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CHAPTER I

Preliminaries about the Integers, Polynomials,
and Matrices

Abstract. This chapter is mostly a review, discussing unique factorization of positive integers,
unique factorization of polynomials whose coefficients are rational or real or complex, signs of
permutations, and matrix algebra.

Sections 1–2 concern unique factorization of positive integers. Section 1 proves the division
and Euclidean algorithms, used to compute greatest common divisors. Section 2 establishes unique
factorization as a consequence and gives several number-theoretic consequences, including the
Chinese Remainder Theorem and the evaluation of the Eulerϕ function.

Section 3 develops unique factorization of rational and real and complex polynomials in one inde-
terminate completely analogously, and it derives the complete factorization of complex polynomials
from the Fundamental Theorem of Algebra. The proof of the fundamental theorem is postponed to
Chapter IX.

Section 4 discusses permutations of a finite set, establishing the decomposition of each permu-
tation as a disjoint product of cycles. The sign of a permutation is introduced, and it is proved that
the sign of a product is the product of the signs.

Sections 5–6 concern matrix algebra. Section 5 reviews row reduction and its role in the solution
of simultaneous linear equations. Section 6 defines the arithmetic operations of addition, scalar
multiplication, and multiplication of matrices. The process of matrix inversion is related to the
method of row reduction, and it is shown that a square matrix with a one-sided inverse automatically
has a two-sided inverse that is computable via row reduction.

1. Division and Euclidean Algorithms

The first three sections give a careful proof of unique factorization for integers
and for polynomials with rational or real or complex coefficients, and they give
an indication of some first consequences of this factorization. For the moment
let us restrict attention to the setZ of integers. We take addition, subtraction,
and multiplication withinZ as established, as well as the properties of the usual
ordering inZ.

A factor of an integern is a nonzero integerk such thatn = kl for some
integerl . In this case we say also thatk divides n, thatk is adivisor of n, and
thatn is amultiple of k. We writek | n for this relationship. Ifn is nonzero, any
product formulan = kl1 · · · lr is a factorization of n. A unit in Z is a divisor
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2 I. Preliminaries about the Integers, Polynomials, and Matrices

of 1, hence is either+1 or −1. The factorizationn = kl of n �= 0 is called
nontrivial if neitherk nor l is a unit. An integerp > 1 is said to beprime if it
has no nontrivial factorizationp = kl.

The statement of unique factorization for positive integers, which will be given
precisely in Section 2, says roughly that each positive integer is the product of
primes and that this decomposition is unique apart from the order of the factors.1

Existence will follow by an easy induction. The difficulty is in the uniqueness. We
shall prove uniqueness by a sequence of steps based on the “Euclidean algorithm,”
which we discuss in a moment. In turn, the Euclidean algorithm relies on the
following.

Proposition 1.1(division algorithm). Ifa andb are integers withb �= 0, then
there exist unique integersq andr such thata = bq + r and 0≤ r < |b|.

PROOF. Possibly replacingq by −q, we may assume thatb > 0. The integers
n with bn ≤ a are bounded above by|a|, and there exists such ann, namely
n = −|a|. Therefore there is a largest such integer, sayn = q. Set r =
a − bq. Then 0≤ r anda = bq + r . If r ≥ b, thenr − b ≥ 0 says that
a = b(q + 1) + (r − b) ≥ b(q + 1). The inequalityq + 1 > q contradicts the
maximality ofq, and we conclude thatr < b. This proves existence.

For uniqueness whenb > 0, supposea = bq1 + r1 = bq2 + r2. Subtracting,
we obtainb(q1 − q2) = r2 − r1 with |r2 − r1| < b, and this is a contradiction
unlessr2 − r1 = 0. �

Let a andb be integers not both 0. Thegreatest common divisorof a and
b is the largest integerd > 0 such thatd | a andd | b. Let us see existence.
The integer 1 dividesa andb. If b, for example, is nonzero, then any suchd
has|d| ≤ |b|, and hence the greatest common divisor indeed exists. We write
d = GCD(a, b).

Let us suppose thatb �= 0. TheEuclidean algorithm consists of iterated ap-
plication of the division algorithm (Proposition 1.1) toa andb until the remainder
termr disappears:

a = bq1 + r1, 0 ≤ r1 < b,

b = r1q2 + r2, 0 ≤ r2 < r1,

r1 = r2q3 + r3, 0 ≤ r3 < r2,

...

rn−2 = rn−1qn + rn, 0 ≤ rn < rn−1 (with rn �= 0, say),

rn−1 = rnqn+1.

1It is to be understood that the prime factorization of 1 is as the empty product.



1. Division and Euclidean Algorithms 3

The process must stop with some remainder termrn+1 equal to 0 in this way since
b > r1 > r2 > · · · ≥ 0. The last nonzero remainder term, namelyrn above, will
be of interest to us.

EXAMPLE. Fora = 13 andb = 5, the steps read

13 = 5 · 2 + 3,

5 = 3 · 1 + 2,

3 = 2 · 1 + 1 ,

2 = 1 · 2.

The last nonzero remainder term is written with a box around it.

Proposition 1.2.Let a andb be integers withb �= 0, and letd = GCD(a, b).
Then

(a) the numberrn in the Euclidean algorithm is exactlyd,
(b) any divisord′ of botha andb necessarily dividesd,
(c) there exist integersx andy such thatax + by = d.

EXAMPLE, CONTINUED. We rewrite the steps of the Euclidean algorithm, as
applied in the above example witha = 13 andb = 5, so as to yield successive
substitutions:

13 = 5 · 2 + 3, 3 = 13− 5 · 2,

5 = 3 · 1 + 2, 2 = 5 − 3 · 1 = 5 − (13− 5 · 2) · 1 = 5 · 3 − 13 · 1,

3 = 2 · 1 + 1 , 1 = 3 − 2 · 1 = (13− 5 · 2) − (5 · 3 − 13 · 1) · 1

= 13 · 2 − 5 · 5.

Thus we see that 1= 13x + 5y with x = 2 andy = −5. This shows for the
example that the numberrn works in place ofd in Proposition 1.2c, and the rest
of the proof of the proposition for this example is quite easy. Let us now adjust
this computation to obtain a complete proof of the proposition in general.

PROOF OFPROPOSITION1.2. Putr0 = b andr−1 = a, so that

rk−2 = rk−1qk + rk for 1 ≤ k ≤ n. (∗)

The argument proceeds in three steps.
Step 1. We show thatrn is a divisor of botha andb. In fact, fromrn−1 =

rnqn+1, we havern | rn−1. Let k ≤ n, and assume inductively thatrn divides
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rk−1, . . . , rn−1, rn. Then (∗) shows thatrn dividesrk−2. Induction allows us to
conclude thatrn dividesr−1, r0, . . . , rn−1. In particular,rn dividesa andb.

Step 2. We prove thatax + by = rn for suitable integersx and y. In fact,
we show by induction onk for k ≤ n that there exist integersx and y with
ax+ by = rk. Fork = −1 andk = 0, this conclusion is trivial. Ifk ≥ 1 is given
and if the result is known fork − 2 andk − 1, then we have

ax2 + by2 = rk−2,

ax1 + by1 = rk−1
(∗∗)

for suitable integersx2, y2, x1, y1. We multiply the second of the equalities of
(∗∗) by qk, subtract, and substitute into (∗). The result is

rk = rk−2 − rk−1qk = a(x2 − qkx1) + b(y2 − qky1),

and the induction is complete. Thusax + by = rn for suitablex andy.
Step 3. Finally we deduce (a), (b), and (c). Step 1 shows thatrn dividesa and

b. If d′ > 0 divides botha andb, the result of Step 2 shows thatd′ | rn. Thus
d′ ≤ rn, andrn is the greatest common divisor. This is the conclusion of (a); (b)
follows from (a) sinced′ | rn, and (c) follows from (a) and Step 2. �

Corollary 1.3. Within Z, if c is a nonzero integer that divides a productmn
and if GCD(c, m) = 1, thenc dividesn.

PROOF. Proposition 1.2c produces integersx and y with cx + my = 1.
Multiplying by n, we obtaincnx + mny = n. Sincec dividesmn and divides
itself, c divides both terms on the left side. Therefore it divides the right side,
which isn. �

Corollary 1.4. Within Z, if a andb are nonzero integers with GCD(a, b) = 1
and if both of them divide the integerm, thenab dividesm.

PROOF. Proposition 1.2c produces integersx and y with ax + by = 1.
Multiplying by m, we obtainamx+ bmy = m, which we rewrite in integers
asab(m/b)x + ab(m/a)y = m. Sinceab divides each term on the left side, it
divides the right side, which ism. �

2. Unique Factorization of Integers

We come now to the theorem asserting unique factorization for the integers. The
precise statement is as follows.
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Theorem 1.5(Fundamental Theorem of Arithmetic). Each positive integer
n can be written as a product of primes,n = p1 p2 · · · pr , with the integer 1
being written as an empty product. This factorization is unique in the following
sense: ifn = q1q2 · · · qs is another such factorization, thenr = s and, after some
reordering of the factors,qj = pj for 1 ≤ j ≤ r .

The main step is the following lemma, which relies on Corollary 1.3.

Lemma 1.6. Within Z, if p is a prime andp divides a productab, then p
dividesa or p dividesb.

PROOF. Suppose thatp does not dividea. Sincep is prime, GCD(a, p) = 1.
Takingm = a, n = b, andc = p in Corollary 1.3, we see thatp dividesb. �

PROOF OF EXISTENCE INTHEOREM1.5. We induct onn, the casen = 1 being
handled by an empty product expansion. If the result holds fork = 1 through
k = n − 1, there are two cases:n is prime andn is not prime. Ifn is prime, then
n = n is the desired factorization. Otherwise we can writen = ab nontrivially
with a > 1 andb > 1. Thena ≤ n − 1 andb ≤ n − 1, so thata andb have
factorizations into primes by the inductive hypothesis. Putting them together
yields a factorization into primes forn = ab. �

PROOF OF UNIQUENESS INTHEOREM 1.5. Suppose thatn = p1 p2 · · · pr =
q1q2 · · · qs with all factors prime and withr ≤ s. We prove the uniqueness by
induction onr , the caser = 0 being trivial and the caser = 1 following from
the definition of “prime.” Inductively from Lemma 1.6 we havepr | qk for some
k. Sinceqk is prime, pr = qk. Thus we can cancel and obtainp1 p2 · · · pr −1 =
q1q2 · · · q̂k · · · qs, the hat indicating an omitted factor. By induction the factors
on the two sides here are the same except for order. Thus the same conclusion
is valid when comparing the two sides of the equalityp1 p2 · · · pr = q1q2 · · · qs.
The induction is complete, and the desired uniqueness follows. �

In the product expansion of Theorem 1.5, it is customary to group factors that
are equal, thus writing the positive integern asn = pk1

1 · · · pkr
r with the primes

pj distinct and with the integerskj all ≥ 0. This kind of decomposition is unique

up to order if all factorsp
kj

j with kj = 0 are dropped, and we call it aprime
factorization of n.

Corollary 1.7. If n = pk1
1 · · · pkr

r is a prime factorization of a positive integer
n, then the positive divisorsd of n are exactly all productsd = pl1

1 · · · plr
r with

0 ≤ l j ≤ kj for all j .

REMARK. A general divisor ofn within Z is the product of a unit±1 and a
positive divisor.



6 I. Preliminaries about the Integers, Polynomials, and Matrices

PROOF. Certainly any such product dividesn. Conversely ifd dividesn, write
n = dx for some positive integerx. Apply Theorem 1.5 tod and tox, form the
resulting prime factorizations, and multiply them together. Then we see from the
uniqueness for the prime factorization ofn that the only primes that can occur in
the expansions ofd andx arep1, . . . , pr and that the sum of the exponents ofpj

in the expansions ofd andx is kj . The result follows. �

If we want to compare prime factorizations for two positive integers, we can
insert 0th powers of primes as necessary and thereby assume that the same primes
appear in both expansions. Using this device, we obtain a formula for greatest
common divisors.

Corollary 1.8. If two positive integersa andb have expansions as products
of powers ofr distinct primes given bya = pk1

1 · · · pkr
r andb = pl1

1 · · · plr
r , then

GCD(a, b) = pmin(k1,l1)
1 · · · pmin(kr ,lr )

r .

PROOF. Let d′ be the right side of the displayed equation. It is plain thatd′
is positive and thatd′ dividesa andb. On the other hand, two applications of
Corollary 1.7 show that the greatest common divisor ofa andb is a numberd
of the form pm1

1 · · · pmr
r with the property thatmj ≤ kj andmj ≤ l j for all j .

Thereforemj ≤ min(kj , l j ) for all j , andd ≤ d′. Since any positive divisor of
botha andb is ≤ d, we haved′ ≤ d. Thusd′ = d. �

In special cases Corollary 1.8 provides a useful way to compute GCD(a, b),
but the Euclidean algorithm is usually a more efficient procedure. Nevertheless,
Corollary 1.8 remains a handy tool for theoretical purposes. Here is an example:
Two nonzero integersa andb are said to berelatively prime if GCD(a, b) = 1.
It is immediate from Corollary 1.8 that two nonzero integersa andb are relatively
prime if and only if there is no primep that divides botha andb.

Corollary 1.9 (Chinese Remainder Theorem). Leta andb be positive rela-
tively prime integers. To each pair(r, s) of integers with 0≤ r < a and 0≤ s < b
corresponds a unique integern such that 0≤ n < ab, a dividesn − r , andb
dividesn− s. Moreover, every integern with 0 ≤ n < abarises from some such
pair (r, s).

REMARK. In notation for congruences that we introduce formally in Chapter IV,
the result says that if GCD(a, b) = 1, then the congruencesn ≡ r moda and
n ≡ s modb have one and only one simultaneous solutionn with 0 ≤ n < ab.
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PROOF. Let us see thatn exists as asserted. Sincea and b are relatively
prime, Proposition 1.2c produces integersx′ and y′ such thatax′ − by′ = 1.
Multiplying by s − r , we obtainax − by = s − r for suitable integersx and
y. Putn′ = ax + r = by + s, and write by the division algorithm (Proposition
1.1)n′ = abq+ n for some integerq and for some integern with 0 ≤ n < ab.
Thenn − r = n′ − abq− r = ax − abq is divisible bya, and similarlyn − s is
divisible byb.

Suppose thatn and n′ both have the asserted properties. Thena divides
n − n′ = (n − r ) − (n′ − r ), andb dividesn − n′ = (n − s) − (n′ − s). Since
a andb are relatively prime, Corollary 1.4 shows thatab dividesn − n′. But
|n − n′| < ab, and the only integerN with |N| < ab that is divisible byab is
N = 0. Thusn − n′ = 0 andn = n′. This proves uniqueness.

Finally the argument just given defines a one-one function from a set ofab
pairs(r, s) to a set ofabelementsn. Its image must therefore be all such integers
n. This proves the corollary. �

If n is a positive integer, we defineϕ(n) to be the number of integersk with
0 ≤ k < n such thatk andn are relatively prime. The functionϕ is called the
Euler ϕ function.

Corollary 1.10. Let N > 1 be an integer, and letN = pk1
1 · · · pkr

r be a prime
factorization ofN. Then

ϕ(N) =
r∏

j =1

p
kj −1
j (pj − 1).

REMARK. The conclusion is valid also forN = 1 if we interpret the right side
of the formula to be the empty product.

PROOF. For positive integersa andb, let us check that

ϕ(ab) = ϕ(a)ϕ(b) if GCD(a, b) = 1. (∗)

In view of Corollary 1.9, it is enough to prove that the mapping(r, s) �→ n given
in that corollary has the property that GCD(r, a) = GCD(s, b) = 1 if and only if
GCD(n, ab) = 1.

To see this property, suppose thatn satisfies 0≤ n < aband GCD(n, ab) > 1.
Choose a primep dividing bothn andab. By Lemma 1.6,p dividesa or p divides
b. By symmetry we may assume thatpdividesa. If (r, s) is the pair corresponding
to n under Corollary 1.9, then the corollary says thata dividesn − r . Sincep
dividesa, p dividesn − r . Sincep dividesn, p dividesr . Thus GCD(r, a) > 1.

Conversely suppose that(r, s) is a pair with 0≤ r < a and 0≤ s < b such
that GCD(r, a) = GCD(s, b) = 1 is false. Without loss of generality, we may
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assume that GCD(r, a) > 1. Choose a primep dividing bothr anda. If n is the
integer with 0≤ n < ab that corresponds to(r, s) under Corollary 1.9, then the
corollary says thata dividesn − r . Sincep dividesa, p dividesn − r . Sincep
dividesr , p dividesn. Thus GCD(n, ab) > 1. This completes the proof of(∗).

For a powerpk of a prime p with k > 0, the integersn with 0 ≤ n < pk

such that GCD(n, pk) > 1 are the multiples ofp, namely 0, p, 2p, . . . , pk − p.
There arepk−1 of them. Thus the number of integersn with 0 ≤ n < pk such
that GCD(n, pk) = 1 is pk − pk−1 = pk−1(p − 1). In other words,

ϕ(pk) = pk−1(p − 1) if p is prime andk ≥ 1. (∗∗)

To prove the corollary, we induct onr , the caser = 1 being handled by(∗∗). If
the formula of the corollary is valid forr − 1, then(∗) allows us to combine that
result with the formula forϕ(pkr ) given in(∗∗) to obtain the formula forϕ(N).

�

We conclude this section by extending the notion of greatest common divisor to
apply to more than two integers. Ifa1, . . . , at are integers not all 0, theirgreatest
common divisor is the largest integerd > 0 that divides all ofa1, . . . , at . This
exists, and we writed = GCD(a1, . . . , at ) for it. It is immediate thatd equals the
greatest common divisor of the nonzero members of the set{a1, . . . , at }. Thus,
in deriving properties of greatest common divisors, we may assume that all the
integers are nonzero.

Corollary 1.11. Let a1, . . . , at be positive integers, and letd be their greatest
common divisor. Then

(a) if for each j with 1 ≤ j ≤ t , aj = p
k1, j

1 · · · p
kr, j
r is an expansion ofaj as

a product of powers ofr distinct primesp1, . . . , pr , it follows that

d = p
min1≤ j ≤r {k1, j }
1 · · · p

min1≤ j ≤r {kr, j }
r ,

(b) any divisord′ of all of a1, . . . , at necessarily dividesd,
(c) d = GCD

(
GCD(a1, . . . , at−1), at

)
if t > 1,

(d) there exist integersx1, . . . , xt such thata1x1 + · · · + at xt = d.

PROOF. Part (a) is proved in the same way as Corollary 1.8 except that Corollary
1.7 is to be appliedr times rather than just twice. Further application of Corollary
1.7 shows that any positive divisord′ of a1, . . . , at is of the formd′ = pm1

1 · · · pmr
r

with m1 ≤ k1, j for all j , . . . , and withmr ≤ kr, j for all j . Thereforem1 ≤
min1≤ j ≤r {k1, j }, . . . , andmr ≤ min1≤ j ≤r {kr, j }, and it follows thatd′ divides
d. This proves (b). Conclusion (c) follows by using the formula in (a), and (d)
follows by combining (c), Proposition 1.2c, and induction. �
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3. Unique Factorization of Polynomials

This section establishes unique factorization for ordinary rational, real, and com-
plex polynomials. We writeQ for the set of rational numbers,R for the set of
real numbers, andC for the set of complex numbers, each with its arithmetic
operations. The rational numbers are constructed from the integers by a process
reviewed in Section A3 of the appendix, the real numbers are defined from the
rational numbers by a process reviewed in that same section, and the complex
numbers are defined from the real numbers by a process reviewed in Section A4
of the appendix. Sections A3 and A4 of the appendix mention special properties
of R andC beyond those of the arithmetic operations, but we shall not make
serious use of these special properties here until nearly the end of the section—
after unique factorization of polynomials has been established. LetF denote any
of Q, R, or C. The members ofF are calledscalars.

We work with ordinary polynomials with coefficients inF. Informally these
are expressionsP(X) = anXn+· · ·+a1X+a0 with an, . . . , a1, a0 in F. Although
it is tempting to think ofP(X) as a function with independent variableX, it is
better to identifyP with the sequence(a0, a1, . . . , an, 0, 0, . . . ) of coefficients,
using expressionsP(X) = anXn + · · · + a1X + a0 only for conciseness and for
motivation of the definitions of various operations.

The precise definition therefore is that apolynomial in one indeterminate
with coefficientsin F is an infinite sequence of members ofF such that all terms
of the sequence are 0 from some point on. The indexing of the sequence is to begin
with 0. We may refer to a polynomialP as P(X) if we want to emphasize that
the indeterminate is calledX. Addition, subtraction, and scalar multiplication
are defined in coordinate-by-coordinate fashion:

(a0, a1, . . . , an, 0, 0, . . . ) + (b0,b1, . . . , bn, 0, 0, . . . )

= (a0 + b0, a1 + b1, . . . , an + bn, 0, 0, . . . ),

(a0, a1, . . . , an, 0, 0, . . . ) − (b0,b1, . . . , bn, 0, 0, . . . )

= (a0 − b0, a1 − b1, . . . , an − bn, 0, 0, . . . ),

c(a0, a1, . . . , an, 0, 0, . . . ) = (ca0, ca1, . . . , can, 0, 0, . . . ).

Polynomial multiplication is defined so as to match multiplication of expressions
anXn + · · · + a1X + a0 if the product is expanded out, powers ofX are added,
and then terms containing like powers ofX are collected:

(a0, a1, . . . , 0, 0, . . . )(b0, b1, . . . , 0, 0, . . . ) = (c0, c1, . . . , 0, 0, . . . ),

wherecN = ∑N
k=0 akbN−k. We take it as known that the usual associative,

commutative, and distributive laws are then valid. The set of all polynomials in
the indeterminateX is denoted byF[X].
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The polynomial with all entries 0 is denoted by 0 and is called thezero
polynomial. For all polynomialsP = (a0, . . . , an, 0, . . . ) other than 0, the
degreeof P, denoted by degP, is defined to be the largest indexn such that
an �= 0. Theconstant polynomialsare by definition the zero polynomial and the
polynomials of degree 0. IfP andQ are nonzero polynomials, then

P + Q = 0 or deg(P + Q) ≤ max(degP, degQ),

deg(cP) = degP,

deg(P Q) = degP + degQ.

In the formula for deg(P + Q), equality holds if degP �= degQ. Implicit in the
formula for deg(P Q) is the fact thatP Q cannot be 0 unlessP = 0 or Q = 0. A
cancellation law for multiplication is an immediate consequence:

P R = QR with R �= 0 implies P = Q.

In fact, P R = QR implies(P − Q)R = 0; sinceR �= 0, P − Q must be 0.
If P = (a0, . . . , an, 0, . . . ) is a polynomial andr is in F, we canevaluateP

atr , obtaining as a result the numberP(r ) = anr n + · · · + a1r + a0. Taking into
account all values ofr , we obtain a mappingP �→ P( · ) of F[X] into the set of
functions fromF into F. Because of the way that the arithmetic operations on
polynomials have been defined, we have

(P + Q)(r ) = P(r ) + Q(r ),

(P − Q)(r ) = P(r ) − Q(r ),

(cP)(r ) = cP(r ),

(P Q)(r ) = P(r )Q(r ).

In other words, the mappingP �→ P( · ) respects the arithmetic operations. We
say thatr is aroot of P if P(r ) = 0.

Now we turn to the question of unique factorization. The definitions and the
proof are completely analogous to those for the integers. Afactor of a polynomial
A is a nonzero polynomialB such thatA = BQ for some polynomialQ. In
this case we say also thatB divides A, that B is adivisor of A, and thatA is a
multiple of B. We writeB | A for this relationship. IfA is nonzero, any product
formulaA = BQ1 · · · Qr is afactorization of A. A unit in F[X] is a divisor of 1,
hence is any polynomial of degree 0; such a polynomial is a constant polynomial
A(X) = c with c equal to a nonzero scalar. The factorizationA = BQ of
A �= 0 is callednontrivial if neither B nor Q is a unit. Aprime P in F[X] is a
nonzero polynomial that is not a unit and has no nontrivial factorizationP = BQ.
Observe that the product of a prime and a unit is always a prime.
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Proposition 1.12(division algorithm). If A and B are polynomials inF[X]
and if B not the 0 polynomial, then there exist unique polynomialsQ and R in
F[X] such that

(a) A = BQ + R and
(b) eitherR is the 0 polynomial or degR < degB.

REMARK. This result codifies the usual method of dividing polynomials in
high-school algebra. That method writesA/B = Q+ R/B, and then one obtains
the above result by multiplying byB. The polynomialQ is the quotient in the
division, andR is the remainder.

PROOF OF UNIQUENESS. If A = BQ + R = BQ1 + R1, thenB(Q − Q1) =
R1−R. Without loss of generality,R1−R is not the 0 polynomial since otherwise
Q − Q1 = 0 also. Then

degB + deg(Q − Q1) = deg(R1 − R) ≤ max(degR, degR1) < degB,

and we have a contradiction. �
PROOF OF EXISTENCE. If A = 0 or degA < degB, we takeQ = 0 and

R = A, and we are done. Otherwise we induct on degA. Assume the result
for degree≤ n − 1, and let degA = n. Write A = anXn + A1 with A1 = 0
or degA1 < degA. Let B = bk Xk + B1 with B1 = 0 or degB1 < degB. Put
Q1 = anb−1

k Xn−k. Then

A − BQ1 = anXn + A1 − anXn − anb−1
k Xn−k B1 = A1 − anb−1

k Xn−k B1

with the right side equal to 0 or of degree< degA. Then the right side, by
induction, is of the formBQ2 + R, andA = B(Q1 + Q2) + R is the required
decomposition. �

Corollary 1.13 (Factor Theorem). Ifr is in F and if P is a polynomial in
F[X], thenX − r dividesP if and only if P(r ) = 0.

PROOF. If P = (X − r )Q, then P(r ) = (r − r )Q(r ) = 0. Conversely let
P(r ) = 0. TakingB(X) = X − r in the division algorithm (Proposition 1.12),
we obtainP = (X − r )Q + R with R = 0 or degR < deg(X − r ) = 1.
Thus R is a constant polynomial, possibly 0. In any case we have 0= P(r ) =
(r − r )Q(r ) + R(r ), and thusR(r ) = 0. SinceR is constant, we must have
R = 0, and thenP = (X − r )Q. �

Corollary 1.14. If P is a nonzero polynomial with coefficients inF and if
degP = n, thenP has at mostn distinct roots.
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REMARKS. Since there are infinitely many scalars in any ofQ and R and
C, the corollary implies that the function fromF to F associated toP, namely
r �→ P(r ), cannot be identically 0 ifP �= 0. Starting in Chapter IV, we shall
allow otherF’s besidesQ andR andC, and then this implication can fail. For
example, whenF is the two-element “field”F = {0, 1} with 1 + 1 = 0 and with
otherwise the expected addition and multiplication, thenP(X) = X2 + X is not
the zero polynomial butP(r ) = 0 for r = 0 andr = 1. It is thus important to
distinguish polynomials in one indeterminate from their associated functions of
one variable.

PROOF. Let r1, . . . , rn+1 be distinct roots ofP(X). By the Factor Theorem
(Corollary 1.13),X − r1 is a factor ofP(X). We prove inductively onk that
the product(X − r1)(X − r2) · · · (X − rk) is a factor ofP(X). Assume that this
assertion holds fork, so thatP(X) = (X − r1) · · · (X − rk)Q(X) and

0 = P(rk+1) = (rk+1 − r1) · · · (rk+1 − rk)Q(rk+1).

Since ther j ’s are distinct, we must haveQ(rk+1) = 0. By the Factor Theorem,
we can writeQ(X) = (X − rk+1)R(X) for some polynomialR(X). Substitution
givesP(X) = (X − r1) · · · (X − rk)(X − rk+1)R(X), and(X − r1) · · · (X − rk+1)

is exhibited as a factor ofP(X). This completes the induction. Consequently

P(X) = (X − r1) · · · (X − rn+1)S(X)

for some polynomialS(X). Comparing the degrees of the two sides, we find that
degS = −1, and we have a contradiction. �

We can use the division algorithm in the same way as with the integers in
Sections 1–2 to obtain unique factorization. Within the set of integers, we defined
greatest common divisors so as to be positive, but their negatives would have
worked equally well. That flexibility persists with polynomials; the essential
feature of any greatest common divisor of polynomials is shared by any product
of that polynomial by a unit. Agreatest common divisorof polynomialsA and
B with B �= 0 is any polynomialD of maximum degree such thatD divides A
andD dividesB. We shall see thatD is indeed unique up to multiplication by a
nonzero scalar.2

2For some purposes it is helpful to isolate one particular greatest common divisor by taking the
coefficient of the highest power ofX to be 1.



3. Unique Factorization of Polynomials 13

TheEuclidean algorithm is the iterative process that makes use of the division
algorithm in the form

A = BQ1 + R1, R1 = 0 or degR1 < degB,

B = R1Q2 + R2, R2 = 0 or degR2 < degR1,

R1 = R2Q3 + R3, R3 = 0 or degR3 < degR2,

...

Rn−2 = Rn−1Qn + Rn, Rn = 0 or degRn < degRn−1,

Rn−1 = RnQn+1.

In the above computation the integern is defined by the conditions thatRn �= 0
and thatRn+1 = 0. Such ann must exist since degB > degR1 > · · · ≥ 0. We
can now obtain an analog forF[X] of the result forZ given as Proposition 1.2.

Proposition 1.15. Let A andB be polynomials inF[X] with B �= 0, and let
R1, . . . , Rn be the remainders generated by the Euclidean algorithm when applied
to A andB. Then

(a) Rn is a greatest common divisor ofA andB,
(b) anyD1 that divides bothA andB necessarily dividesRn,
(c) the greatest common divisor ofA and B is unique up to multiplication

by a nonzero scalar,
(d) any greatest common divisorD has the property that there exist polyno-

mials P andQ with AP + BQ = D.

PROOF. Conclusions (a) and (b) are proved in the same way that parts (a) and
(b) of Proposition 1.2 are proved, and conclusion (d) is proved withD = Rn in
the same way that Proposition 1.2c is proved.

If D is a greatest common divisor ofA andB, it follows from (a) and (b) that
D dividesRn and that degD = degRn. This proves (c). �

Using Proposition 1.15, we can prove analogs forF[X] of the two corollaries
of Proposition 1.2. But let us instead skip directly to what is needed to obtain an
analog forF[X] of unique factorization as in Theorem 1.5.

Lemma 1.16. If A andB are nonzero polynomials with coefficients inF and
if P is a prime polynomial such thatP dividesAB, thenP dividesA or P divides
B.

PROOF. If P does not divideA, then 1 is a greatest common divisor ofA and
P, and Proposition 1.15d produces polynomialsSandT such thatAS+ PT = 1.
Multiplication by B gives ABS+ PT B = B. ThenP divides ABSbecause it
dividesAB, andP dividesPT B because it dividesP. HenceP dividesB. �
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Theorem 1.17(unique factorization). Every member ofF[X] of degree≥ 1 is a
product of primes. This factorization is unique up to order and up to multiplication
of each prime factor by a unit, i.e., by a nonzero scalar.

PROOF. The existence follows in the same way as the existence in Theorem
1.5; induction on the integers is to be replaced by induction on the degree. The
uniqueness follows from Lemma 1.16 in the same way that the uniqueness in
Theorem 1.5 follows from Lemma 1.6. �

We turn to a consideration of properties of polynomials that take into account
special features ofR andC. If F is R, thenX2 + 1 is prime. The reason is that
a nontrivial factorization ofX2 + 1 would have to involve two first-degree real
polynomials and thenr 2+1 would have to be 0 for some realr , namely forr equal
to the root of either of the first-degree polynomials. On the other hand,X2 + 1
is not prime whenF = C sinceX2 + 1 = (X + i )(X − i ). The Fundamental
Theorem of Algebra, stated below, implies that every prime polynomial overC is
of degree 1. It is possible to prove the Fundamental Theorem of Algebra within
complex analysis as a consequence of Liouville’s Theorem or within real analysis
as a consequence of the Heine–Borel Theorem and other facts about compactness.
This text gives a proof of the Fundamental Theorem of Algebra in Chapter IX
using modern algebra, specifically Sylow theory as in Chapter IV and Galois
theory as in Chapter IX. One further fact is needed; this fact uses elementary
calculus and is proved below as Proposition 1.20.

Theorem 1.18(Fundamental Theorem of Algebra). Any polynomial inC[X]
with degree≥ 1 has at least one root.

Corollary 1.19. Let P be a nonzero polynomial of degreen in C[X],
and letr1, . . . , rk be the distinct roots. Then there exist unique integersmj > 0
for 1 ≤ j ≤ k such thatP(X) is a scalar multiple of

∏k
j =1 (X − r j )

mj . The

numbersmj have
∑k

j =1 mj = n.

PROOF. We may assume that degP > 0. We apply unique factorization
(Theorem 1.17) toP(X). It follows from the Fundamental Theorem of Algebra
(Theorem 1.18) and the Factor Theorem (Corollary 1.13) that each prime polyno-
mial with coefficients inC has degree 1. Thus the unique factorization ofP(X)

has to be of the formc
∏n

l=1(X − zl ) for somec �= 0 and for some complex
numberszl that are unique up to order. Thezl ’s are roots, and every root is azl by
the Factor Theorem. Grouping like factors proves the desired factorization and
its uniqueness. The numbersmj have

∑k
j =1 mj = n by a count of degrees. �

The integersmj in the corollary are called themultiplicities of the roots of the
polynomialP(X).
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We conclude this section by proving the result from calculus that will enter
the proof of the Fundamental Theorem of Algebra in Chapter IX.

Proposition 1.20. Any polynomial inR[X] with odd degree has at least one
root.

PROOF. Without loss of generality, we may take the leading coefficient to
be 1. Thus let the polynomial beP(X) = X2n+1 + a2nX2n + · · · + a1X + a0 =
X2n+1 + R(X). For |r | ≥ 1, the polynomialR satisfies|R(r )| ≤ C|r |2n, where
C = |a2n| + · · · + |a1| + |a0|. Thus|r | > max(C, 1) implies |P(r ) − r 2n+1| ≤
C|r |2n < |r |2n+1, and it follows thatP(r ) has the same sign asr 2n+1 for
|r | > max(C, 1). For r0 = max(C, 1) + 1, we therefore haveP(−r0) < 0
andP(r0) > 0. By the Intermediate Value Theorem, given in Section A3 of the
appendix,P(r ) = 0 for somer with −r0 ≤ r ≤ r0. �

4. Permutations and Their Signs

Let S be a finite nonempty set ofn elements. Apermutation of S is a one-one
function from S onto S. The elements might be listed asa1, a2, . . . , an, but it
will simplify the notation to view them simply as 1, 2, . . . , n. We use ordinary
function notation for describing the effect of permutations. Thus the value of a
permutationσ at j is σ( j ), and the composition ofτ followed byσ is σ ◦ τ or
simply στ , with (στ)( j ) = σ(τ( j )). Composition is automatically associative,
i.e., (ρσ)τ = ρ(στ), because the effect of both sides onj , when we expand
things out, isρ(σ(τ( j ))). The composition of two permutations is also called
theirproduct.

The identity permutation will be denoted by 1. Any permutationσ , being
a one-one onto function, has a well-defined inverse permutationσ−1 with the
property thatσσ−1 = σ−1σ = 1. One way of describing concisely the effect
of a permutation is to list its domain values and to put the corresponding range

values beneath them. Thusσ =
(

1 2 3 4 5
4 3 5 1 2

)
is the permutation of{1, 2, 3, 4, 5}

with σ(1) = 4, σ(2) = 3, σ(3) = 5, σ(4) = 1, andσ(5) = 2. The inverse

permutation is obtained by interchanging the two rows to obtain

(
4 3 5 1 2
1 2 3 4 5

)
and

then adjusting the entries in the rows so that the first row is in the usual order:

σ−1 =
(

1 2 3 4 5
4 5 2 1 3

)
.

If 2 ≤ k ≤ n, a k-cycle is a permutationσ that fixes each element in some
subset ofn− k elements and moves the remaining elementsc1, . . . , ck according
toσ(c1) = c2, σ(c2) = c3, . . . , σ(ck−1) = ck, σ(ck) = c1. Such a cycle may be


