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CHAPTER I

Vector Spaces ovefQ, R, and C

Abstract. This chapter introduces vector spaces and linear maps between them, and it goes on
to develop certain constructions of new vector spaces out of old, as well as various properties of
determinants.

Sections 1-2 define vector spaces, spanning, linear independence, bases, and dimension. The
sections make use of row reduction to establish dimension formulas for certain vector spaces
associated with matrices. They conclude by stressing methods of calculation that have quietly
been developed in proofs.

Section 3 relates matrices and linear maps to each other, firstin the case that the linear map carries
column vectors to column vectors and then in the general finite-dimensional case. Techniques are
developed for working with the matrix of a linear map relative to specified bases and for changing
bases. The section concludes with a discussion of isomorphisms of vector spaces.

Sections 4-6 take up constructions of new vector spaces out of old ones, together with corre-
sponding constructions for linear maps. The four constructions of vector spaces in these sections
are those of the dual of a vector space, the quotient of two vector spaces, and the direct sum and
direct product of two or more vector spaces.

Section 7 introduces determinants of square matrices, together with their calculation and prop-
erties. Some of the results that are established are expansion in cofactors, Cramer’s rule, and the
value of the determinant of a Vandermonde matrix. It is shown that the determinant function is well
defined on any linear map from a finite-dimensional vector space to itself.

Section 8 introduces eigenvectors and eigenvalues for matrices, along with their computation.
Also, in this section the characteristic polynomial and the trace of a square matrix are defined, and
all these notions are reinterpreted in terms of linear maps.

Section 9 proves the existence of bases for infinite-dimensional vector spaces and discusses the
extent to which the material of the first eight sections extends from the finite-dimensional case to be
valid in the infinite-dimensional case.

1. Spanning, Linear Independence, and Bases

This chapter develops a theory of rational, real, and complex vector spaces. Many
readers will already be familiar with some aspects of this theory, particularly in
the case of the vector spad@8, R", andC" of column vectors, where the tools
developed from row reduction allow one to introduce geometric notions and to
view geometrically the set of solutions to a set of linear equations. Thus we shall
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50 Il. Vector Spaces ovep, R, andC

The proposition does not mean that one should necessarily be eager to make the
identification of two vector spaces that are isomorphic. Animportantdistinctionis
the one between “isomorphic” and “isomorphic via a canonically constructed lin-

L
ATl

is canonical since no choices are involved oiicand A have been specified.
This is a useful isomorphism because we can track matters down and use the
isomorphism to make computations. On the other hand, it is not very useful to
say merely that Hom(U, V) and My, (F) are isomorphic because they have the
same dimension.

What tends to happen in practice is that vector spaces in applications come
equipped with additional structure—some rigid geometry, or a multiplication
operation, or something else. A general vector-space isomorphism has little
chance of having any connection to the additional structure and thereby of being
very helpful. On the other hand, a concrete isomorphism that is built by taking
this additional structure into account may indeed be useful.

In the next section we shall encounter an example of an additional structure
that involves neither a rigid geometry nor a multiplication operation. We shall
introduce the “dual’V’ of a vector spac¥, and we shall see th&t andV’ have
the same dimension ¥ is finite-dimensional. But no particular isomorphism
of V with V’ is singled out as better than other ones, and it is wise not to try
to identify these spaces. By contrast, the double 8fabf V, which too will
be constructed in the next section, will be seen to be isomorphi¢ i the
finite-dimensional case via a linear mapV — V” that we define explicitly.

The function: is an example of a canonical isomorphism that we might want to
exploit.

ear map.” The isomorphism of linear maps with matrices giveh by

4. Dual Spaces

Let V be a vector space ovér A linear functional onV is a linear map from
V into F. The space of all such linear maps, as we saw in Section 3, is a vector
space. We denote it By’ and call it thedual spaceof V.

The development of Section 3 tells us right away how to compute the dual
space of the space of column vectfs If ¥ is the standard ordered basidRf
and if 1 denotes the basisBfconsisting of the scalar 1, then we can associate to
a linear functionab’ onF" its matrix

(1"2):(1/(@) Vi) - Vi),

which is ann-dimensional row vector. The operation @fon a column vector
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X1

v=| : )isgiven by Theorem 2.14. Namely(v) is a multiple of the scalar 1,

Xn
and the theorem tells us how to compute this multiple:
X1 X1

(U(lv))=(1v2> =) Ve - View)

Xn Xn
Thus the space of all linear functionals Bhmay be identified with the space of
all n-dimensional row vectors, and the effect of the row vector on a column vector
is given by matrix multiplication. Since the standard ordered badi$ ahd the
basis 1 ofF are singled out as special, this identification is actually canonical,
and it is thus customary to make this identification without further comment.

For a more general vector spag¢eno natural way of writing down elements
of V' comes to mind. Indeed, if a concréteis given, it can help considerably
in understandingy to have an identification of’ that does not involve choices.

For example, in real analysis one proves in a suitable infinite-dimensional setting
that a (continuous) linear functional on the space of integrable functions is given
by integration with a bounded function, and that fact simplifies the handling of
the space of integrable functions.

In any event, the canonical identification of linear functionals that we found
for F" does not work once we pass to a more general finite-dimensional vector
spaceV. To make such an identification in the absence of additional structure,
we first fix an ordered basi@, ..., v,) of V. If we do so, therV’ is indeed
identified with the space af-dimensional row vectors. The memberswWfthat
correspond to the standard basis of row vectors, i.e., the row vectors that are 1
in one entry and are O elsewhere, are of special interest. These are the linear
functionalsv such that

vi (v) = 8jj,
wheregj; is the Kronecker delta. Since these standard row vectors form a basis of
the space of row vectorsy], ..., vy) is an ordered basis of'. If the members
of the ordered basigvy, ..., vy) are permuted in some way, the members of
(v, ..., vy are permuted in the same way. Thus the basis. . ., v} depends
only on the basigvy, ..., vh}, not on the enumeratidhThe basiqv], ..., v}
is called thedual basisof V relative to{vy, ..., vn}. A consequence of this
discussion is the following result.

Proposition 2.19.1f V is a finite-dimensional vector space with di| then
V' is finite-dimensional with dinv’ = dim V.
6Although the enumeration is not important, more structure is present here than simply an

association of an unordered basidwfto an unordered basis d. Each member ofv], ..., vptis
matched to a particular member{of, .. ., vn}, namely the one on which it takes the value 1.
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Linear functionals play an important role in working with a vector space. To
understand this role, it is helpful to think somewhat geometrically. Imagine the
problem of describing a vector subspace of a given vector space. One way of
describing it is from the inside, so to speak, by giving a spanning set. In this
case we end up by describing the subspace in terms of parameters, the parameters
being the scalar coefficients when we say that the subspace is the set of all finite
linear combinations of members of the spanning set. Another way of describing
the subspace is from the outside, cutting it down by conditions imposed on its
elements. These conditions tend to be linear equations, saying that certain linear
maps on the elements of the subspace give 0. Typically the subspace is then
described as the intersection of the kernels of some set of linear maps. Frequently
these linear maps will be scalar-valued, and then we are in a situation of describing
the subspace by a set of linear functionals.

We know that every vector subspace of a finite-dimensional vector 3pace
can be described from the inside in this way; we merely give all its members. A
statement with more contentis that we can describe it with finitely many members;
we can do so because we know that every vector subspacéas$ a basis.

For linear functionals really to be useful, we would like to know a correspond-
ing fact about describing subspaces from the outside—that every vector subspace
U of a finite-dimensional/ can be described as the intersection of the kernels of
a finite set of linear functionals. To do so is easy. We take a basis of the vector
subspacdJ, say{vi,..., v}, extend it to a basis of by adjoining vectors
Vr41, - . ., Un, and form the dual basis;, . .., vy} of V'. The subspaced is then
described as the set of all vectartn V such that!(v) =0forr +1<j <n.

The following proposition expresses this fact in ways that are independent of the
choice of a basis. It uses the terminolaynihilator of U, denoted by AndJ),
for the vector subspace of all membefof V'’ with v'(u) = 0 foralluin U.

Proposition 2.20.Let V be a finite-dimensional vector space, andJelbe a
vector subspace of. Then
(a) dimU +dimAnn(U) = dimV,
(b) every linear functional ol extends to a linear functional on,
(c) wheneveryg is a member ofV that is not inU, there exists a linear
functional onV that is 0 onU and is 1 orwg.

PrROOF. We retain the notation above, writifgg, ..., v/} for a basis olU,
Vry1, - . ., Up fOr vectors that are adjoined to form a basisvgfand{vs, ..., vy}
forthe dual basis of’. For (a), we check thdty 4, ..., vy} is abasis of AntU).
Itis enough to see that they span Abi. These linear functionals are 0 on every
member of the basify, ..., v} of U and hence are in Ard). On the other
hand, ifv’ is a member of An(U ), we can certainly write’ = civ; + - - - +Cnvy,
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for some scalars,, ..., c,. Sincev’ is 0 onU, we must have'(vi) = O for
i <r. Sincev'(vi) = ¢, we obtaincg = 0 fori < r. Thereforev’ is a linear
combination ofy;_ ,, ..., vy, and (a) is proved.

For (b), let us observe that the restrictiarjﬁj, U I |U form the dual basis
of U’ relative to the basifvy, ..., v} of U. If U isinU’, we can therefore write
U = cyvy|,+ - +G v |, forsomescalars, . .., ¢. Them' = civy+- - +G vy
is the required extension af to all of V.

For (c), we use a special choice of basid/oh the argument above. Namely,

we still take{vs, ..., v} to be a basis ofJ, and then we let, 1 = vg. Finally
we adjoinuvr .o, ..., vy to obtain a basigv, ..., vy} of V. Thenv(+l has the

required property.

If L:U — Vis alinear map between finite-dimensional vector spaces, then
the formula

(LY @) (u) = v'(L(u)) forue U andv’ e V’

defines a linear map' : V' — U’. The linear mag.! is called thecontragre-
dient of L. The matrix of the contragredient &fis the transpose of the matrix
of L in the following sensé.

Proposition 2.21.LetL : U — V be alinear map between finite-dimensional
vector spaces, ldt! : V' — U’ be its contragredient, I¢t and A be respective
ordered bases & andV, and letl” andA’ be their dual ordered bases. Then

() =(ar)

PROOF LetT" = (U1,...,Un), A = (vy,..., ), I = (U}, ..., up), and
A" = (v,...,v). Write B and A for the respective matrices in the formula
in question. The equationis(u;) = YK_, Avjur andLt(v)) = Y01 By,
imply that

v (L)) = v/ (Xieg Avjur) = Ay
and Lt(vi/)(Uj) = Z?/zl Bj/i U]{,(Uj) = Bji .
ThereforeB;; = L'(v])(uj) = v/(L(uj)) = Ajj, as required. O

A general principle is involved in the definition of contragredient once we have a definition of
dual vector space, and we shall see further examples of this principle in the next two sections and in
later chapters: whenever a new systematic construction appears for the objects under study, it is well
to look for a corresponding construction with the functions relating these new objects. In language
to be introduced near the end of Chapter IV, the context for the construction will be a “category,” and
the principle says that it is well to see whether the construction is that of a “functor” on the category.
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With V finite-dimensional, now consid&” = (V’)’, the double dual. In the
case thav = IF", we saw that/’ could be viewed as the space of row vectors,
and it is reasonable to expe¢t’ to involve a second transpose and again be the
space of column vectors. If so, the¥ngets identified with/”. In fact, this is true
in all cases, and we argue as followswlis in V, we can define a membe)
of V” by

)W) =v'(v) forv e Vandv' € V.

This definition makes sense whether or ¥ds finite-dimensional. The function
¢ is a linear map fronV into V” called thecanonical mapof V into V”. ltis
independent of any choice of basis.

Proposition 2.22.1f V is any finite-dimensional vector space o¥ethen the
canonical map : V — V” is one-one onto.

REMARKS. In the infinite-dimensional case the canonical map is one-one but
it is not onto. The proof that it is one-one uses the fact thdttas a basis, but
we have deferred the proof of this fact about infinite-dimensional vector spaces
to Section 9. Problem 14 at the end of the chapter will give an example of an
infinite-dimensionaV for which ¢« does not carry/ ontoV”. When combined
with the first corollary in Section A6 of the appendix, this example shows that
nevercarriesV ontoV” in the infinite-dimensional case.

PrROOF. We saw in Section 3 that a linear majs one-one if and only if
kert = 0. Thus supposgv) = 0. Then 0= ((v)(v') = v'(v) for all v’. Arguing
by contradiction, suppose+# 0. Then we can extend} to a basis o¥/, and the
linear functional’ that is 1 orw and is 0 on the other members of the basis will
havev’(v) # 0, contradiction. We conclude thats one-one. By Proposition
2.19 we have
dimV =dimV’' = dimV”. (%)

Sincet is one-one, it carries any basiséfto a linearly independent set W’.
This linearly independent set has to be a basis, by Corollary 2.4 and the dimension
formula(x). O

5. Quotients of Vector Spaces

This section constructs a vector spAt8J out of a vector space and a vector
subspacé). We begin with the example illustrated in Figure 2.1. In the vector
spaceV = R?, letU be a line through the origin. The lines parallelioare
of the formv +U = {v+u | u € U}, and we make the set of these lines
into a vector space by defining; + U) + (v + U) = (v1 + v2) + U and
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c(v +U) = cv + U. The figure suggests that if we were to take any other line

W through the origin, thelV would meet all the lines + U, and the notion of
addition of linesv + U would correspond exactly to addition W. Indeed we

can successfully make such a correspondence, but the advantage of introducing
the vector space of all linas+ U is that it is canonical, independent of the kind

of choice we have to make in selectidy One example of the utility of having a
canonical construction is the ease with which we obtain correspondence of linear
maps stated in Proposition 2.25 below. Other examples will appear later.

A )

FIGURE 2.1. The vector space of lines+ U in R?
parallel to a given lind&J through the origin.

Proposition 2.23. Let V be a vector space ovét, and letU be a vector
subspace. The relation defined by saying that- v, if v1 — vz isinU is an
equivalence relation, and the equivalence classes are all sets of the feitth
with v € V. The set of equivalence classégU is a vector space under the
definitions

(i +U)+ (v2+U) = (v +v2) + U,
cv+U)=cv+U,

and the functiom(v) = v + U is linear fromV ontoV /U with kernelU.

REMARKS. We say thaV /U is thequotient spaceof V by U. The linear map
gq(v) = v + U is called thequotient map of V ontoV/U.

PrROOF. The properties of an equivalence relation are established as follows:

vy~ V1 because Ois i,
v ~ vp impliesvy ~ v becausé) is closed under negatives
V1 ™~ VU2 andv2 ~ VU3
together implyv; ~ v3 becausé) is closed under addition

Thus we have equivalence classes. The class obnsists of all vectors, such
thatv, — v1 isin U, hence consists of all vectorsin+ U. Thus the equivalence
classes are indeed the sets U.
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Let us check that addition and scalar multiplication, as given in the statement
of the proposition, are well defined. For addition lgt~ w; andv, ~ wo.
Thenv; — wy andv, — wo are inU. SinceU is a vector subspace, the sum
(v1—w1) + (2 —w2) = (V1 +v2) — (w1 +wp) isinU. Thusvy +vo ~ wy + wy,
and addition is well defined. For scalar multiplicationdet w, and let a scalar
¢ be given. Therv — wisinU, andc(v — w) = cv — cw isin U sinceU is a
vector subspace. Hence ~ cw, and scalar multiplication is well defined.

The vector-space properties\f U are consequences of the propertiesvfor
To illustrate, consider associativity of addition. The argument in this case is that

(v1+U)+ (2+U)) + (vz3+U) = ((v1 +v2) +U) + (v3+ U)
=((v1+v2)+v3)+U =1+ (v2+v3)+U
=w+U)+ {(vo+v3)+U) =1 +U)+ ((v2+U) + (v3+ U)).
Finally the quotient mag : V — V/U given byq(v) = v 4+ U is certainly

linear. Itskerneligv | v+U = 0+ U}, and thisequals | v € U}, as asserted.
The mapq is ontoV /U sincev + U = q(v). O

Corollary 2.24. If V is a vector space ové@randU is a vector subspace, then
(@) dimV =dimU +dim(V/U),
(b) the subspacH is the kernel of some linear map definedn

REMARK. The first conclusion is valid even when all the spaces are not finite-
dimensional. For current purposes it is sufficient to regard\dias+oc if V is
infinite-dimensional; the sum efoo and any dimension asoco.

PrROOF. Letq be the quotient map. The linear mgpneets the conditions of
(b). For (a), take a basis &f and extend to a basis ®. Then the images under
g of the additional vectors form a basis\éf U. O

Quotients of vector spaces allow for the factorization of certain linear maps,
as indicated in Proposition 2.25 and Figure 2.2.

Proposition 2.25. Let L : V — W be a linear map between vector
spaces oveF, let Uy = kerL, let U be a vector subspace ¥f contained in
Up, and letq : V — V/U be the quotient map. Then there exists a linear
mapL : V/U — W such thatL = Lq. It has the same image as and
kerL = {up+ U | ug € Up}.

V—L>W

,71
ql L
V/U
FIGURE 2.2. Factorization of linear maps via a quotient of vector spaces.
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REMARK. One says that factors through V /U or descendgo V/U.

PrROOF. The definition of_ has to bel (v +U) = L(v). This forcesLq = L,
andL will have to be linear. What needs proof is tHais well defined. Thus
supposev; ~ v. We are to prove that (v; + U) = L(vy + U), i.e., that
L(v)) = L(vp). Nowv, — vy isinU C Ug, and hencd. (v1 — vp) = 0. Then
L(v1) = L(v1 — v2) + L(v2) = L(vp), as required. This proves thhtis well
defined, and the conclusions about the image and the kerheaod immediate
from the definition. O

Corollary 2.26. LetL : V — W be a linear map between vector spaces over
F, and suppose thdt is ontoW and has kerndl. ThenV /U is canonically
isomorphic tow.

PrROOF. TakeU = Uy in Proposition 2.25, and forrh : V/U — W with
L = Lg. The proposition shows thEtis_ontoW and has trivial kernel, i.e., the O
element ofV /U. Having trivial kernel,L is one-one. O

Theorem 2.27(First Isomorphism Theorem). Lét : V — W be a linear
map between vector spaces ofeand suppose that is ontoW and has kernel
U. Then the mafs — L(S) gives a one-one correspondence between

(a) the vector subspac&f V containingU and
(b) the vector subspaces of.

REMARK. As in Section Al of the appendix, we write(S) and L ~%(T) to
indicate the direct and inverse imagesSdndT, respectively.

PrROOF The passage from (a) to (b) is by directimage uridend the passage
from (b) to (a) will be by inverse image under?®. Certainly the direct image
of a vector subspace as in (a) is a vector subspace as in (b). We are to show that
the inverse image of a vector subspace as in (b) is a vector subspace as in (a) and
that these two procedures invert one another.

For any vector subspadeof W, L~1(T) is a vector subspace f. In fact, if
v1 andv, are inL~(T), we can writel (v1) = t; andL (v2) = t, with t; andt,
in T. Then the equationis(vy + v2) = t; +tp andL(cv1) = cL(v1) = ct; show
thatv, + v, andcvy are inL=1(T).

Moreover, the vector subspate(T) containsL ~1(0) = U. Therefore the
inverse image unddr of a vector subspace as in (b) is a vector subspace as in
(a). SincelL is a function, we havé (L~1(T)) = T. Thus passing from (b) to
(a) and back recovers the vector subspacé/of

If Sis a vector subspace &f containingU, we still need to see th& =
L=1(L(S)). CertainlyS < L~(L(S)). In the reverse direction lai be in
L=1(L(S)). ThenL(v) isin L(9), i.e.,L(v) = L(s) for somesin S. SincelL
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is linear,L(v —s) = 0. Thusv — sis in kerL = U, which is contained ir5

by assumption. Theaandv — s are inS, and hencev is in S. We conclude
thatL=1(L(S)) C S, and thus passing from (a) to (b) and then back recovers the
vector subspace of containingU.

If V is a vector space and; andV, are vector subspaces, then we write
V1 + Vs, for the setV; + V, of all sumsvy + vo with v1 € V; andvs € Vo. This
is again a vector subspace\fand is called thesum of V; and V.. If we have
vector subspaceé, . .., V,, we abbreviaté(- - - (V1 + Vo) + V3) +--- + V) as
Vi+ -4+ V. a

Theorem 2.28(Second Isomorphism Theorem). Lkt and N be vector
subspaces of a vector spa¢everF. Thenthe mam+ (M N N) — n+ M is
a well-defined canonical vector-space isomorphism

N/(M N N)Z (M + N)/M.

ProOF. The functionL(n4+ (M NN)) = n+ M is well defined sinctMNN C
M, andL is linear. The domain of is{n+ (M N N) | n € N}, and the kernel is
the subset of this wherelies in M as well asN. For this to happem must be in
M N N, and thus the kernel is the 0 elementbf(M N N). Hencel is one-one.

To seethat isonto(M + N)/M, let(m+n)+ M be given. Them+(MNN)
maps ton + M, which equal§¥m + n) + M. HenceL is onto. O

Corollary 2.29. Let M and N be finite-dimensional vector subspaces of a
vector spac&/ overF. Then

dim(M + N) +dim(M N N) =dimM + dim N.
PrROOF Theorem 2.28 and two applications of Corollary 2.24a yield

dim(M + N) —dimM = dim((M 4+ N)/M)
=dim(N/(M N N)) =dimN —dim(M N N),

and the result follows. O

6. Direct Sums and Direct Products of Vector Spaces

In this section we introduce the direct sum and direct product of two or more
vector spaces ovef. When there are only finitely many such subspaces, these
constructions come to the same thing, and we call it “direct sum.” We begin with
the case that two vector spaces are given.
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We define two kinds of direct sums. Thee&ternal direct sum of two vector
spaced/; andV, overF, written Vi @ V,, is a vector space obtained as follows.
The underlying set is the set-theoretic product, i.e., thé/set V., of ordered
pairs (v1, v2) with v1 € V1 andv, € V,. The operations of addition and scalar
multiplication are defined coordinate by coordinate:

(U, U2) + (v1, v2) = (U1 + v1, U2 + v2),
C(v1, v2) = (Cvy, Cvy),

and itis immediate that; & V, satisfies the defining properties of a vector space.
If {&;} is a basis oW1 and{b; } is a basis oW/, then it follows from the formula
(v1, v2) = (v1, 0) + (0, vp) that{(a;, 0)} U {(0, bj)} is a basis o1 & V,. Con-
sequently ifV; andV; are finite-dimensional, thevl, @ V; is finite-dimensional
with
dim(V1 @ Vo) = dimV; + dim V..

Associated to the construction of the external direct sum of two vector spaces
are four linear maps of interest:

two “projections,” pr:Vi® Vo —> Vi with p1(vy, v2) = v1,
P2: Vi@ Vo — Vo with pa(vy, v2) = v2,
two “injections,” i1:Vi—=>VieV, with i1(v1) = (v1, 0),

i:Vo—> V10 Vs with ix(vo) = (0, vy).
These have the properties that

. { I onVsifr =s,
le =
Pris 0 onVsifr #s,

i1p1+i2p2=| onV; @ V,.

The second notion of direct sum captures the idea of recognizing a situation as
canonically isomorphic to an external direct sum. This is based on the following
proposition.

Proposition 2.30.Let V be a vector space ovE&r and letV; andV, be vector
subspaces df . Then the following conditions are equivalent:

(a) every membew of V decomposes uniquely as= v1 + v, with v; € V;
andv2 € Vs,

(b) Vi+ Vo=V andVi NV, =0,

(c) thefunctionfromthe external directsipd Vo toV given by(vy, v2) —
v1 + v2 is an isomorphism of vector spaces.
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REMARKS.

(1) If V is a vector space with vector subspadgsand V, satisfying the
equivalent conditions of Proposition 2.30, then we say thas theinternal
direct sum of V1 andVs. Itis customary to write/ = Vi @ V, in this case even
though what we have is a canonical isomorphism of the two sides, not an equality.

(2) The dimension formula

dim(V: @ Vo) = dimV; +dimV,

for an internal direct sum follows, on the one hand, from the corresponding
formula for external direct sums; it follows, on the other hand, by using (b) and
Corollary 2.29.

(3) In the proposition it is possible to establish a fourth equivalent condition as
follows: there exist linearmaps, : V — V, p2: V — V,i; . imagep; — V,
andi, : imagep,; — V such that

e Prigps equalsp; if r = sand equals O if # s,
e ijpr+izp2=1,and
e V; = imagei; p; andV, = imagei, py.

PrOOF If () holds, then the existence of the decompositiog v + v2
shows tha¥/; +V, = V. If visin Vi NV5, then 0= v+ (—v) is a decomposition
of the kind in (@), and the uniqueness forees 0. ThereforevV; NV, = 0. This
proves (b).

The function in (c) is certainly linear. If (b) holds ands given inV, then
the identityV1 + V>, = V allows us to decompose asv = v1 + vp. This
proves that the linear map in (c) is onto. To see that it is one-one, suppose that
v1 + v = 0. Thenvy = —v, shows thab; is in V, NV, By (b), this intersection
is 0. Thereforeary, = v, = 0, and the linear map in (c) is one-one.

If (c) holds, then the fact that the linear map in (c) is ovitproves the existence
of the decomposition in (a). For uniqueness, supposevthatv, = U; + U>
with u; andvq in Vq and withu, andwv, in V,. Then(uq, up) and(vq, vp) have
the same image under the linear map in (c). Since the function in (c) is assumed
one-one, we conclude that;, uy) = (v1, v2). This proves the uniqueness of the
decomposition in (a). O

If V = Vi & V,is adirect sum, then we can use the above projections and
injections to pass back and forth between linear maps WithndV, as domain
or range and linear maps withas domain or range. This passage back and forth
is called thauniversal mapping property of V1 @ V, and will be seen later in this
section to characteri2é¢, @ V. up to canonical isomorphism. Let us be specific
about how this property works.
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To arrange folV to be the range, suppose thais a vector space ovétand
thatL; : U — Vi andL, : U — Vs are linear maps. Then we can define a linear
mapL :U — VbyL =iiL; +isLo,i.e., by

L(u) = (i1L1 +i2L2)(u) = (L1(w), L2(w)),

and we can recovdr; andL, fromL by L; = p;L andL, = poL.

To arrange folV to be the domain, suppose thatis a vector space ovét
and thatM; : V1 - W andM; : V, — W are linear maps. Then we can define
alinearmagM : V — Wby M = M;p; + Mapy, i.e., by

M (v, v2) = M1(v1) + Ma(v2),

and we can recovevl; andM, from M by M; = Mi; andM; = Mis.

The notion of direct sum readily extends to the direct sum eéctor spaces
overF. The external direct sumV; @ --- @ V, is the set of ordered pairs
(v1, ..., vp) With eachw; in V; and with addition and scalar multiplication defined
coordinate by coordinate. In the finite-dimensional case we have

dmVi®---®d V,) =dimVy + - - - +-dimV,.

If V1,...,V, are given as vector subspaces of a vector spjgdben we say
thatV is theinternal direct sum of Vi, ..., V, if the equivalent conditions of
Proposition 2.31 below are satisfied. In this case we Wfite V1 & --- @ V,
even though once again we really have a canonical isomorphism rather than an
equality.

Proposition 2.31.LetV be a vector space ovErand letvy, ..., V, be vector
subspaces df . Then the following conditions are equivalent:

(a) every member of V decomposes uniquely as= v1 + - - - + vp With
vieVjforl<j<n,

(b) Vi+---+Vh=Vandalso/jN(Vi+---+Vj_1+Vj1+---+Vy) =0
foreachj withl < j <n,

(c) the function from the external direct swh & - - - & V,, to V given by
(v1,...,vp) > v1 4+ -+ vy is an isomorphism of vector spaces.

Proposition 2.31 is proved in the same way as Proposition 2.30, and the
expected analog of Remark 3 with that proposition is valid as well. Notice
that the second condition in (b) is stronger than the conditionMhatv; = 0 for
all'i # j. Figure 2.3 illustrates how the conditidfi NV = O for alli # j can
be satisfied even though (b) is not satisfied and even though the vector subspaces
do not therefore form a direct sum.
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FIGURE 2.3. Three 1-dimensional vector subspaceRof
such that each pair has intersection 0.

IfV=Vi®---®V,isadirect sum, then we can define projectipps. . ., pn
andinjectionsy, . . ., in inthe expected way, and we again get a universal mapping
property. Thatis, we can pass back and forth between linear mapgwith , V,
as domain or range and linear maps witras domain or range. The argument
given above fom = 2 is easily adjusted to handle genenaland we omit the
details.

To generalize the above notions to infinitely many vector spaces, there are two
quite different ways of proceeding. Let us treat first the external constructions.
Let a nonempty collection of vector spacég over I be given, one for each
a € A. Thedirect sum @, V. is the set of all tuplegv, } in the Cartesian
product X ,. AV, with all but finitely manyv,, equal to 0 and with addition and
scalar multiplication defined coordinate by coordinate. For this construction we
obtain a basis as the union of embedded bases of the constituent spaces. The
direct product [],.a V. is the set ofall tuples{v,} in X, aV., again with
addition and scalar multiplication defined coordinate by coordinate. When there
are only finitely many factor¥, ..., V;, the direct product, which manifestly
coincides with the direct sum, is sometimes denoted/py - - - x V,. For the
direct product when there are infinitely many factors, there is no evident way to
obtain a basis of the product from bases of the constituents.

The projections and injections that we defined in the case of finitely many
vector spaces are still meaningful here. The universal mapping property is still
valid as well, but it splinters into one form for direct sums and another form for
direct products. The formulas given above for using linear maps witiite
as domain or range to define linear maps with the direct sum or direct product
as domain or range may involve sums with infinitely many nonzero terms, and
they are not directly usable. Instead, the formulas that continue to make sense
are the ones for recovering linear maps with thes as domain or range from
linear maps with the direct sum or direct product as domain or range. These turn
out to determine the formulas uniquely for the linear maps with the direct sum
or direct product as domain or range. In other words, the appropriate universal
mapping property uniquely determines the direct sum or direct product up to an
isomorphism that respects the relevant projections and injections.
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Let us see to the details. We denote typical membefr§ of, V., and@, 5 Vo
by {v. }aea, With the understanding that only finitely many can be nonzero in
the case of the direct sum. The formulas are

e [[Ve—> Vs  with ps({valaca) = vp,

aeA

iﬂ . Vﬁ — @Va with iﬂ(vﬁ) = {Wg}aen andwa = {

aeA

vg if(x:,B,
0 ifa#g.

If U is a vector space ové&rand ifalinearmagp g : U — Vg is given for each
B € A, we can obtain a linear map: U — [[,.a V. that satisfieggl = Lg
for all 8. The definition that makes perfectly good sense is

L(U) = {L(u)a}aeA = {La(u)}aeA-

What does not make sense is to try to express the right side in terms of the
injectionsi, ; we cannot write the right side s _ , i, (L, (u)) because infinitely
many terms might be nonzero.

If W is a vector space and a linear midp : Vg — W is given for eacls, we
can obtain a linear map : @, V. — W that satisfiesMiz = Mg for all 8;
the definition that makes perfectly good sense is

M ({valacn) = Y Ma(va).

aeA

aeA

The right side is meaningful since only finitely many can be nonzero. It can
be misleading to write the formula & = ) ,_, M, p, because infinitely many
of the linear map#,, p, can be nonzero functions.

Inany event, we have a universal mapping property in both cases—for the direct
product with the projections in place and for the direct sum with the injections
in place. Let us see that these universal mapping properties characterize direct
products and direct sums up to an isomorphism respecting the projections and
injections, and that they allow us to define and recognize “internal” direct products
and direct sums.

A direct product of a set of vector spaces, overF for « € A consists of
a vector spac¥ and a system of linear mags : V — V, with the following
universal mapping property: whenevetJ is a vector space aridl, } is a system
of linear mapd., : U — V,, then there exists a unique linear mMap U — V
such thatp,L = L, for all «. See Figure 2.4. The external direct product
establishes existence of a direct product, and Proposition 2.32 below establishes
its uniqueness up to an isomorphism of Wis that respects the,’s. A direct
product is said to baternal if eachV, is a vector subspace df and if for each
«, the restrictiornp, iva is the identity map oV,.. Because of the uniqueness, this
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definition of internal direct product is consistent with the earlier one when there
are only finitelyV,,’s.

Va<L—“U

pozT I/'/IL
o
\%

FIGURE 2.4. Universal mapping property of a direct product of vector spaces.

Proposition 2.32. Let A be a nonempty set of vector spaces déeand let
V, be the vector space corresponding to the merabef A. If (V, {p,}) and
(V*, {p:}) are two direct products of thé,’s, then the linear mapg, : V — V,
andp; : V* — V, are ontoV,, there exists a unique linear map: V* — V
such thatp} = p,L forall« € A, andL is invertible.

PrROOF. In Figure 2.4 leU = V*andL, = p}. If L : V* — V isthe linear
map produced by the fact thetis a direct product, then we hayg L = p}; for
all «. Reversing the roles of andV*, we obtain a linear map* : V — V*
with pXL* = p, for all «. Thereforep,(LL*) = (p,L)L* = piL* = pq.

In Figure 2.4 we next let = V andL, = p, for all «. Then the identity
1y onV has the same properfy,1v = p, relative to allp, thatLL* has, and
the unigueness says that * = 1y. Reversing the roles of andV*, we obtain
L*L = 1y+. ThereforelL is invertible.

For uniqueness suppose thiat: V* — V is another linear map witlp} =
p.® for all @ € A. Then the argument of the previous paragraph shows that
L*® = 1y-. Applying L on the left givesd = (LL*)® = L(L*®) = L1y+ =
L. Thus® = L.

Finally we have to show that the" map of a direct product is ontd,. It
is enough to show thap’ is ontoV,. TakingV as the external direct product
[1ea Ve With p, equal to the coordinate mapping, form the invertible linear map
L*: V — V*that has just been proved to exist. This satisfies= p;L* for all
a € A. Sincep, is ontoV,,, p; must be ontd/,. a

A direct sum of a set of vector spacég, overF for « € A consists of a vector
spaceV and a system of linear maps: V, — V with the followinguniversal
mapping property: wheneveW is a vector space ardi, } is a system of linear
mapsM,, : V, — W, then there exists a unique linear mip: V. — W such
thatMi, = M, for all «. See Figure 2.5. The external direct sum establishes
existence of a direct sum, and Proposition 2.33 below establishes its uniqueness
up to isomorphism of th&’s that respects thi,’s. A direct sum is said to be
internal if eachV, is a vector subspace df and if for eachy, the map,, is the
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inclusion map ok, into V. Because of the uniqueness, this definition of internal
direct sum is consistent with the earlier one when there are only finitgdy
Moz
Vy, —— W
a

L

FIGURE 2.5. Universal mapping property of a direct sum of vector spaces.

Proposition 2.33. Let A be a nonempty set of vector spaces déeand let
V, be the vector space corresponding to the memabef A. If (V, {i,}) and
(V*,{iz}) are two direct sums of th&,’s, then the linear mags : V, — V and
ix:V, = V* are one-one, there exists a unique linear ivepV — V* such
thati® = Mi, for alle € A, andM is invertible.

PrOOF. In Figure 2.5 leW = V*andM, =i}. If M : V — V*is the linear
map produced by the fact th¥tis a direct sum, then we hawi, =i} for all
a. Reversing the roles &f andV*, we obtain a linear map* : V* — V with
M*i¥ =i, for all «. ThereforeaM*M)i, = M*i} =iq.

In Figure 2.5 we next le¢V = V andM,, = i, for all «. Then the identity {
onV has the same property/i, = i, relative to alli, thatM*M has, and the
unigueness says thst*M = 1y,. Reversing the roles of andV*, we obtain
MM* = 1y«. ThereforeM is invertible.

For uniqueness suppose tdat V — V* is another linear map wittj = ®i,
for all« € A. Then the argument of the previous paragraph showsMidt =
1y. Applying M on the left givesb = (MM*)® = M(M*®) = M1y, = M.
Thus® = M.

Finally we have to show that theé" map of a direct sum is one-one dj. It
is enough to show that is one-one orV,. TakingV as the external direct sum
Pscs Ve With i, equal to the embedding mapping, form the invertible linear map
M*: V* — V that has just been proved to exist. This satisfies M*i} for all
a € A. Sincei, is one-onej; must be one-one. O

7. Determinants

A “determinant” is a certain scalar attached initially to any square matrix and
ultimately to any linear map from a finite-dimensional vector space into itself.



