernel of the homomorphismσ �→ sgnσ .

(2) The subgroupH = {1, (1 3)} of S3 is not normal since(1 2)H(1 2)−1 =
{1, (2 3)}.

(3) If a subgroupH of a groupG has just two left cosets, thenH is normal
even ifG is an infinite group. In fact, supposeG = H ∪ g0H wheneverg0 is not
in H . Taking inverses of all elements ofG, we see thatG = H ∪ Hg1 whenever
g1 is not in H . If g in G is given, then eitherg is in H andgHg−1 = H , or g is
not in H andgH = Hg, so thatgHg−1 = H in this case as well.
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Let H be a subgroup ofG. Let us look for the circumstances under which
G/H inherits a multiplication fromG. The natural definition is

(g1H)(g2H)
?= g1g2H,

but we have to check that this definition makes sense. The question is whether
we get the same left coset as product if we change the representatives ofg1H and
g2H from g1 andg2 to g1h1 andg2h2. Since our prospective definition makes
(g1h1H)(g2h2H) = g1h1g2h2H , the question is whetherg1h1g2h2H equals
g1g2H . That is, we ask whetherg1h1g2h2 = g1g2h for someh in H . If this
equality holds, thenh1g2h2 = g2h, and henceg−1

2 h2g2 equalshh−1
2 , which is

an element ofH . Conversely if every expressiong−1
2 h2g2 is in H , then we can

go backwards and see thatg1h1g2h2 = g1g2h for someh in H , hence see that
G/H indeed inherits a multiplication fromG. Thusa necessary and sufficient
condition for G/H to inherit a multiplication from G is that the subgroup H is
normal. According to the next proposition, the multiplication inherited byG/H
when this condition is satisfied makesG/H into a group.

Proposition 4.10.If H is a normal subgroup of a groupG, thenG/H becomes
a group under the inherited multiplication(g1H)(g2H) = (g1g2)H , and the
function q : G → G/H given byq(g) = gH is a homomorphism ofG onto
G/H with kernelH . Consequently every normal subgroup ofG is the kernel of
some homomorphism.

REMARKS. WhenH is normal, the groupG/H is called aquotient group of G,
and the homomorphismq : G → G/H is called thequotient homomorphism.5

In the special case thatG = Z and H = mZ, the construction reduces to the
construction of the additive group of integers modulom and accounts for using
the notationZ/mZ for that group.

PROOF. The coset 1H is the identity, and(gH)−1 = g−1H . Also, the com-
putation (g1Hg2H)g3H = g1g2g3H = g1H(g2Hg3H) proves associativity.
Certainlyq is onto G/H . It is a homomorphism sinceq(g1g2) = g1g2H =
g1Hg2H = q(g1)q(g2). �

In analogy with what was shown for vector spaces in Proposition 2.25, quo-
tients in the context of groups allow for the factorization of certain homomor-
phisms of groups. The appropriate result is stated as Proposition 4.11 and is
pictured in Figure 4.1. We can continue from there along the lines of Section II.5.

5Some authors callG/H a “factor group.” A “factor set,” however, is something different.
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Proposition 4.11.Let ϕ : G1 → G2 be a homomorphism between groups, let
H0 = kerϕ, let H be a normal subgroup ofG1 contained inH0, and define
q : G1 → G1/H to be the quotient homomorphism. Then there exists a
homomorphismϕ : G1/H → G2 such thatϕ = ϕ ◦ q, i.e,ϕ(g1H) = ϕ(g1). It
has the same image asϕ, and kerϕ = {h0H | h0 ∈ H0}.

G1
ϕ−−−→ G2

q



G1/H

ϕ

FIGURE 4.1. Factorization of homomorphisms of groups via the quotient
of a group by a normal subgroup.

REMARK. One says thatϕ factors through G1/H or descends toG1/H . See
Figure 4.1.

PROOF. We will haveϕ ◦ q = ϕ if and only if ϕ satisfiesϕ(g1H) = ϕ(g1).
What needs proof is thatϕ is well defined. Thus suppose thatg1 andg′

1 are in the
same left coset, so thatg′

1 = g1h with h in H . Thenϕ(g′
1) = ϕ(g1)ϕ(h) = ϕ(g1)

sinceH ⊆ kerϕ, andϕ is therefore well defined.
The computationϕ(g1Hg2H) = ϕ(g1g2H) = ϕ(g1g2) = ϕ(g1)ϕ(g2) =

ϕ(g1H)ϕ(g2H) shows thatϕ is a homomorphism. Since imageϕ = imageϕ, ϕ

is onto imageϕ. Finally kerϕ consists of allg1H such thatϕ(g1H) = 1. Since
ϕ(g1H) = ϕ(g1), the condition thatg1 is to satisfy is thatg1 be in kerϕ = H0.
Hence kerϕ = {h0H | h0 ∈ H0}, as asserted. �

Corollary 4.12. Let ϕ : G1 → G2 be a homomorphism between groups, and
suppose thatϕ is ontoG2 and has kernelH . Thenϕ exhibits the groupG1/H as
canonically isomorphic toG2.

PROOF. TakeH = H0 in Proposition 4.11, and formϕ : G1/H → G2 with
ϕ = ϕ ◦ q. The proposition shows thatϕ is ontoG2 and has trivial kernel, i.e.,
the identity element ofG1/H . Having trivial kernel,ϕ is one-one. �

Theorem 4.13 (First Isomorphism Theorem). Letϕ : G1 → G2 be a
homomorphism between groups, and suppose thatϕ is ontoG2 and has kernel
K . Then the mapH1 �→ ϕ(H1) gives a one-one correspondence between

(a) the subgroupsH1 of G1 containingK and
(b) the subgroups ofG2.

Under this correspondence normal subgroups correspond to normal subgroups.
If H1 is normal inG1, thengH1 �→ ϕ(g)ϕ(H1) is an isomorphism ofG1/H1 onto
G2/ϕ(H1).
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REMARK. In the special case of the last statement thatϕ : G1 → G2 is a
quotient mapq : G → G/K andH is a normal subgroup ofG containingK , the
last statement of the theorem asserts the isomorphism

G/H ∼= (G/K )
/
(H/K ).

PROOF. The passage from (a) to (b) is by direct image underϕ, and the passage
from (b) to (a) will be by inverse image underϕ−1. Certainly the direct image of
a subgroup as in (a) is a subgroup as in (b). To prove the one-one correspondence,
we are to show that the inverse image of a subgroup as in (b) is a subgroup as in
(a) and that these two constructions invert one another.

For any subgroupH2 of G2, ϕ−1(H2) is a subgroup ofG1. In fact, if g1 and
g′

1 are inϕ−1(H2), we can writeϕ(g1) = h2 andϕ(g′
1) = h′

2 with h2 andh′
2 in

H2. Then the equationsϕ(g1g′
1) = h2h′

2 andϕ(g−1
1 ) = ϕ(g1)

−1 = h−1
2 show

thath2h′
2 andh−1

2 are inϕ−1(H2).
Moreover, the subgroupϕ−1(H2) containsϕ−1({1}) = K . Therefore the

inverse image underϕ of a subgroup as in (b) is a subgroup as in (a). Sinceϕ is
a function, we haveϕ(ϕ−1(H2)) = H2. Thus passing from (b) to (a) and back
recovers the subgroup ofG2.

If H1 is a subgroup ofG1 containingK , we still need to see thatH1 =
ϕ−1(ϕ(H1)). Certainly H1 ⊆ ϕ−1(ϕ(H1)). For the reverse inclusion letg1 be
in ϕ−1(ϕ(H1)). Thenϕ(g1) is in ϕ(H1), i.e.,ϕ(g1) = ϕ(h1) for someh1 in H1.
Sinceϕ is a homomorphism,ϕ(g1h−1

1 ) = 1. Thusg1h−1
1 is in kerϕ = K , which

is contained inH1 by assumption. Thenh1 andg1h−1
1 are inH1, and hence their

product(g1h−1
1 )h1 = g1 is in H1. We conclude thatϕ−1(ϕ(H1)) ⊆ H1, and thus

passing from (a) to (b) and then back recovers the subgroup ofG1 containingK .
Next let us show that normal subgroups correspond to normal subgroups. IfH2

is normal inG2, let H1 be the subgroupϕ−1(H2) of G1. Forh1 in H1 andg1 in G1,
we can writeϕ(h1) = h2 with h2 in H2, and thenϕ(g1h1g−1

1 ) = ϕ(g1)h2ϕ(g1)
−1

is in ϕ(g1)H2ϕ(g1)
−1 = H2. Henceg1h1g−1

1 is in ϕ−1(H2) = H1. In the reverse
direction letH1 be normal inG1, and letg2 be inG2. Sinceϕ is ontoG2, we can
writeg2 = ϕ(g1) for someg1 in G1. Theng2ϕ(H1)g

−1
2 = ϕ(g1)ϕ(H1)ϕ(g1)

−1 =
ϕ(g1H1g−1

1 ) = ϕ(H1). Thusϕ(H1) is normal.
For the final statement letH2 = ϕ(H1). We have just proved that this image

is normal, and henceG2/H2 is a group. The mapping� : G1 → G2/H2 given
by �(g1) = ϕ(g1)H2 is the composition of two homomorphisms and hence is a
homomorphism. Its kernel is

{g1 ∈ G1 | ϕ(g1) ∈ H2} = {g1 ∈ G1 | ϕ(g1) ∈ ϕ(H1)} = ϕ−1(ϕ(H1)),

and this equalsH1 by the first conclusion of the theorem. Applying Corollary
4.12 to�, we obtain the required isomorphism� : G1/H1 → G2/ϕ(H1). �
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Theorem 4.14(Second Isomorphism Theorem). LetH1 andH2 be subgroups
of a groupG with H2 normal inG. ThenH1∩ H2 is a normal subgroup ofH1, the
setH1H2 of products is a subgroup ofG with H2 as a normal subgroup, and the
maph1(H1 ∩ H2) �→ h1H2 is a well-defined canonical isomorphism of groups

H1/(H1 ∩ H2) ∼= (H1H2)/H2.

PROOF. The setH1∩H2 is a subgroup, being the intersection of two subgroups.
Forh1 in H1, we haveh1(H1 ∩ H2)h

−1
1 ⊆ h1H1h−1

1 ⊆ H1 sinceH1 is a subgroup
andh1(H1 ∩ H2)h

−1
1 ⊆ h1H2h−1

1 ⊆ H2 since H2 is normal inG. Therefore
h1(H1 ∩ H2)h

−1
1 ⊆ H1 ∩ H2, andH1 ∩ H2 is normal inH1.

The setH1H2 of products is a subgroup sinceh1h2h′
1h′

2 = h1h′
1(h

′
1
−1h2h′

1)h
′
2

and since(h1h2)
−1 = (h−1

2 h−1
1 h2)h

−1
2 , and H2 is normal inH1H2 sinceH2 is

normal inG.
The functionϕ(h1(H1 ∩ H2)) = h1H2 is well defined sinceH1 ∩ H2 ⊆ H2,

andϕ respects products. The domain ofϕ is {h1(H1 ∩ H2) | h1 ∈ H1}, and the
kernel is the subset of this such thath1 lies in H2 as well asH1. For this to happen,
h1 must be inH1 ∩ H2, and thus the kernel is the identity coset ofH1/(H1 ∩ H2).
Henceϕ is one-one.

To see thatϕ is onto(H1H2)/H2, let h1h2H2 be given. Thenh1(H1 ∩ H2)

maps toh1H2, which equalsh1h2H2. Henceϕ is onto. �

3. Direct Products and Direct Sums

We return to the matter of direct products and direct sums of groups, direct
products having been discussed briefly in Section 1. In a footnote in Section II.4
we mentioned a general principle in algebra that “whenever a new systematic con-
struction appears for the objects under study, it is well to look for a corresponding
construction with the functions relating these new objects.” This principle will
be made more precise in Section 11 of the present chapter with the aid of the
language of “categories” and “functors.”

Another principle that will be relevant for us is that constructions in one context
in algebra often recur, sometimes in slightly different guise, in other contexts. One
example of the operation of this principle occurs with quotients. The construction
and properties of the quotient of a vector space by a vector subspace, as in Section
II.5, is analogous in this sense to the construction and properties of the quotient of
a group by anormalsubgroup, as in Section 2 in the present chapter. The need for
the subgroup to be normal is an example of what is meant by “slightly different
guise.” Anyway, this principle too will be made more precise in Section 11 of
the present chapter using the language of categories and functors.
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C is replaced by a general fieldF. The proofs need no adjustments, and it is not
necessary to write out the details. For the moment we make only the following
application of vector spaces over general fields, but the extended theory of vector
spaces will play an important role in most of the remaining chapters of this book.

Proposition 4.33. If F is a finite field, then the number of elements inF is a
power of a prime.

REMARK. We return to this matter in Chapter IX, showing at that time that for
each prime powerpn > 1, there is one and only one field withpn elements, up
to isomorphism.

PROOF. The characteristic ofF cannot be 0 sinceF is finite, and hence it is some
prime p. Denote the prime field ofF by Fp. By restricting the multiplication
so that it is defined only onFp × F, we makeF into a vector space overFp,
necessarily finite-dimensional. Proposition 2.18 shows thatF is isomorphic as a
vector space to the space(Fp)

n of n-dimensional column vectors for somen, and
henceF must havepn elements. �

6. Group Actions and Examples

Let X be a nonempty set, letF(X) be the group of invertible functions fromX
onto itself, the group operation being composition, and letG be a group. Agroup
action of G on X is a homomorphism ofG intoF(X). Examples 5–9 of groups
in Section 1 were in fact subgroups of various groupsF(X) and are therefore
examples of group actions. Thus every group of permutations of{1, . . . , n},
every dihedral group acting onR2, and every general linear group or subgroup
acting on a finite-dimensional vector space overQ or R or C or an arbitrary field
F provides an example. So do the orthogonal and unitary groups acting onRn

andCn, as well as the automorphism group of any number field.
We saw an indication in Section 1 that many early examples of groups arose in

this way. One source of examples that is of some importance and was not listed in
Section 1 occurs in the geometry ofR2. The translations inR2, together with the
rotations about arbitrary points ofR2 and the reflections about arbitrary lines in
R2, form a groupG of rigid motions of the plane.11 This groupG is a subgroup
of F(R2), and thusG acts onR2. More generally, whenever a nonempty setX
has a notion of distance, the set ofisometriesof X, i.e., the distance-preserving
members ofF(X), forms a subgroup ofF(X), and thus the group of isometries
of X acts onX.

11One can show thatG is the full group of rigid motions ofR2, but this fact will not concern us.
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At any rate a group actionτ of G on X, being a homomorphism ofG into
F(X), is of the formg �→ τg, whereτg is in F(X) andτg1g2 = τg1τg2. There is
an equivalent way of formulating matters that does not so obviously involve the
notion of a homomorphism. Namely, we writeτg(x) = gx. In this notation the
group action becomes a functionG × X → X with (g, x) �→ gx such that

(i) (g1g2)x = g1(g2x) for all g1 andg2 in G and for allx in X (from the fact
thatτg1g2 = τg1τg2),

(ii) 1x = x for all x in X (from the fact thatτ1 = 1).

Conversely ifG × X → X satisfies (i) and (ii), then the formulasx = 1x =
(gg−1)x = g(g−1x) andx = 1x = (g−1g)x = g−1(gx) show that the function
x �→ gx from X to itself is invertible with inversex �→ g−1x. Consequently
the definitionτg(x) = gx makesg �→ τg a function fromG into F(X), and (i)
shows thatτ is a homomorphism. Thus (i) and (ii) indeed give us an equivalent
formulation of the notion of a group action. Both formulations are useful.

Quite often the homomorphismG → F(X) of a group action is one-one, and
thenG can be regarded as a subgroup ofF(X). Here is an important geometric
example in which the homomorphism is not one-one.

EXAMPLE. Linear fractional transformations. LetX = C ∪ {∞}, a set that
becomes theRiemann spherein complex analysis. The groupG = GL(2, C)

acts onX by thelinear fractional transformations

(
a b
c d

)
(z) = az+ b

cz+ d
,

the understanding being that the image of∞ is ac−1 and the image of−dc−1

is ∞, just as if we were to pass to a limit in each case. Property (ii) of a group
action is clear. To verify (i), we simply calculate that

(
a′ b′
c′ d′

) ((
a b
c d

)
(z)

)
= a′ (az+b

cz+d

) + b′

c′ (az+b
cz+d

) + d′

= (a′a + b′c)z + (a′b + b′d)

(c′a + d′c)z + (c′b + d′d)

=
((

a′ b′
c′ d′

) (
a b
c d

))
(z),

and indeed we have a group action. Let SL(2, R) be the subgroup of real matrices
in GL(2, C) of determinant 1, and letY be the subset ofX where Imz > 0, not
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including∞. The members of SL(2, R) carry the subsetY into itself, as we see
from the computation

Im
az+ b

cz+ d
= Im

(az+ b)(cz̄ + d)

|cz+ d|2 = Im
adz+ bcz̄

|cz+ d|2

= (ad − bc) Im z

|cz+ d|2 = Im z

|cz+ d|2 .

Since the effect of a matrixg−1 is to invert the effect ofg, and since bothg and
g−1 carryY to itself, we conclude that SL(2, R) acts onY = {z ∈ C | Im z > 0}
by linear fractional transformations. In similar fashion one can verify that the
subgroup

SU(1, 1) =
{(

α β

β̄ ᾱ

) ∣∣∣∣ α ∈ C, β ∈ C, |α|2 − |β|2 = 1

}

of GL(2, C) acts on{z ∈ C | |z| < 1} by linear fractional transformations.

One group action can yield many others. For example, from an action ofG on
X, we can construct an action on the space of all complex-valued functions on
X. The definition is(g f )(x) = f (g−1x), the use of the inverse being necessary
in order to verify property (i) of a group action:

((g1g2) f )(x) = f ((g1g2)
−1x) = f ((g−1

2 g−1
1 )x)

= f (g−1
2 (g−1

1 x)) = (g2 f )(g−1
1 x) = (g1(g2 f ))(x).

There is nothing special about the complex numbers as range for the functions
here. We can allow any set as range, and we can even allowG to act on the range,
as well as on the domain.12 If G acts onX andY, then the set of functions from
X to Y inherits a group action under the definition

(g f )(x) = g( f (g−1x)),

as is easily checked. In other words, we are to useg−1 where the domain enters
the formula and we are to useg where the range enters the formula.

If V is a vector space over a fieldF, a representationof G on V is a group
action ofG on V by linear functions. Specifically for eachg ∈ G, τg is to be a
member of the group of linear maps fromV into itself. Usually one writesτ(g)

instead ofτg in representation theory, and thus the condition is thatτ(g) is to be
linear for eachg ∈ G and we are to haveτ(1) = 1 andτ(g1g2) = τ(g1)τ (g2) for
all g1 andg2. There are interesting examples both whenV is finite-dimensional
and whenV is infinite-dimensional.13

12WhenC was used as range in the previous display, the group action ofG onC was understood
to betrivial in the sense thatgz = z for everyg in G andz in C.

13In some settings a continuity assumption may be added to the definition of a representation, or
the fieldF may be restricted in some way. We impose no such assumption here at this time.
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EXAMPLES OF REPRESENTATIONS.

(1) If m ≥ 1, then the additive groupZ/mZ acts linearly onR2 by

τ(k) =
(

cos2πk
m − sin 2πk

m

sin 2πk
m cos2πk

m

)
, k ∈ {0, 1, 2, . . . , m − 1}.

Eachτ(k) is a rotation matrix about the origin through an angle that is a multiple of
2π/m. These transformations ofR2 form a subgroup of the group of symmetries
of a regulark-gon centered at the origin inR2.

(2) The dihedral groupD3 acts linearly onR2 with

τ(1)=
(

1 0
0 1

)
, τ (2 3)=

(
1 0
0 −1

)
, τ (1 2) =

(
− 1

2

√
3

2
√

3
2

1
2

)
, τ (1 3) =

(
− 1

2 −
√

3
2

−
√

3
2

1
2

)
,

τ (1 2 3) =
(

− 1
2 −

√
3

2
√

3
2 − 1

2

)
, τ (1 3 2) =

(
− 1

2

√
3

2

−
√

3
2 − 1

2

)
.

Each of these matrices carries into itself the equilateral triangle with center at the
origin and one vertex at(1, 0). To obtain these matrices, we number the vertices
#1, #2, #3 counterclockwise with the vertex at(1, 0) as #1.

(3) The symmetric groupSn acts linearly onRn by permuting the indices
of standard basis vectors. For example, withn = 3, we have(1 3)e1 = e3,
(1 3)e2 = e2, etc. The matrices may be computed by the techniques of Section
II.3. With n = 3, we obtain, for example,

(1 3) �→
(

0 0 1
0 1 0
1 0 0

)
and (1 2 3) �→

(
0 0 1
1 0 0
0 1 0

)
.

(4) If G acts on a setX, then the corresponding action(g f )(x) = f (g−1x) on
complex-valued functions is a representation on the vector space of all complex-
valued functions onX. This vector space is infinite-dimensional ifX is an infinite
set. The linearity of the action on functions follows from the definitions of addition
and scalar multiplication of functions. In fact, let functionsf1 and f2 be given,
and letc be a scalar. Then

(g( f1 + f2))(x) = ( f1 + f2)(g
−1x) = f1(g

−1x) + f2(g
−1x)

= (g f1)(x) + (g f2)(x) = (g f1 + g f2)(x)

and

(g(c f1))(x) = (c f1)(g
−1x) = c( f1(g

−1x)) = c((g f1)(x)) = (c(g f1))(x).
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One more important class of group actions consists of those that are closely
related to the structure of the group itself. Two simple ones are the action ofG
on itself by left translations(g1, g2) �→ g1g2 and the action ofG on itself by
right translations(g1, g2) �→ g2g−1

1 . More useful is the action ofG on a quotient
spaceG/H , whereH is a subgroup. This action is given by(g1, g2H) �→ g1g2H .
There are still others, and some of them are particularly handy in analyzing finite
groups. We give some applications in the present section and the next, and we
postpone others to Section 10. Before describing some of these actions in detail,
let us make some general definitions and establish two easy results.

Let G× X → X be a group action. Ifp is in X, thenGp = {g ∈ G | gp = p}
is a subgroup ofG called theisotropy subgroupat p. This is not always a normal
subgroup; however, the subgroup

⋂
p∈G Gp that fixes all points ofX is the kernel

of the homomorphismG → F(X) defining the group action, and such a kernel
has to be normal.

Let p andq be in X. We say thatp is equivalent toq for the purposes of
this paragraph ifp = gq for someg ∈ G. The result is an equivalence relation:
it is reflexive sincep = 1p, it is symmetric sincep = gq implies g−1 p = q,
and it is transitive sincep = gq andq = g′r together implyp = (gg′)r . The
equivalence classes are calledorbits of the group action. The orbit of a pointp
in X is Gp = {gp | g ∈ G}. If Y = Gp is an orbit, or more generally ifY is
any subset ofX carried to itself by every element ofG, thenG × Y → Y is a
group action. In fact, each functiony �→ gy is invertible onY with y �→ g−1y
as the inverse function, and properties (i) and (ii) of a group action follow from
the same properties forX.

A group actionG × X → X is said to betransitive if there is just one orbit,
hence ifX = Gp for eachp in X. It is simply transitive if it is transitive and if
for eachp andq in X, there is just one elementg of G with gp = q.

Proposition 4.34. Let G × X → X be a group action, letp be in X, and let
H be the isotropy subgroup atp. Then the mapG → Gp given byg �→ gp
descends to a well-defined mapG/H → Gp that is one-one fromG/H onto the
orbit Gp and respects the group actions.

REMARK. In other words, a group action ofG on a single orbit is always
isomorphic as a group actionto the action ofG on some quotient spaceG/H .

PROOF. Let ϕ : G → Gp be defined byϕ(g) = gp. For h in H = Gp,
ϕ(gh) = (gh)p = g(hp) = gp = ϕ(g) shows thatϕ descends to a well-defined
functionϕ : G/H → Gp, andϕ is certainly ontoGp. If ϕ(g1H) = ϕ(g2H),
theng1 p = ϕ(g1 p) = ϕ(g2 p) = g2 p, and henceg−1

2 g1 p = p, g−1
2 g1 is in H ,

g1 is in g2H , andg1H = g2H . Thusϕ is one-one.
Respecting the group action means thatϕ(gg′H) = gϕ(g′H), and this identity

holds sincegϕ(g′H) = gϕ(g′) = g(g′ p) = (gg′)p = ϕ(gg′) = ϕ(gg′H). �
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A simple consequence is the following importantcounting formula in the
case of a group action by a finite group.

Corollary 4.35. Let G be a finite group, letG × X → X be a group action,
let p be in X, andGp be the isotropy group atp, and letGp be the orbit ofp.
Then|G| = |Gp| |Gp|.

PROOF. Proposition 4.34 shows that the action ofG on someG/Gp is the most
general group action on a single orbit,Gp being the isotropy subgroup. Thus the
corollary follows from Lagrange’s Theorem (Theorem 4.7) withH = Gp and
G/H = Gp. �

We turn to applications of group actions to the structure of groups. IfH is a
subgroup of a groupG, theindex of H in G is the number of elements inG/H ,
finite or infinite. The first application notes a situation in which a subgroup of a
finite group is automatically normal.

Proposition 4.36. Let G be a finite group, and letp be the smallest prime
dividing the order ofG. If H is a subgroup ofG of index p, thenH is normal.

REMARKS. The most important case isp = 2: any subgroup of index 2 is
automatically normal, and this conclusion is valid even ifG is infinite, as was
already pointed out in Example 3 of Section 2. IfG is finite and if 2 divides the
order ofG, there need not, however, be any subgroup of index 2; for example,
the alternating groupA4 has order 12, and Problem 11 at the end of the chapter
shows thatA4 has no subgroup of order 6.

PROOF. Let X = G/H , and restrict the group actionG × X → X to an action
H × X → X. The subset{1H} is a single orbit underH , and the remainingp−1
members ofG/H form a union of orbits. Corollary 4.35 shows that the number
of elements in an orbit has to be a divisor of|H |, and the smallest divisor of|H |
other than 1 is≥ p since the smallest divisor of|G| other than 1 equalsp and
since|H | divides|G|. Hence any orbit ofH containing more than one element
has at leastp elements. Since onlyp − 1 elements are left under consideration,
each orbit underH contains only one element. ThereforehgH = gH for all h
in H andg in G. Theng−1hg is in H , and we conclude thatH is normal. �

If G is a group, thecenterZG of G is the set of all elementsx such thatgx = xg
for all g in G. The center ofG is a subgroup (sincegx = xgandgy = yg together
imply g(xy) = xgy = (xy)g andxg−1 = g−1(gx)g−1 = g−1(xg)g−1 = g−1x),
and every subgroup of the center is normal sincex ∈ ZG andg ∈ G together
imply gxg−1 = x. Here are examples: the center of a groupG is G itself if and
only if G is abelian, the center of the quaternion groupH8 is {±1}, and the center
of any symmetric groupSn with n ≥ 3 is {1}.
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If x is in G, thecentralizer of x in G, denoted byZG(x), is the set of allg
such thatgx = xg. This is a subgroup ofG, and it equalsG itself if and only if
x is in the center ofG. For example the centralizer ofi in H8 is the 4-element
subgroup{±1, ±i}.

Having made these definitions, we introduce a new group action ofG on G,
namely(g, x) �→ gxg−1. The orbits are called theconjugacy classesof G. If x
andy are two elements ofG, we say thatx is conjugate to y if x andy are in
the same conjugacy class. In other words,x is conjugate toy if there is someg
in G with gxg−1 = y. The result is an equivalence relation. Let us writeC�(x)

for the conjugacy class ofx. We can easily compute the isotropy subgroupGx

at x under this action; it consists of allg ∈ G such thatgxg−1 = x and hence is
exactly the centralizerZG(x) of x in G. In particular,C�(x) = {x} if and only
if x is in the centerZG. Applying Corollary 4.35, we immediately obtain the
following result.

Proposition 4.37.If G is a finite group, then|G| = | C�(x)| |ZG(x)| for all x
in G.

Thus| C�(x)| is always a divisor of|G|, and it equals 1 if and only ifx is in the
centerZG. Let us apply these considerations to groups whose order is a power
of a prime.

Corollary 4.38. If G is a finite group whose order is a positive power of a
prime, then the centerZG is not{1}.

PROOF. Let |G| = pn with p prime and withn > 0. The conjugacy classes of
G exhaustG, and thus the sum of all| C�(x)|’s equals|G|. Since| C�(x)| = 1
if and only if x is in ZG, the sum of|ZG| and all the| C�(x)|’s that are not 1 is
equal to|G|. All the terms| C�(x)| that are not 1 are positive powers ofp, by
Proposition 4.37, and so is|G|. Thereforep divides|ZG|. �

Corollary 4.39. If G is a finite group of orderp2 with p prime, thenG is
abelian.

PROOF. From Corollary 4.38 we see that either|ZG| = p2, in which caseG is
abelian, or|ZG| = p. We show that the latter is impossible. If fact, ifx is not in
ZG, thenZG(x) is a subgroup ofG that containsZG and the elementx. It must
then have orderp2 and be all ofG. Hence every element ofG commutes withx,
andx is in ZG, contradiction. �

Corollary 4.40. If G is a finite group whose order is a positive powerpn of
a primep, then there exist normal subgroupsGk of G for 0 ≤ k ≤ n such that
|G| = pk for all k ≤ n and such thatGk ⊆ Gk+1 for all k < n.
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PROOF. We proceed by induction onn. The base case of the induction is
n = 1 and is handled by Corollary 4.9. Assume inductively that the result
holds forn, and letG have orderpn+1. Corollary 4.39 shows thatZG �= {1}.
Any element�= 1 in ZG must have order a power ofp, and some power of
it must therefore have orderp. Thus leta be an element ofZG of order p,
and let H be the subgroup consisting of the powers ofa. Then H is normal
and has orderp. Let G′ = G/H be the quotient group, and letϕ : G → G′
be the quotient homomorphism. The groupG′ has orderpn, and the inductive
hypothesis shows thatG′ has normal subgroupsG′

k for 0 ≤ k ≤ n such that
|G′

k| = pk for k ≤ n andG′
k ⊆ G′

k+1 for k ≤ n − 1. For 1≤ k ≤ n + 1, define
Gk = ϕ−1(G′

k−1), and letG0 = {1}. The First Isomorphism Theorem (Theorem
4.13) shows that eachGk for k ≥ 1 is a normal subgroup ofG containingH and
thatϕ(Gk) = G′

k−1. Thenϕ
∣∣
Gk

is a homomorphism ofGk ontoG′
k−1 with kernel

H , and hence|Gk| = |G′
k−1| |H | = pk−1 p = pk. Therefore theGk’s will serve

as the required subgroups ofG. �

It is not always so easy to determine the conjugacy classes in a particular group.
For example, in GL(n, C) the question of conjugacy is the question whether
two matrices are similar in the sense of Section II.3; this will be one of the
main problems addressed in Chapter V. By contrast, the problem of conjugacy in
symmetric groups has a simple answer. Recall that every permutation is uniquely
the product of disjoint cycles. Thecycle structure of a permutation consists of
the number of cycles of each length in this decomposition.

Lemma 4.41. Let σ andτ be members of the symmetric groupSn. If σ

is expressed as the product of disjoint cycles, thenτστ−1 has the same cycle
structure asσ , and the expression forτστ−1 as the product of disjoint cycles is
obtained from that forσ by substitutingτ(k) for k throughout.

REMARK. For example, ifσ = (a b)(c d e), thenτστ−1 decomposes as(
τ(a) τ (b)

)(
τ(c) τ (d) τ (e)

)
.

PROOF. Because the conjugate of a product equals the product of the conju-
gates, it is enough to handle a cycleγ = (a1 a2 · · · an) appearing inσ . The
corresponding cycleγ ′ = τγ τ−1 is asserted to beγ ′ = (τ (a1) τ (a2) · · · τ(an)).
Application ofτ−1 to τ(aj ) yieldsaj , application ofσ to this yieldsaj +1 if j < n
anda1 if j = n, and application ofτ to the result yieldsτ(aj +1) or τ(a1). For
each of the symbolsb not in the list{a1, . . . , an}, τγ τ−1(τ (b)) = τ(b) since
γ (b) = b. Thusτγ τ−1 = γ ′, as asserted. �

Proposition 4.42. Let H be a subgroup of a symmetric groupSn. If C�(x)

denotes a conjugacy class inH , then all members ofC�(x) have the same cycle
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structure. Conversely ifH = Sn, then the conjugacy class of a permutationσ

consists of all members ofSn having the same cycle structure asσ .

PROOF. The first conclusion is immediate from Lemma 4.41. For the second
conclusion, letσ andσ ′ have the same cycle structure, and letτ be the permutation
that moves, for eachk, thekth symbol appearing in the disjoint-cycle expansion
of σ into the kth symbol in the corresponding expansion ofσ ′. Defineτ on
the remaining symbols in any fashion at all. Application of the lemma shows
thatτστ−1 = σ ′. Thus any two permutations with the same cycle structure are
conjugate. �

7. Semidirect Products

One more application of group actions to the structure theory of groups will
be to the construction of “semidirect products” of groups. IfH is a group,
then an isomorphism ofH with itself is called anautomorphism. The set of
automorphisms ofH is a group under composition, and we denote it by AutH .
We are going to be interested in “group actions by automorphisms,” i.e., group
actions of a groupG on a spaceX whenX is itself a group and the action by each
member ofG is an automorphism of the group structure ofX; the group action
is therefore a homomorphism of the formτ : G → Aut X.

EXAMPLE 1. In R2, we can identify the additive group of the underlying
vector space with the group of translations�v(w) = v + w; the identification
associates a translation� with the member�(0) of R2. Let H be the group of
translations. The rotations about the origin inR2, namely the linear maps with

matrices
(

cosθ sinθ

− sinθ cosθ

)
, form a groupG = SO(2) that acts onR2, hence acts on

the setH of translations. The linearity of the rotations says that the action of
G = SO(2) on the translations is by automorphisms ofH , i.e., that each rotation,
in its effect onG, is in Aut H . Out of these data—the two groupsG andH and a
homomorphism ofG into Aut H—we will construct below what amounts to the
group of all rotations (about any point) and translations ofR2. The construction
is that of a “semidirect product.”

EXAMPLE 2. Take any groupG, and letG act onX = G by conjugation. Each
conjugationx �→ gxg−1 is an automorphism ofG, and thus the action ofG on
itself by conjugation is an action by automorphisms.

Let G andH be groups. Suppose that a group actionτ : G → F(H) is given
with G acting onH by automorphisms. That is, suppose that each maph → τg(h)

is an automorphism ofH . We define a groupG×τ H whose underlying set will be
the Cartesian productG × H . The motivation for the definition of multiplication
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and restrict the action by conjugation fromG × � → � to H × � → �. Each
H orbit in � must havepa elements for somea, by one more application of the
counting formula Corollary 4.35. Since|�| ≡ 1 mod p, someH orbit has one
element, say theH orbit of P. Then the isotropy subgroup ofH at the pointP
is all of H , andH ⊆ N(P). By Lemma 4.62,H ⊆ P. This completes the proof
of Theorem 4.59. �

11. Categories and Functors

The mathematics thus far in the book has taken place in several different contexts,
and we have seen that the same notions sometimes recur in more than one context,
possibly with variations. For example we have worked with vector spaces, inner-
product spaces, groups, rings, and fields, and we have seen that each of these areas
has its own definition of isomorphism. In addition, the notion of direct product
or direct sum has arisen in more than one of these contexts, and there are other
similarities. In this section we introduce some terminology to make the notion
of “context” precise and to provide a setting for discussing similarities between
different contexts.

A categoryC consists of three things:

• a class ofobjects, denoted by Obj(C ),
• for any two objectsA and B in the category, a set Morph(A, B) of

morphisms,
• for any three objectsA, B, andC in the category, alaw of composition

for morphisms, i.e., a function carrying Morph(A, B)×Morph(B, C) into
Morph(A, C), with the image of( f, g) under composition written asg f ,

and these are to satisfy certain properties that we list in a moment. When more
than one category is under discussion, we may use notation like MorphC(A, B)

to distinguish between the categories.
We are to think initially of the objects as the sets we are studying with a par-

ticular kind of structure on them; the morphisms are then the functions from one
object to another that respect this additional structure, and the law of composition
is just composition of functions. Indeed, the defining conditions that are imposed
on general categories are arranged to be obvious for this special kind of category,
and this setting accounts for the order in which we write the composition of two
morphisms. But the definition of a general category is not so restrictive, and it is
important not to restrict the definition in this way.

The properties that are to be satisfied to have a category are as follows:

(i) the sets Morph(A1, B1) and Morph(A2, B2) are disjoint unlessA1 =
A2 and B1 = B2 (because two functions are declared to be different
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unless their domains match and their ranges match, as is underscored in
Section A1 of the appendix),

(ii) the law of composition satisfies the associativity propertyh(g f ) = (hg) f
for f ∈ Morph(A, B), g ∈ Morph(B, C), andh ∈ Morph(C, D),

(iii) for each objectA, there is anidentity morphism 1A in Morph(A, A) such
that f 1A = f and 1Ag = g for f ∈ Morph(A, B) andg ∈ Morph(C, A).

A subcategorySof a categoryCby definition is a category with Obj(S ) ⊆ Obj(C )

and MorphS(A, B) ⊆ MorphC(A, B) wheneverA and B are in Obj(S ), and it
is assumed that the laws of composition inS andC are consistent when both are
defined.

Here are several examples in which the morphisms are functions and the law
of composition is ordinary composition of functions. They are usually identified
in practice just by naming their objects, since the morphisms are understood to
be all functions from one object to another respecting the additional structure on
the objects.

EXAMPLES OF CATEGORIES.

(1) The category of all sets. An objectA is a set, and a morphism in the set
Morph(A, B) is a function fromA into B.

(2) The category of all vector spaces over a fieldF. The morphisms are linear
maps.

(3) The category of all groups. The morphisms are group homomorphisms.

(4) The category of all abelian groups. The morphisms again are group
homomorphisms. This is a subcategory of the previous example.

(5) The category of all rings. The morphisms are all ring homomorphisms.
The kernel and the image of a morphism are necessarily objects of the category.

(6) The category of all rings with identity. The morphisms are all ring homo-
morphisms carrying identity to identity. This is a subcategory of the previous
example. The image of a morphism is necessarily an object of the category, but
the kernel of a morphism is usually not in the category.

(7) The category of all fields. The morphisms are as in Example 6, and the
result is a subcategory of Example 6. In this case any morphism is necessarily
one-one and carries inverses to inverses.

(8) The category of all group actions by a particular groupG. If G acts onX
and onY, then a morphism from the one space to the other is aG equivariant
mapping from X to Y, i.e., a functionϕ : X → Y such thatϕ(gx) = gϕ(x) for
all x in X.

(9) The category of all representations by a particular groupG on a vector space
over a particular fieldF. The morphisms are the linearG equivariant functions.
This is a subcategory of the previous example.
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Readers who are familiar with point-set topology will recognize that one can
impose topologies on everything in the above examples, insisting that the func-
tions be continuous, and again we obtain examples of categories. For example the
category of all topological spaces consists of objects that are topological spaces
and morphisms that are continuous functions. The category of all continuous
group actions by a particular topological group has objects that are group actions
G× X → X that are continuous functions, and the morphisms are the equivariant
functions that are continuous.

Readers who are familiar with manifolds will recognize that another example
is the category of all smooth manifolds, which consists of objects that are smooth
manifolds and morphisms that are smooth functions.

The morphisms in a category need not be functions in the usual sense. An
important example is the “opposite category”C opp to a categoryC, which is a
handy technical device and is discussed in Problems 78–80 at the end of the
chapter.

In all of the above examples of categories, the class of objects fails to be a set.
This behavior is typical. However, it does not cause problems in practice because
in any particular argument involving categories, we can restrict to a subcategory
for which the objects do form a set.15

If C is a category, a morphismϕ ∈ Morph(A, B) is said to be anisomorphismif
there exists a morphismψ ∈ Morph(B, A) such thatψϕ = 1A andϕψ = 1B. In
this case we say thatA is isomorphic to B in the categoryC. Let us check that the
morphismψ is unique if it exists. In fact, ifψ ′ is a member of Morph(B, A) with
ψ ′ϕ = 1A andϕψ ′ = 1B, thenψ = 1Aψ = (ψ ′ϕ)ψ = ψ ′(ϕψ) = ψ ′1B = ψ ′.
We can therefore callψ the inverseto ϕ.

The relation “is isomorphic to” is an equivalence relation.16 In fact, the relation
is symmetric by definition, and it is reflexive because 1A ∈ Morph(A, A) has 1A
as inverse. For transitivity letϕ1 ∈ Morph(A, B) andϕ2 ∈ Morph(B, C) be iso-
morphisms, with respective inversesψ1 ∈ Morph(B, A) andψ2 ∈ Morph(C, B).
Thenϕ2ϕ1 is in Morph(A, C), andψ1ψ2 is in Morph(C, A). Calculation gives
(ψ1ψ2)(ϕ2ϕ1) = ψ1(ψ2(ϕ2ϕ1)) = ψ1((ψ2ϕ2)ϕ1) = ψ1(1Bϕ1) = ψ1ϕ1 = 1A,
and similarly(ϕ2ϕ1)(ψ1ψ2) = 1C. Thereforeϕ2ϕ1 ∈ Morph(A, C) is an isomor-
phism, and “is isomorphic to” is an equivalence relation. WhenA is isomorphic
to B, it is permissible to say thatA andB areisomorphic.

The next step is to abstract a frequent kind of construction that we have

15For the interested reader, a book that pays closer attention to the inherent set-theoretic difficul-
ties in the theory is Mac Lane’sCategories for the Working Mathematician.

16Technically one considers relations only when they are defined on sets, and the class of objects
in a category is typically not a set. However, just as with vector spaces, groups, and so on, we can
restrict attention in any particular situation to a subcategory for which the objects do form a set, and
then there is no difficulty.
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used with our categories. IfC andD are two categories, acovariant functor
F : C → D associates to each objectA in Obj(C ) an objectF(A) in Obj(D) and
to each pair of objectsA andB and morphismf in MorphC(A, B) a morphism
F( f ) in MorphD(F(A), F(B)) such that

(i) F(g f ) = F(g)F( f ) for f ∈ MorphC(A, B) andg ∈ MorphC(B, C),
(ii) F(1A) = 1F(A) for A in Obj(C ).

EXAMPLES OF COVARIANT FUNCTORS.

(1) Inclusion of a subcategory into a category is a covariant functor.

(2) Let C be the category of all sets. IfF carries each setX to the set 2X of
all subsets ofX, thenF is a covariant functor as soon as its effect on functions
between sets, i.e., its effect on morphisms, is defined in an appropriate way.
Namely, if f : X → Y is a function, thenF( f ) is to be a function from
F(X) = 2X to F(Y) = 2Y. That is, we need a definition ofF( f )(A) as a subset
of Y wheneverA is a subset ofX. A natural way of making such a definition is
to put F( f )(A) = f (A), and thenF is indeed a covariant functor.

(3) Let C be any of Examples 2 through 6 of categories above, and letD be
the category of all sets, as in Example 1 of categories. IfF carries an objectA in
C (i.e., a vector space, group, ring, etc.) into its underlying set and carries each
morphism into its underlying function between two sets, thenF is a covariant
functor and furnishes an example of what is called aforgetful functor .

(4) Let C be the category of all vector spaces over a fieldF, let U be a
vector space overF, and let F : C → C be defined on a vector space to
be the vector space of linear mapsF(V) = HomF(U, V). The set of mor-
phisms MorphC(V1, V2) is HomF(V1, V2). If f is in MorphC(V1, V2), thenF( f )

is to be in MorphC
(

HomF(U, V1), HomF(U, V2)
)
, and the definition is that

F( f )(L) = f ◦ L for L ∈ HomF(U, V1). Then F is a covariant functor:
to check thatF(g f ) = F(g)F( f ) when g is in MorphC(V2, V3), we write
F(g f )(L) = g f ◦ L = g ◦ f L = g ◦ F( f ) = F(g)F( f ).

(5) LetC be the category of all groups, letD be the category of all sets, letG
be a group, and letF : C → D be the functor defined as follows. For a group
H , F(H) is the set of all group homomorphisms fromG into H . The set of
morphisms MorphC(H1, H2) is the set of group homomorphisms fromH1 into
H2. If f is in MorphC(H1, H2), thenF( f ) is to be a function with domain the set
of homomorphisms fromG into H1 and with range the set of homomorphisms
from G into H2. Let F( f )(ϕ) = ϕ ◦ f . ThenF is a covariant functor.

(6) Let C be the category of all sets, and letD be the category of all abelian
groups. To a setS, associate the free abelian groupF(S) with S asZ basis.
If f : S → S′ is a function, then the universal mapping property of external
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direct sums of abelian groups (Proposition 4.17) yields a corresponding group
homomorphism fromF(S) to F(S′), and we define this group homomorphism
to beF( f ). ThenF is a covariant functor.

(7) Let C be the category of all finite sets, fix a commutative ringR with
identity, and letD be the category of all commutative rings with identity. To
a finite setS, associate the commutative ringF(S) = R[{Xs | s ∈ S}]. If
f : S → S′ is a function, then the properties of substitution homomorphisms
give us a corresponding homomorphism of rings with identity carryingF(S) to
F(S′), and the result is a covariant functor.

There is a second kind of functor of interest to us. IfC andD are two categories,
a contravariant functor F : C → D associates to each objectA in Obj(C ) an
objectF(A) in Obj(D) and to each pair of objectsA andB and morphismf in
MorphC(A, B) a morphismF( f ) in MorphD(F(B), F(A)) such that

(i) F(g f ) = F( f )F(g) for f ∈ MorphC(A, B) andg ∈ MorphD(B, C),
(ii) F(1A) = 1F(A) for A in Obj(C ).

EXAMPLES OF CONTRAVARIANT FUNCTORS.

(1) Let C be the category of all vector spaces over a fieldF, let W be a
vector space overF, and let F : C → C be defined on a vector space to be
the vector space of linear mapsF(V) = HomF(V, W). The set of morphisms
MorphC(V1, V2) is HomF(V1, V2). If f is in MorphC(V1, V2), thenF( f ) is to be in
MorphC

(
HomF(V2, W), HomF(V1, W)

)
, and the definition is thatF( f )(L) =

L ◦ f for L ∈ HomF(V1, W). Then F is a contravariant functor: to check
that F(g f ) = F( f )F(g) wheng is in MorphC(V2, V3), we write F(g f )(L) =
L ◦ g f = Lg ◦ f = F( f )(Lg) = F( f )F(g).

(2) Let C be the category of all vector spaces over a fieldF, defineF of a
vector spaceV to be the dual vector spaceV ′, and defineF of a linear mapping
f between two vector spacesV andW to be the contragredientf t carryingW′
into V ′, defined byf t (w′)(v) = w′( f (v)). This is the special case of Example 1
of contravariant functors in whichW = F. HenceF is a contravariant functor.

(3) LetC be the category of all groups, letD be the category of all sets, letG
be a group, and letF : C → D be the functor defined as follows. For a group
H , F(H) is the set of all group homomorphisms fromH into G. The set of
morphisms MorphC(H1, H2) is the set of group homomorphisms fromH1 into
H2. If f is in MorphC(H1, H2), thenF( f ) is to be a function with domain the set
of homomorphisms fromH2 into G and with range the set of homomorphisms
from H1 into G. The definition isF( f )(ϕ) = f ◦ ϕ. ThenF is a contravariant
functor.
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It is an important observation about functors that the composition of two
functors is a functor. This is immediate from the definition. If the two functors
are both covariant or both contravariant, then the composition is covariant. If
one of them is covariant and the other is contravariant, then the composition is
contravariant.

A
α−−−→ B

β



�



�γ

C −−−→
δ

D

FIGURE 4.9. A square diagram. The square commutes ifγα = δβ.

In the subject of category theory, a great deal of information is conveyed by
“commutative diagrams” of objects and morphisms. By adiagram is meant a
directed graph, usually but not necessarily planar, in which the vertices represent
some relevant objects in a category and the arrows from one vertex to another
represent morphisms of interest between pairs of these objects. Often the vertices
and arrows are labeled, but in fact labels on the vertices can be deduced from the
labels on the arrows since any morphism determines its “domain” and “range”
as a consequence of defining property (i) of categories. A diagram is said to be
commutative if for each pair of verticesA and B and each directed path from
A to B, the compositions of the morphisms along each path are the same. For
example a square as in Figure 4.9 is commutative ifγα = δβ. The triangular
diagrams in Figures 4.1 through 4.8 are all commutative.

F(A)
F(α)−−−→ F(B)

F(β)

�
�F(γ )

F(C) −−−→
F(δ)

F(D)

and

G(A)
G(α)←−−− G(B)

G(β)

�
�G(γ )

G(C) ←−−−
G(δ)

G(D)

FIGURE 4.10. Diagrams obtained by applying a covariant functorF
and a contravariant functorG to the diagram in Figure 4.9.

Functors can be applied to diagrams, yielding new diagrams. For example,
suppose that Figure 4.9 is a diagram in the categoryC, that F : C → D is a
covariant functor, and thatG : C → D is a contravariant functor. Then we
can applyF andG to the diagram in Figure 4.9, obtaining the two diagrams in
the categoryD that are pictured in Figure 4.10.If the diagram in Figure 4.9 is
commutative, then so are the diagrams in Figure 4.10,as a consequence of the
effect of functors on compositions of morphisms.
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The subject of category theory seeks to analyze functors that make sense for
all categories, or at least all categories satisfying some additional properties.
The most important investigation of this kind is concerned with homology and
cohomology, as well as their ramifications, for “abelian categories,” which include
several important examples affecting algebra, topology, and several complex
variables. The topic in question is called “homological algebra” and is discussed
further inAdvanced Algebra.

There are a number of other functors that are investigated in category theory,
and we mention four:

• products, including direct products,
• coproducts, including direct sums,
• direct limits, also called inductive limits,
• inverse limits, also called projective limits.

We discuss general products and coproducts in the present section, omitting a
general discussion of direct limits and inverse limits. Inverse limits will arise
in Advanced Algebrafor one category in connection with Galois groups, but we
shall handle that one situation on its own without attempting a generalization. An
attempt in the 1960s to recast as much mathematics as possible in terms of category
theory is now regarded by many mathematicians as having been overdone, and it
seems wiser to cast bodies of mathematics in the framework of category theory
only when doing so can be justified by the amount of time saved by eliminating
redundant arguments.

When a categoryC and a nonempty setS are given, we can define a category
CS. The objects ofCS are functions onS with the property that the value of the
function at eachs in S is in Obj(C ), two such functions being regarded as the
same if they consist of the same ordered pairs.17 Let us refer to such a function
as anS-tuple of members of Obj(C ), denoting it by an expression like{Xs}s∈S.
A morphism in MorphCS

({Xs}s∈S, {Ys}s∈S
)

is anS-tuple { fs}s∈S of morphisms
of C such thatfs lies in MorphC(Xs, Ys) for all s, and the law of composition of
such morphisms takes place coordinate by coordinate.

Let {Xs}s∈S be an object inCS. A product of {Xs}s∈S is a pair(X, {ps}s∈S)

such thatX is in Obj(C ) and eachps is in MorphC(X, Xs) with the following
universal mapping property: wheneverA in Obj(C ) is given and a morphism
ϕs ∈ MorphC(A, Xs) is given for eachs, then there exists a unique morphism
ϕ ∈ MorphC(A, X) such thatpsϕ = ϕs for all s. The relevant diagram is pictured
in Figure 4.11.

17In other words, the range of such a function is considered as irrelevant. We might think of the
range as Obj(C) except for the fact that a function is supposed to have asetas range and Obj(C) need
not be a set.
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Xs
ϕs←−−− A

ps

�



X

ϕ

FIGURE 4.11. Universal mapping property of a product in a category.

EXAMPLES OF PRODUCTS.

(1) Products exist in the category of vector spaces over a fieldF. If vector
spacesVs indexed by a nonempty setSare given, then their product exists in the
category, and an example is their external direct product

∏
s∈S Vs, according to

Figure 2.4 and the discussion around it.

(2) Products exist in the category of all groups. If groupsGs indexed by a
nonempty setSare given, then their product exists in the category, and an example
is their external direct product

∏
s∈S Gs, according to Figure 4.2 and Proposition

4.15. If the groupsGs are abelian, then
∏

s∈S Gs is abelian, and it follows that
products exist in the category of all abelian groups.

(3) Products exist in the category of all sets. If setsXs indexed by a nonempty
setSare given, then their product exists in the category, and an example is their
Cartesian product×s∈SXs, as one easily checks.

(4) Products exist in the category of all rings and in the category of all rings with
identity. If objectsRs in the category indexed by a nonempty setSare given, then
their product may be taken as an abelian group to be the external direct product∏

s∈S Rs, with multiplication defined coordinate by coordinate, and the group
homomorphismsps are easily checked to be morphisms in the category.

A product of objects in a category need not exist in the category. An artificial
example may be formed as follows: LetCbe a category with one objectG, namely
a group of order 2, and let Morph(G, G) = {0, 1G}, the law of composition being
the usual composition. LetSbe a 2-element set, and let the corresponding objects
beX1 = G andX2 = G. The claim is that the productX1×X2 does not exist inC.
In fact, takeA = G. There are fourS-tuples of morphisms(ϕ1, ϕ2) meeting the
conditions of the definition. Yet the only possibility for the product isX = G, and
then there are only two possibleϕ’s in Morph(A, X). Hence we cannot account
for all possibleS-tuples of morphisms, and the product cannot exist.

The thing that category theory addresses is the uniqueness. A product is
always unique up to canonical isomorphism, according to Proposition 4.63. We
proved uniqueness for products in the special cases of Examples 1 and 2 above
in Propositions 2.32 and 4.16.
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Proposition 4.63.LetC be a category, and letSbe a nonempty set. If{Xs}s∈S

is an object inCS and if (X, {ps}) and (X′, {p′
s}) are two products, then there

exists a unique morphism� : X′ → X such thatp′
s = ps ◦ � for all s ∈ S, and

� is an isomorphism.

REMARK. There is no assertion thatps is onto Xs. In fact, “onto” has no
meaning for a general category.

PROOF. In Figure 4.11 letA = X′ andϕs = p′
s. If � ∈ Morph(X′, X)

is the morphism produced by the fact thatX is a direct product, then we have
ps� = p′

s for all s. Reversing the roles ofX and X′, we obtain a morphism
�′ ∈ Morph(X, X′) with p′

s�
′ = ps for all s. Thereforeps(��′) = (ps�)�′ =

p′
s�

′ = ps.
In Figure 4.11 we next letA = X andϕs = ps for all s. Then the identity 1X

in Morph(X, X) has the same propertyps1X = ps relative to allps that��′ has,
and the uniqueness in the statement of the universal mapping property implies that
��′ = 1X. Reversing the roles ofX andX′, we obtain�′� = 1X′ . Therefore
� is an isomorphism.

For uniqueness suppose that� ∈ Morph(X′, X) is another morphism with
p′

s = ps� for all s ∈ S. Then the argument of the previous paragraph shows that
�′� = 1X′ . Consequently� = 1X� = (��′)� = �(�′�) = �1X′ = �, and
� = �. �

If products always exist in a particular category, they are not unique, only
unique up to canonical isomorphism. Such a product is commonly denoted by∏

s∈S Xs, even though it is not uniquely defined.It is customary to treat the
product over S as a covariant functor F: CS → C, the effect of the functor on
objects being given byF({Xs}s∈S) = ∏

s∈S Xs. For a well-defined functor we
have to fix a choice of product for each object under consideration18 in Obj(CS).
For the effect ofF on morphisms, we argue with the universal mapping property.
Thus let{Xs}s∈S and{Ys}s∈S be objects inCS, let fs be in MorphC(Xs, Ys) for all
s, and let the products in question be

( ∏
s∈S Xs, {ps}s∈S

)
and

( ∏
s∈S Ys, {qs}s∈S

)
.

Then fs0 ps0 is in MorphC
( ∏

s∈S Xs, Ys0

)
for eachs0, and the universal mapping

property gives usf in MorphC
( ∏

s∈S Xs,
∏

s∈S Ys
)

such thatqs f = fs ps for all
s. We define thisf to beF({ fs}s∈S), and we readily check thatF is a functor.

We turn to coproducts, which include direct sums. Let{Xs}s∈S be an object in
CS. A coproduct of {Xs}s∈S is a pair(X, {i s}s∈S) such thatX is in Obj(C ) and
eachi s is in MorphC(Xs, X) with the following universal mapping property:
wheneverA in Obj(C ) is given and a morphismϕs ∈ MorphC(Xs, A) is given

18Since Obj(CS) need not be a set, it is best to be wary of applying the Axiom of Choice when
the indexing of sets is given by Obj(CS). Instead, one makes the choice only for all objects in some
set of objects large enough for a particular application.
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for eachs, then there exists a unique morphismϕ ∈ MorphC(X, A) such that
ϕi s = ϕs for all s. The relevant diagram is pictured in Figure 4.12.

Xs
ϕs−−−→ A

is



�

X

ϕ

FIGURE 4.12. Universal mapping property of a coproduct in a category.

EXAMPLES OF COPRODUCTS.

(1) Coproducts exist in the category of vector spaces over a fieldF. If vector
spacesVs indexed by a nonempty setS are given, then their coproduct exists in
the category, and an example is their external direct sum

⊕
s∈S Vs, according to

Figure 2.5 and the discussion around it.

(2) Coproducts exist in the category of all abelian groups. If abelian groupsGs

indexed by a nonempty setSare given, then their coproduct exists in the category,
and an example is their external direct sum

⊕
s∈S Gs, according to Figure 4.4 and

Proposition 4.17.

(3) Coproducts exist in the category of all sets. If setsXs indexed by a nonempty
setSare given, then their coproduct exists in the category, and an example is their
disjoint union

⋃
s∈S {(xs, s) | xs ∈ Xs}. The verification appears as Problem 74

at the end of the chapter.

(4) Coproducts exist in the category of all groups. Suppose that groupsGs

indexed by a nonempty setS are given. It will be shown in Chapter VII that
the coproduct is the “free product”* s∈SGs that is defined in that chapter. In the
special case that eachGs is the groupZ of integers, the free product coincides
with the free group onS. Therefore, even if all the groupsGs are abelian, their
coproduct need not be a subgroup of the direct product and need not even be
abelian. In particular it need not coincide with the direct sum.

A coproduct of objects in a category need not exist in the category. Problem 76
at the end of the chapter offers an example that the reader is invited to check.

Proposition 4.64.LetC be a category, and letSbe a nonempty set. If{Xs}s∈S

is an object inCS and if (X, {i s}) and(X′, {i ′
s}) are two coproducts, then there

exists a unique morphism� : X → X′ such thati ′
s = � ◦ i s for all s ∈ S, and�

is an isomorphism.

REMARKS. There is no assertion thati s is one-one. In fact, “one-one” has
no meaning for a general category. This proposition may be derived quickly
from Proposition 4.63 by a certain duality argument that is discussed in Problems
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78–80 at the end of the chapter. Here we give a direct argument without taking
advantage of duality.

PROOF. In Figure 4.12 letA = X′ andϕs = i ′
s. If � ∈ Morph(X, X′) is the

morphism produced by the fact thatX is a coproduct, then we have� i s = i ′
s for

all s. Reversing the roles ofX andX′, we obtain a morphism�′ ∈ Morph(X′, X)

with �′i ′
s = i s for all s. Therefore(�′�)i s = �′i ′

s = i s.
In Figure 4.12 we next letA = X andϕs = i s for all s. Then the identity 1X

in Morph(X, X) has the same property 1Xis = i s relative to alli s that�′� has,
and the uniqueness says that�′� = 1X. Reversing the roles ofX and X′, we
obtain��′ = 1X′ . Therefore� is an isomorphism.

For uniqueness suppose that� ∈ Morph(X, X′) is another morphism with
i ′
s = � i s for all s ∈ S. Then the argument of the previous paragraph shows that
�′� = 1X. Consequently� = 1X′� = (��′)� = �(�′�) = �1X = �, and
� = �. �

If coproducts always exist in a particular category, they are not unique, only
unique up to canonical isomorphism. Such a coproduct is commonly denoted by∐

s∈S Xs, even though it is not uniquely defined. As with product,it is customary
to treat the coproduct over S as a covariant functor F: CS → C, the effect of the
functor on objects being given byF({Xs}s∈S) = ∐

s∈S Xs. For a well-defined
functor we have to fix a choice of coproduct for each object under consideration
in Obj(CS). For the effect ofF on morphisms, we argue with the universal
mapping property. Thus let{Xs}s∈S and {Ys}s∈S be objects inCS, let fs be in
MorphC(Xs, Ys) for all s, and let the coproducts in question be

( ∐
s∈S Xs, {i s}s∈S

)

and
( ∐

s∈S Ys, { js}s∈S
)
. Then js0 fs0 is in MorphC

(
Xs0,

∐
s∈S Ys

)
for eachs0, and

the universal mapping property gives usf in MorphC
( ∐

s∈S Xs,
∐

s∈S Ys
)

such
that f i s = js fs for all s. We define thisf to beF({ fs}s∈S), and we readily check
that F is a functor.

Universal mapping properties occur in other contexts than for products and
coproducts. We have already seen them in connection with homomorphisms on
free abelian groups and with substitution homomorphisms on polynomial rings,
and more such properties will occur in the development of tensor products in
Chapter VI. A general framework for discussing universal mapping properties
appears in the problems at the end of Chapter VI.

12. Problems

1. LetG be a group in which all elements other than the identity have order 2. Prove
thatG is abelian.

2. The dihedral groupD4 of order 8 can be viewed as a subgroup of the symmetric
groupS4 of order 8. Find 8 explicit permutations inS4 forming a subgroup
isomorphic toD4.


