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CHAPTER II

Vector Spaces overQ, R, and C

Abstract. This chapter introduces vector spaces and linear maps between them, and it goes on
to develop certain constructions of new vector spaces out of old, as well as various properties of
determinants.

Sections 1–2 define vector spaces, spanning, linear independence, bases, and dimension. The
sections make use of row reduction to establish dimension formulas for certain vector spaces
associated with matrices. They conclude by stressing methods of calculation that have quietly
been developed in proofs.

Section 3 relates matrices and linear maps to each other, first in the case that the linear map carries
column vectors to column vectors and then in the general finite-dimensional case. Techniques are
developed for working with the matrix of a linear map relative to specified bases and for changing
bases. The section concludes with a discussion of isomorphisms of vector spaces.

Sections 4–6 take up constructions of new vector spaces out of old ones, together with corre-
sponding constructions for linear maps. The four constructions of vector spaces in these sections
are those of the dual of a vector space, the quotient of two vector spaces, and the direct sum and
direct product of two or more vector spaces.

Section 7 introduces determinants of square matrices, together with their calculation and prop-
erties. Some of the results that are established are expansion in cofactors, Cramer’s rule, and the
value of the determinant of a Vandermonde matrix. It is shown that the determinant function is well
defined on any linear map from a finite-dimensional vector space to itself.

Section 8 introduces eigenvectors and eigenvalues for matrices, along with their computation.
Also, in this section the characteristic polynomial and the trace of a square matrix are defined, and
all these notions are reinterpreted in terms of linear maps.

Section 9 proves the existence of bases for infinite-dimensional vector spaces and discusses the
extent to which the material of the first eight sections extends from the finite-dimensional case to be
valid in the infinite-dimensional case.

1. Spanning, Linear Independence, and Bases

This chapter develops a theory of rational, real, and complex vector spaces. Many
readers will already be familiar with some aspects of this theory, particularly in
the case of the vector spacesQn, Rn, andCn of column vectors, where the tools
developed from row reduction allow one to introduce geometric notions and to
view geometrically the set of solutions to a set of linear equations. Thus we shall

33



Pages 34–49 do not appear in this file.



50 II. Vector Spaces overQ, R, andC

The proposition does not mean that one should necessarily be eager to make the
identification of two vector spaces that are isomorphic. An important distinction is
the one between “isomorphic” and “isomorphic via a canonically constructed lin-

ear map.” The isomorphism of linear maps with matrices given byL �→
(

L
��

)
is canonical since no choices are involved once� and� have been specified.
This is a useful isomorphism because we can track matters down and use the
isomorphism to make computations. On the other hand, it is not very useful to
say merely that HomF(U, V) andMkn(F) are isomorphic because they have the
same dimension.

What tends to happen in practice is that vector spaces in applications come
equipped with additional structure—some rigid geometry, or a multiplication
operation, or something else. A general vector-space isomorphism has little
chance of having any connection to the additional structure and thereby of being
very helpful. On the other hand, a concrete isomorphism that is built by taking
this additional structure into account may indeed be useful.

In the next section we shall encounter an example of an additional structure
that involves neither a rigid geometry nor a multiplication operation. We shall
introduce the “dual”V ′ of a vector spaceV , and we shall see thatV andV ′ have
the same dimension ifV is finite-dimensional. But no particular isomorphism
of V with V ′ is singled out as better than other ones, and it is wise not to try
to identify these spaces. By contrast, the double dualV ′′ of V , which too will
be constructed in the next section, will be seen to be isomorphic toV in the
finite-dimensional case via a linear mapι : V → V ′′ that we define explicitly.
The functionι is an example of a canonical isomorphism that we might want to
exploit.

4. Dual Spaces

Let V be a vector space overF. A linear functional on V is a linear map from
V into F. The space of all such linear maps, as we saw in Section 3, is a vector
space. We denote it byV ′ and call it thedual spaceof V .

The development of Section 3 tells us right away how to compute the dual
space of the space of column vectorsF

n. If � is the standard ordered basis ofF
n

and if 1 denotes the basis ofF consisting of the scalar 1, then we can associate to
a linear functionalv′ onF

n its matrix(
v′
1�

)
= ( v′(e1) v′(e2) · · · v′(en) ) ,

which is ann-dimensional row vector. The operation ofv′ on a column vector
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v =
( x1

...
xn

)
is given by Theorem 2.14. Namely,v′(v) is a multiple of the scalar 1,

and the theorem tells us how to compute this multiple:

(
v′(v)

1

)
=

(
v′
1�

) 
 x1

...

xn


 = ( v′(e1) v′(e2) · · · v′(en) )


 x1

...

xn


 .

Thus the space of all linear functionals onF
n may be identified with the space of

all n-dimensional row vectors, and the effect of the row vector on a column vector
is given by matrix multiplication. Since the standard ordered basis ofF

n and the
basis 1 ofF are singled out as special, this identification is actually canonical,
and it is thus customary to make this identification without further comment.

For a more general vector spaceV , no natural way of writing down elements
of V ′ comes to mind. Indeed, if a concreteV is given, it can help considerably
in understandingV to have an identification ofV ′ that does not involve choices.
For example, in real analysis one proves in a suitable infinite-dimensional setting
that a (continuous) linear functional on the space of integrable functions is given
by integration with a bounded function, and that fact simplifies the handling of
the space of integrable functions.

In any event, the canonical identification of linear functionals that we found
for F

n does not work once we pass to a more general finite-dimensional vector
spaceV . To make such an identification in the absence of additional structure,
we first fix an ordered basis(v1, . . . , vn) of V . If we do so, thenV ′ is indeed
identified with the space ofn-dimensional row vectors. The members ofV ′ that
correspond to the standard basis of row vectors, i.e., the row vectors that are 1
in one entry and are 0 elsewhere, are of special interest. These are the linear
functionalsv′

i such that
v′

i (vj ) = δi j ,

whereδi j is the Kronecker delta. Since these standard row vectors form a basis of
the space of row vectors,(v′

1, . . . , v
′
n) is an ordered basis ofV ′. If the members

of the ordered basis(v1, . . . , vn) are permuted in some way, the members of
(v′

1, . . . , v
′
n) are permuted in the same way. Thus the basis{v′

1, . . . , v
′
n} depends

only on the basis{v1, . . . , vn}, not on the enumeration.6 The basis{v′
1, . . . , v

′
n}

is called thedual basis of V relative to{v1, . . . , vn}. A consequence of this
discussion is the following result.

Proposition 2.19.If V is a finite-dimensional vector space with dualV ′, then
V ′ is finite-dimensional with dimV ′ = dim V .

6Although the enumeration is not important, more structure is present here than simply an
association of an unordered basis ofV ′ to an unordered basis ofV . Each member of{v′

1, . . . , v
′
n} is

matched to a particular member of{v1, . . . , vn}, namely the one on which it takes the value 1.
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Linear functionals play an important role in working with a vector space. To
understand this role, it is helpful to think somewhat geometrically. Imagine the
problem of describing a vector subspace of a given vector space. One way of
describing it is from the inside, so to speak, by giving a spanning set. In this
case we end up by describing the subspace in terms of parameters, the parameters
being the scalar coefficients when we say that the subspace is the set of all finite
linear combinations of members of the spanning set. Another way of describing
the subspace is from the outside, cutting it down by conditions imposed on its
elements. These conditions tend to be linear equations, saying that certain linear
maps on the elements of the subspace give 0. Typically the subspace is then
described as the intersection of the kernels of some set of linear maps. Frequently
these linear maps will be scalar-valued, and then we are in a situation of describing
the subspace by a set of linear functionals.

We know that every vector subspace of a finite-dimensional vector spaceV
can be described from the inside in this way; we merely give all its members. A
statement with more content is that we can describe it with finitely many members;
we can do so because we know that every vector subspace ofV has a basis.

For linear functionals really to be useful, we would like to know a correspond-
ing fact about describing subspaces from the outside—that every vector subspace
U of a finite-dimensionalV can be described as the intersection of the kernels of
a finite set of linear functionals. To do so is easy. We take a basis of the vector
subspaceU , say {v1, . . . , vr }, extend it to a basis ofV by adjoining vectors
vr +1, . . . , vn, and form the dual basis{v′

1, . . . , v
′
n} of V ′. The subspaceU is then

described as the set of all vectorsv in V such thatv′
j (v) = 0 for r + 1 ≤ j ≤ n.

The following proposition expresses this fact in ways that are independent of the
choice of a basis. It uses the terminologyannihilator of U , denoted by Ann(U ),
for the vector subspace of all membersv′ of V ′ with v′(u) = 0 for all u in U .

Proposition 2.20.Let V be a finite-dimensional vector space, and letU be a
vector subspace ofV . Then

(a) dimU + dim Ann(U ) = dim V ,
(b) every linear functional onU extends to a linear functional onV ,
(c) wheneverv0 is a member ofV that is not inU , there exists a linear

functional onV that is 0 onU and is 1 onv0.

PROOF. We retain the notation above, writing{v1, . . . , vr } for a basis ofU ,
vr +1, . . . , vn for vectors that are adjoined to form a basis ofV , and{v′

1, . . . , v
′
n}

for the dual basis ofV ′. For (a), we check that{v′
r +1, . . . , v

′
n} is a basis of Ann(U ).

It is enough to see that they span Ann(U ). These linear functionals are 0 on every
member of the basis{v1, . . . , vr } of U and hence are in Ann(U ). On the other
hand, ifv′ is a member of Ann(U ), we can certainly writev′ = c1v

′
1 +· · ·+ cnv

′
n
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for some scalarsc1, . . . , cn. Sincev′ is 0 onU , we must havev′(vi ) = 0 for
i ≤ r . Sincev′(vi ) = ci , we obtainci = 0 for i ≤ r . Thereforev′ is a linear
combination ofv′

r +1, . . . , v
′
n, and (a) is proved.

For (b), let us observe that the restrictionsv′
1

∣∣
U , . . . , v′

r

∣∣
U form the dual basis

of U ′ relative to the basis{v1, . . . , vr } of U . If u′ is in U ′, we can therefore write
u′ = c1v

′
1

∣∣
U +· · ·+cr v

′
r

∣∣
U for some scalarsc1, . . . , cr . Thenv′ = c1v

′
1+· · ·+cr v

′
r

is the required extension ofu′ to all of V .
For (c), we use a special choice of basis ofV in the argument above. Namely,

we still take{v1, . . . , vr } to be a basis ofU , and then we letvr +1 = v0. Finally
we adjoinvr +2, . . . , vn to obtain a basis{v1, . . . , vn} of V . Thenv′

r +1 has the
required property. �

If L : U → V is a linear map between finite-dimensional vector spaces, then
the formula

(Lt (v′))(u) = v′(L(u)) for u ∈ U andv′ ∈ V ′

defines a linear mapLt : V ′ → U ′. The linear mapLt is called thecontragre-
dient of L. The matrix of the contragredient ofL is the transpose of the matrix
of L in the following sense.7

Proposition 2.21.Let L : U → V be a linear map between finite-dimensional
vector spaces, letLt : V ′ → U ′ be its contragredient, let� and� be respective
ordered bases ofU andV , and let�′ and�′ be their dual ordered bases. Then(

Lt

�′�′

)
=

(
L

��

)
.

PROOF. Let � = (u1, . . . , un), � = (v1, . . . , vk), �′ = (u′
1, . . . , u′

n), and
�′ = (v′

1, . . . , v
′
k). Write B and A for the respective matrices in the formula

in question. The equationsL(uj ) = ∑k
i ′=1 Ai ′ j vi ′ and Lt (v′

i ) = ∑n
j ′=1 Bj ′i u′

j ′
imply that

v′
i (L(uj )) = v′

i

( ∑k
i ′=1 Ai ′ j vi ′

) = Ai j

Lt (v′
i )(uj ) = ∑n

j ′=1 Bj ′i u′
j ′(uj ) = Bji .and

ThereforeBji = Lt (v′
i )(uj ) = v′

i (L(uj )) = Ai j , as required. �
7A general principle is involved in the definition of contragredient once we have a definition of

dual vector space, and we shall see further examples of this principle in the next two sections and in
later chapters: whenever a new systematic construction appears for the objects under study, it is well
to look for a corresponding construction with the functions relating these new objects. In language
to be introduced near the end of Chapter IV, the context for the construction will be a “category,” and
the principle says that it is well to see whether the construction is that of a “functor” on the category.
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With V finite-dimensional, now considerV ′′ = (V ′)′, the double dual. In the
case thatV = F

n, we saw thatV ′ could be viewed as the space of row vectors,
and it is reasonable to expectV ′′ to involve a second transpose and again be the
space of column vectors. If so, thenV gets identified withV ′′. In fact, this is true
in all cases, and we argue as follows. Ifv is in V , we can define a memberι(v)

of V ′′ by
ι(v)(v′) = v′(v) for v ∈ V andv′ ∈ V ′.

This definition makes sense whether or notV is finite-dimensional. The function
ι is a linear map fromV into V ′′ called thecanonical mapof V into V ′′. It is
independent of any choice of basis.

Proposition 2.22.If V is any finite-dimensional vector space overF, then the
canonical mapι : V → V ′′ is one-one onto.

REMARKS. In the infinite-dimensional case the canonical map is one-one but
it is not onto. The proof that it is one-one uses the fact thatV has a basis, but
we have deferred the proof of this fact about infinite-dimensional vector spaces
to Section 9. Problem 14 at the end of the chapter will give an example of an
infinite-dimensionalV for which ι does not carryV onto V ′′. When combined
with the first corollary in Section A6 of the appendix, this example shows thatι

nevercarriesV ontoV ′′ in the infinite-dimensional case.

PROOF. We saw in Section 3 that a linear mapι is one-one if and only if
kerι = 0. Thus supposeι(v) = 0. Then 0= ι(v)(v′) = v′(v) for all v′. Arguing
by contradiction, supposev �= 0. Then we can extend{v} to a basis ofV , and the
linear functionalv′ that is 1 onv and is 0 on the other members of the basis will
havev′(v) �= 0, contradiction. We conclude thatι is one-one. By Proposition
2.19 we have

dim V = dim V ′ = dim V ′′. (∗)

Sinceι is one-one, it carries any basis ofV to a linearly independent set inV ′′.
This linearly independent set has to be a basis, by Corollary 2.4 and the dimension
formula(∗). �

5. Quotients of Vector Spaces

This section constructs a vector spaceV/U out of a vector spaceV and a vector
subspaceU . We begin with the example illustrated in Figure 2.1. In the vector
spaceV = R

2, let U be a line through the origin. The lines parallel toU are
of the formv + U = {v + u | u ∈ U }, and we make the set of these lines
into a vector space by defining(v1 + U ) + (v2 + U ) = (v1 + v2) + U and
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c(v + U ) = cv + U . The figure suggests that if we were to take any other line
W through the origin, thenW would meet all the linesv + U , and the notion of
addition of linesv + U would correspond exactly to addition inW. Indeed we
can successfully make such a correspondence, but the advantage of introducing
the vector space of all linesv + U is that it is canonical, independent of the kind
of choice we have to make in selectingW. One example of the utility of having a
canonical construction is the ease with which we obtain correspondence of linear
maps stated in Proposition 2.25 below. Other examples will appear later.

U

FIGURE 2.1. The vector space of linesv + U in R
2

parallel to a given lineU through the origin.

Proposition 2.23. Let V be a vector space overF, and letU be a vector
subspace. The relation defined by saying thatv1 ∼ v2 if v1 − v2 is in U is an
equivalence relation, and the equivalence classes are all sets of the formv + U
with v ∈ V . The set of equivalence classesV/U is a vector space under the
definitions

(v1 + U ) + (v2 + U ) = (v1 + v2) + U,

c(v + U ) = cv + U,

and the functionq(v) = v + U is linear fromV ontoV/U with kernelU .

REMARKS. We say thatV/U is thequotient spaceof V byU . The linear map
q(v) = v + U is called thequotient map of V ontoV/U .

PROOF. The properties of an equivalence relation are established as follows:

v1 ∼ v1 because 0 is inU,

v1 ∼ v2 impliesv2 ∼ v1 becauseU is closed under negatives,

v1 ∼ v2 andv2 ∼ v3

together implyv1 ∼ v3 becauseU is closed under addition.

Thus we have equivalence classes. The class ofv1 consists of all vectorsv2 such
thatv2 − v1 is in U , hence consists of all vectors inv1 +U . Thus the equivalence
classes are indeed the setsv + U .
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Let us check that addition and scalar multiplication, as given in the statement
of the proposition, are well defined. For addition letv1 ∼ w1 andv2 ∼ w2.
Thenv1 − w1 andv2 − w2 are inU . SinceU is a vector subspace, the sum
(v1−w1)+ (v2−w2) = (v1+v2)− (w1+w2) is inU . Thusv1+v2 ∼ w1+w2,
and addition is well defined. For scalar multiplication letv ∼ w, and let a scalar
c be given. Thenv − w is in U , andc(v − w) = cv − cw is in U sinceU is a
vector subspace. Hencecv ∼ cw, and scalar multiplication is well defined.

The vector-space properties ofV/U are consequences of the properties forV .
To illustrate, consider associativity of addition. The argument in this case is that

((v1 + U ) + (v2 + U )) + (v3 + U ) = ((v1 + v2) + U ) + (v3 + U )

= ((v1 + v2) + v3) + U = (v1 + (v2 + v3)) + U

= (v1 + U ) + ((v2 + v3) + U ) = (v1 + U ) + ((v2 + U ) + (v3 + U )).

Finally the quotient mapq : V → V/U given byq(v) = v + U is certainly
linear. Its kernel is{v | v +U = 0+U }, and this equals{v | v ∈ U }, as asserted.
The mapq is ontoV/U sincev + U = q(v). �

Corollary 2.24. If V is a vector space overF andU is a vector subspace, then
(a) dimV = dimU + dim(V/U ),
(b) the subspaceU is the kernel of some linear map defined onV .

REMARK. The first conclusion is valid even when all the spaces are not finite-
dimensional. For current purposes it is sufficient to regard dimV as+∞ if V is
infinite-dimensional; the sum of+∞ and any dimension as+∞.

PROOF. Let q be the quotient map. The linear mapq meets the conditions of
(b). For (a), take a basis ofU and extend to a basis ofV . Then the images under
q of the additional vectors form a basis ofV/U . �

Quotients of vector spaces allow for the factorization of certain linear maps,
as indicated in Proposition 2.25 and Figure 2.2.

Proposition 2.25. Let L : V → W be a linear map between vector
spaces overF, let U0 = kerL, let U be a vector subspace ofV contained in
U0, and letq : V → V/U be the quotient map. Then there exists a linear
map L : V/U → W such thatL = Lq. It has the same image asL, and
kerL = {u0 + U | u0 ∈ U0}.

V
L−−−→ W

q

�
V/U

L

FIGURE 2.2. Factorization of linear maps via a quotient of vector spaces.
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REMARK. One says thatL factors through V/U or descendsto V/U .

PROOF. The definition ofL has to beL(v + U ) = L(v). This forcesLq = L,
andL will have to be linear. What needs proof is thatL is well defined. Thus
supposev1 ∼ v2. We are to prove thatL(v1 + U ) = L(v2 + U ), i.e., that
L(v1) = L(v2). Now v1 − v2 is in U ⊆ U0, and henceL(v1 − v2) = 0. Then
L(v1) = L(v1 − v2) + L(v2) = L(v2), as required. This proves thatL is well
defined, and the conclusions about the image and the kernel ofL are immediate
from the definition. �

Corollary 2.26. Let L : V → W be a linear map between vector spaces over
F, and suppose thatL is ontoW and has kernelU . ThenV/U is canonically
isomorphic toW.

PROOF. TakeU = U0 in Proposition 2.25, and formL : V/U → W with
L = Lq. The proposition shows thatL is ontoW and has trivial kernel, i.e., the 0
element ofV/U . Having trivial kernel,L is one-one. �

Theorem 2.27(First Isomorphism Theorem). LetL : V → W be a linear
map between vector spaces overF, and suppose thatL is ontoW and has kernel
U . Then the mapS �→ L(S) gives a one-one correspondence between

(a) the vector subspacesSof V containingU and
(b) the vector subspaces ofW.

REMARK. As in Section A1 of the appendix, we writeL(S) and L−1(T) to
indicate the direct and inverse images ofSandT , respectively.

PROOF. The passage from (a) to (b) is by direct image underL, and the passage
from (b) to (a) will be by inverse image underL−1. Certainly the direct image
of a vector subspace as in (a) is a vector subspace as in (b). We are to show that
the inverse image of a vector subspace as in (b) is a vector subspace as in (a) and
that these two procedures invert one another.

For any vector subspaceT of W, L−1(T) is a vector subspace ofV . In fact, if
v1 andv2 are inL−1(T), we can writeL(v1) = t1 andL(v2) = t2 with t1 andt2
in T . Then the equationsL(v1 + v2) = t1 + t2 andL(cv1) = cL(v1) = ct1 show
thatv1 + v2 andcv1 are inL−1(T).

Moreover, the vector subspaceL−1(T) containsL−1(0) = U . Therefore the
inverse image underL of a vector subspace as in (b) is a vector subspace as in
(a). SinceL is a function, we haveL(L−1(T)) = T . Thus passing from (b) to
(a) and back recovers the vector subspace ofW.

If S is a vector subspace ofV containingU , we still need to see thatS =
L−1(L(S)). Certainly S ⊆ L−1(L(S)). In the reverse direction letv be in
L−1(L(S)). ThenL(v) is in L(S), i.e., L(v) = L(s) for somes in S. SinceL
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is linear,L(v − s) = 0. Thusv − s is in kerL = U , which is contained inS
by assumption. Thens andv − s are in S, and hencev is in S. We conclude
thatL−1(L(S)) ⊆ S, and thus passing from (a) to (b) and then back recovers the
vector subspace ofV containingU .

If V is a vector space andV1 and V2 are vector subspaces, then we write
V1 + V2 for the setV1 + V2 of all sumsv1 + v2 with v1 ∈ V1 andv2 ∈ V2. This
is again a vector subspace ofV and is called thesum of V1 andV2. If we have
vector subspacesV1, . . . , Vn, we abbreviate((· · · (V1 + V2) + V3) + · · · + Vn) as
V1 + · · · + Vn. �

Theorem 2.28(Second Isomorphism Theorem). LetM and N be vector
subspaces of a vector spaceV overF. Then the mapn + (M ∩ N) �→ n + M is
a well-defined canonical vector-space isomorphism

N/(M ∩ N) ∼= (M + N)/M.

PROOF. The functionL(n+(M ∩ N)) = n+ M is well defined sinceM ∩ N ⊆
M , andL is linear. The domain ofL is {n + (M ∩ N) | n ∈ N}, and the kernel is
the subset of this wheren lies in M as well asN. For this to happen,n must be in
M ∩ N, and thus the kernel is the 0 element ofN/(M ∩ N). HenceL is one-one.

To see thatL is onto(M + N)/M , let(m+n)+M be given. Thenn+(M ∩ N)

maps ton + M , which equals(m + n) + M . HenceL is onto. �

Corollary 2.29. Let M and N be finite-dimensional vector subspaces of a
vector spaceV overF. Then

dim(M + N) + dim(M ∩ N) = dim M + dim N.

PROOF. Theorem 2.28 and two applications of Corollary 2.24a yield

dim(M + N) − dim M = dim((M + N)/M)

= dim(N/(M ∩ N)) = dim N − dim(M ∩ N),

and the result follows. �

6. Direct Sums and Direct Products of Vector Spaces

In this section we introduce the direct sum and direct product of two or more
vector spaces overF. When there are only finitely many such subspaces, these
constructions come to the same thing, and we call it “direct sum.” We begin with
the case that two vector spaces are given.
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We define two kinds of direct sums. Theexternal direct sum of two vector
spacesV1 andV2 overF, written V1 ⊕ V2, is a vector space obtained as follows.
The underlying set is the set-theoretic product, i.e., the setV1 × V2 of ordered
pairs(v1, v2) with v1 ∈ V1 andv2 ∈ V2. The operations of addition and scalar
multiplication are defined coordinate by coordinate:

(u1, u2) + (v1, v2) = (u1 + v1, u2 + v2),

c(v1, v2) = (cv1, cv2),

and it is immediate thatV1 ⊕ V2 satisfies the defining properties of a vector space.
If {ai } is a basis ofV1 and{bj } is a basis ofV2, then it follows from the formula

(v1, v2) = (v1, 0) + (0, v2) that{(ai , 0)} ∪ {(0, bj )} is a basis ofV1 ⊕ V2. Con-
sequently ifV1 andV2 are finite-dimensional, thenV1 ⊕ V2 is finite-dimensional
with

dim(V1 ⊕ V2) = dim V1 + dim V2.

Associated to the construction of the external direct sum of two vector spaces
are four linear maps of interest:

two “projections,” p1 : V1 ⊕ V2 → V1 with p1(v1, v2) = v1,

p2 : V1 ⊕ V2 → V2 with p2(v1, v2) = v2,

two “injections,” i1 : V1 → V1 ⊕ V2 with i1(v1) = (v1, 0),

i2 : V2 → V1 ⊕ V2 with i2(v2) = (0, v2).

These have the properties that

pr is =
{

I on Vs if r = s,

0 onVs if r �= s,

i1 p1 + i2 p2 = I on V1 ⊕ V2.

The second notion of direct sum captures the idea of recognizing a situation as
canonically isomorphic to an external direct sum. This is based on the following
proposition.

Proposition 2.30.Let V be a vector space overF, and letV1 andV2 be vector
subspaces ofV . Then the following conditions are equivalent:

(a) every memberv of V decomposes uniquely asv = v1 + v2 with v1 ∈ V1

andv2 ∈ V2,
(b) V1 + V2 = V andV1 ∩ V2 = 0,
(c) the function from the external direct sumV1⊕V2 toV given by(v1, v2) �→

v1 + v2 is an isomorphism of vector spaces.
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REMARKS.
(1) If V is a vector space with vector subspacesV1 and V2 satisfying the

equivalent conditions of Proposition 2.30, then we say thatV is the internal
direct sum of V1 andV2. It is customary to writeV = V1 ⊕ V2 in this case even
though what we have is a canonical isomorphism of the two sides, not an equality.

(2) The dimension formula

dim(V1 ⊕ V2) = dim V1 + dim V2

for an internal direct sum follows, on the one hand, from the corresponding
formula for external direct sums; it follows, on the other hand, by using (b) and
Corollary 2.29.

(3) In the proposition it is possible to establish a fourth equivalent condition as
follows: there exist linear mapsp1 : V → V , p2 : V → V , i1 : imagep1 → V ,
andi2 : imagep2 → V such that

• pr is ps equalspr if r = s and equals 0 ifr �= s,
• i1 p1 + i2 p2 = I , and
• V1 = imagei1 p1 andV2 = imagei2 p2.

PROOF. If (a) holds, then the existence of the decompositionv = v1 + v2

shows thatV1 + V2 = V . If v is in V1 ∩ V2, then 0= v+ (−v) is a decomposition
of the kind in (a), and the uniqueness forcesv = 0. ThereforeV1 ∩ V2 = 0. This
proves (b).

The function in (c) is certainly linear. If (b) holds andv is given inV , then
the identityV1 + V2 = V allows us to decomposev as v = v1 + v2. This
proves that the linear map in (c) is onto. To see that it is one-one, suppose that
v1 + v2 = 0. Thenv1 = −v2 shows thatv1 is in V1 ∩ V2. By (b), this intersection
is 0. Thereforev1 = v2 = 0, and the linear map in (c) is one-one.

If (c) holds, then the fact that the linear map in (c) is ontoV proves the existence
of the decomposition in (a). For uniqueness, suppose thatv1 + v2 = u1 + u2

with u1 andv1 in V1 and withu2 andv2 in V2. Then(u1, u2) and(v1, v2) have
the same image under the linear map in (c). Since the function in (c) is assumed
one-one, we conclude that(u1, u2) = (v1, v2). This proves the uniqueness of the
decomposition in (a). �

If V = V1 ⊕ V2 is a direct sum, then we can use the above projections and
injections to pass back and forth between linear maps withV1 andV2 as domain
or range and linear maps withV as domain or range. This passage back and forth
is called theuniversal mapping property of V1⊕V2 and will be seen later in this
section to characterizeV1 ⊕ V2 up to canonical isomorphism. Let us be specific
about how this property works.
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To arrange forV to be the range, suppose thatU is a vector space overF and
thatL1 : U → V1 andL2 : U → V2 are linear maps. Then we can define a linear
mapL : U → V by L = i1L1 + i2L2, i.e., by

L(u) = (i1L1 + i2L2)(u) = (L1(u), L2(u)),

and we can recoverL1 andL2 from L by L1 = p1L andL2 = p2L.
To arrange forV to be the domain, suppose thatW is a vector space overF

and thatM1 : V1 → W andM2 : V2 → W are linear maps. Then we can define
a linear mapM : V → W by M = M1 p1 + M2 p2, i.e., by

M(v1, v2) = M1(v1) + M2(v2),

and we can recoverM1 andM2 from M by M1 = Mi1 andM2 = Mi2.
The notion of direct sum readily extends to the direct sum ofn vector spaces

over F. The external direct sum V1 ⊕ · · · ⊕ Vn is the set of ordered pairs
(v1, . . . , vn) with eachvj in Vj and with addition and scalar multiplication defined
coordinate by coordinate. In the finite-dimensional case we have

dim(V1 ⊕ · · · ⊕ Vn) = dim V1 + · · · + dim Vn.

If V1, . . . , Vn are given as vector subspaces of a vector spaceV , then we say
that V is the internal direct sum of V1, . . . , Vn if the equivalent conditions of
Proposition 2.31 below are satisfied. In this case we writeV = V1 ⊕ · · · ⊕ Vn

even though once again we really have a canonical isomorphism rather than an
equality.

Proposition 2.31.Let V be a vector space overF, and letV1, . . . , Vn be vector
subspaces ofV . Then the following conditions are equivalent:

(a) every memberv of V decomposes uniquely asv = v1 + · · · + vn with
vj ∈ Vj for 1 ≤ j ≤ n,

(b) V1+· · ·+Vn = V and alsoVj ∩ (V1+· · ·+Vj −1+Vj +1+· · ·+Vn) = 0
for each j with 1 ≤ j ≤ n,

(c) the function from the external direct sumV1 ⊕ · · · ⊕ Vn to V given by
(v1, . . . , vn) �→ v1 + · · · + vn is an isomorphism of vector spaces.

Proposition 2.31 is proved in the same way as Proposition 2.30, and the
expected analog of Remark 3 with that proposition is valid as well. Notice
that the second condition in (b) is stronger than the condition thatVi ∩ Vj = 0 for
all i �= j . Figure 2.3 illustrates how the conditionVi ∩ Vj = 0 for all i �= j can
be satisfied even though (b) is not satisfied and even though the vector subspaces
do not therefore form a direct sum.
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FIGURE 2.3. Three 1-dimensional vector subspaces ofR
2

such that each pair has intersection 0.

If V = V1⊕· · ·⊕Vn is a direct sum, then we can define projectionsp1, . . . , pn

and injectionsi1, . . . , in in the expected way, and we again get a universal mapping
property. That is, we can pass back and forth between linear maps withV1, . . . , Vn

as domain or range and linear maps withV as domain or range. The argument
given above forn = 2 is easily adjusted to handle generaln, and we omit the
details.

To generalize the above notions to infinitely many vector spaces, there are two
quite different ways of proceeding. Let us treat first the external constructions.
Let a nonempty collection of vector spacesVα over F be given, one for each
α ∈ A. Thedirect sum

⊕
α∈A Vα is the set of all tuples{vα} in the Cartesian

product×α∈AVα with all but finitely manyvα equal to 0 and with addition and
scalar multiplication defined coordinate by coordinate. For this construction we
obtain a basis as the union of embedded bases of the constituent spaces. The
direct product

∏
α∈A Vα is the set ofall tuples{vα} in ×α∈AVα, again with

addition and scalar multiplication defined coordinate by coordinate. When there
are only finitely many factorsV1, . . . , Vn, the direct product, which manifestly
coincides with the direct sum, is sometimes denoted byV1 × · · · × Vn. For the
direct product when there are infinitely many factors, there is no evident way to
obtain a basis of the product from bases of the constituents.

The projections and injections that we defined in the case of finitely many
vector spaces are still meaningful here. The universal mapping property is still
valid as well, but it splinters into one form for direct sums and another form for
direct products. The formulas given above for using linear maps with theVα ’s
as domain or range to define linear maps with the direct sum or direct product
as domain or range may involve sums with infinitely many nonzero terms, and
they are not directly usable. Instead, the formulas that continue to make sense
are the ones for recovering linear maps with theVα ’s as domain or range from
linear maps with the direct sum or direct product as domain or range. These turn
out to determine the formulas uniquely for the linear maps with the direct sum
or direct product as domain or range. In other words, the appropriate universal
mapping property uniquely determines the direct sum or direct product up to an
isomorphism that respects the relevant projections and injections.
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Let us see to the details. We denote typical members of
∏

α∈A Vα and
⊕

α∈A Vα

by {vα}α∈A, with the understanding that only finitely manyvα can be nonzero in
the case of the direct sum. The formulas are

pβ :
∏
α∈A

Vα → Vβ with pβ

({vα}α∈A
) = vβ,

iβ : Vβ →
⊕
α∈A

Vα with iβ(vβ) = {wα}α∈A andwα =
{

vβ if α = β,

0 if α �= β.

If U is a vector space overF and if a linear mapLβ : U → Vβ is given for each
β ∈ A, we can obtain a linear mapL : U → ∏

α∈A Vα that satisfiespβ L = Lβ

for all β. The definition that makes perfectly good sense is

L(u) = {L(u)α}α∈A = {Lα(u)}α∈A.

What does not make sense is to try to express the right side in terms of the
injectionsiα; we cannot write the right side as

∑
α∈A iα(Lα(u)) because infinitely

many terms might be nonzero.
If W is a vector space and a linear mapMβ : Vβ → W is given for eachβ, we

can obtain a linear mapM :
⊕

α∈A Vα → W that satisfiesMiβ = Mβ for all β;
the definition that makes perfectly good sense is

M
({vα}α∈A

) =
∑
α∈A

Mα(vα).

The right side is meaningful since only finitely manyvα can be nonzero. It can
be misleading to write the formula asM = ∑

α∈A Mα pα because infinitely many
of the linear mapsMα pα can be nonzero functions.

In any event, we have a universal mapping property in both cases—for the direct
product with the projections in place and for the direct sum with the injections
in place. Let us see that these universal mapping properties characterize direct
products and direct sums up to an isomorphism respecting the projections and
injections, and that they allow us to define and recognize “internal” direct products
and direct sums.

A direct product of a set of vector spacesVα overF for α ∈ A consists of
a vector spaceV and a system of linear mapspα : V → Vα with the following
universal mapping property: wheneverU is a vector space and{Lα} is a system
of linear mapsLα : U → Vα, then there exists a unique linear mapL : U → V
such thatpα L = Lα for all α. See Figure 2.4. The external direct product
establishes existence of a direct product, and Proposition 2.32 below establishes
its uniqueness up to an isomorphism of theV ’s that respects thepα ’s. A direct
product is said to beinternal if eachVα is a vector subspace ofV and if for each
α, the restrictionpα

∣∣
Vα

is the identity map onVα. Because of the uniqueness, this
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definition of internal direct product is consistent with the earlier one when there
are only finitelyVα ’s.

Vα
Lα←−−− U

pα

�
V

L

FIGURE 2.4. Universal mapping property of a direct product of vector spaces.

Proposition 2.32. Let A be a nonempty set of vector spaces overF, and let
Vα be the vector space corresponding to the memberα of A. If (V, {pα}) and
(V∗, {p∗

α}) are two direct products of theVα ’s, then the linear mapspα : V → Vα

and p∗
α : V∗ → Vα are ontoVα, there exists a unique linear mapL : V∗ → V

such thatp∗
α = pα L for all α ∈ A, andL is invertible.

PROOF. In Figure 2.4 letU = V∗ andLα = p∗
α. If L : V∗ → V is the linear

map produced by the fact thatV is a direct product, then we havepα L = p∗
α for

all α. Reversing the roles ofV andV∗, we obtain a linear mapL∗ : V → V∗
with p∗

α L∗ = pα for all α. Thereforepα(LL∗) = (pα L)L∗ = p∗
α L∗ = pα.

In Figure 2.4 we next letU = V and Lα = pα for all α. Then the identity
1V on V has the same propertypα1V = pα relative to allpα that LL∗ has, and
the uniqueness says thatLL∗ = 1V . Reversing the roles ofV andV∗, we obtain
L∗L = 1V∗ . ThereforeL is invertible.

For uniqueness suppose that� : V∗ → V is another linear map withp∗
α =

pα� for all α ∈ A. Then the argument of the previous paragraph shows that
L∗� = 1V∗ . Applying L on the left gives� = (LL∗)� = L(L∗�) = L1V∗ =
L. Thus� = L.

Finally we have to show that theαth map of a direct product is ontoVα. It
is enough to show thatp∗

α is ontoVα. Taking V as the external direct product∏
α∈A Vα with pα equal to the coordinate mapping, form the invertible linear map

L∗ : V → V∗ that has just been proved to exist. This satisfiespα = p∗
α L∗ for all

α ∈ A. Sincepα is ontoVα, p∗
α must be ontoVα. �

A direct sum of a set of vector spacesVα overF for α ∈ A consists of a vector
spaceV and a system of linear mapsiα : Vα → V with the followinguniversal
mapping property: wheneverW is a vector space and{Mα} is a system of linear
mapsMα : Vα → W, then there exists a unique linear mapM : V → W such
that Miα = Mα for all α. See Figure 2.5. The external direct sum establishes
existence of a direct sum, and Proposition 2.33 below establishes its uniqueness
up to isomorphism of theV ’s that respects theiα ’s. A direct sum is said to be
internal if eachVα is a vector subspace ofV and if for eachα, the mapiα is the
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inclusion map ofVα into V . Because of the uniqueness, this definition of internal
direct sum is consistent with the earlier one when there are only finitelyVα ’s.

Vα
Mα−−−→ W

iα

�
V

M

FIGURE 2.5. Universal mapping property of a direct sum of vector spaces.

Proposition 2.33. Let A be a nonempty set of vector spaces overF, and let
Vα be the vector space corresponding to the memberα of A. If (V, {iα}) and
(V∗, {i ∗

α}) are two direct sums of theVα ’s, then the linear mapsiα : Vα → V and
i ∗
α : Vα → V∗ are one-one, there exists a unique linear mapM : V → V∗ such

that i ∗
α = Miα for all α ∈ A, andM is invertible.

PROOF. In Figure 2.5 letW = V∗ andMα = i ∗
α. If M : V → V∗ is the linear

map produced by the fact thatV is a direct sum, then we haveMiα = i ∗
α for all

α. Reversing the roles ofV andV∗, we obtain a linear mapM∗ : V∗ → V with
M∗i ∗

α = iα for all α. Therefore(M∗M)iα = M∗i ∗
α = iα.

In Figure 2.5 we next letW = V andMα = iα for all α. Then the identity 1V
on V has the same property 1V iα = iα relative to alliα that M∗M has, and the
uniqueness says thatM∗M = 1V . Reversing the roles ofV andV∗, we obtain
M M∗ = 1V∗ . ThereforeM is invertible.

For uniqueness suppose that� : V → V∗ is another linear map withi ∗
α = �iα

for all α ∈ A. Then the argument of the previous paragraph shows thatM∗� =
1V . Applying M on the left gives� = (M M∗)� = M(M∗�) = M1V = M .
Thus� = M .

Finally we have to show that theαth map of a direct sum is one-one onVα. It
is enough to show thati ∗

α is one-one onVα. TakingV as the external direct sum⊕
s∈S Vα with iα equal to the embedding mapping, form the invertible linear map

M∗ : V∗ → V that has just been proved to exist. This satisfiesiα = M∗i ∗
α for all

α ∈ A. Sinceiα is one-one,i ∗
α must be one-one. �

7. Determinants

A “determinant” is a certain scalar attached initially to any square matrix and
ultimately to any linear map from a finite-dimensional vector space into itself.


