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CHAPTER VIII

Background for Algebraic Geometry

Abstract. This chapterintroduces aspects of the algebraic theory of systems of polynomial equations
in several variables.

Section 1 gives a brief history of the subject, treating it as one of two early sources of questions
to be addressed in algebraic geometry.

Section 2 introduces the resultant as a tool for eliminating one of the variables in a system of
two such equations. A first form of Bezout's Theorem is an application, saying théxifY) and
g(X,Y) are polynomials of respective degreesandn whose locus of common zeros has more
thanmnpoints, thenf andg have a nontrivial common factor. This version of the theorem may be
regarded as pertaining to a pair of affine plane curves.

Section 3 passes to projective plane curves, which are nonconstant homogeneous polynomials in
three variables, two such being regarded as the same if they are multiples of one another. Versions of
the resultant and Bezout’s Theorem are valid in this context, and two projective plane curves defined
over an algebraically closed field always have a common zero.

Sections 4-5 introduce intersection multiplicity for projective plane curves. Section 4 treats a
line and a curve, and Section 5 treats the general case of two curves. The theory in Section 4 is
completely elementary, and a version of Bezout's Theorem is proved that says that a line and a curve
of degreed have exactlyd common zeros, provided the underlying field is algebraically closed,
the zeros are counted as often as their intersection multiplicities, and the line does not divide the
curve. Section 5 makes more serious use of algebraic background, particularly localizations and the
Nullstellensatz. It gives an indication that ostensibly simple phenomena in the subject can require
sophisticated tools to analyze.

Section 6 proves a version of Bezout's Theorem appropriate for the context of SectioR 5: if
andG are two projective plane curves of respective degreesdn over an algebraically closed
field, then either they have a nontrivial common factor or they have exactyommon zeros when
the intersection multiplicities of the zeros are taken into account.

Sections 7—10 concern @iier bases, which are finite generating sets of a special kind for ideals
in a polynomial algebra over a field. Section 7 sets the stage, introducing monomial orders and
defining Gobner bases. Section 8 establishes a several-variable analog of the division algorithm for
polynomials in one variable and derives from it a usable criterion for a finite set of generators to be a
Grobner basis. From this it is easy to give a constructive proof of the existencelbfi@rbases and
to obtain as consequences solutions of the ideal-membership problem and the proper-ideal problem.
Section 9 obtains a uniqueness theorem under the condition that timesrbasis be reduced.
Adjusting a Gobner basis to make it reduced is an easy matter. A consequence of the uniqueness
resultis a solution of the ideal-equality problem. Section 10 gives two theorems concerning solutions
of systems of polynomial equations. The Elimination Theorem identifies in termsobi@r bases
those members of the ideal that depend only on a certain subset of the variables. The Extension
Theorem, proved under the additional assumption that the underlying field is algebraically closed,
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448 VIIl. Background for Algebraic Geometry

gives conditions under which a solution to the subsystem of equations that depend on all but one
variable can be extended to a solution of the whole system. The latter theorem makes use of the
theory of resultants.

1. Historical Origins and Overview

Modern algebraic geometry grew out of early attempts to solve simultaneous
polynomial equations in several variables and out of the theory of Riemann
surfaces. We shall discuss the first of these sources in the present chapter and the
second of the sources in Chapter IX.

Serious consideration of simultaneous polynomial equations of degre
dates to a 1750 bodkby Gabriel Cramer (1704-1752), who may be better
known for Cramer’s rule in connection with determinants. Cramer was interested
in various aspects of the zero loci of polynomials in two variables with real
coefficients. Thinking of the zero locus, we refer to a nonconstant polynomial in
two variables as a plane curve.

One of the problems of interest to Cramer was to find the number of points in
the plane that would uniquely determine a plane curve of degugdo a constant
multiple. Cramer gave the answ%an(n+3) to this problem. For example, when
n = 2, if we normalize matters by taking the coefficient@fto be 1, then the
possible quadratic polynomials

f(x,y) = x> +bxy+cy’ +dx+ey+ f

involve five unknown coefficients. Each conditidrix;, y;) = 0 gives a linear
condition on the coefficients, and Cramer was able to write down explicitly a
plane curve through the given points in question by introducing determinants and
applying his rule to solve the problem.

Already with this much description the reader will see a certain subtlety—that
there will be special choices of the five points for which existence or uniqueness
will fail. We could also ask about the effect of multiplicities: what does it mean
geometrically to take two or more of the points to be equal, and how does such
an occurrence affect the number of points that can be specified?

Cramer noticed a subtlety that is less easy to resolve, even in hindsight. If we
are given any two plane curves of degree 3, then Cardan’s formula says that we
can solve one equation fgrin terms ofx, obtaining three expressions;nthen
we can substitute foy in the other equation each of the three expressiorsind
obtain a cubic equation ixeach time. In other words, we should expect up to 9
points of intersection for two cubics, and 9 should sometimes occur. (The various

1G. Cramer/ntroductiona I'’Analyse des Lignes courbes alyiques Chez les Fetes Cramer
& CI. Philibert, Geneva, 1750.
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forms of Bezout's Theorem, which came a little later, confirm this argument.) The
number of points that determine a cubic completel%n’gn +3)forn=3,i.e.,

is 9. Thus we have 9 points determining a unigue cubic, and yet the second cubic
goes through these 9 points as well. What is happening? This question has come
to be known a£ramer’s paradox.

Explaining this kind of mystery became an early impetus for the development
of algebraic geometry.

The question of the number of points of intersection had been the subject of
conjecture for some time earlier, and it was expected that two plane curves of
respective total degrees andn in some sense hatin points of intersection.
Etienne Bezout (1730-1783) took up this question and dealt with parts of it
rigorously. The quadratic case can be solved by finding one variable in terms of
the other and by substituting, but let us handle it by the method that Bezout used.
If we view each polynomial as quadraticyrand having coefficients that depend
onx, then we have a system

ap+ a1y +ay’ =0,
bo + byy + boy? = 0.

Instead of regarding this as a system of two equationsy/fowe regard it as
a system of two homogeneous linear equations for variakjes;, X, where
Xo =1, X1 = Y, X2 = y°. We can get two further equations by multiplying each
equation byy:
a0y + a1y’ + ay® =0,

boy + b1y2 + b2y3 =0,

and then we have four homogeneous linear equationgfer 1, x; = y, X =

y2, x3 = y3. Since the system has the nonzero solutibry, y?, y3), the deter-
minant of the coefficient matrix must be 0. Remembering that the coefficients
depend orx, we see that we have eliminated the variapknd obtained a poly-
nomial equation fok without using any solution formula for polynomials in one
variable. The device that Bezout introduced for this purpose—the determinant of
the coefficient matrix—is called ttresultant of the system and is a fundamental
tool in handling simultaneous polynomial equations. With it Bezout went on in
1779 to give a rigorous proof that when two polynomial$xny) are set equal

to 0 simultaneously, one of degreeand the other of degreag then there cannot

be more thaimmn solutions unless the two polynomials have a common factor.
This is a first form of Bezout's Theorem and is proved in Section 2.

In order to have a chance of obtaining a full complemenmhafsolutions, we
make three adjustments—allow complex solutions instead of just real solutions
(even in the casém, n) = (2, 1)), consider “projective plane curves” instead of
ordinary plane curves to allow for solutions at infinity (even in the ¢agen) =
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(1, 1)), andintroduce a suitable notion of intersection number of two plane curves
at a point in order to take multiplicities into account (even in the ¢asa) =
(2,1)). We shall allow complex solutions already in Section 2, and we shall make
an adjustment for projective plane curves in Section 3. The issue of intersection
multiplicity is more complicated. The beginnings of a classical approach to it
are indicated in Section 4, and a somewhat more modern approach appears in
Section 5. With the full theory of intersection multiplicities of projective plane
curves in place, we obtain a general form of Bezout’s ThediarSection 6.

The theory of the resultant can be extended in various ways, but we shall
largely not pursue this matter. Studies of zero loci of systems of equations took
a more geometric turn in the first part of the nineteenth century through the work
of Julius Plicker (1801-1858) and others, but these matters will be left for an
implicit discussion in Chapter X. Instead, we skip to a development that began
with the doctoral thesis of Bruno Buchberger in 1965. Buchberger was interested
in being able to decide when a polynomial is a member of an ideal that is specified
by a finite list of generators. For this purpose he learned that each ideal has a
special finite set of generators that is unique once certain declarations are made.
He devised an algorithm for determining such a set of generaiamsg, he gave
the name “Gobner basis” to the set, in honor of his thesis advisBhe special
unigue such basis is called a “reducedkér basis.”

Anunfortunate feature of the algorithm (and even of later improved algorithms)
is that Gobner bases are extraordinarily complicated to calculate. The timing
of Buchberger's discovery was therefore especially fortuitous, coming when
computers were becoming more common, more economical, and more powerful.

Buchberger was able to give a test for membership in an ideal in terms of
a multivariable division algorithm involving any @bher basis. Other general
problems involving ideals were solvable as well. Because of the uniqueness of the
reduced Gobner basis, two ideals are identical if and only if their reduceab@er
bases are equal. When some of the theory of resultants was incorporated into
the theory of Gobner bases, these bases could also be used to address various
questions of identifying zero loci. Other problems involving ideals could be
addressed by similar methods. The theory has flowered tremendously since its
initial discovery and by the present day has found many imaginative applications
to applied problems. Sections 7—10 give an introductory account of this important
theory.

2A correct proof of the general form of the theorem seems to have been published for the first
time by Georges-Henri Halphen (1844-1889) in 1873.

3Devising the algorithm was Buchberger’s real contribution, since the abstract existence of the
special set of generators is an easy consequence of the Hilbert Basis Theorem and had already been
used in papers of H. Hironaka in 1964.

“Wolfgang Gobner (1899-1980). The name is often spelled out as “Groebner,” particularly
when it is used in connection with computer algorithms.
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7. Grobner Bases 491

of (K[X, Y, W]/(F, G))d+r for everyr > 0.

To prove that(¥) spansK[X, Y]/(f,g), let h be in K[X,Y]. Let H be
a homogeneous polynomial iK[X, Y, W] with h(X,Y) = H(X,Y, 1), and
choose an integexrsuch thaW®H lies in K[ X, Y, W]q., for somer > 0. Then
we can writtWsH = Y- ¢;W"V; + AF + BG for suitable scalars; and
homogeneous polynomials and B. Restricting the domain to pointx, Y, 1)
givesh = Y- ¢jvj +af +bg, and thereforé + (f, 9) = >0 jvj + (f, 9).
This proves thatt) spansK[X, Y]/(f, g).

To prove thai(¥) is linearly independent, suppose thaf™; ¢jv; = af + bg
with a andb in K[X,Y]. If A and B are homogeneous polynomials such
thata(X,Y) = A(X,Y,1) andb(X,Y) = B(X,Y., 1), thenW' Y™ ¢jV; =
WSAF + W'BG, provided the exponents s,t are chosen to make the de-
grees of the term&V" Y- ¢;V;, WSAF, and W'BG match. Consequently
W YT ¢V, lies in (F, G)ayr, and (8) shows that the coefficients are all 0.
This proves thatt) is linearly independent. O

7. Grobner Bases

The remainder of the chapter returns to the main question introduced in Section 1,
that of how to get information about the set of simultaneous solutions of polyno-
mial equations in several variables. The resultant introduced in Section 2 gave us
one tool, but the tool is of most use when there are only two equations. Beyond
two equations the number of cases to check quickly grows, and the resultant is of
limited usefulnes$?

The tool to be introduced in this section is of a completely different nature.
Historically it was introduced in order to have a way of deciding whether an ideal
in K[ X4, ..., Xp] contains a given polynomial. We know from the Hilbert Basis
Theorem that every such ideal is finitely generated, and it is assumed that the
ideal to be tested is specified by such a set of generators.

The proof of the Hilbert Basis Theorem gives a clue how to start studying an
ideal of polynomials. In the statement of the theoré&his a Noetherian integral
domain, and is a nonzero ideal ifR[X]. It is to be proved that is finitely
generated. The proof by Hilbert is longer than the proof giveBasic Algebra
but the idea is clearer. To each nonzero membeX) of |, we associate the
coefficient of the highest power of appearing inf (X). These coefficients,
together with 0, form an idedl (1) in R, andL(l) is finitely generated because
Ris Noetherian. Ledy, ..., a be generators, lef; (X), ..., f, (X) be members

12The nature of the extended theory can be found in Van der Waerden, Volume I, Chapter XI.
Theorem 8.31 below in effect reproduces some of this extended theory in a context that is manageable
because of the theory of Ginher bases.



492 VIIl. Background for Algebraic Geometry

of | with respective highest coefficierds, . .., a, and letq be the largest of the
degrees off1(X), ..., fr(X). If agenerag(X) in | is given and ifa € Ris its
highest coefficient, then we know theat= ) ; ¢ia with ¢i € R. The polynomial
h(X) given byh(X) = g(X) — Y, ¢ fi(X)Xde99-dedfi has degree lower than
degg, andg(X) will be in (fy, ..., fr) if h(X)isin (fy,..., f;). Iterating this
construction, we see that itis enough to account for all the membeéfalegree
< g - 1. To handle these, one way to proceed is to enlarge tHd set ., f;} a
little. For eactk with 0 < k < q — 1, letLk(l) be the union of0} and the set of
coefficients ofXK in members of of degreek. Each of these is an ideal &and
hence is finitely generated, and we adjoif g, . . ., f;} afinite set of generators
for eachLy(l) with 0 < k < q — 1. The result is a finite s€y;, ..., gs} of
generators of , as one easily checks.

In fact, the sefq, ..., gs} is a special set of generators. For any member
of R[X], letLT(f) be the complete term of (X) containing the highest power
of X. What the argument shows is tha, . .., gs} is a subset of such that
LT(1) = (LT(Qw), ..., LT("s)), whereLT(1) denotes the ideal given as the linear
span of all polynomialsT(g) for g in I. One can show that this property of
{01,...,Qs} implies that{gs, ..., gs} generates. In essence this property will
be the defining property of a “@bher basis” of . Itis not automatically satisfied
for just any finite generating s¢fy, ..., f;}, as the example below shows. We
shall see thatitis easyto use such a set of generators to test any polyndrjig] in
for membership ifl . Thus the original problem historically for introducing such
sets is solved except for one little detail: the proof of the Hilbert Basis Theorem is
not cogstructive, and we are left with no idea how actually to constructar@r”
basis!

ExampPLE. Treat K[X, Y] as an instance of the above setting by letting
R = K[Y] and regardingK[X, Y] as R[X]. Consider the ideal = (f;, f2)
in RIX]with f1(X,Y) = X%+ 2XY?and fa(X,Y) = XY +2Y2 — 1. Then
(LT(fl), LT(fz)) = (X2, XY), and every monomial appearing with nonzero
coefficient in a member of the latter ideal has total degree at least 2. On the
other hand] contains the polynomial

Y (X, Y) — XX, Y) = V(X% +2XY) — X(XY+2Y3—1) = X,

and its leading term i¥X, whose total degree is 1. Thus(l) properly contains
(LT(fp), LT(fp).

Because of the nonconstructive nature of the proof of the Hilbert Basis Theo-
rem, it is necessary to start afresh. One message to glean from the abstract proof

13The exposition in this section and the next three is based partly on the book of Cox—Little—
O’Shea and the Web tutorial of Fabrizio listed in the Selected References.
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is that the leading terms of the members @fre important and somewhat control

the nature ofl. To handleK[Xj, ..., X,] when K is a field, it is of course
necessary to use an additional induction that enumerates the variables. In the
example above, we treatétlas more significant thavi. For the inductive step

for generalK[ Xy, ..., Xy], the ring R in the above argument K with some
numberm of the indeterminates included, aidis the(m + 1)Stindeterminate.
Putting all the steps of the induction together, we see that the order in which the
variables are processed appears to be important.

The theory of Gobner bases as it has evolved allows a healthy extra measure
of generality. Instead of defining leading terms by insisting on an ordering of the
indeterminates, it defines them by using a suitable kind of ordering of monomials,
and that is where we begin. L&[X4, ..., Xy] be given,K being a field. Let
M be the set of all monomials iIK[ X4, ..., Xn]. A monomial ordering < on
M is a total ordering with the two additional properties that

(I) M1 < Mo |mplles M1M3 < MaM3 for all My, Mo, M3 in M,

(i) 1 < M forall M in M.
We write M, > M; to meanM; < M. Also, M; < My, meansM; < M, with
M1 * Mo, andMl > M; meansM; > M» with M1 * M.

EXAMPLES OF MONOMIAL ORDERINGS Each ordering assumes that the vari-
ables are enumerated in some way. In these examples we take this enumeration
to be Xy, ..., X,. The first four examples all have the property that the largest
Xj is Xy and the smallest iX,.

(1) Lexicographic ordering, abbreviated as “lex” by many authors and written
as< gy inthislist of examples. This, the mostimportant monomial ordering, is
already suggested by the proof of the Hilbert Basis Theorem. In principle it can
be used for all purposes in Sections 7-10, but one application in Chapter X will
require adifferent monomial ordering. Its disadvantage is thatit sometimes makes
lengthy computations take longer than necessary; this matter will be discussed
more in Section 9. The definition is that! - - - Xi» < . Xj'--- X} if either
the two monomials are equal or else the fksbr whichiy # jk hasix < jk.

Thus for exampleX; X3X3 <, ., XZ. The word “lexicographic” refers to the
dictionary system for alphabetizing in which a first word comes before a second
word if for the first position in which the two words differ, the letter of the first
word in that position precedes alphabetically the letter of the second word in that
position.

(2) Graded lexicographic ordering, abbreviated as “glex” or “grle_x” by
many authors. As in Section 3 thetal degree of a monomialX}' - -- Xin is

14This means a partial ordering with the properties that eachepaihasa < borb < a and
that both hold only ifa = b.
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deg(xil1 ... Xlny = 30 ix. The definition of the ordering is thal <gLex N
if either degM < degN or else if degM = degN andM <, ., N. Thus for
example X§ < £ X1X5X3 because the total degree 2 of the first monomial is

less than the total degree 6 of the second monomial XBMEX3 < £ XX3
because both monomials have the same total degree 6 and the second monomial
involves a higher power oX; than does the first. This monomial ordering is not
much used; more common is the variant of it in the next example.

(3) Graded reverse lexicographic ordering abbreviated as “greviex” by
many authors. The definitionis thist <., £ N if eitherdegM < degN or
else if degM = degN andN' < ., M', whereM'is M but with the exponents
of Xj andX,_; interchanged for each and whereN' is defined similarly. This
ordering takes some getting used to. For examifXs < ney ey X1X5X3
whenn = 3 because both monomials have the same total degreX3xgiX; =
(XaXEXD' < oy (XEXP' = XTX3. By contrast Xy X5X3 <, oy XiX3.

(4) Orderings ofk-elimination type, where 1< k < n— 1. These are
orderings such that any monomial containing oneXef. .., Xy to a positive
power exceeds any monomial K1, ..., X, alone. These will be discussed
in Section 10. Of them, one of particular importance is Bayer—Stillman
ordering of k-elimination type. Here a monomi# is < a monomialN if the
sum of the exponents dfq, ..., Xk for M is less than the corresponding sum
for N or else the two sums are equal ald <., -x N. This ordering is
commonly used for making computations in the context of Section 10.

(5) Ordering from a tuple ofveight vectors For1<i < n, letw® be a

vector inR" of the formw® = w{’, ..., w)’), and assume that®, ..., w®™
are linearly independent ov@&. ldentify the monomialX* with the vector of
individual exponente = («, ..., an). The ordering given by the weight vectors

w( is defined by saying thaX® < X# if X* = X* or if the firsti such that

w® .o £ w® . ghasw? - < w® . B. Here the dot refers to the ordinary dot
product. A condition is needed on thé")’s to ensure that k& X for all «. (See
Problem 14 at the end of the chapter.) Here are two specific examples for which
the condition is satisfied. Let" be thei" standard basis vector &". The
lexicographic ordering in Example 1 is determined by the tuple of weight vectors
€D, ..., eM). The Bayer—Stillman ordering in Example 4 is determined by the
tuple of weight vectors

P+ +eb el 4. e e L —eltD _eb @)

Further discussion of monomial orderings determined by weight vectors occurs
in Problems 14-15 at the end of the chapter.

Property (i) of monomial orderings insists that the ordering respect multipli-
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cation of monomials in the natural way. Property (ii), according to the next
proposition, is a well-ordering property. The proof of the proposition will be
preceded by a lemma.

Proposition 8.16.1n any monomial ordering foK[ X4, ..., Xy], any decreas-
ing sequencéM; > M, > M3 > ... is eventually constant. Consequently each
nonempty subset o1 has a smallest element in the ordering.

Lemma 8.17.If | isanideal inK[ X4, ..., X,] generated by monomials and
if f(Xg,...,Xn) isinl, then each monomial appearing in the expansioffi of
with nonzero coefficient lies ih. Consequently has a finite set of monomials
as generators. Moreover,{iM4, ..., Mg} is a set of monomials that generdte
and if M is any monomial inl, then someM; dividesM.

PrROOF Let{M,} be the set of monomials that generaktedf f isin |, then
we can writef = Zle hj M, for polynomialsh;. Leth; = Z:jzl cij Mj; be
the expansion offi; in terms of monomials. I is @ monomial appearing if
with nonzero coefficient, then the only possible monomibd;; in h; that can
contribute towarct is one withM;; M, = M if such a monomial exists. For
somej, such a monomial must exist, owould be 0; thusvig liesin | .

For the second conclusion, writdy, ..., f;} by the Hilbert Basis Theorem.
The first conclusion shows that each monomial contributing to dadies in
I, and the set of all these monomials, psaries, is therefore a finite set of
monomials generating.

For the third conclusion, writh = >°_, a M; for polynomialsg;. Expand-
ing eachg; in terms of monomials, we see that somecontains with nonzero
coefficient a monomiaM’ such thatM = M’M;. The divisibility follows. O

PROOF OFPROPOSITION8.16. LetM be a monomial, and Idt be the linear
span of all monomial$/1’ with M" > M. If M’ is a such a monomial anid is
any monomial, thetN M’ > NM by (i), andNM > 1M = M by (i) and (ii).
ThereforeN M’ lies in |, andl is an ideal.

From such an idedl, we can recoveM as the unique monomidlp in | such
thatMg < M’ for every monomiaM’ in |, since any suciy hasMg < M as
well asM < Mg.

With M3, My, ... given as in the proposition, lék be the linear span of all
monomialsM’ > M. We have just seen thdt is an ideal, and théy’s are
increasing ink. Thenl = |J,-, Ik is an ideal generated by monomials, and
Lemma 8.17 shows that it has a finite set of monomials as a set of generators.
Each such monomial generator lies in solpeSince thel’s are nested, all the
generators lie in somig,, and we conclude that= ly,. The previous paragraph
of the proof shows thaty, determinesMy,, and thereforeMy = My, for all
k > ko.
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For the last statement of the proposition, if there were no least element, then for
any element in the subset, we could always find a smaller element in the subset.
In this way, we would be able to construct a strictly decreasing infinite sequence
in M, in contradiction to what has just been proved. O

Fix a monomial ordering foK[ X4, ..., Xy]. If f is any nonzero member of
K[X1,..., Xp] and if f is expanded as K linear combination of monomials,
then we define the leading monomial, leading coefficient, and leading tefm of
by

LM () = largest monomial with nonzero coefficient in expansiorf of
Lc(f) = coefficient ofLm(f) in f,
LT(f) =vLc(f)wm(f).

It will be convenient to be able to use these definitions without having to dis-
tinguish the cases # 0 andf = 0. Accordingly, let us adjoin O to the set
M, agreeing that 0< M and M = 0 for every monomiaM. We adopt the
convention thatm(0) = 0, LT(0) = 0, andLc(0) = 0.

Since any monomial that occurs in a sum of two polynomials occurs in one or
the other of them, it is immediate from the definition that

LM (f1 + f2) < maxtm(fy), Lm( L))

if f;, fo, and f; + f, are nonzero. Checking the various cases, we see that this
inequality persists if one or more df, f,, andf; + f, are 0.

The comparable results concerning multiplication are contained in the next
proposition.

Proposition 8.18.If f; and f, are two nonzero members Bf[ X1, ..., Xn],
then

LM (1 f2) = LM (f1) LM(f2) and LC(fqy fo) = Lc(f1) Le(fo);

hence

LT(fy fp) = LT(fp) LT(f2).
These equalities persist if one or bothfafand f, are 0. Moreover, iff; and f,
are nonzero and hav&( f;) = LT(f), thentm(fy — fo) < LM(fy).

PrROOF. For the first statement, let the expansionsfefand f, as linear
combinations of distinct monomials bie = a;LM(f1) + >, ¢iM; and f, =
aLM(fo) + Zj di Nj with M; < Lm(fy) for all i andN; < Lm(fy) for all j.
Then f; f, equals

ajax LM(f) LM () —|—a22ci M; LM (fo) +alzdj LM(fl)Nj +Zcidj M; Nj,
i J 1]
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and the conclusions in the first sentence of the proposition will follow if it is
shown thatM; LM(f2) < LM(fy) LM(fp), thattmM(f))N; < Lm(fy) Lm(f2), and
thatM; N; < Lm( fy) Lm(f2). The first inequality follows from (i) becaudd; <
LM ( f1), and the second inequality is similar. For the third we apply (i) twice to
obtainM; Nj < M; LM(f2) < Lm(f1) LM( f2) and observe thatthe end expressions
can be equal only if equality holds in both instances. The latter is impossible
becaus&K [ Xy, ..., Xp] is anintegral domain, and thdg; N; < Lm(fy) LM( ).

The three displayed equalities persist if one or botli;cnd f, are 0 because
LM (), LT(f), andLc(f) can be 0 only iff = 0.

Finally if f; and f, are nonzero and have expansions as in the first paragraph of
the proofwith.t(f1) = LT(f,), thenLc(f;) = a; andLc(f,) = a,. Hencef,— f;
has an expansion involving only the monomids and N;. Consequently if
f1—f2 # 0, thenthe largest of thd;’'sandN;’sis < LM( f1). Thustm(f1—fo) <
LM( f1). This inequality holds also if; — f; = 0. O

If | is a nonzero ideal irK[X4, ..., X,], we defineLT(l) to be the vector
space of allK linear combinations of polynomials(f) with f in I. It fol-
lows from Proposition 8.18 thaK[X1, ..., Xp]LT(l) € L1(l), and therefore
LT(l) is an ideal inK[Xy, ..., Xy]. A finite unordered subsefys, . . ., gk}
of nonzero elements of the idehlis called aGrobner basisof | if LT(l) =
(LT(g0), ..., LT(gw). The inclusion2 follows from the definition, and the
question is whethearr(gy), . .., LT(0k) generateT(l).

Among the examples below, Example 3 is particularly suggestive of the utility
of a Giobner basis. The idea is that an ordinary set of generators may have
the property that certain “small” elementslotan be expanded in terms of the
generators only using “large” coefficients and that this property is reflected in the
failure of (LT(g1), ..., LT(gk)) to exhaustT(l).

EXAMPLES WITH LEXICOGRAPHIC ORDERING

(1) Principal ideal. Ifl = (f(Xq,..., Xp)), then{f} is a Gobner basis. In
fact, the most general member lofs of the formhf with hiin K[ X4, ..., Xg],
and Proposition 8.18 givas (hf) = Lt(h) LT(f). ThereforeLT(l) = (LT(f)),
as required.

(2) Ideal generated by members K X1, ..., Xp]1. Suppose that =
(L1, ..., Ly), where each; isahomogeneous linear polynomial of degree 1. For
example,l could be(X; + Xz + X3, X1 — X3). Let us form the corresponding

k-by-n coefficient matrix, specificall)(i é,ll) in the 3-variable example. If
we perform row operations to transform this matrix into reduced row-echelon
form and letL], ..., L, be the members oK[X4, ..., X;]1 corresponding to

the reduced matrix, specificallf; — Xz and X, + 2X3 for the reduced form
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(é 2_12> of (i éff), thenl = (L}, ..., L},) and moreovefL}, ..., L;}is a
Grébner basis of . This fact is not particularly obvious in the full generality of
this example, but it will be shown to be an easy consequence of Theorem 8.23 in

the next section.

(3) Earlier example in this section. K[ X, Y], let| = (f1, fo) with fi(X,Y)
= X2+ 2XY?2 and fo(X,Y) = XY 4+ 2Y3 — 1. Then(LT(fp,LT(f2)) =
(X2, XY). We saw thatX is a member ofi and thatLt(X) = X is not in
(LT(f), LT(f2)). So{fy, fp} is not a Gobner basis. If we enlarge the set
of generators ofl to {f;, f, X}, then we still do not have a @Gbher basis
becausef, — YX = 2Y3 —1isin| andLt(f, — YX) = 2Y3 does not lie
in (LT(f1), LT(f2), LT(X)) = (X2, XY, X) = (X). We can enlarge the set of
generators still further t¢fq, f2, X, 2Y3 — 1}. Is this a Gobner basis? Here
we have( LT (fy), LT(f2), LT(X), LT(2Y® — 1)) = (X, Y3), and it seems as if this
equalsLT(l). But we need a way of checking easily. We shall obtain a way of
checking in Theorem 8.23 in the next section.

The question of existence—uniqueness of allBer basis will be addressed
constructively in Sections 8-9; however, we did observe at the beginning of this
section that Hilbert's proof of the Hilbert Basis Theorem essentially handles exis-
tence when the monomial ordering is the usual lexicographic ordering. Actually,
the argument at the beginning of the section had two parts to it—a nonconstructive
argument producing a certain finite set of leading terms and a verification that
those leading terms lead to a set of generators of the ideal. The first part, being
a nonconstructive existence proof, does not help us in our current efforts, and
we defer to Problem 13 at the end of the chapter the question of adapting it to
a general monomial order. The second part, on the other hand, is a useful kind
of verification in our current efforts. It shows that a certain kind of finite subset
of an ideal is necessarily a set of generators, and it generalizes as follows. The
generalization will play a role in Section 9.

Proposition 8.19. If K is a field, if a monomial ordering is specified for
K[Xq,..., Xy], and if {g1, ..., gk} is a Giobner basis for a nonzero idelalbf
K[Xq,..., Xy], then{qs, ..., gk} generates.

PROOF. First we prove that iff # 0isinl, then there exist g;, a monomial
Mo, and anonzero scalasuch thatm(f —cMpgj) < LM(f). Toseethis, we use
the hypothesis thdts, . . . , gk} is a Giobner basis to find polynomidls, . . ., hg
such thatm(f) = Zf‘zl hi LM(gi). Then it must be true for equal to some
index j thatLm(f) = MgLM(g;) for one of the monomial#ly that appears in
h; with nonzero coefficient. SincklgLM(g;) = LM(Mg) LM(g;j) = LM(Mog;),
we can rewrite this equality as(f) = cLT(Mog;) for some scalac # 0. Then
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LT(f) = LT(cMpg;), and Proposition 8.18 shows that(f —cMpgj) < LM(T),
as asserted.

Iterating this construction and assuming that we never get 0, we can find
successively nonzero scalarsmonomialsM;, and membergj, of the Gobner
basis such that the sequenoce (f — YoM, g;) indexed byl is strictly
decreasing, in contradiction to Proposition 8.16. To avoid the contradiction, we
must havef — YI_, ¢;M;g; = O for somel, and thenf is exhibited as in the
ideal (g, ..., gk). Hence the Gabner basis generatés a

8. Constructive Existence

Throughout this sectior denotes a field, and we work with a fixed monomial
ordering orK[ X4, ..., Xp]. IdealsinK[ Xy, ..., X,] will always be specified by
giving finite sets of generators. Our objective is to obtain a constructive proof of
the existence of a ®bner basis for each nonzero ideakipXy, ..., Xy], along
with a useful test procedure for deciding whether a given finite set of generators of
| isa Gobner basis. As is often the case with existence proofs, the motivation for
the proof comes from a certain amount of deduction of properties thatlan@ér”
basis must satisfy if its exists. It was mentioned in the previous section that the
failure of a set of generators to be adBnéer basis has something to do with
its failure to be able to represent all “small” elements of the ideal by means of
expansions in terms of the generators that use “small” coefficients. The first part
of this section will explore this idea, seeking to make it precise. The main step
will be a checkable text for a set to be adBner basis; this is Theorem 8.23.
The existence argument will be an easy corollary. A by-product of the existence
argument will be a way of testing a polynomial for membership.in

In the one-variable case any ideal is principal, necessarily of the fg¢)),
and the test for membership of a polynomiah the ideal is to apply the division
algorithm, writing f (X) = q(X)g(X) + r(X) withr = 0 or deg < degg.
Then f is a member of the ideal if and onlyiif= 0. The starting point for the
several-variable theory is to do the best we can to generalize the division algorithm
to several variables, recognizing that we cannot expect too much because of the
complicated ideal structure in several variables.

Proposition 8.20(generalized division algorithm). Léf4, ..., fs) be afixed

enumeration of a set of nonzero memberKd#¥,, ..., X,], and let f be an
arbitrary nonzero member df[Xy, ..., Xy]. Then there exist polynomials
ai, ..., as andr such that

f=afi+---+asfs+r,
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such thatm (g f;) < Lm(f) for all j, and such that no monomial appearing in
with nonzero coefficient is divisible byv (f;) for any j.

REMARK. The proof below will stop short of giving an algorithm, because
omitting the details of the algorithm will make the invariant of the construction
clearer. To make the proof into an algorithm, one merely needs to be systematic
about the choices in the proof. There is no claim of any uniqueness of. , ag
or r in the statement; in fact, Problem 16 at the end of the chapter shows that
more than one kind of nonuniqueness is possible. Corollary 8.21 below, however,
will show that if the givenfy, ..., fs form a Giobner basis of an idedl, then
r is independent of the enumeration of theomér basis, even without the
requirement thatm (a; fj) < m(f) forall j.

ProoF. We shall do a kind of induction involving decompositionsfobf the

form
f=(@fi+---+asfs) +p+r, (%)
whereay, ..., as, p,r are polynomials with the properties that
(i) tM(p) < m(f),
(i) tm(y ) < m(f) foralli,
(iif) no monomialM appearing im with nonzero coefficient halsl divisible
by anyLm(fi),

and we shall demonstrate thai (p) decreases at every step of the induction as
long asp # 0. Initially we take allay = 0, p = f, andr = 0. Then(x) and the
three properties hold at the start. Let us describe the inductive step.

If LT(f;) dividesLT(p) for somej, then we replace; by a; 4 LT(p)/ LT(f)),
we changep to p — (LT(p)/LT(f})) f;, and we leave alone. The equalityx)
is maintained, and (iii) continues to hold. Since

LT ((LT(p)/LT(f)) fj) = 17 (LT(p)/ LT (f) LT ()
= (m(p)/T(f)) LT(f)) = L7(p),

Proposition 8.18 shows thiat1 (p) strictly decreases. Consequently (i) continues
to hold. By the same kind of computation as {ex),

LM ((ay + LT(p)/LT(f))) fj) < max(m(a fj), v (LT(p)/LT(f))) fj)
< maxM(f), LM(p)) = LM(F),

and therefore (ii) continues to hold. This completes the inductive stay ff)
dividesLT(p) for somej.

The contrary case is that(p) is divisible byLT(f;) for noi. Then we replace
p by p — LT(p), we change tor + LT(p), and we leave al; alone. The
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equality(x) is maintained, and (ii) continues to hold. Sinse(p) = LM(LT(p)),
Proposition 8.18 shows that1 (p) strictly decreases. Consequently (i) continues
to hold. Also, (iii) continues to hold because of the assumption ith@gt) is
divisible byLT(f;) for noi. This completes the inductive stepif( p) is divisible

by LT(f;) for noi.

Proposition 8.16 shows that the induction can continue for only finitely many

steps. Since it must continue as longeag 0, the conclusion is thas = 0 after
some stage, and then the decomposition of the proposition has been praved.

Corollary 8.21. If {gi,...,0s} is a Giobner basis of a nonzero ideklof
K[X1, ..., Xp] and if f is any nonzero member &€[ X, ..., X;], then there
exist polynomialg andr such thatf = g+r, gisinl, and no monomial appear-
ing inr with nonzero coefficient is divisible byv (g;) for any j. Moreovery is
uniquely determined by these properties, griths an expansiog= > _; & g
with LM (a;gj) < Lm(f) foralli.

REMARKS. The unigueness statementimplies in particulantigindependent
ofthe enumeration ofthe s, . . ., gs}. This corollary will give us some insight
into the way a Gobner basis can resolve cancellation. Shortly we shall introduce
specific members df that have cancellation built into their definition. Being in
I, they have expansions with remainder term 0, according to this corollary. Since
the remainder is unique, the corollary says that they can be rewritten in terms of
the Giobner basis in a way that eliminates the cancellation.

PROOF. For existence, letgs, ..., gs} be a Gobner basis of , and apply
Proposition 8.20 td and the ordered ség, . . ., gs). Then the existence follows
immediately.

For uniqueness, suppose tfat=g; +r1 = g2+ ro. Thenri —ro =g, — 1
exhibitsry; —rp as inl. Arguing by contradiction, suppose that# r,. The
hypothesis orr; andr, shows that no monomial with nonzero coefficient in
ry — rp is divisible by anyLm(g;), and in particulaLm(r, — r») is not divisible
by any of the generators of the monomial idéal1(gy), . .., LM(gs)) = LM(1).
SinceLM(r; —ry) is a monomial in this ideal, this conclusion contradicts the last
conclusion of Lemma 8.17. O

Suppose thaK* = X2*... X2 andX# = X#* ... XA are two monomials in
K[X41, ..., Xn]. Then we define theieast common multipleLCM (X%, X#) to
be

LCM(X®, XP)y = X¥ = XJ*... Xl with y; = max(;, g;) forall .

This notion does not depend on the choice of a monomial ordering. Observe
for any two monomial$v andN that LCM(M, N)/M and LCM(M, N)/N are
monomials.
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If f; and f, are nonzero polynomials, then the expression

LCM(LM(f1), LM(fp)) - LCM(LM(fy),tm(fp)) 4
LT (fy) L LM () Lc(fp)

is a polynomial whose leading monomial is LEMv (1), LM( f2)) and whose
leading coefficient is 1. We define ti&polynomial of f; and f, to be

LCM(LM(fl),LM(fz))f LCM(LM(fy), LM(f2))
1 —

S, 1) = LT(f1) LT(f2)

fa.

This is the difference of two polynomials with the same leading monomial
LCI\/I(LM(fl), LM(fz)) and with the same leading coefficient 1. Accordingly,
Proposition 8.18 shows that

LM(S( f1, f2)) < LCM(LM(f1), LM(f2)).

The element§( f;, f,) are the elements mentioned in the remarks with Corollary
8.21; the above inequality is a precise formulation of their built-in cancellation.

Lemma 8.22 below says that whenever cancellation of this kind occurs in
any sum of products with functionf, ..., fs, then the sum of products can be
rewritten in terms of the&s-polynomialsS(fj, fx). In this way the nature of the
cancellation has been made more transparent, partly being accounted for by the
definitions of the individual polynomialS( f;, f).

Lemma8.22.LetM andMy, ..., Msbe monomials, lef, ..., fsbenonzero
polynomials, and suppose thdt LM ( fi) = M foralli. If ¢y, ..., csare constants
such thatm (Y7_; 6 M; fi) < M, then the sun}_7_, ¢ M; f; can be rewritten
in the form

S
dxM
GM fi = ‘ S(fj, f
;' Y j2LCM(LM(fJ-),|_|v|(fk)) (fj- T

for suitable constantdjx. In the sum on the right side, each nonzero term has
leading monomiak M.

PROOF. LetuswriteLjj = LCM(LM(fi), Lm(fj))fori # j. We may assume
that all thec; are nonzero, and we proceed by inductiorsofhere is nothing to
prove fors = 1. The key step is = 2, for which we are given that thigl term
of M4 f1 + oMo f,is 0, i.e., that

CciLC(f1) +coLc(fy) =0. (%)



8. Constructive Existence 503
Substituting fonc( f2) from (x) gives
ML S(f1, f2) = Mfy/LT(f1) — Mf2/LT(f2)

= My f1/Lc(f1) — Mafa/LC(f2)
= ¢yt Le(f) " HeiMy f1 + oMo Fo),

and this proves the displayed formula of the lemma with= c; LC( f;).
Assume the result fas— 1 > 2. We are giventhaf_;_, ¢ Lc( fi) = 0, which
we break into two parts as

LC(f
ciLe(fy) — Gerp Le(fa) =0,

S
<c2 + %(;;”) LC(fp) + i;gci Lc(fi) = 0.
The inductive hypothesis gives

My f1 — %% My f2 = diaM L3 S(f1, f2),

LC(t > -
(c2+ Cic<§2>1)>M2f2+i§Ci M fi = deik'\/”-jkls(fi’ fio-

2<j<

Adding these two formulas, we obtain the displayed formula of the lemma for
the cases, and the induction is complete. O

Theorem 8.23.Let{qs, ..., gs} be a set of generators of a nonzero ideaf
K[X4, ..., Xn], and assume tha # O for alli. Then the following conditions
on{g, ..., gs} are equivalent:

(@) {91, ..., 0s} is a Gobner basis of ,
(b) for each paixg;, gx) with S(g;, gk) # 0, every expansion di(g;, gk) as
S(gj, k) = > _i_; &jk G + r with the two properties that
() tM(@jkg) < M(S(gj, gk)) and
(i) no monomial appearing in with nonzero coefficient is divisible
by LM(g;) for any j
hasr =0,
(c) for each pairg;, gk) with S(g;, gk) # O, there is an expansion of the
form S(gj, g) = Y5, &k G With LM (@ijk Gi) < LM (S(gj, Gk).

REMARKS. Because of the equivalence of (b) and (c), the generalized divi-
sion algorithm (Proposition 8.20) gives us a procedure for testing whether these
conditions are satisfied Hdy;, ..., gs}. Namely we follow through the steps in
the proof of Proposition 8.20 in whatever fashion we please for each nonzero
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S(gj, g)- If we get remainder = 0 for each paiKj, k), then the conditions are
satisfied. If we get a nonzero remainddor some pair, then the conditions are
not satisfied. In view of the equivalence of (a) with these conditions, we have an
effective (though somewhat tedious) way of checking whetber.. ., gs} is a
Grobner basis.

PrROOF We prove that (a) implies (b) and that (c) implies (a). Since (b)
certainly implies (c), the proof will be complete.

Let (a) hold, i.e., le{gs, ..., gs} be a Gobner basis. 115(g;, gk) # 0, then
S(gj, 9«) is a nonzero member df because eachy; lies in I, and S(g;, g«)
consequently has an expansiorpas ; a g +r withr = 0. By Corollary 8.21 it
has a possibly different expansion wite= 0 and withLM (& gi) < LM(S(g;, k)
for eachi. On the other hand, in any expansionS);, g) asd | _;ag +r
such that (i) holds, whether or nok(aig) < LM(S(g;, gk)), r must be 0 by
Corollary 8.21. This proves (b).

To prove that (c) implies (a), we argue by contradiction. Among all expan-
sions of members of asZiS:1 b, g such thatt (Ziszl bi gi) is not in the ideal
(LT(g), ..., LT(s)), choose one for which

M = maxLm(big)

1<i<s

is as small as possible; this choice exists by Proposition 8.16. For this choice, let
S
f=>% big. (*)
i=1

Define M; = Lm(ly) for eachi with by # 0. If ig is an index withM =
LM(b;,0;,), thenM = M;,LM(g;,) by Proposition 8.18, and hendd lies in
(LT(g0), ..., LT(gs)). SinceLT (X7, big) is notin (LT(g), ..., LT(Qs)), it
follows thatLT (> bigi) < M. Within the set{1, ..., s}, define a subsef to
consist of thoseé for which M; LM(g;) = M. This set containg, and it has the
property that all not in E haveLm (b;jgi) < M. We regroupf as

f=> big+ > big=) Lcb)Mig + 3 (b —LT(bi)g + > big.

ieE i¢E ieE icE i¢E
Every term in the second and third sums on the right side has leading monomial
< M, and so doed. ThereforeLm (ZieE Lc(bi)Migi) < M. It follows that

the expression} ; ¢ LC(by) M; g; is of the form considered in Lemma 8.22 with
¢ =Lc(by) fori € E (andc; = 0 fori ¢ E). The lemma tells us that

2;5 Lc(b)Mig = Z&djk(M/ij)S(gja g
ie B
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for suitable scalardx, whereLjx = LCM(LM(g)), LM(gk)).
Now we apply the hypothesis (c), expanding e&b;, g¢) in some way as
S(g;, k) = Ziszlajjkgi with the g;jx equal to polynomials such that

LM (&jk Gi) < LM(S(gj, Gk))- ()
Substituting forS(g;, g«), we obtain
f = deM/Ljaijkg + Y (b —LT0)g + > big. ()
i].k ieE i¢E

We know that every term in the second and third sums on the right si¢e of
has leading monomiat M, and we shall estimate the leading monomial of each
term in the first sum. Multiplying the inequality

LM(S(g;. 9)) < LCM(LM(g)). LM(0) = Lk
by the monomiaM/L . yields

(M/Lji) LM(S(g;, o)) < M (t1)
for every pair(j, k). Combining(x*) and (1) gives

LM ((M/LjaijkGi) = (M/Lji) LM(@jkg) < (M/Lji) LM(S(g;, Gk)) < M.

Since eacldjy is a scalar, every term in the first sum on the right sidéof
has leading monomiak M. Thus(?) is an expansion of a member bfthat
contradicts the minimality of maxm(bjgi) in the expansior(x). From this
contradiction we conclude that (a) holds. d

EXAMPLE OF A VERIFICATION THAT A SET IS A GROBNER BASIS This example
continues Example 2 of “Examples with lexicographic ordering” in the previous
section. A nonzero idedl is generated by members Kf[ X1, ..., Xp]1 of the
form (Ly, ..., Ls), where eachL; is a linear combination oKy, ..., X,. After
initial manipulations we assume that the matrix of coefficientsof . ., Lsisin
reduced row-echelon form. The assertion is fhat ..., Ls} is then a Gobner
basis ofl. To prove this, we writd j = Xy, +I;, whereX,, is the associated
corner variable andj is a linear combination oK, ;1, ..., Xn such that the
coefficient of each corner variable is 0. jlf< k, then

S(Lj, L) = —lkXn; +1j Xn, = =lk(Xn; +1j) + 1§ (Xn, + 1) = —IkLj +jLk.
The second term on the right side contains no varidle . ., Xn;s but the first
term on the right side contains,. Therefore, relative to the lexicographic
ordering, we havem (S(L;, Ly)) = tM(=ILj) = tm(l) Xp,. Consequently
tM(lj L) < M (S(Lj, L)) (and actually strict inequality must hold). Thus the
displayed formula shows th&(L;, L) = ai1L; + axL in the form demanded

by (c) of Theorem 8.23. Since (c) implies (a) in the theor¢m, ..., Ls} is a
Grobner basis of .
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Corollary 8.24 (Buchberger's algorithm)> Each nonzero ideal in the poly-
nomial ringK[ Xy, ..., X,] has a Gobner basis. Such a basis can be obtained by
the following procedure: Start from any geft, ..., fi} of nonzero generators,
apply the generalized division algorithm in some fashion to eg(dh, fx) and
to the generating séff, ..., fi}, and adjoin to the set of generators any nonzero
remainders obtained from this process. Iterate this process for enlarging a set
{f{,..., f} of generators as long as a nonzero remainder is obtained for some
S(f{, o). This process must terminate at some point with all remainders equal
to 0, and the resulting generating set is ®@1ér basis.

PROOF. At the stage of the iteration that works with the ¢&f, ..., f/} of
generators, any nonzero remaindérat arises has the property that no monomial
occurring inr is divisible by anym (). By Lemma 8.17,7(r) is not a member
of (LT( ), ..., L7( f{)). However, at the next stage whehas been designated
as one of the generators bf LT(r) has become one of the generators of this
ideal. Therefore the ideéLT( £, ..., L7( ft’)) strictly increases as we pass from
one stage to the next. Sinég X1, ..., Xp] is Noetherian, its ideals satisfy the
ascending chain condition, and this chain of ideals must stabilize. Consequently
all the remainders must be 0 at some point, and then Theorem 8.23 shows that
the set of generators is a @irier basis. O

EXAMPLE OF THE COMPUTATION OF AGROBNER BASIS We return to Example
3 of “Examples with lexicographic ordering” in the previous sectionK [tX, Y],
we let f1(X,Y) = X2 4+ 2XY2and fo(X, Y) = XY + 2Y3 — 1, and we define
I = (fy, f2). We seek a Gabiner basis of, using the lexicographic ordering.
Direct computation giveS( f1, fo) = Y(X?4+2XY?) — X(XY+2Y3—-1) = X.
Since X is not divisible byLm( f1) or by LM (fp), S(fy, f2) = 0f; +0f, + X
is an expansion o8( f1, f2) as in Theorem 8.23c with = X. The procedure
of Corollary 8.24 says to adjoiriz = X to the generating set and test again.
Direct computation give$( fy, f3) = 1L(X? 4+ 2XY?) — X - X = 2XY, and
S(f1, fz) = 0fy + OF2 4+ (2Y) f3 + 0 is an expansion 0§( f;, f3) as in (c),
sinceLM (2Y f3) < LM (S(f1, f3)). ThusS(f1, f3) gives us a O remainder, hence
nothing new to process. In addition, we haef,, f3) = 1(XY +2Y3 - 1) —
Y- X = 2Y3—1. Noterm of this is divisible by any of the leading monomials of
f1, f2, f3, namelyX?, XY, X. Hence X3—1isanonzero remaindé&t. Therefore
we are to adjoinfs; = 2Y3 — 1 to our set. Computation giveS(fy, f4) =
2XY4 4+ X2 = (2Y4 4+ X) f3, S(fa, f4) = 2Y5 — Y2+ IX = 13+ Y21,

15Computer programs typically use an improved version of this algorithm to compotmér”
bases.

181t was not a bad choice of decomposition that led to a nonzero remainder when some other
decomposition might have given us 0; the equivalence of (b) and (c) in Theorem 8.23 assures us of
that fact.
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andS(fs, fa) = iX = %‘fg. In every case each term has leading monomial at
most the leading monomial of tf&polynomial. Hence all remainders are 0, and
Corollary 8.24 says thdtf,, f,, f3, f4} is a Giobner basis of .

Corollary 8.25 (solution of the ideal-membership problem).| lis a nonzero
ideal in K[ X1, ..., X;] and f is a polynomial, then a procedure for deciding
whether f lies in | is as follows: introduce a monomial ordering, construct
a Gmobner basiqgs, ..., gs} of | by means of Corollary 8.24, and apply the
generalized division algorithm to writé = Y7, ag + r for polynomials
ai, ..., ar,r such that no monomial appearingrirwith nonzero coefficient is
divisible byLm(g;) forany j. Thenf liesinl if and only ifr = 0.

ProOOF Corollary 8.24 produces the @iier basis, and Corollary 8.21 affirms
that this procedure decides whethfelies in | . O

Corollary 8.26 (solution of the proper-ideal problem). lifis a nonzero ideal
in K[X4, ..., Xp], then a procedure for deciding whethee= K[ X4, ..., X;]
is to compute a Gatiner basis fot and to see whether one of its members is a
nonzero scalac.

ProOFE If | has a nonzero scalar as one of its generators, then 1 lies in

and hencd certainly equalK[X4,..., Xy]. Conversely ifl is given, then
Corollary 8.24 produces a Gbher basi$g, . . ., gs}. SinceLT(1) = 1 and since
LT(1) = (LT(g), - .., LT(Gs)), the monomial 1 must lie ifLT(ga), ..., LT(Qs)).

Since 1 is a monomial, Lemma 8.17 shows that it must be divisibleMig; )

for somej. ThereforeLm(g;) = 1. Since 1 is the smallest monomial in any
monomial ordering, it is the only monomial appearing with a nonzero coefficient
in g;. Thereforeg; is a nonzero scalar. O

In many applications of Gdner bases, there is some flexibility in what mono-
mial ordering to impose in obtaining the @ier basis. In Corollaries 8.25 and
8.26, for example, absolutely any monomial ordering works fine. The actual
calculation of Gobner bases is often computationally demanding, and thus it
is worthwhile to use such a basis that takes relatively little time to compute.
According to computer scientisté,Grobner bases are the most widely useful
when computed relative to the lexicographic ordering, but they are then also
the most time-consuming to compute. The monomial orderings that make the
computation of Gobner bases proceed quickly tend to be ones that first bound

"The Web essay “Representation and monomial ordenst p: // ww. umi ch. edu/
~gpcc/ scs/ magna/ t ext 835. ht m within the publication of the Statistics and Computation
Service listed in the Selected References contains a discussion of various monomial orders and their
uses and advantages.
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the total degree in one or two steps. One of the reasons that this kind of monomial
ordering works so efficiently is that once the total degree is bounded, there are
only finitely many monomials less than any given mononval

9. Uniqueness of Reduced Gifiner Bases

In this sectionK continues to denote a field, and we work with a fixed monomial
ordering onK[Xy, ..., Xp]. Ideals inK[Xy, ..., X,] will always be specified

by giving finite sets of generators. Our objective in this section is to show how
any Gobner basis can be “reduced” and that a “reducedSb@er basis for an
ideal is unique. A by-product of the uniqueness argument will be a way of testing
two ideals for equality.

Any finite set of generators dfthat contains a Giiner basis is again a @iier
basis. Thus a constructedd@brier basis will often be unnecessarily large. One
simple kind of redundance is addressed by Lemma 8.27 below.

Lemma 8.27. If {gi,...,Qs} is a Gobner basis for a nonzero idehlin
K[Xz,..., Xn] and if LtM(gy) lies in the ideal (LT(g2),...,LT(gs)), then
{02, ..., Qs} is a GObner basis of .

REMARK. Lemma 8.17 shows how to check whetheir(g;) lies in the ideal

(LT(gz), - LT(gS)); all we have to do is see whether some(g;) for j > 1
dividesLM(gy).

PROOF. By hypothesis(LT(g), ..., LT(gs)) = (LT(Qu), ..., LT(gs)) =LT(I).
Therefore{gy, ..., gs} is a Giobner basis ofl. (Recall that the definition of
Grobner basis does not assume that the set generates the ideal; Proposition 8.19
deduces that it generates.) O

A Grobner basiqgs, ..., gs} of a nonzero ideal is said to beminimal if

Lc(gj) = 1forall j and if noLm(g;) is divisible byLm(g;j) for somej # i.
Lemma 8.27 shows that in trying to transform ao@mér basis into a form for
which a uniqueness result will apply, there is no loss of generality in assuming
that the given Gabner basis is minimal.

ExampPLE. As in the example following Corollary 8.24, létbe the ideal in
K[X, Y] given by | = (f1, fo) with f1(X,Y) = X2 4 2XY? and fo(X,Y) =
XY + 2Y3 — 1. Then we saw thatfy, fo, f3, f4} is a Gobner basis of in
the lexicographic ordering, wher&(X,Y) = X and f4(X,Y) = 2Y3 — 1.
The leading monomials anevi(f1) = X2, LtM(fy) = XY, LM(fz3) = X, and
LM( f4) = Y3. The first two are divisible by the third. TherefofX, Y3 — %} is
the corresponding minimal @bher basis.
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Unfortunately an ideal can have more than one minimalb@er basis, as is
shown in Problem 17 at the end of the chapter. Al@&@r basiggs, ..., gs} of
an ideall is said to beeducedif it is minimal and if for eachi, no monomial
appearing irg; with nonzero coefficient is divisible bym (g;) for somej #1i.

Theorem 8.28(uniqueness of reduced @arier basis). If is a nonzero ideal
in K[X4, ..., Xy], then| has a unique reduced @ifier basis, and this can be
obtained algorithmically starting from any minimal@brier basis.

PROOF OF UNIQUENESSLet{ds, ..., gs} be any Gobner basis. Sinag(l) =
(LT(gw), ..., LT(gs)), Lemma8.17 shows thatany (f) for f € I is divisible by
LM(g;) for somej. If {hy, ..., hi} is a second Gibiner basis, then this argument
shows that eactwm (h;) is divisible by someM (gj). Turned around, the argument
shows thatm(g;) is divisible by somam(hy). Since{hy, ..., h} is assumed
minimal, LM (hy) cannot be divisible bym (h;) if i #£ k. Thustm(h;) = tm(hy),
and these equaM(g;). Then it follows thats = t and that we may enumerate
any two minimal Gobner bases in such a way that the leading monomial of the
i"™ member of each basis is the same for dagfth 1 <i <s.

With this normalization in place, let us show tlgat= h;. To do so, we expand
g —hjasg —hj = stzl a h; with LM (gi —h;) = max Lm(a;h;) inaccordance
with (b) of Theorem 8.23. Choodesuch that the maximum on the right side is
attained ak, i.e., such that

LM (&) LM () = LM (g — h). (%)

Arguing by contradiction, suppose that the right sidgs9fis nonzero. Then it
must be a monomial occurring in eithgror h;. Since the two Gabner bases are
reduced, no monomial occurring @i is divisible byLm (gk) = LM (hy) if k #1i,
and similarly for monomials occurring ij. We conclude thak = i and that
M (hj) = Lm(gi — h;). But this is impossible by Proposition 8.18&jf— h; # 0,
sinceLM (gi) = LM (hj) andLc(g;) = Lc(h;) = 1. Therefore the right side @)

is 0, andg; = h;. O
PROOF OF EXISTENCE Let{gs, ..., gs} be a minimal Gobner basis of. As
was shown in the proof of uniqueness, the leading monomnalg, ), . . . , LM (gs)

are independent of the choice of the actual minimal basis. Looking atthe definition
of “reduced,” we see therefore that the property of being reduced is a property of
each membeg; of the basis separately. That is, it is meaningful to say ghat

is reduced if no monomial appearing gnwith nonzero coefficient is divisible

by LM(g;) for somej # i. We shall show how to replagg by an element

with the same leading monomial in such a way that the new set is stilblar@r”
basis andy/ is reduced, and then the proof will be complete. There is no loss of
generality in taking = 1.
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Applying the generalized division algorithm (Proposition 8.20), we write

S
O = _Zzaj g +r ()
J:
in such a way that
LM(Qy) = maxLM(ag;) (1)

and that no monomial appearing inwith nonzero coefficient is divisible by
LM(g;) forany j > 2. If we defineg; to be this element, then the elemerd;
is reduced in the above sense, and the only question is whigthep, . . ., gs}
is a Giobner basis. Sincy, ..., gs} is minimal,LM(gy) is not divisible by any
LM(g;) for j > 2. Consequentlym(g:1) appears with nonzero coefficient on the
left side of (xx), and it does not appear in any of the terapg; with nonzero
coefficient on the right side. Consequently it appeans #a g7, andLM(g;) <
LM(g;). On the other hand, the equality) implies thatLmM(g;) < LM(Qy).
ThereforetM(gy) = LMm(gy, andLT(l) = (LT(Q0), LT(Q2)...,LT(Gs)) =
(LT(g/l), LT(g2) ..., LT(gS)). Consequently{g;, 02, ..., Os} is @ Goobner basis
by definition. O

Corollary 8.29 (solution of the ideal-equality problem). Letand J be two
nonzero ideals ifK[ X4, ..., Xy] specified in terms of finite sets of generators.
Thenl| = J if and only if the reduced Gbner bases of and J relative to a
single monomial ordering are the same.

REMARK. As with the solution of problems listed in Corollaries 8.25 and 8.26,
the desired end is independent of the monomial ordering, and in practice one
might just as well start from a monomial ordering for which the computation of
Grobner bases is relatively easy.

PROOF. This result is immediate from Corollary 8.24 (constructive existence
of Grébner bases) and Theorem 8.28. O

10. Simultaneous Systems of Polynomial Equations

In this section we combine our techniques concerning the resultant afh&r”
bases to attack the original problem discussed in Section 1, that of solving systems
of simultaneous polynomial equations in several variables. Ourinterest ultimately
will be in the case that the underlying field is algebraically closed.

Corollary 8.26 and the Nullstellensatz already combine to give a criterion for
such a system to have no solutions: We regard the system as the zero locus of
an ideal, and we calculate a@rier basis for the ideal. Then the system has no



