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Summary

In this thesis we examine the bifurcation in behaviour (for the dynamics) which occurs when we perturb
the holomorphic germ fy(z) = z+ 2”1 + O(2¥*?2) defined in a neighbourhood of 0, so that the multiple
fixed point at 0 splits into v + 1 fixed points (counted with multiplicity). The phenomenon observed
is called the parabolic implosion, since the perturbation will typically cause the filled Julia set (if it is
defined) to “implode.”

The main tool used for studying this bifurcation is the Fatou coordinates and the associated Ecalle
cylinders. We show the existence of these for a family of well behaved f’s close to fy, and that these
depend continuously upon f.

Each well behaved f will have a gate structure which gives a qualitative description of the “egg-beater
dynamic” for f. Each gate between the fixed points of f will have an associated complex number called
the lifted phase. (Minus the real part of the lifted phase is a rough measure of how many iterations it
takes for an orbit to pass through the gate.) The existence of maps with any desired gate structure and
any (sensible) lifted phases is shown. This leads to a simple parameterisation of the well behaved maps.

We are particularly interested in sequences f;, — fg where all the lifted phases of the f; converge to
some limits, modulo Z. We show that there is a non-trivial Lavaurs map ¢ associated with these limits,
which commutes with fy. The dynamics of f; are shown to (in some sense) converge to the dynamics of
the system (fo, g).

We also prove that for any Lavaurs map ¢ there is a sequence f;, — fo so that f,’: — g as k — 400,
uniformly on compact sets.



Notation

Standard notation

N, Z, R, C
Ny
C

O(g9(2)) (as z — 0)

o(g(z)) (as z — 0)
r>aorazx
A=B or B=A

Symbols used in

Xs:Xg
v, =Y/
V;:U—C

H
fo

Ky
o

No

us

Comp*(C)

Zi 4y Zi,—

WB
Yi,s, f

the natural numbers, integers, real numbers and complex numbers respectively
the set of non-negative integers {0,1,2,...}

the Riemann sphere CU {oo}

the set C\ {0}

the unit disc {z € C | [z] < 1}

the open disc {z € C | |z| < R} where R >0

the open disc {z € C | |z—a] < R} where a € Cand R >0

the closure, interior and boundary respectively of the set X

the number of elements contained in the set X

the disjoint union of A and B

A 1s conformally isomorphic to B

the identity map on the set X

the set {(1 —¢)w + 1tz | t €[0,1]} where w,z € C

the multiplicity of f at o where o is a fixed point of f

the holomorphic index of f at o, where o is a fixed point of f (p. 7)

the uniform norm || f||x = sup,¢x |f(2)|, where K is a compact subset of C, and
f 1s well defined on K

an arbitrary map f(z) such that f(z)/g(z) is bounded (in some neighbourhood
of 0)

an arbitrary map f(z) such that f(z)/g(z) — 0 (as z — 0)
z 1s much greater than a

A 1s defined to be B

the main text

the s-time flow for the vector field z = f(z) — z (p. 3)

the t-time flow for the vector field z = i[f(z) — 2] (p. 3)

the change of coordinate ¥y (z) := fjﬂ %, where U C C is simply connected
and contains no fixed points of f, and zg € U (p. 4)

the set of holomorphic maps, together with the compact-open topology (p. 7)
the holomorphic germ fo(z) = z + 2Vt 4+ O(27*+?) defined in a neighbourhood of
Ko (p. 7)

the compact disc Da,,, where rq > 0 is very small (p. 7)

half the radius of Kqy (p. 7)

a small neighbourhood of f; € H, made up of holomorphic maps defined in a
neighbourhood of Ky (p. 7)

given f € Ny, uy is a holomorphic map defined in a neighbourhood of Ky, such
that f(z) = z+ (2 — 00) .. .(2 — 0, )us(z) for some oy, ...,0 € Ky (p. 8)
the set {X Cc C | X # & is compact} together with the Hausdorff metric (p. 8)

points of distance ry away from 0, lying along the ith attracting direction, and
ith repelling direction respectively, where i € Z/vZ (p. 9)

the maps in Ny which are well behaved (p. 10)

the “maximal” trajectory for z = {[f(z) — z] which satisfies v; 5 +(0) = z; 5, where

i€ ZJvZ, s € {+,—}and f € Ny (p. 9)

vi



bis, 1
Yi,s, 4 (F00)

Siys,f

!
i,8,f
gate(f)

Admissible

G=(Gi,...
WB(G)
O'Q(f), .
®; ;¢

,Gy)

07 (f)

Ciis,g =5, 4/
2]

[w]z

Ui,s,f

i(f, o)

7i(f)

Fix“(i, f), Fix'(i, f)
g(G;él, .. .,5,,)
(fo,9)

J(f), K(f)
J(fo,9), K(fo,9)
RUY)

Rgi’g?g)

f’

He

f(G;6y,...,0,)
f(G;61,...,6

the image of the path v; ; ¢, where i € Z/vZ, s € {+,—} and f € Ny (p. 9)

the fixed point lim;_. 4+ 7i s #(t) and where i € Z/vZ, s € {+,—} and f € WB
(p- 10)

the closed set bounded by the closures of the lines ¢; , ; and f(¢; s ;) where i €
Z[vZ, s € {+,—} and f € WB (p. 10)

the fundamental region obtained by removing the fixed points v; ; ¢(+0c0) and
Yi s ;(—00) from S; 5 ; where ¢ € Z/vZ,s € {+,—} and f € WB (p. 11)

the vector gate(f) = (gatel(f), . gatey(f)) in {1,...,v,%}” which represents
the gate structure of f € WB (p. 11)

the set of vectors in {1, ..., v,%}” which corresponds to the admissible gate struc-
tures (p. 11)

an arbitrary gate structure in Admissible (p. 11)
maps in WB which have gate structure G € Admissible (p. 11)
the distinct fixed points in Kg of f € WB (p. 12)

the Fatou coordinate defined upon S} | f (or Us 5,1) where it € Z/VZ, s € {+,—}
and f € WB (p. 14)

the Ecalle cylinder for i € Z/vZ, s € {+,—} and f € WB (p. 14)

= Sz{,s,f/f (p- 14)

the equivalence class of w € C in C/Z (p. 14)

the neighbourhood of S! | ; which ®;,  is extended to, where i € Z/VZ, s €
{+,—}and f € WB (p. i4§

the j-index of f at o, where o is a fixed point of f, and f'(¢) —1 € DD (p. 16)
the lifted phase of the ith gate for f € WB (p. 15)

the fixed points of f “above” and “below” the ith gate (p. 17)

the Lavaurs map with gate structure G, and lifted phases b1, ...

the equivalence class of z € S} | 1 inCj s ¢

.6, (p. 19)

the dynamical system generated by fy and an associated Lavaurs map ¢ (p. 19)
the Julia set and filled Julia set of f, where f is a polynomial (p. 20)

the Julia set and filled Julia set of (fo, g), where fy is a polynomial (p. 20)

one of the return maps for f (p. 21)
one of the return maps for (fo, ¢) (p. 23)

a holomorphic family of maps of a particular form and containing fo (p. 24)
the set {w € C | Rew < =&} where £ > 1 (p. 24)
the set My x --- x M, C@V,Where5>>0 and

M, = {
for k=1,...,v (p. 24)
the unique map f € WB(G) N F with lifted phases 01,....0, (p- 24)

the unique map f € WB(G) with o¢(f) = 00, uy = v and lifted phases f,...
(p- 25)

He
{oc}

if G; # *,
if G = *
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Organisation of the paper

This paper comes in three chapters: the Introduction, the Results, and the Proofs (together with an
appendix).

It is organised into chapters, sections and subsections. §2 denotes the 2nd chapter, and §3.7.2 denotes
the 2nd subsection of the 7th section of the 3rd chapter etc.

Formulae and figures are numbered within chapters, so (3.9) denotes the 9th formula of the 3rd
chapter, and Figure 2.4 is the 4th figure of the 2nd chapter.

Statements are numbered within sections, so Corollary 4.7.3 is the 3rd statement of §4.7. By a
statement we mean a Theorem, Proposition, Corollary, Lemma, Remark or Definition.

Proofs begin with “Proof.” and end with “Il.”

All the results will be stated in Chapter 2, and the page on which the corresponding proof can be
found appears in a box like in the margin. All sections in Chapter 2 will have a corresponding

section in Chapter 3. So for example, a result in §2.3 will have its proof located in §3.3.
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Chapter 1

Introduction

In this paper we examine the bifurcation in behaviour which occurs when we perturb the holomorphic
germ

folz) = 2+ 2"+ O(2"F?)

defined in a neighbourhood of 0, so that the multiple fixed point at 0 splits into v+ 1 fixed points (counted
with multiplicity). The phenomenon observed is called the parabolic implosion, since the perturbation
will typically cause the filled Julia set (if it is defined) to “implode.” See Figure 1.1.

The main tool used for studying this bifurcation is the theory of Ecalle cylinders, which was first
introduced in [DH]. In this paper we show the existence of Fatou coordinates and Ecalle cylinders for
a fairly general family f’s close to fy. (These Fatou coordinates will conjugate f to the translation
T(w) := w+ 1 on particular regions.)

The v incoming and v outgoing Fatou coordinates for fy are quite easy to obtain (see [Mi]). In
[La], [Sh1-3], [Do] and [Zi] the “persistence” of the Fatou coordinates (and Ecalle cylinders) for certain
perturbations is shown in the special case v = 1. ([DSZ], [EY] and [Wi] contain applications of these
Fatou coordinates.)

In this thesis we prove the persistence of the Fatou coordinates in the general case v > 1. All the
Theorems and Propositions in Chapter 2 are new (although A. Epstein may have some unpublished work
on the same problem). Much of the notation used in this thesis follows [Sh2].

We will consider a fairly general family of well behaved maps f in a neighbourhood of f; and construct
Fatou coordinates for these which depend continuously upon f.

Each well behaved f will have a gate structure which gives a qualitative description of the “egg-beater
dynamic” for f. Each gate between the fixed points of f will have an associated complex number called
the lifted phase. (Minus the real part of the lifted phase is a rough measure of how many iterations it
takes for an orbit to pass through the gate.) The existence of maps with any desired gate structure and
any (sensible) lifted phases is shown. This gives us a simple parameterisation of the well behaved maps.

We are particularly interested in sequences f; — fo where all the lifted phases of the f; converge to
some limits, modulo Z. In this case, there is a non-trivial Lavaurs map ¢ associated with these limits,
which commutes with fg. The dynamics of f; are shown to (in some sense) converge to the dynamics of
the system (fo, g).

We also prove that for any Lavaurs map ¢ there is a sequence f; — fo so that f,]: —g.

The Fatou coordinates and Ecalle cylinders are constructed using the following Lemma. (See
Lemma 3.3.13 in §3.3.5.)

Main Lemma Let K be a closed Jordan domain and let f : K — C be analytic. Suppose
that
1 )f(z)— 2| < 11—0 and |f'(z) — 1| < 11—0 for every z € K;
2. v: R — R solves 3 = i[f(z) — z] and y(t) — o1 ast — oo (where oy, 0_ are fized
points of f, which need not be distinct;)

3. f4) C K and £n F&) = &, where £ := y(R), (see Figure 1.2).

1
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Figure 1.1: In (a) we show the trajectories for fo(z) = z + 23, the unperturbed map. (b), (c) and (d)
show the dynamics of maps close to fy. Notice that the left-lower fixed point in (c) is a double fixed
point. (a), (b) and (c) are all well behaved maps, and Fatou coordinates can be constructed for each of
them. (d) however is not well behaved, although we do deal briefly with this example in the appendix



Then we can let S be the closed set bounded by the loop LU f(£) U {oy,0_} and S’ =
S\ {o4,0_} (which we call a fundamental region).

There is an analytic, injective map ® : S’ — C such that
D(f(z) =P(2)+ 1 for every z € £,

and ® is unique up to addition by a constant. We call & a Fatou coordinate.

We can construct the quotient S/ f by identifying z € £ with f(z) € f(£). This is a cylinder
with the structure of a Riemann surface. [z]; — [®(2)]z induces a conformal isomorphism

s'fEc/z (where [z]; denotes the class of z € S" in S'/f and [w]y denotes the class of
we CinC/Z). We call S'/f an Ecalle cylinder.

Figure 1.2:

Now in the cases which we will be dealing with, condition (1.) will be immediate if we make K a
sufficiently small neighbourhood of 0. And if both (1.) and (2.) are satisfied, then condition (3.) will
be immediate (although we may need to extend K slightly.)

Therefore much of the work we must do to prove the existence of the Fatou coordinates is aimed at
proving that the trajectories for the vector field

i = ilf(z) - -] (1.1)

which pass through certain points will satisfy condition (2.).

If these trajectories “do what they are supposed to” we will say that f is well behaved, and we will
be able to apply the Main Lemma above to show the existence of the incoming and outgoing Fatou
coordinates for f.

Vector fields and approximate Fatou coordinates

We now take a quick look at the two vector fields 2 = f(z) — z and z = i[f(z) — z], and how these are
related to the dynamics of f. The flows for these vector fields are used many times in the proofs, and
they also lead to a convenient change of coordinate.

Assuming that f(z)—z and f’(z) —1 are both small, we can in some sense “approximate” the discrete
time dynamical system associated with f by the continuous time dynamical system associated with the
vector field

z2=f(z)— z. (1.2)
Orbits of points under f will roughly follow trajectories for (1.2). In fact f is the Euler method map of
step length 1 for (1.2). (Compare with [Do, §10].) Notice also that ¢ is a fixed point of the flow for (1.2)
if and only if it is a fixed point for f. (Notice also that trajectories for the vector field (1.2) will never
cross one another since the vector field does not depend upon time. The same is true for (1.1).)

Since we will often be working with trajectories for the vector fields (1.2) and (1.1) it makes sense
for us to denote the respective flows by X; = th and Y; = th. More specifically, if zg € IO(O then X is
determined by

a
EXt(ZO) = f(Xt(z0)) — Xe(z0) and  Xo(z0) = 20,
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and Y; is determined by

2} .

7 1(20) = ilf(Ye(20)) = Yi(z0)] and  Yo(z0) = 2.

These are well defined (at least for small ¢+ € R) and are unique (by Theorem 3.2.1). For a fixed T' € R
the maps Xp and Yp will be holomorphic on their domains of definition (which may just be the empty
set).

Suppose that U C C is a simply connected set containing no fixed points of f, and that f is well
defined upon U. Then

z dC
Ve(z):= -
0= ) R0 <
U, is well defined on U if we only allow integration over arcs in U and zy € U. (Note that choosing
a different zy € U will only have the effect of adding some constant to the map ¥;.) Compare with
[Sh2, §2.6.1].

The significance of ¥ is that it is a “Fatou coordinate for X{,” i.e. ¥y will conjugate X{ to the
translation T'(w) := w+1. (X{ is actually very close to f.) If we let w = U;(2) then in the w-coordinate
the push forwards of the two vector fields z = f(z) — z and Z = i[f(z) — z] become w = 1 and w = i
respectively.

This ¥; provides us with an approzimate Fatou coordinate for f. That is to say that U;(f(2)) =
U;(z) + 1 when both sides are well defined.

Y(2)+it Y(2)+stit
A A A

W >
—
Y(2) W(2)+s
Figure 1.3:

X, and Y; commute with each other,
X5 0Yy(2) = Yi0 X,(2)

for every z, s, such that both sides are well defined. We also find that W (X, oYi(2)) = ¥;(z)+ (s+1it).
See Figure 1.3.

Trajectories for the vector field 2 = f(z) — z correspond to horizontal lines in the w = Ug(z)
coordinate, and trajectories for z = i[f(z) — z] correspond to vertical lines.

U is basically the change of coordinate used in [Sh1-3] and [Do]. For instance, if f(z) = z + z**!
then w = T (2) = —# + const. Also if f(z) = z 4+ 2% + ¢ then

v = s () +

7.+ const.

(See [Do, p.122].)

We will really only be considering the local dynamics of maps f close to fy (and also in passing the
dynamics of the vector fields z = f(z) — z and z = i[f(z) — z]), since we are unsure of the domain of
definition of the maps f.



In [DES] a study is given of the global dynamics of z = V(z) where V is a degree d polynomial.
(P. Sentenac gave a seminar based on [DES] in December 1998 at Warwick, but the paper has not been
written as yet.) [DES] is not concerned with any discrete dynamical system, and so it has no direct
connection with the subject of Fatou coordinates.

However, [DES] does use “straightening coordinates” (which correspond to our approximate Fatou
coordinates), on each element of a partition of C to describe the global dynamics for the vector field.
This is done for any polynomial V| without having to restrict attention to “well behaved” V’s.

Each one of our admissible gate structures will correspond to one of the “combinatoric invariants”
in [DES]. Also defined in [DES] are “integral invariants” which correspond to our lifted phases.

Lemma 3.7.13 (which is used in the proofs) is a special case of a result in [DES]. The proof that we
give of Lemma 3.7.13 depends upon the same kind of global study of polynomial vector fields which is
carried out in [DES]. (However T do not know whether the proof used in [DES] is quite the same.)
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Chapter 2

The Results

2.1 Preliminaries

Given any analytic map, with a multiplier-e2™?/¢ parabolic fixed point, we can shift the fixed point to
the origin so that it is of the form

go(z) = e2mirl a1y, 4 g mtl O(zm+2),
for some m > 1. gd is then of the form
95(2) = 2+ b2"F1 + 0(z"*?)

for a certain v > 1, and we are able to conjugate g¢ (via some map of the form z — az) to a map

fo : D(fo) — C, of the form

fo(z) = 2+ 2" uyy(2),
where uz,(0) = 1 and uy, is analytic on D(fy) (which is a neighbourhood of 0). We will work throughout
with fy rather than go.

Definition 2.1.1 (Compact-open topology together with domain of definition) For
any holomorphic map f defined on a subset of C let D(f) denote the domain of definition of
f. Now set

o . T f 1s holomorphic and
"= {f D) —C d(interior D(f)) = dD(f) }

where two functions are considered to be distinct if they have different domains of definition.
We can construct a non-Hausdorff! topology on H (which 1'so also defined in [Sh2, §2.5.1])
S0 th%t Jfm — [ if and only if for every compact set K C D(f) there is an mg so that
K C D(fm) for every m > mq, and fm|k — f|x uniformly as m — +oco. Roughly speaking
this means the f,, converges to f uniformly on compact sets.
In this topology a neighbourhood of f; € 'H is any set containing

N(fi,K,e):={geH | K C ﬁ(g), o(fi(z),9(z)) <eVz €K}

for some £ > 0 and a compact set K C ﬁ(fl), where o(-, ) is the spherical metric on C.
This topology will always be used in this paper. So when we write f — f (for some
f € H) we implicitly mean that convergence is in the compact-open topology.

We take a very small rg > 0 so that the closed disc Kg = m is contained in YOD(fo) This Kg will
remain fixed throughout this paper.

We then take a very small open neighbourhood Nj of fy in the compact-open topology. Assuming
this is small enough then Ky C D(f) for every f € Ny. In fact we require that rg is small enough such
that 1/r§ > |¢(fo,0)| where ¢(fo,0) is the holomorphic index (or dynamical residue) of fy at 0, which is
defined as follows.

1 This is not Hausdorff since if f € H then any extension f of f will lie in an arbitrarily small neighbourhood of f.

7



8 CHAPTER 2. THE RESULTS

Definition 2.1.2 (Holomorphic index «(f, o)) We denote by «(f, c) the holomorphic index

(or dynamical residue)
1 dz
= o Py
g
an integral over an infinitesimal anti-clockwise circle centred on the fixed point o. This is a
conformal invariant. See [Mi, §9].
If o is a simple fixed point (that is, if it has multiplicity 1) then
1

S Ty

Lemma 2.1.3 (Definition and continuity of f — u;) For f € Ny, with r + 1 distinct
fixed points inside Ky, let sq, ..., s, be those fixed points, and let my := mult(f, s;) be the
associated multiplicities for k = 0,...,r. Now define

fz) - =

(z—s0)™0 ...(z — sp)mr

us(z) =

on Ko\ {so,...,s,}. This can be extended analytically to give uy : Ko — C.
The map f + uy Is continuous on Ny (with respect to the compact-open topology).

When fj is perturbed, we get v + 1 fixed points counted with multiplicity which are very close to 0
(by Rouché’s Theorem). Therefore any f € Ay must be of the form

f(@)=z+4(z—00)™ (2= 0)""uy(2)
where oq,...,0, are close to 0 and mg + ---+m, = v+ 1. From Lemma 2.1.3 and the fact that

up,(z) & 1 for all z € Ky, we see that us(z) ~ 1 for all z € K (assuming that Ay is very small).

Definition 2.1.4 (Hausdorff metric dg(-,-), and semi-distance J(-,-)) We denote by
d(-,-) the semi-distance
A(X,Y) = sup (inf a(m,y)) .
reX \YEY

where o(-,-) is the spherical metric on C and X,Y C C are compact. Then the Hausdorff
metric is given by

di(X,Y) =max(d(X,Y),0(Y, X)).
With this metric the space
Comp*(@) ={X C C | X # O is compact}

is compact. (See [Do, p. 112].)

Suppose that A is a topological space and for each A € A there is an X, C C which is
compact and non-empty. Then we say that A — X is lower semi-continuous on A if for every
Ao € A we have 9(X,,, X)) — 0 as A — Ag.

Notice that f +— D(f) must be lower semi-continuous on H.

2.2 Fundamental regions and Fatou coordinates for f

Definition 2.2.1 (Maximal solution of a vector field) Let V : D — C be holomorphic
(where D C C) and let zg € D. Now suppose that v : I — C satisfies

1. I is an interval in R containing 0;

2. v solves 2 = V(z);

3. 7(0) = 2.
We say that v is maximal if given any other 7 : I — C satisfying (1.), (2.) and (3.) we have
I1C1I.



2.3. FUNDAMENTAL REGIONS, FATOU COORDINATES AND GATE STRUCTURES FOR F' 9

(Note that given any v, : I — C and v, : I — C satisfying (1.), (2.) and (3.) we must
have ¥|r,n1, = ¥|nn1,, by Lemma 3.2.1 below.)

2mi(k—1)/v wifv

Given rg > 0 (which was fixed above) we define z; _ := rge and zp 4 = € zp,— for
k € ZJVZ, so that the z; 4 are in the attracting directions of fy, and the zy _ are in the repelling

directions. See Figure 2.1.

Lemma 2.2.2 (Fundamental regions for f;) For i € Z/vZ and s € {+,—} let v; 5 1, be
the maximal trajectory passing through z; ; for the vector field

i = ilfo(z) - 2.

Then v; 5 7 is well defined on R and v; 5 ¢(t) € Io{o for allt € R. Also ;s #,(t) — 0 ast — +oo
for each i € ZZ/vZ. None of these paths intersect one another.

In addition, if we define ¢; 5t = 7 s 1,(R) (for all i,s), then for each i we have that
f(4 +.1,) lies “inside the loop £; 4 ¢, U{0},” and f(¢; _ ;,) lies “outside the loop ¢; _ , U{0}.”

We denote by S; 5 ¢ the closed set bounded by €; 5 ¢, U f(4i 5. 7,)U{0}. See Figure 2.2. We also denote
by Sj; ;, theset S;; 1, \ {0}, and we call this the fundamental region.

S,+,0

Figure 2.1: We show the dynamics of fy(z) = z + Figure 2.2: The fundamental regions for fo(z) =
z3uy, (2) close to the fixed point 0, along with the — z + z3uy,(z).
attracting and repelling directions.

The Main Lemma in the introduction (or Lemma 3.3.13) gives us the existence of the incoming
Fatou coordinates ®; 4 ¢, 3 Szl',+,fo — C a.nfi outgoing Fatou coordinate.s <I>i7_,f.0 : SZ/',—,fu — C .(Where
i € 7Jv7Z). These are unique up to addition by a constant. The existence is proved by a different
method in [Mi, Thm. 7.7].

2.3 Fundamental regions, Fatou coordinates and gate struc-
tures for f

Given an i € Z/VvZ,s € {+,—} and f € Ny, we let 4; , ¢ : I — C be the maximal solution of the vector
field z = {[f(2) — 2] (defined on Kjy) satisfying v; 5 ;(0) = z; ;. Also let &;  ; 1=~ 5 ().

The “Continuous dependence of solutions” (see Theorem 3.3.9 below) tells us that if f € Ny and N
is sufficiently small, then all forward and backward trajectories for the vector field z = i[f(z) — z] will
enter the open disc D, /5 (since the same is true for fp).

More specifically, for any i € Z/vZ and s € {+,—} there are some T_, T, so that T_ < 0 < T},
Yi,s, f(T-),%i,s,7(T4+) € Dyyy2. (Thisis because the same is true for fy, and D, /5 is open.) See Figure 2.3.
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Z.

Figure 2.3:

Definition 2.3.1 (Well behaved, WB) We say that f € Ny is well behaved if every forward
and backward trajectory for the vector field z = i[f(z) — 2] passing though the points z; ,
stays in D, /o once it has entered that disc.

More specifically, for each i € Z/vZ and s € {+,—} there are somet_,t, € R such that

t_ <0<ty and

Yi,s,f ((—oo,t_)) C Dr0/27
Yi,s, f ([t—vt+]) C Ko\ D)2 and
7i,s,f ((t+, +OO)) C Dr0/2~

We let WB := {f € Ny | f is well behaved}.

The topology of WB is looked at briefly in §2.9. The reason that we restrict our attention to maps in
WB is that they will have “fundamental regions” with associated “Fatou coordinates” which are fairly

easy to construct.
Let i € Z/vZ and s € {+,—}. If limy_. ;oo 75 5, (t) exists then we let
Vi, (+00) 1= lim ;5 5(2).
And similarly, if limy_. _ o 7; s ¢ () exists then we let
Yiss, j(=00) i= Tim i ¢ (2).

Both v; s ;(+00) and #; 5 s(—o0) will be fixed points for f (if they exist).



2.3. FUNDAMENTAL REGIONS, FATOU COORDINATES AND GATE STRUCTURES FOR F 11

Proposition 2.3.2 (Combinatorics for well behaved maps) If f € WB then the fol-
lowing hold.

1. Ewvery trajectory v; s ;(t) converges to a fized point (close to 0) ast — +oo.

2. For any fized point o of f in Ky, there is some i € Z/vZ and s € {+,—} such thal
either v; s ;(+00) =0 or v, 5 ;(—00) = 0.

3. For alli € ZJVZ we have v; _ ;(+00) = v; 4 1(+00) and v; - (—00) = vi—1,4 (—00).

4. For each i € ZJVZ and s € {+,—}, either the closure of ; 5 ; is homeomorphic to a
circle (in which case v; s f(+00) = 75 5,;(—00) is a multiple fized point), or there is a
unique j € Z/VZ so that the closure of £; s 1 U¥; 5 ¢ ts homeomorphic to a circle, where
s#se{+, -}

5. For any i € Z/vZ and s € {+,—} we have &; s ; N f(l;s5) = &, and the closure of

b st U f(lis 1) s a Jordan contour which bounds a closed Jordan domain S; s ;. These
Sis.¢ (for the various i,s) can only intersect one another at the fized points (which lie
at their end points v, 5 s(4+00) and v; s ;(—00)).

We set S) | 5= Sips s \ {7i,s,7(400), 7,5, (—00)}. We call these sets the fundamental regions for f.

Notice that if o = v; 5 y(400) (for some i € Z/vZ and s € {+, —}) then either ¢ is a multiple fixed
point, or Im f’(¢) > 0 and “the dynamics of f rotate anti-clockwise around ¢.” (See Remark 3.3.2
below.) Similarly, if o = 7; ; f(—00) then o is either a multiple fixed point, or Im f'(¢) < 0 and “the
dynamics of f rotate clockwise around ¢.”

We can now define the gate structure for an f € WB.

Definition 2.3.3 (Gate structure, gate(f)) For an f € WB we form the vector gate(f) =
(gate;(f), ..., gate,(f)) where

J ifd; 4 ;UL _ ; is homeomorphic to a circle;
gate;(f) = { 7 ks C omorphi
% Iif€; 4 ¢ Is homeomorphic to a circle.

This is well defined (by Proposition 2.3.2) and in the particular case of fy, we get gate(fo) =
(ey e ovy k).
The ith gate is said to be open if gate;(f) # *, and closed if gate;(f) = *.

Definition 2.3.4 (Admissible and WB(G)) Note that although every gate structure has an
associated vector G € {1,...,v,%}", not every such vector corresponds to an admissible gate
structure.

Let us draw a circle and place along it points labelled in anti-clockwise order (1), (1+),
(2-), (24), ..., (v—), (v+). A vector G = (Gy1,...,Gy) € {1,...,v,%}" is said to be an
admissible gate structure if for each j € Z [VZ there is at most one i € Z /vZ such that G; = j,
and if we can draw non-intersecting lines on the disc between each pair (i+), (j—) for which
G; = j. See Figure 2.4.

Let

Admissible := {G e{l,...,v,x}" | Gis admissib]e} and
WB(G) .= {f e WB | gate(f) = G}.

(Note that when in this paper we write G € Admissible, G, will denote the kth entry of G,
where k=1,...,v.)

Proposition 2.3.5 (All gate structures are admissible) If f € WB then gate(f) € p. 35
Admissible.

Remark 2.3.6 In Figure 1.1 the maps associated with (a), (b) and (c) are all well behaved and have
gate structures (%, %), (1,2) and (1, ) respectively.
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2+ f isclosed

(d)

Figure 2.4: In (a) we have the picture of the arrangement of ¢; , 1, ’s when gate(f1) = (2,1,%), and the
fixed points oo(f1), 01(f1), o2(f1) are labelled. In (b) we have the picture for gate(f2) = (1,%,3), again
with the fixed points oo(f2),01(f2),02(f2) labelled. (c) and (d) are schematic representations of the
gate structures shown in (a) and (b) respectively.

Remark 2.3.7 The reason that we choose to restrict our attention to maps in WB is that for any
f € WB there is a simple way of constructing our fundamental regions, using the trajectories v; ; ;.

Notice however that for a particular f € WB there may be many ways of picking a family of Jordan
paths {y; s : R — Ky}, s such that vy, ,(0) = z; ; for all i, s and such that Proposition 2.3.2 is still satisfied
(where =; , 1 is replaced by v; ¢ for each i,s). For each such family there will be associated fundamental
regions {51{75}2-73 and an associated gate structure G' € Admissible (and perhaps Fatou coordinates defined
on the sets {S; ;}i ;). However it is quite possible that G #G.

As a result f may have more than one possible gate structure. In fact it would seem that any f € Ny
will have at least one possible gate structure (with associated Fatou coordinates). To avoid ambiguity we
restrict our attention to well behaved maps, which will have only one “natural” gate structure determined
by {7is,p s

Proposition 2.3.8 (Numbers of fized points and open gates) Suppose that G €
Admissible has r < v open gates (i.e. #{i € Z/VZ| G, # x} =r). Then every f € WB(G)
will have exactly r + 1 fized points in Kg.

Also for any i € ZJVZ, s € {+,—} there will be some my, my € N (dependent on G) such
that

mult(f, %,s’f(—}—oo)) =my; and mult(f, %75’1-(—00)) = my

for any f € WB(G). (That is, the multiplicity of the fized points 7; 5 s(4+00) and 7; s ;(—00)
of f will be my and my respectively.)

Suppose that G has r < v open gates. Then Proposition 2.3.2 parts (2.) and (3.) implies that for
every f € WB(G) we can label the » + 1 distinct fixed points of f using the following algorithm:
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Figure 2.5: We show the trajectories v, 4,5 and
v1,—,¢ through (z1 4 and z1 _ respectively) for the
vector field z = i[f(z) — z], for a certain non-well
behaved map f close to fo(z) = z + z2. (The
shaded disc is D,5.) 71,+,7(t) converges to a fixed
point as t — Foo, but eventually tries to leave K|
ast — +oo.

Figure 2.6: We show the trajectories v, 4, and
v1,—.,¢ through (z1 4 and z1 _ respectively) for the
vector field z = i[f(z) — z], for a certain non-well
behaved map f close to fo(z) = z + z2. Although
[ is not well behaved, v1 4+ ;(R)U vy — ¢(R) will
still be a Jordan contour homeomorphic to a cir-
cle (which is what one would find if f were well

behaved).

(a) (b) (c)

Figure 2.7: In (a) we show the arrangement of the {;  ;’s for an f € WB((l,*)). It is possible to split
apart the double fixed point of fi to give some f3 € WB((l, 2)) close to fi, as shown in (b). It is also
possible to perturb f to give an f3 € WB((?, 1)) as shown in (c). (It is quite clear that we do not have
Hausdorff upper semi-continuity when we perturb fi to give an f € WB((Q, 1)), and in fact there is a

“mini parabolic implosion.”)
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Let m:=0and 7 :=1.

(1)
(2.) If 7, — (—o0) has not already been labelled then let o, (f) := 7; - (—00) and let m :=m 4+ 1.
(3.) If 75— ¢(+0o0) has not already been labelled then let 0., (f) := 7 — ¢ (+00) and let m :=m 4+ 1.
(4.)
(5.)

Let 2 : =24 1.
If i < v then go back to step (2.), or else if ¢ = v then stop.

Therefore for any f € WB we have o¢(f) := 71, ;(—00). Also, notice that by Proposition 2.3.8 above,

f— mult(f, am(f)) is constant on WB(G) for each m =0,...,r.

Whether or not the sets P(G) are connected (probably) depends upon our choice of Aj.

Proposition 2.3.9 (Continuity of the maps f +— op(f)) Fiz G € Admissible with r open
gates and for f € WB(G) define oo(f),...,or(f) using the above algorithm.
Then f v+ o(f) is continuous on WB(G) for each k=0,...,r

Proposition 2.3.10 (The space of well behaved parameters is open) Fiz G €
Admissible with r open gates. Give C't! the Euclidean norm, and the space of holomor-
phic maps H (as defined in Definition 2.1.1) with the compact-open topology. Then we give
T+ x H the product topology.

Let the mg,...,m, € N be those multiplicities such that my, = mult(f,or(f)) for all
FEWB(G) and k =0,...,7. Now define

fou(z) =24 (2 —s0)™ - (2 — s,)""u(z)

where s = (sg,...,8,) € C*t! and u € H is a holomorphic map defined in a neighbourhood
of Kyg. Then
P(G) :={(s,u) e O x H | fsu € WB(G)}

is open in C"T1 x H.

below.)

Importantly, we have the following Proposition, which actually follows immediately from Corol-

lary 2.7.2 and Proposition 2.4.5 below.

Proposition 2.3.11 (fy is a limit point of WB(G)) Given any G € Admissible there
is a sequence {fr}ryo tn WB(G) which converges to fo (with respect to the compact-open

topology).

Theorem 2.3.12 (Ezistence and continuity of Fatou coordinates) Let f € WB, i €
Z/vZ and s € {+,—}.
1. There exists an analytic univalent map ®; ; ¢ defined in a neighbourhood of S, s sat-
isfying
i f () = i f(c) 41 iz €biey. (2.1
This is unique up to addition by a constant. (That is, for any two such funclions ®,, P,
the function ®1 — @5 s a constant) We call this a Fatou coordinate of f.

2. The Ecalle Cylinder, C; s f = /f obtained by identifying z and f(z) for allz € 4; , ¢,
is conformally zsomorphzc to the cyllndeT C/Z via [z]f — [@i s ¢(2)]z (where [2]; denotes
the equivalence class of z € S}, §in S, f/f, and [w]z denotes the equivalence class of
we CinC/Z).

3. For each G € Admissible, the map f v S; ;¢ is Hausdorff continuous on WB(G), but
only Hausdorff lower semi-continuous on WB. (The compaci-open topology is used on
WB and WB(G).)

4. There is a normalisation of the Fatou coordinates such that f +— (®; 57 : S}, F C) is
continuous on WB (using the compact-open topology on both sides).

We will always use the “preferred normalisation” of the Fatou coordinates, which will be introduced

later in Theorem 2.4.11. This normalisation satisfies Theorem 2.3.12 part (4.).

(See §2.9
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Figure 2.8: We show typical U; s ; and S; ; ; when gate(f) = (1,%). Notice that Uy y f = U _ .

Definition 2.3.13 (The sets U; ; ¢) Let f € WB. Then if we have gate;(f) = j # * we let
Ui +.; = Uj _ ¢ be the open Jordan domains bounded by the closure of f=2(¢; 4 1 )Uf?(4j — ).
If gate;(f) = * then we let U; 4 ¢ be the open set bounded by the closure of f=2(¢; 4 ;).
And if gate,(f) # j for each k € Z /VZ then we let U; _ ¢ be the open set bounded by the

closure of f2(¢; _ ¢).
Notice that we will always have S, # CUsy, and that for all i,j € Z/vZ we have

U; 4.5 = U; _ ; if and only if gate;(f) :,j. See Figure 2.8.

Proposition 2.3.14 (Extending ®; ;¢ to U; s ;) Let f e WB, i € Z/VZ and s € {+,—}. p. 41

1. We can extend the Fatou coordinate (defined on S f) to give an analytic map ®; ;¢ :
Ui s — C satisfying

D51 (f(2) =Pisp(2)+ 1 ifz, f(2) €Uisy,

and ®; 5 ; is unique up to addition by a constant. Also we have U; 5 1/f = Si  ;/f =
Ciys,s-

2. f = (P57 : Usy — C) and f — U, ¢ are continuous on WB(G) for each G €
Admissible. (However neither is continuous on WB, and f — U;  ; is not even lower

semi-continuous.)

2.4 Lifted phases and j-indices

From now on we use the “preferred normalisation” for the Fatou coordinates (which is introduced prop-
erly in Theorem 2.4.11 below). Using this normalisation the map f — (‘I)i,s,f : Szf’s’f — 'C) is continuous
for each 7 and s. The preferred normalisation is fixed in such a way that the lifted phases defined below
can be calculated by the simple formula in Theorem 2.4.11.

Definition 2.4.1 (Lifted phase, 7;(f)) Recall that if f € WB(G) and G; = j #  then

®; + ; and ®; _ ; are both defined on U; 4 ; = U; _ ; and differ by a constant (since Fatou

coordinates are unique up to addition by a constant).
Therefore the lifted phase for the ith gate

O p— @iy ifj=Gi#x
% if G; =,

Ti(f) =

is well defined.
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The value of the lifted phase (for a open gate) gives us some idea of what happens to an orbit passing
through this gate. For instance, — Re 7;(f) is roughly the number of iterations it takes for a point to
pass though the ith gate. (Compare [Do, Prop 17.3].)

Also if Im7;(f) > 0 (resp. Im 7;(f) < 0) then an orbit going through the ith gate tends to be pushed
towards the fixed point 7; 4 ¢(+00) on the upper side (resp. 7; 4 f(—0c0) on the lower side).

More specifically we have the following. (Compare [Sh2, Prop 3.2.2].)

Remark 2.4.2 Suppose that f € WB(G) and G; = j # . Foreachz € S} _ s there is a unique positive
integer N such that f"(z) € U; 4 foralln=0,..., N and fN(z) € Si_ s\ 4 - 5. Also

& (fN(2) =iy (2) + T(f) + N

Proposition 2.4.3 (Continuity of the lifted phase) For each i € Z[VZ, [ +— 7i(f) is
continuous as a map from WB — C.

Remark 2.4.4 For any f € WB(G) it can be shown (see Lemma 3.7.4 below) that if G; # * then

1
Reﬁ(f) < — < 0.

oV
2rg

Proposition 2.4.5 (The size of the ith gate) If f € WB has G; # % then the distance
between the fized points o(f) = v; 4+ t(+00) and o*(f) := vi 5 1(—00) on either side of the
ith gate will be bounded by the inequality

o _ gt const

for some constant dependent only upon v.

Remark 2.4.6 Proposition 2.4.5 implies that given a sequence {fy}r in WB(G) satisfying
e Re7i(fr) — —o0 as k — +oo for each i with G; # *;
e oo(fx) — 0 and uy, — uy, as k — +oo;

we have fr — fo as k — +oo.

Note however that we can have a sequence {fi}r31 in WB(G) satisfying |7;(f)| — +oo for each i
such that G; # *, but such that fi, + fo. (For example, this happens if we have f € WB((l,*)) and a
sequence {fi}r>1 In WB((Q, 1)) converging to f. See Figure 2.7.)

Now we introduce the j-index which will be used later in the formulae for the lifted phases in Theo-
rem 2.4.11.

Definition 2.4.7 (Definition of the j-index, j(f,o)) If o € Ky is a fixed point of f € Ny
and m := mult(f, o) is the multiplicity of o then we let

S ifm =1
— log f'(o) 1 ’
(o) { omi - [o(f,0) — 2] ifm> 1,

where we always take Imlog(-) € (—=, x|, and «(-,-) is the holomorphic index defined in
Definition 2.1.2. We call j(-,-) the j-index. (This like ¢(-,-) is a conformal invariant.)

Lemma 2.4.8 (Continuity of the j-index and holomorphic index) If U C K, then

both the maps
fe Y Jfie) and [ > uf0)

o=f(0)eU o=f(0)eU

are continuous in a neighbourhood of f; € Ny if fi has no fixed points on 8U .
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Notice that if ¢ is a simple fixed point of f € Aj, then in notation of [Sh2] we have j3(f,o) = —%
where ™% = f'(¢) and Rea € (-3, 3].

The j-index behaves in very much the same way as the holomorphic index. In fact, if we have a
sequence fi of maps, each with a simple fixed point o(fz), such that f; (O’(fk)) — 1 as k — +4oo then

)(feoo(fr) = 2mi - [o(fr, 0(fi) — 5]+ o(1)
as k — +oo (where m = mult(f, o(fi)) = 1 for all k).

Remark 2.4.9 If o is a simple fixed point of f, then it is attracting if and only if Imy(f, o) > 0 and
repelling if and only if Tmy(f, o) < 0.

A multiple fixed point o of f is parabolic-attracting (in the language of [Ep] and [EY, Appendix A])
if and only if Tm3(f, o) > 0 and parabolic-repelling if and only if Tmj(f, o) < 0.

Lemma 2.4.8 above implies that if f has a parabolic fixed point o, then when we perturb f we get
at least one attracting or parabolic-attracting fixed point close to o.

Also if o is a simple fixed point of f then the dynamics of f around it will “rotate anti-clockwise”
(see Remark 3.3.2) if and only if Re j(f,0) < 0, and “clockwise” if and only if Re j(f, o) > 0.

Definition 2.4.10 (Fix"(i, f) and Fixl(i, f)) Suppose that f € WB, i € Z/vZ and
gate;(f) # . Notice that by the definition of f being well behaved, D, /o \ U; 4 ; has
two components. (See Figure 2.9.) We denote by Upper(i, f) the component which contains
Yi +,7(400), and by Lower(i, f) the component which contains ¥; 4 ;(—00).

We can then decompose the set of fixed points Fix(f) := {o € Kg | f(o) = o} into the
disjoint union Fix¥(f)U Fix{(f) by letting Fix" (i, f) := Upper(i, f) N Fix(f) and Fix*(i, f) :=
Lower(i, f) N Fix(f).

In some sense, Fix"“(i, f) is made up of those fixed points in Ky which are above the ith
gate, and Fixz(i, f) is made up of those below.

Figure 2.9: We show the closed set Upper(3, f) which contains the black fixed points which constitute
Fix“(3, f). We also show Lower(3, f) which contains the white fixed points which constitute FI'XZ(?), .

Theorem 2.4.11 (Formula for the lifted phases) Suppose that we have f € WB(G).
There is a preferred normalisation of the Fatou coordinates (so that Theorem 2.3.12 part (4.)
is satisfied) such that if G; # x then the lifted phase of the ith gate is given by

7’:(]8) — +206Fir"(i,f) j(fa U) ZfUO(f) ¢ FZIU(Z,f)’
Z _ZoeFul(i,f)J(fa o) ifao(f) ¢ Fizz(i,f),

This preferred normalisation will always be used from now on.

p.

47
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Proposition 2.4.12 (Bijections between lifted phases, j-indices and holomorphic

tndices) Suppose that G € Admissible has r open gates, and let ay,...,a, € Z/VZ be such

that {ay,...,a-} = {i | G, #*} and a1 < ag < -+ < a,. (Note that fori,j € Z/vZ we say

i< jif and only if there are i’ j' € {1,...,v} such that i = +v7Z,j =7 4 vZ and i’ < j'.)
For f € WB(G), let

T(f) = (i-dr(f)a"'a%dr(f)) E(Cra
P(f) = (f,oi(f),....o(f o0(£) €C and
QU = (fio1()- - ulfior(f)) €T

Then there is an invertible linear map B = B(G) : C" — C" so that T(f) = B(P(f)) for all
fF € WB(G). There is also an invertible holomorphic map M = M(G) (defined on a subset of
C" ) so that P(f) = M(Q(f)) for all f € WB(G).

Therefore, if f1, fo € WB(G) we have

T(f1) =T(f2) <= P(f1) = P(f2) <= Q(f1) = Q(f2).

Recall that f — (®;, ¢ : SZ’»’s’f — () is continuous on WB. In particular it is true that (®;, ¢ :
SZ’»’s’f — ) converges to (®; 5 5, SZ’»’SJD —C) as f — fo.
However when we extend the Fatou coordinate to U; ; ; we no longer have continuity on all of WB since
f— m is not even lower semi-continuous on WB. Therefore the fact that a sequence {fi}r>1 in WB
converges to fy does not necessarily imply that (®; 5 7, : Ui 5.5, — C) converges to (®; s ¢y : Ui s 7o — C)
as k — 400 (even when f; € WB(G) for all k£ > 1). However, we do have the following:
Proposition 2.4.13 (Equivalent convergence criteria) Suppose that we have a sequence

{fr} in WB(G) converging to fy. Then the following are equivalent:
1. ReTi(fr) — —o0 as k — +oo for every i € Z/VZ such that G; # *;
2. Sis.fr — Sis,fo as k — 400 for each i € Z/vZ and s € {+,—};
Ui+ 10 UUj — 7o ifs=+ and j = G; # %,
3. Uisp = UimjoUUj 410 tfs=—and3j s.t. G =1,

Ui s to otherwise
as k — +oo for each i € Z/vZ and s € {+,—};
4. @55 2 Uis g — C converges to @; 5 ¢y Ui 57, — C as k — +oo for each i € Z/VZ
and s € {+,-}.

In fact given any sequence {fi }x in WB(G) such that us, — uy,, 0o(fr) — 0 and the real parts of all the
lifted phases (of the open gates) converge to —oo, then we must have f;, — fo (by Lemma 3.7.8 below).

2.5 The Lavaurs map g, and (fo,9), J(fo.9), K(fo,9)

Proposition 2.5.1 (The Partial Lavaurs map) Fiz fo(z) = z+2" lug, (2). There exists
n > 0 such that if ~

G e Py = {w| arg(w—m)| > 37/4)
then

— -1 . , L -~
hiji: =95 ;. 0T50®Pi4 505 41, — Ko

is well defined, injective and analytic, where T;(w) == w + g. (The preferred normalisation
is used for the Fatou coordinates.) We call this a partial Lavaurs map and it satisfies

Jooh;5="h;40 =hi;50f (2.2)

where both sides are well defined.
Now let G € Admissible with and G; # x. If there is a sequence fr in WB(G) and a

sequence of integers Ny — +oo such that Ny + 7;(fr) — 0 € P, as k — +oo, then
]i\fk —hig (2.3)

i the compact-open topology.
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The following Corollary follows easily (and no proof will be given).
Corollary 2.5.2 In the case where fy is a rational function (or entire function) for any
6 € C it is clear that § —m € B, if m >0 is a large enough integer. Therefore

™o h

. - . @
h 7-]79 T i7j7€_m ' Si7+7f0 - -

is well defined. Thus we can use the relation (2.2) to extend hi,j,é to the whole of

fO)_UfO z+fu UfO Z+f0

k€EZ m20

which is the parabolic basin of the ith atiracting direction. This extension still satisfies (2.2)
and (2.3). However it will not be injective since all pre-images of the critical point(s) of fo
in B(i, fo) will be critical points for h, . ;.

Definition 2.5.3 (The Lavaurs map g and “f;, approaches (fo,9)”) Let G € Admissible,
and (61,...,6 ) be a vector with 0; € P, if G; # *, and 0; = co if G = x. We can define

g _g(Gaelﬂ"' 6 ) : Uzem/VAASZ,-I-,fD —C b'y

hy . 5(2) ifG=j#x
— 4,7,684 ’
9(2) { 0 if G; = «.

We call g the Lavaurs map and define the gate structure of this to be gate(g) := G. This g
will still commute with fo, and if fq is a rational function (or entire function) then it can be
extended to the whole parabolic basin B(fy) = UieZ/uZB(i7 fo).

We say that the sequence f, approaches (fo,g(G;él, .. .,é,,)) if fr € WB(G) for all k,
fr — fo as k — +oo and [Ti(fr)]z — [0:]z as k — +oo for every i with G; # *.

Corollary 2.5.4 (Consequence of fr approaching (fo,g)) Suppose that we have a
Lavaurs map g = ¢(G,01,...,0,) : D(g) — C associated with fo. (D(g) may be the set
US| o O the domain of an exiension still satisfying foog = go fo where both sides are

well defined.)
If fr approaches (fo,g) then for each i € Z/vZ such that gate;(g) # * there is a sequence

of integers N,Ei) such that N,Ei) + 5(fr) — 0; and

()
f,iv" — g uniformly on compact subsets of D(g) NU; 4 .

Suppose that we have a sequence of rational maps f; — fo, where fy is also rational.

Given a z in the parabolic basin of 0, the orbit of z under f; converges to 0 along some attractive
direction. However the orbit of z under f; (where k is large) approaches the vicinity of 0 roughly along
the same “attracting direction” and then leaves the vicinity of 0 along one of the repelling directions.

Suppose that fg is a rational map. Suppose that g(G; 01, .. .,5,,) is a Lavaurs map for fy. Then
G, = g(G,él—i—c,...,éy +c¢)

is well defined on the whole parabolic basin for any ¢ € C (where “co+ ¢ = o0”). An admissible pair of
integers is a pair (m, n) satisfying either m > 0, n > 0 or m > 0, | € Z. We order the set of admissible
pairs by saying that

(m,n) < (m',n') <= (m<m')or (m=m' and n < n’)
For an admissible pair (m,n) we define

mon fi o GF ifn >0
T T GpoGP! ifn<o.



20

CHAPTER 2. THE RESULTS

A2

G

Figure 2.10: On the left we show the attractive and repelling directions for fo(z) = z + z3. The black
dots show the orbit of a point z under (fo, g), where gate(g) = (1,2). (The white dots show the effect on
this orbit of adding i to 61.) On the right we show the orbit of z under f;. Note that f,iwk (2) = Go(z).

Compare [DSZ, §2]. (Note that for any particular z and admissible pair (m,n) , g¢"™"(z) is well defined
if and only if g%(z) € B(fo) for all a < m. Also the domain of definition of ¢"™" is open.)

Then the orbit of a point z under {fg, g) is defined to be
{g7"(2) | (m,n) is admissible and g%%(z) € B(fo) for all (a,b) < (m,n)}.

Note that this orbit only depends upon the class of the values §; in C/Z (for those i with G; # ).
If fr approaches (fo, g) then orbits for fi converge to orbits for (fo,g) in the following sense: if
g™ " (z) is well defined then there is a sequence of integers My — +oco such that f,iw" (z) — g™"(z). See

Figure 2.10. (In fact f,iwk — ¢™" uniformly on some compact neighbourhood of z.)
The Lavaurs map can also be considered as taking “incoming orbits” for fy and sending them to

“outgoing orbits.”
K(fo,9)) If fo is a polynomial, then we can extend g to the whole parabolic basin of 0.

Definition 2.5.5 (The Julia-Lavaurs set and filled Julia-Lavaurs set, J(fy,g),
We can then define the filled Julia-Lavaurs set for (fy, g) and Julia-Lavaurs set for (fy, g) as

K(fo,9) := {z|gm(z)€K(f0) for all m > 0} and
J(f07 g) = al{(f(h g)
respectively, where J(fq) is the Julia set of fo and K(fq) is the filled Julia set of fy. Note
that z € K(fo,g) if and only if the orbit of z under (fy, g) is bounded.
These sets actually only depend on the phases 6; = [0;]z (where G; # %) of the Lavaurs

map. See Figure 2.11.
These K(fo,9) and J(fo,g) are related to accumulation points of the sequences {K(fk)}k and
{J(fk)}k in the Hausdorff metric, when f approaches (fq, g). We can prove the following Proposi-

tion and Corollary (by generalising proofs in [Do]).
Proposition 2.5.6 (Convergence to J(fo,9) and K(fo,g)) Suppose that fo(z) = z +
2"+t 4+ O(27+?) is a polynomial of degree d with no indifferent cycles other than 0, and that
we have a sequence of degree-d polynomials {fi}r>1 which approaches (fo, g).
Then we must have
(I (fo,9),7(fi)) = 0

as k — +oo, where 3(+,) is the Hausdorff semi-distance in Definition 2.1.4.
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Corollary 2.5.7 (Limit points of {J fk)}k and {K (fx) } ) Recall from Definition 2.1./

that Comp*(C) (the set of compact non-emply subsets of C, together with the Hausdorff
metric) is compact. Thus if fo is a degree-d polynomial and {fy}r>1 is a sequence of degree-d
polynomials which approaches (fq, g) then {J(fk)}k and {K(fk)}k maust have some respective
accumulation points, J* and K*.

If g is non-trivial (that is, if gate(g) # (x,...,%)) then we then must have

J(fo) C J(fo,9) CJ* C K™ C K(fo,9) C K(fo)

Clearly if J(fo,9) = K(fo,9), then we must have J(fi) — J(fo,9) and K(fr) — K(fo,9)-

2.6 The return map and renormalised multiplier

Suppose f € WB and that 0" := 7; _ ;(+00) is a simple fixed point of f. Then if z € S; _ ; is sufficiently
close to ¥ there is some least integer p = p(z) > 1 such that fi(z) € K, for every i = 0,...,p, and
fP(z) e s ] _ (See Figure 2.13, and see the proof of Lemma 3.4.4 below for the existence of such a p.)

There is an induced map from “the upper end of C; _ ¢” back to C; _ ¢. Since C; _ f is isomorphic
to C/7Z, this induces a map 7%53’”) : {[w]z € C/Z | Imw > M} — C/Z (where M > 0 is large), such
that ﬁ;j’u)([w]z) =[®; - ;(fP(2)]z if w=@;_ t(z) and 2 € S} _ ;. (Compare this with ﬁgf’u) which is
defined in Lemma 3.4.4 below.)

Now since C/Z is isomorphic to C* = C\ {0} via 7([w]z) — 2™ there is an induced analytic map
called the return map R(] R oR(] Wogl: {zeC | |z| < e‘z”M} —C.

In the same way, if o = 45 _ t(—0c0) is a simple fixed point of f, and if z € S _ s is sufficiently
close to ot then there is some least integer ¢ = ¢(z) > 1 such that f(z) € Ko for every i = 0,...,¢, and
fi(2) € S}, _ ;. There will again be some induced Return map ’R;k’e) {zeC | |z] > e¥™M} — C (if
M > 0 is large enough).

Proposition 2.6.1 (Renormalised multipliers) Suppose that f € WB. If o¥ =
vj,— f(+00) is a simple fized point then Rg,j’u) (as constructed above) is well defined and ez-
tends analytically to 0 so that R;j’u)(O) = 0. The multiplier at 0 is (Rgtj’u))/(O) = e2mu(f,0"),

Also if o = Yr,— ;(—00) is a simple fized point then R;k’z) 1s well defined and extends
analytically to co so that Rg,k’e)(oo) = oco. The multiplier at oo is (Rg,k’z))l(oo) — 2mis(f0")

So if o (f) = 7vj,—,f(4+00) (resp. om(f) = 75— ;(—00)) is a simple fixed point then we can let
Am(f) = (’RE,J’U))I(O) (resp. A (f) == (R(] Z)) )) without ambiguity. We call these A, (f) the renor-

(o0
malised multipliers for f. They are given by A, (f) = >7(17m (1)) (provided that o,,(f) is a simple fixed
point).
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Figure 2.11: Here are K(fo, g) for fo(z) = z+2> and three choices of g with gate(g) = (1,x). The first has
a repelling “upper-right” virtual multiplier, with the upper critical point escaping. The second, again has
a repelling upper-right virtual multiplier, but the upper critical point tends to a (generalised) attracting
period cycle. The third has an attracting upper right virtual multiplier. (See Proposition 2.6.1.) Compare
these with the filled Julia sets in Figure 2.12.

Figure 2.12: Here are three filled Julia sets K(f), where f is well behaved, and of the form f(z) =
z + 2%(z — o). These roughly correspond to the three K(fo,g) shown above in Figure 2.11. Each has
a fixed parabolic basin of roughly the same shape. If g is a Lavaurs map with gate structure (1,%) and
we take a sequence fi, approaching (fo, g), we find that the parabolic basin becomes “pinched” into two
pleces as k — 400, as we can see in the “limit” filled Julia sets shown in Figure 2.11.
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0]

Figure 2.13: There is a small neighbourhood U of ¢* such that for every z € S} _ ; := S’ _;NU the
orbit of that point will circle % and eventually fall in S; _ ; again.

Proposition 2.6.2 (Limits of return maps and renormalised multipliers)

1. Given a Lavaurs map g = g(G;01,...,0,) (associated with fy) where G has r < v open
gates, we can find values ¢, € C/Z (1 < m < r) so thalt a sequence fr, — fo in
WB(G) approaches (fo,g) if and only if [j(fr,om(fx))]z — ©m as k — +oo for each

m=1,...,r.

2. Suppose that fy approaches (fo,g) and v; _ §(+00) (resp. vj — §(—00)) is a simple fized

point for all f € WB(G). Then there will be a map RE?;“;) defined in a neighbourhood

of 0 (resp. jo’l)g defined in a neighbourhood of o) so that Rg,i’“) — Rg’:;) (resp.

’Rgf};’@ ’R(] Z) ) as k — +oo.

3. If f approaches (fo,9) and on(f) is a simple fized point for all f € WB(G) then
A (fr) = Am(fo, 9) = e2™%m. We call these A (fo,g) the renormalised/virtual multipli-
ers for (fo, 9).

4. If gate(g) has no closed gates then the product of all the virtual multipliers for (fo,g) is

eXp(Qﬂ'i](fo,O)) = eXp( 72(¢(f0,0) — Vfl))

(]7)

The above limit maps R(fu g) can be defined in terms of the Ecalle transformations (see Defini-

tion 3.4.5) and the values [51]2, el [é,,]z where g = ¢(G, b,..., éy)
Notice that for a simple fixed point o, (f), we have [A (f)| <1 <= |f'(om(f))| < 1 and |An(f)] >
1 <= |f'(om(f))] > 1.

Remark 2.6.3 If fy is a polynomial and (fo,g) has an “attracting” virtual multiplier Ay, (fo,9) (ie.
[Am (fo,9)] < 1 for some m), then this will have its own “attracting basin” in K (fo,9). (c.f. [La], [Do]
and [7i].)

It can be deduced (using the collapsing trap argument in [Do, §6]) that if fi, approaches (fo,g), and
K (fo,9) is made up only of pre-images of basins of (super-)attracting (generalised) periodic points or
attracting virtual multipliers for (fq, g) then

K(fo,g):kEI_lr_looK(fk) and J(fo’g):kETooJ(fk)'

(This is the case for “almost every” polynomial fo and associated g.)

No study of the connected components of K (fq, g) will be carried out here, but one can compare [La],
[Do] and [Zi]. It would seem that the results and proofs contained there can be generalised with suitable
adaptions.

o8
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2.7 Realising maps with particular gate structures and lifted
phases

Recall that for every f € Nj there is an analytic map uy : Kg — C close to ug, such that f can be
written

f(z) =24+ (2 —s0)...(z — sy)us(z),
for some sq,...,s, € C close to 0.

We can restrict our attention to a holomorphic family of maps of the form

fo(z2) = 24 2(z — s1) ... (2 — s,)vs(2) (2.4)

where s = (s1,...,5,) € € lies in some small neighbourhood A (0) C € of 0 = (0,...,0) and the
family {vs}senr(o) satisfies

e vs € H is defined in a neighbourhood of Ky for each s € N(0);
® vg = ug,;

e s — vg(z) is holomorphic for each z € Ky;

e vs = vy if 5,8 € N(0) are permutations of each other.

It is clear that fs does not depend on the ordering of s. Then let
F = {fs}seN(O)'
This holomorphic family F is assumed to be fixed throughout the rest of this section.?
Now let H¢ be the left half-plane {w | Rew < —¢} where € > 0. Given G € Admissible we can let

H§ lfGZ;é*,

— . (ol -
H(G,&) := My x x M, CC where M; = { [0} if G = .

Theorem 2.7.1 (Injectivity of T) If T : WB(G)NF — T’ is defined as

T(f) = <%1(f)’ ] 7~—V(f))
then T is injective, and there exists £1,&9 > 0 such that

H(G,&) c T(WB(G) N F) C H(G, &).

In fact if Ny is chosen suitably then ¢; and &, can be chosen so that &1 /&3 & 1. These will both then
be roughly (27 — 1)L
Corollary 2.7.2 (Ezistence of f(G; 01,..., éy))
1. For all (6’~1, . ..,é,,) € H(G,&,) there exists a unique f = f(G;él, . ..,é,,) E WB(G)NF
such that

T(f)=(01,...,6,).
2. The map (61,...,0,,2) — f(2) is holomorphic as a map from H(G, &) x Ko — C.

Corollary 2.7.3 (Every (fo,g) is approached by some sequence {fi}) Suppose that fo
has an associated Lavaurs map g = g(G;01,...,0,) :D(g) — C.

2 Alternatively, if we(2) depends analytically upon (e, z) close to (0,0) € Ct! x C, and wg(0) = 1, then we could
consider the family G of maps of the form

he(z):=z4 (e124 -+ £,2") + vt + we(2)

where € = (£1,...,e.). G can be “rewritten” so that it is in the same form as the family F and vice versa, although no
proof is given here.
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Then we can find a sequence {fy}lry1 in WB(G) N F approaching (fo,g), and such that
f}: — ¢ as k — +o00.

Note that the above Corollary is much stronger than simply saying that there is a sequence f; ap-
proaching (fo, ¢). This is because (see Corollary 2.5.4) “fj, approaches (fo,g)” only implies the existence
(i)

of sequences of integers N( RN +oo for each i € Z /vZ such that fk — ¢ uniformly on compact subsets
OfD( ) n U27+7f0

Theorem 2.7.4 (Simultaneous orbit correspondence) Suppose that for alli,j € Z/VZ p. 73
we have compact sets X; C U; 4 1, and Y; C Uj _ 1., and that a; - Ny — X; and bj : Ny — Y;
are continuous maps for each i € Z[VZ.

For a large enough ko there is a unique sequence {fi}ryr, in WB(G) N F such that

1. f(ai(fx)) €Ui g g forallm=0,... k and i € Z/VZ;
2. fE(ai(fr)) = bj(f) for each k > ko and i,j € Z/vZ with G; = j;

and we have fr — fo.

Remark 2.7.5 If fy is globally defined and we have the situation in Theorem 2.7.4, there will be a
Lavaurs map g which is well defined upon the whole of the parabolic basin (of 0 for fy) such that

fi—g

in the compact-open topology. However, if fy is not globally defined then we can only be sure that the
“Lavaurs map” g is well defined in some neighbourhood of {a1(fo),...,a,(fo)}.

2.8 Parameterisation of the well behaved maps

Theorem 2.8.1 (Injectivity of T#) If T# : WB(G) — T’ x Cx M is defined as p. 74

T#(f) == (A(f). ... 7 (F), 00(f) uy)

then T# is injective.
Also, there exists some large 1,2 > 0, some small 61,82 > 0 and some small neighbour-

hoods N (ug,), No(ug,) of ug, such that
H(G, &) x Ds, x Ni(uy,) C T#(WB(G)) C H(G, &) x Ds, x Na(uy,).

This Theorem implies that WB(G) is parameterised by the set 7# (WB(G))

Corollary 2.8.2 (Ezistence of f(G; O01,....0,: 00 u)) p. 74
1. For all (51,...,5,,,00,11) € H(G,&) x Ds, x Ni(uyg,) there ezxists a unique f =
f(G;01,....0,;00,u) € WB(G) such that

T#(f) = (51,...,§,,,00,u).
2. The map (9~1, . ..,éy,ao,u) — f(z) is continuous as a map from

H(Gagl) X Ds, X Nl(ufu) —H.

We can then make the definitions

WB*(G) := {f e WB(G) | T#(f) € H(G,&1) x Ds, x Ni(ug,)}

= Jws"(6)

By Theorem 2.8.1 we really do not loose anything if we consider the space of maps WB* instead of WB.
All the results up to now will still hold if we replace “WB” and “WB(G)” by “WB*” and “WB*(G).”

The topology of each WB*(G) is very easy to understand since it is basically the same as that for
H(G,fl) X D51 X Nl(UfD).

and
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2.9 Additional comments

The topology of WB and WB™

First we consider the topology of WB™. The following statements hold (although we give no proofs).
1. WB* and WB* N F are neither open nor closed.

2. If G € Admissible has no closed gates then WB*(G) and WB*(G) N F are open (in Ay and Ny NF

respectively).

3. If G € Admissible has one or more closed gates then WB*(G) C OWB* and WB*(G) N F C
a(wWB* nF).

4. Suppose that G, G’ € Admissible are distinct and that G; = G; for each i € Z/vZ such that G; # *.
Then WB*(G) C 9WB*(G') and WB*(G)nF C 9(WB*(G')n F).

5. WB* ¢ Ng and WB N F C Ng.

6. WB*(G) and WB*(G) N F are path connected and simply connected.

Statements (1.)—(4.) certalnly hold if we replace WB* by WB. When we consider (5.) we find that

although WBN F C ./\/0, we have WB* ¢ No. However if Ny is suitably chosen then f € &WB NN,
will imply that u; is “relatively far away from uy,.” It seems likely that (6.) is also true for WB.

A much strengthened version of part (4.) is the following. Suppose that G, G’ € Admissible are distinct
and that G, = G; for each i € Z/vZ such that G; # %. If a sequence {(égk), . ,g,(,k))}k in H(G', &)
converges to (51, cl é,,) € H(G, &) then

F(G568) 60 — £(G56,....0,)

as k — 4o0.

If feown NN then either G = gate(f) has a closed gate, or there is some i € Z/vZ, s € {+,—}
such that v; , y intersects and is tangent to the circle 8D, /5 at some point.

Tt is a little unfortunate that WB depends upon the choice of rg. By decreasing (resp. increasing)
the size of rq we would effectively shrink (resp. enlarge) the set WB.

Remark 2.9.1 It would be nice to take rq as large as possible. The condition for f to be well behaved
is really a condition on the vector field z = i[f(z) — z]. If f is a v+ 1 degree polynomial, then the vector
field is globally defined and in some sense it is possible to use rq = 400 and z; ; := oo for each i, s. (This
is basically what is done in [DES] and the proof of Lemma 3.7.13.)

The non-well behaved cases for “ro = +o00” will then be those polynomial vector fields which have one
or more “homoclinic links.” Such cases are degenerate (and belong to a set with “small dimension”). Note
however that if f is “well behaved for ro = +00” then this does not imply the existence of fundamental
regions for f.

Examples in the parameter space

Let us consider the family of maps f.(z) = 2% + ¢ close to f1/4(z) = 2% 4+ L. Then the set
C, ={c | if fo(w) = w then |Imo(fe, w)| > n}
is a cardioid. By Corollary 3.7.5 and Lemma 3.7.4 below there must be some n_,n4 > 0 such that
Cy, C{c|f.eWB}CC,_

See Figure 2.14.
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As another example, if we consider the maps h,(z) = z + 2%(z — o) where o is close to 0, then
Cy=A{o | if hy(w) = w then |Imu(h,,w)| > n}
forms a four-leaved-clover. Once again, we find that there are some n_, 74 such that
C7l7+ C {0 | h, € WB(G) where G € {(1,%), (2,%), (x,2), (, 1)}} C C7/7_.

See Figure 2.15. Each of the “leaves” corresponds to one of the gate structures (1,%), (2,%), (x,2) and

(>, 1).

Figure 2.14: The boundary of the Mandlebrot set Figure 2.15: The boundary of the connectedness

is shown, and the shaded region shaped like a car- locus is shown, and the shaded region shaped like
dioid is the set of parameters ¢ corresponding to a four-leaved-clover is the set of parameters o cor-
well behaved maps f.. responding to well behaved maps h,.

As a final example, suppose that f(z) := z 4+ z(z — s1)...(2 — sy), and that f'(s;) € D(ig, 2¢)

for k = 1,...,v, for some small €. Then Tmu(f,s;) = Im% > % for all k. Also note that
L(f’0)+b(f;51)+"'+L(f151/) =0.
Corollary 3.7.5 implies that f € WB. In fact, since s1,...,s, are all sinks and 0 is a source for z =

i[f(z) — z], only one gate structure is possible, and this will be (1,2,...,v). Thus f € WB((1,2,...,v)).

Unfinished business

Throughout this paper we have been considering a holomorphic germ fy with a multiple fixed point, and
maps close to this.

A related problem is to consider an fy which has a parabolic cycle of period k, whose multiplier is a
qth root of unity. Then (after conjugating by some affine map) either fé“q =1id or fécq is of the form

é“q(z) — 24 Vet 4 (’)(z”q+2).

In the case where £k =1, v = 1 and ¢ > 1, the persistence of Fatou coordinates for f close to fo is dealt
with in [Sh1, §7].

For general k, v, ¢ the results in this paper generalise easily, except for those in §2.7 and §2.8. (We
simply have to say that an f close to fo is well behaved if and only if f*¢ is well behaved when treated
as a perturbation of fgq.)

The results from §2.7 and §2.8 do not have straightforward generalisations—for instance not every
admissible gate structure vector (of length vq) can be realised by some f*¥¢. However, it does seem
probable that well behaved maps close to fy can be parameterised in terms of the lifted phases (and
some extra information).
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Chapter 3

The Proofs

3.1 Preliminaries

Proof of Lemma 2.1.3 on page 8 (Definition and continuity of f +— us) u; is clearly analytic
upon Ko\ {oo,...,0,}. It is quite easy to show that u; is also analytic at the fixed points. (For instance
one can consider the Taylor expansion of f(z) — z at sy, and note that (z — s;)™* is a factor.)

Now assume for contradiction that there is a sequence frp — fo and z € D(fy) \ {0} such
that |up(2) — up(2)] > e for all k& and some € > 0. It would then follow quite easily that
|fx(2) — fo(2)] > |z|"*'e/2 for sufficiently large k, a contradiction. Thus uy,(z) — ug,(z) for every
z # 0. The fact that uy — uy, in the compact-open topology follows quickly.

3.2 Fundamental regions and Fatou coordinates for f;

Proof of Lemma 2.2.2 on page 9 (Fundamental regions for f;) First of all, we need to know that
these solution curves actually do exist and are unique. Any analytic function with bounded derivative
must be Lipschitz by the Mean Value Theorem. So we can use the following proved in [BR]:

Theorem 3.2.1 (Ezistence and uniqueness of solution curves) Suppose that the func-
tion Z(z) is defined and continuous in the closed domain |z — zo| < K and salisfies the
Lipschitz condition there. Let M = sup |7Z(z)| in this domain. Then the differential equation

z=7(z)
has a unique solution satisfying z(to) = zo and defined on the interval [t — to| < K/M.
Remember also that for any autonomous differential equation as we have here (i.e. 2 depends on
position but not time) the trajectories will never intersect, unless they coincide everywhere.

Let i € Z/vZ and s € {+,—}. On the set P; , := {2z € Ko\ {0} | |arg(z/z s )| < 3w/4v} we make the

change of coordinate
1

vzv’

w=1(z):=—

and in this coordinate we get an F; , with F; ;:=1To fyo I|l,§lls7

Fio(w) = I(fo(2)) = —%(szowﬂ))—”
= w(l — ﬁ + O(w—l—l/u))—ll
= w(1+ % +O(w—1—1/u))
= w+1+0w ') asw— oo
If define Ty, 7, = I 0757, then we will have

ifo(z) 2] _ . ,
i o) = 1 (s, 50 (D)7 5,50 (1) = =g = g (2) & 4,

29
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where z = 7; 5 1,(1).

So I'; 4 1,(t) will be an almost vertical line in the w-coordinate, passing through w; 4 = I(z; 1) =
+1/vrgy € R. Thus T 4 ¢, () — oo as t — oo, implying that v; 4 ¢,({) — 0 as t — +oo (since w = oo
corresponds to z = 0).

Since T' = I'; 4 ¢, is an “almost vertical line” through +1/vrf, |['(¢)| is always large and we must
have F; ;(w) = w + 1. This implies that T'(R) cannot intersect F; ((I'(R)), which in turn implies that
(R) does not intersect fo(y(R)).

Since z — 0 when w — oo, the ¢; 4+ 7, must be loops with their ends at 0. [ ]

3.3 Fundamental regions, Fatou coordinates and gate struc-
tures for f

Before giving a proof of Proposition 2.3.2 we have to do some ground work.

3.3.1 Sinks and sources

Lemma 3.3.1 Suppose that ¢ is a fixed point of the analytic map f: Ko — C and there is
an € > 0 for which € < arg[f'(c) — 1] < # — e. Then the following hold.

1. In a sufficiently small disc, B, centred on o, the dynamics of f rotate anti-clockwise
around o—that is, for every z € B

%<argm<ﬂ'—%.

2. If v : [0,400) — C is an analytic path satisfying z = i[f(z) — z] and there is some t; > 0
so that y(t1) € B then v(t) € B for every t >t and ¥(t) — o exponentially ast — +00.

ORN

f(v(©))

Figure 3.1: Figure 3.2:

Proof. We use the fact that if B is very small we have

0 = VAU oy Ly = pio)-1,

zZ—0 zZ—0

so we can say that for z € B

%<argf(z)_ <m-—5
2 . —
Thus when y(t) € B (see Figure 3.2)
ks € ’)/I(t) ks &€
—Iti<arg———<I-%
7 T3 syt 72

and p
Eh(t) — o] < =]y (@)] sin § < —const|y(t) — o],
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for some small const > 0 depending on the size of B. Therefore |y(t) — ¢| — 0, and the decay is
exponential.
It is therefore clear that 1. and 2. are satisfied. [ |

Remark 3.3.2 We can see that if o is a fixed point, then Im f'(¢) > 0 implies that the dynamics of f
will rotate anti-clockwise around o. Similarly Im f'(¢) < 0 implies that the dynamics of f will rotate
clockwise around o.

Notice also that if o is a simple fixed point then (see Figure 3.2) we have Im f'(c) > 0 <—
Imu(f,0) >0, and Im f'(0) < 0 <= Im(f,0) <O.

Also we can see from Figure 3.2 that Re f'(¢) > 0 implies that trajectories for z = i[f(z) — z] will
spiral anti-clockwise around o, and if Re f'(¢) < 0 then the trajectories for z = i[f(z) — z] will spiral
clockwise.

As an immediate corollary we have

Corollary 3.3.3 If we have f € Ny, then each fized point ¢ € Ko with Tm f/'(o) > 0 will be
a sink of the vector field z = i[f(z) — z], and any fized point o’ with Tm f'(¢') < 0 will be a
source.

In fact, these will be the only sinks or sources in K.

3.3.2 Limit cycles

We start with the following Lemma, which gives a good description of the flows z = f(z) — z and
z=1i[f(z) —z] on Ko\ Dy, /4.
Lemma 3.3.4 Let f € Ny and consider the change of coordinate w = I(z) := —1/vz" on

Ri+ ={2€ Ko\ Dyy/a | |arg(z/z +)| < 3w/4v}.
Then the push forwards of z = f(z) — z and z = i[f(z) — z] on R; + will be
s - i) - )

~J —71'\1.
s ~1 and w = s 1

respectively on
Qi = I(Ri) = {w | |1(ro/4)] < |w| < [1(2r0)], | arg +u| < 37/4).

Therefore trajectories for z = f(z)—z (resp. z = i[f(z) — z]) will be mapped by T to “almost
horizontal lines” (resp. “almost vertical lines”). (See Figure 3.3.)
Note that the union of all the R; ; forms the annulus Kg \ Dryya.

Proof. The calculations are fairly straightforward. [ |

The Poincaré-Bendixson Theorem says that any solution curve of an autonomous differential equation
which stays within a compact subset of the plane for all time must either converge to a fixed point or
accumulate along a limit cycle. By a limit cycle we mean a periodic solution of the vector field, the trail
of which forms a closed loop.

Lemma 3.3.5 (No limit cycles for f € WB) Suppose that f € Ny has a limit cycle Ly
for 2 = i[f(z) — z] which is contained in the interior of Kj.

Then every point sufficiently close to Ly also lies on a limit cycle, which has the same
period. Thus if a trajectory v for z = i[f(z) — z] accumulates along a limit cycle then v is
itself a limit cycle.

Proof. We will suppose that Lg(t) := Y2(zo) is a limit cycle with period p (that is there is a minimum
p > 0 such that Lo(p) = Lo(0)). Since the flows X, and Y; commute we will have Y, (X,(z0)) =
X:(Yp(z0)) = Xs(20), implying that X, (2o) is also a point on a limit cycle of period p (where zy € Lo(R)
and s > 0).

It is easy to show that for any z sufficiently close to Ly there will be some small s € R such that
Xs(z) € Lg, so the Lemma is proved. [ |
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Figure 3.3: On the left we show the trajectories for the vector fields z = i[f(z) — z] and z = f(z) — z
outside a disc centred upon 0. (f is close to z +— z + 23.) The trajectories for z = i[f(z) — 2] are shown
by solid lines, and those for z = f(z) — z are shown by dotted lines. On the right we show the image

under I(z) := —V;, of those trajectories which intersect Ry _.

Remark 3.3.6 For f € Ny, any limit cycle Ly C Ko will wind around exactly one simple fixed point o.
The multiplier will lie on the real line: f'(o) € R\ {1}. Every point “inside” Lo other than o will also
lie on a limit cycle with the same period.

We can also show that every point close enough to a simple fixed point o satisfying f'(o) € (0, +o0)\
{1} will belong to a limit cycle of period —2mi(f, o) = 2x/[f'(¢) — 1].

3.3.3 Combinatorics: Proofs of Props 2.3.2 and 2.3.8
Now we are ready to give the proof of the first Proposition.

Proof of Proposition 2.3.2 on page 10 (Combinatorics for well behaved maps) We know that
since f is well behaved, every singular point for the vector field z = i[f(z) — 2] is a fixed point for f.

Therefore the Poincaré-Bendixson Theorem and Lemma 3.3.5 ensures that if f is well behaved then
every forward and backward trajectory through the z; + will converge to a fixed point in D, /5. So (1.)
is proved.

We now cover every sink (for 2z = i[f(z)—z]) with a small “black disc,” so that any forward trajectory
which enters that sink will stay inside for all time, and converge to the associated sink. A multiplicity
r + 1 fixed point of f will also be a multiplicity » 4+ 1 fixed point of the analytic map Y7, and each of
the r attracting directions for the map Y; can be covered by an open “black petal” (see [Mi, §7]) which
is forward invariant under Y;. Any forward orbit which enters one of these petals will converge to the
associated multiple fixed point. The multiple fixed points and the sources we mark with a single “white”
point. See Figure 3.4.

Importantly, we have marked out exactly v + 1 black and white “objects,” since there are v + 1 fixed
points counted with multiplicity. We let “D := D, ;5\ {the black objects}.” Notice that D is connected.

We know that no forward trajectory will converge to one of the white objects, and that any trajectory
which converges to a multiple fixed point will eventually enter and stay in one of the black petals.
Therefore, for each ¢, the line v; 4 ¢(IR) enters a black object.

We want to know how many components there are of

)

D' =D\ |J %4.s(0,+)).
€LV

Let s denote the total number of black objects which are converged to by at least one of these forward
trajectories.
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Figure 3.4: For a multiplicity 5 fixed point, we
cover the fixed point itself by a white dot, and the 4
attracting directions of Y1 by 4 black petals. These
petals are forward invariant under Y;. Notice in
particular that there number of objects marked is
5, which is the same as the multiplicity of the fixed
point.

The four forward
i 4,7 () | t > 0} between them share two “black

Figure 3.5: trajectories

fixed points” at their ends. These forward tra-
Jectories will then chop D, /5 \ {00, ...,04} into
v—s+1=4—-2+1 = 3 pieces. Fach of the
three pieces must contain exactly one “white ob-
ject” which will have to serve as the limits of the

backward trajectories.

We try to calculate the number of components of I’ by taking it step by step. For each of the s
black objects we start by marking out just one of the forward trajectories which enter it. So s forward
trajectories have been marked, and D will still be in one piece. However each time we mark out one of
the remaining v — s forward trajectories, we are effectively chopping one of the remaining pieces of D
in half. As a result, the v trajectories of the form v; 4 ([0, +00)) will chop D into exactly 14 (v — s)
pieces.

Into each of these v — s + 1 of D', we can see that there will be at least one backward trajectory
from one of the z; 4, which (by Poincaré-Bendixson) converges to a “white object.” Thus each of the
n — s + 1 components of D’ contains at least one white object, which is converged to by at least on
backward trajectory.

Therefore we have shown that s black objects are entered by the forward trajectory from some z; 4,
and that at least ¥ — s + 1 white points are converged to by at least one backward trajectory from some
zj —. So a total of at least s + (v — s+ 1) = v + 1 objects have been used, and we know that there are
only v + 1 objects in total. Thus there is exactly one white point in each of the v — s + 1 pieces of D’.

(2.) is proved.

Take z_ = v; _ ;(t) € D, /5 for some large ¢ > 0. Then there will be some sy (which is roughly
2/vry) so that zy = X, (2_) € £; 4 ¢. (Make the change of coordinate w = —1/vz" to see this.) Now
since Y;(z4) converges to a fixed point o, we can easily show that X, (Vi(z4)) —Yi(z4) — 0 ast — +oo,
and so Y;(z_) = X, 0 Y3(24) — o. This implies that v; _ ;(t) — 0. In the same way we can show that
vj,—¢(t) and ;41 4,5 (t) must converge to the same fixed point as t — —oco. Thus (3.) holds.

Now we prove part (4.). Fix i € Z/vZ and consider v; 4 . If v; 4 ;(4+00) = 75 — f(—00) then there
is nothing to prove. So we assume that +; 4 ; has distinct fixed points at its ends, and aim to show the
existence of some j € Z/vZ such that v; _ ; has the same fixed points at its ends.

Now let L,(t) := X,(vi+,¢(t)) for all s > 0 for which this is well defined. Since X, and ¥; commute,
L, will always be a trajectory for z = i[f(z) — z], and it has the same ends as Ly = 7; 4 7. Let P be the
closed set of points bounded away from infinity by Lo(R)U 8D, /2. (See Figure 3.6.)

We assume for contradiction that L,(R) is well defined and contained in P for all s > 0. Then we set

c:=JL.m)

520

which will must exist and be contained in P.
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attracting
direction

21 - repelling
direction

I—q+ cx:y 1-f

repelling
direction €~ ‘

attracting
direction

Figure 3.6: The shaded region in the above figure is the set P. The point ¢ in L,(R)N 3D, s is close to
one of the repelling directions for fy at 0.

JC\ Lo(IR) has some slightly strange properties—it is almost invariant under the flows for z = f(z)—=z
and z = i[f(z) — z]. More specifically, for every z € 8C \ Lg(R) and a small enough ¢ > 0 we have
X; 0Yi(z) € 9C \ Lo(R) for all s,t € [—¢,e]. However, if ¢ is very small and z is not a singular point
for either of the orthogonal vector fields z = f(z) — z and z = i[f(z) — z] then the set {X; o Yi(2) |
s,t € [—&,+¢]} should be a deformed square, and certainly cannot be contained in dC. This implies
that z is a singular point for one (and in fact both) of the vector fields, so it is a fixed point for f.
But this contradicts the fact that there are only finitely many fixed points in Kg, and infinitely many
z € 9C'\ Lo(R).

Thus L;(R) cannot be contained in P for all s > 0, so we set

q :=inf{sqg >0 | Ls(R)C P Vs < sg}.

Ly(IR) intersects the circle 9D, /5, and is easily shown to be tangent to that circle at some ¢ = L,(to) €
0Dy, /2 where o € R.

Let I(z) := —Viy. Then I o L, is tangent to 9Dr(r,/2) at I(c). TLemma 3.3.4 implies that
(IoLy)(to) =1, so I(c) is close to either +|I(rg/2)| or —|I(ry/2)|. Now notice that if £ > 0 is small
then L, (t0) € Dyyj2. Therefore I o Ly_c(to) € C\ Dj(ro/2y, and by Lemma 3.3.4 it is just to the left
of I(¢). Thus I o L,(ty) is close to —|I(ro/2)|. This implies that there is some j € Z/vZ such that c is

close to 1z;, _. (See Figure 3.6.)

With a little more work we can show that there is an o > 0 such that L,4, = 7j,— 7 as required.
(See Figure 3.6.)

Part (5.) is assured by Lemma 3.3.7 below. [ |

The final part of proof of Proposition 2.3.2 (part (5.)) is given by the following Lemma.

Lemma 3.3.7 (Existence of fundamental regions) If f € WB then for every i € Z/VZ
and s € {+,—} we will find that if y = v; , ; and £ = y(R) then we get £ N f(¢) = & and
JF(¢) C K.

Thus the fundamental regions S; ; ; is well defined for each i € 7Z/vZ and s € {+,—}.
These fundamental regions are pairwise disjoint.

Proof. Let
st=55,= U Xa0= | XaoVi(zis)

a€f0,2] (a,b)€[0,2]xR
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It is easily shown that S* C Ky = D3y, since £ C Ds, /o and |X4(2) — 2| < 7o for any a € [0,2] and
z € Dzpyya-
We want to show that for each z € S* there is a unique (a, b) € [0, 2] x R such that z = X, 0Y3(z; 5).

Suppose for contradiction that there is some a € [0,2] and some distinct b,5" € R such that X, o
Yi(2is) = XaoYs:(2is). But this would imply that ¢ — X,0Y3(2; ,) is a periodic solution of z = [ f(z)—z].
And since the flows X, and Y; commute, this would imply that 4 is a periodic solution, which we know
cannot be true.

Now assume for contradiction that there are some distinct a,a’ € [0, 2] and some b, b’ (not necessarily
distinct) such that X, o Y3(z; ;) = Xa 0 Yir(2i5). Then it is easily shown that zyp := Xo_a(2is) =
Yy_p(2i5). But then it is clear that zo is “fairly close” to z; ; (since |a —a’| < 2), s0 20 € £\ D, /5. This
contradicts the definition of f being well behaved.

Thus it is indeed true that for each z € S* there is a unique (a,b) € [0, 2] x Rsuch that z = X,0Y3(z; 5).
Thus ¥(z) := fis ﬁ is well defined on S* and \I’(Xa o Yb(ziys)) = a + ib for each (a,b) € [0,2] x R.
Thus ¥ : S* — [0, 2]+ /R is bijective.

We can show that ¥(£) = iR and that o f(z) & ¥(z)+1 for any z € £ (see the proof of Lemma 3.3.13
below). Thus Wo f(¢) N ¥(£) = &J. And since ¥ is bijective this implies that f(£) N ¢ = & as required.

Also Szl',.s,f C S;,s,f C Ky.

Now we need to show that the sets Sz/',s,f are pairwise disjoint. It is clearly sufficient to show that all
the S;,s,f are pairwise disjoint.

We can use that same kind of argument as above to show that if S7 , NS}, # & where
(1,s) # (7, s") then there will be some ¢ € R such that v; , ;(¢) is close to z; ,, which again implies that
f 1s not well behaved, another contradiction. [ |

Proof of Proposition 2.3.5 on page 11 (All gate structures are admissible) This comes from
Proposition 2.3.2 and some simple combinatorics [ |

Proof of Proposition 2.3.8 on page 12 (Numbers of fixed points and open gates) Consider
a “simple tree structure” as shown in Figure 3.7. It is simple combinatorics to show that if there are r
lines, then there are r 4+ 1 nodes.

Proposition 2.3.2 implies that for any f € WB(G) the topological picture of

U i+, UTFix(S)

G; #x

where points in Fix(f) are treated as “marked nodes” will be a simple tree structure. Thus there are
indeed r 4+ 1 fixed points.

A"simpletree"

Not a"simple

tree

Figure 3.7: On the left is a “simple tree.” The picture on the right is not a simple tree because it contains
a closed loop.
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Suppose that ¢ has multiplicity m + 1 > 1. Then it will have m attracting directions (and m
repelling directions) and using Lemma 2.2.2 (and a suitable affine change of coordinates) we can find m
incoming fundamental regions for f|¢7, where U is a small neighbourhood of . There will be associated
trajectories py (k= 1,...,m). Using the same arguments that we did in the proofs of Lemma 3.3.5 and
Proposition 2.3.2 we can show that for each k = 1,..., m there is some i € Z/VZ, and rz,ry € R such
that v; 4 f = X, oY, opg. Thus v; 4 ;(+00) =i 4,5 (—00) (since pp(400) = pr(—00)).

Also for i € Z/vZ there can be no distinct ki,ky € {1,...,p} such that py, and pi, are both
“associated” to 4; 4+, 7. (It is not too hard to show this by looking at the topological picture.)

Thus for a multiple fixed point o of f

mult(f, o) = 1+ #{i | vi 4,5 (+00) = i 4,7 (—20)}.

So since the topological picture of all the ¢; ; ¢’s and fixed points is uniquely determined by gate(f) we
see that mult(f,y; s,7(£00)) can be calculated from gate(f).

3.3.4 Stability of trajectories: Proofs of Props 2.3.9 and 2.3.10

We would like to know that the forward and backward trajectories for the vector field which tend to
fixed points will be stable under perturbation of the vector field and the starting point (as long as the
fixed points do not split apart). We first prove the following.

Lemma 3.3.8 (No splitting of fixed points on WB(G)) Let o(f1) be a fixed point of
f1 € WB(G), of multiplicity m > 1. Suppose that B is a small open neighbourhood of o( f1)
so that B contains no other fixed points of f;. Then any f € Ny sufficiently close to fi will
have m fixed points in B counted with multiplicity.

However, if when we perturb fi in WB so that the multiple fixed point o(f1) splits into
more than one distinct fixed point, then the gate structure will have changed.

As a result there is a continuous map f +— o(f) defined in a neighbourhood of f in

WB(G) such that o(f) is a fixed point of f of multiplicity m.

Proof. 1If f is close enough to fi on 9B, then Rouché’s Theorem tells us that f(z) — z has the same
number of solutions in B (counted with multiplicity) as fi(z) — z in B. Thus f has m fixed points in B.

Now suppose that f; € WB(G) and that the fixed point o(f1) is of multiplicity m > 1.

We assume for contradiction that f € WB(G) is very close to fi, and contains at least two distinct
fixed points of f in B.

If o(f1) splits when we perturb f; to get f, then there will be some fixed point 3(f) € B of f of
multiplicity strictly less than m, and such that v;, s, ;(+00) = B(f) for some iy € Z/vZ and sq € {+, —}.

We can restrict fi to a small neighbourhood of o(f1). There will be an affine map A(z) = az + b
such that hy := Ao fi 0 A=1 is of the form hy(z) = z+ 2™+ 4 O(z™+2). Trajectories for z = i[f1(z) — 2]
will be mapped by A4 to trajectories for z = i[h1(z) — z]. So then we can apply Lemma 3.3.10 to hq,
which implies that v;, 5,7, (+00) = o(f1). However then the fixed point o(f1) = ¥ig, 50,1, (+00) of f1 has
multiplicity m, and the fixed point S(f) = 7i, 0, 7(+00) of f has multiplicity strictly less than m. This
contradicts Proposition 2.3.8 and our assertion that gate(f) = gate(f1).

As a result “fixed points cannot split,” so Rouché’s Theorem implies that f +— o(f) is continuous in

some neighbourhood of f; in WB(G). [ |

The following standard theorem (c.f. for example [BR]), is used in the proof of Lemma 3.3.10 below
and elsewhere.

Theorem 3.3.9 (Continuous dependence of solutions) Let D C C and f,g : D — C
be continuous. Also let z(t), w(t) be differentiable solutions of

2= f(z) and w=g(w)

on an open interval I containing tq.
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If f is k-Lipschitz in D and |f(z) — g(2)| < p for all z € then
[2(t) = w(®)] < |2(t0) = w(to)|eH=0l 4 & (H=l _ 1)

fortel.

Lemma 3.3.10 Suppose that h € Ny where Ny is a very small neighbourhood of fo(z) =
z+ 2"%lug, (2), and that f — 20(f) € Dsyoja \ Dsyo /2 Is continuous on Ny. For f € Ny let
py be the maximal trajectory for z = i[f(z) — z] with p;(0) = zo(f).

If pr(t) € Dspoja \ Dspyo for allt > 0 then py (1) — 0 as t — 4o0.

Proof. Notice that if p,([0,+00)) € Ds,/4 then ps([0,400)) € Ko for all f close to fo. Also, (by
Poincaré-Bendixson) p, must converge to some fixed point in D, /5 as t — +o0.

We let {g:}+¢[0,1] be a path in a small neighbourhood of fy, such that go = fo and g = h. We call the
small arc contained in D, /5 which connects ¢; 1 ; to £; _ ; the “ith entrance” for f. See Figure 3.8.

We know that pj, will cross the ith entrance for some i. (That is to say that py, enters D, /2 “between
4 4.5 and £; _ ¢.”) In fact pp will be almost perpendicular to the ith entrance as it crosses it. Also for
any f close to fo, any trajectory for z = i[f(z) — z] which crosses the ith entrance will do so almost
perpendicularly. See Figure 3.8.

z(f)

1st exit 1st entrance

2nd entrance 2nd exit

Figure 3.8:

Clearly when we perturb h to give f € WB, we will still have p; crossing the ith entrance (for f) by
the smoothness of the p; and Theorem 3.3.9. Tt can be deduced that as we vary ¢ from 1 down to 0, p,,
will still always cross the ith entrance (for g;).

Therefore pg, crosses the ith entrance for fy. It is then simple to show that pg,(¢t) — 0 (since we
will be able to write py, (1) = X{° 05; 4 ¢,(t +r) for some r € R, s > 0, where X/° is the time-s flow for
z = fo(z) — 2). [ |

Lemma 3.3.11 (Stability of trajectories) Suppose that we have an analytic function
f1: D — C with a fixed point o(f1) of multiplicity m, and an analytic path vy, : [0,+00) — D
which solves

z=1[f1(z) — 2],

77, (0) = zo(f1) € D, and vy, (t) — o(f1) as t — +oo.

Suppose also that M C H is a family of analytic maps (together with the compact-open
topology) such that in a small enough neighbourhood of f; in M there is a continuous function
|+ o(f) such that o(f) is a fixed point of f with multiplicity m. Also let f — zo(f) be
continuous in a neighbourhood of fi in M.
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For each h € M let v, denote the maximal trajectory for

with v, (0) = zo(h). Then we have v;(t) — o(f) as t — 400, for every f € M which is close
enough to fi.

We will also have that f +— ~v;([0,400)) U {o(f)} is continuous with respect to the
Hausdorff metric on a neighbourhood of f1 in M.

Proof. We will first consider the case when o(f1) is a simple fixed point. We already know that
this fixed point is a sink for z = i[f1(z) — z] (by Remark 3.3.6 and Corollary 3.3.3) and we must have
Im f{(o(f1)) > 0. So for f close enough to fo we must have Im f'(o(f)) > 0, and o(f) is also a sink for
F = lf(2) - 7).

For f € M let Y{ be the time ¢ flow for the vector field z = i[f(z) — z]. Because o(f1) is a sink for
thl, there will be some arbitrarily small closed neighbourhood G of o, such that the closure of Ylf1 (@)
is contained in the interior of G.

We can easily show that f — Ylf (G) is Hausdorff continuous (using Theorem 3.3.9), which implies
that G will be mapped inside its interior by Ylf for any f sufficiently close to fi.

So, we take a large T' > 0, so that v¢, (T) € & (which is clearly possible, since v¢, (t) — o € (0?) Then
for f close enough to f1 we know that v;([0,T7]) is arbitrarily close to v¢, ([0, T1]), and that v ([T, +o0)) C
G where G is arbitrarily small. Thus f +— v;([0,+00)) U o(f) is continuous in a neighbourhood of f;.
(Compare with the argument using collapsing traps in [Do, §6].)

If o(f1) has multiplicity m > 1 then we can use a similar argument. We can easily show that o(f)
will then be a multiplicity m fixed point for the analytic map Ylf. There are arbitrarily small “attracting
petals” (see [Mi, §7]) for Ylf at the multiple fixed point o(f), so that v, (¢) must enter one of these. If
we let G(f1) be the closure of one of these then it will satisfy thl(G(fl)) C (oi(fl) U{e(f1)}

It can shown that if f is close enough to f; then Y;f(G(f)) C Cov'(f) U {o(f)} where G(f)O: G(f1) +
[0(f) —a(f1)]. Again, if we find T so that v, (7T) is in the interior of G(f;) then v;(T) C G(f) if f is
close enough to f; (since f — [o(f) — o(f1)] is continuous by Rouché’s Theorem).

Thus we again find that f +— v¢([0,4+00)) U o(f) is continuous in a neighbourhood of f;. [ |

Proof of Proposition 2.3.9 on page 14 (Continuity of the maps f +— o;(f)) This is implied
by Rouché’s Theorem and Lemma 3.3.8 (which ensures that no multiple fixed points can split when we

perturb f € WB(G) in WB(G)). [

Proof of Proposition 2.3.10 on page 14 (The space of well behaved parameters is open)
Take (sg,ug) € P(G). Then for (s, u) close to (sg, ug) we have fs, € N, since fs, u, € Ny and Nj is
open.

Suppose that G has r open gates. Observe that (s,u) € P(G) where s = (sg,...,s,) implies that
s, ..., s are all distinct (otherwise there would be fewer than r + 1 fixed points in Ky contradicting
Proposition 2.3.8). Thus no fixed points will split when we perturb (s, ug). But then Lemma 3.3.11 (and
the definition for a map to be well behaved) implies that f € WB(G) for all f close to fs,.u, € WB(G). R

3.3.5 Fatou coordinates: Proofs of Thm 2.3.12 and Prop 2.3.14

Lemma 3.3.12 (Existence of ®r) Suppose that Qr C C is a region bounded by either
one or two (non-intersecting) differentiable paths v; : R — C where arg~;(t) € [T, 37”] for
t € R and each i. (See Figure 3.9.)
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If F: Qr — C is analytic and univalent and satisfies

[F(w)— (w+1)] < 7,
|F'(w)—1] < 3

on Qr, and Qp contains both £ = iR and F({) then there is an analytic, univalent ®p :
Qr — C satisfying
Sp(F(w))=Pp(w)+1 ifw, F(w) € Qp.

®p will be unique up to addition by a constant. If F' +— wq(F) is continuous in a
neighbourhood of Fyy in H, and wo(Fy) € Qp,, then for F close to Fy we can always normalise
®p by insisting that ®p(wo(F)) = 0. Then F — ®p will be continuous with respect to the
compact-open topology in a neighbourhood of Fj.

)A Y
F(l:)

s Q-

Figure 3.9:

Proof. See [Sh2, Prop. 2.5.2]—it depends on the Ahlfors-Bers Measurable Mapping Theorem.

Lemma 3.3.13 (Main Lemma) Let K be a closed Jordan domain and let M C H be such
that every f € M is defined in a neighbourhood of K. Suppose that f +— zo(f) € K is a
continuous map on M.

Now let M’ be the set of f € M such that the following are satisfied.

1. |f(z) — 2| < & and |f'(z) — 1| < & for every z € K;

2.7 R — R solves ¢ = i[f(2) — z] with v£(0) = zo(f) and v;(t) — ox(f) € R as
t — +oo (for some o_(f),04(f));

3. f(4y) C R and LN f(ly) = &, where £; := v¢(R).

Then for all f € M’ we can let Sy be the closed set bounded by the loop £; U f(£;) U
{o4(f),0-(f)} and let S} := Sy \ {oy,0_} (a fundamental region).

There is an analytic, injective map ®; : S} — C such that
Di(f(2) =Pr(2)+1 for every z € {5,

and ®; is unique up to addition by a constant. We call ®; a Fatou coordinate. Also, the
Ecalle Cylinder S% /[ is isomorphic to C/Z. We can normalise ®; such that ®;(zo(f)) = 0.

The map f +— S; is Hausdorff lower semi-continuous on M’. Also, the map f + ®; is
continuous on M’.

Proof. First let ¥y : S} — C be defined as

_ [ d¢
ile)= /ZO(f) () —¢

where z € S}. Welet Fy := W0 fo \IIJT1 1 W4 (S}) — C and will aim to prove that

1. Ws(£y) is the vertical line {it | teR};
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2. |Fp(w) — (w+1)| < L if w, F(w) € Qp;
3. FH(w) = 1] < 1ifw e F(w).

If (1.), (2.) and (3.) do indeed hold then we can apply Lemma 3.3.12 to get ®p, : ¥;(S}) — C and then
we can let ®; = ®&p, o Uy : S} — C.

(1.) holds on W;(S%) because

v (1) -
(17 (1) = / N —f@‘jﬂ -

Y 1 LG NN
- T e =

If z € € is fixed and p(t) = (1 — t)z + tf(z) where ¢ € [0, 1] then we can show that p([0,1]) C S.
(This is fairly easy to show using condition (1.) in the statement of the Lemma.) And also

() = pO] = ) = 21| = |IF = idi(p())  [F — idi(p(0))]
/0 (If —id op>'<t>dt\

t

=i ) -0 dt‘

V/4\

t
J 1@ =11 15 = 21t < F15) =),
since || f'(z) — 1|k, < L This implies that

fp(t) —p(t) 1
‘ 1) = 1‘< . (3.1)

10

So now if w, Ff(w) € Qr and w = ¥¢(z) we calculate

(2)

B Y A S A (© L
Ff(w)—w—\l’f(f(z))_\l’f(z)_/Z (O _/0 T0o0) — @ ™

and by (3.1) it is easy to see that |[Ff(w) —w] — 1| < 1. So (2.) is proven.
We can also see that

) = W) - £6)- 07 ) = 25 ) =

And applying (3.1) with ¢ = 1 we must have |Fj(w) — 1| < 1. Thus (3.) is proven.
As stated above, (1.), (2.) and (3.) imply the ®; : S% — C exists.
It is fairly easy to show that S/ f is isomorphic to C/Z. (See [Sh2, Lemma 2.5.4].)

Theorem 3.3.9 implies that f +— ~;(t) is continuous for every ¢t. Since £ = {v¢(t) | t € R}itis
therefore clear that f — £; must be lower semi-continuous on M’. Tt quickly follows that f — S; is
lower semi-continuous on M’.

It does not take too much effort to strengthen this to show that if f; € M’ then given any compact
G C 5f1 we will have G C Sf if f is sufficiently close to fi.

We can show that f +— (U; : S — \Ilf(S’)) and f — (Fy: \II(S ) — C) are continuous. So if we
set wo(f) = Uyp(z0(f)) then Lemma 3.3.12 tells us that f — (®p, : \I’f( ) — () is continuous. Thus
fr=®poV¥; =: ®; is continuous also. [ |
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Remark 3.3.14 Suppose that f € N has r distinct fixed points in Ko which are oq,...,0, in Ky,
and that G is the additive group T = 2wis(f,00)Z + - -- + 2wie(f,0,)Z. If we try to extend ¥y to
Ko\ {oq,...,0.} we will get a multi-valued function (because of the choice of paths over which we can
integrate). In fact we will obtain ¥} : Ko \ {09, ...,0,} — C/I.

Proof of Theorem 2.3.12 on page 14 (Existence and continuity of Fatou coordinates) Propo-
sition 2.3.2 allows us to apply Lemma 3.3.13 with zo(f) = 7;.5,7(0), which tells us that parts (1.), (2.)
and (4.) hold.

It also tells us that f — S; ;  is lower semi-continuous on WB. Lemma 3.3.11 implies that f m
is continuous on WB(G), from which it follows that f +— S; ; ¢ is also continuous on WB(G). Thus (3.)
holds. [ |

Proof of Proposition 2.3.14 on page 15 (Extending ®;,; to U, ;) Lemma 3.3.11 will imply
that f — m is continuous. And in particular we will be able to show that for any f1 € WB(G) and a
compact G C U; , 5, we will find that G C U; ; ; for all f close enough to f;.

The change of coordinate W;(z) := f;l . Tg)g—_C (as used in the proof of Lemma 3.3.13) is well

defined on U; s ;. Also, f +— (¥; : U;, ; — C) is continuous. F} extends to Qp, = W;(U;, ) and

satisfies the conditions of Lemma 3.3.12. f +— (Fy : Qp, — C) is continuous and Lemma 3.3.12
tells us that f +— (<I>Ff D Qr — C) is continuous. When we set ®; ;= ®p, o Uy, continuity of
f—(®; :U; s ¢ — C) is assured, and the Lemma is proven. [ |

3.4 Lifted phases

The rest of this section is aimed at finding a convenient normalisation for the Fatou coordinates, and
formulae for the lifted phases.

Much of the method and notation (from Lemma 3.4.1 onwards) parallels that used in [Sh1-3], but
things are somewhat more complicated, and a lot of extra work needs to be done.

Proof of Lemma 2.4.8 on page 16 (Definition and properties of j(f, o)) Continuity of f —
Y oer t(f, o) is fairly trivial given the definition of the holomorphic index, the theory of residues (and
Rouché’s Theorem).

Note that
—27i —2mi . log(l+2)—=z
log(1+ 2) Ty T zlog(1+z)
L m o) - (32
(Z +0(2?))
= —7w1+ (’)( )

as z — 0. Suppose that {hp}r>0 is a sequence of maps, and {0} }r>0 is a sequence of points such
that o), is a simple fixed point of hy and for all £ > 0, and that A} (cx) — 1 as k& — +o0. By (3.2)
J(hy, or) = 2mic(hy, o) — mmi + o(1) as k — +oo (where m = 1 is the multiplicity of 01). And if o is a
multiplicity m > 1 fixed point of f then of course j(f, o) = 27i(f, 0) — mmi by definition.

Thus if f; has M fixed points in U counted with multiplicity, and Hy — f; uniformly on compact
sets then

Z J(Hy, o) = Z 2mit(Hy,0) — Mwi+ o(1)

Hy(o)=0€U Hy(o)=0€U

Z 2mwis(fr1,0) +o(1) | — Mmi+ o(1)

f1(o)=0c€U

Z )(fi,0)+o(1) as k — +o0.

f1(o)=0€U
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As a result the map f — > .y 3(f, o) is continuous, and j(-, -) shares many of the same properties
as the holomorphic index (-, ). [ |

Proof of Proposition 2.4.3 on page 16 (Continuity of the lifted phase) Suppose that f € WB,
and that fr — f in WB. We need to show that for each i € Z/vZ we have oﬁ(fk) — 5(f).

First we consider the case where gatei(f) # +x. We can find a z € S; ;4 5 and p € N such that
fr(z) €Uy sforn=0,...,pand fP(z) € Sj_ ;.

Note that the maps f — m, ffllisy) fr m and f — f(M) are continuoug with
respect to the Hausdorff metric. (See the proof of Theorem 2.3.12.) Thus for k large we have z € S; _ ¢,
and f7(z) € A%jy_yfk and

Ti(fe) = ®j - 1 (F7(2) = @i g i (2) —m —
®; 1 (f7(2) = iy 1 (2) —m = 7(f)

as k — 400 as required.

Now consider the case where gate,;(f) = . Then 7;(f) = oo, and we need to show that |7;(fx)| — +oo
as k — 4o0.

So assume for contradiction that fr — fin WB, but |%;(fi)| # +oo. There must be an M > 0 and
a subsequence {gx} of {fi} so that |i(gr)| < M for all k. But then by the compactness of Dy we can
take another subsequence {hy} of {g} so that 7;(hy) — § € Dy, and so that gate;(fr) = j #  for all
k (and some j).

Now let G, = @;:hk 0 T5,(hy) © @i+ 1y where Te(w) = w+ ¢ for ¢ € C. G}, will be well defined upon
Ui +.n and Gy =1idy, , (by the definition of 7;(hy)).

It can also be shown that G = <I>j_’:f oT; 0o®; ; r is well defined on some subset @ of U; 4 ;. And
because f +— @, ; is continuous for any a,s we can show that Gy — G on Q. However if z € Q then
Gi(z) = z € Uj 4.¢, but G(z) € Uj _ ;. So since U; 4 ¢ and U; _ ; are disjoint this would imply that
Gr(z) # G(z) which is a contradiction. [ |

Proof of Proposition 2.4.5 on page 16 (The size of the ith gate) See Lemma 3.7.8 below. W

Lemma 3.4.1 Suppose that ® and F' are analytic, univalent functions defined on U = {w €
C* | 6, < argw < 85}, where 85 < 01 + 27, and satisfying

O(F(w)) =P(w) +1 ifw, F(w) €U,
|F(w)— (w+1)] < 1 ifwel,
|F'(w) — 1] = O(w™'7F) as w € oo Inl,

for some 3 € (0, 1].
Then, for any wy € U, and 0,0, with 8, < 8] < 05 < 05

_ YA 8
@(u)_/wo F(C)_C—}—const—}—(’)(w )

as w — oo with 0] < argw < 6.

Proof. See [Sh2, Prop. 2.6.2] or [Zi, Lemma 2.2.4]. [ |

Definition 3.4.2 (The horns Si'y s and Sf,i,f) For an f € WB, we will define the upper
and lower horns of S} | ; to be

Sf-fi’f ={z¢€ Szl-’ijf | Im®; + s > n} and
Siey={z €Sl [mPiy; <—n),

where 1 > 0 is a large constant independent of f. (See Figure 3.10.)
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Remark 3.4.3 If v; ; ;(+00) is a simple fixed point then for any z € Sits ¢ there will be a minimum
integer p > 1 such that fP(z) € S; 5 ;. This is because f in a neighbourhood of %; 5 ;(400) Is conjugate
to the rotation z +— €e?™®z (where Rea > 0) and S; _ ; is a fundamental region. (See the proof of
Lemma 3.4.4 below.)

Similarly, if v; ; (—o0) Is a simple fixed point then for any z € Sf,s,j there will be a minimum integer
q > 1 such that fi(z) € Sj; ¢.

0]

Figure 3.10: If > 0 is sufficiently large then for every z € Si_ g the orbit of that point will circle o
and eventually fall in S; _ ; again.

Lemma 3.4.4 (Definition and properties of ﬁ;j")) Suppose that f € WB with no

multiple fixed points in Ky, and o¥, o*

are the fixed points at the ends of the horns Si_ g
and Sf,_, respectively.

If z € S} _ ; 1s sufficiently close to c* then there will be a unique smallest integer p > 1
such that fP(z) € S; — ; (and f*(z) stays in a small neighbourhood of o*, for k = 0,...,p).

We can then define ﬁ;j’u)(w) = ®; _ ;(fP(2)) — p where w = ®; _ ¢(z) which will satisfy
R (w+1) = RY ™ (w) +1.

(See Figure 3.10.) Using this relation we can extend 7%5,]"“) to {w | Imw > ny} for some large
ny > 0.

Also, if z € Sf — is sufficiently close to o* there will be some least integer ¢ > 1 such
that fi(z) € Sj — ;. We can then define ﬁ;j’z)(w) = ®; _ ¢(fU(z)) — q where w = ®; _ ¢(z),
which extends to {w | Imw < —n;} (provided that n; > 0 was chosen large enough).

Then
Im 1})131-1-00 75'5&]7”)(10) —w= ](f’ o-u) and
Clim R (w) —w = —y(f, o).
Proof. Suppose that S}, ; ends at a simple fixed point o*. Let e?™e" = f'(7) so that j(f, o%) = —al—u.

If M>1and welet Q* ={w e C | Imatw > M} and D* ={z € C | |z — o%| < e72™} then we can
lift z € D* to a w € Q" via '

2= L(w) i= o 4 2,
There will be an F* : Q* — C with Lo F* = f o L. We can show that

FU(w)=w+ 1+ 0(w™?) (3.3)
as Ima%w — 400. The change of coordinate L was chosen especially so that (3.3) would be satisfied.
(Compare [Sh2, §3.3.3(iii)].) Notice that since 6 = v; _ ¢(4+o0) is a sink for z = i[f(z) — z], we have
Im f'(c*) > 1. (Compare §3.3.1.) Therefore Re 3(f, c%) < 0.
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Let S* be one of the connected components of L_I(S]“y_yf N D%). Then there is an (inverse) L :
Si_ ;N DY — S* such that Lo L =id. By Lemma 3.3.1, vj,— ¢(t) — o exponentially as t — +o0.
From this we can show that there is some 5 & ¢ such that (L oy; _ ;)'(t) — 1 exponentially as ¢t — +oo.
Thus L ov; _ ; is asymptotic to an almost vertical straight line as ¢ — +oc.

TI(SI)

u

ko | (F)"(W)

T'(F)"(wW)

(T ) W*

. FYw

T8

Figure 3.11: Figure 3.12:

We can let ®* = ®; _ ;o L : 5% — C which will satisfy ®"(F*(w)) = ®"(w) + 1 if w, F¥(w) € S*.
Using this relation we can extend it to some open sector & contained in Q“. This ¢ can be chosen so
that if w € S* and Imw is sufficiently large then w € #. Then we can apply Lemma 3.4.1 to get

% (w) =w+ " +o(1) as w — oo in U,

for some constant ¢* € C.

Let T%(w) := w+ j(f,0"). We can see that for any m € Z we have L((T*)™(S")) = L(S"), and
that 7%(S*) will lie to the left of S* (because Rej(f,0%) < 0). If w € S* and Imw is large enough
then there will be some least integer p > 1 such that (F*)P(w) € (T%)"1(S¥)NU, and (F*)*(w) € Q¥
for all k = 0,...,p. See Figure 3.11. (Notice that p will be roughly — Re j(f, o*), and certainly it will
be bounded as ¢+ — +00.) This implies that if z € SY _ ¢ 1s close enough to o*, then there will be some

least p > 1 such that fP € S¥_ ;, and *(z) € D* for all k = 0,...,p.
But now if w € S* has Imw > 1 and z := L(w) then
®j,— 1 (f7(2)) = ®j - 1(z) = @ o TH((F" )" (w)) — ®*(w)
=P" o T (w+p+o(1)) — &% (w)
=0%(w+p+y(f,0")+0(1)) - 2%(w)
=[w+p+y(f,0") +c" +o(1)] = [w+c* +0o(1)]
=)(f,0")+p+o(1)

as Imw — +oo. It follows that ﬁ;j’u)(W) —W —3(f,o%) as ImW — +4oo0.

Going through the same process as Imw — —oo, we set T*(w) = w + 3(f,"). We then see that
Rej(f,o%) > 0. Therefore T#(S*) is to the right (not left) of S*. See Figure 3.12. So, we find that for
w € S* (with Imw < 0) there will be some least ¢ > 1 such that (F%)?(w) € T*(S*). The calculation
now becomes

@ 1 (f1(2)) = @5 5(2) = @ o (T°)H((F)" (w)) — @*(w)
=[w+q—3(f,0") + " +o()] = [w+c +o(1)]
=—)(f,0") +q+o(1)

as Imw — —oo, implying that ﬁ;j’@(W) —W — —y(f,0%) as ImW — —c0. [ |
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Lemma 3.4.5 (Definition and properties of g,;j,)) If the n > 0 in Definition 3.4.2 is
large enough then given any z € S} _ ; there will be a unique smallest integer p > 1 such
that fP(2) € Sj 4. and f¥(2) € Kq fork=0,...,p.

We can then define é}j’u)(w) = ®; 4 ;(fP(2)) — p where w = ®; _ ¢(z). This will be well
defined on ®; _ (S} _ ;), and will satisfy

E9 0w +1) = £V (w) +1

where both sides are well defined. Using this relation we can extend g}j,u) to {w | Imw > n}.
In the same way, if n > 0 is sufficiently large then given any z € Sf’_yf there will be a
unique smallest ¢ > 1 such that f?(z) € Sj_1 4 ; and f*(z) € Ko for k =0,...,p. We can
define (‘:’J(,j’e)(w) = ®;_1 4,7(f%2)) — ¢ where w = ®; _ ¢(z). This extends to {w | Imw <
—n}- | |
There will be some Lg,]’u) and LE,J’E) so that

lim g’}j’u)(w) —w= Lg,j’u) and

. 50,6 i e
lim E}J )(w) —w= Lgf ).

There is a preferred normalisation of the Fatou coordinates under which all the limits Lg,j") are
equal to zero, except for L") (which will be equal to — Eo:f(a)ng J(f,0)). The continuity
of f = (®;4,5:S; 4 ; — C) still holds on WB with this normalisation.

The 1 > 0 can be chosen independently of f € WB.

Proof. We only give a sketchy proof here, since much of the construction is the same as that used in
the proof of Lemma 3.4.4.

Our first job is to make some kind of change of coordinate in a neighbourhood of o*.

If 6% is a simple fixed point, then we can use the change of coordinate used in Lemma 3.4.4: z =
L(w) := 0% 4 2™ (where €2™* = f/(0%) and « is close to 0).

If on the other hand o% is a fixed point of f of multiplicity » + 1 then f is of the form f(z) =
z+b(z—c") T14O((z—0¥) %) as z — o¥. We can then use the change of coordinate w = —1/br(z—0c%)".

In either case we will be able to lift f in the z-coordinate, to give some F' : «f — C in the w-coordinate
where U := {w € C | arg(w — wo) € (5 — 6,5 +6)} and Imwg > 0 and 6 > 0 small. In both cases we
have F(w) = w+ 14+ O(w™?) as w — oo in U, for some 3 € (0, 1).

We can show that if B is a sufficiently small neighbourhood of ¢*, we can lift S}, ; N B to some
“half strips” S* C U where St is to the right of S~. If 6% is a simple fixed point then we need to make
sure that there are no other possible lifts of Sitypor S in between St and S—.

On these we will have some ®* : S* — C which satisfy ®*(F(w)) = ®(w) + 1 if w, F(w) € S*.
Using this relation, we can extend ®* to Q := {w e U | Imw > £} for some large ¢ > 0.

With this construction we see that EJ(,J’U) =&t o (®~)~!. Lemma 3.4.1 tells us that there are some
constants ¢4 (f) so that

oy [ dC
w )= [ S e ol
as w — oo in Q. So clearly ®+(w) — &~ (w) = cy(f) — c—(f) + o(1) as w — oo in Q. And if
Lg,]’u) = c4(f) — c=(f), then

E:}j’u)(w) —w — LSJ’U) as Imw — 400

because g’](,]’u) = &+ o (®~)~! when both sides are defined.

Just as in the proof of [Sh2, Lemma 3.4.2], suppose that 1y > 11 > &. Integrating over the rectangular
contour with corners iny, 1 4 iny, 1 + 219,02, gives result 0 by Cauchy’s Theorem. The periodicity of
E}J’u)(w) — w means that the integral over the vertical sides will cancel, implying that

ini+l inz+1
/ (EY™ (w) — w) dw — / (€Y (w) — w) dw = 0.

N1 in2
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And as 13 — 400, we have

T s (G0
/ (&7 (w) —w)dw = Ly
17
(which will be true for any n; > &).

Initially we normalise the Fatou coordinates by insisting that ®; + ¢(2; +) = 0 (as was originally done
when proving Thm 2.3.12). By the continuity of f — (®; 4 ¢ : S]’» r7 C) under this normalisation we
can show that

f— é}j’u)(w) —w
is continuous for each w € [0, 1] + ;. It then becomes clear that

i+l .
fe £V (w) — w)dw = L§™
iny
is continuous. '
The same argument will show the existence of the limit Lg.]’l), which will again be continuous with
respect to f.
Notice that if we replace ®1 4 ; by ®1 4 5 + Lg,l’u) then we will have

li glbw) —w=0.
Im wlin-|-00 f (w) v
We can go all the way round, changing the normalisations of ®5 _ s, ®5 4 ¢, ..., ®, _ ¢, ®, 4 ;7 in turn
so that the “new L;J")” are all zero except for LMY Because the constants we have to add to each of
the ®; 4 ; are continuous with respect to f € WB, Theorem 2.3.12 part (4.) will still be true.

The value of L;l’z) is shown 1n the proof of Theorem 2.4.11 below.

It is not hard to show that n > 0 can be chosen independently of f € WB. [ |

Lemma 3.4.6 (Formula for j(f,o) in terms of lifted phases) Suppose that f € WB
has a simple fixed point ¢ € Ko which lies at the end of the upper horn Si_ 4 (for some j).
Then there will be some r < v and ay,...,a,41 € Z/VZ such that a1 = a,41 = J,
apy1 = gate, (f) fork=1,...,r, and j € {as,...,a,}. (Notice that {S}, 4 ; | k=1,...,r}
will consist of all those upper horns which end at c*.)
If we use the preferred normalisation of the Fatou coordinates given in Lemma 3.4.5 then

W)= Talf). (34)

Also if o* is the fixed point that lies at the end of the lower horn Sf,_,f then there will
be some s < v and by,... by € Z/VZ such that by = b1 = j, bry1 = gate,, _,(f) for
k=1,...,sand j & {by,...,bs}. Then

, _ 221 To, if o' # oo(f);
_](f, o ) = { _ %2:1 7~_bk E;g _ L(l’l) I'f'ol i 005;5. (35)

Proof. Suppose o¥ and ¢! are at the ends of the horns S¥_ g and Sf,_,f Consider z € Sity ; very
close to the fixed point o®.

Let 6y = 74, (f) for k=1,...,7. Denote by T, the translation given by T.(w) = w + ¢, where ¢ € C.
We observe (from the definitions of ﬁ;j’u), g}ak’u) and ék) that

R(fj,u) _ Tg”r ° g}ar,u) o Tg” o g}ar_1,u) 0.0 Tg”l o g‘)(‘alyu)

r—1

where both sides are defined.
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So by Lemma 3.4.4 and Lemma 3.4.5 we now have

ety = T (RY™ (w) - w)

r r

— 1 s(ax,u)
=D Im 3;12100(51’ (w) = w)+ > 0 (3.6)

k=1 k=1
= ZLgﬂk’u) + Zék
k=1 k=1

Using the “preferred normalisation” Lgfzk’“) = 0 for all k, so we get (3.4).

In a similar way we can obtain

—i(f.0") = lim (R (w) —w)

_ Z lim  (EP(w) —w)+ Y @ (3.7)

Imw——oc0
k=1

 SLICES et
k=1 k=1

where @p = Ty, —1(f) for k = 1,...,s. Using the preferred normalisation we have Lg,bk’z) = 0 for
k=2,...,s and we will get (3.5). (Recall that oo(f) := v1,— ;(—00), so if * = oq(f) then by =1 for a
unique k € {1,...,s}. On the other hand, if 6* # oo(f) then by, # 1 forall k=1,...,s.) [ |

Proof of Theorem 2.4.11 on page 17 (Formula for the lifted phases) First suppose that
J € WB(G) has no multiple fixed points in Ky, which also means there are no closed gates.

Suppose that gate;(f) = j # x and let ¢* be the fixed point at the upper ends of S; 4 ; and Sj _ ¢,
and let ¢ be the one at the lower ends.

Notice that we can construct a “simple tree structure” for f as we did in the proof of Proposition 2.3.8.
Each fixed point in Fix(f) corresponds to a node in the tree and each line between the nodes corresponds
to one of the v gates. See Figure 3.7 and Figure 3.13.

We can say that ¢* is at depth 0, and all nodes on the tree neighbouring it are at depth 1. Remaining
nodes neighbouring the depth 1 nodes are said to be depth 2, etc. Notice that if ¢ is an even node then
0 = %i 4 ;(400) for some ¢ € Z/vZ. Similarly, if o is of odd depth number then there is some ¢ € Z /VZ
such that o = 7; 4 f(—00).

Now we remove the line in the tree corresponding to the ith gate. This leaves us with two simple
tree structures corresponding to Fix"“(i, f) and Fixz(i, .

Recall that og(f) := 71, ;(—00). We want to calculate 7;(f) using the definitions (3.4) and (3.5) in
Lemma 3.4.6. These can be rewritten as the recursive definitions

r—1
() = 3(f,0") =Y Far(f) (3.8)
k=1
and
P Lo Rpa s T if o # oo(f), (3.9)
~(f.0) + L) =T An() if 0 = oo(f),

where the a;’s and b;’s have the same definition as they were in Lemma 3.4.6, and 7 = a,, ¢ = b;.
In effect we have a recursive algorithm which makes us traverse the tree associated with Fix“ (i, f),
and at each node o of depth d we add

(=1)4(f, o) if d is even, by (3.8),

C(o) = (=1)e[—5(f, 0)] if d is odd and o # oo(f), by (3.9),
(D[~ ((f,0)+ L)) it dis odd and & = oo(f), by (3.9).
i(f o) if o # o0(f),

i(f,0)+ I8 if o = ao(f).
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the tree associated
with Fix'(i,f)

the tree associated
with Fix(i,f)

Figure 3.13: On the right we show the arrangement of {; , ;’s for some f with gate structure (2,3,1,4).

In the middle we show the trees associated with the Fix"(i, f) and FI'XZ(Z', f). The black nodes in the
tree are “even,” and the white nodes are “odd.” On the right we show a more complicated tree.

(Note that oo(f) := 11, ;(—00) must be odd.) Therefore
(3.10)

a(f) = 4 Zperein o) if oo (f) ¢ Fix" (i, f),
i L8 4 deFix“(i,j) W(fyo) ifoo(f) € Fix“(i, f).

Also, by considering the tree associated with Fixz(z'7 f) we will traverse the tree and add —C(o) at each
node o. This gives

#(f) = { —LOD =3 eminea g I(f.0) i oo(f) € FiX[(ZE?, (3.11)

- EaeFixf(i,f)J(fa o) if oo(f) & Fixz(z', )

As these two formulae for 7;(f) must be equal we see that —L(1) = ZaeFix(f)J(fa o) since Fix(f) =

Fix“(i, f)U Fixz(i, f). Thus the formulae in the Lemma have been proved for an f with no multiple fixed
points.

If f has any multiple fixed points, we can always take a G € Admissible with no closed gates, and
with G; = gate;(f) for each i with gate;(f) # . Then we can construct a sequence {h;} in WB(G)
and with hy — f. (See the proof of Lemma 3.7.12 for a way to do this.) Proposition 2.4.3 ensures that

Now suppose that oq(f) ¢ Fix"(¢, f). Lemma 2.4.8 implies that g —
on WB(G) U WB(gate(f)). This along with Theorem 2.4.11 tells us that

A(f) = lim Fi(he) = lim Z( h )m, o) = Z( f)g(f, 7).

sEFix"(i,g) J(g, o) is continuous

Similarly, if oo(f) ¢ Fix“(i, f) then 7(f) = =3, epixe(i. ) J(F2 0)-
This implies that the formulae (3.10) and (3.11) will both hold when f has a multiple fixed point. i

Proof of Proposition 2.4.12 on page 17 (Bijections between lifted phases, j-indices and
holomorphic indices) The existence of B comes from the formulae for the lifted phases given in
Theorem 2.4.11. The fact that it is invertible is given by Lemma 3.4.6.
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If o is a fixed point of f of multiplicity m (with f/(¢) = 1), then one can check that

=27 fm=1:
— ] Togi=1/u(fony ' ’
1(f,9) {2ﬂMﬁ@—%]Hm>L

Thus M exists and it is holomorphic and invertible. [ |

Proof of Proposition 2.4.13 on page 18 (Equivalent convergence criteria) Suppose that (1.)
holds. Then (3.19) in Lemma 3.7.4 below implies that there will be a sequence p;, — 0 such that f is
pr-well behaved. (See Definition 3.7.3 below.) This together with the lower semi-continuity of f +— ¢; ; ¢
will imply that ¢; s ;. — £ s 7, It is not too hard to show that this is equivalent to (2.), to (3.) and to
(4.).

Also if 4; 1, — 0; 5 7, then (3.18) in Lemma 3.7.4 implies that (1.) holds. Thus (1.)—(4.) are all
equivalent. [ |

3.5 The Lavaurs map g, and (fo,9), J(fo.9), K(fo,9)

Proof of Proposition 2.5.1 on page 18 (Partial Lavaurs map) Let /(z) := —1/vz” and ¢q :=
[7(rg)| + 4. Then let
Qt .= {w e C|arg(w—b) < 37/4}

and Q- = —Qt. Now for k € Z/vZ let Q) + be the component of I~'(Q*) which contains 2y 4.
(Compare [Sh2].) Notice that U; + 7, C Qi + C K.

Now Let I 4 = Ilﬂk)i and F&* .= Iy + 0 fo oI];i. The map b E — Dk 4+ 1, oIk_;C can be extended
to QF by using the relation

P E(FPE(w)) = &% F (w) + 1.

Now since (by the proof of Lemma 2.2.2) F¥%(w) = w+14+O(w=") as w — co in QF and FF*(w) ~
w + 1, we see that Lemma 3.4.1 implies that

" (w) = w+ HF 4+ O(w!/?) (3.12)

as w — oo, for some ¢®*. Also (&% i) (w) = 1 for all w € QF (assuming that Ko is small, which implies
that w is blg).

Let H := (<I>j’_)_1 0 T; 0 ®"+ wherever this is well defined, and T := I; y 0 7; 4 f,. We have T"(¢) ~ i
when T'(t) € QF. Thus T'(t) € QF for all ¢, so ®* o T(t) is well defined for all ¢ € R.

Define Q* := {w | |arg(w — V')| < 27/3} = Q* for some large b’ > 0 and Q= := —Q*. Then
Q* Cc ®*(Q*) for all k € Z/v7Z. (Compare [Sh2, §2.2.4].)

Now if n > 0 is large then by (3.12)

arg(Re Tj 0 T o T'(0) + 2b') € [2z, 5]

and (T; 0 ®"% o F)l(t) ~ i for all t € R. Thus T;0®"* o T(t) € Q~ for all ¢, and H(T(t)) is well defined
for all t € R.

So since h; ; 5= I 'oHol; .+ we see that h, . 5is well defined on £;  ¢,. And moreover we can show
that h id is Well deﬁned as a map S| i QJ _ as required.

By the definition of 7;(f), have we
@j— ;(fN(2)) = @5 7 (2) + N = (i 4,1 (2) + Ti(f)) + N,

if f*(z) € Uiy =Uj—sfork=0,...,N.
As a result, we can we can write

N -1
[P =95 _ ;oTnr o @iy s
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So clearly if Ny + 7;(fx) — g, for some sequence f; — fo in WB(G) with G; = j, and some sequence
Ny — +00, then we get

N _
k g _CI) jk o TNk+‘ﬂ(fk) © (I)i,+,fk -

q>]_— 70 °T50®ig o =hy;4

uniformly on compact sets. Thus (2.3) holds. [ |

Proof of Corollary 2.5.4 on page 19 (Consequence of f; approaching (fg, g)) There is almost
immediate from Proposition 2.5.1 and the definition of “f; approaches (fo,¢).” [ |

3.6 Return maps and renormalised multipliers

Proof of Proposition 2.6.1 on page 21 (Renormalised multipliers) Suppose that ¢* is a simple
fixed point of f at the upper end of ¢; _ ;. Then if ﬁg,j’u) is as in Lemma 3.4.4 and 7(w) = 2™ we
have Rgtj’u) om=mo 7@5}’“). It is clear that “ﬁgcj’u)(—l—ioo) = +i00” so we will have Rgtj’u)(O) =0.

Also if z = w(w) we can differentiate both sides of Rg,j’“) oT=m7o ﬁ;j’u) to get

(RP™)'(2) 7' (w) = 7' (R ™) - (RF™)'(w)
= ' (w+(£.0") +o(1) - (1+0(1)
2™ ) 7 (w) 4 o(1)

a; z ; O)and Imw — +00. (Recall that R(] u)(w) —w — J(f,0%) as Imw — +00.) Thus (’Rg,j’u))/(O) =
wig(f,0™)

We can prove the statements for R}j’z) in the same way. [ |

Proof of Proposition 2.6.2 on page 21 (Limits of return maps and renormalised multipliers)
By Lemma 3.4.6, for any f € WB(G) we can write 3(f, om(f)) = £ > 5 _; Tar(f) (for the same aq, ..., a, €
7Z,/vZ used in the Lemma 3.4.6).
Now if f, approaches (fy,g) (where gate(g) = G) then [74, (f)]z — [gak]Z as m — +oo (where
< k < 7). This means that [j(fm,0:(f))]z — £ Zk:o[gak]m = ;. Therefore the “=” direction of (1.)
is proved. The “ <=7 direction comes immediately from Theorem 2.4.11. So (1.) is proved.
Recall that from Lemma 3.4.6 we have

ﬁgtj,u) :T~ (f)oé’( m )OT;.G _ (f)og(aT 1,u) OT~ (f)og( 1,u)

so we define

(J,u) slar,u) slar—1,u) sla1,u)
R(?‘o,g) _T~ 5f0 oTéaT_1 ngu o~-~oT9~a1 ogfu .

We know that f +— c‘f}j’u) is continuous on W8, for all j € Z/vZ. Also “everything” commutes with
w i w+ 1, so it is clear that there exists some 725,]"“) such that ﬁ;j’u)([u’]z) = [ﬁ;j’u)(w)]z, and some
R(J’u) such that R(J’u) ([ 1z) = [R(J’u) (w)]z are well defined. And since 7%5,{:’”) — 7@8,’:;) as k — 400

{fo,9) {fo,9)

we must also have that ’R(] W, RE?,:;)
Recall that [w]z — W(w) = 2™ is a conformal isomorphism between C/Z and C* = C\ {0}. Thus
7%8,’:)) induces a map RE 7 It can be checked that this is the limit we require. RE )) is defined by

analogy, and (2.) must hold.
(3.) and (4.) follow easily. [ |
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3.7 Realising maps with particular gate structures and lifted
phases

The main aim of this section is to prove Theorem 2.7.1. However, this is still quite a long way away—a
lot more ground work is needed before we can start on that proof.

3.7.1 Sufficient conditions for [/ to be well behaved

Definition 3.7.1 (Flower(f) and weakly well behaved) Suppose that f € Ny. Given
i € Z/VvZ and s € {+,—}, we can let I; ,  be the largest interval containing 0 such that
Yis i (Li s 1) N Dyyj2 = @. We can then let Flower(f) be the closed set bounded away from
infinity by the union of 0D, /5 and all the ;s ;(I; s,;). See Figure 3.14.

We then say that f is weakly well behaved if all forward and backward trajectories from
the points z; ; stay inside the interior of Flower(f) once they enter that set. Clearly, if f
is well behaved then it is also weakly well behaved. (Note that Figure 2.6 above shows the
picture for a weakly well behaved which is not well behaved.)

If f is weakly well behaved then statements (1.)—(4.) of Proposition 2.3.2 will still hold
true. In particular this means that gate(f) will still be defined. (However the fundamental
regions S; 5 ; may not be well defined.)

. Flower(f) |

\
\

Figure 3.14:

Lemma 3.7.2 (Sufficient conditions for f to be weakly well behaved) Suppose that
f € Ny. There will be a constant P such that if for every X such that & C X C Fix(f) we

have
Im Z o f,0)

ceX

> P,

then f will be weakly well behaved.

Proof. Let P :=8/rf and assume f satisfies that condition above. We will assume for contradiction
that the forward trajectory {7 4 ;(¢)}s>0 escapes from Flower(f). (The other possibilities we want to
rule out can be disproved similarly.) This must mean that it chops Flower(f) into halves, and escapes
through one of the “exits.” (See Figure 3.15.)

As shown in Figure 3.15 we can construct a closed Jordan contour C' from trajectories of the form
{7i,+,7(t) }ter and small arcs contained in 8D, s, and so that C' winds around one of “half” of D, /5
(but around no part of the other). Let p € Ny be the number such that C will wind around exactly p of
the fixed points. It will wind around each of these only once.
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| =2arcsin 1/2"

A,

B A vyl % o
escaping |

trajectory |
|

|

Figure 3.15: We want to calculate the imaginary Figure 3.16: We show the image of C' N {z |
part of the integral of 5 - % over the path C. argz € [—m, —Z]} under the change of coordinate

This will be equal to the imaginary part of the sum w=1I(z):=

of holomorphic indices of the fixed points around v
which C winds.
Case 1 < p < v: We are interested in the value of
1 dz

Int:=— | ———.

" 271 /c z— f(2)
The condition in the Lemma gives us the estimate

| TmTInt| > P. (3.13)

Now we try to calculate an upper bound for |ImInt| by integration over C.

As we have seen before
1 d 1/t
m—,/izzlm—,/ —idt =0, (3.14)
2mi J, 2 — f(2) 27 J,

if p: [a,b] — Ky is a solution of z = i[f(z) — z].

Each of the arcs of C N D, s is denoted by A4, := {1ree’’ | 0 € [07,0F]} where r is between 1 and
m for some m < 2v — 1. (See Figure 3.15.)

Then we must have

21 dz
ImInt =1 — —_— . 3.15
m m; 2mi /Ar z— f(2) (3.15)

We will show that the arcs A, are all fairly small, and that integrating over them gives a contradiction
of (3.13).

We make the change of coordinate w = I(z) := —1/vz” on smallish neighbourhoods of A, and let

B, = I(A,) to get
1 d 1
Int, = —/ S —/ K(w) dw
2mi J,, 2 — f(z) 27 Jp,

where K(w) = 2T1/[z — f(2)] ~ 1. Now since the “length” of B, can be “no more than roughly”

27 - 2¥ [urf - 2 arcsin 2%, (see Figure 3.16) we can be sure that the modulus of Int, cannot be much more
than 2/%1/vrf - arcsin 5, and certainly less than 4/vr§.
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Also since there are fewer than 2v of the arcs A,, we can see by (3.15) that

4 8
| ImInt| < 20 - — = —. (3.16)
vry Ty

This is a contradiction, as required.

Case p =0 or p = v + 1: If C winds around no fixed points of f, then Int = 0, and if it winds around
all v+ 1, then Int = ZoeFix(f) o(f,0) = (fo,0).

We can use similar ideas to those above to show that Re [ is large in modulus, and certainly much
larger than 0 or [¢(fo,0)|. Thus we have another contradiction, and the Lemma is proved. [ |

Now let @ >> 1. It can be shown quite easily that if f € Ay and

p(f) = o _pax, |o] (3.17)

then Lemma 3.3.4 will still be true if (for any i € Z/v7Z) we instead let R;+ = {z € Ko \ Dyp) |
|arg(z/z; +)| < 3w/4} and Q1 = I(R; +). Thus we can make the following definition.

Definition 3.7.3 (p-well behaved) If f € Ny and p € [p(f), %7’0], then we say that f is
p-well behaved if every backward and forward trajectory through the points z; 4+ stay in the
disc D, once they have entered it.

Lemma 3.7.4 (Sufficient conditions for a weakly well behaved f to be p-well be-
haved) Suppose that f is weakly well behaved with gate structure G and p € [p(f), %ro]. Ir
f 1is p-well behaved, then for every ¢ such that G; # x, we must have

1

Re7; < - . 3.18
) < 3o (3.15)
Conversely, if for every 1 with G; #Z x we have
Refi(f) < —— (3.19)
€T —_—, .
vp¥

then f will be p-well behaved.
Proof. Suppose that f € WB(G) and G; = j. Recall that ¥(z) = fj . f(j)z_z is well defined on U; 4 ¢
and that U(¢; 1 ;) and ¥(¢; _ ;) are vertical lines. Also trajectories for z = f(z) — z are mapped to
horizontal lines by ¥, so it is clear that there is some T' > 0 so that Xp(z; ) € £; _ ; where X, is the
flow for 2z = f(z) — z. We first must prove that T/ Re 7;(f) =~ —1.

Notice that {X¢(2; 4)}sefo,r) chops D, /s into two disjoint pieces D and D*, containing Fix"(i, f)
and Fixz(z'7 f) respectively. One can construct a closed Jordan contour C' which winds once around the
piece of D" by using {X;(zi +)}+eo, 7] and some of the lines ¢ , 7\ D, /2 and some small arcs on 9D, /5.
Notice that for any fixed point o of f with f'(¢) & 1 we have Im«(f, o) & — Rej(f,0)/27.

We will assume that oo(f) € Fix" (i, f). Integrating anti-clockwise over the contour C', Theorem 2.4.11
implies that we must have

1 dz } : fo
Imag ;—_Im—./ T o m ()
27 -
tJo z f(z) o€eFix*(i,f)

N — ! Re Z )W o)=— ;Reﬁ'(f).

2 L 2
o€Fix*(i,f)

(3.20)

We know that integrating over ¢; ;; will contribute nothing to Imag. (Compare the proof of
Lemma 3.7.2.) Also, the arcs which make up 9D, /5 N C are all very small. Using the same argu-
ments that we did in the proof of Lemma 3.7.2 we can show that if Cx(¢) = X4(z; 4) for ¢ € [0,T]

then
T
I R W (XU SO
c

Imagy =Im 7

cz- 1@ 2 )y Cx@—f(Cx() " 2m
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Figure 3.17: We show the contour C around which we will integrate.

and that Tmagy /Tmag = 1. This and (3.20) imply that 7/Re7;(f) &~ —1. This is also true when
oo(f) € Fix"(i, f) since we can then integrate around D’ instead D%, so T/ Re7i(f) ~ —1 as asserted.

Let QF := {w € I(Ko \ D)) | |argw| < 37/4} and Q= := —Q*. Now let Ry 1 C Ky be the
component of 7~(Q*) containing z; +. Now define Iy, := I|g, , for k € Z/vZ and s € {+,—}.

If0<ro<1and o> 1 (see (3.17) on p. 53) then for z € Ko\ D,y we have

8 .
EI(X{(,Z)) ~ 1, (3.21)

where th is the time-¢ map for z = f(z) — z.

Now if f € Ny and p € (p(f), &) then Xy(z; 4) must enter D, for some least ¢ € (0,7). Therefore,
I(X(zi,+)) is an almost horizontal line which must leave Dy, ,. for some ¢. Since I(z; ) = 1/vrf € Q*t
we see that (3.21) implies that 7> 2. (-1> — -2}, So, since p < 37, this means that Re 7(f) < — 5t

vp¥ vry 3vp¥ "

Vil, for every i € Z/vZ such

that gate;(f) # x. We want to show that if v, ; 7(t) escapes from D, (for some k, s) then there is a
contradiction.

Conversely, suppose that f is weakly well behaved and Re 7;(f) < —

Assume for contradiction that 73 ; ; “escapes” from D,. This means that there will be an interval J
such that v 4 ¢(J) is a component of ¢ 5 s \ D,, which does not contain zj ;. There will be some z; 4
such that vz  ;(J) will be contained in the component of U; 5 ¢ \ D, containing z; .

To keep notation simple, we will only consider the case where s’ = +. If gate;(f) = *, then it is
pretty easy to see that there must be a contradiction, so take the case where gate,(f) = j # *.

Now since the orbit of any z € ¢; s must fall in S; _ ¢ before it falls in Sp, 4 ¢ or Sy, — ;¢ (for any
m # j), there must be another interval J’ such that y; _ ;(J') is a component ¢; _ s \ D, which is
contained in the same component of U; 4 ¢ \ D, as z; 4.

Again we take the least 7' > 0 such that Xp(z; 4) € 4; _ ;. We still have Re 7(f)/T = —1.

Note that I(v;_ ¢(J')) is an “almost vertical line” contained in @ and “to the right of” the
component of I(¢; 4 N D,) containing I(z; 4+), which is also an almost vertical line. Take some
zo € vj,— 1(J') (close to real line), and let wg = I(zy). Then by (3.21) I o th (20) € Qt for t € [-T,0].
And since I(£; 4 r) N Dyz) is almost vertical we see that ReX{T(zo)/|I(r0)| ~ 1 and Rewg < |I(p)],
implying that 7' < 2[I(p) — I(ro)]. This implies that Re 7;(f) > —2 - -1, which contradicts (3.19). W

vpr)?
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Corollary 3.7.5 (Sufficient conditions for f to be well behaved) Suppose that f € Ny
where Ny is a small neighbourhood of fy, and that Fiz(f) = {0 € Ko | f(o) =c}. There is
a constant M > 0 such that if for every set X with @ C X C Fiar(f) we have

IHlEL(f,O') > M (07" >27r~M),

ceX
Proof. Lemma 3.7.2 above was proved with the bound 8/r§. We can then apply Lemma 3.7.4 to prove
the Proposition. [ |

Re Z )(f, o)

ceX

then f € WB.

Remark 3.7.6 This condition is in no way necessary for f to be well behaved. For instance, if fo(z) =
z 4 (z — ai)(z — 2ai)(z + ai)(z + 2ai) (where a > 0 is small) then by the symmetry we can quite easily
show that f, is well behaved with gate(f,) = (2,1, 3). However, Im[i(f,, ai) + t(fa, —ai)] = 0.

If v > 3 and an explicitly given map f € N does not satisfy the conditions in Corollary 3.7.5, then it
is not too easy to determine whether or not f is well behaved well, unless we are lucky enough to have
some kind of symmetry (like for f, above).

3.7.2 The ith gate closes up as Re7;(f) - —o0

The following technical Lemma 1s only used when proving the main result in this section, Lemma 3.7.8
below.

Lemma 3.7.7 Suppose that Py > 0 is large, f € Ny is of the form f(z) = z+(z2—0q) ... (2 —
0,)u(z) and that oq, ... 0, € D(a, R) (where | <r <v)and o,41,...,0, € Ko\ D(a, RP?).
Now suppose that there are between zero and 2r trajectories for z = i[f(z)— z] which pass
into and then out of D(a,2RPy). Fach will chop D(a, RPy/2), and the pieces of the resulting
partition of D(a, RPy/2) will be denoted by My, ..., Ms. Let Sy, = My N{oqg,...,0.}.
Then if ||u — 1|k, < 1/ Py we will have (fork=1,...,s)

Im Z uf, o)

oE Sk

< 1
RY’

Also, the constant Py = Py(v) can be chosen so that it only depends on v.

Proof. We start by making the change of coordinates w = I(z) := —1/8r(z — a)” on D(a,2RP;) \
D(a, RPy), where B :=(a —0r41)...(a — 0,)u(a).

Assume that yr and 7 are trajectories for z = f(z) — z and Z = i[f(z) — 2] respectively. Tt is
easily shown that if P, is fairly large then vy (¢) = 1 if yg(t) € D(a,2RP;) \ D(a, RP;), and v} (t) ~ ¢ if
Yr(t) € D(a,2RPy) \ D(a, RP,).

We can in some way consider f|p(a,2rp,) in the same way that we have considered f € ANy up to now.
We can replace Kg by D(a,2RP,;), and to take the place of z; + we can define ¢y - = a+ RPye2mik—n)/r
and c; 4+ = a+ RPye2mik+3=nI" for k € Z]rZ, where n = arg 3. We can then consider the “maximal”
trajectories for z = i[f(z) — 2] which pass through the points ¢; 1. (See Figure 3.18.)

To prove the Lemma we need to observe that

1 dz
Int := %/ W: Z o f, o)

z —
c oE Sk

where C' is an anti-clockwise parameterisation of M} . Also it is integrating over the arcs contained in
OMy NOD, /3 which can contribute anything to the imaginary part of Int.

In the same way as in Lemma 3.7.2 we construct a new closed Jordan contour C’ from sections of
4 .t \ D(a, RP) and small arcs contained in dD(a, RP;). These arcs will be denoted A;,...A; where
s < 2r. See Figures 3.18 and 3.19.
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atrajectory which
enters and then escapes

e integrate over C’
fromD(a,R)

a,R)

Figure 3.18: The sets M1, Ms and M3 are shown, Figure 3.19: The contour C’ winds around the
and we want a bound for the associated values  points contained in M5, so we can integrate over
Im Inty, Im Ints and Im Ints. this to give us Ints.

By analogy with (3.16) in the proof of Lemma 3.7.2 it can be shown that

8
ImInt| < ————.
[TmInt} < TRy

So because |3] < (RPy/2)"~" and Py > 8- 2¥ we get the required inequality. [ |

The following Lemma is the main one of §3.7.2, and assures us that if the real parts of the lifted
phases are all “very negative” then the fixed points must all be very close to one another.

Lemma 3.7.8 (Closing of the ith gate as Re7;(f) — —oc) Fix G € Admissible and an
i € Z/VZ such that G; # %. Then for f € WB(G) we can then let 6" (f) = v; 4 ¢(+00) and
o“(f) = 7i 4+.¢(—00). There is a constant C = C(v) such that for all f € WB(G)

u _O,l v c
7 = U < TRz

Proof. Let f(z) =z+4(z —00)...(z — 0,)u(z) where o1,...,0, € Kg. Provided that ry was initially
chosen small enough and Ny, we can be sure that |uf(z) — 1| < 1/P; for all z € Ky and f € Ny. We
then set § > 0 so that §” = P3| Re 7 (f)].

We aim to decompose the set of fixed points into small “clusters” and then show that o%(f) and
o’(f) belong to the same cluster.

For k =0, ..., v we use the following algorithm to calculate the value py > 0.

1. Let r:=§/P2.

2. If [D(og, 7P\ D(or,r)]N {00, ...,0,} = D then go to step (4.).
3. Let r := r- PZ and then go back to step (2.).

4. Let pg := r and stop.

Note that for each k, we have p;, < § = (8/P#) - (PZ)” since we can go through step (3.) at most v
times.

For k = 0,...,v we let Sy = {0q,...,0,} N D(0ok, pr,), and note that D(oy, pr PZ) \ D(ok, pr) does
not intersect {oq,...0,}.
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Now we need to show that we can define an equivalence relation on {oy,...,0,} by saying o ~ o’ if
0,0’ € S, for some a € {0,...,v}.
Suppose that s € S, NSy and s’ € Sy \ S, for some a,b € {0,...,v}. We need to show that S, C Ss.
We must have s € D(04,p4) and s’ € D(04, paPZ). Thus |s — s'| > pa P? — p,. Now since s,s’ €
D(oy, py) we have |s — s'| < 2p;. Therefore p, < pa P2 — pa < 2pp since Py > 1. However then for any
z € D(Uaa pa)
lz— oy < |z —s|+|s— 5| + | — 03] < pa + 205 + pp < ps P

implying that D(cq4, ps) C D(os, pp Po). This together with

Sa :{0'0,..
Sb I{O’o,..

Loy} ND(og, pa) and
Loy} ND(oy, pp) ={00,...,00} N D(Ub,png)

tells us that S, C Sy as required. Thus ~ is indeed an equivalence relation.

We can let Ag, ..., 4, (where r < v) denote the equivalence classes. These we will call the “clusters.”
Associated to each Ay there will be some ay € Ko and Ry, € (§/PZ2¥,6) such that A, = D(ay, Rg) N
{00, ...,0,} and D(ay, R PZ)\ D(ax, Ri) contains none of the fixed points oy, ..., 7.

So each cluster A, has diameter at most 26. We now have to show that there is some k such that

o (), (f) € Ap.

Another
cluster

Another cluster
of points

\>

—>

R1

One cluster

e R |:JO2 of fixed points
R ZR
One cluster
“5Sp2 ™ of points

RP;

Figure 3.20: We show two clusters of points. The
first cluster is contained in a disc of radius R, and
these are the only marked points in a larger disc

Figure 3.21: The ith gate of f is shown, with the
fixed points of f separated into clusters, each of
very small diameter. Actually if we suppose that

ot and ¢ belong to different clusters then this will
lead to a contradiction.

of radius RPZ with the same centre. The second
cluster is contained in a disc of radius R', and these
are the only marked points in a larger disc of radius
R'PZ.

Assume for contradiction that o%(f) and ¢*(f) do not belong to the same cluster. We will try to
calculate an upper bound for | Re 7;(f)|.

For each k we consider the sets AY = Fix"(i, f) N Ay and Af = Fixé(i, Fyn Ag.

Notice that it is basically the trajectories 7; 4 ; and v; _ ; which separate Fix"(i, f) from Fix‘(i, f).
We can then partition D(ay, Ry) into pieces by chopping it using trajectories for z = i[f(z) — z], and so
that each piece contains only elements of A%, or only elements of A%. We can do this so that D(ay, Ry,)
is chopped into at most v pieces. We now apply Lemma 3.7.7 to show that | Im EaeA; «f, o) <v/Rj.
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Since there are no more than v of these sets A}, when we sum up we must have

Im Z o(f,0)| < v/ RY,

o€Fix*(i,f)

which implies that |Re(f)] < 8v%/RY by Theorem 2.4.11 and the fact that “Rey(f, o) =
—2xIm(f, 0).” Now since 1/RY < P2*"/6” this implies that | Re 7;(f)| < 8v2- P2 /6.

However since we can assume that Py > 8v? substituting §” = P§”2/|Re7:i(f)| implies that
|Re 7 (f)| < | Re7;(f)] which is a clear contradiction.

Therefore our assumption was wrong, and ¢%(f) and ¢*(f) must both lie in the same cluster. And
since clusters have size at most 26 the Lemma has been proved where C(v) = 2*[Py(v)]?*". [ |

3.7.3 Realising a map with a particular gate structure

In this section we will want to show that we can realise an f € WB(G) for an arbitrary G € Admissible.
But first we will prove this in the simplest case where G has only one open gate.
The following Lemma is needed.

Lemma 3.7.9 (The value of the holomorphic index) If o is a multiplicity-r fixed point

of f, then
1 "t (z—o)
L(f’o):,zli—I};{(r—l)!dz’"—l,(z—f(,)z)}' (3.22)

Proof. Notice that the holomorphic index is related to the Cauchy residue by «(f, o) = res(z_}w, o).
The formula for calculating the Cauchy residue (see [ST, Lemma 12.3]) gives us (3.22). [ |

Lemma 3.7.10 Suppose that G has a single open gate, with G; = j, where i,j € Z/VZ.

Then we can find an f € WB(G)NF of the form f(z) = z+ 2" (2 — a)’ " "T1u(z) (for some
u close to uy,) arbitrarily close to fy, and such that |Rej(f,0)| = |Rey(f,o)| is arbitrarily
large.

Proof. Recall the significance of the holomorphic family {vs}s from §2.7. Let u, := Y(0,0,...,0) and
ho(2) = 24 2"(2 — o)’ " Hluy(z), where 1 < r < v and r + vZ = i — j + vZ. Then clearly h, — f; as
o — 0 and by Lemma 3.7.9 we have that

B (1+0(1)) as 0 — 0, (3.23)

oV

2miB\ ¥
§ = —
N

where arg s € (0,27 /v). (3.23) implies that ¢(hs,0) = —N/27i - (14 o(1)) as N — +oo, which implies
that 3(hs,0) = —=N(1 + o(1)). Similarly, 3(hs, s) = N(1 + o(1)).
Corollary 3.7.5 then ensures that h; is indeed well behaved.

t(hy,0) =

for some B € Q\ {0}.
Take N > 0 and let

However, we cannot be sure that gate(h;) = G because we had a choice of v different roots when we
defined s.

It is clear that 0 is a multiplicity-r fixed point and has r attracting and r repelling directions.

Because there is only one open gate the arrangement of fundamental regions is very simple. Also
mult(hs,0) = r and it can be shown that there will be an m € Z/vZ so that the r repelling directions at
0 will be “contained” in the petals

Un,— b Un—1,=hes - s Un—r1,— h,
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and so that the r attracting directions at ¢ will be contained in
Um—l,+,hS ) Um—2,+,p7 R []1‘n—7',+,hS .

We must then have gate,,(hs;) = m — r (modulo v).

However, we can “rotate” the picture so that we do get the single open gate in the right place. To
do this we let o = 2™ (i=m)/? s and then let f = h,. It can be checked that gate(f) = G, and we still
have that 3(hs,0) = —N(1+ o(1)) and 3(h,,0) = N(1+ o(1)) as required. [ |

The following technical Lemma is needed in the proof of Lemma 3.7.12 when we want to apply
Corollary 3.7.5.

Lemma 3.7.11 Suppose that M > 1 and ag,...,a, € R\ {0} have |ai| >
Mlasl|,...,|lar—1| > M]la,|, and M|ag + -+ + ar| < |a,|. Then for any X such that
D C X C{0,...,r} we must have

E a;| > |ar|
ieX
Proof. This fairly easy to show (using |z + y| > ||:E| — |y|| for z,y € R). [ |

Now we can prove the main Lemma of §3.7.3.

Lemma 3.7.12 (An f € WB(G) can be realised) Suppose that G € Admissible. Then
we can find an f € WB(G) N F arbitrarily close to fy such that Re 7;(f) < 0 is “arbitrarily
negative” for each i with G; # *.

Proof. We take one of the i € Z/vZ such that G; = j # *. Then we proceed as in the proof of
Proposition 3.7.10, to give us a well behaved g1(z) = z + 2" (z — )" 7" *1u,, (2) with Re j(g1,0) < 0 and
Re j(g1,A) > 0. Thus 7;(g1) is arbitrarily large.

We then take an i # i with G;» = j' # * (if there is one left). £; 4 ,, will have the same multiplicity-m
fixed point, o, at both its ends, where o is either 0 or A. We restrict g1 : Ko — C to a small neighbourhood
Ky, of o, to give us hy : Kp, — C of the form hy(z) = z + a(z — )™ up, (z) for m = mult(gy, o), and
some a € C\ {0}, where up,(z) = 1 for all z € Kp,. (See Figure 3.22.)

hy can be treated in exactly the same way as fy, and there will be m attracting and m repelling
directions for the multiple point o. There will be corresponding fundamental regions for h; contained
within Kj, .

Li1 4 g4, has both its ends at o and there will be a corresponding ¢; ; , C Kp, “inside” it, such that
li s hy U F(4i £ 1,) U {c} is the boundary of one of the fundamental regions for hy. Also ¢, _ ; will have
a corresponding £;: _ p, inside it.

Again using Lemma 3.7.10 we split apart the fixed point ¢ of hy to get an hs : K, — C with two
new fixed points in Kp,, and so that the closure of 4 4 5, U £;: _ p, is homeomorphic to a circle. See
Figure 3.22.

There is a corresponding g2 which is an extension of hs such that g; and g; share a fixed point outside
K, , and such that g» has two fixed points in Kp,. We can denote by sg, s1 the fixed points in K3, , and
by sy the fixed point in Ky \ Kp, .

If g2 is close enough to g1, then j(g1,s2) & (g2, s2) (by Lemma 2.4.8). Also we can certainly make
sure that |Rej(g2,51)| > | Re (g2, s2)|, and it is clear that |Re (g2, so) + Re j(g2,51) + Re 3(g2, s2)| =
|Re3(fo,0)] < |Rej(g2,s2)]. Therefore Lemma 3.7.11 can be applied, allowing us to apply Corol-
lary 3.7.5. Thus g3 is well behaved. Using Lemma 3.3.11 we can deduce that gate;(g2) = gate;(g91) = 7,
and that gate;i(g2) = j' as required, and these are the only open gates of gate(gs). Lemma 3.7.11,
Lemma 3.7.4 and Theorem 2.4.11 imply that Re 7i(g91) < 0 and Re 7;(g1) < 0.

We can continue splitting the remaining multiple fixed points until we obtain a g, (where G has r
open gates) with the gate structure desired. As long as each successive perturbation was much smaller
than the previous ones, g, will indeed be well behaved (again using Lemma 3.7.11 and Corollary 3.7.5),
and the real parts of all the lifted phases will be “very negative.”

Also by being a bit more careful we can make sure that f € WB(G) N F. [ |
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I 2.9, |

Figure 3.22: On the left we have the lines {;  ;,. In the middle we have split the 0 to give two double
fixed points, and we show all the ¢; + ,, and {1 4 5,,¢1 _ », C Kp,. On the right we have split the upper
double fixed point apart to give us a second gate, and we show the lines {; + ,, and {1 { p,, £y _ p, C Ky, .
We have gate(fo) = (%, %, %), gate(g1) = (, 1,%) and gate(g2) = (2, 1,%).

3.7.4 The Jacobian is non-zero when G has no closed gates

The following Lemma corresponds to a result in [DES] which states that “if two (v41)-degree polynomials
V1, V4 are normalised suitably, have the same combinatorics and the same integral invariants, then
Vi=Vy.”

Lemma 3.7.13 (Uniqueness of holomorphic indices for (v+1)-degree polynomials)
Suppose that f1, fo are weakly well behaved, G = gate(f1) = gate(f2), oo(f1) = o1(f2) = 0
and uy, = uyp, = 1. If o(fr,01(f1)) = o(f2, ox(f2)) for every k =1,..., 7 (where G has r open

gates) then f1 = fo.
Two of the // \\
spavatices | oyt %/j \9
& <
o0
Li,s,f'

U1,+,f = U2,-,f
“,V2,+‘f = Vl‘-.f
UZ,+,f: Ul,-,f ., h
/'—/r_/> l.IJi,s,f (\/i,s,f )

e =\
Usrf A Vg’ﬁ /7 /\
SRV
3-f 1 U3,+,f Two OE\
() (b) (c)

separatrices __*

Figure 3.23: In (a) we show the sets V; ; ¢ (where i € Z/3Z and s € {4+, —}) in a neighbourhood of 0, for
some f € WB(G) where G = (2,1,%). {Vi ;s t}is is a partition of C, and for each i € 7Z/3Z and s € {+,—}
the set V; ; ; contains U; , ; defined earlier. The boundary of each V; s ; is a union of separatrices. In (b)
we show trajectories for the vector field z = i[f(z) — z] in a neighbourhood of co, with the separatrices
emphasised. In (c) we show the image of V; , ¢ under the straightening coordinate ¥; , ¢ (in the case
where s = + and gate;(f) # %, or where s = — and gate;(f) =i for some j € Z[VZ). v; s ; is the vector
between the points LS ¢ and R

' RiC:f

Proof. Since uy, = up, = 1, the functions fi, fo are weakly well behaved (v + 1)-degree polynomials
defined on the whole of C. Thus we can tackle the problem from the point of view of [DES]. (We will
not go through all the details.)
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For a (v + 1)-degree polynomial f and a z € C we can let v, : I, — C be the maximal solution of
z=1[f(z) — z) on C. (See Definition 2.2.1.) Then sup I = 400 if and only if |y, ()| — 400 as t — + o0
and inf I = —co if and only if |y,(t)] — 400 as t — —co. We can then let Traj(z) =,(I.) C C.

Because of the topological picture of the ¢; ; ¢’s (which is ensured by Proposition 2.3.2) and the fact
that “trajectories cannot cross,” it can be shown that there are no limit cycles in C and no “homoclinic
links” (i.e. trajectories v : I — C such that |y(¢)] — 400 as t — 400 and ¢t — —c0.) Also, for any z € C
there are fixed points o_, 0y € C such that v,(¢) — o4 as t — +o0.

If 0o ¢ Traj(zg) then z — Traj(z) is continuous in a neighbourhood of zy with respect the Hausdorff
metric. And in fact if z; is close to zp then there are some small , # € R such that v,, = Xqo0Yg07,,.

Where i € Z/vZ and s € {+, —} we can let

a; s :=inf{rg <0 | 0o & Traj(Xs(zis)) V r € [ro,0]}
b; s :=sup{rog >0 | 0o & Traj(X;(zs)) V r €[0,r0]}

(where we allow a; ; = —co or b; ; = +00). Then we let
Vis = U X (s p)
re(a;,s,b;s)

If G; # x and s € {+,—} then there will be points a1,...,as € C so that dVj, s = Traj(a;)U---U
Traj(as). We call these Traj(ay) separatrices and each will contain co at one end, and either ¥; , ;(400)
or ¥; 5 5(—o0) at the other. If s = 4+ and G; = % (or if s = — and G; # 7 for all i € Z/vZ) then V; , ¢
is bounded by two separatrices, both with co at one end, and with v; , ¢(+00) = =i, ¢(—00) at the
other. (There are exactly 2v separatrices, and these are “almost asymptotic at co” to one of the lines
e™2E+D/2VR | for some k = 1,...,2v. See [DES].)

It can be shown that U; ; s C Vi, pand Vi 4 =V, _ ;iffU; 4 = U; _ ; iff G; = j # ». We find there
is a separatrix contained in the boundaries of both V; 4 ¢ and V; _ ¢ which links y; 4 f(4+00) = 745 — 7 (400)
to co. Also V; ;7 and V;_; _ ; will share a separatrix which links v, 4 f(—00) = 7vi_1,— ;(—00) to
0o. We can show that the union of the closures of the V;, ¢ is the whole complex sphere, and that
Vis g N Vir g # D only if Vi 5 = Vir o1 ;. Therefore we have a partition of C.

We can then define ¥; , ¢ : V;,; — C to be a straightening coordinate (or approximate Fatou
coordinate) of the form

4 dC
w=U;, ¢(2): B GETY:

where we only integrate over paths in V; ,; r. If G; # * then ¥; ; ¢(V;, ) will be an “open” vertical strip.
On the left and right boundary lines of the strip ¥; ; ¢(V; ;) there will be points L?,’;,f and Rﬁ,f which
correspond to oo back in the z-coordinate. (That is to say, if {wg}r C ¥; 5 ;(Vis ¢) and wy — L ;or
wy — R 4, then \Il;slyf(wk) — 00.)

We will now show that the vector from the left “infinity” point L ; to the right “infinity” point
R ; must be given by

vispi= RS — LS = —2mi Z o(f, o).
o€Fix*(i,f)

Suppose that Im[R¢S ; — Lg% ;] > 0. Then we let P : (0,S) — C be defined as P(s) = L5 ;+s where
S =Re[R{ ; — L ], and Q : (0,7) — C where T' = Im[R ; — L ;] be defined as Q(t) = P(5) + it.
Ifp= \Ili_,sl,f oP:(0,5)—Candq= \Il;slyf 0@ :(0,7) — C then these paths will be trajectories for the
vector fields z = f(z) — z and z = i[f(z) — 2] respectively.
Also lim_.q p(s) = oo, lims_.s p(s) = limy—o ¢(¢) and limy_7 q(¢) = co. Thus we can basically stick
the paths p and ¢ together to give a closed Jordan contour C : [0, S + T] — C such that C(r) = p(r) if
€(0,S)and C(r)=q(r—S)ifr € (S,S+T). (Also C(0) = C(S+ T) = oc.) Then it is easily shown
that

1/ a¢  _ S+iT _ RE L

Int = — =
" 27i Jo z— f(C) 27 271



62 CHAPTER 3. THE PROOFS

This contour C' winds once anti-clockwise around each element of Fix“ (¢, f). Tt is easily shown (by the
theory of residues) that

Int = Z o f, o)

o€Fix*(i,f)
We can show this in much the same way when Im[R{S, ; — L5 ;] < 0.

So now we see that for fy, fo with the same gate structure and same holomorphic indices, we must
have v; s 7, = v; 5, for all i € Z/vZ and s € {+,—}. (Also, if G; = j # * then v; 4§, = vj_ ¢, and
Vi f2 = Vi~ 1)

Thus for each element of the partition {V; ; 7, } such that U, ; (Vi ¢,) is a strip (as opposed to a
half-plane) the translation T; ,(w) = w + (L?g)h — L;'),i,fl) maps the strip ¥, ¢, (V; ;s 7,) onto the strip
U, 5 1.(Vis 1), and maps L 4, to LES 4, and R, ;4 to Rﬁ‘;’h. Similarly if U; ; 7, (Vi ) is a half
plane, then there is a T; ; which either maps L g to LS 4, or maps R, ¢ to RY ¢ .

As a result for any i, s there is a “natural” way to construct conformal maps h; 5 : Vi 5 5, — Vi s 5, by
setting h; , = \Il;sl’f2 oT;s0W; ;. By their construction these satisfy h; s(7; s 1, (+00)) = 7i s, 7, (+00)
and hi s (7i,s, 5, (—00)) = 7is,52(—00).

These h; ; can be patched together and extended analytically to the whole of C. This gives us a
conformal mapping I : C — C fixing 0, such that (for any 4, s) I(V; 5 ;,) = Vi s ¢, and by the construction
we will have o1(f2) = I(ox(f1)) for k = 1,...,7 (where G has r open gates).

However any conformal map C — C is an affine map. Thus I(z) = az for some a € C\ {0} since
I(0) = 0. We want to show that o = 1.

We can use Lemma 3.7.9 to show that there are some heterogeneous polynomials (see Definition 3.7.15

below) P(+),Q(-) € C[Sy,..., S,] so that

(01(f2)7 Ceey Ur(fz))
(01(f2), Sy 0r(f2)) .

L(fl;O):P and L(fg,O):g

Also deg Q@ — deg P = v. So since o(f2) = aoy(f1) (for k = 0,...,7) we see that ¢(f2,0) = %L(fl,()).
And since we assumed that «(f1, ox(f1)) = ¢(f2, ok (f2)) for all k, we see that o = 1.

But by its construction I must map each z; ; € V; ; 7, to some point in V; , ,. Recall the definition
of the points z; . It is clear that (since o’ = 1) o # 1 would imply that I(z; ;) = zj s € Vi s ¢, for some
j # ¢, which is a contradiction.

Thus a = 1, implying that f; = f5 as required. [ |

Corollary 3.7.14 (The Jacobian Jacy(s) is non-zero if u=1) Let G € Admissible have
no closed gates, s = (s1,...,8;,) € K§ and fs(z) = z+ 2(z —s1)...(z — s,). Now define

h(s) = (hl(s), . ..,h,,(s)) = (fé(sl), . ,f;(sy))

If 0,51, ..., 8 are all distinct (and fs € WB(G)) then

h;
Jach(s) = det <85' (S)>1<' #0.
j $9

<

Proof. Supposing for contradiction that Jacn(s) = 0, then h is not injective in any neighbourhood
of s, so there are some distinct s s® € C” arbitrarily close to s such that h(s?) = h(s®). But since
{se | Js € WB(G)} is open (by Proposition 2.3.10) we can also assume that fs«, foo € WB(G). But
this would contradict Lemma 3.7.13 above. [ |
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Definition 3.7.15 (The polynomial ring, C[Z,...,Z,]) A polynomial P €
C 7y, ..., 7] = C[Z] is of the form

P(Z4,...,2,) = i i iy.in 2y 2

311=0 i,=0

where the coefficients a;,. ;. are allin C, and 7y, ..., 7, are “indeterminates.” C[Z] forms a
ring where addition and multiplication are defined in the natural way. Fach P € C[Z] can be
treated as a map C* — C, so forz = (z1,...,z,) € C* we let P(z) € C" be the evaluation
of P at z. Also, the degree of P is defined to be

deg P := max{i; + -+ i, | a;,. 4, #0}.
Ifiy+---+1, =deg P for all i1, ...,i, with a;, ;, # 0 then P is said to be a heterogeneous

polynomial.

Definition 3.7.16 (The ring of convergent power series, C{Z,,...,7Z,}) Let

C{Z1,...,Z,} = C{Z} be the set of “convergent” power series of the form
1(2Z) =7 Pi(Z)
jz0

where each Pj(Z) is a degree-j heterogeneous polynomial. (See [Na] or [Ka].)
If P;(Z)=0for all j = 0,...,j0 — 1 then we say that

F(Z) = Pj,(Z) + “higher terms”.

C{Z} is a ring which contains C[Z] as a sub-ring. C{Z} is basically equivalent to the ring of
holomorphic germs at 0. (That is to say that any f € C{Z} defines a holomorphic map in
a neighbourhood of 0, and that every holomorphic map defined in a neighbourhood of 0 has
an associated convergent power series.)

For z € C" we let f(z) be the evaluation of f at z.

Lemma 3.7.17 If f € C[Zy,Zs] (resp. | € C{Z1,7Z5}) then A — B is a factor of f(A, B) —
f(B,A) in C[A, B] (resp. C{4, B}.)

Proof. Note that (A— B)(A™B%+...4+ A°B™) = Am+l _ Bm+l o A — B is a factor of Am+! — pm+!
in C[A, B]. Tt follows quickly that if f(71,75) € C[Z1, Z2] then A — B is a factor of f(A, B) — f(B, A)
in C[A, B], as required.

If f(Z1,72) € C{Z1, Z5} then % has an obvious formal power series. The fact that this
power series 1s convergent can also be shown with a little more effort. [ |

Lemma 3.7.18 (Prime elements) C[Z] and C{Z} are both unique factorisation domains
(UFDs). Any (non-zero) degree one heterogeneous polynomial is prime in both C[Z] and
C{Z}.

If P,@Q are two non-zero degree one heterogeneous polynomials then either P and @ are
coprime, or else they are constant multiples of each other. (That is there is a A € C\ {0} so
that P = AQ.)

Proof. C[Z] and C{Z} are both UFDs by [Ka, 23.5, 23.6]. Tt is then sufficient to show that a non-zero
degree one heterogeneous polynomial Py(z) is irreducible in C{Z} (since irreducible elements in a UFD
are also prime, and C[Z] is a sub-ring of C{Z}).

Notice that if U = {f € C{Z} | f(0,...,0) # 0}, then % € C{Z} if and only if f € U. Thus U is the
set of units of C{Z} (since the “inverse” of f in C{Z} must be % if it actually exists).

Suppose for contradiction that A, B € C{Z} are non-units and that A(Z) - B(Z) = P1(Z). Then we
can write A and B as power series

A(Z)=>_Ai(Z) and  B(Z)=)_ Bi(Z)

20 20
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where each A; and B; is a degree 7 heterogeneous polynomial. However A, B ¢ U implies that Aq(Z) =0
and Bo(Z) = 0. But then multiplying the power series term by term, and collecting together degree one
terms we see that Pi(Z) = Ao(Z) - B1(Z) + A1(Z) - Bo(Z) = 0. This is a contradiction, as required.

It is then easy to see that P and @ are either coprime or constant multiples of each other. [ |

For s = (s1,...,5,) in a small neighbourhood N(0) C T’ of 0 = (0,...,0) let {vs}searo) be the
holomorphic family of maps defined in §2.7.
Again let
fs(2)=z4z2(z—s1)...(z — s,)vs(2),
and recall in particular that if s,s’ € A’(0) are permutations of each other then v = vgr.

Lemma 3.7.19 (Jacn(s) is non-zero) Define

h(s) = (hl(s), o hy(s)) = (f;(sl), o fé(s,,))
The Jacobian of h at s will be

Jacp(s) = det (g; (s))l

<t

3
<

. = R(S) . ]:[(52 - Sj)z.

by i<j

for some holomorphic map R(-) : K§ — C. If Ky is sufficiently small then for all s € K§ we
have R(s) ~ myq for some mg € Z \ {0}.

Proof. We let A(s) = (aij (s)) be the v x v matrix associated with the above Jacobian. Then for
example, hi(s) = 1+ s1(s1 — s2)...(s1 — sy)vs(s1).

We treat Jacy as a power series in C{S}. We first aim to prove that (S; — S5)? is a factor of Jacy(S)
in C{S}.

For 1 <4,7<vandi#j,let

=1 )

Tt is not too hard to show that we can (partially) expand Jacn(S) = det A(S) in such a way that every
term in the resulting sum will have det C;;(S) as a factor, for some ¢, j. Therefore it is sufficient to show
that (S — S»)? is a factor of each of the det Cy;(S).

Notice that there is some B € C{Z1,..., Z,} such that

hl(S) =1 + (51 — 52)3(51,52,53, .. .,S,,) and
hg(S) =1 + (Sg — 51)3(52751753, .. .,S,,).

(For this we need the fact that vs = ve if 8’ is a permutation of s.)

We can check that if C := 5)51 and D := g—z then

B(S) + (51 — S9)C(S —B(S) 4+ (51 — S9)D(S
Cra(8) = ( Bt PSR, v St SN Rk A )

where § = (S1,52,53,...,5,) and 8’ = (53,51, Ss,...,S,). Lemma 3.7.17 implies that (S; — S3)? is a
factor of det C14(S).
Also for each i = 3,..., v there is some V; € C{Z} such that

CLM’(S) = (51 — 52)‘/;(8) and CLQZ'(S) = (52 — 51)‘/;(SI)

It is not hard to show that (S; — Sj)2 is a factor of Cj;(8S) for all ¢, j. Thus (S; — Sj)2 is indeed a factor
of Jacy(S) in C{S}.

Lemma 3.7.18 tells us that (S; — S;)? and (S — S¢)? are coprime if {i,j} # {k,£}. Thus if we let
C(8) =[lig;(Si = S;)? € C[S] we see that ((S) is a factor of Jacn(S) in C{S}.

We still need to show that R~ mg € Z\ {0}. Let f*(z) = z+2(z —S1)...(2 = S,) and
h*(8) = (h{(S), -, h5(8)) = (F7)(S1), -, (") (S)-
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We can then let aj;(S) = gg; (S), so that Jacy«(S) = det (a;f‘j(S)). Both Jacpy+(S) and ((S) are hetero-

geneous and of degree v(v — 1). Using the argument above and Lemma 3.7.14 we see that there is some
mg € Z \ {0} such that Jach«(S) = mo((S).
Note that for any i we have vg(S;) = vo(0) + “higher terms”, so

a;j(8) = aj;(S)vo(0) + “higher terms”.

This implies that
Jacn(S) = Jach*(S)(UO(O))V + “higher terms”.

Thus

~_Jacn(S)  Jacp«(S)
RS="gs) =7 ¢s)

as required. [ |

(1}0(0))V + “higher terms” = myg (Uo(O))V + “higher terms”.

Corollary 3.7.20 (The Jacobian Jacp(s) s non-zero if G has no closed gates) Now

deﬁne p(S) = (](fS’ 51)7 e "](fsa SV))‘
If all the 0,51, ...,s, € Ky are distinct then Jacp(s) # 0.

Proof. This comes directly from Lemma 3.7.19 and the observation that there is a biholomorphic map

d defined in a neighbourhood of 1 such that d(f.(s;)) = j(fs, s;) for all i. This is given by d(\) = ;;‘;;’r)f. [ |

3.7.5 Realising a map with the correct lifted phases

To show the existence of maps with particular lifted phases we will be using the following.

Theorem 3.7.21 (Inverse Mapping Theorem) Suppose that X C C™ is open, f: X —
C™ 1s holomorphic and a € X. Then f is a btholomorphic mapping from an open neighbour-
hood of a onto an open neighbourhood of f(a) if and only if Jacs(a) # 0. (Jacs(a) is the
Jacobian of f at a.)

Throughout the rest of this section we will be using the following notation.

Notation 3.7.22 Fix G € Admissible, and let r be the number of open gates that G possesses.

Then there will be multiplicities mq,...,m, (dependent upon G) so that m; =
mult(g, o(g)) for all ¢ € WB(G). Now for ¢ = (01,...,0,) in a small neighbourhood of
(0,...,0) € C" define

mo—1 m1 my,

——
Uo):=(0,...,0,01,...,00,...,0,,...,07) €T

and wy = Ve(or) where {vs} is the family of maps defined in a neighbourhood of K, which
comes from §2.7. Also define f, : Ky — C as

fo(z) = z4 2T (z—01)™ ... (2 — o) " we(2).
Now we define
ST ={(o1,...,00,) €T | 0,01,...,0, are not all distinct}.
Then the map p = p(G) : K§ \ S*" — C defined as
p(o1,...,00) = (_](fa-, 1), ) fo, or))

1s well defined and holomorphic.
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We can also find ay,...,a, € Z/VZ so that {ai,...,a,} = {i | G; # %} and a1 < as <
-+ < ay. (See Proposition 2.4.12.) Let T : WB(G) — C" be defined as

T(f) = Far(f), - Far ().

Now we let B = B(G) : C — € be the invertible linear map given in Proposition 2.4.12.
Then © = O(G) : K\ S*" — C is holomorphic if it is defined as

© := Bop,

and we have O(a) = T(fs) for all ¢ = (01,...,0,) € K} such that fo € WB(G) and
or = 0p(fo) fork=1,... 7.

We also need the following technical Lemma.

Lemma 3.7.23 Fix G € Admissible and use the notation in Notation 3.7.22. Let n > 0 and
€ > 0. Then there is a £ > 0 such that the following hold.

1. There is a closed neighbourhood N(S*") of S*" in C" so that if ¢ € K} \ S*" and
[|©(a)|| < 1 then o & N(S*"). (|| || is the Euclidean norm.)

2. Suppose that o : [0,t1] — C is a continuous path in D}, such that fs) € WB(G),
and ©(o(t)) € Hf for all t € [0,11]. Then fy(y) is well behaved and o(t) € D{ for all
t €[0,4].

Proof. If we have a bound ||©(a)|| < 7 then there is some ' > 0 so that ||p(e)|| < ' (by the linearity
of the invertible map B = B(G) and the fact that © = Bop). This implies that the holomorphic indices
of all the fixed points of f, (close to 0) are also bounded.

However, when a multiple fixed point is perturbed so that it splits apart, at least one of the holo-
morphic indices will be very large, and in fact arbitrarily large for a sufficiently small perturbation. (See
Lemma 3.7.24 below.) Thus there is no sequence o in D}, accumulating on S*" such that ||©(e )| < n
for all k. Therefore the neighbourhood N(S*") of S*" exists and (1.) is proven.

Lemma 3.7.8 implies that if § > 1, fo() € WB(G) and ©(a(t)) € H; for all ¢ € [0,1] then o (t) € DI
for all t € [0, 1].

Now let T = {t; €[0,1] | fo(t) € WB(G) Yt € [0,t1]}. Then I is an interval. If we can also show that
I is open and closed in [0, 1], then I = [0, 1] and the Lemma will be proved.

Proposition 2.3.10 implies that I is open. To show that I is closed, it is sufficient to show that fo(,)
is in neither WB\ WB(G) nor Ny \ WB.

Suppose that G has r open gates. Now suppose for contradiction that fo(;,) € WB(G') where
G # G' € Admissible. In the case where o (ty) & S*" Proposition 2.3.10 implies that fo(i) € WB(G') for
t sufficiently close to ¢4, which contradicts the definition of £;. The other possibility is that o (1) € S*7.
However, the fact that ©(e(t)) is bounded, together with part (1.) imply that this is not possible. Thus
fo(1) € WBA\WB(G).

Now suppose for contradiction that f = fo(:,) € No \ WB. Then there is an i € Z/vZ, s € {+, -}
and 7, 7" € R so that v; 5 ;(r) € Dro/2, Yi,s,£(r') € Dyyys and 7' lies between 0 and 7.

Then for f close enough to fo(:,) we will have v; ; #(r) & Dyo7a and v; ; (') € Dyy74. This implies
that f is not “2-well behaved. (See Definition 3.7.3.)

However, Lemma 3.7.4 and the fact that T'(fg()) € Hi forallt € [0,14) implies that fo(s) is 72-well
behaved for all ¢t € [0,%4) which is a contradiction. Thus 7 is closed, and part (2.) is proven.

Lemma 3.7.24 Suppose that f : D — C is holomorphic on a domain D C C, and has a
single fixed point o in D, with multiplicity m > 1. Now suppose that f; — f uniformly
on compact sets and that there is a sequence o, — o such that oy, is a fixed point of f; of
multiplicity strictly less than m.

Then there is a sequence o}, — o such that o}, is a fixed point of f; for all large k and
such that |¢(fr, 07)] — 400 and |3(fr, 0})] — 400 as k — +o0.

Proof. We can assume without loss of generality that ¢ = 0 and f(z) = fo(z) = 2z + 2" T + O(z**1).
We can choose associated Ky, rq, Ny and so on.



3.7. REALISING MAPS WITH PARTICULAR GATE STRUCTURES AND LIFTED PHASES 67

Consider the case where all f;, € WB for all k. Proposition 2.4.3 can be applied to show that
|7;(fr)| — 400 as k — oo for all i € Z/vZ. Then Proposition 2.4.12 implies that the j-indices (and
therefore the holomorphic indices) of the fixed points cannot all be bounded. Thus the sequence o} must
exist.

Now consider the case where f;, & WDB for all k. Then for each large k there is a trajectory 7 :
[th,—,tr,4+] = Dyoyo for 2 = i[fr(2) — 2] which has 3 (tr,-), 7% (tr,—) € 9D,,/2, and passes very close to
0 (if k& is very large). Let

1 dz
Il’ltk(a_,6+) . i L(g_’6+) - _ fk(z)
where C(0_,04)(t) := "L exp(i[(1—1t)0_ +t6,]) for t € [0,1]. Then Inty(f_,04) is bounded if k is large
and 6_,04 € [0,47], since m is bounded on Ko \ D, /5.

There are some 6 _, 0 + € [0,47] so that the path “py := v5 + C(0r,—, 0% +)” is a closed Jordan
contour (i.e. a loop). We want to show that the modulus of Inty, := % o Z_?i(z) tends to 400, since
this will imply that the modulus of the sum the holomorphic indices of all the fixed points which py
winds around must converge to +oo. But since Inty(fy,—, 05 +) is bounded for all &, it is sufficient to
show that the modulus of Int}, := % - % tends to +oo.

Let w=I(z) := —Vi—,,, a> 1 and p(f) := amax{|o| | f(o) =0 € Ko} for f € N. Lemma 3.3.4 can
be extended to show that (1 ov;)(t) ~ i for all those ¢ such that v;(t) € Ko\ D,s,). So in particular
we sce that y; crosses from the “outside” of the annulus D, /2 \Dp(fk) to the “inside” (and then back
out again).

Thus the path I o« crosses from the inside of the annulus D7y, )) \D|I(,~D/2)| to the outside.
But then tg 4 —tg,— > L[I(p(fr)) — I(ro/2)| (since |(T o y)'(t)] & 1.) Now since |[I(p(fi))| — +oo as
k — +o0o, we see that |[Int}| > s-|ty 4 — 5 _| — 400 as k — +oo. Thus for all k large, we can always
find a fixed point o} which py winds around so that |¢(f, 01)| — +00. The definition of j(-,-) implies
that |j(fx, or)| — +oo also.

Thus the Lemma holds in general. [ |

We are now ready to take our first step in proving Theorem 2.7.1.

Lemma 3.7.25 Given G € Admissible with no closed gates, £ > 1 and (51, o0 € Hé’

there is an f € WB(G) such that T(f) = (él, s By).

Proof. Define S*¥, 0 : Kf\S** - C, B:CY — ", p: Kf\S* — C and f, as they were in
Notation 3.7.22.
Given w € H{ we will aim to find a well behaved f € WB(G) so that T(f) = w.

Let € > 0 be very small. Then o € D}, implies that f, € Ay. Now let &€ := C/e” where C > 1.
We know by Lemma 3.7.12 that there is an 6™ € DY such that fo« € WB(G) and ©(c*) € H{. Now
define w(t) = (1 —1)O(a™) +tw € H{ for t € [0, 1] and

G(tg) := {0' :[0,t0] — DY\ ™ ©oa(t) = wit) Vi € [0, 1]

o(+) is continuous, }

where ¢ € [0,1]. Also let I be the interval
I:={to€[0,1]]| 3 o(:) € G(to)}.

If I =[0,1] then (by Lemma 3.7.23 part (2.)) we can simply let f = f5(1) € WB(G), and we must have

(71(f), ..., 7(f)) = w as required.
So now we will show that I = [0, 1] by showing that 7 is both open and closed in [0, 1].

Open: Take ¢; € I. We know there is an o(-) € G(t1). We aim to show that if t; < 1 then o(-) can be
extended to give r(-) € G(t1 + ) for some small € > 0. Since Jace (o (t1)) # 0 by Corollary 3.7.20,
there is a local inverse © of © = B o p from a small neighbourhood of w(t1) to a neighbourhood
of a(t1). If & > 0 is small enough then we let ©(t) = o(t) for t € [0,#], and r(t) = O(w(t)) for
t € [t1,€). Then x(-) € G(t1 + €), so I is open in [0, 1].
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Closed: Let t; — sup I, and take a sequence by — ty. There will be associated paths o(-) € g@”)
Lemma 3.7.23 part (2.), we can let o4 € D, \ S*” be an accumulation point of {&({;)} C D. .
Then O(o4+) = w(ty) by continuity. Since Jace(o4) # 0 by Corollary 3.7.20 there is a local
inverse © of © from a convex neighbourhood B of w(t4) to a neighbourhood of o4. We can find a
k so that w(ty) € B. Now let r(t) = a1 (t) for t € [0,#;], and r(t) = ©(w(t)) for ¢ € [ty,14]. Then
r(-) € G(t4), so I is closed in [0, 1].

Therefore the required f € WB(G) exists. [ |

Lemma 3.7.26 Given G € Admissible, £ > 1 and @1,...,6,,) € H(G,¢) there is an f €
WB(G) such that for each i € 7, /v7, we have 7;(f) = b;.

Proof. There will be some G' = (G}, ...,G,) € Admissible with no closed gates, and such that for each
¢ with G; # * we have G; =G;.
Now for i € Z/vZ and k > ¢ let

G 0; if G; #*,
DET —k if G =

Then by Lemma 3.7.25 for all k > & there is a ¢y = (¢15,...,¢01) € K so that if
hp(z) =z+2(z—c1p) ... (2 — 1)V, (2)

then hy € WB(G') and 7;(hy) = éi’k for all i € Z/vZ. There must then be some ¢* very close to 0 and
some subsequence {ci, }n of {ck}r such that ¢, — ¢*. Now let f := hes and f,, := hy,, . Clearly f, — f
as n — +00.

Assume for contradiction that f ¢ WB. Then there is some i € Z/vZ, s € {+,—} and ¢, € R so
that v; 5 s (t) & D,,/2 and v; 5 5 (t') € D, s where t' is between 0 and ¢. But then Theorem 3.3.9 implies
that for all n large we have v; ¢, (t) € Dyo74 and v; s 7, (t') € Dy /4. This implies that f, is not “2-well
behaved for n large.

However Lemma 3.7.4 implies that f, is “2-well behaved for all n (because Re f; < —¢forallie ZvZ
and £ > 1). This is a contradiction, so we have f € WB.

Proposition 2.4.3 implies that f € WB(G) (since gate;(f) = * <= 7i(f) = oo) and that all the
lifted phases are correct. [ |

3.7.6 The Jacobian is non-zero in general

Lemma 3.7.27 (Uniqueness of f(G; f1,..., é,,) when G has no closed gates) Let £ > 0
be large, and fix G € Admissible with no closed gates. Let H; and T be defined as they are
in §2.7.

If 2, f* € WB(G) N F and T(f*) = T(f*) € H{ then f* = f’.

Proof. We let vg := uje = uys. Fors = (s1,...,8,) € C¥ close to 0 set

fa(2) =z 4 2(z—s1)...(2 — 5,)vs(2) and
gs(z) = z4z(z—s1)...(z— s8).
Let S** T : WB(G) — C” and © : K} \ S*¥ — ¥ be defined as they were in Notation 3.7.22.

Now let s? = (o1(f*),...,0,(f*)) and s = (a1(f*),...,0,(f")). Finally let w(t) = (1 — t)T(gse) +
tT(ggv) for t € [0, 1].

We aim to construct a path {s(t)}i[0,1] so that fsy = f* and fy1) = f? and Js(t) € WB(G) for all
t € [0,1]. First of all we need to show that T(gs«), T(gs) € H{

/2
Let j = G;. Also let p(t) = th (2i,4+) where ¢t € [0,T] and

T =sup{to >0 | X/ (2i4) @ j— s« (R) V1 € [0,40]}.
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Now let C be the Jordan contour in Figure 3.17 in the proof of Lemma 3.7.4 which winds anti-clockwise
around Fix"“(7, f*) (where “f” has been replaced by “f%”).

It is not difficult to show using the same kinds of arguments that we have before (for instance in the
proof of Lemma 3.7.4) that

- a dz
n(f) Je =Fm U h =

= d ~ d '
Tz(gsa) c ﬁ fp z—g:»(z)

Now since p is a solution of ‘fi—j = f%(z) — z we have p'(t) = f*(p(t)) — p(t) and

/pz—dfiz"(Z):/oT]%I/oT—ldt:_

Notice that if n(t) := I% then there is a small € > 0 so that |n(¢) + 1| < e for all ¢ € [0, 7], and

we will have
Topwd T )
/pZ—gsa /0 m—/o n(t)dt € =T(1+ D.).

Thus 7;(f*)/7i(gs=) &~ 1. Since this can be done for all ¢ with G; # *, we must have T'(gs=) € ngz since
T(f*) € HZ. And similarly T(gs) € HYy

We can use the proof of Lemma 3.7.26 to construct a path {s(t)}s¢c[o0,1] C C” so that s(0) = s* and
so that T'(gs(1)) = w(t) € Hé’ﬁ and gq(4) € WB(G) for all t € [0, 1]. Lemma 3.7.13 and Proposition 2.4.12
imply that s(1) = s®. By Lemma 3.7.8 s(¢) is close to 0 for all ¢ € [0, 1].

Using the same kind of argument as above we can show that T'(fs)) € Hy, forall t € [0,1] (since
we already know that T'(gs1)) € H{)y for all t).

Recall that © is defined and holomorphic from K§ \ 5" — C”. We let X = H¢/y and Y =
©~1(X). Now since X is open, and Jacg(s) # 0 for all s € Y we see that the Inverse Mapping Theorem
(Theorem 3.7.21) implies that Y is open. We now let X be the path connected component of ¥ which
contains s(0). Clearly X must also be open.

The proof of Lemma 3.7.26 implies that the restriction O : X — X is surjective. (Actually, the proof
says that © Is surjective onto H{ instead of Hé’/4, but since we can make ¢ arbitrarily large this does
not matter.)

Now we want to show that ()?,@) is a covering space of X. That is we need to show that “the
boundary of X maps to the boundary of X.”

Assume for contradiction that there 1s a sequence {sk}k>1 in X such that sp — s* ¢ X and
O(sr) # OX. Then there is a w# € X and a subsequence {sy, },>1 converging to s# such that
O(sk,) — w# as n — +o0.

Then the Lemma 3.7.23 part (1.) implies that s# € K§ \ S*”. Since X is path connected, we find a
continuous path r : [0,1] — X U {s#} so that r(1 — 1) = s, and r(1) = s¥. We now have @( r(t)) € X
for t € [0, 1] (since O(X u{s#}) = Xu{w#} = X). This implies that r([0,1]) C ©~1(X) =Y. But then
the definition of X implies that s# = r(1) € X, which is a contradiction since X is open and s# € 8X.
Thus (X, ©) is indeed a covering space for X.

Note that © o s(0) = © o s(1) and X is path connected and simply connected, so we can use the
following Lemma. (See [Ma, Lemma 3.3].)

Lemma Let ()?,p) be a covering space of X and let v1,7vs : [0,1] — X be paths in X with
the same initial point. If po+; is homotopic to po~ys then v; is homotopic to v5; in particular,
~1 and 73 have the same terminal point.

By this and the fact that any “loop” (such as © os) in a simply connected space is homotopic to a
single point, we see that s : [0,1] — X must be homotopic to the trivial path s : [0,1] — X given by
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s(t) := s(0). Thus s(0) = s(1), implying that f¢ = f*, as required. [ |

Definition 3.7.28 (Analytic sets) Let 2 be open in C™. An analytic set A in § is a subset
of Q so that for each a € Q there is an open U C Q, an n € N and a holomorphic map
f:Q — C" such that

ANU ={z €U |f(z) = 0}.

Lemma 3.7.29 (The Jacobian Jacy(o) is non-zero) Fix G € Admissible, and let r be
the number of open gates that G has. Let f5 : Ko — C and p : K} \ S*" — C be defined as
they were in Notation 3.7.22.

Then Jacp(o) # 0 for all ¢ = (041,...,0,) € K§ \ S*7" such that f, € WB(G).

Proof. Notice that if fo € WB(G) then & ¢ S*" by Proposition 2.3.8.

Recall that if Jacp (o) = 0 then p is not injective in any neighbourhood of ¢ by the Inverse Mapping
Theorem (Theorem 3.7.21). Thus (using Proposition 2.3.10) it will be sufficient to show that if a,b €
Kj\S*", p(a) = p(b) and fa, fb € WB(G) then fa = fo.

We can assume without loss of generality (by reordering the entries of the vectors a and b) that

a= (al(fa), . ..,ar(fa)) and b= (Ul(fb), . ..,Ur(fb)).
Let J := p(a) = p(b). We first need to show that
X ={ocecC\S" | plo)=J, fo e WB(G), o1(fo) =0cp for k=1,...,r}

is a compact analytic subset of C", and that a and b belong to the same path connected component of

X.

Fix x € X. Since x € S*", Proposition 2.3.10 and Proposition 2.3.9 imply that there is a small open
neighbourhood U C C" of x so that X NU ={z €U | p(z) = J}.

We now need to know that X is closed in €. Suppose that x € dX. Then by Lemma 3.7.23,
X C DI\ N(S5*") for some very small € > 0 and a neighbourhood N(S*") of $*" in C". Thus we see
that x € D, \ S§*7. Now take a sequence {X,}n»0 C X converging to x.

Lemma 2.4.8 implies that p(x) = limp(x,) = J, so if fx € WB(G) then Proposition 2.3.9 implies
that x € X as required. So now we must show that fx € WB(G). This is assured by the definition of a
well behaved map, Theorem 3.3.9 and by Lemma 3.7.4. Thus X is indeed closed.

As a result, if x € C" \ X then there is a small neighbourhood U of x such that X NU = & = {z €
U | 1 = 0}. Thus X is an analytic subset of C" as required. Lemma 3.7.8 implies that X is bounded,
and this (together with the fact that X is closed) implies that X is compact.

Now we need to construct a continuous path in X between a and b. Now let G’ = (G},...,G.) €
Admissible be such that it has no closed gates and so that G; = G; for all i such that G; # *.

Fors = (s1,...,8,) we define hg(z) = z+2(2z—s1)...(2—s,)vs(z). Now define (using Notation 3.7.22)
0, :=0(G): Kj\S*" — (" and ©, := O(G") : K§ \ S*" — .

Using the method in the proof of Lemma 3.7.12 we can find sequences ay, 3, € C¥ so that ho, — fa,
hg, — fo as k — 400 and hq, , hg, € WB(G') for all k. (Notice that ay, 3, € C” but that a,b e C.)
We can also make sure that for each 7 with G; = x we have Re 7;(ha, ) — —00 and Re 7;(hg, ) — —0oo as
k — +00. Also, the continuity of f +— 7;(f) (see Proposition 2.4.3) implies that for each 7 with G; # %
we have 7j(ha, ) — Ti(fa) and 7(hg,) — (fb) as k — +oo.

We can assume without loss of generality that

ap = (Ul(hak),...,o,,(hak)) and B = (Jl(hﬁk),...,o,,(hﬁk)). (3.24)

Using the method in the proof of Lemma 3.7.26, for each k we can construct a path {cy(t)}se0,1] C K¢
so that c;(0) = ag, fe,r) € WB(G) for all t € [0,1] and ©,(ci(t)) = (1 =)0, () +10,(8;) € Hy.
By the uniqueness assured by Lemma 3.7.27, and (3.24) we see that c;(1) = 8y,

Also, by Lemma 3.7.8 we see that for all ¢ € [0, 1] and k large we have ¢ (?) close to 0.

Recall that if A, B are compact metric spaces then C(A,B) = {f : A — B | f is continuous} is
compact with respect to the uniform metric. Thus there is a continuous path ¢ : [0,1] — C” and a
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subsequence {cg, }n of {cr}r so that cg, () — ¢(t) uniformly on [0, 1]. Note that cg,([0,1]) C DY for
some small £ > 0 and all n (by Lemma 3.7.8), so ¢([0, 1]) C D.. Also, he(oy = fa, he(1) = fo. One can
show (using the arguments from the proof of Lemma 3.7.26) that he;y € WB(G) for all ¢ € [0, 1]. Thus
there is a continuous path ¢ : [0, 1] — C" so that fg(1) = he(ry € WB(G) for all ¢ € [0, 1], with (0) = a
and o(1) = b.

Since O, (ck(t)) = (1 =)0, (ay) +10,(8;) € Hy for all ¢ € [0,1], k € N and the fact that for each
i with G; # % we have Re 7;(ha, ), Re7;(hg, ) — Ti(fa) = Ti(fs), we see that ©,(a(t)) = ©,(a) = ©,(b)
for all ¢ € [0, 1]. Proposition 2.4.12 then implies that p(e(t)) = p(a) = p(b) = J for all ¢ € [0, 1].

Thus {o(t)}1¢[0,1] is indeed a path through X from a to b.

Now [Na, Corollary I11.1] states that any compact analytic subset of C" is a finite set, so X is finite.
And since we have shown that a and b belong to the same path connected component of X, it is clear
that a = b as required. [ |

Corollary 3.7.30 (Uniqueness of f(G;él,...,é,,)) Let &€ > 0 be large, and fir G €
Admissible. Let H(G,&) and T be defined as they are in §2.7.
If fi, 2 € WB(G)NF and T(f1) = T(f2) € H(G,&) then fL = fa.

Proof. This is immediate from the proof of the above Lemma. [ |

Corollary 3.7.31 If fi, fo € WB(G)NF and T#(f1) = T#(f2) then f1 = fo.

Proof. This is just the same as Corollary 3.7.30, just without the condition that the lifted phases are
in H(G,¢).

Recall that when we defined WB we had to choose some small rg > 0 and Ay. Therefore we can
write WB(G, rg, Ny) instead of just WB(G). Also we can denote by WWB(G, o, No) the set of weakly
well behaved maps with gate structure G.

We will show that 7o and Ny can be replaced by some rf, € (0,rg) and N} C N such that

WB(G,T’(),./\/’(;) C WB(G,TQ,./\/Q)
and that for any f € WB(G, ry, N{) we have

(A(f), -, F(f)) € H(G,E).

Thus if fi, foa € WB(G, 7y, N}) N F then Corollary 3.7.30 can be applied to show that f; = fo. Therefore
the Corollary is proved if we replace the original rq and Ay by r and M.

We choose 7y > 0 much smaller than ry such that W > ¢, and a very small neighbourhood
of =)

N} C N of fo. (Notice that the values of the lifted phases are independent of the choice of rg, Ay.)
Then there is a family of maps WWB(G, rj, N}j) associated to our choice of rj and Aj. Tt is fairly clear
(from the fact that “trajectories for Z = i[f(z) — z] cannot cross one another”) that WWB(G, rj, M) C
VV)/VB(G7 To, ./\/0)
Then Lemma 3.7.4 implies that WB(G, r§, Nj) C WB(G,rg,Ny). Lemma 3.7.4 also implies that if
f € WB(G,rl, N) then (71(f),..., 7 (f)) € H(G, &) as required. [ |

3.7.7 Proofs of Thms 2.7.1 and 2.7.4

Proof of Theorem 2.7.1 on page 24 (Injectivity of 7) Lemma 3.7.26, Corollary 3.7.31 and
Lemma 3.7.4 imply the result. [ |

Proof of Corollary 2.7.2 on page 24 (Existence of f(G, 01, .. .,éy)) Part (1.) is immediate from
Theorem 2.7.1.

Part (2.) follows from the fact that if f, is defined as it is in Notation 3.7.22 then o — 7 (fs) is
holomorphic (on a suitable domain of definition).
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Proof of Corollary 2.7.3 on page 24 (Every (fo, g) is approached by some sequence {f;}) By
Theorem 2.7.1 and Proposition 2.4.5 there is a sequence fr — fo in WB(G) N F such that for all k& we
have 7;(fx) = ; — k for each i with G; #+ *.

Proposition 2.5.1 then tells us that f,f — ¢ as k — +oo uniformly on compact sets. [ |

We will use the following technical Lemma in the proof of Theorem 2.7.4.

Lemma 3.7.32 Suppose that D € C™ is a neighbourhood of 0 and oy : D — C" is
holomorphic with ag(0) = 0 and the Jacobian Jaca,(0) # 0. Suppose also that we have a
sequence {ay : D — C™} such that ay(z) — ao(z) uniformly on compact sets.

Then there exists a sequence z, — 0 such that ay(z;) = 0 for all large k. For a large
fixed ko the sequence {zy, }r>r, Is unique.

Proof. Weierstrass’ Theorem implies that the Jacobians converge Jacy, — Jacy, as k& — 400 uniformly
on compact sets. Also of course, z — Jacq, (z) is continuous for all £ > 0.

Thus we can find a small open neighbourhood B of 0 = (0,...,0) and a C > 0 so that | Jaca,(z)| >
C > 0 for every z € B. We can also find a very large kg so that |Jace, (z)| > C/2 for every z € B and
k> ko.

Assuming that B is sufficiently small, ay must map B biholomorphically onto aq(B), by the Inverse
Mapping Theorem (Theorem 3.7.21).

We want to show that for all £ > ko large, we will have 0 € ay(B). Let G C ag(B) be a small
compact path connected neighbourhood of 0. Then in particular we have dag(B) NG = &. And since
v is biholomorphic on B we see that ag(9B) = dag(B). So then ag(IB)NG = &, and if k > ko (and
ko is large enough) then a(0B) NG = .

Notice that the Inverse Mapping Theorem implies that dap(B) C ar(9B) for all k. Therefore
dar(B)NG = for all k > ko (if kg is large enough).

Therefore for k > kg, either G C ay(B) or ax(B) NG = &. But since a;(0) — 0 and G is a
neighbourhood of 0, we see that a;(0) NG # & for all k large. Thus G C ap(B) for k > ko (if ko is
large enough), implying that (ak|3)_1(0) + .

Thus we can take a sequence {zp}r>r, C B such that ay(zy) = 0 for k > ko. Supposing for
contradiction that z; /4 0, there will be an accumulation point z* € B\ {0} of {z;}z>z,. But then
by continuity we must have ag(z*) = 0, which contradicts the assertion the g is biholomorphic on B.
Thus zr — 0 as required.

Now suppose for contradiction that for all ko the sequence {zz}z>z, is not unique. Then there is
some {My }n>1 C N so that m, — 400, and sequences {a, }n>1 and {b,},>1 in B such that a,,,(a,) =
ap,(b,) =0 and a, # b, for all n € N, and with a,, b, — 0 as n — +oo.

So then let F(w) = ag(w), Fr(W) = am, (W + by, ) and w, = a,, — by,,. Then we can use
Lemma 3.7.33 below which contradicts the fact that Jaca,(0) # 0. Thus {2} }r>r, is unique if ko is
large enough. [ |

Lemma 3.7.33 Suppose that D C C” is a domain containing 0, and that F' : D — C™ is
holomorphic with F/(0) = 0. Now suppose that Fy, converges to F' uniformly on compact sets
and there is a sequence {wg}r>0 C D\ {0} converging to 0 with Fi(wy) = Fp,(0) =0 for all
k> 0.

Then Jacp(0) = 0.

Proof. Let A :C" — C” and Ay : C* — C™ be the linear maps associated with the “Jacobian
matrices at 0.” These satisfy det A = Jacp(0), det Ay = Jacp, (0), and

IFw)—Awll o IFw) = Aew]

0 (3.25)
[[wll [[wll

as w — O (where || - || is the Euclidean norm).

Suppose for contradiction that det A # 0. Then there is a p > 0 such that ||Aw]|| > p||w|| for all
w € C™. For k large we must also have [|Ayw|| > £||w|| for all w € C™.

Let G(w) = F(w)— Aw and Gi(w) = Fi(w) — Apw for w € D. Tt is clear that G}, — G uniformly
on compact sets. Then by (3.25) there is a neighbourhood D' C D of 0 so that ||G(w)|| < §||w]| for all
w € D' and k large. Also we will have ||Gy(w)|| < §||w|| for all w € D" if k is large enough.
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Therefore for w € D'\ {0} and k large we have

1Fx(w)[| = | A% (W) + Gi(w)]|

Z [|Ax(w)ll = lIG(w)l
2 gllwll = &llwll
= gliwll > 0.

This contradicts the existence of wy — 0 in D \ {0} with Fy(wy) = 0 for all k. Thus our assumption
that Jacp(0) # 0 was wrong. [ |

Proof of Theorem 2.7.4 on page 25 (Simultaneous orbit correspondence) To keep the notation
simple we assume that G € Admissible has no closed gates, but the same argument works even if this is
not so.

Then for each i € Z /vZ we let 0; = D _ (b (f0) =i+ 1o (ai(fo0))if G =j. fz = (21,...,2,) € C”,
we set hy, 5 1= f(G; 0 —k —z1,... , 0, —k — zy) (in the notation of Corollary 2.7.2).

Now for i € Z/vZ set j = G; we let

al(2) :=0; e u (b5 (i 1)) = @5 g o (B (iR 1))
=@ _ ny, (bj(he,2)) = [®i 4 hi, (@ibr 2)) + k + Ti(hy 2)]
=[P - hu, (b (hr,2)) — Pi 4 hy, (ailhr,2))] — k — Ti(hy 2)
=[0; + o(1)] — k — [6; — k — z]
=z +o(1) = af(2) + o(1)

as k — 4o00. Notice that if ag)(z) = 0 then hﬁyz(ai(hkyz)) =bj(hi,z).

If ap(z) = (ag)(z), o agcy)(z)) we find that for fixed z we will have e (2z) — ap(z) =z as k — +o0
uniformly on compact sets. So then we can apply Lemma 3.7.32 to show that there will be a sequence
zy — 0 as k — 400, such that ay(z;) = 0. So if we set fy = hy 5, then everything will work as it is
supposed to.

This sequence {fx}ryr, then satisfies (1.), (2.) (and converges to fo).

We still need to prove that this is unique for a sufficiently large ky. Suppose for contradiction that
we have sequences {Gy}r and {Hy}y in WB(G) N F satisfying (1.) and (2.) and that there is a strictly
increasing sequence of integers {k, }, such that Gy, # Hy, for all n. (Note that we do not assume that
Gy, — foor Hy, — fo.)

We know that for all i € Z,,, s € {+, —} the map f +— ®; , ; on WB is continuous in the compact-open
topology. It follows that there is some M > 0 such that for each ¢ € Z, we have [|®; 4 ¢||x, < M and
[|®; — ¢llv, < M for all f € WB sufficiently close to fy. So if 1, j € Z/vZ with G; = j then

7i(Gr,) = ®j - G, (0;(Gr,)) = i 4G, (6(Gr,))
=®; _ a,, (0;(Gr,)) — ®it.cu, (G17(ai(Gr,)))
= [®j,- cx, (0;(Gr,)) = Pi 4,64, (ai(G1,))] = kn = O(1) — ki
as n — +oo and similarly, 7;(Hy,) = O(1)—ky. Then Lemma 3.7.8 implies that G, — fo and H, — fo

as n — +o0. The continuity of the Fatou coordinates then ensures that 7i(Gy,) = [él + o(1)] — kn and
7i(Hy,) = [0; + o(1)] — ky, as n — +o00. So if

ag, ; ‘= 0; — kn — 71(Gr,), by, i = 0; — kn — 7i(Hy,)
and ag, = (@k,1--., 0k, ), bﬂcn = (b;cn 1- ..,b;cny) then a;, — 0 and by, — 0, as n — +oo. But

Corollary 2.7.2 implies that hg, a, = G, and hg, b, = Hg, for n large. Thus ay, (zx,) = o, (2}, ) =0
for all n large. This contradicts the uniqueness in Lemma 3.7.32.
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3.8 Parameterisation of the well behaved maps

Proof of Theorem 2.8.1 on page 25 (Injectivity of 7#) For a fixed o close to 0 and u close to
uy,, consider the holomorphic family F’ of maps of the form

Js(z)=z4+ (z—00)(z—s1)...(z— s,)u(z)

where s = (s1,...,s,) is close to 0. One can show that 7 is injective on WB(G) N F’ with basically the
same proof that was used for Theorem 2.7.1.
The rest of the proof follows easily. [ |

Proof of Corollary 2.8.2 on page 25 (Existence of f(G;f;,...,0,;00;u)) Simple extension of
Corollary 2.7.2. [ |



Appendix A

Fundamental Regions for Non-Well
Behaved f’s

Here we give a couple of examples of f’s which are not well behaved, but still have “Fatou coordinates”
of some kind. No details are given.

We can also consider hyo(z) = z + z(z — s)? where s > 0. This h, o will not be well behaved.
Significantly, %’,:i:,hs,u(t) € Ko for all i. We can then try to define the fundamental regions S; 4 p, , as
the closed region bounded by the closure of v; + n, ,(R)U hs o(7i,+ 5, (R)).

Then we get S1 _ 4, , and S1 4, , = S2,4 4, Which are “fundamental regions,” and S _ 5, , which
is an annulus. (This is true even if s > 0 is relatively large.) We can then perturb the double fixed point
s to give hy 4(2) = z+ z(2z — s + it)(z — s — it) with ¢ > 0 small, which will have the dynamics shown in
Figure 1.1(d), and have the fundamental regions shown in Figure A.1.

Fatou coordinates can be defined upon the fundamental regions S1 _ ,, and S1 4 p,, = S2. 4 4,, in
the usual way. However S = S3 _ p,, is an annulus, and if we try to define a coordinate on this, then
the coordinate must be interpreted modulo 1 := j(f, o), where o is the fixed point inside S. That is to
say there is an analytic ® : S — C/nZ such that ®(f(z)) = ®(z) + 1 (mod n) for all z € S. (This comes
from the fact that h; o in a neighbourhood of ¢ is conjugate to z — €™z in some neighbourhood of 0.)
This extends to the whole “punctured disc” U which is bounded by h?,t(£2,—,hs,t) and punctured at o.
This @ is unique up to addition by a constant.

The bifurcation of h, o to give h, ¢ is used in [La] to prove the non-local connectivity of the cubic
connectedness locus. (See also [EY, Appendix B].)

We find however that J(hs ;) — J(ho,0) and K(hs+) — K(ho) as (s,t) — 0, which is not really very
interesting.

SZ,—,f = SS,—,f S,+,f = S3,+,f

Figure A.1: Figure A.2:
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However we can give an example of a sequence of non-well behaved functions converging to fy, which
have a non-trivial limit behaviour.

Consider the map f,(z) = z + (2 — a)(z + a)(z — a@)(z + a) close to fo(z) = z + 2%, where Rea > 0
and Ima > 0. Clearly the restriction f, : R — R is a strictly increasing function and the critical point
on the real line must escape.

By the symmetry we can show that Sy 4 ;. = S3 4 ¢, and Sy _ ;. = S35 _ 7., as shown in Figure A.2.
Note that for any a we will have T(a) = 2mi[t(fs,a) + ¢(fa,—@)] € R. There will be coordinates
®; x5, 0 S; 4 ;. — C, and we can normalise these so that ®; _ t,(21 ) = 0 and ®3 4 ¢, (22,4+) = 0 for all
k. Then we have ®; _ ; — ®; _ ;o and ®3 4 ;. — P34 ¢ asa — 0.

Suppose that a; — 0 is a sequence and there is a small £ > 0 such that argaz € [¢, § — ¢] for all k.
Suppose also that N — +oo is a sequence of integers such that Ny + T(ay) — 6 € R it can be shown
that

=g
uniformly on compact subsets of Us ; ¢, where g = g(G; oo, 8, 00) is the Lavaurs map with G = (%, 1, %).

(Note that we are not using the preferred normalisation here.) This ¢ maps {z | z < 0} onto {z | x> 0}.
Tt is then to be expected that K(f,,) converges in some way to K(fo,g). See Figures A.3 and A.4.

g

>

Figure A.3: K(f,,), where ay is small. f,, has Figure A.4: The associated K(fo,g).
two repelling fixed points —ay, —ay to the left of

the imaginary axis, and two attracting fixed points

ay, ay to the right.
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